
AN ISOMORPHTSM THEORflM FOR ALGABtrA.IC

EXTEI.{SIO}1S OF VALUEN FTELDS

b)t

Serban A. naSeRAn*)

F z b t t u a n u  l 9  8 6

.;  Tlqe Nat ionaX- tnt t i tute l (on Seient i . t i "c anr l  Tel" tn ieax. Cne-at ion,
8 d , P a " c i i  2 2 0 ,  7  9 6 2 2  E u c l t a . n . e t t ,  R c t m a . n i a

r ,1 11 tL
A"e.al" 

v '



AI{ TSO}"RPHTSI.! THHOREM FOR ALGEBRAIE

EXTSNSTONS OF VAI,I.]ED FIELNS

hy

Serban A,  BASARAI?

PREPRTNT SERTAS r}T MATi{HI]4ATrES

N o . 8  / 1 9 8 6



a r'l l s: Qt:q'g 8 ? H I f K ]1H". -p.B,Hl$"- FsK-d,ts,gfis$-ff*_6xf"H,ssJ;.$${s;
AF1v, -\i-4 !q Fi$"^_^liil;F tiF"s

$er"bnm A,, eA$ARAg :
,

-is$trs*l*-$l;+s

Cone:i,dsr the fo.Llowi-n6 p.robl.*nn* g:fven a rrsLued fi"e,Ld

$"ft{'*v}u find elenenta,ry f,nvariants t$ ei.assi.f,yr ffiF *s .t.s*mor*
phtsm'd'v€r 5,r *hn algebrai s f{enself nn l,a.Luedl :ftiel"d exbeneLems
of !S.a

.F

I^n an :i.rnporfinnt specf.ol ,rase" er?
gbove :is g5.ven by the folLonjng y€su.J,t
F - ' 1

I 5-j Cor-o] J.ary' 3 "J"li

am.srrnnr to the questlon

due ta Fl:sstel*Roqust fe

fhe mnir'n goa3, of, {hf"e pep*r is *u ex*em.E sm{*eb}.y'fheor,em }.
't.s the mo:fe gener:"a1. csse of vslued li:{sldg a,f, ehargsbey:f:stJ.e zer,o*

Siven q valueci f is"td $*d'tr,v) te.L u.s d.Enots bg 01a the vatus-
t{os ningr by K tr,e resi.due f,in3d and by vK fhs valol gr.ou$r." A.o*. I

$ultl* '{hat the', chsr,scte*i.e*[,c rf K J.s zero snd tet p be,,*he ch*rac*
ter ist ic expen*nt of R- For ke$n r-et 

&_e,bu t ,he idea.t  iee+*r=-
rvslkup] of 0-3g*,.[m pnrtfesl"mn"o 

&*# 
* 

ry 
fs *he maxinna]" idea:t *f

the va}.u*.tion ri"ng 
fur 

nenclt*, bn 
ft,_X 

{he, *a*tsr r*n &.0g{g,,,,,o,r

CIK,k ls a tocal- ri.ng with nr*x[np]. iJ*-r 
V*n.*. 

]n 
"-.ir.*i;-,

rlo p*}'n 0* *'fr f*r emch kell. ' ''r "- 
'et* 

"','&tm'
Sn,,dlra otherr hnnd.u,, so,ISsi,derr tl*$.:neu'!.tf.p.li*at,,j,ve sr:oups



.i'! , . 1," ;'i' ,'u*i,r r*..i.! i 1**.*.. .f*:t' l;#l'- J"f it; 'rl ti lr*x)
_ r ' r  r . . , _  , . .  . : i .  -. * r  - " - { . " r ' r "

rle;;i L+ii,. ' i i j"r; ' t ' tr 1"€ltu hhe l"ocaI ring Oo 
"r-*a- '  *1|9.*

.,, l"t -'.!.t* 1"lrr lr*tllz""

* a L ' *

;;- s;

nntH' 
1r'*r  . fu r .*

1.31,r .fl ,t rno .  l  t ^ r . r n  d  \ r&
. r  ,  : r : /

tu, ! , r
' . t - . :

/ 4 l t ! 1 n r "  / 1
{s)r wklr lrl tr_

1 : f " '

&rs reieted tl*ou.gh e nsturm} uap SO Aefin"ed en tl i* $ljt ' i lrEst

{  - ^  r  h ;  .  F . l * - ,  r  a  A

t*u%rak! e i r ,"J=%'raxt 
s5'k/yo,k of 

%n?t 
with var lucs i rr

* ' * r<*  € i : '  :
I'r

Gr p;/Ct*(e.+mo ?L-)*e(1grr".r*)i fcr n€0* nubje*t to vairYp*
11 r r" ,& -'i: y * ,- -i,ir 

"" :-:

For'k,if$o tho vnluatio& v iaduces R &{lp

-s,-: {*r, .u,-.fO}}'. iG* b-+ vKi t}re inage of v}. r 'eetricte:ri t,.: f iu :r- 'r l- i- E -  -  - * l e K  L -  " '  
-  

* l . l r  r  - f l r c a  
'

*,n tl 'ro c*nvsn ouhset lc<e v#xO<d(Ak'vpJ of vKo s.nd 'r;* r*$t,]:i"n'Lrst-i

'Lrl t]r" * ie a grc,up epirnc,rphLsn CInto vK. Anoitg tl'lher p.l'er:.';'-?t'ic*o
* ) $ e

the rn*p On serti.$fieri tire folLowing csmpatibil-ity r:*trctit,ionr

n
ok trk(.et)=v* a for al.L a€C.

$,a'r 
ts$un/souroe

I'or k€Ifu eomsider the system #no(01; n2tu %r*u 
vKe' Og.r t:*]

5 _  ; " - .

end cai-l it the pi.xgS k*Slgggt1gg. assigned to K" J-n pei::ti*u)-nr**

ff,,r j)*l-p Fr.ffi* J.s the tri.plos fff* SK, vf{} toget,trev* wi-th t}r* exac,t
: : l ! . "  i . '  

'  e L '

*<vr F

se qllene e I -*> Ii^ ._+ Cnv- -+ g'K *b S "-.K
=

Gi.verr & eentence t *x-t the: langrlag*, *k eif, ruix*tl k*sttru**

*:rr.n* L-Glr. cr:.o H[&y as${gn effective].y tc it a f'*r'1,:i:i-t.R
I L l i  L  U t  u 4 . e  . { ! + r J '

trn{cf}(a) of oris veriabL* ro in the 3-anguage }: of r*ir.}.tt*d fi"*l-ds

fn sLlch e,wey that for every valued f ieLd# *f che.rmcterist i .e

$e:r,;.r e.n.d reeidue' eharacterietic exponent: Fu trni{i} {p} is true

ffi S" vnritten $ F tr*(?),(p) iff q f.s true *5t,vr:rit+;en $y tr'f '

f?re, *orr.eo6,ond8ncs abovs ?p.}trp(?) extencls,.naturnl"t# to n tl. 'ans.*

}atiCIn in&p trg freln the arbitrary lt - fos'mulss t,$ &*ferrmulas.

x.e.cidua sharacte*tsti.c *"OorJot p* end a val-u,ld fi.*.id

Lotlov) cf,-Ko let us denstt by gqVSI tha exiatent: lai
t 5 " - = ; - ' ;

witti par&{*,stery f"-t* S 
(i"e * invahin& ce$$tan'r""s; f*:r

l  r -- \  t

K) *onsiot lng of aLL sent€ne#e trg(t- f)  (pir  wher* k ' : i {r
- j : :

thln,?rr ? he'*, thm fornq ..r , ,.::,: :-

Esrs and

slxtenmi on

l,*t,heurIF

*l"e;l:*nts *;i

flir* _{,**sel}*



*uiyli l] , with f ,si *nit":hrftkixl,dl€rKu *rdi(?kvp, bi{*I,n n

- . . - :  , r  L  rnal{ru q. r\  .

the exietential thecry 1.(J,/S) defined above prqys a koy

rsle in the etud"y cf a3.gebtoio ultlnuiorru of va1ued fiei'eis &8

shows tixe fotlowing embecieling theorerau whictr extenae [5J 
thooren

9 " 1 0 0  r : i , ' 1 :

Ssq-eges II" i*ig S*{i<ov}' be-J -ge}*q.d- :(le$;SLs4pl:3qLge'!'e*

g*S.-eSg,*,JUlg .1'= ( L u v ) n e +- " n* Aee}g-ai:*nls'gMl3$-*e:*'€F'e i a$ -qf S "

:gM sssi.. gs*j- u*la nL-f q+r - q*-$"g{'-s"M

g,s}9*sig* "{* 
(F, v} eg S t

i. ) ,l, i* X*s$P$Si\b,!sie S"'L:;: * 
@!

{"i \ r . i s_ K.'- * "glil}_c.$.rii::"pJS*}n ,Tfi *gt--e-m Kc': s
r-)- t .rk *5" i:-lg "=;:.-;.;;

$,i.i-) E(I,/KI { r {,vs} ,,

Tire next is:omor'phism 'Lheorem which ext'onds ffheoress X ic*

an.isnediate son$eqtionce of fheore;:i I 'f o

JJx*.5gg$.{I* &s$- $x { K, rr}' hg*s*x#etlj.is3s*.9$--sllffis3$slfr"i I
. , +  A d * -  |

*,is*.s"p_EJ-..-9-1j3* $f (Lny) o s*{v,") 3sr-b*p*iipsac}ir1s**qJ.rgg"t.;I.einxnssn* i

^:?**q$e*gf ff - sh.e" ssixS- p"}-*l.sgffii}"}"e- sl.re*qillJ*vglesgt

i ) "& ePS # ffis i{*res-Ps$Ls'

t i ) .i,s ers i'r ffi- 5n 
* is0|ptsrs"hi-L-gsa-sssh k*5*

i i i) 3(*/$)'{(x/5} -

1 u ]ir* 4g'*rug**g;x*S-a-

IoBt K":tK*v) ;:a *l val-ues fieLd and J'*{L''vi, be a f inS'tm

ni.rup3.a exlJ"ion of .$o 
i"0* L'' 'K(c) wLt'tr e€L trigr*b::rri"cl s'rrsr K*

We tri$y atli3lIIL43 Pri''ih*r.r{; }*se ,,f gorrera"l'i-ty *ha[' r:e {io';*:i"l'ti ii;*: xseii;i"r

i:;

il
k
{
I
$.

t
t'



{ n e

minir*ar po)gnornimS. belr:rrE:r:r t,* il*i4* ,$enstcr W .${I./K} Llio $€t

of aLl palre krd) a'lr+re n+fqiH"j *,.{," vii* 't}"*n ,nr:r$ v6g{*.}*c{(q}f
:x

esurssn ws e.e;r s$n$idor $nl;i l  poLync;nj,als &: *f 'de;p.'d* }q:ls thrrtr

the t legred of  f ) ,u I f  S ( ,8{{ /$}  and }"x(Frv} : l *  a:va rre ,  f$.et"d

extenslon of  K,  Iet  us dr inoLe by X* *  the f let  J r : ( : I i ' t f  iz)** ,1X4"  Q r t  (
. . / \ ) -

/) _ vg(z)*dt" Denote h) IIom*tlr{-} the ae't, oi' i i*'emtrerloi:i i6s
( g ' a ) e $

*f ,3 into F" fhe c.anoxli* ueap1  , a  t *  \ /
,aS 

rft 
l l t;r.,a{.!*Pi',- i . i*ug., j ci '  r '"-- 'r t '  {c,r

the eardinal.l"t;r I**of J s)"f' **r"q U*

of f -in F* "fr',s *lelis ''ihsrt tire nnp

fndeed* let z(K.* {-r,,ri{\ ..* &r}(1 t( z'1,*} F be
Y ttf l" ",1,'

f,s sb'rlr:usly injective *

( the r"iuirb*r of roots

I  f ,  ̂  b i$ec t ive ,"s-(L/K) rf, 
- 'o

end

thar field.'1{*en*:edding.giv-en by Cre substitul-ion cF"ilz. tet vr be lhre

vafuat lon .  o f  L  induceci  bv t i re  va luaLion v  "ot  i : t$ry 'Af ih@
Wa hA y€ *s sAow tn at w e?uat s t he va I ualian v "9 

r i\ '
L" i "e '  ( , in a _I{*embedding *f  val i re$ f ieLdr;*  Lr l t  gf i ,*  As ' t , l * t r  i .n

finlte there ie n)l euch 1;hs,rt, il,vlrr r:'tryr(efi; *:h*r"mfore lt suf'fte**E

to gh,rw that ry**ry3|offt,r:.g tu,,-* *is3f F.ij.$rjne sys .,,4,fvK* ?tr.,i.iir y in

the fcrm yag(s)U*f with ${CiKfX]o fl;$b*$o; th*:: rg;{c3*,,;{{vK eR#-

(grak*(ygle f{y nsgrrmptS-cnu iv6:(<:}**g S(s}*,r' e,nd irsnrer rs;J*a:{*as:*n1,
ll":

rYTe &ri cCIntend.erl.

$foreover, w$ ri i:tn:ln

r*psq-J*.}" 3}s#--c **Sg-g--ff*.*-1g*-sleF-:-t-qi3r $ s"f i:it/K) ;E:-*",j

t.hat--bLg- iuaq l* o _ r i-e--Uj-E g-ktvg-f $f*.e"t'SJy*ysij it*l-J:=rLtt*pELsn*t-*H.
tt t:

.g sg K esLfer q.v-ehqis$-se3, s0 u"{. p,(ll-4j -ry.*1,$;:trrzu s.

Bg"qpS. Aeeueing the r:ontrar5f, let us choosan fo'in maeh

finite eubee'L $ of -S(WW|, a 'valued :field extensi.sn " 
*tt: ' ' r:

: f  l :  - . , ;  J  { $  v ' : J ' L r ' s L r  . L r $ L r :  I y ; t t ' E j i $ l - q J r t : l [ i * b A ; + t o S u

ef K ench that, lo= n- ip net e*ntr:* Fox: eneh fj.rlite. *tw{; S, ,*.*nstt,e.= o r.{s

hy Sg,hho eq{t ef elL va}uatl$nsr $f L extend:i"ng vO *u*}r g}ra'*.
:.

'r iFrT, and w;!ic)* d for ela*h tyu{)e $* A,s I"/K {m finiten tit*e *:ehm
, ;::



be

, j  . .

1:l,* mx'* f"jni$+)n sis.l:asr,r*tr.p tlr*u+3 rEts ftrs nr"rn.**mpt;yr Fox.u 3gt,

e'.{H*^.,*,...0r.1.'e;{.i*,,$,.."J; r;s :flr.a},*{3 qneS f ;i.ag ie"pes}ue$.&3e erver K, i?lg'' iL ill 
--' 

"-: l:1r

sunert,itut:i 6rr, #r-* * Sef:Lns* fl,.:rrrds te lJery*{I.nFUirifor*r.tlrgS} i }r*t, v*.

the vaJ.untten af L *ruluned, by vs througl: thE+ 
-ileld 

emberddl-n6

e}oar 3r" w€f**

Conaj-de:' ths <lir'sctCId projecti"vo e3rotom ot' non*emptgo fi-*

n i te  se ts  T*  v r i th  canor i -c  rqsFs  t /U^*n :  T5r .+Yg fo : :  $ ( " { i t *&  '  * r D '

Then L' i .w, f*r* i lYo is nnn-empty, j . ,s" there exists a vaLuation
+*- ;r D

rry u:f ,fu e:,e*i?ndi-ng wo s'"rch tlrat u#tl and vrgtc)*er f'nr r*ach
::z ';'l

(gu,;":),{S {i"lKi: * t$nsequen'c"L]r" H'*vr b a eon'brsdi*ti"r}fi o
f : ' i :  ' 1 ;  '  

i

Q"} t ' $o

keggl}gry- 3.'9, irt s!S{$/,'Li}, }e;,e.9,}"s;'-kgim I'X" SLlr$S5*&

g gfl ,S' 3hg-sisss**$*sgtsg;ul"i**gx"q*.-grgslxg*

J-clli i.";;..1:i;IS

i) l, "!-{ 1t*e1a]l-ii-{dqbkit 
"?1.,

'q'n ,\ tr t*(Jml?(x) * "€hgrfi. 
cf t-lr-.t3?s;Cs"L&sgess !'**exi,L*ru;igJ*"$.S,''Lt 

.,:i, I \''rir4 i t{o' li !';.:Ji::;;la \ ;l;;r.r#;;

narnlr:.u Lel"s fz'c,n Ks
.lL--*e&h*

q (x) I 'r{xi.*o?_,1r}u ve(x} * d *

'

f ]

i 'or" l ie vli r'f)r0, tlenutv ty' Sf ^y l;?iu !d'er+3 {_ nrj#Ol v';t ) }"-\
"J; ' u ";!

a.rf *y. arid b;r So ",r the faetcr ring \</*-* r- i Or-v iet {l l.ucui}"
Jrs  -  

&eA _  jpT{ . ) f  j l a<r
s  * _ * o

r:i.ns vrt.th *raximal. icleal .Fli/rn-., . Defi"ne' ae follsvls a r*elp
'  :::: *-|-9'p

w.,.:{"\. v*..} vKvf-lr v.r-(als:s-v]==f va 
ii 

lres)' T.f gan"lxl* ]e'rt^ i j '  , . tuJ r  
-  d  ' - l t r } -  

1 . "  i f '  va ) /
:

g . ba tirs i;rrcr11e. $f ff in Oo *ltX ?,.'"" 
]i" j)- r rJ L "I

j i '*i: I*rtF" an nbov*o l-*t fi( -5{l'/$} r .S.(Frv} be * virluerS f:i*,i,1+

,r:,,:i ',,::!l::i.,,i i ' : i.{,.}i}, .:i}f $ *rrr3 f€w,;<,,i*,i"r:, I}encte'q:y xs "p..y, the **t.
\ t ! [ . . !  _ / 1. - - ,  r t



{
"i Ht- $a, ," $ f,  

J'rd 
".[

Seffi.F{{ ,' 'r , ,

* , $  *
f . r : i r : : i , . . ] .  : ':!i, 1 i

flnn,sider
, , 1

: t
, r  t  . l

tr".+j.r iffi i B{{ 
I+

c 4 ,

1 1 ?o u  " ? "

? i s
X o

tpi:ri:

*{-

t-
-'!

-J"

{
t

&J

el,

* X*r r;r .\i- {, g
* t - ' r  $  6

1r ,.{' /v b

nF'*r . l 'L 
i l ' l -JLS{Ft

.].) $ 
-I's 

t,

v{4*m*  } ) f *  A*

ep oe $r ]f i,'' i"4 $ s ti- dryq Gr l.rri(l
? '  e . ' j

f {s}m;fl{:*;u i,**r;

rlllr,u:?ilthert 5rf a* }*{nn*xs b * f,. *W o,,,

ri3iri,.o if c.d^:v 6 "' , wd 4geg :#rys{ $ 4"

{r.},,*0,t y'\

*[ou*suu$,f ** &ngn r r* f 'f $ " sr l%,I ** u**f , ]

. .

Seeg{i I .5 . I_q lh*"-qgge__g}_!u 4i og_ H q.jg_&ggru{ } ,I" s -ggg3

ga,ggl,}.a! &lK is s.e.Wrqh4g*.g#rgg e.xi. p5"-$. Ji.ng,"jti-q.-"egb,W,S" s S*"

S $/f) an$ f,rvx",, $.7o, elsil33sglls--qssseis-Sse
H*iq^ {r,rF}:*> Jf .r.,.,($s E ^r} }^*_hiiggS*.go

: 1 5 : : - :  I * ( r  r l r f  r k '

fss*S d; I*iF,"l g5 sn-**I:o.q--e3j= '{,d € vr{ *a.},iecg-.fu
tr> ) ,w .\, 3f,"

1"3 t,here im a fi"nit* ,$($(I^/I() *nx*h t,hnt

ir* h:je*t,ive fos mash vr.rJ.ned f:lel"$ ex'h*;r*

8JlgP-fo BY Lemq

eien ff *f $* An, the finit,o extensien fy'K is *iepar*b].eu

an& sf o (ele€v3i for scst# n,)?p fro we mef &$$u&o {f t {X}n

L*,'b L0 be 'Nh* spl*-ttinE $.ieLd ef:, the ,psJ;Fraomia3. f* A.s
. (

f ini 'ber, thore f  s df € vK, Jt)0, such thet 0.(w(e:a.-*;)"<fs
r { ,

'valuati.ons rs $f L* extendi-n6g vr,- and allw*ts orfe* nf
.i!. - 

-]. .I
t ' * A J
f  *  *nx{durax{gsdlesp , t ' r . *e vKo f ,h t l  orr ,2 py sn$ } '  be a

vslued fj-eld extenslon c.rf K, We have t,o shqv tfrt
3;

injeet,i.ve n

fneto that

s10n ls

*oa ts*$'ry I Hore*t}.rf) *t x$ r{r.} t, f t+? (c} r' 
frrtr*

q  - Y t - *  f  z  g r X  t  1 F'to$ 
u.f 

t toTS t':r$ { J*} *$ 
uF' {--, }S 
': i ..

and

the oppCI,*ite fneltn*
- .  : . ,

Ls/K *^s

f*r slJ,

f,* Set

Flemmq*L{.am

*"e u {c}Sfi

nwf * (e))e ff



,

2) r  Lct  z iOU, be .{ t i '# l r r  lhai  z+S} ' r*u€ld$oprtu r  i  '&"

T ;  
i : '

o1,(s)>oo e$s vs{s}or*r* f* '* {&s,r}r$. $e gg* {x}i l* r^rvft t*}}f sl t*
.  - F

f o ] . ] . o w s n ' s f e t g } * n g f , , { c } ' $ , { s - f 3 t h e r e f o r e . g f ' ( n ! { f u s i n c t

vf (z 11lrr)" 2?i $re eonclude try '!{'cw[on I s le$me F] p*?O that thers

ls  sne and only  ono s '€  SS e. . rch that  f tar ) 'sQ and v(z*s tbX'

r (erd )€S einee ' iS d$ ' f
on the other  hendr  vB ( r t ) 'vg(s)= q for  [8"o 'ep s l

end v ( ,"-"t)> f ,  * coneequently rB'€ h rI  
utu f t  ybu )={yr*("t f  r ' }  

'

Q ,E*D "

t '  ( .

ggr.q$fl;:Y 1*4o ,!*.! $c$(t/S), d €vK ' d ')

f..5 n Utr*-o** ]ig+c-eit Rq gelseg-f,ie$-s$9.s'nrl-q$

@*els- q"sBlY$"le'u$' I

' i \  r ' t s K - @ $ ' ". t ,  #  *

i.f ) 01;. o rF(ixi ?(x} s *HIg
it ,c' o: :  

.  : - , ,  .

*)*oo{s 
5l:- 

vad {ie gtx)= &

o be*Bilieffi

F*(Fuv) Sf $o "shg

By a s1;anclarcl cCIepactn$#s sl'Srrment we obtain the foll-owing *mb'nd'

ding criterionn'

ggg,gq+-I+,ry" J"*5.e" lsF $* {K' v)t
ex'i;ei

'tr
-L)" il

:i:

L* (L, v)i bg alse brsl-q*gsP#blg

g{to-s'll$}e$; $'*{Frv}: of "41 ' :

i l J l s S - e s s $ g # J n f '
ii,) f,eg-ggpt&Agtr fe oKo "d)'0' f 'Eg'* o r nBrn Co[XJt

dL, n* u rclofvn* &{tri$f{;XJJr) ,, i-f o3*rtrhdx) ?(:*} ' 
-*PSg'

.*ttt- 
:.i,;',"*#;* spy{xi*#'i o $..139s

,, 'i ,;!." n

l r ,r tr rf ix)(o{x} '

,ir;,r4.31;1;',,,':i.i i:'i *ri. .t-T j's :i-:t 61eneral unsatS'uf'eetrsr;r }:e*augg

,



end

t ion

*f th$ de* largo &msunfr

d i t lon i t i  a t is rv* ,

*f vrelue,,e i,i€'nK whlch oecu:r in the egni'

2. Eisg.s

Cons{der a valued f ield K*(Krv} of charauterist ic Eero

::esidue eharacterls 'bic exponent p. The canonical desoniposi*

of  the va luat ion v  is  def ined ae fo l lowee Denote Oyd4

the srnslLeet convsx eubgpoup of vK eontainlng vp, Let $f Ue Tne
- - .  -  t  - - T  t - -  e

facbor grot.rp vI?A r &d v;iC^--> *K:' a F) *a be the gJ'oltp epLmor:-.

phlsro inducsd by ,r" Since d tu convox ln vK, fr inherits from

vK the etructure of a totally on<lered grCIup and hence tha m*p

$ i* * valu.atj"on of tho field Ku eal-}ed tha -c*r-el$S) J{g}ll$$ip$
0  r ^

asoig;recl ta rr" Denote by 5 the iralued fistd (Krv). The vaX.uati.on
o

ring 0.9 ef K is charaeterizes as the smallest, oremtng of Oo fn
s " r r $
1i ., ::;

rvhieh p beeones a unlto ioe" q[ ia the, r*ng af fbaati*ns 
"f 

0o
g : : " n T a , ) ' [ *

e.i-th respect ts the nultiptieat"ivolg cLesed set' f p*rkeNJ" $I$ta

that .i.v irr p=lr ane i is trivial if.f vK*A*

Denote by Ko the resitlun fj.eld

For nfor{ let &o be f ts residue

csrs f ield sf the valuat ion F

'i;isn lyhsss valustion r.ing {.s the $"mage #fe/m.g *f qK" ilenote.s}so

liy r this 'raluati.o* and by So ttre ffi (riv) ' fhe

value sroup vKo ie id.entified wi"th t,he e$nv&T( eubgrou"P A sf vK

ancl the reeidue fYeLd I(" ie lden-[if ied srith {. i.}re resic]uCI flel-ci K

o f  K"  Thus 'uho cor6  va lued f ieLd  K"  te  o f  charaetenJ-*q tLc  u .6 ro
t;

and rei*iclue characterintie exponent p; Ko*K lff p*1n Fsr a valuEC

field extensi*n f.r{Lovir ef $* the so&rse; valuntien, cf * i* & prg*

3-ongat*.on ef t l i* i:**rs& nal"uatLen of 5; hence both iea;r'be'i ie:rs€,s$

by thu {ieln& epnbo}. d. th* soss} rreLued flel.d l,d i.s en mxtene,iCIl"i

of ?ho eot. '* v&iuerY" fi"eld .i{o*

Let qe be the maxiural lrfeal of' %; thern fudgkf c CIKf CI*"
':1"" gr ..:1.:"

&lr--c sf the val-ued ftsSd K*
.[\,/ J]trr .::

i-i - 
J.)F

i;r. Kd" The fie3-{ K", es-L:.ed the

$f Ko eara*ieg natur&}I"y a vallta*
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*lvclrr e v$3usd f,i.sl.r1 $*.(Kus) of shcrrgcterieii-o rgrs, m

f:Lrii"'te "taii;+d fiqri",t +x'i,enej-*n _i1*{l,rv} fs ee}lod gg!-gq :I.f 'l,h* ilfirs;
. t .

e *rrdigicn{a ,Gr$ si l i isfLec;

i.) $here exf.ets a ring'K*morFhlsn from ths po),ynwxr{.u3.

a)-gobra Kix;rYr, , , *,yr] onto LIX l--+ e, rif+ 'ti (I-.Isr),, whqrss
L - i a r

kernel" I in genercrted by the pol.ynomiale f ft}' bf.TLt -- hi (XI

(i{ i-(n) i  :

fi j ce0, and the residue f"e O*"pJ of the mi.nimaL monie

p*1ynoud,,f,*:" # On[x] ctr c im lrreouFilre over Kol

i*.$^) hs(CIKft:l ana rri (*o IFCI for 3.{$.-<rg

is') [r,rr{n i] = 6'il,:,iit} ,

fhc next lqlmra,n f s irnuxEdiate,

S4grye.#*^}* .Sssns€e*-9.he!-.3he-*ft*Le*eslea*1s* -VS J-e-Juen

*f*s}ffi*Hffis
' " *K* {*" i u Ff *} rrl*,lt" rle oJ 

.q*F ,!x*,in{e } ;a) f'- a

. r  . . 1
b ) Lt: I{ i c }j' ''*IoA . * *l\" i

n i r ] . .. c), ;#-L t FS.*$he*Sgp_+-q;*^p;1p-_qfl L* &qng*glg$_jl-U K{c}*rrit1}.} * {

o o o;t*.1; !b-e--g$l.ueid-alr r L#ss.*-lhs.M-  -  d  j ' : J '

t?l r'to'Krou),* *-)" Ytuy'vK{*' ,, 
*> vtur'.$rgo

-  I  r ' 7  a
In the situaticln ahCI"r*, let qffi1$)=f (So..tle Oigllfj:y; rEK-r
)"5ug(e)*,vj. J-ror ${$+,rg} and al valued' :[ ':Le].d extenei."on f*(f*nv/ mf

-^i

$o denote W YS'E o,t* set af thoee (r 'r3.)*tupLes gxrtrf* l  . ,"otr)
n"rt i!!ai

e i"""t for" rvhi.eh f{x)*Ou v&{x}*A fcr {grcti6S and b1trlt*l. l{x}*'O

r*.r l-$r^{.r# Ys-r, is a f inita . ' la'f  ann lY*-*i '(dc}g f .m*, o o\"s j . f ,rf  l ,
" d  

'  o r 5 '

C*noieJ.er thie inj*ct,fva Rsp.,kc *l l icuo(!oq).-) Yq *r?r+(rfte),no t ! ,  
t " = - r '  

o r j

? ( t l i r . 6 0 u ? ( t r ) ) . ,

effi ? u ? * Htgl:l&g*#rt-e*-e!-eg$**t heg9**5t$.-e^-*,t*.ni3e

:':j ;*.;i ;t:i !t(.t/lt) *.n::r-".1}:*'^ itt$: F L-5 bi je+ti.*rer fpr 31itiir  u $
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-+"F &'r..i5 ltlr S

iiJ u

$ ,nnd for {rsx*h

lfpsfn Sf l,sm.nn k-l upptierd to

nits subeot $ of $(I/K) such thet the

v6]usd f  i  e l ,d e:rtsnst $n u!|

Lo lKo there sxiets

canonie mnu l. $o  oH '

&

D
&

fl-

! Hororro (t' *F
A ;  " *  i l  .  - ! ' "  

-  \?:., 
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k', _u,l 
tgt-1?(co) le bJ.Jeetive fsr aaeh vsLued

f ie ld extensio* f '  * t t " Io[H***  u '= f {eoro}:  (grd}e sJ and
e ^ n

xs"rrn = [atFt l f  
*(a) *o,r z\ 

-  ̂ vgo 
(ntr*" ]  j ,  r t  reiuains ts cholv thrqt"

,/-.q n iu onio fu:r eaeh vnl-ued fi6ld ertensisrl I, of IC" r,et (x*;r36;'  
" r * L j  .  

-  - " *  - -  
^ % ,  : ;

tEu o ancl coneldCIr thn monphi.sn nf K-algebras ?rmlxr$l--+ lrr

t (Xnt);-*.> (xuy)* Ae K{xry} ie a-lgelx.aic r*r"er Ku thrp $.rnnge CIf f

is a fie)"rl, i ,gn ksr ? ls a $iexie,a1 ideal. Ael tha r,; lauj-.r*a.L ictoa-L

I definj.ng kdK[xrgj/3: *.s csntai-ned in ker? u ws *nn*rude th.at.

f induees a f5.eLd H*einbecldi^ng: denet,*.d aLes by ? rL-?F; (cr$)t**{:,;r;r},

f J : i t i r e o t , h e r h s f t d n e * . n c e ( x n ; p } e r s o ; * , i t , f t l } . L ' o . g s x % X * o - i n o ; t } t * ; : ' n -
v  ' .1 .

fore ?"r,&*-jIoB&ti^i ,*n is a Ko* e*treaei.ng aecorclireg to Ler::*.m l-"Lo
l:.; :;' ::

i l i t l e1a1n t , } ra i , t t re f1e1d ,emt iec i t1 ingq i * ro }3K f i c } . ' : l } , l , : ; | . }H i *

e $*embectd,ing e;f valuo.d. fimlde" iror, let w brr i:.he vn.ltr:tat.i"6n tsg"

:t{c} *.n*ueed uy #p tlhraugh f o As #* extenoe 'ig, w t,s n i:nclmn.ts..*
ticn uf *o tsoo $ince frct*i:rcJ*lr"rK']' #K(ol fp &]re rrn-i.qrx* prc]*
l.ongnti on er #ia 't c K(q) ,..Jonrequently, w#X{*3 anrl ?]*. t*l :[m m g*****
beddiirg of tire v'a.l-ued figld (r(c)ro#) f.nt* $. Ori t,he ot.lrcr harlrj l
q",&o-u.fol* a _$o-emebortdi.ng and hence gf*U_) i* i r .r  fLcc. i :  u E*em-
beerlins 

'o* 
tns iaruect fi. eld (K(c) o r) i*f,;;: 

'' ' 
- 

' r"r

=

blolry eons der t,he eomnutat:!.ve diagrarn of fleld ombedclt"ngo

TP
. ^ r  f l ' "  nt ik i .>,t '  ' \?

" \/ t \

K(s} ***.L'-/, fi
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i'isr'';e thrat i. t;.v;ii t'lr"r^.,". .ii?'s i"diJ-ucli] fieLtl embsttrr.{ftgs,r Le*t w tre'  
i i . : '  { ' t i l t

t"hrr 'T61J.jj+'lg- c",li ;r;' ;, itrrJ,-;.cefr l,o. $- f.trr..,r.r t "I tu3' vF t.n:.sufih i ; xd Ie a prni.r\ngat,i*rn
-  F  T . -  . - " r  . r  d  .  - :  - 6  +

CIf " i l .K{e}n aB lr" lctei l  *{r irrvx{c}}*i{ 'n;$niu *, is ths unisno -FF$*
S.mngaLion ef furo; te t. Uonsequently, d, and f i .e a (K(c) r i l*& b t u u d

t ' r t r r c

es.bedding of t Lnt* I.  $izri:e' i ' ' :rk" - i  
f- i* a vaLued f ield es.bes*

,TlngB wB *urrciude gf,.ot tr {.s & tK{*}r'ul *.erubecl.ding cf t inte F"

Q *E .Dn

Irl tlre 6rL-1.ts$) sit'r":e+;ion ss e,bovorconsi.der ihe mixed k*Btr:u*"r

tureu }iu*(Ogral, , i$re, 
vK3 Okr tklu k(J''Il clefined in rntroduc"*

t isn" Fsl '  g C S(t/K} 
"F(.Vii) n kl$ anr$ a val.ued fielC exteneiou ,g sf $o' : :  5 i '  

!

lot tts deltotat b;f ts.c p L +.}te se'h, clf th6s'* {:r+1"}*tuples (xrf}eg* r*i*r sr_ t ii. :,:' *f i * o

x*$,* f*:: whi*h fg{x}*$u :rk gk(n}*4for. (grdie n au.d,*.5 Zkvyr, srrci
, r g

0 ui (h"llh(:e'l.l*ftiln yf {f vsfni}s(x}.ikvp(k ir: r}, f ro* e{orlk-Juse
ffi..

t- I
I
t
{-

;";

d*nst*e f,** tms,$f" frn fo,?:kki; f*.r: kSi(r, {b"i}L ie r-ltr* imag* *f
'  -" ' i i  : '^ ' ' !  *fn/r**n 

=tl 
,corisiderh.ne canoni-c me,ps 37 sY *>*; e lt ]n Li"" r-"  1 '-  -Fctr  

.*  "  1 ' l3K.. t  J 
'  vEr ' ' r* , : rr 'u tr3 '* .F'E "*kr l t  *srI  

, lf "  
- '*J i*k J

-+ lso.i"rk f*r k{j-, Sktt*r" --} T*n.1"'rko al:el,Isorrnt l l*sagQrf} *+

- .  Ysu-,F,oio,: ;?t-"" { t  {c}+gr_r* n?( ' t , ,  }  {3+iap,ug}:3$is'r} ,

eqlg,? fi*}, i"a*th-q* ,s! k* en**{t

"fli,nj,;b.e-**e$daft$.-L $ -s'-.{ $.(I./-S}' .$H.{:.**Jhq.t"^[tm*"9-$J]r$;J--t sr.rp I'[cer*.(L,i?]'.*']'* ; : )  .  
* - , ; - .

-+6i ' (Y'- 'i?. o,rr) i'g-i-uje-q'!i-{ .t \- 'l* 1(4," \ a raq
I l , t / { |  E r $ . 1 - I r r . | \

:=

e*>i.m.ilgi-o.i1 { ss: l{"

XfSnf " By Lsmrnu ?*?x Lhsu'a is $1 finite eubset S CIf "Stl{K}
*ueh 'L-irsr'*. /*"i- pi .licm*iI-",tr") *,:' ,: sr ie bi jartive fsr e,nch 

"nr*a
'  *+.; i  -5' i .r ' : .  ' '*r f l

r ' i l-,;r l.* ' f i i '1 l i i l i i ,?n.:i: r:f 'X* xin i i" ls cf chsrac'$erlstic r,$ro un$

' . t ' i i .  { ) t , " t , : , r i ; : ; . , " r*  i " l ' ru}dr.n* i ,Ul .* ,  ; . t ,  fo l }ovrs f  'o dco}Ft '  A.*  l , lX tg f ln i ton
. :

'i:,,r ':;,i i, l].i ,,;''r I f ,:r Ii:l.i irii-t) .L-#r' 8,$;11{i ir)}" i "i,}}#i-ef()rd} ws i.l}$-tj/' fr $su#X$
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( r ' (x )nr  r lv f  *  (c)  )e  s .  s i r i i : l? .np iyn n in*e d.  ( * .  ) lco wo' t&&y ss$ums

(h[ (X)n,  nyh l {* } } {$r  } "$*{ i . "  , l iocw }et  br  
"bs 

the opt i t t i *g  f le}d
o  |  

- i

of f  over K. As f ' {S",,{XJ in imeducibS.e nnd *renarab}e j  t ,hrere
. * ' '  

-

existe kt€g such t,hdt O.irv(c;*c;)n(krv; i  for slL Ealuntionn r* of
. r " r J

tf extending rri i  and for al.I roota c1f:,t; of f '  tet k€i' l  be such

that Drk', kvpTv(frr ictcl] ) and kvp rro ' io* (6*' i)5$. rror any t{en-

sel . ian valued f ie l r l  extet ls ion: :  f  of-K, we have trr  ehow ihat

- \  61) a*r"*rq *+ YS 
r 'rk 

ie injec'Live r and

2\ fr k slk cr$ -$, r*;f *ffs ,g) .

L)  r  t re t  (x ,v)  ,  ( * 'os ' )  e  YS.S"  be s t rch t ,hnt  J lo* [ :x  ,y . l *Q-- (x '  ,y ' ]  o
.  ; ; , .  

\ n . $ _

i "€ ,  w(x*x ' ) )2kvp and v{ : . *y iv i * t } .>kr tp(3<i$r } '  *u  
f  {x}* f  (xq}*o

g'rj

€rad "r(x-x 
t),) Zk'u"p)ktvlsr it ro:,low*$ xHK? n:ilcl i:ig*'-t'31i (x)*}:i {;q o }*

r& - -._-? lr+
*biyi t for 1(i.(r1 thue (yiVf**) -'*1 einry+] i:i i ' fO t}.<i.<rlo Csnsider

'  
r | 1 :  r ' 1

the poSrynonial* ts1(S)*X **3€ O':LKJ, }(:i-{r" Fiy lVewt*ntm Lenrqie* &

i.s the urrique rc,ot j of l ', i lr f r:i;bject 'Ls v(]*f] )' uori

rl(;riri*l),=O ancl vfui-ri*:t l)Dkvp),r([r,:r(,:)] ])i -rn, r ws eibtsrin

Yt*Yi fsr 15 f^(r:c

pll tet (xryle{4, x }'ffi i:e sr.r*h t,tmr. i=on:1.,,eiyi{ltlprEpJt

l,<i(r) {, Yq - T, 
"51r.*fi:u'} 

w:f (x),2 6t<vp i vg (x}* "{ f'sr {g*.{ i6*" sin*e
L,  f {  } . / , r \  

f l .

63np)krp>, J ,u" (gn,+)rs; v{,}-}rr. {;r} (r:irii'}--1}} Tnv;r sinr; *

(\ffi)n, nv}Y{e) }(S anct }krp}kvp,)nvhi{e }*i:rvhq tx}}ornt q*;' fsr L(ir(**

We i rave to  ehow that  there ex is ts  , * ' r . In) {V-Ur* ,e l ic i ' }  that

v (x-xn )) Zhrp and rr(L-yiyl-ti)kvp for ii i< 
", 

fi yf (x)) 6kvp u

(f ' (Xln, nvf s (eleS and Skvp)rlwp),nvf o (e)=nvf ' (x)prf o (x) 
" 

tt,

folLows by llawtsnts lemma thry-t tirere exists xne On, zueh that

f (x' !*fi an# v(x-x - l) Skvp * F*r fu r*)e S r yS (x)r=o'(}cvp and henee

vglx, ),*do $.$ of,*o*#)*"vh.i{x}dkvp and v(r*nr} ftiyfii*lb}kvpu {t
Iils ,

flCIliewe v-(3.*hi ix' ) [ri i i*"3*131 2]rvp fon L(i{r" Consider the po}yno*
i i . , , "  a ! .  e

u'l.nLs ;p": f i i)*# rL " hj.{xu} { ir*;, ' l1l* le opln], ] . f  {{ro }ve get"
,_ ::
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wP1 {I}}Pkvp and vF{(},}*wu5.$v{ft :x{c{Xkrpp; thereforse try f f iew*

ten0e lenna, thcre exf sts ?tq0p eush thst p, {?t}*O nnd v{l*Zi} }

klrp n $at y{ru1J1 {rstsr} . thfr qn' ,I * }* yn 
" * end v (x*:co }},?kvp,

v(r*y*;yi*I}>top (tg{gr;,, as csnteneJ, 
'r

Q.E "P  n

gqlq&}"-,!e ?- n4n In .!Jtg. gt !u.a3tpn aLqqe o_ tbpsg e.- ts"t lclf

egg-M s g| jq./$) euell that }Jrq q.ex!-elateneuLjJ;ge

pf $r
J \  

"  
J ' -  ? r  ^ - L ^ : r ^ LaJ, -11 r.E S-egb.4djlbJe-.19 {*

. t . t \ ,  Fl-L) *srgr} ip gp+=eiapXx+ i e"e " Sr,'"s&t:.sgi-gg*-Ell-q*,fo11oq.r-ing

exi etsqlialj e{I&egq.e m*qh*pffi*s,g&gse-*as _Sr r

(3" e ou,r,"),Gvec$ rlFr(x)*o1 A^ rr.Br (xi*df l,o-,{{r,1}r (x}}*
= = (grales '& - '- 

ktsr
T?*

s (b i  ) :s i *

1 " A-.si:tls Sgre*Jllepl"e e fen-e:sehrys!,9*qd!-gJls{*$:e- Bf .se,.Ur^eg
f i  e lde

The present eect,lon ie devotad to s struetnre theorana

fens a elaes of a3.geb,raie extansions of val$s$ fieLds of eh.arae*

teris,tic usr$ (seo [heorem 3"? belovr]p whieir w1]1" b's-btre er,airr

ingredient i.n ths Prsof rlf Theorem II etaLed in Intr"CIc{uctfern*

Ite prea'f ie based an the fal1onrlng naturaS goneraliuat,i-*n sf

Prestel*I toquett.e radica}. stnucture theonem {yJ,,  theoi: , :u 5*S,

g-W,*+,'l.ss J.** . g $* (Kov) gs--e-Jesse3ies*eslss&-#s3g
g{ gbgl:sete*ntis rets" Br}d } he.-e$r-*elseb*9,,S*eJ$}'qSe[.e.*-.*# $

o o
SWJi-UlgL K'' ̂ Li o [hes t/K lq-spp-e.9.fl3"eL9.:v- raqlssleo I'se

a q $ r r i 1 -

f,-H(T ) s!99,9 Tu { r" fl"*r # 
r'"( KJ le--1he.-mn}}:"u}s-te$["T,s^-r.ffi"i]$.i]r*,sdfi
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fr q ,r, ,Li*LnSS,T_S*I-_nEh$__Sfrgg$ dI p*Up,3"i$*3'hg
n#sgrr--g"I€;ucn'kgJni L/f'"' t 

,* vrs.*pvl Ln#]r*g{q,
S1&*s*1$9;-rffisilp vr., Bg "$.l n*f,;!}s.*gs&m

.e--gnggp-'l qoilprpl*S,p t/*x ::! vi'/n g* If IIK Ls--'c-f,1'33-t$*SX3"W$aU

then, [L t rJ'S xf]i .

For q Proof of ProPoeition 5"1 soe fel e"opoei.bie:n 1"i '
q J

', L*gng. L=(Lrv) $S^-S.^!ISA^
tt e. ;zero si:c.l*hai f* r* *ri')' i u --4gneeliet

ryfllarr**L-ggpr-aigist-PIr*9.i-en-gg 5" * gr K" .& $e--s-#s$fuesls-{*iu!"ss-sf '#*f:-

te pi.c.g*9]Lt-qJisi-ors..g:g 5*

Prqgfe Slnce

%eP}s ws $eJr esfilrRs

lovrLng cowtutative

e
K ie }leneel-ian sf resicltre eharncter*st'i'e
=

i, [fJ ir*"nt:ei"Li'rn l{i f;?ra'L s;"s tr$"{'* the fs']"*

rliaEran of valueu fiei' lrt

- o 
Kn tsith 'b'be va'!'ua'Liptl

where Lt ie' the conposiicl L9't;K*3' a3g"er
s

insuced, fras fi" Ilete a]$r, that K*L" ure 'i*ear).y $ie.;!mi"nt ri;r/i:ix"
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duro o

\.

Jg.ii,$g -4.*fu, Ltl$ ke-t{ g]s! Y(**} 6 € a r\'isir * * rts&ri }r.u - -,, T.f}

-bq: {ri1- tr * fSg11gf}S-"Jftefg**tjg :c5.ts Sf;,$*I'}Sg-y;iq,}-*h}$$* t}in rr, 1*r
v

i i 
* * ane*_srgpi' .g_g#:gi'.,k*ggr;itfu L*-rt,

Qne_.eg.*Sru.S_-.Ejfw_tfggl.ff -lS Y -eJI .kflo,rpirl* tr* #l (u g* e *,* *s33+s.*"f*":.!

* q. ep e h*e* -s$r ;tire3 fes--g.3jg*X.*ggl$i"pJ d" 5 sf*s,} I:?{s^sj9.{isr.t ",*

i:er& untl, :r'e gic}re! chs-t:acterit-tic' g5p9l1fL$ Fr* gl$lgq -ggJ7.J-.!,fg19,Y.

L ' i ' f ^  $a  . " r , r ( i ( n ;
i *  ,  L* i ' f1(s2k.  *#*

iff .S ptr*(Y) {a11 ' * o r ar1+s*f rF}

The proof ie i .mnedi.ateo,

$ow tet K*(Kr'v) ba n valuod fiel.d sf ch,nraeteri.st^*l* Borrl

a4d iloetdue charsctertetJ-e exponent pr ancl Jg{Luv} be ar }Ienee*
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