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intyoduction

Consider the following problem: given a valued field
K=(K,v), find elementary inveriants to classify, vy to isomor-

phism: @V@T‘K the algebraic H@naelian valued fl@&& extensions
of Kg

In an importent special case, an answar to thﬁ que stion

above is given by the following wesult due to Prestel-Roquet te
[3] Corellary 3.)1:

Theorem 1. let K=(K,v} be & p-valued fizld and Ly, vy,

F (F,v! be two Henﬁel ian p-yvalued algebraic ex%enﬁganﬁ of the

i o

same p-rank as K The necessary and sufficient eenditian for:

1” f to be K 1samarph1a (as v@?ue& fields) is that Entl=gknr®

éggmggghhns&ﬁ

The main goal of this paper is t¢ extend suitably Theovenm I

to the move aengr“* case of vaslued fields of chsracteristic zers.

Given a valued field gﬂiﬁzvﬁ let us denote by Op the valuaw
tion ring, by K the residue field and by ¥K the vélue grovg, As-

S e S s

S R T T

sume thet the characteristic of F'iB‘Z®T0 and let p be the Ch&PﬁC;

teristic exponent of X, For keN, let m, ¢,k be the ideal {Eéﬁk*
:varkvpl of QK* In particular, mK .0 ~'mg is the maximal ideal of
the valuation ring QK‘ Denote by ﬁg i the facter ring 0, (éﬁvk;

=Kk
OK . L5 & local ring with maximai s&aal mﬁ/ k* In particular,
for p=l, %g kaK fer each ke,

On the other hend, consider the muliiplicative groups
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gach ked. Given Lg£§ the local ring OK ok and the group LP X

are reiated through & natural mapéﬁk defined on the 3uba$t

ia&0ﬁghkz& pijqua mgf?/wﬁ o of QE,Zk with values in
' ?g,kzgk(&+$¥ }k)zg(l*m& % for aﬁog~sub3ect to vagkvp,

. Far kg§ the valustlan v induces & map ’
'ﬁk"gr 23\70 §L}GK k-@va; the Lma&a ol vk>re$tw1etu to nghg{Q}

ia the convoex subset <KCVK 0<h0”2kvp3 of vk, end v, rv%*rlc*

\

0o GK X is a group eplmﬁrphism onto vK. Among other
ey e

the Bap @% satisfies the following cemp351b1311v conditiens

vi k(a) =v; & for all &CQY ?.\ 3;k/mh =
For kEN, ccnsider the system,@km(ﬂf‘?k$ QK,E* vy Ops vy

A

anﬁ call it the mixed k-structure assigned to K In particular,

e

Por p=l, Khwx is the triple (hg Gy vﬁ) tgg@tbew with the exact

ot

'ﬁwmumal~wxwé%f%¥'#0w

Given a sentence ¢ im the 1anguag@ L, of mixed k-struc~

tureﬁﬁ keN, one may assign effectively to it a form

tryt (%3 (z) of one varigble z, in the language L of valued fields
in such a way that for every valued field K of characteristic
zorc end residue characteristic exponent p, tr () (p) is trus

e Ky wvritten K tr () (p) iff ¢ is true on K written Ky ke,

The correspondence above \i~>trk(?} extends naturally ﬁ@ a trﬁnsmx

lation map try from the arbitrary_;k ~ formulas to L-formilas.
Given a valued field K=(K,v) of characteristic zere and

4-‘

residue charactenietic exponent p, and a valu&a_fi@i& extension

'WW”L#(L*V) of K, let us dsnota by T(L/K) the existential L-theory

wzhh ﬁmrﬂﬂ@babﬁ f”@m k {(i.84 invel ving eenstants for slements of
: K) aaqqxuﬁﬁub of all sentences tr, (?) (p), where xCN¥, thae I,-sen- .

v

tanue % has the form
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$£0¢ | |oogevk, 0 < 2kTp, bi*'GK k!

i

=h, vil)], with £,g; sh

ond Ip E@

The existential theory T(L/k) defined above pkay& a key

role in the study of algebraic extensions of valued fields as

shows the following embedding theorem, which axten&s'[3] Theorenm |

%100

Theorem IX. let K=(K ,V) be a Valueé field of characteris— |

tie zera and I=(L,v) be a Henselian algebraic extension of K.

The nmext statements are equivalent for a Henselian valued fisld

s

extension EE(F,V) of Kt

£ L &grgmembedu&ble in.E»

ii) Iy is

i) T(I}/y} (. I{?/K} &

i

tde

Tha next isomerphism theorem which extends Theorem I is

ar immediate consequence of Theoren 1L,

SR e
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Theorerm T1T. Let K= K,v} be a valued £i01d of characteris-

tie zero and Q;QLgv)ﬁ_jm F,v) be two Hengelion algebraie exten-

Ko The next statements are equivalent:

pren

1) L and E are K~j somorphic.

z)
%53
o)
i

zH:

14 Lk and Pk>az mf - isomorphic for each keN.

111) T(L/K)=T(E/K)e

1. Preliminary results

i

Let K=(K,v) he & velued field and L=(L,v} be 8 fini

ffé

simple extension of § i,w@ 1=K(e) with ccL algebrale over Ko

"

i
|

i

We may assume without loss of generali’ V’thaé ce Oy and 1ts mooic

SN

e
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minimal polynomial belenga in (,ij@ Denote bv b(TJK} the set
; 5 i {",:4‘ A‘v ; ’ 2 .
of all pairs (g,«} where gef Kig‘“i 2 X ETE L X2 0, and vaiel® o (of

course, we may consider only polynomiels g of degree less than

the degreeé of f). If SCS(L/K) and F=(F,v) is a'wvalued field

extension of K; let us desnote by Xm y the seat {xe?:f(z}mwﬁA\‘“ i

N vg(z)mcxj2 Denote by H&mK (L, F} the set of XK emb&da*u |
(g,)cS

of‘w nto F» The canonic mng'¥5 ?:Hy¢‘

o

sop 1> Bo)

is ebviously injective, and the cardinality [¥X, ﬁ} of Xs P is
bt .ﬁ.‘_ g ﬁ-h_‘: :

& the number of roots of £ in F. We claim that the map

el (LK)

i)

Lkgc%/géjm is bijective. Indeed, let 2z€X i {,an3Qf:Lwﬁ>E be

the field K-enbedding. given by the substitution ci=iz. Let w be the

valuation ndugea by the veliuatdien v cnor ”“ﬂ«ro@gb@
Wehave to show that w ét;va < the valLation v of % L
L, iee. ? is a K“OMdeOLX of valued fields. Let yel, As I/K is

finite ther@ is n»l such that nvy, nwycvK; therefore it suffices

n ; o s
to show that wy wm?maﬂhus we mAYy assume vy, wyevK. Write y in

i o S
the form y=g(ec)b ~ with g (Y s 0#be0 Op; then wrle = evk and

e

o

(ggx;C@(L/K), Ey agsumpt Gh§ wglel=vy, gggﬁﬂcﬁ and hence wysx-yhsv

=vy, a8 contended,

Moreover, we obtain

8 of SUL/EY |

that the map lﬁe F is bijective for evary valued field extension
f

.F of K and for every subset S* @f 611&) containing S,

Proof. Assuming the contrary, let us chooss, for each

finite subset S of S(I/Kj, a valued field extension I

G &’:}L 1 Rk
of X such that Aq . is not ento. For each finite set 5, dencte

Rita
by Yg the set of all valuations of L extending ?w such that

- ey oy P % i b »
wivy and wgle)= of for each (g )cS, As L/K is finjite, the sets

en
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re non-emply., For, lei

4

Horeover, thess pets

i as #{z)=0 and T is irreducibdls over K, "e,mz

gubstitution o> 2 defines some YeHom, {lﬁ S)\rim.m,{(l.ﬁ’ﬁ&)ﬂ Lwc, W

be the valuatien ef I inducad by vgq through the Field ﬁﬂb{’ddlﬂp
¢y elmarly W?E‘YN
Consider the directed projective syastem of non-~emplty fie

nite sets Y. with caroric maps \IUQ S e s Y iafae S C 5!
o - u,',S ) 3 :

Then lim i@mf‘ll’s is non-empty, i.e. there exists a valuation
B S

-

w of I ex i?zmmg VK such that W%VL émﬁ wple)=« :h::r"c* caon

gy ¥ES(L/K) » Consequently, ‘%‘;”‘VFL s @ contradictioen.

PRy iy

8 in Lemma 1.1,

)

Corollary l.2. Lgh Sc8(L/K} be

valued field extension ¥ ef K, the next statements are equiva-

1} L is K-embeddable in F.

i1} F =x)e(x), where ¢ is the folleowing L-gentence with

¢ (%) 1= (xy=0A vgix) =o,
{g,x)63

3 {
s - M N, o Bty w AR, &5 : ‘,-;'\é o) e Sepray S Nl
For J¢vK, 320, dencie Uy ‘ffxé(& ¥ the ldeal *f &.QK:‘ va,y i

ef G and '} GK@B’ the factor ring OK/‘H” v GEaY is & ;’x‘.mg}i

ring with meximal ideal m{/ m . Demn@ as follows a map

‘ , if wald
v 10 -;;vhu{oe% v {am ) .,{\m s If el I X
F B Ky o RE wB>F OK[ -f

oy r
g be the image of g in OK N XJ

For I/K as above, ist Sc¢ S(I/K), F=(F,v) be a valued fi¢

E R : e Yo . s
lon of X and Y€vK, ¥ 20, Denote by Xg 4
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{ mely ¥, 8 8B t, Consider the canonia
: i o
ot b (-’ 5
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Lemma 1.3, In the same situation as in Lemma 1,1, gup-

pese that I/K is_separable, There exist s finite subset S of

k} o) o

S{L/X) and gévK; 720, such that the canonic map

’n,.-/

ijective for every Henselian wvalusd

i

‘b.
xtenslon.ﬁw(F?v: of K snd for all Y‘w € vK subiact to

°

o
*—é‘
>
%:1,
@

finite S5 (wm smaich that

2]

Preoof. By Lemma 1.1 there ia

AR

= Lo ki do 8 e o b o an o o
{1 gF}~$~£@ p 18 bijective far each val&ﬁa field exten~
g A

.vk \;{3 ' <
sion F of K. As the finite extension L/K is separable, #'{c}#0

an"?u‘(c} ‘cv¥ for some nyl, spo we may ass

Let L' be the splitting field ef the polynomial £, s L'/K is

S

nite, there is ¢® ¢ vK, 4°20, such that Ggw(ciwmalgiw for all

i
;.ai -
&1

valuations w of L°* extending Vi and allwots ¢ #ﬁa of £. let

S e IRy N .
= max{o® oz (g,X)€8), ¥ ,we vk, {2» 02 2% end F be a Hens @11&&

{
. AR %
P

valued field extension of Ko We have to show tnat

s X .~$~Xg poy 18 injective, and

.?. ‘-' §?‘: "43’\?.‘ }(“ ‘ﬁ. v{ﬁ‘ Sy 3 ‘r"f“ & & o £3 g i w33 5 4“
2} ygmkﬁgagyuﬁwvgﬁtsaﬁ} Luut@ that the oppesite inelu-

gion is tyivi&lja

i mipa
L that J{x)=%.(n°)Y, f.4,
L 5
§20% 0 s We gat w=zt,




2): fﬁt Z\ha}i %Eu m%*i:‘i”; };hgi} z”‘i‘"ij‘f,}?? ‘Ez’(w E’QJ 3 iaﬁa‘

ve(z)® and vglz)=« for | SEs, e (1 o, vf‘(e))es,,gt ’

g I
3]
e v by
follows nﬁf'k&)”nvf’ic} § <Y therefore vi'(zlg <X, blncg r
vf(z)>uﬁ>2$, we conclude by Newton's lemma ES] p.20 that thars ]
{s one and only one z°¢ Op such that £{z')=0 and v(z~v'l>2”. i
On the other hand, vg ("‘rwvg(z) « for (g,%x)ES 3ince€¥553k5 i
ane & 2 4 "--"J(, ‘

gnd v(z=z°)> ¥ . Consequently,z fXS F anﬁﬂﬁgiz ) o (z+mF .
d.E.D.
Coro‘lq*g lado Lot ctC.‘;(L/K), OCVK §>0 be ag in lemna
1.3, Given a Henselian valued field @xtenﬁicn.iﬁing} of K, the %
next statements afe ecuivalent: i
i) L ds K-embeddable in K. ;
N oot i = 5
rugey e Y Q%) |
lelgg,gg#(jk)egx}g g@@?a |

@(xﬁ:xfgg(x)ch /A} 'vzggzg(xﬁzo(
2 . (gedes

ambad:

By a standard coapac tness argum@nt we obtain the following

ding criterien.

Proncultion 1.5, 1@& §#(K,vD be a valued field and

L=(L,v) be en algebraic separable vaiued field axtension of XK.

A R rd

The next statements are equivalent for & Henselian valued field

extension Fuér ) of‘Kﬁ

1) L is h - embeddable in F

i4) Fer araitraﬁx TJevk, Y20, f,gq,,.,?grfSQKEKJ,

C(llj o RS Y /ﬁ‘ k" {3‘{(}{-3’5" :{’(l{ {\{P) & i_f_‘f; 01?3‘2\5}: Gx) ?(x} 9 }yh@r@
e o 7 ;
((f) {?‘}2“‘ f'g:jf& :‘3‘“{““&5 '!* :‘_; K‘ZX(K}W&}i ¥ then GFQQX }:‘\’BX}?C\O(K)D

Propoaition 1,5 is in general unsatisfactory because

AR e A



= -
o {( 3w %
£ the too large amount of values § ¢ vK which occur in the con= °

dition ii) abvove.

2. Nice extensions of valued fields

Consider a valued field K=(K,v)} of characteristic zero i

and residue characteristic exponent p. The canonical decomposi=~ |

tion of the valuation v 18 defined as follows. Denote byéﬁméx é
the smallest convex subgroup of vK containing wvp. Let vK be the
factor group VKY s and viK > VKt a}a-éa be the group eﬁimors
phism induced by v. Since A is convex inm vK, vK inherits from

vK the structure ef a totally ordered group and hence the map }

o

$ « ® v . @ 'Y TR 4
v is a valuation of the field K, called the goarse valuation

= 9 5
assigned to v. Denote by K the valued field (K, v). The valuatien
piag OK of’ K i8 characterized as the smallest overring ef OK in

which p beccm@a a unit, i.e. QK‘ls,the ring of fractions 01‘OK

with respect te the mulalpllcatmvelg clesed sel 5 N ; Z Note
that w=v iff p=1l, and v is trivial iff vK=/\,

Let m; be the maximal ideal of ‘; then gK&th\ QKCTQKQ
Denote by K° “the residue Tield QK/ p pf the valued fi@la KQ
For aCOK let &° be its residue in K°, The field X°, called tha

core field of the valuation v of K, ecarries naturally a valua-

tion whose valuation ring is the image @K/ % of OK Denote alse

ol

by v this valuation and by_§ the pane veleeiifiona (ng)¢ The

0 » o » ¢
value group vK~ is identified with the cenvex subgroup A of vK

and the residue field K° is identified with the residue Pield K
of K. Thus the core valued field K’ is of characteristic zera

and residue characteristic exponent p; X°=K iff p=l, For a vélu@i
tfield extension L=(L,v) of X, the coarse valuatien_of L is a pre-
longation ef the coarss valuation of §§ hence beth may be dencted
by the ssme eymbol ¥. The core velued field L’ is an extension

e
of the cors valusd fl@lﬂ‘g G
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e

Given m valued £§eld K=(K,v) of bhavactarlatzc Z8TG, &

e s

finite valued Field extens }@n Lm{LQV} is celled nice i* the noxd |

conditions sre satisfied: ‘

i) There exists a ring K-morphiem from the polynomial
‘algebra K{X,Y;,sc0,Y } onte LiXlse, Y 1> t; (1<i<;?, whose
kernel I is geneﬂateﬁ by the polynomials £(X), Liyi - h-(X)
(icig¢r); '

ii) ceOI and the residue f‘accékj of the ninimal momie

»

polynowiial fe gtxJ of ¢ is irreducible over K
¢

1343 h, m?,,bij and hg (e J#0 for 1¢idr;
i1v). L*K( Jm(vL vK)

e

The next lemma is immediate.

Lemma 2,1, Suppose thst the finite extensien I/X is nice

- of the forn above, Then

a) L =K (e N, LK( ):K? ﬁﬁﬂzKoj and  vE=vK(e);

= 1
bY|Lik(e)] =myly.eatiy,}

~

¢) Let T be the subgroup of I~ ganeratnd by R{c}x'filgagﬂd

eoa;tﬁ35 the valuation v induces the isomorphisms

; Lo
In the situation abova, let SCL/KE kaéx}k {!{]K vK

L.

vgic}maé, For SC8 §y§) and a valued field extension F”(F vi of

K, denote by Yo » the set of those (r+1)~tup1@$ ax,ylﬁaaagg%}
- bt g B

= }'ﬂ-
& e“kl for which £(x)=0, vg(x)}=o for (g,4)CS and byys m%i‘ =0

®

s 1$idrs 2 & finite se L e L.m. =1 %1
for 1$icr; I F.ia a finite set and ]ES’E\Sﬁ@g f'ml“’°mr'LL°hJ°

T

Consider the injective m&p/MS’FIHﬁwK(§9E)~> g F:?k4€@€&),
e e =

P '@l)geefrg({}‘;ﬁr}}a ; L

Lemma 2.2, With the data above, there exisha a finite

5 ef ‘f"f,,s'f’»‘}z such that Koot ia biiectiv
e s = O § s

|
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i _}h":} Ers

i S e

w°C B/KI containing S and i“c;x« each valued field @ytenainn £ |
8f Ko ”

Proofe. By lemma 1.1 applied to L /K there exists a fim

nite submt S of S(I/K\ such that the canoniec MRD 2:3" P ':
£

3 amlgo(jgj ,F‘}“—B- XS Fr ere(c?) is bijective for esach valued

field &tiﬂ‘ﬁlﬁn Fe of K°!_H~= -.y(g i) (g,d)c&,} BB -

5o p “23€F’:f (i)-‘OA /N Vg (z) ‘\’}J o« It remains to show “mt
_ ’:__ (g,x)e8 ,

s o Tt il e o S

®
EREESORNE PSR

/g g 18 onto for each valued field extension F of K. ILet (z,ydc
Dy : = = ;

o
o

YS,F s and consider the morphism of K-algebras ‘Z’K“;YJA E‘t
HE D> (x,‘,r)g, As X(x,y) is aigebraic over K, the image of ¢

is a field, i.e, Xer ¥ ic a maximal ideal., As the maximal ideal
I defining L« K f{}/r is contained in ker @ , we ecenclude that
¢ induces a :ﬁ‘iald K-¢mbedding &epot@é alse by ¢:L—-2>F:(c,t J%”%(?

On the other mmd,) since (x ;‘;’)LY@ s 1t follows x 3{
§

h= 4

A Sy o) 0
fore Q’“ L" 5% se’> 2° is a K- embedding aceording to Lemma 1.1,

s

Wa alaim. that the :f’:ielti ezﬂbcddlng QoiK{@ 3 *K"m»: Ficbox is
a K-embedding ef valued fields, For, let w be the vam.at'% on of
K{c) induced by Y;F through ¢ . As VF axtends *:I&Z* w ‘? 8 a prolenzge-

L 8 P ¢
tion eof Vi tea. Since [K(@t J L ,KJY, v},( ) m the unigue pro=-

8
T fon of v, - nd @i P
longation ef Vi to K(e) .Conseque ntl,,, w-tvﬁ(ﬂ and @. Kfe) ,.‘{,3 a 3.{ am

bedding of the valued fieid le"(cﬁ‘h inte

("' @ et -
¢ L 5 P °{a a h emebedding and hence qlK(c)

9 7t
F. On the mm:e hand ,

o

8 in i‘acu & K»@m-

hfsédmg of the valued field (K(c),v) inte F.

Now consider the commutative diagram of field smbeddings



re valuad fleld embeddings, Let w be
the valustion of I induced by Vo through ¥ ;3 w i8 a prmlangatiané

: , :
L4 h(ﬁ)m As [L’Kaa{j (wlavK{c))= évLavK) ?L is the unique pro=

longation of vx(c) te L. Consequently, w=;L and ¢ iava-(K(c) %}»'

3 P
- S . Q
embedding af‘§'intﬂ F. Since p 1L M) F iz a valued fiﬁlﬁ embad-

ding, we conclude that ¢ is a (K(a} v} = embedding of L inte Fo

B

QeE.D, !
In the same situetion as above,consider the mixed k-struc—

tures K =(0p o GK ) VK, Oy, wpd, keN, defined in Intreduc~
- dnpan

tion, For S S(L ’YB, kel and a valued field extension F of K,

let us denote by Yo py the set of these (r+l)-tuples gV}COm ?k:

Jym,

VGF - for which x (x}me ¥ gkxx}mdtgn (g,03€ 5 andug 4h¢p,nan6

O ((hy )y (¥33 =(bs )y yfl if v (by ) (x)¢kvp(leisr). l.Far géﬂgﬁgjygk

denotes Its image 1n,ﬁl [ }; for 1{’5?) (b } ig the image of

i K o 4;. =
e > the ¢ i b s¥.
biek™ in KQ” =iC /&«_y ,} «Consider the canonic maps CK,I’YS,FQE >

—

o : e Y (reest N : = <
~“.:§; 1;\ .‘g{l :is, fﬁﬂ?’ .C‘»Q}.i \/"k.:‘»m }3 -} .L;:) Z 7’{,, 8‘31(3/ (-.GF k XI@ K{L :é‘) “‘"‘)ﬁ

e e
¥ o ?Fk(w(c}*m, ) gf{ w}€1+m¢ d1lsice),
9 Fyk 52K e Bk |
In the situyation above. there exist keN and a

:;'1"1 } ]

finite subget S ol 3(;{@? such that the csnonie map UFMK{Mi

w>§ik (fe o % ) is bijective feor each Henselisn wvalued field
g 0K “3*»4

‘{E

yywtensi Lon. ¥ of Ka

e e o o

Proof. By Lemms 2.2, there is a finite subset S of S(I/K)

e e g

aueh 13

b
&

5 bijeetive for each valued
of characteristic zere end

lows £'° (c®)#0. 48 I/K is Finite,

therefore we may agsume



(f'(X)n, ﬁ&f“(a))éSw Similarly, since h (c°)#0, we mey assume
(hi(X)n,;nvhi(ﬁ}}éﬁg 2¢1¢r, Now let L' be the splittiﬁgffiélﬁ
of £ over K. As fOGGK{X} is irreducib}@'and 8@p&?ablé§fﬁbef§;
ekisté k'¢N such thQ% ng(e-»c~)$k’vp for all valuatian@ ﬁ of
L' extending vi end for all roots ¢; #" of f. Let k&N be such

6

that k>k' kvpy v [L.K(c)]) and kvp 2« for (g,«)kS. For any Hen—

s A

vy ”

selian valued field extensi ony: Foof K,

we have to show that

REREE—

1) ﬁm‘ys,g ey

2# %k-,,%kab F 31 ),'»\ ﬁ},ﬁ:(Y -;;;-\ o

1): Let (x,y) (! ¥ '€ Iq 7 be such bhﬁth x,y?»vylx’,y B
i.e. v(x@x.)>?kvp and v{lwy sv! 1)>kﬁb(?s <y, As f{xﬁuf(x }wﬁ

e o v

and v(x=x*)>2kwvpyk’vp, it follows »=x' and by, = (x)=ns(xl)= |
Lo 5 i Wt 9 5 2 }
=biy;ml for 1§ifr; thus (yiy{ 3& 1=1 since biﬁﬂ {(i<i<r}. Consider!
= ; . |

I}J. g = .'

fir ‘

l

the polynomials Eiii =X wl(.dELAJ, i1<isdr, By Newlon's lemma, 1
A 3
s the unique root ) of P; in F subject to JCJ ~1) > vm; e As
el
Py (3

¥{=vi for 1$i<Tre

fda

5

X }‘ e o WO o~ Y « ] 3
57 7)=0 and v(y;y { - l}>kvy3v(£L.&§m}3¢7Vmi , we obtain

3 m 1 = < s LR
2): let (x,y)éﬂﬂ % F™ be such that iv*wagﬁfiiifyg e

N

I¢isrie g p 3k* us wr(x))6kvp;: vglxi=« for (g,)¢S since
bl R §

R,

6kvpykvpy « for (g,#)6S; v(l-h; (x)(b;y; 1)1 3kvp  since
(h1<vxn’ ﬂvhliel}bg and 3kvp>kv¢>nvh (c)=nvh. (,' vhi(X) for lclicw,

We have to show that there exists (x’ y"fV‘ F such that
2

v(x-x*} 2kvp and v(luy]y{ lﬁ>kVp for 1<1<ro As vf(x})6kvp,
Cer (X)), nvf’{cyés and 3kvpykvpynve® (el=nve' (x) vf' (x},
followa by Newton's lemma tham'theré exists X%EOF such that

£(x*)=0 ang VQwa*}Sik?p@ For (g,x)€S, vg(x%zd{k;p and hence

iR

vglx®i=d. As 7{by ¥, 1}"wh“fx <kvp and v(1~hs ) (b

i "4 3cvp, 1t

. xyx
follewa v(I~h; kxg%&b J;xk l%)?kvy for 1<1«ra Coneider the polyno-
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vP {1)>2kvp and vP'(I)va (v{fL. (c)7)<kVp, therefaiag bv Now~
ten's lemma, there exists 7, ;€0p such that Py (7,;)=0 end v(1-7;) >
kvp. Set yi*v.7i (2¢i<r). Then (x' 4 R JF and v(xwx"“ZKVp,
v(l~y§y- }}kvp (1¢i¢r), as contended, '

Q.E,D,

Corollary 2.4, In the situstion above, thers exist 1K

and a finite subset S of S(I/K)} such that the next statements are

equivalent for a Henselian valued field extension F of Kt o

i} Lis {wﬁmbcddubla  in Ta

o

i5) ¥ is non-empty, i.e. Fossatisfies the follewing
S,F,1 1

existential sentence with parameters from K.:

4x €0 ':.DQE,EGr  i £ lx)=0A /\\ ( = oA /« O ((L ) =
(E‘( E‘:Sgl ‘ N 5_31 [ 1‘X | (‘gso()jgs V184 Xj= Tt L‘ 1(‘3‘.}}

.

=(b; },v; =

3+ A structure theorem for algebraic extensicnzs of valued
fields

The present sasction is devoted te a structure ﬁﬁ@or@m
for a class of algebraic extensions of valued fields af charac-
teristic zereo (sa@’Theor@m 3.2 below), which will be the main
ingredient in the preof of Theorem IT stated in Introductien.
Its proef is based on the fellowing natural generalizatien of

Prestel-Roquetts radical structure theorem [3Jﬁ«Thearaa 584

Prapeqitian Nl 1ot K~(K v) be & Hengelian valged field

of characteristic zero and L be en slgebraic extensien sf X

such that K =L . Then L/K is generated by radicala, 1.2,

o ST BTN 7 4 BIRS.

1=K (’I.‘l whera ’ng? aX Vo1 fK'} is the multiplicative group of
nyl
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rpdical elements of 1/X. The radical vmlue“g ouyp VT quals

full valug group vL gf L and _the valuation EBQ vy%H&§V“ induces

a group ieomorphism T/K % Avl/ Kn If /K is 8 finite wXb@ﬂﬂlf?
then [L Kj”@‘&x). |

For a pracf of Preoposition 3.1 see [2} Propesition 1.1

Theorem Licie Lef K’{»,v) Yne a valiued Field ef characlerl s

tic zero such that K«(K v) is Henselian, and Lm(L,v) be & Hen-

delian algebralc @xtenalen of K. L is & directed u ton of Fini-

te nice axtensions ef KXo

‘uc«

.
proof. Since X is Henselian of residu® chara teristic
s : Sy o
zero, we m assumne by l} Proposition 16 that we have the fel~
b Ly, J p

lowing commutative diagram of valued fieldss

K-> Lk

¥

. - 7, © 0 - Y = i
where L* is the composite LT=K.L over K with the valuatien
E o : ~ b4 L3 1‘

snduced from L. Note also that K,L are linearly disjeint sver
i =,
o
; = 6

As K is Henselian and L'/K is alg@braleﬁ‘@’ is Hense-
1ian tos. On the other hand, L‘ © jg Henselian since L is
Henselian; therefore Lf is Hense 11&&, By Proposition 3.1, 1%

S Tlos SbH(D) arhsrameften®s V/ <fcLrf asithy saitiphicetine
, Myl |

o 7
group of radical slements of /1., A& X, L &re linearly diaw
joint over E , we alse obial n v’ ka, 1o@, vL@”vn+vL » By

Prapaaition 3.1 we gat the cancnie isomorphlsms

i
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Now wa have to show that @ is a duyvected union of finite
nice extensiona of X; it suffices te show that each finite sub-

extansion of Lft is contained in some nice finite subextension

of L/K. As K i8 of charact@rlmtie zero, each finite subextension

of L/K has the form XK(a} for some acl, It follows K(a)cL'(a)c

ifL’QFviQvacm&_;ﬂ{ bygasa, b beTs Let T be the subgroup of T

: e o = s .
generated bty Lf u{tj,aao,tqjg Consider a direct decomposition

inteo finlte cyelie groups of the finite factor group Tt/z.x:‘
T@,ﬂf’l‘gx £ Ci I’ﬁ GZXOOD:{C'?O

Let m; be the order of C then'mlmgogwmr={Tﬁ:L?x}g Lot tfeT,

i
be such that t{ generates C. moduls-&“xg then tf is of order @y
, R,
o 2 3 e a

modulo L' and hence %{ =cy €L’ {1<i<y) ., Obviously, ’? is genera=-
ted over L°T by tis...,t, , and L”» =L (T]s000,8] '}, 20 we may
assmme without loss of generality that s=r and t-~t’ (1<igrl.

0n the ether hand, hﬁ?(ﬁﬁ,nwh@r@ F@L”[?J, §ﬁ€Yl,n.a,Yﬁ)@
e e & o ¥ o 3 = . ° v
iet NCLL be a finite extension of K such that the coefficlents
of P and the elements aiCT<x$”) sbove belong to K(N)g and M be

the field KCN}(%X containing K{aj. Denote by-T% the subgreoup of

X 7 3 L

" genersted by K{ Ng' iﬁl,@%wgtrjg é is contained in the group
af radical elementa of M/KCN} snd the canonie group morphism -

T e b Y a o 8 ¢
JY L\.(,N)) rid ?/Le-«g 18 81 €| ba L{dlngo

It remains to show that the valued field M»(M,v} with the

valuation induced from L is a nice extensien of K. &g K° ia of

eumaie

(%) "
characterd wﬁle zero, N=x°(c) for some ccl’ . We may assume without

less of generality that céojo and its minimal monic polyncmiel

Consequently, X{N)=K{e) and £ is also the minimal

ial fo ¢ over K. Consider the commutative diagram
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% Y& £
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E/L,x

~w¥&wfall@?@m%h%%wﬁhefgan%ﬁ%ﬁ,mﬂrphi&@ﬂ,%a?;-%
. < o ey : ¥ =) S
dings. In particular, {m%:x\a} XY ¢ (ol uY’N)}éi& f(c}] . Consider

the cenenic epimorphism of Kiﬂ) - glgebrals K{ﬁ)['ﬁi~&ﬁ:

i

s¥r> %, and let J be its kernaL, thus MeK{edl Y ifag Iet JYcod
s et Zﬂ

be the ideal generat%@ by the polynomials Lii o ciiléiér), Ve

S 2 - e = : i e !
claim that J'=J. Indeed, let HM' be the factor ring Kﬁe;ijj/g, .
. 2 % T z > ] o o £ v 2 L ~, 2
Considering MQM? as Kle) - spaces, we get dim M=|M:K(e)i<

¢ dim M'. By induction onr r, we obtain dim M'Sm i, ..., m.=

W--- ‘:": 7 r g - » o 3 R 3P ” n N
@ ﬂ{;K(&LAEé;M:K(@Elg concluding thet dim M=dim M', i.e8, J=I',
It fellows also that Wtﬁ(@ljw(v T2 vK) .

s Ay e 7 o 7 ey ; e A U e
In order to conclude that M is a nice extension of X,

it remains te show that MfKiX?YB/? , Where the ideal I is gene-
~ e m,
soms polynomigls b«?§1 ~ B

-

and n

fs)
-

A

L
(e)#0 {(2dsr).
)

and al,@aa?mngﬁcjﬂg‘Wﬁ cbtain eg=dyu; with

&, eX™*, uekie), v{u =0 (1si<r), Thus u;=u; (wu

v (L-ugus "1y.0, Coneider the polynmomials P (=X © - wgt 1.
o.¢ (x1. 1<i<r. As b (1)=vm,=0<vP; (1), there {s z.€0%s , such
Splayie iy St e G ae e g e sy 'KEG} ’

Lo E‘:&i . w.l ; e
that z; "=uguy according to Hensel®s lemma applied to th

n’i; Me
e “ & L4 5 A - £ f o o > L
Henselian valued field (K(e},v). Thus e =6 ”“i&§“°l (1cisr)a

S 4] ) T - = . ow e .,..,1 ;
As u,€K (a)mh% we obtain ws=h:(clw;™ with hiCOnygy ws €0

”7$?4mhﬁfefur K”K{c)it}“

sabstitution Li—> e, ’if, =2,
n
B R P : “ » A Forg g
golynomials £{X}, b;T * -h, (X}
e g
p Asigr, pg gontended.
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4o Proof of the main result

N

ﬁ@ﬁ&‘by L the first order lenguage of valu@d “*elda,
whose vagabulary contains, besides logical symbols, constants
Ok, function symbols for the fiefd opperations (+ —,,,»1) w:th
convention O 1=0} and one unary predicate which in & valued

valC’@ is interpreted as the va}uatlon Fings, Egr &ﬁ.N,l@t

3 &, W .‘"n Py e 84} b"“-'-'
“,;méxy?;m,zz i ,fnkyw«’ (L DR ‘”’»ﬂ W*.h T RIS AN

be the first order many sorted language of mixedmnnutrueturesg
whoge vocabulary is the disjoint union of the vocabularies ef
rings {+,=;.,0,1) groups (.,-1,1) and ordered groups (+,4;0,§);
sugmented by function symbols standing for the inﬁér»ﬂértslmaps
O, end v, defined in Introduction. The language L end the lan-

guages LR_CKGN) are related via the follewing translation proce=

.

dure.

.\

Lomma 4.1, Let keN and W(xy,...,%, ),v...,é s 1T itypnass 19l

be en Iy ~ formula, where the xggs are ring V&?lableh? the yi*w

ara group varisbles, and the El 8 are ordered group ¥ari 1b1@3®

Cne @ssigns @f&atzvmlv to Y an L-formula t?%(%)(?lga$ag?%kmﬁfﬁix

in such a way that fer each valuedyﬁﬁglghg of charscteristie

zere and residue characteristic exponent p, and for arbitrary

USRS

[ 7}{ >
a;€0p (Lsisn), ayck (n+1<isnturl),

e

v Bl 1<i¢m: as (14w cn+lci<ntmivas intmtlci<ntutd)
Ky Filag+m ﬁzk,1\1\n3 al(l_yxik) ntl¢is<ntmyva; intmtlci<ntmty)

pasies e

iff ;r‘I? “‘tr}&(\}’) Qal, IR RN axl’i’ﬁ’i’ﬁ ;p) ®

The proof is immediate,

Now let K=(X,v) be a valued field ef characteristic zero
and residue characteristic exponent p, and %x(L%v} be a Hensa-
lian algebralc extension ef Kﬁ Let T&LfK) ba th%4@xiai@w?iai

3

L-theory with parameters from K described in Introduction. We arse

ready to prove Theorem II stated in Introduction.
3 ‘l -1 ef’ .) l’j 4.’
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The implications {)}—>ii) and ii)-- 1if) are trivisl, 50

it remains te prove tha implication iii) —>i).

First we may assuma without loess of~ganeralitj that X is

4 gt

Henselian. Fer, otherwise consider the Henselizatien (K*,v) of

(] )

K Ag L, F are u&nﬂell&n, Lg P are hen sglian too anﬁ hence

#-p?“*fﬂ*m"” RS R e

G v) is jdentified with n 00mmcn.m9!ued Pubfleld gf L and F@
Moregver, as the residue field of (K*,v) is K°, K* with the va~

Juatien determined by Vo and éK* 18 identified with a common -

it eSS RN

valued u&bflelﬁ Kt of L and ¥, Obviously, JamV\L,F) «&omx.(Lgu),

4.1'- Jsad

o

so it remains t@ abserve thati @(L{K} and T{nJng are 1ogtca11y
CER O
ecuivalent since KbgK' for each kﬁha Thus we may assume thatgg |

n—.;,,_-:_

%

§

tve

is H@ﬂuelian.:b ,

Aocaralng to Theor%m Bie iy u‘iﬁ a directed union of finit@
nice extensions of K. By a standard compactness argument it aufwj
fices to aheﬁ that H@mgiﬁﬁ@) iz non-empty For each finite nies

£ 5

extensicn M of K contained inm L. As by hypethesis, T TfLJ }fT(?fK};

the last fact follews immediately by Corellary 2.4.

Q.E.D,
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