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Introduction

The aim of this noﬁe‘is +o complete the results of [il 1
P = &} be the pfﬂ“%@tlve EQSpaca over an algebraically closed field
k of caaracteri&tic O« in [l] Qnevpraves gome finér properties of
the spectrum of the stable rank 3 reflaxiﬁe Qheavés on P which have
stable restrict 1on to a gcnenal plane, Here we consider the mlawxnb‘
cage (gfe[ﬁj, Theorem 0,1): the cduals of ﬁhe_stable rank % reflexive
shoaves on P with Cq= 0 and 63303»32, We show that tha sﬁecﬁrum o£ ;
these duals has properties simil&r iodthége proved in [1]« Ve also
determine their Chern classes, s

The Chern c¢lasses of the sﬁ&blé rank'3 reflexive sheaves on
P have been determined by-@IRéwROEG in her thesis [4], The result is
the féllawing: ‘ ”

If ¢4= 0 ﬁhen.GZZ:Z &ndiw

‘ B(Oc)

or 8 '
(O)‘cﬁe:[wca+cggcgmcgj N \¥:{ (c »(3q+l)g¢ + 2(q ?q+T),c2w(&swl)cg)

| if ¢y= -1 then ¢,2 1 and
B(“l C?)

; 5 0
(1) ﬁﬁei[mcg,cgm. +5]‘\\\\,/ (co-2{q+l)c, + (q+1)zsc§ - 2q ¢5)
q=1 * :

and if ¢y = ~2 then c,z2 ands



2 = ‘ - ‘ x

 Elalye) |
(2) agéi[wcg 36 g 250,42 ] NWRse *chkj) |
céwcaqﬂ)cgﬁﬁq)

_wh@r@ Eiclgcz) gre the 1argest integers for which the intervals are

nonempty s T40feoveri“, one has to take into account that'clcééze

IR

(m@d &; ®
we show thatb if GZZ, end Cx q@rhflas (o) (but 03 # czwcg}
thon there exisis a gtiable ranL % peflexive sheaf b on p with

c (E)=0, ColE)=Cos 07(3) czmez guch that Cq (E )-»cj (gxenple 0)e

PIBRESSSRIT

e also notice that if caéiz and Cs vermileu (l) then there %
exists @ gtable rank 3 rel plexive sheaf E on P with cl(W)z -2y
e lB) F Gz%lg ca(E} = (c +1) m3(c2vl) + 2 guch that G (7 (=1)) 5‘03
(Exomple 1) . :

we do not know if & gimiler reJuTt holds for the stable rank

% pefloxive sheaves on P with ¢q% -~ &nd 63 paximal,.

Results :
1et E be & stable rank ? peflexive sheaf on P wmth Chern
classes Cq % Oy 0222 and C = c%»cza If ¢o 24 then by {'5], Proposi-

tion 9k there is éan exact sequence:d
o p=o e >0, (=) =0 g '
: : 20 2

for some plene HOC:Pq

PROPOSIIION . Let E be 8 gtable rank % peflexive aheaf on P

et EAEITENEY

wiﬁh cl" 0 and 02?75 Por which there exiets an cxmct quonce (5 a

Lot kp = Uty ons alog ) 28 +he spectrum of B g*, Here m = Cp.

(a) If O does not appear - in the snoatmun then k2% km»l U

tb) 1L k. & w2 then B hqn an 1 vvﬂﬁuble plLane ! of o order -la s
1= g

R

4l ) e <- s % ha o
(¢) If there ig en i with 2<ifm-1 such that k; 25k <k. +l"

then Ky \.\2< . ,°<x s



Ly

FBOOF (a) Dualizing (':"7) ong gets an exact sequences
() 0> E* — Tp(-D) MUH () =Gt MBI —> 0

It follows that Cca.mr (o) has fz,m.te le»ng'i;h snd HO(@) is injective.

we have {gj_(wl)‘}{c} ( 1)@ CQE): end the morphism HO(T pl=il} —

—> BO(1p(~1) [H,) is en {somorphlsm, Tt follows that the c:oke:mﬁl
of the morphismol|H, "ui («1)D (QH »-%(ﬂn (c,) has finite length

and that H (oL‘IX } is mdc*cmveq et F = Ke*’(oqﬁ Yy, F is a locally
free @TI -module of renk 2 with ¢y (Fy= =+l &wﬁ HQ(F) = 0, By the

Theorem of Grauert-lillich we have H QFIL) = 0 for the generic lines
LCHQ of Ty

let HCP be a plane which does not contain eny singular point
of T and such that the line L = HNH  is a generic line of F. Ve

have en exact sequence:
L] e GHE ‘
0 —> EMi —> Tu{-1)@ O — ) leg) —> 0
Using the exact sequence: :
s Bl (1, (B @ Y| E ZEB og) — 0
R 2

one deduces that 1P o|1) is injective, The mo rphien
OCTH( -1)@ Oy) —> Ha(( (-1 @ &) |1) teing an 1u0morphmax one
findes that H (O(.llz) is 1111)&*4::‘&,1%, nence H(E lzi) 0, The Tmorm of
Riemann=Roch cn H implies that h (B lu’.) = cgwm

Put now: |

In mlm*%)) —> wHEN D 1), n, = dinm X

T, = )
R[Z = Coker (> (L%(@)) — ! (Iﬂ“"(@)l*i)}, ¥, = dim, R@ ¢

For @g_ -1 we have an exact sequence:

0 ma>n‘>i(ﬂL(c2+£)) @H}“(E%(fz)lﬂ} o x&l(fr}:i(fwl)@(ﬂ}}zéﬁ)) ;



e s

1 L # =2 then HI(THCKMI)QBCoﬂ(ﬁ)) = Q, Using the commutative dise

gramg

u*

(E¥(~2))

e 311(?3?(««3)) = 0

ﬂ.luf(;:z) |12y z—xlcﬁ:H(m:ﬂ ® Opl-2))

- one finds that the composed map; ‘
B (E%(=2)) = BHE (=2) [1) =5 1T, (-5) ® O (-2))

is 0, It :ﬁ‘alﬁiows' 'tha‘?:; N@ E_Z_. HC}C(:QL(%%'Q)} for all = a3, |
Now, if O does not appear in the spectrum then Do =104

. {see [ljg Sect,.2)s It tollows that ny-= Oy hence n, =0 for all

l

L<+1, hence k £ -1, Furthermore:

- s . oE T
card {Jll’;j = ml} = rwlmx*ag h (.Tm le)lg} - h (E.lxi) =
= ¢, = (05=3) = 3,
(b) The definition of the spectrum implies +hat
7 : %
H“(E*(wklng)} = Q and Hg(E%(mklm3)) # 0, Let bEEHZ(E (wklmﬁ))z be
& nonzero element, For every plane HéZP we denote by bHAthe iumage
/
.of b by the morphism & : HE(E%(wkluB))‘ mw%>Hl(E§(~kl~2)lH)*ﬁ
Using the exsct seguence: o ‘
. s o '
0 = B2(B (kg =2)) ¢ > HE(E (kg =5)) * = HH(E (ke p-2) 1) ¢
one finds that by # O |
ﬁaw; suppose that H does not contain any singular point of E.
Let L = HNH, end let ,\Hézz“’(éﬁz_lil)) be an equation of the line L.
As we already observed, for / # -2 there is an exact sequences
1, (cpt)) —>EHE" (D) [H) — 0 .

It tollows that >‘H annihilates H(E™(£)|H) for {2 -1, hence ). an-

: H
nihilmt@sﬂl(ﬁ%(ﬁ)(ﬂ)” for,ﬂizin By [1], Lemma 2,4 and Remerk 2,3,

E* has an unstable plens of orﬁer‘mkl».



(e By (b), there is an uns tdbl@ pluna H,C P for E of order
'“kl“ We apply the reduction step;

2 5 ¥

E' is a stable rank 3 reflexive sheaf with chEg) = =L, Let HCP

be & plane which doss not tontain any of the singuler pointsof E or
E' or any of the points where the morphism B ““*>C%?L{k1§ ig not
surjective, Let L = HrWHia We have an exagt seguences »

0 <=3 B |H = B [l >0, (k;) ~> 0

We cannct have Ef mﬁl (1) because H°(E*|H) = O for the general plane
HCP, By the restriction theorem of Schneider ([3], Theorem 3.4) we
may suppose that I E'|4 is stable, _

Now, using the results of [1]9 Secte.ly one proves in a stane

dard nanner that Kl{fk2<fn,«<:ki.

EXAIPLE O. We shall construct sufticiently many examples of

stable rank 3 reflexive sheaves on P with ¢q = 0, co?>3 and Qqﬁﬁgmﬁg

in order to show mm&t their duals get all the pesaxbl& values of 33
excapt Q%«@zg ' ’

Lot H,.CP be a plane, & 3 Tﬁs(ml) «m%%?%ﬁ(cz) a morphism 0?_

(OH ~nodules such that HOQX } is injective and let féEHQ(@% (02>} be
o - . . -

such that i‘;é.rio{lmoé ) and @ﬁ (e} /{Imal + CQY{ £} has finite length.
B o

ol and £ define @ morphism T (wl}ﬁ&(ﬁ% "w%»G% (e}, which composed
0 o o :

with the restricticn morphism ﬁy(ml} wm¥>i&§ le)éé(ﬁ%f gives us a

g v ‘G

morphism o @ TP( -1} mm#%ng (cole Coker{) has finite length and
0 Sl

H%() is injective, It follows that B

B

(K urCL1 is a stable rank 3-
reflexive sheaf with ¢1(E) = 0y c,(E) = ¢y ag(E) e cgwczg

We have & (g G’) = Coker(e)= CQ (&a}/(fmoi Qg £y 0E
)



-8 =

s = length ("‘cfuil(m@p)) then <::rj(1::'*:"1’%‘)a mcg‘mzﬂa ([3],Lemma 4,1),

. Firstly, let 2 be a closed subscheme of Hc consisting of
cg"wagﬂ aimpla painw. geometrically linked to & subscheme S of ﬁo
consisting of cgwl colinear simple points by 2 nonsingular curves
Y, ,Y, of degree o, This meens that ¥, ¥, = Z2US as schemed,
| ‘ VWe assert that there is a morphismnd, 3 Ty (1) M(QH(%)
such ’chat Imot ) = Iz(cz'}, Indeed, by [6L Proposition 2,5, lzcz.ag)
has & mesolution: : . ' :

0 =0 (=p)@ G c«L) W3, = Tglep) —> 0

Ve may suppose that the morphism (OH (w.l,) W%COH ig a monomorphism
of locally free @H -modules (this s.s equwalemt to the fact that

0
none of the points of 2 lies on the line which containg 8), It fol~

lows that Coker (WH (=1) -—-—>(03 ) THM»{L)9 hence we obtain an

epimorphism .I.‘H (eel) mee> T (cz) xh.wb. composed with the :mclumon

i (02) M?(OI (c?) gives us the morphmmoc .

Now, an argument similar to one Uuﬁd in [2], Example 1 4 &*hmfm
us that there is a set TCZ conmstmg of W(cz«-l)(camm pomi’.@ such
that if TCDESZ theri there is an £eHBY( (9 (cg)) vanishing q"s avery
‘pﬁmﬁ of {Z\D)US but at no point,D, L = amc"i £ satisfy the cmdz_n
vtiezﬁ& stated at the begimling of' our émgéﬁla, .L‘_‘ R is. the reflexive
sheaf constructed using o, and £ then 8 = c:asr-d {(Z\D). It follows
that c?)(E%) ‘gets all the even values from the interval [mc-gmz,

I\Im,t, let g be such that 2S q<zmslg, Let &3y (~1) =5 @H‘(Q)
o o
be a morphism such that Imo(, = IZ (q), where 2 igs a closed sub~ -
A

scheme of Hj consisting of q?‘mq+l simple points lying on a nonsin-
gular curve CCH, of degree g. Lot gé;HO(C% (‘szq)) be such that g-

vanishes a8t no point of ZJ@



il

Let aﬁ B

(=1} =], (c.) be the composed map:
Ha HQ e

ol
THQ(”M W@EQ‘:Q} ?"%(ﬂua(“z‘;)

i Dl~iﬁ a subsaet of'zl then there is an féiﬁo(dz (cz)) vanishing
at eve}ay point of Dy but at no paln‘t of Zl\ Dy I,ndeed.;

dcﬂéd7(cz)69C9 (le))> Gng(q »q*l)> (q=1){gm2)+1 = 2@(0) + 1

henwecg (ca}QQ(Q (-Dy) is very eumple on Co ‘
If E is the reflexive sheaf constructed using oy and f then
8 = cple,=q) + card Dl* In this case, c5(h 5 gets all the even va=
lues from the interval:
[cgw( 2q=1)Coy c‘gu( 2q=-1)c 2*%“2( cf?-«qf%l)]

EXANPLE 1, We shall construct sufficiently many examples of .
stable rank % reflexive sheaves E on vaith ci(E‘)m gy cz'CaE)r- '024»1
(cﬂ?; 2) and crj(E) = (c2+1)‘2n§(c2-‘5~1)+2 in order to show that
c(E*(~1)) gets all the possible values. .

If E is as above, thenby [5], Theorem ).2, there is an exact
sequences

(5) 0 ==Up(-1)° —> T =0 (sey) —>0
| | | ; ,

for some plane H c:P, pualizing (5) one gets an exact sequence:

0 > EN-1) =507 U tc~9> ~w>£3¢3~(u,,(ﬂ e

One deduces that such en E can be constructed-as it folloWQS'lat

£ 4T 45, H e L0 ch)) pe linearly independent elements such that

(DH (c j}fﬁ(o e f‘ 4(9 f‘lﬂp 0«1 ) has finite length,

et ol UP m@@ (02) be the ra@rphlgm defined by £ fl,iz, Ce}s:m:'(o(.)

is of finite length and H (oL) ig injective, E = (Koroc)x is a stable

rank 3 rcflexive sheaf with the announced Chern classes, We have:



o
7%itL€E @) = Gokert)= O €¢2>f£@%a £+ Oy 1y + Gy fz)&
@

If 8 = length (gxﬁ“(m(ﬂp)')w then GI(E%Q =1))= =1, cz'(E%(wfs.})xez and
e5(E¥(-1)) = =c5+2s, |

Plretly, let ﬁi‘lgfgé H (CO (eg)) be such that they cicfin& 0N -
Esinguhr curves Tf, g}f CH z»%tmg treansversely at: cg pmx’:tw. An are
g)um,@nt similar to one used in [2] ¢ Example l.4, shows us that if

‘ﬁ(cgmlggﬁm’!)-ﬁl_ﬁ_rg c::g then there is an £ €H (C9 (cg)) vanwhmg at

aie:aetiy c:%«-:o points of Yl(’\ﬁfq. If E is the reflexive sheaf construge-
ted using f£,,fy,7, then swvgmra It follows that ch(E*(~1)) gets all
the odd values from the interval [mcmg 3¢ «4]

: I%fsazt, let g be such that 1; qémiw(czﬁ-l}@ We choose glggzé.

EHOC(% (g;)) such that they define nonsinguler curves zﬁzgczig
e O - . &t

meeting transversely at q° points. Let hE-;HO;C.UH (ey=q)) be such that
H, _
h vanishes at no UGLL‘t of ?l(\ ZE‘

If DS ZyN 2, then there is an £, GH ((OH (c5)) veni umng at:

every point of D but at no yomt of (“’lm Zz)\;Da= Indeed ;
: ; % ‘ x . 3 2 o . -
d@aﬁi(ﬁzlwg)@(ﬂzl(wm)% epa-a” > (g-1)(g=2) = 2g(2;)

hence (DZ (02)(2)(92 («D) is generated by its global sections,
oy 1 - -

If £ is the reflexive sheaf constructed using : Q,:ﬁ‘.} = glh

end £, = goh then s=cylcy=q) + card D, In miss'case, c:-,,é;ﬁ%(ml)-) gets

all the odd values from the interval [GZ“"*QQ?? cgcha-cgq]
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