
INSTITUTUL
. D E

MATEMATICA

JNSTTTUTUL NATTONAL
PENTRU CREATIE.

STIINTIFICA SI TEHNICA

LEFSCHETZ

FREPRTNT

THRORV t r 1o ]?  r ' n ^ r r r r r \ r  nF ,FT*=r vr\ vvgtr-tJl:lt. AI.J.Il\.8;

VARIETIES

by'

Andrds I{EMETi{I

SERIES TN MATHEMATICS

N o  " 6 / 1 9 8 6

{

:
r
\

Prd'L$Lc
BUCURESTI



i,EIiSCI{trTZ TIIEO}iY IrOR COIVIPI,]IX AFFTNE

vAiil-trf rns

by

Anrl::tis NIII{ETFif * )

I  e .bn.uat1, tJ  1.9 I  b

* t  - l h e  
l V ; i t r  t , t t o l  7 , t < , f  i t , , t . n  r

D elsa;t tmayt t"; t'ii'^li,!,i,li,'lli', iri':?,X*lr; rt:u ,T,,;i,i,f,?,t[;^l,,,ii\lil,i,f,,;,r, n "



I*SF$Cin'Tf; ri-It0nx FcR cl0l,TpLHX ArlTlItu vAFJfitl]is
|@ t!eis!r6*,ru|'ra@@-.wqrry@r

l.:,y
t

/*ndrrie if::iffiTi{f

D

oo l*,:3slfu,g3"iss

0::e usueilig ui:derstancls l:y lxifsehets t,heory the ctr:dy

of the tr:pologi eif a $-Taoth projecti.v* eonpl-ex .uerrlety XcI'N
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$$rr6sponding point *u '6he* li;yperplencl Il .* ir* the dual i:;:cjc**
.  A T r  *  a

t t ve  r i l r [ {c : i }  1 : i l  i c  oc= ' fO; "u"C} ; *1 .1  .
' A A r r

Ttro ccnstri"lction of the $g3Ll:jtrtgJg. ]il cP"' is riei}*
r - 1

i*iolurr II.,J *n,d ru:ro ias fol]r]ir,fso tot ull ccnsicii:r" tho sclt-;;r

. t' - Tf ^','F
IH 

" tt 
*l[r e'rr'']€]i'.'i:F"- ; pe trr nnd rurfl'**tt],

. TJ nt,l
n," = Sy ri (tho closur.c in lr'o:tP'*) an(l put

J L  A s  $



e * E , o/ -

A
X rs f ls.e(trXlp $ihere pre is ths secsncl prCIjeet ioi lo

fo cbtain ths duaL sf the affirro variet3r VcffIf l, is
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srrr"{(;:, [rrr e] )etix.r* t i{ r*,," ̂1) g""v } and takev L
. n

$*pra,(Drri c A be the dual cf tire affin* r'ariety V* 'Io clescribsv
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l??aptY2ic rvhere CI*{S} denstn the. preject ive tangent ( lons t
/\

dual vnriety X a'b the point oo o lJy *on'ucnl;j.*no wher: co{ }l

tnlrer V2*!t'fpr d '

Xf 'n ia a con$tpiteti.ble. subset^ in &u 'Lhcn F wtII" denote

Lte cl.g$l:trs (ln Zc,ri.skl/eonplex stron6 tapol"ary) in /r'n

T5e f i rs t  resu l t  g ivcn f loECI  bas ic-prnf ier t iee of  the var ic

;ffi:::-.;":;:T:::#.;: 
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- n A , \ A
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ci Vf . VlLu V2 o

d) [ t ;e]*f  + lrnl l ;w:cl  is nonsingu]are '
A

e) pr*J*V-l t  *F Vn I{f , ,*e] hae onl,y Lsolntecl oingul*r i t ice;

SJe str;.te nerv the rezults eoncerning tlie fibratiCIn$ ob'b'*i

neo by t,nlcing liype::plxne sections sf ths vlrrj.ety v* Th*i"tr &r0

trv* pnssi lr i l i t j .es ta get euch f i^brat, ion6; the f i rst ol ls is *t
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*chi,n i:rap iolc -+,1t' 'X(;t+1),*,+[i 'r:cl r and wo putAr"*i'-]eti]l * I ' iote

ttrn,r \  is a c.!-osed construe't , ibte subset in C emd henec oit i r ' ;

'  ^  . i  , *  s . r  f in . i to  7 (nnd t ls  161ten caf ,e  i i t :Au-0,*',,{.1 or ./\r, is ra fj.nito $et cf pointt

for tt'tl in soi,to clsn$e flririsJci opon subset ir: n'itt}l,
' -

fher fur: .ct ion !r- lV aCr P,u(21*-(vr*r) hn*r ae f lbCIrs Pi{ ' i , ;

e:r;r*t J.1/ t hc hr'T :or''pl*n'.r ee c'Li ong V n ii l":r:.r:-l



fhgg,nqm*f -fu A s "crj.r*e

o 5

that \l c" Then

iti. s* S*

r r r'$1 {n

that ths)

in 'Uhc inili)

set of cr i t i "-"

tqrl ) )T

rr

t
1utrg" 

* n@
-^x-, 4,?

Frs

Jr,.,
*-i:-\ p

fta

&{p*1(.

t '
I

I *rl
+

t ( [ * l ]

c--+ u

G***+

I
l P ,

{

4S

wherro t*.,(*)'*'Fo, *J r i*7(.c )* (r, fiirr F*.n(r )] I a Thte ehove
m&])3 Pw corrlrsl:ondii lg to vrrr j .ous pencirs enbcd rrrL

. / \
Pg. I{ct* t}::r'|, t}re c:iual r';rriety li is }ir:cr:isoly tire

eErl Yt'i lu{ie Yu" *tr* rnap pr s

i ) r,*lv.r,fitr{Ar*} ; y,F}}fAn} *+ o iA*

ls a C* l-oc*11"y tr j -vial-  f ibr:at io:r,
A

i- i ) ff [a: c! € v*v* u then f on eny suffi- ei entry smatl
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trtJhen t-'r] +rvrur/, and cr, *ag\, ws get in the proof of
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, -tt t.r 
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red in terne of the posit ian of the prbjeetive l- ine L*p*l( l-rsl)
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5.-., T,
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porlcling rlonotllror;ly action{iG fn i:nrticulnr ire get &n nction af .tl:.

fu:rdrurcntsl gp:oLrp G=Jfl (n'($ U vl U l a) o [wrc] ] cn t]re oxnct ]rcEolcr
g)r {i3qrl0ncs
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(rvhere [. denot*n; th*, ilu3er*Fain*a::ej'c.ir-ti,*,ra:terj- sti* ] .
I*t'rire su.rx{3 L,,1(u * .1i can b,a, calculnter3 in the fol}owi.nB iya.y$j i  & d

It;,'srrxi:#:st:*?_E*:s

Xfr.{*,,,, *}=E;r,=".- - $
?-**1J" 

'""1*izrei1 "

Engs,fi.

Sherefor&. vle ean ehooee the ball;c Uli and fws] eufficj.ent,l

cI.o$€l to L*rl such ttrat, the line p*le fr*Ij ) igiersecte + oa]"3r

in nirnple points e.trci transvcxlrs&l.ly vritlr the folLcrrlng pr$F,rietyr

t}:e erit:lcal points of the n.erp. F*o are insicte U nli ( rr
-,i 2

F-t ( l l r l ) ,  .  { - . r ,erv ,  t } ren i t  is  pocs i .b l .o  that  cr i - t ics l  po in ts-  *  . r  * t { ;  
u J  r r r '  \ r v J '  v J ' \

{rppeer ir: the neighbclurhc*cl. of the hyperplcne er[ infinity):" T.'hs

raaP Pvru is a generic approxinat ion ( i lonsif ieErt ionl i  of Frr" I t  ho.,
;

exact l ; "  Rr , . * re  r  v  cr i t ica l  va lues and i ts  er i t ien l -  po in tc  sr "eL," " "i.l
trcndegc,:terr ir,r36

B)' llrurark

T], r_. . . , : - , r_ t r  G
i:l:'l*; i ",':;**L!-44-

I f ' ) :  fs e nonsi-ngul-ar
n

of ooe,t is not s*pecial".  fhusl

px"ajoet i  re rtar icrtyn

far ftny [v.{e X such

*hen the i:**riti*::
'rhat ][o]l *.-" hnc
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onl,y i i ;olat*ci CIinE;ularit icn l i i th L,fi"ln*r nurober€j F"(r) rrs l iave
A \*__ I

i: i^-.,.,,;{ = >:.---*.-lrr(r),*[;' J :* ,, i, LiG?j-|- "-.il 
' ' "' ' *

a \  - t ' : J l

Sii:ii,i:ll5-,,-6-.o

.[;f l ir; ufi{} Irlolrcnition 5.4 nnrT llc;.:irlr,]i l"F 1...+ obtain



]' ( t"rnH 
[rir, i *u1 ) rrnil q. l?ru lri,.,,

7'
. *  l i  (y"

'  f u '  
u

;l {l

* f , ( { $ n l l r - , ,  . . b  1 } *  -  E a!  IwA; c61' '  [upJe \Irr I{ ,

P*: r { [ua] ] ]  ,
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l o ,

vii b}1 a

In p*rti*r;- ' l"ar t ir i* di:f i.f iren*e i* i:ronzbrCI*, 'Jho::ef*r',CI 61 gorrer'$J.

r:ecti..rn Vn}:l 
fnv: c.J 

(r,,,i '[ir [,;rl,1,iil1ulY;r lrrc]{T} iru nc"rt 11i.ff*u::ror,piri"*

s c c 'L i o::. Vn i{ g* ,1*r lvi 'l, h [w]e lirnr tl* u frv ; el .f f"

S-ti:f*:&"j.*"I-s (The hoi:ctnpiy o:f hyperplano sieetions) .

'  
L,r*t  [d{ l l ' - ,u[t* be a c] j .rcct ion such thab t i re l ine p*I([wl i

lr
inte::sects v trans:ucrsal)ry r: t  tho (s:r.ooth) perintu f incl)  r

i -=].r  c e o.r." . ,  This j .s equivl : l1:nt vnt ir  'cho fact,  that k;=1 sn,C o\r8-.
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is Irr i lrr:r: isei;y oi. l 'J h*l.f '  ' 'r jr* rcnJ- di.;r.ennj-l,n oj ' Y" l l . i '  rt i lr,;;r i"rr; i
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Inorphi*rn, af" tl*n hemcrlcry f,ff$nli+.

*,:sitg.i:i."l; :.r:l€*l .
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u (' luv., '  v-. * [o; t-: t l ]) ) ,
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(vrherer rtt*t r{ fl), fiy Tlr*Qreru 3.F tir* artj.oi,r fin

cyl lrfiIi fi,r r/.- r n-r can be extenrrc:d 'L,o r:rr ne''u j. cxr c.r.f 1i, {n {cyi. \r} rg:
L l ' . r ' j , I + ' i . " v - . 1

c  * ' .  r . -  , l i - i - ]  i . f .
Lut :11, j . ; ,J - :c .J  ) * j i " j . (1 , " ' * r  P ' " ) : : : f iu  hcnce t ,h i *  p .c t ic rn  j -s  t ; " iv is rJ .n

*yl. rJn}-t[n:.r,,",*,*: 
el i-s i"r]ornor.pni* lqitir V by tir,; projeetic:.r

*}{*.1 1*} 0 &

i l l ic nct ic:r  *, f  f f" ,  a, l  tn*} (Vni;  
[ l t ;  l ;glni l [ ,ort f+].sel]  can bc:

extenrjl;d tri a:: riq:'bi*n af

5tr (* (cyr v) r ($ur,'., uv2*
l'rith G"

f  a *

lr+: ri,ro.rle J ) uhi eh ie i *cmorphie

n
llJj.tir eir4ilar irrgui$ei1.l.* r.re, h&\re, einil-a:: resuLts for the

group .1i1(Cr\ ,  
c)  o

19 [t. '14llr&ullr., in chsc*rl suc]r thnt, p*I([ry]] irrtersectcr fr
t ransr '"orsal ly at the (snrrot ir) ,  pr into [w: cg1 ( i  *1, o.n.,  of )  ,  thcr:

IIn(Vrlr n I.I;r,i: cj )"u ? "  f r e ^  qJln*l (LIilntr fiber o:l ' a nandegenerste ;::i"'.*

6iul*r.i ty),

is gen*:: 'r:.tg by th-e csi"rccp*nclirrg ,t i:higr.lr,*r, A {+3
^  

,  L i i L r ! 1 1 . ' J . \ , : i ,  L l  . i ,  I . _ J g o o o g r o
. \

T . n t  A  l / \  \ * ALter, a:,;  !r i i  j  =Cj- bc "i ;he corJ,c l ; ;1,:. tci in:,1 :. , : ln: i  *:hi: : ; ;  e; ic i* u, i j ie. <teno.t,:

tire €:'o*ir of v'ani rhing c3'c 1r, n i r:r),- c jirr*} (\, n :{ p..r;e1 ,\ r:y 1t', j. ti;

l rernel l r ' i th resper:t ' ta the intq:.ec*t icr:  f*r . ,  i :y T**r Vo the 3n*.*
t ice ( l l : r * r ( to"ng[ r r : *1  )u  fRter , ; :cc t icn for ru) , i . ry  L  eurrJ  i ts  ] :ernc l -
(rarrl icr i . l .)  i- . ir  1;e:..  Ln

: i ' : incl ' fh; l  i r r . ,s i t i -c:r  of  t i r lso *ub::xr i i -uJ. : : ,

f o::"r o),
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a) I f  thore i"s & l"anishing cyc3.c"r c;uch thcit ,S. €
r  - * s '

th*n for s}.l; i*'1$ . e o f.lr bo e.l;*r .T**
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I l "J-  t  
" j
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T
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. a'l .'!
,1 :,
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' in 
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t a
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nd *"-LU/Ir*r-,j ir: Lsi"tnirle G*nodull,e &nd T?r_*" r, i.o * trirrj-nL G^sotjul-t- 
lt l

(\ 'de, cleno'Le by + 11s isun$ auril i_ry Q}tire clrt irogonsl direet eun) o

l ':*:::i:rl'Jl ii.,6 t i 'Je a$sr.rn* that ths coeffic:Lentri er::g, talcen in

a f ic l  i l ,
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