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Tn a  wer r  known ser ies  o f  ' :aper 's ,  Ax-Kochen [ r ] - i+ ]ana
' ' . s ' E r s h c v  

l t l l - l z o l  i n i r - i ;  * - ^ * ^ ! . - ^ r  - -t  ' J  f  - J  * , ^ - ' . d t€d  a  me tamathemat i ca l -  ano roach  to  some

bas ic  p rob lems  in  the  theo ry  o f  Hense l - i an  va lued  f  i e rds .  T i rese

papers  were  fo l l owed  by  o the r  works  o f .  Ax  l . t ] ,  enhon  l t  a1
. .  L -  r _  L ' - J  r

.  Kochen'  [ r t ]  ,  ]4acrntyre Pt | ,  Robinson LrrJ ,  [za l  vrhrch conr inuec]
t he  i nves t i ga t i on  o f  Hense l i an  f i e lds  us inc r .me thods  o {  moc le l

1
theory ,  recurs ive  func t ion  theor l /  and nons tandard  ar i thmer t i c .

. - F u r t h e r  r e f i n e m e n t , s  o f  t h e s e  r e s u l t s  w e r e  o b t a i n e d  b v  I , / e i s o f e n n i r -

[ :O l  ,  Z iecr l  ^ - -  f - r  ̂ - r  r  1
L  - . )  ,  - * - - : *€ r  L331  ,  De lon  L r5  J  and  rhe  au tho r  [ t ] -  [ n ] .  An  acco l r - r . .

o f  model  theoret ic  and a lgor . i thmic resul ts  in  the e lemente i r rz  thec

ry  o f  va lued  f i e lds ,  i n  an  anp roach  tha t  uses  exp l i c i t ,  n r im i t i - ve

.  recu rs i ve  ' quan t i f i e r  e l im ina t i on  o rocedures  as  a  un i f v i nc r  n r i nc i -

.  6 i t e  i s  g i ven  by  we isp fenn i r rg  t :Z ] .

i F o r  p - a d i c  f l e l d s  e '  a n d  t h e . p o w e r  s e r i e s  f i e t d s  F (  ( t )  )  o v e r
' a  dec idab le  f i e ld  F  o f  cha rac te r i sL i c  ze ro ,  Ax -Kochen  lq l  n ro ,zed

_  ny  mode l  t heo re t i c  me thods  dec i c lab i l i t y  and  re la t i ve  quan t . l f i e r

e l im ina t i on ,  when  a  c ross -sec t l on  l s  j - nc luded  i n  the  l anouaqe  o f

v a l u c d  f i e t c l s . ' A  . t u a n t i f i e r  e l i m i n a t i o n  w i t h  c r o s s - s e c t i o n  a n c l  a

dec i s ion  mc thoc l  f o r  ? r ,  we re  a l so  q i ven  b , r  cohen  [ t n ]  us inc r  n r i n i

t l ve  rec t t r : s i ve  mc{ ;h r : c l s .  Ls te r  l , { ac lh t v re  tZ l ' J  shov rcc l  t ha t  auan t i f  j -

e l i m l n a t i o n  f o r ' ) ^  c : i l n  b r . :  o b t - ; r i n c d  w l - l - h o u t  c l l o s s - s e c t i o n ,  , r l h . n  n r r- P

re  na tu ra l .  r oo t ' - n rc r l i ca tc rs  i l r e  i nc ruc lec l  1n  the  l anc {ua , , c ,  rn  ; r  mor

a l g c j l : l : . r 1 c  a 1 > n r o a c t r ,  b h I . s  r c s u l t  t . / n s ' c x t c n c l c r . l  l r y  D r c s i L c l - e o r r r : c b l - c
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r^ ."1 .
L l r l l  L o  p - i ] ( t r c a l l y ' c l o s c r l  f  j . c l d s ; .  t t x L o n s i o n s  o l l  l i { i l c f  n b v r e  I  s  l : c *

su l t  a rc  a lso  co t r ta i t r r : t l  j .n  C l rc r l in - t ) j . t : ]una l ln  l " f  - l . J  anc i  Dc Ion  l i r J .' \

Son te  ( t cnc l :a l  r c r ;u ILs  conce . rn i i r q  t -hc  t rans fe r  o f  mode l  con rp le t i o l

f o r  l l ense l i au  f i e l c l s  i v i t h  f i n i t e  ab ' so lu te  rau r i f i ca t i on  i . c l ex  r vb rc .

ob l -a incd  I : y  Z ieg le r  
[ r t ]  e rnc t  t ] r e  au t i ro r [7 -J .

On  the  o the : :  hand ,  Cohen 's  i< l cas  \ {e re  s t ronc r l r l  gene ra l i zed
t

by Weisp fenn inq  [ rO]  ,  " [ r r ]  in  o rder  to  ge t  oq imi t i ve  r :ecurs ive
\ -

re la t j - ve  quan t i . f i e r  e l im ina t i on  Drocedures '  f o r  I {ense l l an  f i e lds

o f .  ch .a rac te r i s t i c  ze ro  sub iec t  t o  a  cond i t i on  o f  modera te  qene-

ra l i f y  on  the  va lue  g roup

fn  the , l as t  t ime  the  quan t i f i e r  e l im ina t i on  p rob lem fo r  va -
l

; .t ued  f i e rds  ga ined  poou la r i t v  t hanks .  t o  i t s  i n te res t  f o r  compu te r

sc ien t i s t s  under  the  aspec t  o f  f easab i - l i t v  as  wer l  as  fo r  deep

appJ - i ca_ t i ons  i n  d iophan t ine  c rues t i ons .  Concer r , ' i nq  the  d ioohan t ine

app l j - ca t i ons ,  l e t  us  men t ion  he re  can to r -Rooue t te  f t t ] ,  [ r u j

and Rumelv work on Hj - lber t ts  tenth problem for  the r inq of  a lge-
,  

-  ! & r . - \ ,  v !  s * :

bra j - c  i n tege rs ,  Dene f ' s  oaper  [ t u ]  on  the  ra t i ona l i t y  o f  ce r ta in
\  

n i n c r , s  r e s u l t  [ r r ]  o n  t h ePo inca rd  se r ies  ove r  e^  and .  We isp fen
' -  

pr j -mi t ive recurs ive d.ec id.abi l i ty  o f  the adele r inq and iaerde. ,

g roup  o f  an  a lgeb ra i c  number  f i e ld .

The present  paper  is  devoted !o  the proof  by a lqebra j_c and

fas i c  
mode l  t heo re t i c  me thods  o f  a  genera l  re . su l t  on  re la t i ve  ouan

' t i f i e r  e l im ina t i on  fo r  Hense l l an  f i e lds  o f  cha rac te r i s t i c  ze re .

,  . .  G iven  a  va lued  f i e ld  {= (x rv )  l e t  us  deno te  bv  o i<  the  va lua -
:.:

t i on  r i ng ,  by  R  t f re  res ldue  f i e ld  and  bv  vK  the  va lue  q roup .  Assu . -

me  tha t  t he  cha rac te r i s t i c  o f  K  i s  ze ra  and  l e t  n  be  the  cha rac -

t e r i s t i c  e x c o n e n t  o f  E ;  F o r  ; 1 e N r  l e t  f i , ,  1 .  b e  t h e  i d e a l  { a 6 o _ _ :-  - J  - - h r ^  ( ' . - " K .

I

\
\

vh>kvp ]  o f  OK.  In  na r t i cu la r ,  rn -  n=S '  
j - s  t he

=  : A ' "  - !

va lua t i on  r i ng  Ou ' .  Deno te  by  O , ,  t -  t hc  fac to r- n
*  4 ' o

I s  a  l oca l  r l ng  w l th  rnax l rna t  1c lea l  m , , / _  . .-+ $s,o

m a x l m a l  l d e a l  o f  t h c

r l n t l  O , , ,  '  ^'  K / *  '  " K r k- - ' m- j ' l(, k ::-
:'j

f  n  p a r t l c u l a r  r '  t o r
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l , ) , , ' I r  O , ,  , , _= l (  . [ o r  a t I  J tCN.
l \ r K  * n

On thc  o thc r  ha t r r l , cons i c l c r  t he  rnu l t , i i > l l ca { - l vc  c t t : ouT)s

c  = u X /
. l - ( . lc  "  ,1" f111, . ,  

, .  
for  kgN.  r f  p ' . "  thet r  Gr  t -=Gu.  , . ,=G, .= l tx / r  *u. ,  for. - i  * l { ,J i  $ , , '  j " t r ,  i }  

r lL l ,K

a l r  k c N '  G i v r . ' n  k e N ,  H r e  r i n g  o , .  1 r .  a n c l  t h e  o r o u p  G , . .  r - ; " : : e l a 1 ; c . : c l'  _t\,  lJi  -. i i ,  
. l<;.

, .  t h r o u g h  a  . a t u r a l  m a p  0 k  d c f i n e d  o n  t i r e  s u l : s e t  f a e o *  r r . : 4 l p k l =c  K t z K  ' t  J

= O r ,  
" , . ' \  

S S , l < / *  o f  O , ,  . , -  w i t h  v a l u e s  l n  G - - ,  
^ ' :

: I , 2k  
'  * *  

, . : : .K ,2k  A r  zK  A rK  
t  ok  ,uT { r  2k }  

=
- - t . , - '  

: " ' t - "  :  g . '

=a  (1+m- .  .  1  f o r  a€Oo.  sub jec t  t o  va (kvp .- A r K  - - 5  -  v q s r !

*
\ ' \  

For  k€N,  the va luat ion v  induces a map v ' - :O, ,  - . , -OG",  ,_  ___+'  K  -4P(  5 ,K

\  - -+vK"f* ] ;  the image r r  (ox* , . fo l l  is  the convex^subsef
_:-'rr'

f ::'
' . . . . . ,  vKr , .={*evx:  ,0(d(2k vp}  of  the ordered group vK and the rest r ic-

\  
. r \  J  7 - - - . . q '

| - r  ,  t  -El -on  v ' -  l ^ ,  tGxk - )yK  i s  a .g roup  ep i -morph ism.  Among  o the r  D roDer -' *K ' k  a r !  
-  '

i ' r ;
'  t i es ,  t he  map  Ok  as  de f i ned  above  sa t i s f i es - the  fo i l - ow ing  va lua*

t i o n  t h e o r e t i c  c o n d i t i o n  o f  c o m o a t i b i l i t v :  t h e  d i a q r a m

:.

' ; -

I
.l.

@rnml.uleA, 1 - i

For  k€$ ,  cons ide r  the  s1 ,1s tem r r - (o r ,2k , . r , * ,  VK ,  og ,vp )  w i t r :
t , ,

. n  F  A
Y x  ) v t  6 v  v ,  V K ,  v r - ,  v , _  a s  a b o v e  a n d  c a l l  i t ' t h e  m i x e d  k - s t r u c -/ n r & A  . ! } r A  K '  K

!u , re  ass igned to  the  va lued f ie ld  I .  
' rn  nar t i cu la r ,  fo r  p=r ,

\
. 5 r . = . 5 ^  i s  t h e  t r i p l e  ( K ,  G u ,  v K )  t o g e t h e r  w i t h  t h e  e x a c t  s e q u e n c e;JA Ic,  K

\.
_ - v
I -.-+ K-' --) G,, --+ vK -2'' 0 .

K
I

* . ]

\

3. ,

.  . /

\

/./
. t  .

I  . '  , i

2 4
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, I , irCr lnl.xccl k-st.t : t . tct,r 'r ,or. i  : i-ntfOrlttc:c|. l  ;rbOtrC I>l i ly ; : I  l iCy r:OIC j ' t t

t he  mc)c l c l  t hco ry  o f  l l cnsc l . i an  f  i u ' l . t l s r  t )  { '  ch i r racLc r i s t i c  zc l : o  as i

shows;  t -hc fo l lo lv i ' r lq  crcntc t r i -a : :v  equ ' i ' r ' r l lence thcc l rcnt :

, I 'hcorcru A. G"i-vcn the r ta lgg:c l  1: ic l t1 ext .cusiotrs * ,15 gj$ I i I '

whe: :e  K  - i - s  o f  cha rac te r i s t i c  ze ro  a l rd -  res - i duc  c l i r aag tc r : i s t j ' c
, @

exponen t  D ,  anc l  L ,F  a re . l l ense l -Lqq - r -q ]19 -necessa rv  and  su f  f  i c i en t
-  * i ; :  ; ' : . :  : ; -s ' -*  " - - ' " " '  "  

*

conclit. ion for t ire valuecl-l iS.Lclg .L,.l l  !q-Lur.gluISl}3gi"l.y S:1"1v-"-

. lent over 4 iq H*I*Fif e.L] k6$, !!.:*9-"-J:9:J:9*al*et qi"-"{ k-::LqS-
F l + @ = - * -

Lures  L ,  ,  F ,  a re  e lemen ta r i l v  eou i r ra len t  ove r  KL  '
' : : ' 5 K ' - 1 q - i J - - j : - : = - : - : - - - l - - - - = ; '

Given  a  senLence  K  i n  the  l anguage  J r  o f  m ixed  k -s t ruc tu res ,

t }ar . ,  
one may ass ign ef  fect ive ly  to  ? a formula t rO (  cp1 k)  r  wi th

one  va r iab le  z  I  i n  t he  l an$uage  J ,  o f .  va lued  f i e lds  i n  such  a  wav

that  for  everv va lued.  f ie ld  K of  cha: :acter is t ic  zeYo and res idue
=

. '  c i r . a rac te r i s t i c  exponen t  p ,  5 ' sa t i s f  i es  t rn  (? )  (R )  ,  w r i t t en

s  F  t r u  ( ? )  ( p ) , i f f  5 k  s a t i s f i e s  ? , ,  w r i t t e n  $ o F ? .  T h e  c o r r e s p o n -
1- .l\

dence above r {  t . . ->  t rO( t4)  extends natura l ly  to  a t rans lat ion map.

t r .  f rom the arb i t rary  formulas in  Fo to  formulas in  ! "- - k  - -  * r 1

'  r r r l - a a r a m  A  r ^ r c  > n d  m a i n ' f e S U l t-  
As -a -consequence  o f  Theorem A ,we  ge t  t he  secc

'o f  
f h r l  nane r  conce rn ing  the  re la t i i r e  e l im ina t i on  o f  o .qan t i f i e r s

v !  g r r u  - _ - ^ _ )  

. ;

.  f o r  Hense l i an  f i e lds  o f  cha rac te r i s t i c  ze to
r , q

Theorem B ,  Le t  p  be  e i t he r  1 'o r  a  n r imq  L t l r yFs :L -ddeno te

by T*  the t t l "o : . f  o t  f f " t l=ef  fSLg
lJ 

--"- --4

a n d  r e s i d u e  c h a r a c t e r i s t i c - g x p e l s n g  p .  F o r  e v e r y  f o r m u l a  ? ( g )  '

u = ( v  v  )  i n  L  t h e r e  e x i s t  k € N '
* - \ ^ l t  

e  . .  t ^ n ,  # #
f o r m u l a s  K  ( y )  , .  . .  , \ 'o  f t  )  in

+ *

"  , ) , o  l x )  i n
t : :

i . s  e o u i v a  l - e n 1
!x ,  y:  (Yl,  '  '  ,  rYp ). ,  1u?nFj- qisf}g:: f o r :mr : l as  1 '  ( x )  

"  
'

! =

L and polvnomlals-  f . i ,  qr tLLI) ,  l ' ( i r ( tn,  SS ? ( i )
* -

i n  T  w i t . h  t h c  f o l l  o v r i n . J  f o r m t t l a
- ;p --i-- -.-

.0 r,,

I\ /

/ . r \A. rrn tY.,I t  r.  rQ) e y
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.  One  may  c l c r i ve  ! { c i s i : f  enn  j -nc t ' s ;

s  ivo j .ns tcac l  o f  pr . iur i  L : ivc*recur :s  ivc t

wi . l " -1 .  be conLa- lncd j .n  i i  f r . r r thconr : i . r rq

thc present  wor :k  v le  s l t l l - I  show orr ly
r -  ' !

L24^ l  on  quan t - i f i c r  e l i n r . i . na t j "on  fo r

conscquence  o f  Theorcm I l .

nra i r i  Theo: :crn 4.3 [ r rJ  ( rv .L t . l r  ) :ccr

)  r l r :om ' l lheorcnr  13 abovc;  r ic i : i i l l . r

r ) i t pc r .  .  - [ r ' r  t he  Ias l  sec t j . on  o f

tha t  o res te l * i { ooue t to  theo rem

1>-a t l i ca l J . y  c loscc l  f i c l c l s  i . s  a

Cons ide r  a  va lued  f i e ld  j J=  ( x rv )  o f  cha rac te r i s t i c  ze ro  and

res idue  cha rac te r i s t i c  exoonen t  p .  We  de f i ne  the  canon ica l  c l eco rn -*:"T-

po_*i l iel of the valuation v as fol lows. Denoie bv A = 4,, the
*

" t t -a t " ta  
convex  subgroup  o f ,  vK  con ta in inc r  vD .  4  =  0  i f f  p= I ,  i . e "

X  i s  o f  cha i :ac te r i s t i c  ze ro .  Le t  - i t <  t  .  t he  fac to r  g roun  ,g iA  ,

and . i :xx*-+r ix :aF.- ) r ia  be the g. roup epimorphism ind.uced bv
t/

v:K^-- ivK.  S ince A is  eonvex in  VK,  t , lX inher i ts  f rom vX the s t rur

ture of  a  t .o ta11y ordered.  groun and hence the man l }  is  a  va luat ic , - ; ,

o f  t he  f i e ld  K ,  ca l . l ed  the  con rse  va lua t i on  ass j -qned  to  v . Denotc

c n a r a c -

r r n  i  l -
U l M  f

mr:1t i -

8 .

v a s

1  m r r n  l \ n  r \ r ^ i 'r .  r !u- i  rvrr- .r .LLaL .ST'I IUCTURIi  TII t rOREl. l

' l

t <
l .

l a a

b y  5  t n e  v a l u e d  f i e l d  ( K , + ) .  T h e  v a l u a t i o n  r i n g  O ;  o f  g  i s
- =

te r i zed  as  the  sma l l es t  ove r r i nq  o f  o - .  i - n 'wh ich  n  becomes  a+ :
i . e .  O t  i s  t he  r i nq  o f  f rac t i - ons  o f .  O , ,  w i th  respec t  t o  t he.r\ l\:

l r l r l a
p l i ca t i ve l y  c losed  se t .  J r "  r  k€  N  t .  Wc i te  tha t  ,  v=v  i f  f -  o=L ,  and

. ( - e J

t r i v i a l  i f f  v K =  A

Le t  n ;  be  the  max ima l  i dea l  o f  O , t  ;  t hen  m; , cm, , c  O , ,  CO, " , .  De -F I \  K  
-  

r f 1  * K  K  K
T =

note by Ko the residue f ield o-"/  o7 tn. varula r l lera*r i .  oot" K ' m " . ,  v !  
. t

5 - \

a € . O i  l e t  a o  b e  i t s  r : e s i c l u e  i n  K o . * T h e ' . f i e l d  K o  o  c a l l e d  t h e  c o r e
K

f i e l d  o f  t h e  v a l u a t i o n  v  o f ' K ,  c a r r i e s  n a t u r a l l v  a  v a l u a t i o n  w h o s ,

v a l u a t i o n  r i " n g  i s  t h e  i m a g e  O u / ^ o  o f  O r .  D e n o t e  a l s o  b v  v  t h i s
* jj,'fi + t

va lua t i on  anc l  by  5o  the  go rg  
" - l f - [ "AJ : i " f a  

(Ko ,v )  .  The  va luc  q rouT)

o  
f : . eJv l j . t h  t he  convex  su l :g roun  A  o f  vK  and  thc  r cs i *v l (  

-  
l s  l d e n t i

c i u c .  f l e l d  K u  1 s  i < l e n t l f l c c i  w l t - h  t h c  r c s i c J u e  f l e l c l  ?  o f  I ( .  T h u s  t h ,

co re  va lucc l  f l e l c l  { o  l s  o f  c } ra rac te r l s t i . c  zc ro  anc l  res i c lue  c l " l a ra r : :
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'Lc t : i . r , ; t i c  e t xpo r ro rb  p ;  t i d=  R  i f f  r )=1 . .

Cous ; i - c l c r  i l  va lucc l  f  i c l d  cx t c r i s ; l on  .1 ,=  (L , v )  o f  , ! . ! .  The r r  t i r c r

.  c o r l r s c  v a l u a L i o n  o f  L  i s  a  F r o l o n q a t i o n  o f  t h e  c o r l r : s j e  v a l u a L i o n

Al t  S;  hence both nay be < lenotcc l  bv t i re  sdrne svmbol  r i ,  T le  core

va l -ued  f i e ld  . l , o  i s  an  ex tens ion  o f  t he  co r :e  va luec l  f i e l< l  I ( :
'  we  sa ' I /  t ha t  t he  ex tens ion  r . , /K  i s  co r^c -c l cnsc  j . f  t , o r  J " r , ," * J

' / € A  = A -  a n r l  f o : :  e v e r y  b e l ,  t h e r e  e x i s t s  a 6 I (  s u c h  t h a t  v ( b - a ) > q ;  i nK
- ;:;

pa r t i cu la r  A r .=L \u .  Th i s  i s  eou iva len t  w i th  the  fac t  t ha t  f o r  eve rv,l 5
\  kCN,  the  r i nq  embedd inq  O  -  = f )  ^  \Oro , , -=O,  r -  i s  an  i somorph ism..  s  ' '  -  

i  
- - - * ' - r ?  

f , , k ' I ; k  " $ k  - ' ! - , k

'  rn .  o ther  words,  j /$  is  .#" -a" i " "  i f  f= the lor .  extens ion L ' lKois

.  d e n s e .  I f  p = 1  t h e n  L / K  i s  c o r e - d e n s e  i f f  L = K .
. - = ; i

'  
' t  

A  ma in  i ng red ien t  i n  t he  p roo f  o f  Theorem A  i s  t he  fo l l o rv ino
' + j

na tu ra l  genera l i za t i on  o f  p - res te l -Rooue t te  rad i ca l  s t ruc tu re  theo -.'.

\.

i  , ,

r - 1
r e m  L 2 4  J ,  T h e o r e m  3 .  B .

, l . : '

.:,t

P R O P O S f T I O N  1 . 1 .  L e t  K = ( K , v )  b e  a  H e n s e l i a n  . r a l u e d  f i e l d  o f

c h a r a c t e r i s t i c  z e r o  a n d  L  b e  a n  a l o e b r a i c  c o r e - d e n s e  e x t e n s i o n

^ co r  K .  t ' h e n  L / R  i s  c r e n e r a t e 5 l  p v  r a d i c a l s ,  i . e "  L = K ( T )  w h e r e'  . # ; - - ; - - ; , : : _ - , .  -  - _  ;

,=* l . ru  ={ t i r , * r  \ / tne  x }  i s  the  mur t i r : r i ca t i ve  o rouD o f  rad ica lLr/^ t 
ni, 

.lj-:-----_::.---:,-,

. e - l emen ts  o f  L /K .  ! h .e  rad i ca l  va lue  s rouD vT  equa ls  the  fu l l  \ . / a -
%@

' l r r a  d r n r r n  t r r  o f  L  a n d  t h e  v a l - u a t i o n . m a D  v : T - - F v L  i n d u c e s  a  o r o u D:a*-Ji:_Yi-" - _

isoT?.fp4j-sI  r /vx !+vL/."u.  I f  L/K !q,__a_f in i te exrension then
N  V I \

. [ i , tx l= (r : .r\

PL9"9g. As j.

too and. vL/ ;' V K

- o  - - o
J "  =K  and  vL=vT .

l s .  a l g e b r a i c  a n d

. ' :

I s  H e n s e l i a n  a n d ,  L / K  L s  a l g e b r a i c ,  * !  i s  H e n s e l i a n

a  t o r s i o n  9 { o u p .  F i r s t  o f  a l l  l e t  u s  s h o w  t h a t

L e t  d € O r a  "  W e  h a v e  t o  s h o w  t h a t  a € O , , o .  A s  L o  / K o'  I r  K - -
=

K "  i s  o f  c h a r a c t e r l s t l c  z e y o ,  t h e r e  e x i s t s

thcrr :  ex j -sLs c(O,ol ;uc i r  that  y / ; r - r . \ ra ' r  r t { r r rc  r r r :

+ 
. l-c)rr/.  ' t l rr1s y1 (c)t '( izvf '  (a).-

Ln7 l'lr-wt(;,n's l<y.rn"r IZAip.20rthereln ono anrl onl,,r one blo,,.,sur-.i:r -  J  Y , '

v ( b - ' c ) ) v f  ' ( c ) = v f - ' ( a ) .  ( U o t e  . t h a t  K o  1 s  I l e n s e l f ; r n

f  qoK, , [x ]  such that  f  (a)=9 ancj  f '  (d /0.  t -c t " j€vKo=vlo bc such thatv . i2vf ,  (a)  .

shJ: 17'j t= cicnsc
. {-' '-

=2vf t (c) and henc-e

t h a t  f  ( b  )  = 0  a n d



. \

r ; j . n c o  l (  i s l  l l r - . r r s c l " i . n r r )  .  A s  f  ( a ) , . 9  a n c l  v ( a * c ) > , { } , 2 v f  ' ( a ) } v f  ,  ( a )  o  w o

gc t  a -b6O, , .o  r  ds  conLcnc l c r i .  Now l c t  a f  Lx .  I { c  l r ave  Lo  show t i r a t
l \...:

. va=v t  f o r  sou l c  L (T .  As  vL ,1 . - , ,  i . s  a  to rs . i . on  q . rou r ) ,  A l l =b  u  w i t - l r  i Je  l i ,
V K

n) r l  ,  uc  o l  .  As  Lo  = l (o  ,  there  cx is ts  u 'e  o )  such thaL i  ( , , -u ,  ) )  0  .L  -  - " K
i=

Cons ic le r :  t hc  l r o l ynon t i ; r I  f  ( x )=X l ] . -L lu ' - l e  C l ,g ' f x l  .  S ince  r l f  ( l )>0=r i6= r ln  ,
L L  J

G . S
a n d  L  i s  l l e n s " 1 i a p ,  ( a s  L  i s  l { e n s e l i a n )  t h e r e  e x i s t s  t ' G  L x  s u c } r

{ - l - , r { -  f i l . F r \ - n  . i  ^  . } - r l l - . . n ,  
* 1  - - ' l  n  - - xL n a r  r ( E ' J = ( J ,  + . v .  - q  i b u t )  

- . .  
L e t  t = a t t  

t I  
t h e n  t " = b u o € l ( ^ ,

\ E
' i  ^  L ^ t t r  ^ - . f ,  - - L - - - ^4 . 8 .  L t s r ,  . r , t J  V t = v a  a s  c o n t e n d e d .

\  C o n s i d e r  t h e  i n t e r m e d i a t e  f i e l d  L ' = K ( T )  . b e t w e e n  K  a n d  L "  I r t e

h A v e  t o  s h o w  t h a t  L ' = L .  T h e  v a l u e  q r o u p  v L '  o f  ! t = ( 1 , t  r v )  c o n t a i n s

vT=vL  and  hence  vL '=vL ;  i n  pa r t i cu la r ,  , i r , ' = r i r , .  On  the  o the r  hand . ,

- . O  - O  .  O  . - O  '  e

L ' -  =L -  s ince  K  =L -  .  Thus  the  r za lued  f i e ld  ex tens ion  L /L '  i s  i nme"
t t '  F

d ia te .  As  an  a lgeb ra i c  ex tdns ion  o f  t he  Hense l i an  r za lued  f i e ld
c e

5 ,  L '  i s  Hense l i an  and  hence  a lqeb ra i ca l l y  comn le te  be inq  o f  res i -
a t

d u e  c h a r a c t e r i s t i c  , " r o  [ r ]  ,  D r o D o s i t i o n  1 5 "  S i n c e  L / i ' .  t ,  a l o e -
.  =  = .

b ra i c  immed ia te ,  we  conc lude  tha t  L '=L  
' l

. ,  - , , , ,  
As vT=vl , r  the va luat ion v  induces,  a  groun epimornhism

v :T / , , x -+vL / - - , . .  We  have  to  show tha t  t h i s  i s  av r  i go fno rnh i sm.Le t.  K  ' V I (

ter  be su ih that  v t€vK.  Assume Lhat  the order  of  t  modulo Kx is  n

and  t f l =a€K.As  v t€vK  bv  assumpt ion ,  t=bu  w i . t h  b€K ,  u€o f  .  S ince

- , 0  - o  , -  ^ x  . s
K  = r . r  ,  une re  ex i s t s  u '€O)  such  tha t  , i ( n - r r ' )>  0 ;  t he re fo re, -  a
& - / l ^ . . r \  / . . , . 1 - l  

' L  
m ^  - t ^ ^ . -  ! L ^ !r = r D u ' /  r u u '  

* ) e  
X " ( 1 + g g ) .  T o  s h o w  t h a t  t € K ' w e  m a v  r e o l a c e  t , b r r 6 4 y

'other  e lement  in  i ts  lou* t  modulo KI ,  so v /e ma\ /  assume rv i thout

l o s s  o f  g e n e r a l i t y  t h a t  . i t r - t ) > o  a n d  h e n c e  , i ( r - t t ) = r i ( 1 - a ) ) 0 .

Cons ide r  t he  po l ynomia l  f  (X )=Xn-a€O{ [X ] .  As  5  
t "  t { ense i - j - an  and

v f  ( 1 )  = v  ( 1 - a ) )  0 = v  ( f i )  = ' r f  '  ( L )  ,  t h e r e  e x i s t s  o n e  a l d  o n l v  o n e  c € K

s u c h  t h a t  f  ( c ) = g n - a = 6  a n a  r i  ( l - c ) )  0 .  S l . n c e  t h i s  u n i c r u e n e s s  s t a t e -
' O o

m e n t :  h o l d s  n o t  o n l y  i n  5  b u t  a l s o  i n  t h e  H e n s e l i a n  f i e l d  L  a n d

, = s :
s i n c e  f  ( t ;  = 9 ,  l ' i  ( t - t ) > 0  ,  v e  c o n c l u d e  t h a t  t  =  c C K .

We have  sho r^ ln  tha t  T /  vxvT , /  r f  one  o f  t hooe  q rouns  l s'  Y " -  "  " '  v K '  ' r

f  l . n l t e  t h e n  t h c  o t h c r  1 s  f  l n l t e  t o o  a n c l  ( T :  K x ) =  ( v L : v K )  "  o n  t h c

o t h e r  h a n c l  ,  L f  [ l , x ]  1 s  f  t n i t c  t h c n .  f r , , X ] =  
( r i t  : r i X ) =  ( v L : v K . )  s l ] r c c
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l (  ls

ft tx]

u *

aIgt . ' l ; t : i . r icaI l1 ,  conr l : IuLr :  lnd

= { r l l . t i " \
\ . r  .  r \ .  /  .

\ {c corrcJ.udc Lhnt

Q . 1 1  " D "

t -hq  f i e td  s t : ruc tu re

consec ruencc  o f  D ropo-

3 . 9 .

-  .  O  d ,
l 1  . r '  l - - l
l f , r  . t \  l ' . . r o
s d

\ \

l fhe fo l - lowinq expl ic i t :

o f  L /K  j -n  te rms  o f  rad i ca l s

s i t i o n  1 .  1 ;  s e e  t h e  p r o o . t  o f

c l e s c r i p t . i o n  o f

1s  an  inuned i -a te

r ^ 1
|  2 4  |  C o r o l l a r v
L J

C o r o l l a r v  1 . . 2 .  f n  t h e same s i t - -ua t i on  as  i n  F : :onos i t i on  I  "  1 ,

a s s u m e  t h a t  L / K  i s  f i n i t e . Then  L /X  can  be  senera ted  bv  f i n i t e l v
./

I  r '  r
many  rad i ca l s  such  tha t  t he r :oduc t .  o f  t he i r  rad i ca l  exnonen ts

e r T u a l s  t h e  f  i e t d  d e q : : e e :

T  -  v  l *  L  \
I r  -  n \ L r  1 " c c 1 V  I

r f ' $iir

€KX

n . n ^ .  " . nI Z T

(1< i - ( r )

The  subs t i t u t i on x .  F >  t .
L l _

thq lgglor_g:gelre K lx'
I I ;

b y  t h e  o o l v n o m i a l s  X ,  - -
_L - 

44--. '.....=_j i

( 1 d i ( r )  e x t e n d s

a .
T

' x t l /  t
( 1 < i ( r ) ,

t o  a  K - i somornh ism o f

w h e r e  f  i s  t h e  i d e a l . q e n e r a t e i .

o n t o  t h e  f i e L d  L .

j

" - 1 ( ]

. I t '  is  wel l  known the key ro le  n layed bv the embeddincr  theorems

in the invest . igat ion of  the model  theoret ic  nroner t j .es of  the Hen- .

F ' l r l
s e l i a n  v a l u e d  f i e l d s  ( s e e  f c r  i n s t a n c e  L z f J ,  L z q )  T h e o r e m  a . t , l l J

T h e o r e m  L . 2 ,  p l  n t o p o s i t i o n  2 , 2 ) .  r n  t h l s  s e . c t l o n  w e  n r o v e  a  g e n e -

r a I  e m b e d d l . n g  t h e o r e m  .  f o r  I i e n s e l i a n  v a l u e d  f i e l d s  o f  c h a r a c t e r i s

t i c  ze ro  tha t  w i l l  be  the  ma i .n  too l  f o r  t he  p roo f  o f  Theorem A .  A

bas l c  l ng rcc l l enE  ln  the  p roo  f .  o f  t h l s  en rbcdd lnq  thco rcm l s  n ro r ros i -

t l o n  l " l

cha rac te r l s  L l c  zeco ,  l "e1 :  us

2" ,  AN BMBtrDDTNG TI IEOF.EI4 FOR HENStrLTAN FIELDS
I

. i

G l v e r n  a  v a l u e d  f l e l d  J t =  ( K r v ) o f



denole l :y
e 9

6 =  ( ( r t r )  ,

the

rl .l- 1. -n
r\. Ll t (;

nante lV

' * . i , ' z ' , 1  . - 1 .  r " r r A ! t ' - . / r
. l l l I x ( ' u  l - ' ;  L  l -  a i ' * ;  L . ! l r  , . ;

t t r e  s y $ t e n  t K " ,

; tss i -qned ta

r . G  =  u t ' /
" v  / l + m o

. r K

uol,rry!,
t ire 

"ourrlf ioi, l
,  ' lN) tocreLfrer vr i  Lh

exa{ : t  $ec{uer Ic( )

.  .  u , o X
l- *.?} K Si< *-r o

I n  f ac t .  v r c - :  sha l l  cons i .d^e rn the  co re  f i e ld  Ko  no t  on lV  as  an  abs t rac - -

. ,  o  . .  * ,o
f  ie tc l  l :u t  a iso  as  a  va luec l  f  ie rd  S '=  

(x lv )  v r i th  the  va l 'ua t ion  r i ; r tu -

r ; r l  l r . ,  i n r l r r r : e c f  b r r  f h e  v a l u a t i O n  r r  O f  K .  T h U S  i t  6 e e m S  n a t u f a l  t O
r . r a L L J  - L r " . r u r " . - r {  v - I  -  -  

E
6 9

cons i c le r  sys tems .  S -=  ( Iu ! ,  f l r f r '  L ,E  )  v rhe re  M= ( l 4 rV )  i s  a  va lued  f  i e l d
s

o f  cha rac te r i s t i c  ze l : o  whose  va lue  g roup  vM eaua ls  the  sma l l "es t

convex sub.group conta in inq VI)n P=the c l raracte: : is t ic  ext :o t rent  o f  . i :h ' :

a

res i c lue  f i e fd  l i ,  H  i s  a  i nu l t i n l i ca i i ve 'Abe l j " ; i . n  g roun ,  i  i s  an  a ; i c i *

€\/
*+G,9

sr-rch that the 'seouence

Cal. l  such a svstem a 3ig} tt  **:, :

I

i s  the mixec! .  or t -s t ructure nabura l - l ' ' '

c l r a r a c t e r i s t i c  o f  K  i s  T e r a  t i r e n

( { . c , - = x x  /  - ,  v K ;  { - " j ,  i i t ! * >  G , , * . - }  i ' i ( - r -
/  1 + r r r  '  - - ' "  q  '  

K
4  i  ' r ! t /

s  * rJ \

3 t

H;F ,  i  J I )  ,  v re  o l : t a i . n  t he ^ 1 r n a 1 ^g =  ( l { r
:t

n

i  / r r X  r '* ' Y l 4 '

^,  r  ̂  r , r  i  { -  l ' r  + 'h r t
v u L /  Y r - L r r

w i t h  r e s p e c t

ui) oil a!1i.1

u r e  S  n a v  b c

i l$ airr:vc , f

crdered gr

n ' : .

1 ) - 4 e , v i ' l  i

vr-r>l  lub, l rO

r . i  - -  s  l :  l i l c  t

i '  : i  ;  ; r l ' r ' i
!  . !

0 -*)vI4

vrhere f  =H/ .  Thus r  i n h e r i t s  a  n a t u r a l l * z  s t r u c t u r e  o f  t o i - a l l . V

t l r c r  . l  a ,A  o l i|  \ l  I

Lo  th i s  o rCer  n  v l " l  i s  i c l en t i € ! cd  r " r i t h  a  con ' -

f  *  f  t  as c l rc lerec l  o iouP.  Thus the r t i ' : tcc l
'  '  l t l " l

s c c r t l  ; r l  s o  a s  a  s \ r s t e m  ' L ' . '  
( L t , i ' t , , f ' ,  L , i ) ' * . ' l i r : i - c :

i s  an  ac i c i i . t i ve  to ta l l 1 r  o l :<1c : r r - ' i  c t ro t i i r ; r t ' : c i

t ive to t -a l ly  orc lered groul r ,  i : l '1x-"> H is  a o l louD monono: ' ,? i r ism and

.9t  : l {  * '+ f  is  a  group epimort rh i -sm

"!a 
G

J w  .  e -

l .  -+ M^ *:*p H *+ I -> 0 is exact.

0

t u re .  Thus  the  sYs tem Xo  above

assoc ia ted  to  S  .  I f  t he  res idue

c
i (  = i (  is  the mixec l  O-st ructure

. ; i O  ] : j O

a s s i g n e d  t - o  5 .

Given a mixed {u. -s i ructure

exac t  sequence

v r *



I O

t t  rJ t :  11 - - . I ,  t s  i r  ! ' l r oup  cp in lo rph l . sn r  r ; ucJ r  bha t  
' t l r c  

l t c rnc l  o f  9d l , j . ; 11 \ -  F  f

l s  t l i c  q roup  C \ )  o j l  un i t s i .  r r t  O .y

icler-rt j .  f . . i .ccl tht:our;h .f loi n,. i t l1 i l

sen t  s ; cc t - i on  we  p r : c fe r  t o  use

accc l : t ior1 rese:" -v iug the s t lcond

ant ' l  t .hc va lL l r , :  q l . 'our)  v t lc l tx /^x .Ls;
'  t ' [ I

convex subcfrour> of  f  Tn t i r "c rr l r rJ*

mixed ur -s t ruc t r : rcs  i r - r  the  f i rs t

equ: i - .va len t  dc f in i t io r r  fo r  the  nex t

\
sect j .on. :  o f  t i :e  work

'  G iven  two  m ixed  & t *d t : : uc tu res  S*  ,  !=L12 ,  an  embedc l i nc r
f u L

k t E . , - +  g ,  w i l l  b e  a  s y s t e m  ( t s '  , / t , / . " )  w h e r e  , t ' : I 1 r - + - l - { "  i s  a  v a l u e d
|  - L  t  . /  . /  

/  
- " : l  e z

a d

f i e l d  embedd inq ,  l LzH"  - *+  I { ^  i s  a  g rouD monomornh ism and  A" : / l - *  f- ' ' '  
/  - - - I  ^  z  - - - - -  

/ -  
- -  

I  
' 2

is  a  monomorphi 's rn of  ordered .oroups such that  the next  d iaqranr' / :

Mi  
t t -  

*  n r& l ,
r t * l -p ' l  r l  Lh"' V , l r J ' n '

M; - '2--* u, --!t--+f,

;

i s  commuta t i ve ._ - :

W i th  th i s  p repa ra t i on  we  a re  now

embedding theorem for  Hensel ian va lued

r y a f 6a v r  v

T h e o r e m  2 . L "  L e t  K = ( K , v ): b e  a  v a l u e d  f i e l d  o f  c h a r a c t e r i s i . i c

embedd ino  l t z l ,  - '  f - r  o f  m ixed
/  1 o  = o  - ' ' '

g-emqelqLnq T:I l - - t !  o, j  valu,e4
: _ - @ . L

r l . r l  a  + n

f i e l d s

: '

s ta te  the  c tene ra l

o f  c h a r a c t e r i s t i c

z e r a  a n d  L = ( L r V )  r ' F = ( F r v )  b e  l l b n s e l i a n  v a l u e d  f i e l d s  e x t e n d i n o  K .

o
A s s u m c  t h a t  F  ' : ^  l r  I

i : =  l ! l nseudo-comn' l  e te,  ' there f  I  I  denqte i ;_  the
t

c a r d i n a l i t y  o f  L i  G i v e n  a  K

@  -  s t r u c t u r e s  t h e r e  e x i s t s  a
a

f i e l ds  i nduc inq  the  c r i ven  K  -  embedd ina  ta
= o

P f o q { .  C o n s i d e r  t h e  f a n r i l v  A  o f  p a i r s  ( L '  , ?  )  w h e r e

an  i n t c rmcd j .a te  f l a1c i  be tv rcen  K  and  L ,  and  4 l  z I " -> r r  i s  a
L ? : =

c i l ng  o f  va luec l  f i c l c l s  l nduc lnq  thc  res t r i c t l on  eml>cc i c l l . n r r

- .  r '  a  c  A

f  l i  ,  :  I , j  - - -+- i i .  of  mlxed s,--s Lruc turcs .  ' , / \  rs non*emnt ' r  s ince
t  t l t  : O  ; A
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1.1

(K7 l ic4 l l )  boronqs  to  / \ .  cons i .c lc r :  L l rc  ; r ; r r : t - l  l l .  o r t l c : r :  en  4  I

"  ( L t  , ? ' )  r (  ( L "  r t  "  )  t f  f  L t  c  L "  r t n d  ?

t i a -L  o rc l c rcc l  se t  ( / , . *  )  i s  l nduc { . , j . vc

a  max imar l  pa i r  G , t  o+7 ) (4 .  I {e  ha r re  to

i l l  "
t  - - l l  I*  L ' l L '

thc r.:c

show

w i t h o u { :  l o s s  o f  q c n c r a l i t v  w c  m a v  a s s L r m e  t h a t  L r = K ,  t " e .  A

Ko..**--*
I
I
I

o

.g-*">

F

I

I
,,
K

I
+
lr
;'

"  As thc

e x t s t s  b v

t h a t  L t = L "

nott-etrutt ' .rr nAr-

Zo r r l ' s  l cnu t rn

i s  t h e  s i n q l c t o n  f { x , x * 5 n ) } ;  s o  w e  h a v c  t o  s h o r v  t h a t  K = L . ' t { e  p r o -L -  J

c e e d  s t e p  b y  s t c u  a s  f o l l o w s

'  ' 1 )  
F i r s t  l e t .  u s  s h o v r  t h a t  l i :  f  x , , 1 )  i =  F i e n s e l i a n .  L e t  t i ' =  ( K  n  ,  $ )

'. - ::: ::
' o a

" .  b e  t h e  I l e n s e l i z a t i o n  o f  K .  A s  L  i s  l i e n s e l j - a n ,  i = ( L , ; )  i s  l { e n s e l i a n' \  ' i= ' : . - -

t oo  and  hbnc .  t ? '  i s  i den t i f i ed  w i th  a  subex ten " ron  o t  L t . i . .  Le t
.  5  : ' , : . : -  

- -

a r ,  -  l r r l  - - \  ,  
D

K ' = ( K ' v )  b e  t h e  f i e t d  K :  r v i t h  t h e  v a l u a t i - o n  i n d u c e d  b . r  t h e  v a l u a t i o
: :
n ' o f  . ! .  As  the  res idue  f i e ld  I ( ' o  o f  j '  ec rua l s  x l ,  t he  va lua t i on' ; .

o f  
{ . '  is  exact ly  the va luat ion on the f ie ld  K '  induced bv the r ra-

G O

l u a t i o n . ]  o r  f t r  a n d  t h e  v a l u a t i o n  v .  o f  K o .  S i n c e  F  i s  H e n s c 1 i a n , . j
c o f e

. 5  
i "  Hense l i an  too  and  hence  we  ge t  a  canon ic  5 -embedd inq  ?  r I ' * i .

In  fact  T is  a  S-embeddinq of  K '  in to F.  I t  remains to  check that. L : :
' t c

K '  =  K  i n  o r d e r  t o  c o n c r u d e  t h a t  , * ' , 2 ) e  A  a n d  h e n c e  K , = K  b v  m a x i *. ; i . 6  ' ( ' \ t  r  ' ^ " -

,  m 'a l i t y  o f  K .  The  eq r ia l i t i es  S " ' n  a !o ,  f x '= r iK  a re  t r i v i a l r  so  i t  r e -

'  ma j .ns  to  vd r i f y  t ha t  Gr2 ,  =  Cr? .  Le t  x€Krx .  As  l . i t < '= . l x ,  x=av 'w i th
I \ 1 \\ ::: .:::

a€Kx ,  ye  o f ; ,  S ince  K 'o  =Ko ,  the re  i s  neo f  such  tha t  .?  ( : l - b )>  o .  r t
s : . 5

f o l l ows  *=  (ab )  ( yb  t )e  x *  (1+g r ; r  )  "  The re fo re  the  canon ic  moroh ism
, 

*-:.

"  G ,9 - - )G ; ,  i s  an  i somoroh ism as  con tended .
t \ .  t \ '

- i  F  
e

Now s ince  -K  i s  Hense l i an  o f  res j -due  cha rac te r i s t i c  ze ro ,  we

-  r - ' 1  
'

* :y  assume by Lf j  Prooosi t ion 16 that  we have the fo l lowincr  commu-

ta t i ve  d iag ram o f  va lued  f i e lds :

<__



Notc ; t lso that .  l ( ,  i :  and l . 'cs i r roct l .v r : - l .y  ] ( , l l  
CI  

. f l1 :e  l l .nenr lv  c l iu ' io i . r rb

'  ovcr  l (

0
2)  Lc t  L l s  sho rv  L i ra t  l ( "  l s ' ; r l <1cb ra i ca l , l v  c losc t i  i t r  L :  ,

Le t  x€Lo  be  a lge i : r ; r i c  ove r  Ko  anc l  J (o  l - : c  t he  f j - e l c1  K (x )  w iLh

the va lua 'c ion v  inc lnced " f ror r  L .  I lv  l inear  d is ; - io in tness hre aer

, -  .  - t  f . . 6 ,  ,  - . o l  .  .  u l .  '
I - xo  ; x  l =  l i t  ( x )  : r (  I  a l " rd .  hence  r i x '= r i x  and  K 'o=Ko( - * )  .  T I ' t *  co r res r )onc je r
L J L J

ce  XF* r '  ( x )  de f i nes  a  f i e l<1  K -e rn l red t l i nc r  f  :K ' - -p .F .  I r t o reove r ,  T' a -

. .  i s  a  K -embedd ing  o f  va lued  f i e lds .  f ndeed ,  l eL  w  be  the  . va lua t . i on

. o f  K '  i n d u c e d  t h r o u g h  ?  b v  t h e  v a l u a t i o n  o f  F .  A s  t h e  r e s i d u e  f i e l. *

- l ua t i ons  w  and  v  o f  K '  i nduce  the  same va lua l - i on  on  y ,a  ( l t ,  i s  a
o e c '

K  - e m b e d d i n g )  a n d  w  e q u a l s , t h e  v a l u a t i o n  v  o f  K '  ,  t h e  u n i c r u e  v a l u a

t i o n  o f  K ' e x t e n d i n q  t h e  v a l u a t i o n . i  o f  K ,  i t  f o l l o w s  t h a t  w  e o u a . l

t he  va lua t i on  v  o f  5 ' ,  as  con tended .  Thus  i t  r ema lns  to  show t f ra t
6 4 t o

t he  cbnou ic  K -  embedd inq  4 ' :K ' - l ,F  o f  m ixed  ed  -  s t ruc tu res  i nd .u - '
= o L z o z o

9 / 1
c e d  b y  o 7  c o i n c i d e s  l v i t h  t h e  r e s t r i c t  L o n  o f  k  t o  K ' , .  A s  t l  c o i n c i i ,

L / = O u
.  - - . o .

\ { l - Ln  l t '  on  K 'obv  r i e f  i n i t i on  o f  t }  ana  r }Xn=r?K  i t  r ema ins  to  show" - - - ' r  - . .  +
'  & l ^ ^ !  ! L ^  

A
. .  .EnaE tne canonic  monomornhisrn 11 zGt , - - - )G,9 induced bv n ecruals  the- t ' . . K J " L "

= : :
rest . r : ic t ion of  /c  zG,y -+G* to  G: , ,  Let  us show that  G, t  ,=G* (K '  " )  

x  -g g - 5 5 . r
rndeed,  le t  zeK'x .  iu  #x '=r lx  ,  tZuu wi th  a€Kx,  , r .o f  ,  " ; ;  

ne i .e
r\

r  -  , r i  . :  r

: = = - j 3 , ^

. .  the s tatement  above is  immediate s ince / t  and ' t )  co inc ide on G.9 and/ ' ' s
( K ' " ) *  b y  d e f i n i t . i o n  o f  ?  .  C o n s e q u e n t l r r ,  ( K '  , 2 ) 6  A  a n d  h e n c e

L

, l ' )
I ( ' = K  s i n c e  A  = l ( K , K . + u [  n V  a s s u m p t i o n .  A s  x  i s  a r b i t r a r y r  w €  c o n c l r -

d e  t h a t  K o  i s  a l g e b r a i c a l l y  c l o s e d  i n  t h e

p a r t i c u l a r .  K o  i "  H e n s e l i a n .-  , ) =

H e n s e l i a n  f i e l d  L o .  r n
:*

3 )  M o r e o v e r ,  w e  c l a i m  t l ' r a t  K  i s  a l q e b r a i c a l l r r  c l o s c d  l n  L .

F l r s t  1 e t  u s  o b s e r v e  t h a t  K  i s  i l e n s c l i a n . s l n c c  I i  l s  i l e n s e l l a n  t u I n t= ' =

gge&qgoa'dSUys4yry lJ  anc i  Ko is  I lcnsel ian b.z  2 ' ) .  Let  J t '6  L-  be
::

a  f l n l t c  e x t ' e n s l o n  o f  
5 .  

t ' l o t e  t h a t  K ' o = K '  l : v  2 ) . .  I - l c r : e  l s  t h c  p o l n t

w h e r e  w e  u s c  t h e  r a c l l c a l  f t e l c l  s t r u c L u r e  6 F  K ' / X  q i v e n  b r u  C o r o l l : r *



\. \

' l  ' l  
- -

r y  W ,  I ( ' : ' l ( ( t r , .  " . , t r ) y N [ x ' , . .  !  f  l t , ] / : r . ,  w ] r c r e  r  i . s  l - h c  l c l c a " l  ( c r ) r ) r , i
t t l  l l r*  such t .haL c ,  t .  ,  ' '

= I r  J -< i .< : : .  l .e t .  ' I '= l (x t l t i
L t  r

d j .ca l .s  o f  i ( ' / I i .  Cons ide : :  t i r c  c&a in  o f  j . somcrnh isns  T / r , *  - : { ' v t t , / . , , , - : ,
r \

- t  ' o ' v t  /  1 !  TT  ' 2 , /  ^  Le t  us j  g l l gg5n  r r  '  r t ?  such  tSa t* >  v r \  /  i X ' -  
|  r  : t / , ^  , 7  o  L e t  u S  C i r O O S "  Y l r . , .  f  v f € j

l - < i s r  t t i { : -  
n ,  n .

Y i  (1 r - : l ; ) .=7 t (e ,  ( f  +g i - )  )  ,  I ( i r< r .  i ,Ve  c {e t  . i y i t e  t og16  s ince  . i t  *=1 ,  } -< i s

.  consld;r the polyiomiats f i  (x) =x*i- . i" i ie oo: fr j ,  r .( i -(r .  As . , ,9r,  tr)rrp

' f i t i  ( i )= .1  (nr )=0,  ive get  br r  I ienser  lemrna uoJr"u to  i  some e l -ements
'\

v  u  T i l  . . * . : - , . ^ ]  . ,  - 1  ̂ ! ^ - - . : * ^ J  ' l ^ - -  L 1 ^ ^  ^ ^ * l J r l  - - ^  I  ]^ I r . . . r ^ r (  F  u n i q u e l y  c l e t e r m i n e d  b y  t h e  c o n d i t i o n s  * l t = " r y f t  ,
- ' t\  . i t * r - 1 ) >  0 ,  J . . ( i g r .  L e t  u s  p u t  , i = y j - . * i - ,  1 * ( i ( r .  T h e  s u b s t i t u t i c l n

' . .  t .  ! - - !  z .  ( l - ( i ( r )  d e f j n e s  . a  f i e l d  K - e m b e d d i n g  T  : K ' - - )  F .  t 4 o r e o v e r ,- \ - -L '  '  l -  -  L

q :  K ' -+ -q j -s  a  va lued f ie ld  K-embeddinq s ince K is  Hensel  j -an and(  c  =  s  . n . -

K ' l K  i s  a l g e b r a i c .  L e t  u s  s h o w  t h a t  t h e  i t  -  e m b e d d i n o  Q r t t ' * * f'::.O t, -::O E'O

o f  m ixed .  & ' - : s t ruc tu res  i nduced  by  T .equa ls  the  res t r i c t i on  o f
o o o -

J L  . L  - + I  t o  x ' .  F i r s t  n o t e  t h a t  K ' o - I - o  '  @ - ' '  '( -  a n d  v K ' / g n  i s  f i n i t e  . s i n c e
I  = O  r c  - O

t he  ex tens ion  K ' r lK  i s  f i n i t e  l : r y  assumpt ion .  Conseouen t l . r r t he  em-

bedding of  to ta l ly  orc lered drouDsr .? i< ' *7r?n j -nduced by ? ef iua ls  th , ; . :

r e s t r i c t i o n  o f  p " : f l , - . + r i F  t o  # K ' ,  s o  i t .  r e m a i n s  t o  s h o w  t h a t  t h e
- t

n r ^ l ' n  m ^ n o m o r p h i s m  G ; . r * F G g  i n c l u c e d  b v  * 1  e o u a l s  t h e  r e s t r i c t i o n-  Y r v u y  r r r v r r !  

*  

t  
" E  

r r r u u u u s  - - . ,  
L  

-  . - - - - . - - -

o f  | t  zG i  - *G$  to  G"u , ,  Bv  cons t ruc t i on  o f  " v )  i t  su f f i ces  to  ve r i f y
I J J j : K L -

. E

,  the  *q . r * t i t y  c ;1 ,=cr i . i i i 7 . . . i? ,  where  t ,  i s  the  coset  o f  t i  modutc
= =

l - tmo t ' i ra t .  In  o rder  to  do  th i -s  \ ^ /e  have to  shov , r  tha t  the  canon j -
- .  

*  ' ! , i K ,  ,  r \ -  u v  v v  U r r l - o  \ a c  l l q  V  s  u v  D I I U Y J  L r r a  L  u l . I s  U (

; r " ; n  mornh ism T* -+G,9o  i s  on to .  Le t  z  be  an  e lemen t  o f  K rx *  Asv r v l r l / ,  r u v r l ,
n

T / - - x ' u & K ,  / , u  ,  z = l u  J i t *  | r r r  ' , c A {  .  S i n c e .  K r o = K o r  u = u , a  w i t h/ K ^ ' ;  v r \  / v K  '  - . - : -  " r v r !  L e r r  * = " ( ,  o  D r r r u € . . c r  - l

. .u '€of i  ,  ag1+g, i r  .  Thus z= ( tu ' )ae r?1+m.{r  )  as corr tended.
A  C -  - . - 7W e  h a v e  s h o w n  t h a t  , ^ '  r T ) €  A  a n d  h c n c e  K ' = K  s i n c e f  = l ( . K , X - + f \ "

.K t .be j -ng  a rb i t , r a ry  we  conc lude  tha t  K  l s  a l . qe l j r a i ca l l ' , 2  c losed  i n  T "

.  4 )  N o w  i t  i s  t h e  t i m e . t o  s h o w  t h a t  K o = L o  .  A s s u m i n q  L h e  c o n -
6 o

t r a r y ,  l e t  x e l ,  r  x " .  A s  K  
t  

l s  a l o e b r a i c a l l v  c l o s e d  l n  L o  b v  2 )  ,

x  l s  t ransccnc l cn ta l -  o fe r  K  
o .  

Le t  5 '  bc  the  r ; r i : i ona l  f unc t l on  f l e l r l

K ( x )  w l t h  t h e  v a l u a t l o n  i n d u c c d  b v  t h e  v a l u a t l o n  v  a f .  L . . A c c o r c l i . n r r::
l' 

'l

t o  l f o l  c l r . 6 ,  ^ f  t o n  P r l o n o s l L l o n  2 ,  L h e  r e s t r l c t l o n  o f  f  t o  K '  ! s  t l r
L J

I



L , j

un1.qucl  V i r . l t l ; l t . io t r  o  t .  l i t  cx t -cnc l ' j -nq fhc va l t ta t  j 'o t r  r t  o f  I t  r i t ' tb i t 'c t '  t , '

$x ,=0 i1u<1 xo-x t r r r rs ; r - - ( r . l$e* t1 l  o \ rcr  Kn.  Note t l ' r . r t :  r l t i '= fx  ar rc l  I ( " " " i i " ( \ '

.6  
t ,hcr :c f  orc  Lhc cor l 'c : : i1 :ot r t leucc x l i " l  t  (x)  dur f  j -ncs i l  va lue d f  j -c l t1  

] i *cur ' -

b e d c l j - n g ' ? , . 1 * 1 ' - - + J . : [ t r e t t t a i u s t o . v e r i f v L h a t t h c l t o - c x i b c c l d i n q
^ o E

0 , t i j  *>Jr: .  inclucecl  b '  o l  eciu;r ls the rcst : : ic t ion ot  
,V 

t"  ] iJ  in or j ' -
L =A '-o 

/  n .) r \

der  to  ge t  (K '  ,+ l l e  4  c :onL ra rv  Lo  the  fa rc t  t ha t  ' 4  =J iX 'K ' - )  I ' ) j '  As  7

a n c l  p .  c o i n c i c l e  o n  . l i n o .  b y , c l e f i u i t i o r :  o f -  
7  ,  a n d  $ X ' = $ X ,  i t  s u f f i c e s

I - -t

t o  obse rve  tha t  Gr - , ,  =G; ,  ( l { ' o  )  
x .  I ' deec l ,  a l l y  e lemen t  z€K 'x  can  be

the  ro ' r *  , ] . t  w i th  a€Kx ,  ueo f , ,  s i nce  t i x '= t l x '
r=

5 )  L e t  u s  S h o w  t h a t  v L = v K .  A s  K o = L o  b V  4 ) ,  i t  s u f f j - c e s  t o

ve r i f y  t ha t  $ l= l . ) f< "  Ass im ing  the  con t ra rv ,  l e t  xe l \  K  be  such  tha t

vx fn f< "  As .  K  i s  a lgeb ra i ca l l v  c losed '  i n  L  b rz  3 )  and"  Ko=Lo '  t he  fac -

c  o n  ? r e e '  I n d e e d '  l e t  v € L x  b e  s u c h  t h a t
to r  g roup  fL /+K  i s  t o rs ion  " f  ree  '  f nd€

r i  .  e , -  - g -  - - . . i ! L  , - , *  . ,  i  ,  - 0 - r - - l i ^ - l r - 1  .  S i n c e  K o = L o ,  y t d  
l = b t  

w i t h
n r l y= ; -  w i t h  a€K"  ,  n ) t l  j - .  e .  v  (Y  a  /  - u  .  D I I l u .=  n  - !

' v

b€O*  ,  u€ l . -Fm i .  As  !  t=  Hense l l -an  o f  res idue  cha rac te : : i s t i c  zeYo '

c: =. -]  rr
,  ,  , r = " i l  f o r  r o * J  , < o l ;  t h e r e r o r e  t r 3 - t ) n = a b € K '  s i n c e  K  i s  a l o e b r a i -

-  - 1  '  c  o  t  - l  '  a - -

c a l l y  c l o s e d  i n  L ,  Y z . - € K  a n d  v v = v ( Y z  ) < i t <  a s  c o n t e n d e d '

L e t  $ '  b e  t h e  r a t i o n a l  r u n c t i o n  f i e l d  t < ( x ) ' w i t h  t h e  v a l - u a t j - o n

'  
i n d u c e d .  b y - t h e  v a l u a t i o n  v  o f  

$ .  
S i n c u ' . i X ' / 4 * 1 0  i s  t o r s i o n  f r e e

bv [to] ' ch : 6 , .f, to r Dronos i-
as a subgrouP of  &r1 ' *  ,  LL fo l lov ;s  l

t ion r ,  that .  . ) r '= ,1x @ L #*  ana t i  ( f  . ,  t r * i )  =mln ( r?ar+ i r lx )  for  arb i t ra-
' 1 I - I I

-  
ry  a r€K,  1< i "<1 .  Le t  us  choose an  e lement  yc l tx  whose coset  modu lo

1 + m *  i s  & 1 x ( l + g , " ) )  ;  i n  p a r t i c u l a r  i Y = f "  ( r i x )  i s  o f  i n f i n i t e  o r d e r
- €!' | *!.

*oa f to  Sx  and  hJnce  y  i s  t ranscenden ta l  ove r  K '  Thus  the  subs t i t u -

t i on  x t -+  y  de f j . nes  a  f i e td  K -embedc lLna  ! :K?_ ;  
F .  I {e  c la im  tha t

,  r f r - - *  i  i s  a  va lua t i on  f i e ld  f i - embec lc i i n . r  such  tha t  t hc  i nduced
t -

r iX *embec lc i i ng  . iX r - -+  $ f '  equa ls  res t r i c t i on  o f ' /  "  t o  iX ' '  I ndeed '

f -  -  . . L .  v , x  n .hen  . ] f  t * )  =m in  ( , i . i r+ i r i x )  .  on  Lhe  o the r  hand  ''  l e t  f  ( x )  = l  a t x  (  K '  .  ' l ' r  
I

f r o l  .  C h . 6 ,  f f O ,  ) ? : : o p o s i t j - o n  I  m a V  a l s o  b e  a n n l l e c l  t o  K ( ' r )  i n s t c a r l
L ^ " J  ,  r  J  - -  '  -  ) .

o f  K , - K ( x )  ;  w c  g c t  i t  t . t )  = r n i n  ( i ; r ,  + t r l y )  ,  l . c .  i  t T t r ' ( x ) )  = ' 7 t '  ( t i r  ( * l  I
t - A

a s  c o n t e n c l c c l .  M o r c o v e r r  . l S  K o =  i ( " ' = L - o  ,  Z  
l s  

. l n  
f  a c t  a .  K - c m i > c d r j l n r r

/ '

\.



)

1.5

of  t i rc  v , l : l . r rcc l  f  ic l r i  . t i f  l .n i :o  I "  T l rus i t  rentnJ.ns to  shc>tv that .  thc

r , l \ ( o

l i ^ -cn l - r . . :c lc l inct  a t -  : t i t  * " ->. .1 , '  .o f  mi .xcc l  6d*sbrL icbr t rcs inc luccr l  bv ' ry  cr rLra l . : ;
l ; 0  : 1 'O  : : 0  L

r
t hc  r cs t r i c t i o r " r  o f  t+  to  I ( :  i n  o r : c l c r  l - o  ob { -a :Ln  ( i t '  , t  )  q  A  con t ru l - \ "

I  i : : 0 .  
' (  "  '  t

to  t -hc l  assuurp t i .on  th l t  n ,= , fn ,KC-- - )  l i f "  S lnce  Kf "=Ko anc t  r lK" " r l x  f t )

CI.?.r lx we oi : ta- i . r r  Gi t ,  = cr i "*?,  vrhere i  is  t i re coset of  x moclr : lc :
= i r r =

I * m , u , ,  i  l - h c r e f o r e  + t  a n d  r { -  c o i r : c i d e  o n  G " 0 , ,  b v  d e f i n j - t i o n  o t , t j
G e K '  t -  /  l \ '  (

: : . .  ;
'  6 )  F ina l l y  we  a re  readv  to  p rove  tha t  I (=L .  Assumiua  the

t r a r y o  1 9 t  x ( . L \ K  a n d  K t = K ( x ) .  T h e  e l e m e n t  x  i s  t r a n s c e n c l e n t a l

l (  b y  3 ) ,  K o = K ' o  b y  4 ) ,  v K : v K '  b y  5 ) ;  c o n s e o u e n t l y ,  w e  q e L  a l s o

G- :=GL ,  anc l  hence  i  = io  .  Thus  i t  r ema ins  t . o  show tha t  t he re  ex i s ; "
K  K '  L : o  s o
: j =

. a  l ( -embedd ing  , l =K ' - - ) {  i n  o r :de r  t o  ge t  (X i y )e  / \  con t r ; r r v  t o  the

assumpt ion  tha t  A  = { tK rK . - ;  r f .  As  Ko= t { ' o . ,  i t  su f  f i ces  to  show tha t

G  . e  o

there ex is ts  a K:embeddinq ,0  z l \ t  *F F
_ # c i " # *

As  
' t he  

va lued  f i e ld .  ex tens ion  i '  t i .  i s  immed ia te ,  t he re  ex i s t : ,
. i * . *

e ^

a  p s e u d o - c o n v e r g e n t  s e . T u e n c .  g = , u f  r f  
. l  

i n  K ,  1 . . <  l x l ,  v , z i t h o u t

pseudo- l im i t s  i n  K  such  tha t  x  i s  a  nseudo- l - im i t  o : f  e .  f ndeed ,  1e r
. : . :

fo 'r
C = t ' v ( x - c )  : c € I ( i ;  w e .  s h o v r  t h a t  C  h a s  n o  q r e a t e s t  e l e n t e n t .  L e t

L  
-  r -

d= i  (x -c )€C. ;  then there  ex is ts  b€ I {x  such tha t rp l= r ib ,  s ince  .7x=. }x ' "

I  v  .  x , .  ,  - 1 .
AIso  there  is  d  e  o f r  such tna t  v  (d -  (x*c  )b - r  ) )  0  s ince  K o=K '1  conse-

o ' *
quent ly ,  i  ( " -  (c+bd)  )>o /  ,  g iv ing  a  q rea ter  e lement  o f  C.  Thus  the : :e

' € x i s t  a  l i m i t  o r d i n a l  l <  l * l  a n d  a n  i n c r e a s i n q  s e q u e n c e  ( d * ) r  - ^r  l <  L
' o f  e l e m e n t s  o f  C  c o f i n a l  w i t h  C , - L e t  u s  c h o o s e  a ! 6 K  s u c h  t l e a t

v
v ( x - a r ) ; { r o  } ( 2 ' .  T h e n  a = ( a y ) "  .  i s  a  n s e u d o - c o n v e r q e n t  s e q u e n c e

!  "  r '  s  t  1 < , L
- - :  . :  ̂. c r r r L r  ^  r b  d  y s e u d o - I i m i t  o f  a  ,  w r i t t e n  + * + x  T f  * * } b  f o r  s o m e

o
b€K,  then  r i  ( x -b ) )  dv  fo r  a I1  I . l  ,  con t ra rv  to  the  fac t  . t ha t

k r . )  *  .  i s  c o f l n a l  w i t h  C .  T h u s ,  a  h a s  n o  n s e u d o * l i m i t  i n  I ( .
=

Le t  us  show tha t  
i .  

i s  a  t ranscenden ta l  sec ruence  o  i .  e '

f  ( a )  =  ( f  ( a ,  )  ) v  ,  \ ' / r 0  ? o r  a I l  f  e  x f l x J r { o } .  A s s u m i . n c t  t h e  c o n t r a r v ,
: ;  t  1 < ^

t '  
- 1  

{ " - ' )
I e t  f e X l x J r l O J  b o  a  c o u n t c r c x a m n l e  c : s f  s m a l " l c s ; L  d c c r r e c z  f . ( a )  * * + 0 ,

-

n=c leg  f  rn i -n ima l .  0L rv io r , r s l . v  n l0 .  I 4o rcove r  n . ) . t .  f  nc ieec i  ,  L f -  f  ( ) { )=

= c ( X * b )  w i t h  b € H ,  c € K ^  t h c n  - 1 * ! l :  c o n t r a d l c t l n a  t h e .  f e r c t  t h a t  a

1 1 \ r r ) l '



l' ('

has  no  psc r r i t l o - l  * . n - t  l r r  i i .  l : f  J :  (X )  = . r l  (X )h  ( x )  w r :u l t l  bc  r : cc luq : i b l  c  t -h * r r

l .bs:  f  actor :s  g,h l rve s ; tun1. lcr  c i .c<t t :cc i t r t r l  hc:ncc f  ( i ' r )  * / * )0  s incc:
. ;,,:

/ \  ^g ( i r )  ̂ / )  0  t iuc i  i r  (e  - ; * : )  0 ,  contrarv  t "o  L l :c  cho:Lcc of  f  .  ' . [hus f  (X)  is
: : i  : -

l r r :cc l r . rc l ,b le  and :he facto: :  I ( *a.Lqc l : ra '  I "1=r( [ *JZ*-  (x) .  i , ,  a  f ie l<1 cxten*

s iot r  o f  I (  o f  f  i r : "L-e c lL- rqr^cc I l i ,  r i ] : : :n) ] .  Nrotv '  wc < lc f inc a nro lont^rat ior r

w  o f  t he  va l -u ; - l { : j : n  $  o f  I (  t o  } ' 1 ,  i n  such  a  wav  tha t  t he  ex tens i .on
;

( I "1 ,w) / l i  i s  j - i l n rec : ; t e .  I r t l r  each  gex fx l r f oJ  
" f  

des ree  (  n  the : :e  i s
' )  d  C  /  \  -  " -  V  q  .z { g ) < /  s u c h  t } r a :  v g ( a r ) = t g ( . , r , . r ) )  f o r  a l l  . f  < A  s u b j e c t  t o  ? ( g ) . < I o

l  c  t v  I

s i n c e  g ( * )  4 +  0  b ' ;  a s s u r n p L i o n ;  a s  A - * F x  w e  o b t - a i n  f g ( " ) = r i . r ( a - , ^ . , ,  ) "
:  

L $ j /

- -  /  -  / ! ' \  i  -  , ! ' \  \  @  ,F o r  e v e r y  s u c h  g  i e t  u s  p u t  w ( c t ( X ) m o d  f  ( X )  ) - r 7 g ( x ) .  T h u s  w e  C { e t  a
X o

map vJ : l u , ' . -+  vK  sa : i s f y ing  a l l  n rope r t i es  o f  va lua t i ons  excep t  poss - j - .

b 1 y  t h e  m u l . t i p J - i : * r t i o n  r u l e  w ( q h  m o d  f ) = w ( o  m o d  f ) + v r ( h  m o d  f )

f o r  g ,h€x [x l . {O} .  , ' ' e  c la im  tha t  L ,h i s  ru le  i s  a l so  sa t i s f i ed .  rnc ]eee r

,  - - - . . - a -  a - ^ . )l e t  g , h { K L X J r l 0 , ' r : . f  d e g r e e  (  n .  B } '  E u c l i d ' s  
' a l q c j r i t h m  

w e  o b t a i n

g h = q f + r ' w i t h  e r r c o [ " ]  o f  d e q r e e  < n .  W e  h a v e  t ;  s h o w  t h a t - $ r ( x ) :

c  t  .  c ,=vg tx l  +vn  (x )  .  Ob i - lous ly ,  i t .  su f  f  j - ces  to  show t .ha t  r l r  (x )<r iq  (x )+
' c t '

+r l f  ( x )  .  Assume the  con t ra rv  and  l e t  us  choose  an  o rd ina l  z  < .2

s u c h  t h a r  r ) z m a x  I  e ( g )  ,  " ( h )  ,  z ( r )  ,  r  ( q )  ) ,  # r  ( a . .  ) ) \ i f  ( a \ . )  f o r' )  r
a S Y < t < , 1  

- . l d  
v 1 : ( x ) > r i f  ( a r )  f o r  f - < I < 2  S u c h  a  T  e x j . s l : s  s i n c e

,
f  ($_)-+ 0 and 

S*l* ;  
therefore f  (&)--u f  ( .x)  bv cont- inui t rz f .or  i :seu.ci , : - .

convergence.  For  
' r ,<  

I  <  2  v ie  g re t  r i r :  (a ,  )  =$r  (x ) ) r fq  (x )+r i f  (x )>  r lo  (a .  ) . - i
t  I '

+ r } f ( a l ) "  C o n s e q u o n t l y ,  t o r  d * r Y < L we obta in  f *  ( r  
!  

)  o

+ r i t - t t a r ) = r l g ( a . ) + r i h ( a " ) = r i q ( a r ) + r i r ( a r ) < r i q ( a y 1 + r l r ( a r ) - r i o ( a r ) + r i n ( a r ) ,  a

c o n t r a d i c t i o n .  W c  c o n c l u d e  t h a t  w  i s  a  v a l u a t i o n  o f  M  w h i - c h  e x t e n d :

the  va lua t i on  , l  , . r f l  K  and  r vM=r lK "  r t  r ema ins  to ' ve r i f * r  t ha t  t he  re -

r e
s i d u e  f  i e l c l  o f  w  u r e u a l s  K "  ;  I  .  e .  t h e  e x t 8 n s i o n  ( M r v r l / f r  i s  i m m e c l i a *

t e ;  l e b  g e  x f x J r f O j  
" r  

d c g r e e  (  n  b e  s u c h  t h a t  w  ( g  ( X )  r n o < l  f  ( X )  )  =

= r l g ( x ) - 0 ;  a s  l i = ' , , , o  r h c r e  i s  b e  o i r  s u c h  t h a t  * t ' t " ( x ) * b )  m o c l  f  ( x ) ' ) . =
' a  o  

'

= v  ( g  ( x ) - b ) )  0  "  S l r r r : t :  K  i s  a l o e b r a i c a l - l y  c o m n l e t e  ( a s  a  F i e n s e l l a n

f i c l . c l  o f  r c s i c l r . r c  r ' l t a r a c t e r " l s t l c  z c r a )  a n c l  ( r ' 1 r W )  l - s  a n  a l a c b r ; i j - e '

lmrncc i l a t - c  ex ton l i  i  {  r n  a f .  i ,  u r *  o i rLa ln  I i =M,  conLrac l l c t l nq  thc  f  ; r c t

f a

l u : t < J = n l l ,  W e  c o n ( r l u c l c  t h a t ,  t h e  s c q u c n c e  3  l s  t r a n s c c n d c n t a l ,



r t  *

I ic rc  i t .  j -s  the 'po inf  whcre we Lts ic  thc i ls i lumDt ion tha l  i '  is

l - .  I

l r , l  Pscuc lo*cor t i y r l . c l -c ;  t i r * : :e fo rc  : l  h ; rs  a  I rscLrc lo* l in r - i . t  r l  ln , r .  n* . : .

i s  t " r :aus ;ccnc lc t t taJ . ,  i t s  p : ;c t rc lo -1- in r i  L  v  i s  t rans ;ccnc lcn ta l  over  I i ;  th r - r r :

t l re s;r- tbst ' j . tnLion x f+ y dcf ines a f  i .eId l (*cmlrcc]c l incr ,y ;K'*-p p '"  IVe

clairn t i - rat-  T is a r i -enibedd- i .ns of  t i re vafarcci  Sietd ( '  into ;X.  Inclecd,
L .;:

1 - ' 1 c n
l e t  f  e  x iXJ t {Of  .  As  g  i s  t - ranScenc len ta l  ,  f  (g . )  - i *>O and hence thcre  is

at +, i*)=,. i-r r!, t=rir r:rt ror uri r S I < &

L .e r i on  fo r  HenSe l i an  f i e lds  o f  cha rac*

consequence  o f  Theorem

\
\ \
' : '

o . E . D "

\  . - /
{he  nex t

t e r i s t i c  z e r o  i s

).

t ic  zer :o and

ernl:edding 
.cri

. i * * ^ : . :  - ! ^
o l l  l - . l t u r r c L l I d  L g

I ' a n r n ]  
' l  

r  r . r  )  )
r u !  y

J:^= (L,v)  ,

Q r r n n n c a  { - h r { -  f i  i -  l r  Iu u r / v v J \ ;  L l l a  u  I  I J  ,  L ,  I

.qgjgiF,isl:*I9: ! ts-:e
a

mixed &]-s t ructure L

leL 5-(K,v) b*e a*v*LugSl fi:*9--o-r Sh-e=tg!*qfis*

F = ( F " v )  h e  H e n s e l i a n  v a l u e d  f i " e l d s  e x t e n c l i n o  K\ . .  ,  v  t

n s e u d o - c o m n l - e t e .  T h e '  n e c e s s a r v  a n d  s u f f i c i e n
. \

K* i somornh ica l l v  embec ldab le  i n to  f  i s  t ha t  t he

i s  K  -  embeddab le  i n  F='o

. .  . i

3.  Mi ied  s t ruc tu res
,  : !  ; ,

I , Ie  have in t roduced in  the prev ioui  sect ion the so ca l led

. . . ,mixed 
a l  -  s t ructures and we have seen the kev ro le  n laved.  by these

'  
o r , . " l  j - n  embedd ing  p rob lems  s -o r  I {ense l . i an  f i e lds  o f  eha rac te r i s t i c

t ^ '  ' .  g  . '

ze ro .  The  m ixed  {a r - s t ruc tu re  K -  ass i c {ned  to  a  va lued  f i e ld  K=(Krv )
= O

o f  cha rac te r i s t i c  ze ro  i s  cons t ruc ted  w i th  the  he ln  o f  t he  coa rse

e ,
va lua t i on  v  i nduced  by  v  and  hence  i t  i s  no t  an  e t remen ta rv  ob iec t

ass igned  to  
5 ,  excep t  t . he  snec ia l  case  when  the  res ldue  cha rac te r i s -

t l c  o f  5  i s  ze ro *  As  the  mode l  t heo re t l c  i nves t i qa t . i on  o f  F lense l i an

f l e l c l s  requ l res  more  e lemen ta ry  i nva r ian ts ,  i t  seems  na tu ra l  t o

d

approx ima te  the  g loba l  ob i cc t  K^  above '  bv  a  fam l l v  o f .  su l t ab le' 1 O

ob jccLs  tha t  a re  c le f i nab le  1n  c len i cn ta ry  te r rns . .  noss l .b le  canc l J . c la tes

f o r  t t r c s e  e l e r n c n L a r y  o b j c c t s  a r c  t h c  m l x e d  k - s t r u c t u r e s  K , - ,  k e  { ," - K '
r l r  r  r {  " l ' L - \ -  

i  \



dc - : I : l nc r l  i r r  . [ n tuo r luc t_ i . on .

In alrs t":: . ic t :  Lcrnrs , .r

A*  (A , t ' f  , l ' - , 0 ,  V )  w l r c re  A  i s  ! ' r

cat i r re  Al . rc l ian c l r :oup,  f *  i *

a pa::t. ial rui lp frorn A j.nto Fl

t o  the  nex t  conc l i L ions :

\

l, li

l$1gg l,-:r,!rt-gqt_g"l::j. (k€N) i*: a $\'st-cnr

Lro rnnn . l l - n t - i vc  r . i - n r1  w i t i r  J . ,  [ 1  i s  a  n rn IL j . r : I i *

an ac lc l i t i .vc  to ta l lv  or :dere i i

- . ^  I  - -  / a  \ - ^ ?  r  , t . . ,ar le  v  ;  ( / \  r  iuJ )  LJ I I  - -y  f  ls  a .

11(r l :oup f  v -1_S;

I l l , i r r  q r r l r i , - c i -
r r  l r v  I  v v  r r

\
\

/
\  . /

\

\
'  r '  r  \  r - i  t ^ ^ )  : .r .  r )  F o r  a , b e  n r f 0 J  ,  a  d i v i d e s  b  ( w r i t t e n  a  l u t  i r r  v a l r r l r :"  | ' -
' \  

:  L , 2 )  F o r  a , b ( A r f O 3  s u c h  t h a t  a b l O ,  v ( a b ) = v a + v b ;  i n  p a r t i c u *

. .  l a r , . v a ) r O  f o r  a r l  a e a r { O j  a n c r .  v u = 0  f o r  a r r  u n i t s  u € A x  b v  r . 1 ) ;  s e !

! y  conve r r t i on  y0=  d  w i th  the  usua i  ru res  fo r  t he  swmbo loo ;
) '  ' 1 " 3 )  F o r  a , b 6 A ,  v ( a + b l n i i n ( v a , v b ) ;  t h u s  A  i s  a  t o c a l  r i n g r

w i th  max ima l  i dea l  -Su= f .<e :va '>0 ] ;  1e t  p  be  the  cha rac te r i s t i c  exDo-

nen t  o f  t he  res idue  f i e ld  T=A/  |
I t t - , ''  ' B a '  ) :

1  ' \  
- I \

L ,4 )  The  image  vA :=v (a : {o } )  ec ruq l_q  t l r e_convex  subse t  f - . , -=: ' - - - '  - L . : J '  * " ' ' : ' : - : - Y - : 1 , "  " , " ' : 2 k
C  r  2 V 1

_ :11e  { -  : 0  -<o ( r ( vp ' ^J  o f  I * ;  consequenr l v ,  A \ [oJ={aea , * ln roJ ,  t hg  cha rac -

t e r i _s t - i c  exponen t  o f  A  i s  O2k+1  ,116  g= [  i g r  p= l ;
.,

2 )  The  res t r i c i j - on  r1 , , ,  H+ f  i s  a  o roup  en j_mornh ism;' T l
\, _,

A o f  ' the  idea l  g ra  .  t  :  = {aeA,  t .> rpkJ ,
n r A

3 . 2 )  T h e  . f o l l _ o w i n g  d i a g r a m
/ l '/

:..

a

ar{oJ -Y{o , frn -t f-

f tt "f" f
o ( * o , u  - 9 _ - 5  ! - l

commutes ;

3 . 3 )  F o r  a , b ( A \ g n , k  s u c h  t h a r  u b l s n , t  ,  Q  ( a n ) ; 0 ( a ) 0 1 ' t r )  ;  i n

par t i cu f  a r  OJnx  t  a* *>  f - l  1s  a  ( r roun r , ro r1>h ism;



3.  4 )  l (c t " '

3 . 5 )  l l o r

h " / , , . . .  y  l ( c r ('  I  J - t r l
I  I  l t r -

r'.r /\ W

tv l , , rc '0tnx
l r L r {A tq rn ,

" J , , )  b y  3 .

1 .9

) ;  { n  f n c L ' , , r e  h i r v c . o n t l i t l . i L : v  b . r . 1 . 2 ) i

r ' r z - t - t 1 ) r r - i  t -

l t '  u , \ ( , / ' -  w \ , ' ,  l f f  v ( a - l ) ) )  v p ' ' l " v b ;  t h u s

, l

oLc.  a l .so i :haL the i . rnaqe of  i : ;e  nrarr  Q.  cqr :a1o f  t " ,Crr :  Or ivh-{vr rk i
l .

I ro i :  s r lpos ie  a€n\m^ r -  n  i .e .  vc r ( rp ' t ;  \ . ;e  g {e t  v0(a)=va. . ( , . rpK b l ,  3 .2 )  "- "  l \ ,  t i

Conversef  y ,  Ie t  i r  c  / - {  be such that  0r ( i :11r4 ' r r r rx .  By 1.  4  )  t i rcre is  aCA

s u c h  t h s t  v a = v h .  A s  a d m "  -  ,  w €  q c L  v 0 1 a 1 = y 6 = 1 r i l  l : v  3 . 2 ) .  T h u s

.  . \ . . - i  |  ,  ,  

- * l \ ' i (  

, ' ^ ,  , ;  , ^ . , .t r O ( a ) - a e  x e r  ( v  1 , , )  a n d  h c n c c  l 1  t z t a /  =  c , . r r  f o r  s o m e  . b € A x  L . ' . ,  3 . 4  )  .  r t
' \ .  

.  
| J ]

N A

f o l t o w s  i r =  0 ( a )  0 ( b  I  = Q 1 a b )  b : r  3 .  3  )  .  :
)  G iven  k rk '6N ,  k>k f  ,  &D Abe l i an  to ta l l v  o rde red  g rouo  f - ,  a

m i x e d  k * s t r u c t u r e  A =  ( A r H  , f  , Q , v 1  a n d  a  m i x e d .  k ' * s t r u c t u r e  A ' =
* -.F

: ( ^ t  L l t  r  a t , v t  )  s r r c h  f h a t  A  a n d  A '  h a v e  t h e  s a m e  r e s i d u e  c h a r a c t e -- \ n  
t F l  t l  t v  , r  > L r u r r .  L l t q  

.

r . i a f i ^  ^ . A - , L - . : ^ J - . | ^ *r r> u-Lu e: ,prurr€r l t  r  sdy F,  a  re: {* ; t r ic t  ion man 5Z- :A **+ A '  is  a  maD :

f  : A U l i  - +  A ' J  H '  s u b j e c t  t o  t h e  n e x t  c o n d i t i o n s :
F ,

i )J{ . f^  is  an uni tary r ing morph. ism from. A onto A' '  which indu-
I f |
i ^ t r |

' ces  an  i somorph ism A /_  €  A '  t  i n  pa r t i cu la r  ,  J { . f n  i nduces  an  i so -
3A.o 2k '  

'2 \

morph ism o f  res idue  . f i e l ds  fg f  '  ;  .  : .  n  
'  '

' :  '  :  i i )  L ' t  a € A \ S a  2 v t  t h e n  v a = v ' f T ( a ) ;  i n  n a r t i c u l a r ,  t o r  k ' ) 0 ,
. .  

. L '  k ) L

w e  g e t  v P = v t P ;  " ;  " '  . . ,
, . ? |

i i i )  y l , l , ,  is  a  group enimorphism f rom H onto H'  such that
I H

vh=v ' f , ( f r )  f o r  a l l  h€F I  i
1 .

:  i v )$ i (  0 (a)  )  =0 '  ( f r  (a )  )  fo r  a t l  r€ .A \mo v ,E l a T J l .

.  : .

No te  tha t  t he  res t r i c t i on  mar r  f  i nc luces  an  i somornh ism

w/ - )yH'. FOgr.AA4)Wqq{J/-t',,Wr1^','t:y' dltttry-/Ag,+"' Q (l+ryr^ .,- r '- " ' '  5-r/arcve{/ /\ p r\ /\;"1t ^ '

F o r  s u p p o s e  a € 1 + $ A r k ,  ,

j .  e .  g i ( a ) 6  l . + S A r , k ,  a n d

l .  e .  v  (a -  I  )>vpk '  .  Bv  i i  )  we  c re t  v  ' JT (a - l )2  vpk
c

v

h i c n c e  0 '  g ( < , r )  ) = I  s i n c e  A ' ^ / 1 + m
r ,.ll,n r 

, ]4 r

K e r ( v ' J , , , )  o o  3 . 5 ) .  o n  t h e  o t h e r  h , r n a , 9 i @ ( a ) ) = 0 ' ( f r ( a )  ) = 1 .  b y  , i v )  .

C o n v c r s c l . y ,  l e t  h € t l  b e  s u c h  t h a t  . 9 f  ( 1 , )  = t .  I n  p a r t i c u l a r  v h = O  b y  i  i f  )

a n d  h c n c c  t h c r e  i s  a € A x  s u c h  t h a t  t r  - 0 ( a )  s l n c e  A * / l * -  ( K e r  t v  f  , , ) .
$ n o k  ,  

t r r

B y  l v )  r  w c  o b t a l n

u-

.t

arj



.: "

i l )  t b  f o l l o r v s ;  . i 6 I t i t t . , k ,  i l s  c t : n t e n c l c r i l '

' '\'c srtrst-.cttt ol- lLr'JSC-:J:r-JC-!'SLql 
wc) rrlearl

By a P*tgJs-9gll:-":.:-;*t::r*:*'*il:*:x;:*:;:--*
'  r  A  t ,  \  i c  . - t

a sys t rc ln  l \ -  ( l r * , { t } r , . t ) l ,C ,u ,  *51 ,  
w} rerc  }n=(At . '  

i {1 . '  I  k '  Vk '  v l< /  rH \1

mixed lc*sr rucrure rv j . t i . , - t=  I - : ,or  ar t  t t€{ ,  and f fo  l r l t  
* } }x  for

n
l (< ' { :  is  a  i :egt r ic t ion map as t ie : f ine 'L  above suc '  that  5 f  nJf  o-  k , {  K r s

for  l<( t -< l  ana"$ iuok=b
' f - n

" ' .  r \  '  To  
'a  

n r ixec l  aJ  -s t ruc tu re  !=  
(U 'H ' f 'O 'v )  one ass igns

n t , a ) =
n a t u r a l l y  a  p r o l e c t i v e  s y s t e m  o f  m j - x e d  s t r u c t u r " t i  t : ' -

, ^  - q i  ^ \  . r  v r h o y ' s  9 r . = ( O , ' n - 2 1 < r l J k , [ - r 0 O r v ; )  
w i t h

.  = ( 5 i . i " t k " { . / p r - \ T  v . z l . ' Y Y r r v -  - J <  J ] ; \ r z t t  K -  r t  r \
. -  * - F r  L r u  J \ c : I \ ,  i r +  F

oMr  2k

d-:o;"  
" ; .  

r )  Ho # t - ' ' ' totJ induced resrrect ivelv
I '  l l r - t  Lx

bv CI :Mx. -+F i ,  v :H-* [ : t r rd -  { ' r ,  P :qp  4Qr .  fo r  k ( ' {  a re  the  canon ic
K , L  " {  

a r !

! .  r  r r - ! . :  { : . i  ^ / l  t , r i  { .  h ' S  1 t  t - n e  f ( j S I -

res t r i c . r - i on  mans .  No te  t i r a t  i  
( g )  

l u  
i d ' en t j ' f i ed  w i th  :  

i f  t he  res j

due  cha racLer i s t i c  o f  l {  i s  ze to '

d 
,  ( l i (n )  ) ' f ( [ ) tn t  i  = . f ,h ) ' ' l  ;

- { '

d r t d { - o m q

* 1 ^ . i  ^ s a
L ) l l . l  ) t l t J
L - '

:i t)

,:_ .
t : l i c t : c ,  l . o r c  . f  ( l  ) {  I  + l l l ^  r  r -  f  .  A t  t : o t : i 1 j - t t t r  { ' "

r i

'/L /)
3 r{ . .

i

t
j

i
:
:

j i
' i
1

j -

\ . .

As we are in terested in  organLzr-n ' t

o f - in ixed 
's t ructures in to a cateqorY v/q

be tween  such  ob iec ts  /

F i r s t w e d e f i n e t h e e m b e c l d i n g s o f m i x e d k - s t r u c t u r e s

,  i - ' . * "  r n r -  ^ - 1 ^  r {  f  O -  r r )  a n d  A ' = ( A ' r t l ' r f  
' , 0 ' r 9 ' )  b e  m i x e d

fO f  g i ven  } (  € [ .  I Je t r  A=  ( r \ r  11  t t  r \ /  '  v  t  
.

k - s t r u c t u r e s .  A n  e m b e d d i n g  ( t 3 - - + A '  i s  a  m a P  Q z n U U V f + A ' J f i o ' l J l - '

s u b j e c t ' t o  f h e  n e x t  c o n d i t j - o n s :  '

i f  q  
la  i s  a  . r inq  embedd inq  o f  A  ' in to  A ' i

l i )  q l , ,  i s  a  g r o u p  e m b e c l d i n q  o f  H  i n t o  H '  i
' l l 1

i l i ) q l f i s a n o r d e r e d o r o u p e m b e d d i n o o f ' f i n t o l - ' ;

l v )  v o f ( a 1  = f ( v a )  f o r  a l l  a C A ;

v )  v ' f ( h )  =  ? ( v h )  f o r  a I l  h ( t l ;

v L ) O '  K  ( a ) ) =  ? ) t a ) )  f o r  a l l  a € A \ t n ^ , 0 '

N o w ,  g l v c n  t h c  P r o l e c t l v c  s v s t c m s

the nro i  ect i r re

have to  def ine mor-

sr  mlxcd  s t ruc tu : : r : r ;

=8y/ 
*-  : : M ,  2 k



i'
i
I

2 0 ,

'  
l p l l r g rd rJ r t t - ; { , .& ' { r1 * - ; . 1 i . ] -  n )  na t rd  A ' .= (n , ' . ; f i i l  / ) , . . , - ^ ,  , - , l i .  a l1r r ' f ! ' -  ;  ; - J i ' * ' ' k r { l  / i c € N r k ( f ' - - - * ; :  t * ' k . ' - " k r u  

J \ c , \ ,  ^ . - \  L  )

ernl:ecldi l . ,s oe'.3 in|tr *f is r l  fanri lv '(k,*f * l_{rf ' .  oft embeclct in$s

f  rn ixe i : lL* t t ructur-es,  k  €Nn subject  to  the conrr - la t ib i l i tv  conci i t j. o ,
' 'td'

.  . . 1  . h
. /n ^a '1, tF. 

'll

.  \  Y , Y (  0 , d ,  r t p  f o r  ] c t { .r K K r {  h r i {  .  '
i

r  -  
t l  n q ' " ? \ .  f , l  1 r d  r n c r r a n { -  i  r v a ]  t '  . . u  . ' ^ Ja . r r lE  a re  res l rec t i ve l y  m ixe$  k -s t ruc tu res  ,'  

\ .  , c ' - <

t \

.  /  / , r -s t ructure"6.J#o3ect ive svstems of  rn ixed st ructures,  denote bvw

. /
\  '  - , , '  .  Hom (A,  B  )  ihe  se t  .o f  emhedd inqs  o f  A  in to  B .

\  : . .  l p - r ?
i ,  ,  { .sr , -  a"  mixed ad-st ructu: :e  S= (M ,Hr f  ,0 ,v)  comnlete

4 =

{ f  M is  f la i l *g  conp le te"  i .e .  On"c / l - im O, "  r -  ,  and H is  Cauch.z
1 4  4 ;  I ' I ' K
s E '

, . ,  complete -afl threspect to the toDoloc{v qiven..nl l  
lne 

svstem of

' open neiqhl::;::to.ds of 1.- - . " . ' *

.  . i ,

. .  . . .  1  -  
; ,  . :  

I '  
' .  

,  . .

,  : , . .  . .

'  L "  * - ' i : .g " t  
l J  kg f  '  r rYr  " ' : t ' 11  n '  

O (1+m^"  . , - ) '
e 

.-;-t r ^

'  = ,  
'  . *  . -

.  .  , 1  -  , '

: . ' .

'  '  
mr^ ^ *r--- 

i

rne next l'"ign*= are i_rmlediate . . ..
F  ; "  

/  
|  

,  , '  
' . .

. ' . '  . ,  
. : .

5



/ l

JJL.n l i l l i - r  3 .  I .  ( l i \ r r . t1  i t  n r . i . x t t t l  e rJ - : ;  t i : t t r : t . .u l : t '
1***:--
/\

mi-xr tc lr , r l - l ;  L  r " t t c , ' t . tn :c  : l  i r r r t l  i l t1  c rubr . : r l i ' l  i  t r , I  l . :  S  * .F

!!9"'J: *:i:I*:::n:u*sJs
sLtc l r  t  l r ; r  L  [or  ( rv( ] l ' \ '  o ln*

con rn l . c t i - on  o f

fo rmu la

(:

bec l r l i . t t t l  c6  :  t j * - ' lS j  t  w i t - . i r  q f  courn l -c l t . ,  t -hc rc .  j . : ;  a  u11: i . c ru t '  cnrJ rcc ld i .nc ' f
* * " * . * .J .  F . * . , .w

{ /  .  ( :  . - - . \ '  q , c t r l r i r r u ' { -  l - , r\- \/ ? = f i  "

t-heCtr l " I  the nr ixed &J- .s t ructure S erborre

un iquc  up  t - . o  an  i somorp l : i sm ovc r  S .

b

. Lemma 3 "2 .  T ,e t  S  anc l
= : y = f f i & ! _ - %

S r  l : e  m ixed  & r l - s t r r l c tu rcs  and  assune  S /  i s

i o m p l e t e .  T h e  e a n o n i . c  m a p  H o m  ( s , s ' ) - - y I I o m ( p ( s )  ,  p ( s ' ) )  i s  b i j e c t i v e "
*xi*.w

o

a q  m r - r r r r h i q m q . c a n  b e  S e e n  a s  t . h e  c a t e c r o r v  O f  m o d e l - s  o f  a  t h e O f V  T ,  i r ^u q r l  v s  J g u r r  ( a -  L r l u  u q  u u Y v  
k

a  su i tab le  f  i r s t  o rde r  l anc {uage  L ,_ .  } I e  mav  cons ide r  t he  m ixed  l< *s t ruc-  o K
_ l

t u res  as  one -so r ted  s t ruc tu res ,  as  we l I  as  ( f i n i t e l y )  nan \ /  so r ted  -

s t ruc tu res  v i i t h  so r t s  f o r  t he  r i nq  A ,  t he  q roup  H  and  the  o rde red

. I -
group  i  ;  we  choose  i n  the  fo l l ov r i nq  the  manv -so r ted  aDproach .  The

t \ .

l a n g u a g e s  L , - r -  k C - N ,

' l  
a { -  i  a n  n r n n o r l r r r o

L e m m a  3 "  3 "
n

T ,p f  k  f  FN  l - r a  such  tha tJ \  t - v  !  r r

a r e  r e l a t e d  e a c h  t o  o t h e r  t h a n k s  t o  t h e ' n e x t  t r a n '

.  r X * ) ,  o n e  m a y  a s s i q n  e f f e c t i v e l v  ' b o  i t  a n  L o
I I

l - a  t r , -  o  ( V )  ( x ; y ) ,  w h e r e  v  i s  a  n e \ , r  v a r i a b l e  6 €  s o r t  A ,  i n  s u c h
h r { '  -

f  ornru-

a  v t  Q ' t

t ha t  f o r  eve rv  res t r i c t i on  map  5 f  de f i ned
A .

on a mixed . l ! -  s t ructut :e  A o

r e b i d u e  c h a r a c t e r i s t i c  e x p o n e n t  n  w i t h v a l u e s  i n t o  a  m i x e d  k - s t r u c -

f  t r r o  A  t  a n d  F r : r  r r \ / a r \ /  > =  (  a  , a  \
v v v !  7  

q  
\ q . l  , , . .  , s ^ t

o f  s u i t a b l e  s o r t s ,

aFYtJi ta l  I
Qo' =

i f f  A o F  t r , -  0  ( V )  ( a ; p )'  K t 4  =

i n A

F r o o f .  W e  d e f l n e  t h e  " t r a n s l a t l o n  m a p t r ,  o  z L ,  * 7  L n
K r L  + K  - {

t h e  n e z t  c a s e s :

"  ,  x n )  v a r l a b l e s

I l ,  1 . c ,  t  l s  a

b r r  i nduc

o f  s . o r t

tart,i

t ion  on  the  complcx i ty  o f  the  fo rmula  f  .

1 )  A s s u m i n g  Y  a t o m i c ,  v r e  c i i s t l n o u i s h

1 ) ( | ' : = ( f  ( I ) = 0 ) r  v r h c r c  f 6 ! : [ y J o  I = ( x r . , . .

A ;  l c t  u s  p & - t  L r , -  . F  ( f )  :  = v f  ( x ) )  u r i O  i
K r {  '

1 f  ) V ' =  ( L = I )  7  v , r h e r c  t  i s  a  L c r : m  o f  s o r t

V < f  1 ] ' i r r a n  A n  T ,  -
J \ \ r  9 .  J J t -



l . s  a  v a r i n b l c  o f
. ' 1
)J rvhere z is a ne\,

'  .  "  , t t , r . ,( j  and wr" has

\ l* , . , )  r ' ; r r : . i ab l cs  o I  so

, t  
(Y ' l  : : [ t ] z )  ( v  ( z - ] ) ]

' . .1- t^ i .

d c f i n c  * r k

e  o f  sor t^  A

n 1
W l  u  r . W

r ( | W ,
s o r t  I i ;

'  
var. i : rb l

,r f t l
t r r i  l - l l  n

l n  
Y v ' r ' \ - r I  

" I t c i  t :hc r  the

r t .  A r  o r  i t
1 ^

v y ' " )  A ( 0 ( z ) = " 1

f  ornr  0  tq  ( . *  I  )  r r i  L l r

\
A

/ ,
i " \. :

\

i l r '  '

" . : - . .  , . j : '

- r ' a . . :  . 1  -

\-
i i i )  Y  r =  ( f  = 0 ) ,  w h e r e  E  i s  a  t e r m  o f  s o r t  f ,_ )

' l a

f o rm v f  ( x )

fo rm r r { ..  v t

vrith

where

v
b
a

= ) -  n . r o ( u  w i t h  n 1 r . . .
i : l r 4 r

t * t : J ,  f= (x1 ,  "  ' , * r )
l s  a  t e r m  o f  . s o r t  H ;

,n^62  and  e / . ,  has  e i t he r  t her t l I

va r iab les  o f  so r t  A ,  o r  t he

l e t  us  p ;e { . ' t  t t : ,  - p  ( f ) := ( t=0 ) ;
J \ , U

m

: r L \ n r-  \ t . v  t  i
2)
3 )

4 )

n

i v )  f " r=  ( f>0) ,  where  I  i s  a  re rm o f  sor r  f  ;  
" * t  " ro ,g (h  

,=

b&1 (!:!.{r}-'=hr",.tU, ) nbt,t
t f r ,3r :W) :=7tro , l  (Y) i  '

. t k , {  i  t3z . lY  t r l  )  t=  (32)  r r : . ;4

(uP I .
r  r z /  )

N k ) ' t .

-t<)

C ) .  E .

Simi ' lar ly  we may j -n terpret  the cateqorv of  nro- iect ive sr , rs tems

o f  m ixe {  s t ruc tu res ,  w i th  embec lc l i nc ; s  as  mssnh i . sms ,  as  the  ca tec lo ry

o f  m o d e l s  o f  a  t h e o r y  T -  l n  a  s u l t a b l e  f i r s t  o r d e r  a  -  s o r t e d  l a n -

guage  f -d  w i th  so r t s  f o r  t he  r i nc r  A , -  ( keN) ,  t he  n roun  I I , -  ( kGN)  and
. , J ! K

l l  t -
t he  o rde red / l roup  l - .  The  ncx t .  l . emma l s  an  immcc l l a te  conscc ruence  o f

A  
4 ( .  u u  v r _

L e n m a  3 .  3 .



i - rc i t l l l i i t  l .  4  .  . [ ,c ' t -
: * + . @ ' - 1 r

t ' )
1 . J

r  |  / ,' i  ( . t i l r . .  "  r X I l J

. i s  o f :  s ;o t : l : o n  I L*:*- l(

i .s;  oJ: s iol : t

gllg -lll$:,.}:.s:^1'-:ti:lltltilt ii. \,cr l. y r-.o \ l / * rr:r l- r r r- -r -l la
i ^:**;::;.j:jj::*:-*3}191. ttt)-.niax (ntu ) and arl

- r I

\ :xfJffilleso 6= qrr,, ;5{- ^ \i :  ;  , ' . " j k ' -  k , l , k 6 N ,  k . < { o f  r e s - t d u c  c h a r a c L e : : i s .

!.is*sr"e9rs*_r_s*-{_*re:*g*i ! m.r: o 1 , . . . , 'r, it.
i i .  u lP rd  r  -4'Fy(8mr,*  ( ] r )  ,  .  .  .  , f^r , ,n,  (urr)  )  3 j I  l * l=?(atr ,  .

7 d  nro jec t i ve  sys tem o f  mixed
s t ruc tures  A=(* r . r { . , t ) t€N,k_( l  i s  K-sa lg rg- t_e-d .  i f  fo r  everv  se t  #  o f
T ,  € n v - ' . " 1  ^ ^  . , i r r -

t a>  
-  ro rmuras  r v i t h  pa ramete rs  f rom A  ( i . e .  . . j _nvo l v inq  consban ts  fo r

' ' e l emen ts  o f  A )  t he  fo l l ow j -ng  ho1c l :  i f  p  r , un  ca rd ina r i t y  l ess  than  r (€' '  

_:.-" _ -

f o rmu las  f rom O a re  s imu l taneous ly  rea l i zed  i n  A .
' i

l lc  i ln  l ,  - -
***** * cr)

l"cl rrrttt l . i t . l i '() l- '

A  o f su . i t ab le D \ J I -  L : ,  ,* Ill

, a n ; p )  "

e'l 
'l 

L r-NT. r  \ r r  .
@

A,

f:
f .

'  . 1 -  . i . G
|  "  

l ' f '  ' \ l
I

' L  I  n  l ^

L  U  . 1 .  1 :  X .
T

/ a  \02 ,  be  embedd i -?q lo f  m_1xeC u  -  s t . ruc tu res .  Sunnose  tha t  S  \ . s /  i s' *  "  
-  

: ' . ' - :Y * ' : - *  - - -

gsgPf9gs*ggg lrq 
(2) 

I is K^sa'lr.rrateci for some cardinal
.  f l l  t 1

K > l g ( r ) l  = l H t r l ,  I b e  n e x tt  s - ta  bemer r t s  a re '  equ iva len t :

i )  H o m ,  ( s  ( 1 )  
,  . A Q )  )  i s  n o n - e m n r y ;

&

.  '  i i )  l iomr.  (FJt ' ,  S, l ' ' ,  is  non empr lz  forxk
: " r . - l

Pfoo l " .  The imnt ica t ion  j . )  *+  i i )  i s  obv ious

1 1 ) * >  i )  a s  s ( 2 )  i s  c o m n l e t e ,  i t  s u f f i c e s  t q  s h o w  t h a t
F lomo (g)  ( l  (s  (1 )  

,3  (g ( t  )  )  i s  non*emntv  ,  accord inq  to  Lemma 3  .2  .  Le t
c  / 1 \

X = J x ^ : a ( _ l l  ( S , - ,  \ .  n  r a r  r
c  a  - - " . 1  / \  ! 1  ( b U  b e  a  s e t  o f  l , r n  

-  v a r i a b l e s  s u c h  t h a t  * o  h a s

the  same sor t  as  a ,  and cons ider  the  se t  {  o f  a r - r  bas ic  J , ,  fo rmu-
l a s  ( a t o m i c  a n c l  n e g a t e c i  a t o m i c  f o r m u l a s )  ? ( x o  u , . .  i , x d  )  v r l t h  n a r a r n c -
t , e r s  l n  :  ( g )  s u b - j c c r  r o  :  

( s  ( l ' ) )  
l = ? ( , : 1  , . . . , " " ; :  o n v r o u . l r , , , ,

/ ' r  \  t ) \I l o m r  ( q )  ( 3  ( s ' * ' )  ,  . l  ( : - ' '  )  )  l s  n o n * c m n t v  L f , f  4  t n  r c a l l z e c l  .  j - n



, '- lL

f ? \
l ) / ( '  \ " ' '  \  l ) . r  1 . . - , . . , r - . . . . . , - , . . :  * - -
r  \ ,J  I  .  t11r  t_r* : l i r l r l r i l * j .on t \1 . .1) ! )c l t^1. \ ,  oJ:  r l

t l raL c ; lc :h  f  i . r r . i tc  sLr l r r r , : t .  c . , f  f  i . r ;  . r  c ; r1 i

tg 
(: l t 

) . i  L: l iLr.q.[J"cr:,:.; t:o slrorr,
/ ' ) \

, r c ' t l  o ] t  I '  ( l ;  t * '  
)  .  L c t :

t f l 1  ( > t r  r o . . r X , : l  ) ,  1 . " i i 5 , n o  b r :  t - o r j l n t i l i i s  - , i l ' r > n r  f  "  A c c o r t i i n < 1  t - 6  l , c n r r , l a. '  ( ,1  ,  
n

3"  3,  we may i l : ls i i lne vr iLhout  loss of  qcrrcr :a l  j - t r r  that  therc i : i  k€N

suci r  t -hat -  a I l  paranrc l ,ers  occur j " l lcJ  in  \ r ,  ,  l " ( i . (nq,  c lcnote conston- t=

f r - ' o t t r  ) ! p i  w r :  n r a l r ; 1 1 * o  a s s L l n i c  t l r a t  i l r , . . ' . , f , n  b e i - o r r < 1  t o  , s ( 1 ) .  s i n c c' / ' l \  

/ ' ) \  
J -

i i o r n -  ( s , l r / ,  s ( 2 ) '  D
! ) 1 -  . * r !  3 i q  )  i s  n o n - e m n t y  b y  a s s u m n t i o r r o  \ v e  c o n c l u d e  L h a t
h- I!

t h e  f o r r n u l a  ( t A Y z  t t " .  ' 4 ? n r  i s  r e a l i z c d .  o n  f J 2 l  a n d  h e n c c  i t  i s  a r s o{ , K
' F e a l  

i  z r . d  r r n  r ;  1 q  ( 2 )  1
-  ' - n  

t Y  l  '

. . i

\

o . E . D "

4 . '  o r o o f  o f  t h e  m a i n  r e s u l t s

Deno tp  by  T ,  t he  f i r s t  o rde r  l anquace  o f  _va lued  f i e lds ,

w i rose  vocabu la ry  con ta l -ns ,  bes ides  the  l oq i ca I .  symbo ls ,  cons t .an ts

n  
' l  

€ r r r r n f  i  ^ 1  q r r r r , ? r n " l  c  . c n r  + 1 . a  4 : " i  ̂ 1 J  ^ ; & ^ . ^ - L  j : -  ^  |  ,  
I  

- . tu  2  L ,  ru l l c t r . on  sy r i : o l s  f o r  t he  f  i e l d  oppera t i ons  ( *  ,  .  , -  , .  :  v / r_ tn

conves t i -on  0 -1=0)  and  one  una ry  r r r *a i i . t e  o  wh ich  i n  a  va lued  f i e t c l

i e  { n { - o r n r a { - a . i  3 o  + I - \ ^  = - ^ 1 , .  r ! - -4r  - r r rus ! l , ! =ucd  as  the "va lua t i on  r . i - no .  The  ax ioms  o f  va lued  f i e lds ,

-as wel l  as tb ,e ax ioms of .  Hensel ian va lued f ie tds can be formulated

in  th i s  l anguage"

The language L and the lanquaqe,  ! i .  o f  mixec l  k-s t ructures o

, - k € N ,  i n t r o d u c e d ' i n  S e c t i o n  3 ,  a r e  r e l a t e d  v i a  t h e  f o l l o v r i n c r  t r a n s l a -

+  l : ^ '  n r n n o r t  '
r r  v v v s J r e .

Given  a  va lued  f i e ld  -K=  (Kuv )  o f  cha rac te r i s t i c  ze ra  and  a

na tu ra l  number  k ,  l e t  us  cons i c le r  t he  canon ic  mans  f ^  , - i o . * - -+
n  

l l ' , '  
I

* > O - - ,  = ' f  r  9 7  , r X - * r r X /. "5, k a_t, sr, ,- 
' "'H, Ja t ,a *-) K / L*^,,= -  * 5 r *  T K r k

b e  a n L ' ,  f o r m u l . a ,  v , l l r e r e  t h e  x r  t s  a r c  v a r i a l : l c l s  6 f  s o r t :k j t  I  @

t .
. . .  n {  L }

A ,  t h e

y ,  ' s  a l i c  v a r i a b l c s  o f  s o r t  I I
I

anr i  thc  T . ,  ' *' I a r c  v a r i a b l  e s  s F  s o r t -  f  ,

Y '  i l h  L - f o r t n r r l ' r  F r  ( r l \  ( 't f l j  u r , .  t ' f  )  \ 2 L , 2 2 1 . . .  1 Z

l !  s t t 1 1 1 _ j l  w a . y  t h a b  f  c s r  c v c l : ' /  v a l  r : c : c l  f  t c l < l  K  o f  c l r a r : r e : t - < : r : 1 , : ; L  j . c

n + rn-r- 1.+ {

7 ( :  Y O



*. ",r,4:

i l t ' l ( ' i  ] : c r "  i , t t l ( l  i l l l ; l ] ^ i l ( ' i i), ::"':l-J::t**l*i:.1-:*'x
: J . r ( l n ( n ;  [ / |  , ,  , _  ( n . )  . r r . r  1 . - ' i

.  L r  1 \  
t t i /  ' r r r r * r

! .  .  b ' a n . r - * r . l - f  r  I t )  "

,',r( Orli

Sn+'ni ;

( , 1 $  j

r '  l - -  r i ' r ,  l, ..'i,il* l" }'(l'i , , Z iq 
(;r'j. )

i r I  i i  [ = L i ' , -  ( t l ' )  ( a .
j( -L

i lhc pr:ooJ. is :Lmmcd j. i i t .e.

T l le  r rext  enrb. :dc1i . r rg  t : i reorem for  i " lenscJ_

i : . t s r ] . c  zc ro  l - s  a  conse ( Iue i t cc  o f  Co ro l l a ry  Z .
' \

Tlreorem 4"2.  lSS Jt= (N,v) LL a rr_e- lgg-d f  ierd of  character: . i .s t - i

Z ' e r o  a t l d  T , r F  b e  I T e n s e l i a n  v a i u e d  f j e i " c l s  c s 1 - o r r r l i n o  i <  s r . r n n r r q r , ,  t . l r ; r + -;:: . ;.r .".* *=-* _-*.:t-:*-1j;1-=-'l .-': " jj::riljx:L:.--y,;:*

t he  va lucc l  f i e l d  F  i - s  K*sa t l r ra tec l  f o r  some ca rd ina l  I (> l l l  .  r he  nec

q ^ r \ r  r n r l  n , " F E . l  ^ ;  ^ *  L  ^ ^ J t - r - ' r i  - - . ^  c ^ - -  J  r -  ^  -  a  i  . ,: a - J  a r r u  b L r . i - r . i c j - e n t  c o r i c l i t j . o n  f o r  t h e  v a l u e d  f  i e l d  L  t o  b e  K - e m b e d

c lable in to F i -s  that  the mixed k-s t : :ucture 1, ,  is  K,  embeclc lab le* - * @  * . . ' - " _ . * . * % * 1 q * ; - k

i n to f n r  : ' l  
' l  

L . i r l
r \ c  r i  o

An imp l i ca i : i on  i s  t r i v i a l .  Conve rse l v ,  .&ssume tha t

N"  t3V  ! ( - sa tu ra t i on  n rone r t r /  o f
*t 

;.:]! -*; J{. !r , 
;*

X l  i { -  € ^ - l ' 1  ^ . . ^  ! l ^ ^ r -  ! L ^  - ^ f  -  -  1  , r

{ r  r r  ro r rov i s  t J ra t  t he  rn i xed  ta  - s t r r , . i c tu re .F^  i s  co rnn le te ,  t he  n ro -1 ,
1 . - V

p .- ; ; . " *  sys tcm ,P  ($^ )  i s  K -sa tu r :a ted  anc l  t he  va lued  f  i  e t  r t  T r  i  q  I  r , lu J r u v  
. . r : . ; o -  - *  

> c 1  L L ] r d L . e L l  c l j l u  r j l u  . t i  I 5  l - L J i - n s e

d n - n n m n ' l a + - o  t n n n r A i r -  f . r :  T , e m m a  ? ^ q _  H O m q  ( f ,  . i  )  i S  n O n - e m n t yu v  v v r ( i y r s L c .  n u u \ J ! L 1 . r t l L l  u v  u L r r u L r q  a  e  r  f  H ( . J j l l f r  . ( * O  , J O  I

= O
a n d  h e n c e  L  i S  K - e m l : e d d a b l e  i n t o  F  b r r  C n r n ]  t ; r r . r r  ) . 2 "

r' ::r 's' I vvr

, l

/ -

r J . E . D .

aid i {x (u"r- .1$ i  5 n. l rn r '  {  )

vo. i. : n {-nr t- -1. .( -i. ( rr-t lu F .f )

ian f ie l .c is ;  o f  ch.ar :actc

2 and Lcnuna 3 "  5 .

H '

Proo f

( 4 . 3 ) Proo f  o f  Theorem A  f ro rn  fn t ro< luc t i on

. :  A n  i m p l i c a t i o n  i s  o b v i o u s " C o n v e r s e l . / n  l e t  u s  a s s u m e  t h a t

the  m ixed  k *s t ruc tu res  L , - ,  F , -  a re  e lemen ta r i l l l  e r ru i va len t  ove l :
: : K '  =  K

K , .  ( w r i t ' t e n  L v 3 , ,  F , - )  f o r :  a t l  k € N .  W e  m a v  a s s u m e  w i t t r o u t  l o s s  o f.:.r.\ ::K 
$k * r* q

g e n e r a l l t y  t h a t  F  i s  K . - s a t u r a t e c l  f o r  s o n l e  c a r c l j . n a f  X > l f , [ .  i " o r  o t h c :

w l s e  w e  m a y  
" o n t l d * t  

; . * - s a t - u r a t c c l  c l c m c n t a r v  e x t c n s l o n  T r t  o f  F "' .': ::-
a c c o r d l n g  t o  L 2 9 J  T h e o r c m  L 6 . 4 .  f  n  o r c l e r  t o  c r c t  J , 5 , ,  f  i t  s u f  f  l c c s  . 'i: I ;i: '-,,,

to  show t - i r : r l  t i rcrc  cx ls ts  a X*cmbccld lnq Y r l : *>- l '  suc l i  that - - the in- ,



t ' [ t t t : t : t1  l ( , .  *  c t t t i : t lc ' l t ]  i  r r  ' .1  o f
;: l\

0n .c  fo : :  a - l - . i  l ( 6N" ' . } : ' t > t :

i .u : [  in i  t :c  ( :o ] l ln l \ t  L l  L . i .vc

ruri. xud lt'* r; {:"t:t 'tc ttl l:(lt;

in  t i r i s  casc  h te  l l l i l y

c l ia t l ra t t t

tr '1rr. F llr*
cr611$ t_t:r.rct-"

Is  i l I l  c lc t t t c t t t - l t t l t "

by  j . t c r l l t io t ' l  a r l

i l

i
I .
i
[:
t . 1
I
I
t

I
t

l
I

t ,
l ,
[ ,
t::

\

( , .
\ _

:.

- - L ^ . - ^ '  ( i + l ) / r  ( i )  
" ( i + t ) / r ( i )  

a r e
l ' J n e r e  I r  l ! :  r  5  t *

,  , + '  .  * ( i )  . , ^  I t  l *
l F ,  I  

'  s a t - u r a t e o  r  I .  r >  l " i l
I  l _ l

_  ( i + I )  . ^
e lemen ta r r /  ex tens ions ,  J : ' *  I s i

"  t . i \  / i \  f i )

saturated and ( ,1 ' '  ' l , i - ' ->gk- '  '
)

, i l  ( i )  .  F ( i )  . .  
" . ( i + t )  

u r "  e lemen ta ry  embedd inqs  fo r  a l l  k€U '  Le t
Y k  + k  

- - v T k  
;  :

/ z , r \  / . i  )  - ( i )  f - r q l r h e . , r e r n  1 0 " 1 ,
F \ * l  ==l i lo  .q , ' . .  =+:s ,  l+  '  Bv Tarsk i -vaught  Theorem LrvJ 

' r r le f r rer r t

r  ' ' -

u t* rh anc i  g( - ) . / I  ur"  erementarv extens- ions ancl  hence- ! : *  i '
g: *  

th .us i t  remains to  show that  there ex is ts  a 5-embeddincr

'  :  - ^ ^  and  F ' -  i s  K -sa tu "
t? :L-> F wi th  the requ- i red proner t ies '  As ! t3r .  - I f<  t  K
\  r y  ' ; 1  - - - : - -  * ' '  

i ' ' k  
. . " -

_ . . :  ̂ L  ^ . r  ^ t r^y  a2  ^ - ! :ed .d inqs  L . , -  * * -p  F l -
- - L - r  r r ' . l r l : t r .  I  t h o r e  e X i S t  e l e m e n t a f Y A r -  e r r r r  

= - t .  
' : K

r  aCeC t  ! \  /  l -LJ l  / /  tSU l  r  u r re !  v  '  . : -J1 .

, f o r a t i . k 6 I ; - t h e r e f o r e r b v - a s l i c { h t a d j u s t m e n t o f L e m m a 3 ' 5 ' ' v r e

. g - ' t o

o b t a i n a K - * e m b e d d i r - r q q . : ! ^ * + J ; o f m i x e d r r l - s t r u c t u r e s i n d u c i n c r
: r v  

'  
@  ; O  = -

elemen'barY 5, -  -  embeddincs fO'  =Lf*J t  
for  a l l  k6 l r l '  I t  remains

e ' K

(^ to a 5-embeddinq ? P-+: 
bt '  Theorem 2 ' I  '

4 . . Q .  E .  D .

(4,  4 )  Proof, '  o!  T4g-o.relq

l g t p b e e i t h e r l o r a f i x e c l p r i m e n u n t b e r . D e n o t c o y J n t h . .

l - theory  o f  l - lense l ian  va luec l  f ie lc ls  o f  charac ter is t i c  zero  and res i -

d u e  c h a r a c t c r i s t i c .  c x n o n e n t  I ) .  L c t  ? t * t  ,  { = ( x 1 "  " ' x n ) '  b e  o n  t ' - l ' o r *

rnula.  DenoLc i ly  I /1 l  thc set  of  sentcnces in the lanrfuacfe !  
auomentccl



wi th  thc  co l l s  t . r n l - s  c=  ( c1  ,  .  .
: . ' .  I '

i )  t hc  nx io lns  o f  ' l '
i  l : '

'  
i i )  t t r e  s c n t e n c e  c f  ( c )

. \ : - j

t i i )  t i r e .  s e r r t e n c e s  o f

\ r. , { : . . . ) ,  c o } t s . l r , ; t . l l i o .  o f  :
. l l

I

the fornr

f , f * ,
:l 

I ltgl,r tro (Y) (f , (.g) eii (g ) : 1.( r-( m; n )J ,

i s  a  q u a n t i f i e r - l e s s

r t =  l . t  r r  t  i S  a n  LJ ,  \ . r 1 r . . . r - t * ,  & r
r

Jo F I  l " t1)ntro ( f)  (r ,  (

: '

/

\ \
_ w h e r e  , | ( x )

r =

Y g)  wi th
' " such  tha t

T: - fo rmu la ,  k  i s  a  na tu ra l  nun rbe r ,
f,-

fo rmula  a- .1  i  ^  cc  l -1
k  _ n d  f  i ,  g i e z L r J ,  1 _ ( i 5 m ,

- 1  ' 1

x ) g *  ( x )  t : l - - ( i ( m ; " ) J * ) Q ( x )  
.

; :  
- L  . i  '  

J  
' ' = '

We c la im  tha t  IV  i s  i ncons i s ten t . .  Assuminq  the  con t ra ry ,  l e t

us  choose ,  by  Gode l ' s  comn le teness  theo rem f r r l  Theorem 7 ,L ,  a  mode l

( 3 ; S )  o f  W .  I n  p a r t i c u l a r ,  * = ( L , v )  i s  a  H e n s e l i a n  v a l u e d  f i e l d  o f .

: ac te r i s t i c  exnonen t  n ,  
- ' and

g = ( . t - r . . . " r ) € L n .  L e t  K = ( Q ( c ) , v )  b e  t h e  s m a l l e s t  v a l u e d  s u b f i e : l d  o f

!  qo . , t a in ing  the  
" i ' = . .  

Deno te  b1z  O( I )  t he  d iaa ram o f  E ,  i . e .  t he

se t  o f  bas i c  sen tences  (a tom ic  and .nega ted  a to rn i c )  i n  t . he  1anouaoe

o f  K  tha t  a re  t rue  on  K . ,  and  by  D  (L /9  the  se t  o t  a l l  sen tences  ha -'5 -;

v i n g  t h e  f o r m  t r o ( Y )  ( g ; n ) ,  r ^ r h e r e  k 6 N ,  f  r y l  w i t h  v = ' ( v r , . . . , . , r * )  i s
= =

. , -  
u t  l k  f o r m u l a  a n d .  a =  ( a l , .  . .  , u * ) € K m  s u c h  t h a t  { x . E - )  m a k e s  s e n s e

'  
( i .  e .  a . (  O , ,  i f  y .  i s  a  v a r i a b l e  o f  s o r t  A ,  a .  € K x  L . r -  t t .  i s  a  v a r i a b l e_  L  K  ' r  - - - -  - - .  - i - - ' .  - ' -  , i

o f  so r t  H  o r  l -  ;  t hen f t r l a r )  i s  respec t i ve l ' , . r  { n  ^ . , - . ( ^  t  
q f  - ' l n , l  n  \  '  /

k ' l' ' ' 'rr. iti ) ' aLH, 
&,lai)' 

waL') a44A-

-  t  , 1 r  , 6 7

! o  F Y { t ' u  ( g ) ) .  A c c o r d i n g  t o  T h e o r e m  A ,  t h e  t h e o r r z  S = T * u D ( K ) U D  ( T . , / R )
= r i l  r \  =  - P  - _ :  _ ' - '

i s  comp le te ;  t he re fo re  SF?(c ) ,  s i nce  I l  pS  and  . I :  f =€ (g )  .  Consequen t l y

,  t h e r e  a r e  f i n i t e l y  m a n - y '  s e n t e n c e r  1 . , . r 1 . . , 1 " r " , I ,  ,  
'

I

n  -  - -  -  -  - n  € D ( L / Y : )  s u c h  t h a t  J ^ F n  I r ^ A ? + - +  Q G ) .  L e t -  X t * l  n e  a  q u a n -t l " " r [ t *  : . . ' ;  
i  

_  
i  |  . _  5  

i - . - - -

t i f i e r  -  l e s s  L - f o r m u l a  s u c h  t h a t  A i S ) . t A  2 r .  o n  t h e  o t h e r  h a n c i  ,  b y
= t

L e r n m a  3 . 3 ,  L l - r e r e  e x l s t  t € I ,  a n '  I , r . - f o r m u l . a  V ( . r )  ,  ! = ( : l  I r . . . , r . / * )  r  a n c l
e . j t  

,

s o n r c  p o l y n o m i a l s  f  i , c t  r E  ! l r : )  s u c h  L h a t  t r *  t Y )  ( f r  ( 5 : )  r r r  ( : . )  
- I  

: I r (  1 r < r n ; n )  < - , r
A r

A \ , .  r n u s  ' l - F  I  I ( x ) n  t r n ( f )  t . r ' r ( 1 ) v 1  ( I ) - 1 : ( i - < * ; p [  * >  e V . )  s t n c o' J  - P  L  ' -  

, . " F ^  - l
c  d o e s  n o t  o c c u r  l n  J n ;  t h c r e f o r c  I  F l l , L ( c ) A r r o ( y )  ( t = t ( g - ) { r ( c )  - t



o l 1 .

thcre r :x i"s l -

n r b e r s  k , , . . .
I '

nd  
' no l vnomla l s

r

I t , '  tx)z\ i-r,.  t  F- tL  t ' . . 1 " - ^  * j " , '

v  assume tha t

I S f ( r i r ; ; : ) ]  s j . u c o  ( * , g )  i s

I^le conclr iclc t iral- I ' I

quan  L  j -  f i e r l ess  L - . f o rmu las

.  "  .  , l <  1 ,  l , k  - '  f o r tnu las  f ' j* ^ i

f  .  .  < t  .  r : .  z , l ' "1  .  l . (  i r (m,  s  uch' i r : , i q  : : t  J  I

( f  ,  ( , x l S ,  t > < ) - I , 1 . ( r - ( m ,  p ) l  .

k l = k  2 : ,  . .  = l { g :  = k .

\

/  . . .
|  _ r  

'

\

,  * 2 8

a  moc lc l -  o f  W,  a  con t ra t { i c t : i .

i s  l n c o n s i s t c n t -  a n d  l t c n c c

, \ , . f !

' t . ,  ( . . : )  , .  .  .  , A t ,  ( \ )  ,  n a L u r a l  t r i tr : :  &  -
. A

(v) , 1(-j-< tr '  Y= fut , .  - .  t .rn,)., a
:a' :i"

t /

that ' .  ' ,  L T* Ff (1.) <-+ V-P" 'xs-js d
Us inc ;  aga in  Lemma 3 .30  we  r , . ra

r \ E r r t' . : . u . v .

s " M p*a4ic"atly clos,e.L. {,ierd:

f n  t he  l as t  sec t i on  o f  t he  work  we  sha l l  shov r  t ha t  l l ac in t v re

l-^ ^-1t h e o r e m  f 2 3 f  o n  q u a n t i f i e r  e l i m i n a t i o n  f o r  p - a d i c  f i e l d s  a n d  i t s  q e -
L J '

;
n e r a l i z a t i . o n  t o  p - a c l i c a l l y  c l o s e d .  f i e l d s  d u e  t o  D r e s t e l - R o q u e t t e . i 2 .

Theorem 5 .6 ,  can  be  ob ta ined  as .  consequences  o f  Lhe  c rene ra l  Theore l

B .

l u e d  f i e l d  5 ;

- The above

and  the  F -  - snace  ou /  ^n  i s
-  

P  t \  t t \ r a t
= f \

ou/ nn the r,-re$ of €fre
- - ( \  t ) v f ,_ -  K

Le t  us  f i x  i n  . t he  fo l l ow inc r

. . .
. . . ' . ' .

a  pr ime number p.  A va lued f ie lc l

o f  c h a r a c t e r i s t j - c  z e r a ,  
- t h e  

r e s i '. g= (K ,v )  i s  a .a .1 Ied  p -v ,q f , . l . r gd  i f  K  i - s

due  f i e ld  K  i s  o f  cha rac te r i s t i c  p

te .  Ca1 l  t he  d imens ion  o f  t he  snace

f i n i '

p-va-

' /

cond i t i on  imp l i es  tha t  t he  res idue  f i e ld  i -  i "  f i n i

F r- '-l
t € ,  say  Ks Iq  w i th  q=p '  ,  f .  =LK , IDJ  and  the  abso lu te  ram i f i ca t i on

; .

i nxex  e  o f  I ! ,  i . e .  t he  number  o f  oos i t i ve  e lemen ts  i n  vK  r vh i ch  a re

- ( V p ,  i s  f i n i t e .  T h e  p - r a n k  d  o f  t h e  p - v a l u e d  f i e l d  5  s a t i s f i e s  t h e

re la t i on  d=e f  c  - :  :

A  p - v a l u e d  f l e l d  K  o f  p - r a n k  d  i s  c a l l e d  p - a d i c a f f v  c l T s i - f
=

l f  K  c loes  no t  admi t  any  Droner  p -va lued  a l c ;eb ra i c  ex tens ion  a f .  t he

s a m c  1 : - r a n k .  f b  t u r n s  o u t  b , /  U q )  T h e o r e m  3 . 1 ,  t h a t  a  n - v a l u e c . l  f L e L

1 1  l u  p - a d t c a l l y  c l o s c d  f  f  f  {  l s  l l c n s c l l a n  a n d  l t s  r r a l u e  q r o u p  v (  i s

;  z - c 1 r o u p ,  1 .  € .  L h c  c o a r s e  , r u r u o  q r o u p  , ' r K  l s  c i l ' z l s t b l e  .



,
Gl -vcr t  i )  anc l  d)  I '

tho J- . rngt t ; rc1c L of  va lur : t l

c l . a s s  o f  , r - u n i . t o o  f i c l c i s

ax ionts  in  t .he languaiJe L

.5  o f  p - rank  d  t i re  co l l$ t -anLs

o /  - .  t t l i  1 -h  resr rcc t  to  the
" w l  n t - t

.'-.) 
'f"t( F

t i r .  i j f  a p-valued f ie lcL of

r - 1p - r a n k  d .  N o t e  a l s o ,  b v  l 2 4 J
\

l y  c losed  f i e lds  o f  P - rank  d

2 9

/ , 1  \

l c t  us cot ' lsJ . r l t : : :  Lhc at l ( j l l l lo l lbat l -or r  l ' ,  t " '  o  r '

f j . c l . c l s  r v i l - h  d - t  nc \ , r  co l l s l t a t r t s  t l 2 f . . .  r ud .  
' I ' l ' t

o f  p - rank  c l  1s  ax ion ta t l z :a ) : l t l  b t t  t t n l ve rsn l

/ A \\ \ r /  in  suc l r  a  wav thaL for  a l l \ /  r r - r ra ] .ucd ! " t t " I

r : 1 . = I  ,  u 2 r . . .  r u c l  c l e n o i - e  u ^  J . ,  
b a s i s  o f

1.1 \
rnoc l i f i ed  l anquage  .  eve r \ /  subs t ruc -

p - rank  
' d  

i s  ac {a in  a  n -va lued  f i e ld  o f

T h e o r e m  3 " 1 ,  t h a t  t h e  c l a s s  o f  n - a d i c a l
. { d )

i s  ax iomat i zab le  1n  L  and  hence  i n  L  \ '
\

'  ( ' l  )

.  r d )
P  - ( n e N )  a n d  a d d  t o  t h e  L \ ( f , , l - a x i o m s  f o r  t h e  t h e i  r r /  T *  ,  o f  n - a d i c a l -

P r on '

I y  c l o s e d  ,  :  f i e l c l s  o f  p - r a n k  d  t h e  n e y  d e f i n i n q  a x i o m s

er, (x) a-; 1Jy) xvn

T h e  b a s i c  r e s u l t  o f

M a c i n t v r e ' s  r e s u l t

P res  te1 -Roc lue t te

r 1 '
|  2 3  |  a s  a  s n e c i a l
L J -

.  l .  rn  the lancruase L 
(d)  

extended b lL q leq:L .p lqq i -

l-" rJ
I  a +  t

r 'A q Fj

T h e o r e m  5 . 6  ,  i n c l . u d i n q

,  can  be  s ta ted  as  fo l l ov rs

Theorem 5

ca tes  P  (n€N)  ,  t he  theo ry  T_  ,  t oqe the r  w i th  thq  ds : f i n ino  ax ioms
I';'-:; 

- 
n '-^ -: 

" ;:.;_=:;-l- -P 
r d

a b o v e  a d m i t s  e l i m i n a t i o n  o f  q u a n t i f i e r s .

The  ma j -n  goA t  o f  t h i s  sec t i on .  i s  t o  show tha t  Theorem 5 '1

P*-AZAo*pgL\ryeec"4.-P$"tV-Waryryaft9f, is a consequence of The6rem B' Firsl

o f  a l l  w e  s t a t e  a n  e q u i v a l e n t  v e r s i o n  o f  T h e o r e m  5 . 1 .

I A \
E x t e n c l  t h e  l a n q u a e e  L ( o /  b v  u n a r y  p r e i i i c a t e s  W . - k  ( n ' k C I )  a n d

/ d \  
&

a d c l  t o  t h e  L ( - ' - t h e o r y  T -  A  o f  p - a d i c a l l v  c l o s e c l  f i e l d s  o f  n - r a n k  d

. ; .  ; . " ; ;  o * r o * ,  

'  P r o

*  , ,  ( x )  + )  t J v l  f  ( t - x yn )p - kn  on ( r - xvn ) - r p
I ' I ,  K

We sSOw t .h1L  , I t i i eo rcm 5 .  I  1s  cqu i . va l cn t  v r l t h  t hc  f r : l  l o l v l n r r  s ta t ' c rncnL

?glW



3 0

.Ilxgt;gl 5 . l. ' .r . l,It.J.1]:: 'lilll\rill-L:: ]:l

( 2
t_
I_"(rurx) zr r r  ( l  -

6) . -  h :  such t i ra t  {>

, 4 l- !vr-, 
, r. 

(x ) a**

)> xrp j r  where 's=f  (d t ,  .  "  "

.  . Le t  5=  
(n  r v )  .  

be  .  a  n *ad i ca

r r  ho  i ' he  o i - ven  cons -. . .  r u d  v v

C 1 e a r 1 . , , ,  t h e  * i ' =  d e f  i n e

e x i s t s .  ( * t  t .  . . ' a r d ) € S

f o r  s o m e  b € K .  T h e n

.  K  F IV -  , -  (a )  ,
=  l l  ;  r r

n '  f l "  D '

( t l )  
r r x [ . , t : r t t ' l c c t  l r ' gll":L'tJli"-*:t-':-

{ ' i  tr i tttt ; l  x i c' ' t: l

- t 1

a l n ,  I

P

i
I

Lrr rv J

Converse l y ,  l e t  us  assume tha t  t he re
d

s u c h  t h a t  v  ( L - t  o n  u . ,  ) ) k v P
l-= l.

a u n e  o [  a n c ]  v  ( l - a b n ;  = 1 '  ( a b n  ( f d i u i - r )  ) > k v r r '  i  ' e

A s  t l r e  r c s l c l u e  r l n g s  O , ,  u = O , ' /  ̂  .  k C N . ,  a r c  f  I n l t c  w l L h
-  

l ' r p l t  K ' B " '  V I
Y 

' . "d  !F \  I \ ,  rL

lv  i .1. . l r  t :hr:  t1c

al.rorre ;1r ' t t t t j .  t - t ;  c l . i t i t  i . t ra t- ion o I  r l t t ' - i ]11-- j .  { , i ,q.rs '
t@!..@"ir'"#r.n*#Flr|N'.dffi

Hgej*gjll19*Ssglyjfl9::S. 
(5 " I )+) ( 5. 1.. a) :

( ! . I ) , - >  i 5 " t . a )  :  G i v a n  n ( N ,  l - c : t  f e  u  U .  s u c h .  t l i a t  f l o ' 2 t *  ( ' . t )  ,.- -; '  
'^ (n) l ' )

w h e r e  r ) *  ( n )  i s  t h c  p - a c l i c  v a l - u e  o f  ' n ,  j . € .  n = J 2  t ' . ' t '  
"  

r v i t h
, t J

(m ,  p )  =1 .  I l v  Ner , vLon ' s  1emma,  Pn  ( k )<+  Wr r ,  g  ( x )  on  an \ /  l l ense I i a ' n  va luec l

f i e l -d  o f  cha rac te r i s t i e  zeYo  and  res i c lue  cha rac te r i s t i c  p ;  i n  na r t ' i

r . i r . l  a r  we  o l - r t a in  T  -  l -  D  f  x )< - )  W.^  p  ( x ) .
v u r q r  w e  v v  u u ' r r  .  ̂ p ,  

d  
|  . .  

1 1  I I  r  I

) '  
' - .  ( 5 . r " a ) - > ( 5 . . 1 ) :  G i v e n  n , k 6 N ,  l e t  t

m a x ( k , 2 9 o . ( , ; t )  ) .  I t  s u f f i c e s  t o  s h o w  t h a t  T

j d dr
l = .

. . - t )
, d u ) y o \ ( 0 ,  .  .  . , 0 ) , o . < d i . (  p s - 1  ( t < t . t u , J

l y  c l osed  f i e ld  o f  p - rank  d  and  * I=1  ,  DZ ,

t a n t s  i n  O *  d e f i n l n g  a ' b a s i s  o f  O X / r O - .

:: * r"K

a lso  ^  ! /pg .Z  
-  bas is  o f  oX/ r l -on  '  G iven a€Ko1et '  us  assume K l= ln l r ' , ,g  ( ;

i .e .  v  (1 -abn) )  kvp  fo r  u** '  b€ ' i l .  As  'abn€oX,  a  here  exrs ts  (V I  '  "
d

, . , 4u )€s  such  Lha t  v t r -E  d lu rabnDr tvp ' l=  t>z / r : . r . )  i t  f o l - I ov rs

N e w t o n ,  s  l e m m a  t h a t  ( * -  * i r i a )  ( b c ) n = l  f o r  s o m e  c € K ,  i .  e  -

Fp- (*  o,  u. ,  a)  .  on . " "  : ;1 . '  n""u,  v  ( r - f * r " : .  )  =v 
[ , -**rurab*)-

i = l  i l t t a  
L  i = l  

r !

d  h ' r  
d

t f  d .  u*  )  ( r -ann)J> tvp  s ince  "  t f  
o<rur )  =0  and 4> l< '

i = f r r i = I - .

o(. u
I T

u

ara  f  d . ,  u ,  abn=I
! I

.  l = l
u
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1 , r , , , , * l - (  
p  

(k "1" .1 ) t l  
,  iu ly  s i :n tcncc  abo i iL  suc l t  r i t r t t s  i r :  r tquJ-vn lc l lh  Lo

j . : :

a  i j u a p t i f i c r l c s s  s c l l t t l t c t - .  i . r r v o j v L n q  l - i r o  c o t r s l - a t l { - s  t t r = 1 , u Z , . . ' r L l r l '

Conscq lop t l . r , z , i  . i l heo : :em 5 .1 . ,a .  j . s  
.a f r  immcc l l -a i -c  co l ' I scc t t l ( ; l l l c le  o f  ' J lhcore t t t

ti
B  anc l  o f  . t :hc  c l i rn in ; rL io r - r  o f  quant iS i i i c rs  fo r  the  s t ruc tu res  c lc f  i t red

E l s  .  f o l l o w s

G i v e n  a  f i n i t e  A b e l i a n  g r o u p  A ,  I e t  t 1 s  c o l l s i c l e r  t h e  s y s t e n t s
'\

, t  I  l . _

\ l ' 1 , 1  , v ,  t )  w l l e r c  ( l { , }  t )  i s  a n  A b e l i a n  q t o , r ' r ,  ( / ; ' f  , . . (  , 0 )  i s  a  t o t a l l r r

o r c l e r e d ' A b e ' i a n  g r o u p ,  i , l l + f  i s  a  g r o u n  e n i m ' o r o h i s m  a n d  t  i s  a n

t l' b l e m e n t  
o f  H  s u c h  t - h a t  K e r . v g A  a n d  v t  i s  t h e  s m a l l e s t  r : o s i t i v e  e I

l

me'nt  o f  i  The c lass of  these srTster f ls  can be ax iomat ized b ' l  un iver

sa l  ax ioms  in  a  f i r s t  o rde r  l anguaqe  l t n  whose  vocabu la rv  con ta - i ns
* 1 \

syml :o1s  fo : :  g roup  ope ra t i ons  on  H  and  f  ;  a  n red i ca te  fo r  t he  o rde '

on f  ,  a  fupct ion symbol  for  the.  map v and constants  for  the e le-

'  
i n g u i s h e d  e I e -men ts  o f  A ,  t he  neu t ra l  e lemen t  0  o f  I  and  the -  d i s t

ment t  of  H

Denote ny Ja the lU- theor17 whose mo'dels  are t l ie  svstems ( ! -1 ,

above  sa t i s f y ing  the  supp l .emen ta ry  cond i t i on  tha t  [ -  i u  t

,  i . e . I  / r " u ,  i s  d i v i s i b l . e .

uow Jx te , l i  a r , *  l anguag . . ! a  by  una rv  p red i ca tes  Rr r (n€$ )  and

the  ax ioms  fo r  t he  theo ry  #a  t r r "  de f i n ins .ax ioms

Rn (x) ++ (Jy €H) .s=17n.

l -  - -  r \
I  t v t u )

'Z*cr roup
*  . r J

add to

- , { )
P r o p o s i t i o n  5 . 2 .  f n  t h e  l a n c r u a c r e.;A

/ n F N )  t h r r  t h e o r y  T ,  t o q e t h e r
n  

\ r r \  r ,  ,  _ e r r " _ : _ = ; ; : _ - - - j - j -  - , A  * " r y

e l i m i n a t i o n  o f  o u a n t i f i e r s .

ex tended  w ibh  una r r /
. # -

wi th  the  de f i n inq  ax io rn :^ r a A  i  n l l - o q  R
v !  v r ^ !

@..-_-

above ac lmi ts

and  H=  (  H ,  I - ,  v

I l ' nn  l l = l l  "  
n r \

to  shovr  that

'  P roo f  .  Le t  I I  '

, t )  b e  a

r t  f a r  - r 1
l t  t - v  L

' 1 1  

|  : =  I l r lL L  - t r l . ' _  .
: . - '  I  t  ' '

"E

, Y r L )  r  t I " = ( I 1  " r l - " ,

l a -nubs t ruc turo

Accorc i i t tg  to  b t l

v r t )  b e  m o d e l s

of  y ' ,  g "  such

T h e o r c m  L 3 . 2

=- ( l l '  1 l -  '

cornmon

I t rcN;

o f  T ^
,a la

r - L  -  r -
L . T I c I L

v/c  ha 'ze
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c  '  /  n - . - ' lD c r r o l - c  b y  ' I ' ( l l '  / t t ) - = i x c l i ' :  V -  . x " ( l l J
n>l

thc c f roL l l )  oJ.  thc |or :s ior" r  c

( H t  / f i )  i s  a  n o d c l  o { '  T n.  . , 1 \
I I '  ovc r  I l .  As  an  1 ,O-s l , ruc tu r : c r ,  l l ]

/  i .  + , o r s i o r 1  f l " e c  
: a n f l  

f  ,  /  r , !  Z /  -  f o r  a l . l  n € N "  F i r s/  t l \  ( l l t  / l l \  
. r . D  u v L L ) I U l l  . L - r - s \ ;  c r r r u  1  |  n f  t  "  ! , j  /  n r ] .  

' - \ - / I  ( l J .  I  I t \
t  . ! t  '  

n l  ' " '  n z ,

o f  a . L . l .  w e  s h o w  i : l " r a t  T ( l l ' / t t ) * r r ' l l ( i i "  / i l )  .  I t  s u f f i c e s  t o  , s h o w  t h a t  . T ( i . t ,
. :r: ..:l 

t=

i s  l t : c . n r l : e d c l a b l e  i n t o  ] i " .  F o r  s u D n o s e  t h a t  f  t 1 ' ( F I ' / r i )  - > I "  i s  a  . l t - e n ', ;..

h r : r l r r - i  r r r r  r n r r  l c t  y ( T ( l l "  / i l )  i  w e  h a v e  t o  s h o w  t h a t  y € I m ( ? )  "  L e t  a € H ,v v u v r r r \ - r f  ,  v v u  I r q v u  s v  r r r v Y Y  u r ^ q u  . Y q J

n
n ) I  b e  s u c h  t h a t  y t = a .  A s  H ' % F I = H " % H  t h e r e  i s  x € T ( H ' / H )  s u c h  t h a t

n
x t t = a .  r t  f o l l o w s  ( f ( x ) y - r ) 1 1 = 1  a n d  h e n c e  ( ( x ) y - r € A = K e r  v .  A s  A C I I ,  w e
'.'

g e t  y q  f m ( ? )  a s  c o n t e n d e d .

.  Thus  i t  r ema ins  to  show tha t  g (H ' /H )  i s  F l -embeddab le  i n to  I { "

S iuce the equat ion *D-- ,a  wi th  a€H has f in i te lv  , l l "u  so lut ions in  n;
. .

( assume x^€H '  j - s  a  so lu t i on  o f  t he  eoua t ion  above :  t hen  any  o the rq v v  v  v ,

so lu t i on  has  the  fo rm x^u  w i th  u€A)  ,  i t  su f f i ces ,  bv  a  s tandard  co in .
o

pactness argument ,  to  show that  any in termediate g i rour)  G betv, reen FI

and  T (H ' /H )  wh ich  i s  f j . n . i - t e l v  qenera ted  ove r  H  can  be  embedded  ove r

H  (as  an  L , - s t ruc tu re )  i n to  H" "  Le t  G  be  such  a  c f roun :  As  G / , ,  i s  f i
6. flg. ra .t-I

n i te ,  l e t  us  cons ide r .  a  d i rec t  decomnos i t i on  i n to  f i n i t e  cyc l i c

g r o u p s :

o f

l l  I

)

\  . ,

r f  -  ^
\ 7 /  - -  -  \ - .. H  

I
v / r a r v 1 l t
A  v a  ^ . . . ^ v V .

Z L

L e t  , t i ,  . ' b e  t h e  o r d e r .  o f  C i ;  t h e n  ^ I r . . r { = r : = ( G : H )  .  L e t  x r € G  b e  s u c h

hence * l t= r r6n ,  1 .< i .< f .  By  assumnt ion  there  ex is t  r / r€H"  such tha t

y l i=u f  fo r  1 .< i r< / .  The subsr i tu t ion  * iS  y i  (1<L</ )  de f ines  a .  c r rouD
]-

r n o r l : f t i s m  o v e r  F I r Q : G - )  H " .  F i r s t  n o t e  t h a t  ?  i s  l n j e c t i v e .  f n d e e d ,

l e t  z € G  b e  s u c S  t h a t  Q  e ) = 1 .  . f n  n a r t i c u l a r ,  Q k n ) = L  a n d  h e n c e

z n = ? ( z n ) = 1  s i n c e  , n e T , ;  i t  f o l l o w s  z e  A  C H  a n d  z = Q ( z ) = L ,  & s  c o n t e n c l e c l

N e x t  1 e t  u s  s h o w  L h a b  ? ' - L s  a n  _ I : , , - e m b e d d l n q r  i . e .  v f k D . O  f o r :  a l l* / \

z € G  s r . r b  j c c t  t o  v z ) . 0 .  C o n s l c l e r  s u c h  a n  e l c m c n t .  z ;  a s  z n = b € l l  a n c l

- Y 1

u z ) f  r  w o  t l c t  v b ) O  ,  7 ' ( z ) " * - b  a n d  h c n c c  v f ( z v j .
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' l l h u s  w c  h a v o  s h o r v i r  t h n L " ' l l  ( l l ' / 1 1 )  a t l c l ' I l ( l l " / l l )  n ] : o  l l - - l . s o n r o r r : l r i . '
t . :  "  ̂

: , i y  & s  , L n - s t r u c l - L u r ( - \ r ; .  f r 1 c t r t " . i .  t ' \ r i t r q  . l !  ( l t ' / t t )  = ' f  ( l l r ' / l l )  .  1 t  s ; u { : f  i c c s  L o.  
" -  1 \

: : t r  t ha t  j l '  aud  !1 . . "  a r : c  e l . cn tcn ta r : i l " t r  cqu l va len t  ovc r  T  ( l l ' / l l )  ( ra t - l r r r r_ '

-1 - : -n  ovc t  
# )  

. . l l encc  a f t c r  re1 : l ac ino  . l j  py  ' l ' (H ' / t ] )  wc  ; ;  assune  th . r t :
::

I  - :  a  moc lc l .  o1=  T^ .  ' l ' hc  r cqu i . r : cc1  fac t  I I ' _ - , , 11 "  i s  an '  i n imed i ; r t e  consc*
r:. *'- 1\ ' 

:.: 
-- 

J I ::'.

r : n c e  o f  t h c  f o l l o w j - n q  m o d e l  c o r n p l e t e n e s s  r e s u l t :

. \
Fropol ; . i  t ion

" GqJLtu

; :  H,->G is an L-
. ' 3 .  :  f f i  h . - l - \

: :  e x t e n s i o h  o f  H .

I

q  ?  ' ] l l r n  T .  - { - l r r : n r ^ r r  r l l
L l l \ - v !  y  a  h

l{ 
**:-gh . '. 

f l

embedd ino  o f  moc le l s  o f

i s  m o r l c l  c o m n l e t e ,  i .  e  "

' t '  f  t l  n n
. . L l  'q ,  

f \

G  i s  a n  e l e m e n t a *

\.

.  =  show for  each such ern l :eddi -nq 11.- .>G that  anv or imi t ive ex is tent ia l
:. :: ;:
'  * sv r tence  w i th  pa rame{ -e r : s  f rom I l  wh ich  ho lds  i n  G  a l so  ho lds  i n 'H .

: : = =

. "  .  F i r s t  l e t  us  shov l  t ha t  each  p r im i t i ve  ex . i s ten t i a l  sen tence

r:::h paraneters from 
S l"r 

t.he form

'  
l * ] ? t 5 l  ,  w h e r e  I = ( x r r . . . r x * )  a n d f  ( x . ) : = (  n ^ i v . ( x ) = a . ) A' =  L '  ^  n '  '  

= : '  . t / : " . f  a  = '  1 '
^  I \ I \ L  :

n  - i  i
, , \  .  /  \  v W .  ( { ) ) v a i )  v r i t h  t { . u  ( x ) =  |  ,  * * - '  ,  s j  j € 2 ,  { f i - I € H "

t . _ . , .  r - =  L  L . *  
I  

I  I lr . t - rs l - {m rs l .< l

.  }  su f f i ces  to  observe  tha t
/  . r

T^  t s  x l y  €  ( vx l vy )v  (  V  y=xu)€ - )  ( v  ( *y -1 )> rv t "L )v'  w A '
l l u€A

* 1  - 1  r  t  - 1
v  ( v  ( y x  - ) ) r v t -  - ) v (  

V  v x  t = u )

l lueA

a:fr.1

J^F vx(o  <- *  vx  L ) r r t .
"  4 l '

So lc t  k (x )  l . re  as
:T

l r . . ( l r - - - . - . b  ) ( G n  i > c  s u c h
, t . '  

, . , 1 ,  . .  r ' J I l ,

v. 7. ?.
( ' i f  - , l t . i i i j , b : i " . . b -  o f  G .  A s' r z n

t  t r t l  s u b g r o u p  C '  /  , ,  l s  f  r e e
I I

above and assume 5  F  (3"1)?  (x )  ;  Ie t

tha t  - !  t= f i !1  .  Cot ln fao t : '  the  subcr rouD

C/ , ,  l s  bors lon  f  ree ,  the  f  i r - r l te l . v  c rcncr ;1 -'  l t
r " 1  C

l : y  P 2 J  c h , L , 3 f o ,  T ' h c o r c m  7 ; . l n  D a r L i c r : -
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Iar ,  Gr  has a d i rect  decomposi ' t lon Gr  d mS 01. / l { .  le t  ls -  ( re t r  ,  .  , ,6p)
r- 

- 
b -;z 'r' t\

€ Gr K be such that Gr d H,D(b & , 'Ihus each b{ ad.rnits & unlque\ F t r L
j = 1

: rCIpresontat lon dtr
r .

b , s & ;  T T ( 1  -< t  \ <  n )b*  =  &*  I  I  c - {
I L I ' J

' { * 1
d -J.
, ,

vrith &.r e. H , /ro € m
I r.J

drj
k

P u t t l n g  x i = e i .  
[  

f 3  ,  t ( i - ( t , t h e
j=1

egual i t ies '  which occur  Ln tk l  becor , re  ldent t t les  t r iv ia l ly  ; ' . .  , , , ' i , .1 . '

eat is f ied.  thanks to  the above-d. . i rect  decomposi t ion of  Gt .  fhe

tnequal i t ies  which occur  in  KU) Uecome inequal i t ies  in  the

nen variables yl ,  .  e .  r  Sg of tn! forrn

Pu 'sJ
Il

f*
)

/
' l= ' l

with po * € 72, e, € H" the system of S.nequal i t ies ( lr)  ad,nits
.  - ' r J  '  t -

the solut ion c € G'n .  By model corapleteness of the theory
=

T of Z*groups . :

( x )

Lr i l ,  *d obte in , \ , . . ; ,  4  € v H such thet

j * 1
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Ie t  d1  oood.1 ,  €  H be  such t l :a t  vdo= [ -  f  o r
J "  . - , . [ ,  J  4 -

and' en s &.i TT'i.i''/ for 1,( J" ( n"o Then
l " { J

and, hence gF (  l * )  A ( I )  &s con*ended,.

1 ( $  (  k ,

* e q ( 8 l , . o " , s r r )

4 . i D
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