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Introduc*f.sn

The alm of th*e note is to conplete the reeul"te of [:'J" Let
q,

p * gri, ne $re projeetive ].'sp&c6 cver an algebraicalS4r elosed field
T!

k of eharaeterisuic 0* In [f] *t e proves scme finer propertiee of

the opectrun of thro stable rank 3 refloxive sheavee on P which have

stable restriction to a gener€J. pl.ano" l{ere v,,e consi.dcr the miseiJlg

cas€ (gf.[f], Theroron 0"1): the dua]e of ti ie etab]e rank ] reflex{ve

shoaves on P vrith *l-= O and erec|*"r, lrde ehorv that tho. epeetrua of

theso cluels hao propertie{: sin*}ar to }ho*e proved i.n [f]" YJ6 aleo

deternine their Chertt ctr"asseen

rank 3 :reflexive sheaves onThe Chern elasses of tho stabLe

p lrave beeg detennined by l,,tlnd-ROIG in her thesis [+]- The reoutt i.s

the foi-lov'rkrgl
' 3f crx 0 then er*Z &ndl.

n( orer)
F r g . , \ \ 1 6(s) *y€l-efi+arncfi-c2J \ V teff*tzq+r")*a o

q=l 
6

i f  c** *l  thcn c?) r uru 
u(*1rc2)

(t), €5€f-r3,*?*2 cr+a] \ V kfi*z',q+l) cz

*2and lf sl o then eoZ2 endt
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(rnod 2)e \ -,fiee (0) (uut *7 I *7r**2\

li{e ehsw th*t *'t ePZ} and *' n**u::"";;-'u 
*r, i *itv'

thorr tirere exists a stabLe, o*'* 9 'ref'Lexi-vo eheaf S on P with

r')) *Q.ucr(s) *e!*e.euch *1* c'(n*)'e= (Exarapte o) "

c1(E)=or  cz \x

HeaLsono t i *e tha t ' i r * *e )?* 'u * ' "T : : : : - ^ t t ' t hen theEe

exists a stable rank ? reflexive eheaf E on F with e'(9) * -22

en(s) r er*13 crte) ' '-n.;;;:'i'*.t' 
+ 2 suclr that c'tn"(*r)) * c?'

(p:cample t) ' 
llt holds for tbe stable rank

Wo do not krow if a eimiler tresur'l' 
:-:;:;",

S r e f l o x i v o s b e a v e s o n P ' r i t h c ' r - l a n d c ' m a x i m a l " ' '

rnilrore n(eree2) nre tlro

nonenPtY. Moieov€f- 
' 
t

ryleu,Lts
Let

clasess s}

t ion  5n l r

(5 )

)-argest i-nt'egtlrs

o$.e lLtrs to take

for Tl,h*eh the i'ntervals &r0

into acesunt that c*c2E*1

E be a stable ranlr 1 ref,lexive streaf on F wittr Clrern

o or *zZe 9nd c5 * el*2' Tf e 2>='4 tbren uy [r] r Foposi-

there i,s an exaet' ssquens€t 
'

g *.--+Qp(t) -q T' **+(\{o ("'c'+1) **+ o

fer sor&a plane Hot?, 
.^ _ .,*shf,-s renk, 3 q?J:rgg$lg*Sg# 

3

pa0?OsrTr0N' Jtq3, s h9-9t93gh}g 
re 

nv.a.,rr. seauenry (1)pAS?0SITION. hg3 & slL"x-*;'--** ,.qqpqnqg .(1).

s.ils *L= o gs! caZS {eq -viil}q}}- !}}'q4'e E]"e}a qx}-"sF+qt s

&* Fn* = (]r1t'"lok*) ug-;"" t4g spggrrHil"-gg' s*""IJgrg m * c2'

(a) rq o we-gg' FpFsSS'. ,n gr]o sg,gg!$:upi 14e.n k**2*kn*r'k** 
*

(b) f f ikr5*zw 

*kL*

(c) w 
; -* z{Lin*' qpqlr ' thqg ki*}tu'<tc**' i{

trg 1*L'- kA1 *" o ('ki"
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ril
. { F n r *

ct soqlt'a$cel
pR0cf" (a) !u415'aing; (5) *** g*te sn *x&t

0 *> E4 *+ Tp(*t) *+g,,oc*n) *qf*Ltturdu) *+ s

3i;h and l{o((t) l* Lnje*t'iveo
It folLOvrs that tolien (ct) has fini-te lon{

tfie have Sp(*U Itl*g **o(*i.] @'Oo uu*o tho morpiri'sm Ho('gn(*]]] --*+

-*9 Hotrp(*l)lt'o) [o an i.lomorpirisno Tt follorvn that the sokerne]

of tho ,*l*pn!*ox[tlo I ,ruo(*])@ O*ue2rro(r'n] ha* f ini.te l'ensth

and that no{.,cltt*) ie injcet$'vo.o tot F s KerlolHol" F ie a LocnLLy

free Or, *nodule o'f ranls 2 witlr c*(I) o *se+l nnd Hs(}. ) e O* By the
1;r \

Theorei* of, Grauer{*i-ffl]"ich glo have Ho(flt] e O for the genori'e ]*nes

tc% of F"

Let IICP b* a Plano whictr

of E snd eucn tir*lt the lin* l' '"

have etn exqct seqtiensgl

0 --+ u'ri'lg ---+ r*(*l) @ An *lll.> (Lr,(cr) --+ 0

Usirul th.a exsct s€qu€nc€ i .

cloee not ea::rtai"n any e$"ngular" point

Hnl{o is a generic lino of F* tie

fhe racsPhiem

baing an' isonorPi:,ion_ one

uotn*lil; = oi the tlreoreut

= Q?*3 
.

din'- I{,
& L Y

o --+ r'li, -+ qtno( *li @ cnr, lt 
g]b ortaut *tu' o

one deducee ttrat #toclr l  is injeetive*

Ho(rir( -r) @ 9H) *+ Ho( (Tir( *1) Q @-{} li ')

f,inCr: tlr*t gotoClH) i* inj'r:etivo, hence

Riemansr*lfoctr on It inplios tirat frl(n*lil)

I:ut novli

N^ = rm t l f  tn"t/)  )  *+ H}(n*t/ l  l i I )  )  r  rn *
u  

' ' " " '  L
(./.

Rn * C,otce, : :  ( I { } (s*( l ) }  : * } I t t ( f r* lT} l* l } ) }  
*X

b

For' { < *X r,'le have an exact $equsnce 3

of

= d.i"rnr- Rz *
(/

o *+ lio{Cr( *e*[.1] *+ il-l-(su$(ll lxl *+ i*ris,'t/ *r) O Oootll l s
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n  1 .  - ^
If { # *2 then iI-(T,,(g *l} €) 4,,(U. 11, It

(??rfrY\ t
{5& uq a

s 0u Uerng the corn:;lut{.rtivs d*g*

4 *

) ) ,

nttniC*?)) ***+6Jtr*{*}}) = ff

l " l+ a v
$1(a"(*a) lu)" **+ #ffi*e *rl @ %r{*a} }

one finss tlrat the conposed, aetpi

H}(Es(*a)) , *) r{1{n*(*a} lru} **+r.r1(g$(*?} @ (!*(*217

ie On It fol}-orvs that N, E Hot4rtcr-+lD for nf1 lS*1,
. L r '

. l{ow, tf 0 does nat eppe*r ln tkre spectrum t}ren n_, * n*L
i a

(ses LfJ, $rcto2)u f t  fol lovrs thst &*1.- $! heneo ng= 0 for ul t
'!,{*ro hence k*( *1. Fur"thsrncr*!

card {i lt, :a *}} o r*t**o } rrl(n"(*}) l$} * t l(n"lu} s

= *e * (cr*5; *  5n

(b) She definition of ilre epectrum implies that

Hg(s$(*kf-?)) * o ano i{?(n*{*kr*5}} F CI. Lot b€l{e(a*q*kr*51;, bo

& nonsero clenent" For svsry. plano I.ICp n'e d,enote by b* tho irnnge

of b by the morphisn E' ,  u2(U*(* is l -3)) ,  - -+I I1(8"(-k l*Z) l l l )n"

Usir:g the er:ect seg{uen€ci

$ *  l l? (Ed ' ( * t i l *?) )  r  *>nz( fo{*k l * } } }  u , ,  } l * ( f * ( *k I*?}  |  n)  o

sna finds that bH / O.
'

Nowu suppo$€ that lI does not co::,te,irr any si"ngul*r pc*nt, of s"

I,st L e HAI{* and fet \*e gCI1f/ur(f)} be an equation of t}ra }j.ne L"

As v,re atreacly obsorve d.u for ,A # -a th$ro is an exact $aquence$

Hoq(tL(*z*h) *+nrtn"(/) lH) @ o i

rt rottorv,$ urnt.\r, nnnihit.ates l*(n*(lllri) rcr l,A*1, honce \r. nn-

nilr i l"atesnl{u"t0) l i t) '  lor [ ]o- ny [r]- Lemma .?*4 and Rennrk ?,*3t

E* has an rtristable pkne of order -1i1 u -
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' .t$

{c} W (b} s thero j,e an unst$ble plano IqC F for" E" of orcler

' *kls fim apply ths reduetion etep&

0 -*+ Et **; g# **0* (kr?
":t s

Sr is u stable rank 5 refleit ive cheaf i ' f i th et(Iit) - -I* Let I{Cp

hp a plario whish doee not hantain sny cf the eingulsr points of E or

nr or any of ttre pointo rvlrese ,Lhs nrorphiom S#' '**-+@Hr(lt*) is net

eurjective. Let L * H O HLn Pfe haVe an ex*et *squsnee * "

0 *g n, [n *] E* ln q2x(tr] =*+ o ', 
,

lte cannet have E* *(7,,(tr) beeause Hotgsli{i * O for tho genera} p}"*ne

gcp* py the restristion thcorem of $eh$eider (15], Theorem ?n4) wo

mey suppase that Pt ll i io stabl"e"

I,l*v,,' uaing the resul"bs of [f], Sect*l* orrq provcs fn a stan*

. dard uannen that kt( ka{ u o u ( ki.

SXAi,tpl,E 0. We shal} conetruct eufficiently lcany oxampS.es of

stable rank 5 refLexive nhenves CIn F with cl * Ou *a)5 and rr**7n*on

j:r orcrcr to show tl.rat thCIir duaLs got ,413 tho po*oiblo vslues *f, e,

, 2
excopt e[*c2'

Let t{"cF be a planerdE s Tx (*}) +Au-kr} a morphism, of,,
o''s '*o ' 

;'
. (t)t1 *trodu3,es suslr that Ho(dc) io i.rrjectivo ancl, let f€Y;oT0.rr-(cr)) be

oo 'CI

! 
euch 1pa* r/Uft,:nrCo) an* (/,**(c*il{tudo * \tfl has f*nite lexrsth.

c{o and f def*ne a norphin* *rno(*3.}@ 0*f ,Orof*A}, vrir$"ch,eorupoued

?rl"th t}.rs rest::$.c'i;i*ri ru,:rple*,on fp(*1) * truo(*t) @ t*o gives ,us *

norphisn oC I gp(*l) *>@;f (cp), Coten(ot)has fi-liJ.te lerqgth and
t t s

!{oA} is *.njeet5"v*" It foJ.Lov,rs that ffi e (KercC!* $.* a stab}e res:le 5'

refleni.vs sheaf rvith **(n) - o* er(r) * *A, cr(n) - *$**r.

l'u'e have' ,-t,L\tfrPpj * coiEslr('4 *On*(enll(ru1*. q *Ayr^t'] , rf'' . r S ' " O
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s ,u tcrr€th t€*ttnrOe)) then *rtn*)* *cfr+cr+Ze t[:Jrlemma 4"1].

First);r, Iet Z be a eloscd subsches.e of IIo caneisting of
r )  - -  ^ - - L  - .  ^ 1 ,

ei*s.*g sirr:i:lo pointc geonetn$en}ly li-r:ksd to a sutrscheme S of Ho
4 { ,

co*sinti.ng sf ce*l colincar eimpla po$.ntn by 2 norrsi-nguler curv68

S1*Y2 of deg::s€ egr Tilis means that Yln XA E flV $ as schenroff*

, ,1Es assellt tira'b there ls a norphicrafl.^ 3 Tw (*1) 40,r(cr)
u jro flo L

euch that tunoc o 
* lztc2)n indecd, by [aJ, FYopoeit ion 2o5* r*(et)

hes a reeolutiana

o 4(4r^(*crnrle Cuj*:) *+Tio * ru(er) ** o

lije uray cupposs 'b5at the rnorphj.sm QU t*fl *+(4 ic a mononorph:isur

af loceL3y frce 0u *modulos (ti:is *.3 uquio*r*rrtoto the fact that
"*o

none of the po$"nts of fi liee on the Li^ps r,vl:ich c.sntai^r:s $), I* fo}*

Lorus that coicer (!* (*1) *+(|7' lg r,, (*l)r henco we obtain an- aao .tO ..0

epfno;"phisu T," (*I) *9 f"(et) uhieh ccuposod, with the inclumion

-?-r, givce fs the u,orphisno(n. 
'

/.t e- ,tO {.

Now, nn argumen'b simitan to one ussd iJr [a]r Sxamp]e Lo4rehcvrs

ue tJ.rat thene is a eet TCZ coneistine of $(cr*l)(c**2) poisrte sueh

that if TcDgZ then there i-s an f €Ha(Or, (c") ) vaniehing crt every
4. 

**o

po*"nt of (ZlnlU$ br:t et ns poin!.D" oCo and, f satisfy *he e*ndi*

tiona stated at the begiruring of our exanpleo If A is the rcflexive

shes.f constr,ucted ueir:gdo and f then s'c csrd (Zfn). I t  fal lows

that ertfo) got* ali- tho even valucs frsm tho intorval p*fr**2,

hca*Zf, ^ I

Next, Let g .be such that e=< q!$^+r- Let ot.,.ero, (*f) ** Cu(ql
& tto flo

bs a norphisn eu*h that ho(l * IZ., tq) * where frt is a elosed eub*

echems of IIo consisting of q2*q*]- iimpr* points . lyine on & n*nsi-rr*

gular *usvo CcHo of dogree e. Let g €Ha(Ar, (42*A) i be such that g

vaniuh*e nt no point 0f & s 
"s '
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/ n r
Wt d.,, I tu (*1) -**A$ (*'r) be the eo;xposed iilapt

L.l 
"s ""s

**n(*r1 *-&ry \n*rq:J, ,&crr*{€a}

ff Dr isr a subi.'{ot *t \ then thore ie en-f,e Hotdlol-tl, vnninhing

at every po$"nt of s3 but st nu point of fo\ sr. fnctreeds

a*si@*t*a) @ C*t-n*l )) crq*(qe*q+L)l (q*1) (q*21+L rr as(c)

hence O"(er)@ Ort*nrt io very amplo on c"

ff S ie the reflexive sheaf construeted usirg oco and f then

$ ' satca*q) + card d1" In thie cas€, cr{$*} geto aLl the €ToF} v&-

lues fk'ots the intervali

- .  D  ?  ^ . 1

EXAlfrpL$ lc |ryo shall" construet suffS.eientfu raans exer"np}eo of

steble rsnk 5 refl.exive aheaves E on P with e*{U}* *?t e*(r}*'eA+L

(c2?e) and ert$) * (e A+1)?*3q*f*1)+2 in arder to ehow tlrat:

er(n'*(*I)) gete aIL tho possibtro valtree,

Lf E i.a as aboveo thenby [f], thoorem gn?* therne is an exact

sequ€ncoi

( 5 )

for some plane I{.CP* Dualia{ng (5) one gets an exact sequencel
. - , J

0 *> n*t*1) --4107 *Cna(cu) -**)€'*tltnr(t'1{*L, *--+ 0
'

&re deduees thet such sn E can be construeted'ar* i.'u foltovrsl lot

.s. -e + a #g0u [ce) ) be linear'3;r inclependent elements such thrat* o s * 1 9 * 2 -  * "  '  J i '  -  d '  '

0,, (e*) l(4 r.  f  n '(9t "  f  ,*4, ' f  p ' j  has f ini te i '*ngthn
Ito |t- ,to L, .^0 J. t,0 6

tet, C rOT**>(9*^(c*) be the raorphiein dcfi"nod bS fo1f1rf2n CoXer(oC]

is of fir:itc Lcn6;'*h and l-to(c() is iniective. l$ a (HcroCJ,* i.* a stsble

r"nnk 5 rcflexive sireaf rvitlr tho curnouneccl Chern elasses* fJe hsvei



f"t'lffirdp) * seker(,:)* OootT,ni/{'0*" fn * do; t* *0uif*).

rf e * 3.c::sth t6-l\tnrA*)) then cr(ne(-r))* *16 cn(n#{*}"}}*s2 &ncl

,(n"{ 
*li } * *c?t**trt *

i"frctlye i.e.b ftrrf'€ HotZn(cr) ) be eu*h that thoy ctefLne trolld-
t * G & D

ui.ngular ci:rrves YrrTrcilu rnceting trnneversel;r at e[ pointm* An &r"c

guruent stm5.l-ar to one used *"& LaJ o HxampS"o ln4r showe us that i..
q 3 q t'r 

$(cr*t.X*a*e)+1S*Sofr tn*o there is an f,CI€'i{o((t*nr"rr) vaniehing at
' . )

i exactly *fi** pointe of X1flYa. If $ is the reflexive eheaf eonstruo*
)  ,  - . tu ,

terl usi"ng forflrf, then $*s$*r" It fol3ows thlat *r($*{*t}} goto al}

*he odd vaLuee frcs. the intsrval t--3 u 7er*476

,Next, let q bs euelr t |ret f$q{$(cr+}}n lYe choose 81182€

€ no(O* (q )) sueh ttrat thrcy deflne rionsingular eurves fi*?UacIIG
^ b e

noeting'crsnpver$*3.y at q2 pointsu Let h€l{CI(4' (en-e}} be eueir t}rat

h vanisires at no pofutt af ?""nn?. 
*"o - 

;

Tf p= 
kn Zg then tlrere j.e en f*€Ho(d*a(c2)) vanish-ing at

avsry point of D but st no point of (EnZA)\i). Indeed ;

aea{0^tcr)B A\r*D})?e2e*82> (q-l}(q*e} = zst\} :-*

- henc * O^tcr) & O*rt*nl is generatod by i,ts 6}obal eeatione;
, : :

: O U is thcs refl.exive sheaf conetrueted using forfl * Slh

end f* * sah th*n o*ep(cp*e) + card l.  In this'e&set e1(n"(*t)) gcto

e}l the adcl values from the intervaL l*ft*zu*pr *fi-za*r*?f] e
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pS Ft, fix'elle* $* (to appenr) *

[a ] r*coemX r g]rq, q]rgli+ g&sq,gg*,--gf,. -149. g$,g}l]9*Tq*H*L ve.gLQS
,a

eHS"qre$*g* p', hfath*Arunu e a73 (tg8t] s ppn65*?9*

[r] i..:,;rm * RoHsrs$H0R]$iI * ]I*vffiH;aan, F,gg.Fqr.q&ilq@

qj,qur.g te{i$..P- veg}S,q bq4$4*€*g* rP, i*ntt eAnnCIt e58 {19{33} 3

PP* 54r*569e
-  t  I  - ^ - -

[+] n"]uiln6-n0trG, IQ$esl- ref]exj.-vq{E- sobre- eepaCIi.os, proyoetivos t

Thesiso t3areelona (lgef).
l't

[f ] c.oKoNEK - IIosPrssL]lR, r)2 9u4 st''r

crelles f*r 744 (19e5) r FFo58*64n '

L0J c.pffiKfi.in * L.szprlr0r r,ia!?pLd.ej: var$4"tlie .Fln€9qt-augq, rr

Invento nistho, ?6 (19?4) r FF*2fl*]92"

[r] g"sru$Dlffi{, pie "1ary1ll}SFg$.s--e3shflgr*kWpqe}-: t*g n, nl$.;{9q

gbg3 l-q,pggg cI=On *r*"|*on, Llath.Ann,* 216 (19s1) r :
& I b , '

.pp.l55*L47" :,,
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