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b4 A“FTﬁE VARIETIES

IEFSCHETZ THEORY FOR COMPLE

by

Andrda Hiﬁffﬁi

*

Qs Intraduetion

Resizrma,

ne ssually under: tanus by IL&f uchenz theory the stu 1y
¥

of the topolegy of a smooth prajectiva conplex verlety Xa¥

b

via 1ta hyperplans sectiona I NS o8 whate {HA}Acpl is a ge=~

méri@ penmeil of hJ*Z?ﬂlﬁH@ﬂA{m go callod Lefoohots meneild.

A clear end conmplete pres edt&?ion,from~the t@pqicgical-
point of view of thic setting can be found im the p@ﬁﬁw of
KﬁLammﬁk& EL]a |

In the present pap@r we @ndé&vauf a sgimilar stm&j for

. ' r L3 ° el " #
an pffine sacoth veriety Ve (. The mein new difficulty is that

(...«-»

w8 are no longer dealing mith proper mappings and hsnce we

connet use Ehresuenn's fibraticn(ﬁheor&me

&
There are two possible epproaches to everceme this gif-

£

ficulty., The first ioc te consiruct and integrate explit VEE -

ter fieldes (to get the local triviality ef some mappings). Tha

& 3

second approsch is to con:s 3- er the 0ragﬂov1ve clogunre

) s bk e .
K=y <P of the affire variety Vc( P Ii WO den@%@ by H

LY
L4

g

2 an o Leme 4 %5 ¢ vy g Tl ,,, 5
L1300y, LA X oEr y have singn’

3

tieg on its part at the infinity ¥ =XNH_, Thizs we ave forced

te consider first a regular stratification of the preojective
-;?gr,‘z"j,‘@{;;vl? ¥ and then apply tho I m",hqu;‘ lovaas of Thom-Mather to

< 03 “ T 1 : N
gat local triviality (sea for instance Li? - bJ]}O

We have chosen to develop here the first spprosch since

LOE & DPUetlse



o D -

(or hyperplan@'p@nciiﬁ} which ﬁbOﬂlh be avaiﬁeﬁa

Qur results contein as a special case (and complete)
the werk of Broughton [B] en the topomgy of the fibm«sz? of a
p@lﬁnamx&l mapping f:ﬁk»w%ﬁ aatlsfying a certain condition
at infinity (£ is a tame pelynomial in the senae ﬁf dofiniticn
lgtl b@]rw}@ |

_ The paper is organized as follows. In gection 1 weo
’intraéucé the basic notations end stote eur main results,.

The other seﬁﬁions contain the ppoofa of these resultis
as well as sone teehzlcal lemnas, CGPGIlmPi@ﬂ and further
examples, :

To complete the picture, the reader méy enjoy congule
ting some other récent 'gp roaches to Lefschetz Theory (espoe

cially to the Hyperplane Section Theorems) as Tor instance

(,)s (), [m - 18],

1. The nmain resulis

1 :
Let VeC" be & closed connected nonsinguler algebraie
variety with dim Viﬂo As “umve, we let ¥=V dencte the projec~
2 == TR - -)N 11y, SJer Bt 3 o —! Sarton
tive clooure of ¥ in P . The eaorﬁlnmues [zlzava«zw¢1¢ e
e N iy o
ohmosn guch that (w}%eaong) are coordinates on G < P’ and the
hyperplane at the infinity H . is given by ﬂN+ixQ@,Hence the

corresponding point te the hyperplane H _, im the dual projec~
Ay : :

- g S ¥ e £ Yo
tive space P 1&:00~MEQ355¢Q°1]Q
e . ~ AW
Theo cmnstructien of the dual variety Z <P Vo 3 L

>

kn@wn_[L] wﬂd runs ag follows, Let ug consider the sctas

DX “K & (thu closure in BI

5P 2 and put



LT
? A - 3 : s Y A
X = prg(ﬁy)g where pr, is the second projection.

; Ty
To obtain the dual of the affine var19ty'¥<:@h”wa

I

proceed similarly. The affing hyrernlang in ¢ are pwvaw¢$rlw

zed by the open set:
3 A z:'f : 4 >
ASP‘m{@%ﬁ{[w:d}é[wlzéeo:wmze]; w3 #0 for some i }
in the obvious way

H v*é}"{ LQ 9‘ u9w>w e = 0}3 wners

<3 > ;? 2:b; astands for the usual inner product en'Cwa

The projection ps A~f>ﬁN lg [w:d]ww%[pl agsociates te a

hyperplane its dircction snd a fib@rg%mlétw]) willl be regerded

S : 5 : 1
as:an affine pencil of hyperplanes in G .

Wae define

Dy {(mﬁ[waa])C¢&ﬁ : .wa:df>mzvi} &ﬁ@ ﬁ&ke

/\ : 5
V=pr, (Dy) €A be the dual of the affing veriety V. To describe

ihﬁ behaviour at the ¢nf1nlzj of the &fiLmo vercty V, we have

SnT . . ; -1
to consider in addition aone other aubv&rxetle& in A and P s

o0

Nomely, we define

N ATT

ve ={(z;[wic]ledg e P £l Py T o}

PAN

i oG ksl
ﬁ;m%ﬁpﬁkﬁhrmwyk%}mm¥gf (W)

One can think of V_, as the set of limits of tangent hyparplan:

> T, V, where z goes to infinity.

5 f\fﬁ G
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3311 order to hendle the 15,:*11‘?&3 of aay’mpmhcx h,}’}‘)el“;',\ ENE S,
we introduce alsc the following subvarieties V,= (z’;) {m}f*i\
and W,sp(Vy), where C (X} denots the projective tangent cone !
the dusl variety ? at the point w « By conventi On g wh 3 co € K
we take VoW = 3. |

If 2 is a constructible subset inm A, then 7 will denote
its closure (in Zariskl/cenplex strong topology) in 4.

The fir’é’c result givom' sone basic -ﬁr@beﬁies of the var;ic
varieties intreduced above t& p@raﬁeixvize the “bad" hyperplant

gections of the variety V.

Propooition l.le

A A =
g) din V=din Z:%N«»lg dim Vi‘ N---‘.L9 dim W;<N~2 Tor i«} ?e

) ¥ =X wfoo} = 7 (T, «»{m}}cv UV::;'
C) V.L c Vlu V? ¢ :
a) ﬂv::c:]ffiv = Vg, q 10 nonsingulare

= A
e) fuicleV v = VNH E‘"”’fﬁj 1o only isolated singuleritice

We state now the results cancerniﬁg the fibrations obtai
ned by teking hyperplane Mcxi,lcnu of the variety V’“ There are
two possibilities to get such i"‘ib rationd, The first one is to
_cdnsider only the sections belonging to an affine pencil of
ﬁsgﬁﬂW‘DW aNeSe ‘ = .

B
g .‘i we chose a represe

More precisely, for a point [w]&P
Y £ -
S . i S o < g v e A
tative we € with |wll=l. 1 Then we identify G with ® Chgl) =
Sl oy o R
the map J‘,i 1O —>P (fwl), e —{wsel, and we puc,/f'\_wmw\ (V). Note
t,“s.-sx{;./\? is a clmz@a cor ;,ﬂ.*Lnuc*hbM subf"ﬂt; in C end hence eithe

A

for (.,W] in some dense Zariskli open subset in ¥ “'1)@

S

.

=0 or /\ is a finite set of pOIK’)bS (and the latter case Ho

The function P iV -—C, P (2)=-{w,z) has as fibers 1“:;%\{

exactly the hyperplene sections VNl freg] ®



Theorem 1.2, Aﬁsum@'mum;ﬂmﬁ C. Then

TETh (A ) xmr"”lox )= AL

vuz,—:-
e

is a % ocally trivial fibration.

A
i;) e w:@]ev\v . then for any sufficiently emall dise D,

centere d at the point e Lhorw is a ﬁeformatnon watr&cﬁ v°3 3{@

< Remark 1.%,

When [@]Q,Jﬁ\)hg and ¢4, £¢A,g we get in the proof of
this Theoren a diffecmorphis sm@: P 1C61}~%>P (5} which exten:

it

na Luually to @ homeonorphisn of the ppaJcctlve closures

(012 = T (02)0
A second possibility to get flbfdhl@ﬂ thcurem@ is to con-
gider the family of all "good" hyperplane cechlonso Namef cor
alder the algebraic variety:Um{ﬁzgtw:cl)éVxA; rVT\HEW,07% and

3 s ® <~»‘I‘T‘“’ o SR A ; P :
note that U ia a P - tundle over V via the first prejection,

5o 9

»

The second projection P2$U ~> 4 gives rise to the following com-

mutative diagram

=
v L prtpe IQYwT‘F Gy

(1.4 P 1 22| | P,
-4 s
= "“‘( t‘ 4 C—:mwwww}l' A

where i“‘,;f(e).‘:ﬁ [ws ch J\,((’) (‘_.g[\ £, (u)]io This sghows that the.

maps P, corresponding to various pencils embed all in the map
' A
Poe Note that the dual vaﬁz\t‘ Vie precisely the set of criti-
[

cal values for the map Poe
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}?2\ \T) (x ¥ ",L va)

X

ﬁ}mWMc;L§ﬁ§£ Th@-m&pping

TR l(w\)mlkgvﬂ\->A\(VuV APy

3

ol 9 t a ey
ta a0 locally grivial f£ibra wticne

?:m@ﬂV 1,04

i P AV U

5% wld W up P oy 0 > 5 %
%‘ “lun ["‘d] \i«iil U \wgg l’\& fj,.:} “‘ (:3, O‘ﬁl T?}\.\Ir“"ﬂ‘) ([\’ iTOI’w (3»(32)

. the restrict tion of the fibraﬁian P \0\521’Vu“ UV ) over the

line Ew“([wl)g In particular¢ the Lorre“ponﬁlng fibers (Jave

hyﬁerpl he sections) are &iffeomorphlc@ hen E&N&Wip%z, it is

1e that even the fibers of these LWo flbratxcns gre diffe-

po8sib
rent (see Exemple Bel)e
Boﬁh f£ibration th”orwﬁ& above have & relative yersiong

whxcw we stale NnovWe

Thquggwlfj quOoQ that Xv'él V

dim V2.0 ﬁ(<w?v> ¢dim V) » Lwl [ﬁl and aesum@ %hatf&w E§°alm
s V2

w,———-«

wim*("uivndi; dl) w n finite subsel in ¢, Then

b SR < A

e

. w’?
QK\’ GRE}“”%’C /&\z Ve dﬁ

‘.-

"‘-\g* (\»‘!\‘\‘r 318 [Y‘Cfl_s) (‘M\m\ﬁ,q 'l)/

38 a C ® 10cally ervnvi lef&tl@ﬁ of paﬁﬁ of 8pacesSe

Wie denote bY v () the cenvex hull of the sets ¥, and
% »/2' = f - Lin

-
iv)e

5 /\
% 3 e ~4 % L P . = N
;:gy?uggjgixLEhmprQQ fhat [:.uyﬁv ond din V. (\A(<dmw,
& dim i -

/

A i -
A: ﬁxxﬁkw {Q@A)D}UQer 1} ﬂn e L

]

Pefine

(\‘m & &We,;\ ) «s\
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=3

pie
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&
2
8

Lo
(9]
o &
0
-
&

~
2
P

&

: s ,.}L ; : “"L i

aTA Jﬁ: (P W ] fo ¢ i \
;ﬁhb ?E‘:, i,.sg {ﬁx@j o 'Pz {,fk (ll \:‘N.ux} ""‘?ﬁu
vial fibratienﬁaf'pairs of apaogﬁo

e want Lo look now more Ie&élv at the (or araunﬁ’%h@}
gpecisal fibers corresponding to the po¢ntj inl\ - Ouna aar firaf
the case []¢iqe Then vy (1.1} we have p~ L ( (v 1):\1 ”1£[w1}(\€ |
gnd hence jkﬁgia‘in this case precisely +he set of eritical vea-

: :
lue&:‘ of the map P ¢ V—»C. '
h } ’ In pwrijculaff&w a finﬂ%e set of points
{clgeaeﬁeL Tn addition we shall show that any gpecial £iber

12 o

ated gingularitices, gy at the points 2

d

(O ) has only isol L
J

for Jﬁlgeoeghi Lot BSJ denote the closed ball of radius c

centered atb the point %4 3 s The next . theorem relatas th@ gigbal

%—-’
u

£ibration induced By Py with the local Lﬂlnor by rations {indu=

ced also bY B ) of the 1nelaw€d hyparaurxag@ bln”bjm?liﬁcﬁ e

2
it

s ».um

mheoron Lede +f \m}vwlg then there exlets 6670 gg that LoT
aach Q<8i£® ther& exigts a disc BQ centered at ©y with the fol-
: : , L . ‘

o i Mg

pde

lowing properiies:
£ LT r U d"i %) & (OQ 4 (3 & s sl ko =
@) PW:D” ch b2 By docap - 38 @ c® trivial #irbation

: Gy
f@r any 1= =lgeceple

b) P dﬁwam‘,m%h}X ;fl(gc ;{ng}ﬂﬁw) ﬁié)_;>3m = {&i\
¥ %8 i ador- y : 5 : . M

i
<0 end £l o S A oo ’ g
e a G loc cally trivial £ibration 0L pairs of apaced for ony

e

i. -1 . ¢ voc\gz:h
. “ o ol & aé' 3
Wh@ﬁ[u<:v1 +he behaviour Ol the Ilb@fﬁffw(ﬁif fs mora COH
Y o
plicated gnd 1t will be des vnbﬂu Jn,”rcpr‘xalon Aole
Coming back to the aneunpticn [w;;uj we cen get the fol
wing analog of the Lafschats Fyperplen® Sactiond ThoeolTéle Via

note F:;L(uva) the 1@inow aumbers of the 5 aolated hy peTouriad

‘‘‘‘‘

R

B

B it
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aingdl&rity (P;;E" ( ¢y i Z; j) .

Theoren 1,10,

&) For cs@ec\/\w ¢ne hasg

[ [ 5 | .
zt9d if g=n
(‘: Vﬁhl}”cég) - L
0 _ it ofm,

‘b) I%‘;m ai@e/\w one :hgs - ‘
Z.__..._/ 5L | :

ZJ& ! (m- j:} . if q_"n
HQQVJ(\H

)
[wse, '
e A gk

The sums of Milnor numbers which cecu:b here can be interpr

pue——

ted in terms of the position cn_ thﬁ prejective line 1=p° j(]_v*]“

w—n

with respect to the dual variety }{ in the following way. Becaus
’”~ L
/ sae Pr ait S LAY ; A = ¢
1\ (see Proposition 5.4) and m[""‘?i@i'l & .m[ww;l(]’

Z\"‘('—‘" ' "rq' e L.

Ji AL

(see Remark 2.5) we have:

: . W _;\_ 7::,
Zfzt(( =20 Ci 1) =degrec{V}~n 00( Vell).
3 b :

Here m[me.} v denotes the multiplicity of ‘f,hcs p&im: {Wﬁg‘:"} en V

and nL\f‘Q1 (\ ;1) denotes the intersection mili 3.?‘)31('}.uj’ of 1 anéd

=<5 >

at the point [W”’:?J 4

The variocus fibra tiens deseribed a/b@vca give rise to c:o:r*r*cs
‘pfmding uonedrony actions. In particular we get an sction of th:
fundamental group G=T5, ,3\,\.(,";;/:' UViU Vo), [wsc] ) on the exact homolo

gy seqguence



9,
y 2y 1 (W\H

OwﬁH(WwaH(VVnvaﬂ, R ()0

{ooe (;;\

We: also consider an analog of H \1@ Iaefachetz Theorem

T

1.¢. an orthogonal decomposition for H, zf‘fr\‘i ' L ¥ as the sun

of the vonishing and the invariant cycles subopoaces (w;‘iﬁ‘;h coef
:r’:mts inca fil Q)g But exactly as in [L] the p we topologies
tools are unsble o JL%‘T.C& the complete resulis.

In Lhe« end we consider the special- p‘ObuCﬁ"‘ investigated

in [Ei] ["w-l/*} fe@e the topolegy of the fibers of & polyno-
WL rez)-

«_..g

mial funetion £3CN—> C. If we take V= {(5, 2y Y EC

AN+l
have a commiative diongram:

»Q} to be the graph of £, and ”[O . vﬂc s then we

N (1“:‘) B

/'\./

=G
G C +—» C

s AR

This shows that our setting contains inde
blen, Let us introduce the seta: Zﬁ{@é@{@ﬂf(z) end 2f{z)=0

for some 26C }

| . L , |
A m{_’zé‘f}.\czfﬂ iu;;; (£ (%9 )= {8} 407 aplp) far sone sequence
1 S 5 % .

N .
SLZ}‘S}:G @ ot Lm'})f(zh }

o0

Ther it s clear tha‘é“.zfﬁf\f an.d/\,vﬁ’/\f via the isomorphism

»

in the above disgrom. By"’lfhzadrem (1,2) £ diaa C “ Joeally tr
vial fibration over C Ap. In rc*m«f"ll? r/\ (a simple exsanp
ia £(zq,20 )= »-3‘32"?5"4)& Broughton has introduced & class of pol
m‘;s:f.:ﬁi'&i.s» for which thie equality holds and which have other

VR A ¢ e Tt SV el P e LI R e
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Definition = Lemma 1,11

A polynomisl £eCzy gonoszy) 18 called tame if it satisfies
(one of) the following equiszilent proprietics

1) Tﬁﬂfﬁ exists no sequence 1¢fE?GC“ wlth

1in lz =00 sand lim 3£(z.) = 0,
Too0 = : e i

g o s k‘\: u¥r
E)xfgil
where Wl_and Wy are the “"bad" sets cerresponding to V=gpraph f.
Since as we have seen above the main obstruction to the
fibrotion theorems lies in the "bad"” set Wy, it is natural to

coneidor the follewing larger class of polynomialse

Definition-lonana l.12e

A polynomial TCClylgaeegﬁml is called guasitome if it se-

tisfics (one of) the following equivalent proprieties,

N with limli 79

1) There exists no sequence {25450
. k“}’ o2}

s

- A . \ : :
1im %1(“h) 2 gnd {f(zp} “<?%» Bf(zk};}% convergente.
k“? 2 i3 i : =

? }; v fgé‘-f-! 1°

We show by an example that there exist polynecmials which

-

gre quasitames but not tame. (sce Exonple Tell).

Qur above resulis specialize in this case to the follo-
: i

; e R Bl
13, Let £:1C —» C be a quasltaune polynomial. Th

T - o
Theoron 1.15%
Lneoroi Le il

e

i : ' = , CoSR el
&)foﬁﬂﬁwicqgﬁﬁﬁ,@#} and £77(e;) has only isolated sin-

Lalw&htics (cay at the polints %53 for jmlgﬁaégki} for all



- T

cié Ziu o

b) For any c;€2, there exists a closed disc Bey centered
‘ e 4
at ¢;; closed balls BEQ and & deTormation rotract r: 1(B0 L

:“51 ) o1 ‘ b e 2 v*’"j. £ ™ { ) -‘ﬂ 0 e ¢
— (ﬂi}w In addition f:f &B%f}\ﬁglﬁgyw%ﬁﬁi ig a trivie

fibrmtign and 3 (£ (Be {omled iy £ lgﬁeim{&iyﬂégt?)mwaﬁci ~{e3Y

& 6\0 3 © s o = o 13
is a C locally trivial fibration of pairs of spaces,
» 7
The fibers in the balls are exactly the local Milnor fibers of
the lueld ed singularities (£ lCce)$z.5)@

¢) When ofééf , the nonsinguler fiber f “l(c) has the heme

= poml i
L‘LE‘D:O:},}“}) {LO&

topy type of a bauquet of Zi:ﬁq“" = clasal§ -

)V) spheres of dimension (hml)e

Wn@n'ﬁiﬁZ}Ag the singular fiber f"lCci ) has the homotopy
6 : o :

)
type of a bouquet of ;Z“M~/¢(zoj* spheres of dimension (N-1),
- Js 141 - :
a

. If the polynomial f ig tame, then we have the following

supplsm@ntdry_pﬂ@nrlet&er

d) When c¢lp £ e) is diffeomorphic with

{zecC <“ ”>*¢( )aﬁ%giﬂ()§v¢mﬁ@ Lw:.’*c]th)VltJVZ‘

o) When ¢q,Cqf Z the natural diffeomorphic ﬂ\f ™t {c. , .

m»%iﬁKQCQJ extends to6 a homeomorphism of the projective closure

T W‘:;T"”M : - ° o P ’? 3 ST s o i @ o
k?: fleql-—2d ¢(32> with gif “(eqd >t 1(c1§ = identity.

In fact, this problem can be gnﬁcra izad. More preciscly,
we obtain in the final section similar resulte Tor & polynomial

function £| ¢ Z—>C where Z2<C” is any affine smooth variety.



€

Prwu{ of (1.1, a:b.el. D is equal with D _ Vi@ the ine
3 W M Jh?

Pdnrin

: N ol A S Lo
clusion VA< P xF ; hence X msmﬂwy In particular dim =
‘ /\ % /§ g \ v g
=dim V. Because DX?Q¥UV;,Q we have X=prd Jw)m?yﬁlvxu{pravw)}x
A e 2
s { RN S B ; b Lty A b 74 . 1 R s i | e & = b 3 fe (BEsehal Ly
w%’uV;@ The first projection &w-if¥ fxbr@n-Dv locally trivial-
<Q & W

1y with fibers isomorphic to (Wen-1)-dimensional projective
k % [-IT 2 00 o : . « b g ‘ e
subspaces of I, hence dim D =N-1 end dim Vsil-1. In particular
¥ $ y
dim Vv :dim D, ~1=N-2, hence dim W< din Vsdim V2 =N-2  and

din W,=din ngléﬁmﬁm (L jggb is a v@nsaqz ence of the inclusions
e 5 ; : R : -D

Tor the proof of lecal triviality of some mappings we will
use sone vector fields. The iﬂ%cnvax aity of thaf‘ vector fieldes

<

depends on the buh&» our of the nori \|p1T w( ) 4 where
(]

DX (x) is the orthogonal projecticn of w en the tangent space

at z. The following lemmas releste the norm || pr 'm t(”)“ te the
? : ?5 4

: A ;
dusal variety V and the "bad" Seta V1 end 1\ hﬁ@

1.0 TANA ¢ njm

i

A = .
1 < % e PRt
a) If [w:clgV, then there exists a nzighbourheod B &7

@

of ¢ and gj}@ such that

ftele

feng {u Dl v 9 e

BEV NI forset] L &

P oo ey ” ‘ en e B |
for all c’el

LN
&

. VAN 5
by If Lw:dh??t)?lkjgg . then there exists & neighbourhood

Lo

P
A,
IS
—)
s
o1
P
>
N
gt i
@
ook |
L s
(G2
s\/
-~
o
£
It
Yk
)
ik
3
-
%9
f)
St
1Y
PENT
S
[}
2
e
{
iy

P O T TP

LR Bl Y PR, PRl P e o =V (RN RO, (R e o e A L - e T [ L S S i e T e O
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: 1 i 5
S s lo S o ¥ o PO RS o o
{“GE e } i {«“ i ’*411%1;‘ \l HV‘[ “ \/:;j H F(J >‘ u “}Sg i C"K‘ \)GI&@ L%ﬂ'
&‘,:\‘ A i:« v G : A
Ly

dy If [w: ﬂﬂxﬁvwx)vn}g then there exicta a neighbourhced

.

EBEP{qCA.Qf [ﬁi@} and >0 such that the set

SE e i :
{(z.{:.v\ln‘? {‘; ?T"f"‘ 1:?'1“5“; mwmm}«( (,'? 8GrHs LV!Q & e’j(.. L)v {-}?c Cj

Zé\'n F EW‘I'.L' ZI
1g compact.

Preof. We prove only the (2.1.b), the rest

e o S

vith similar techniques.

We suppose that there exists a sequence {%AS

znevnﬁimgeﬁgj such that 1lim wgﬁwﬁ lim c;m@ end
i« dguek s o s PR f-roo .

lim pry o wy = 0. If w = g e PPp oy w! and

e o0 & n o

can be

)

proved




(€]

G

A .
fwickv uVy U‘é}? which is in contradiction
with the hypot

If we use the in@qmﬂj{r \ (BP0 o w)\g izl \prg o W i the:

x,-.

B O W ey ey ) e P PN N s S
tho Lemne 2,1 has the following.

R -
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