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gN IQqEtrE s s _LqR," rijg lrA:: lEL-gIgliES-, _q,R,ol3 pHt:l I f FEBI_oPIS
MEDIA

by

Dan Po l , r$nvsxr ( * )

I n  t h i s  paper  we  cons ide r  t he .v i scous ' f l u id  f l ow

(sma l l - ) .  cana ls  o f  a  r i g id  po rous  so l i d  w i th  pe r iod i c

:
t r {e  prove that  i f  t ,  Lhe character is t ic  length of  the

i s  su f f i c i en t l y  sma l1 ,  t hen  tL re  Nav ie r -S tokes  p rob lem

que  so lu t j - on ,  i n  bo th  evo lu t i on  and  s ta t i ona ry  cases .

in the

s t ruc ture .

n o r i  n z l
t / v r  4 v s ,

has  un i -

1 .  PRELI,T4INARIES

f ,e t  JL be an ooen conected bounded.  set  in  R.n ,  n=2 or  
'3 ,

I oca l1y  l oca ted  on  one  s ide  o f  t he  boundary  X ) ,  a (n -1 ) -d imen-
-

s iona l  man i fo ld  o f  c lass  C ' ,  composed  o f  a  f i n i t e  r l umber  o f

connected components .  Let  I t  n"  a lso a (n-1)  -d imensional  .  ma-

n i fo fd  o f  c lass  C2 ,  composed  o f  a  f i n i t e  number  o f  connec ted

l componen ts ,  i nc luded  i n  v= [_Or1 i_ " .and  wh ich  separa tes  y  i n to

two  se ts  ,  Ys  ( the  so l i d  pa r t )  and  Y f  ( t he  f l u id  pa r t ) ,  w i th

the .  p rope r t y  t ha t  repea t i ng  Y  by  pe r iod i c i t y r  t he  un ion  o f  a l l

f l u i d  p a r t s . i s  c o n n e c t e d  i n  R n  a n d  o f  c l a s s  C 2 .  W e  a l s o  a s s u m e

n .tha t  i f  I  c rosses  the  boundary  o f  Y ,  t hen  thbse  i n t .e rse i t i ons

a re  rep roduced  iden t i ca l l y  on  op5 ros i te  faces  o f  Y .  Thus ,  i f

n = 3 r . i t  i s  p o s s i b l e  f o r  t h e  u n i o n  o f  a l l  t h e  s o l i d  p a r t s  t o  b e

a lso  connec ted .

Defini .ng ? :Rn--+Y by



' ( )
w h e r e  i  . l  d e n o t e s

L J

ber  i t ,s  f ract ional

is  Y- .per iod ic  i f f

l a r r r l - 1 r n r  f O fr  s r  u r r v !  t

, t r €
Y

j ] r
f"*
f ,...
L- - '

[ " .

' ?  ( x f  , x 2 ,  " . .  r * * )  =

t h e  f u n c t i o n .

pa r t r  w€  say

J  = .  r o . i ,  I

f -

a n y  t t ' J 0 r 1 ]

) =Yg/s,t ,

\
, - i

wh ich  assoc ia tes

that  a  funct ion

we denote

(  4 ,
\ v  /  |' . t J ^ - \ '  '

to any real num-

_ nf  def ined on R. ' .

, a a ( ' )

I  i X ' i ' l X ^ 9 r . .
L  ! . I  . .  L  L J

/'

( x

t t

IZ

4

\ )

i-T

q f - ( x )  t !  Y -  f  :
T )

t.l

xelR"

-  r 1 ^ ^ fl.uid part of .-il-

/ r  n \  11-  ,1 \  / \
\a. t l_g = ,+_! l  d: - l_

Let us remark here that
n 4 /

Let  'U6 be the space

qT=["t tt , ,
L -

I

I

a n

in .D,

) a

L' ( l /€)  and

A S u s u a ] t h e s c a l a r p r o d u c t s a n d n o r m s i n t 2 " ( Q ) a n d .
' l ^

n i t C l l  a r e  d e n o t e d  r e s p e c t i v e l y  b y  ( ' , '  ) ,  i ,  I  a n do '

( ( , , ' ) ) ,  i l  ' i l  .  T h e  n o r m s  i n  r , p ( - ) )  @ l z )  a n d  i i m t l  w i l l  b e

denoted by i  ' io and l i  '  i l * .  To the corresponding notat ions asso-

ciated to -)r-  r  we at . tach the index t  ( for  instance the norm
\/

1 . - 1 l
i - n  L=  ( . )a )  w i l l  be  deno ted  h . '  |  '  I  I!  v s  u F l r v L s q  v I  t  , 4  

, e ,  
.

. I n t h e s e q u e 1 w e s h a 1 1 p r o V e t i r a t . i f ' i s s u f f i c i e n t 1 y

smal l  then the Navier : -Stokes prbblem in  the domain i r ' ,  has uni -

que  so lu t i on .  A l though  th i s  resu l t  seems  to  be  re la ted  to  the

c lass i ca : l .  " l a rge  V  ,  sma l l  f  ( and  , " )  I '  case  o f ,  un iqueness ,  ne i -

ther  i t  can be reduced to that r  r ler  v iceversa.

q'(*)e Y"J r = the soLid part of -e-

S"(*) * f l

")l! = OrL u t;
(wi thout  topology)

I ai,, ,,=o

We denote by H, and V, the closures of It
1 ^

H;  ( l I , )  ,  r espec t i ve l y



. , ^
,  l ' ; , . ,  :  J

r - .  . ,  I  r r :

2. THE EVOI,UTION CASE

. For  any T )  0 /  we consioer  thd ' .  Navier-Stokes modei  o f  incom-

'  p r :ess ib le  v i scous  f  l u i ds  f  l ows  .  Tha t  
' i s ,  

i f  t he  ex te rna l  f o rce  f r

t he  i n i t i a l  ve loc i t y  d i s t r i bu t i on  u^  and  the  k inemat i c  v i scos iLy- o

V are g ivenr  w€ have to  f j .nd the ve loc i ty  f ie ld  u a-1d the pres-

su re  p ,  sa t i s f y ing  i n  some senses  the  sys tem:: '
D

d i v  u  j - n  ! r ,  x  l o , t l
2 r r -  

- l l -

#  
.  ( u Y ) u  - V A y  -  r  -  V p  t "  J . x . J  o , r l

( 2 . 1 )

( 2 . 2 \

and the boundary and in i t ia l  condi t ions

( 2 . 3 )

( 2 . 4 1

T h e  p r o b l e m  ( 2 . 1 )  ( 2 . 4 1  h a s  a  w e l l - k n o w n  v a r i a t i o n a l  f o r m u l a -

t i o n :

P rob IeL .  (E ) .  Fo r  f  ,  u . . ,  and  V  g i ven  w i th
L,'

"r i-
u  =  Q  o n  J . i l - X l 0 , T l

4 J l - -

u ( 0 )  =  , r o  i n  . ! e

( 2 . s )
.)

f e L '  ( 0 r T ; v ' ) ,  r o € H u . ,  v  2 0

t o  f i n d  u  L 2 ( 0 , T ; v ,  )  s a L i s f y i n g  ( 2 . 4 1  a n d

( 2 . 6 1  ( u ' r v ) .  + V (  ( u r v ) ) -  + b .  ( u r u r v )  = 1 f  , v . )  ( f ' ) v * V
;  ,  L  " '  &

where b, -  is  the t r i l inear  cont inuous form on V def ined by



1 2 . 7 1  b t r  ( u r v r w ) =

:.

R e m a r k  2 " 1 .  I f  u  i s

3 f l
\ " -  \
1- \ ("

i r j = I  d

P

a s.oIut- i-on

"_o.
. a-z

-L: -e,

of  Problem (E)  then
I

r t l r : T . -

t i on

( 2 . 4 )

+. , ,v I

( 2 . 8 )

( 2 .  e 1

n = 3 .

-  E x a c t l y ,  l i k e  i "

( 2 . 1 0 )

whet 'e  C,  is

{t,
u e  L  

- ( 0 , T ; H r )

and which is  cont inuous between the weak

and 
" i  

Moreover ,  i f  n=2 then Problem (E)

s a t i s f y i n g  ( 2  " 9 )  .

(O ,T ;VJ )  and  hence  u  i s  a lmos t  eve rywhre re  equa l  t o  a  func -
D

cont inuous from Lbrt ]  into v j .  These are the =*n"*"  of

a n d  o . f  u '  i n  ( 2 . 6 1 ,  ! . o r  a n v  v € - V . ,  w e  n a t u r a l l y  d e f i n e  v e V

l "v. ={, L o
I N

a n

T h u s  t h e  m e a n i n g  o f  < - r ' > i n  ( 2 , 6 1  i s

, V )  
'

one can prove (see fo r  ins tance l -z - \  c r t . r r r )  tha t  there
u d

ex is t s  a  so lu t i on  o f  P rob lem (B )  wh ich  sa t i s f i es

=(f , 
"r.) 

.

Lopo log ies  o f

has a unique s

Lo,r  ]
o lu t i on

In  th i s  sec t i on ,  f rom. .now on  we  cons ide r  on l y  t he  case

[rj *"
. \

can prove that

(Y)  ueuj  t -Q, ti lu i l
l ' - .

!)

. l

independent  of  E and u.

i  " \"1cre ii
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Now let  us consider  the Sobolev inequal i . ty

' 1

r r l l r t l ^
! ^  4 4 \  l . r l  . ' ( -  l l - r i l1 2 .  r  |  , |  '  r6\-2 rr  "  r t  ( l ' )  v€Ji ;  ( i l )

I n  o rde r  t o  ob ta in  the  co r respond ing  Sobo lev  i nequa l i t y  i n

n  ^  I  . n  -  1  . "
V. .  for  any ue Hl  ( . ! " )  we def  ine u,  €  Hl  (J f )  l ike in  (2 .8  )  "  Then,< 2 )  -  o '  c '  t -  o '

'  t a k i n q  v = u ^ i n  ( 2 . 1 1 )  i t  f o l l o w s
-  

t . 4 . ,  
\ 4 .  I  l ,  L w  l - v r r v Y Y

IrJ

i  "  ln ,s \ \  u\"t" t" l31J

\ '\n ,r'("!/'e'/ 
n ll" l l,

Because I /  4  + 3 ' /  4=I  and 1 /  4

by the Holder  inequal i t ies we have

G e t t i n g  ( 2 . 1 0 )  a n d  ( 2 . 1 2 )  i n  i t ,  w e  f i n a l l y  r e c e i v e :

( 2 . 1 3 ) (y) u€H: t-0,)

where C^ is  independent  of  0  and u.  Now we can prove:
. o

.  / 1 \

T'hgoreT.2 . .1 .  r f  re rv j '  J  (0 ,T ;H)  and ,o .v r .  L )  H,  ( j ) " )  such tha t

t  , l  r r  i l  l l  r  . i  ̂  ^ ^ ^ ^ * ! . : .' (  
i l "of i f i ' ,  *  f l "o l i  2,L,  rs ebserrLral ly bounded with respect Lo ? '  n then

f o r  a n y  S e ]  O , 1 l -  s u f f i c i e n t l y  s m a l l  ( t h i s  p h r a s e  w i l l  b e  s p e -

^ - i  € . i  ^ , f  1 , , * . i  h ^  + 1 ^ ^  {  ! . . '  1 -  L a  n a + . i m r { - a c  l )  1 A \  r n A  Ic r - r r -eo .  ou rang  rne  p r t ; o r  oy .  t he  es t ima tes  (2  .  1 .8  )  and  (2 .27  )  |

t he re  ex i s t s  . a  so lu t i on  u  o f  P rob lem (E )  wh ich  sa t i s f i es

a

( 2 . x 4 1  u u r d * ' ( o r T ; v r )  a n d  u ' € t o ( 0 r T 1 i I )

Proof .  We apply  the Galerk in  method.  As we a l ready knorv

(see  [z ]  c t r , r r r )  tha t  the  Ga lerk in  approx imat ion  is  conver -
.)

g i n g  s t r o n g l y  i n  L ' ( 0 r T ; H " )  t o  a  s o l u t i o n  o f  P r o b l e m  ( E ) ,  i t .



#

*  6 ' -

rem4ins  on ly  to  ob ta j .n  the  a  p r io r i  es t imates .  cor responc i ing  to  (2"14 l

A f t e r  d i f f e r e n t i a t i n g  ( 2 . 6 1  w i t h  r e s p e c t ' t o  t ,  w e  t a k e  v = u , i

i t  v i e l d s

( 2 " 1 5 )  ; ,  l u ' 1 . '  a  2 b .  ( u ' , u , u ' ) + 2 S l i u ' i i  '  = 2 \ f  ' , u ' ) (  2 l f  ' l . l , r ' l
( l E r  l b  E  r l  , , t -  \  , f r o  I  l t  t t

A c c o r d i n g  t o  ( 2 . 1 3 )  w e  c a n  e s t i m a t e  t h e  n o n - l i n e a r  t e r m  a s  f o f l o w s :

' ,
I  I  - l  l t  , '  t ,  1  t i \ . ,  .( 2 . 1 6 1  I  u " t u , , u , u , ) l  ( 1 " , 1 ,  " l l " l l  ( . ^ s ' / ' ' l i u , l l ' t i " l i

I  I  c -  I  \ - \  t 4 r t t t  ' , 8 \ .  O  ' ,  u E , ,  t l L

g  I n  t h i s  w a y  ( 2 . 1 5 )  b e c o m e s

- - l  
J  ^ . . ^ r ^  & r - ^ !ex i s t s  T * t : - , 1  0  r  r - J  D  *u r r  L i r c l L

Er /2 r i " tu l f  )o  ro r  a .a . r€F , r - ] ,
c

(2 .17)  fo(  io ' l r '  +  1)+(2Y-cotL /z , i " i l r , l i " , l l ,2q l t , i  , l " , l J  +  1)

we deduce that there

( 2 . 1 e )  z f - c
o

and  T* ' i s  max ima l  w i th  th l s  p rope r t y ,  Obv ious l y ,  we  wan t  t o  p rove

t h a t  T *  =  T .

T a k i n g '  { 2 . 1 g )  i n t o  a c c o u n t  |  ( 2 . 1 7  )  b e c o r h e s :

assumJ-ng  tha t  €  sa t l s f i es

1  l ' )( 2 .18 )  2V -c^  i L / 2  ess  r " p  l l  " ^ l {  ) o
r .  '  

- 7 n  ' l  l -  "  . v  
' ' F ,

C c l u t r L  t 2

( z . z u  * E t i ' ' \ * '  +  1 )  \  \ t ' i  ,  l " ' 1 ;  +  r )

B e c a u s e  o f  G r o n w a l l ' s  i n e q u a l i t y ,  ( 2 . 2 0 )  i m p l i e s



7 ;

'  .  Therefore r ,ve need an est imat ion of
l ,

u ' ( 0 ) |  .  F o r ' t h i s  l e t  t  t e n d r- I t

'* ( 2'23) lu' {0,1, o":(t. i i iol lf, l l  ,,oli" , i : iol if \\""1tr,, . It torl

w h e r e  c a  1 s  s o m e  c o n s t a n t . A c c o r d i n g  t o  ( 2 . 2 3 ' )  ,  f r o m  { 2 . 2 L )  i tJ

resu l t s  t ha t  t he re  ex i s t s  a  pos i t i ve  cons tan t  c4 ,  i ndenenden t

o f t a n d S , s u c h t h a t

t o  z e r o  i n  ( 2 . 6 1  a n d  c h o o s e  v  = =  u ,  ( 0 ) ;  i t  f o l l o w s

- f rom whlch we der i -ve

( 2 . 2 4 1

S i n c e  b u ( u r v r v ) = 0  t V l  u , v 6 V r  ,  i f  w e . s e t  v = u  i n  ( 2 . 6 1  i t

y ie lds  .

U s i n g  ( 2 . 1 0 )  a n d  . ( 2 . 2 4 1  ,  w e  f  i n d  f r o m  ( 2 . 2 5 )  t . h a t  t h e r e

ex i s t s  a  pos i t i ve  cons tan t  c . ,  i - ndependen t  o f  t  and  b ,  such  tha t

'  Choosing i ; , .  to  sat is fy  a l -so

1  / 1(2 .27  )  2 \? -  co , - , ' /  "a )O

w e  f i n a l l y  o b t a i n

( 2 . 2 2 r  l o ' ( 0 )  l :  = V ( a u o , y . ' ( o ) L  -  l u o i ^ ,  l i ' o l [ i ' ,  r o l l  * 1 i t o )  , u ,  ( 0 ) ]

(2 .25 )  Y  l i " i l : = ( t , t  ( u , , uL \ r i t i . l " : 1 r r l " i ,

.  
i  I  

' , ,  
: r  ,  ,  ' ' r t  

, ,  i ; . r ,  . .  t '  
-  , , a  

.

( 2 , . 2 1 )  (  l u '  { t . )  1 "  *  t )  (  (  { u '  ( 0 ) l '  +  l ) e x p



(2 .2a )  2 \? -co  t r / z i i " t t l i [ ;  zv -c  o * t / ' cs )o  a .e .  on 'Lo , r - . ]

' ) u ,

I f  we  assume tha t  T * \T ,  t hen"  as  t  t ends  to  T*  ,  f r om (2 .28 )

*  we obta in that  T*  is  not  the maximal  e lement  wi th  the proper ty

( 2 . L g ] l  .  H e n c e  . T * = T  a n d  t h e  e s t i m a t i o n s  ( 2 . 2 4  )  a n d  .  ( 2 . 2 6 \  i m p l i z

t a  4  ,  \
\ L .  t + t .

Remark  2 .2 .  r f  we  con t i nue  u  by  ze ro  i n  _? - r -9s .  ,  de f i n ing

4 . :'  r " .  b y  ( 2 . 8 ) ,  t h e n  f r o m  ( 2 . 2 6 1  |  u s i n g  a g a i n  ( 2 . 1 0 1  ,  i t  f o l l o w s
. q

that
*

, a ^
i ' l
\ 1  /

( 2 . 2 g t  )  J , ,  
" ,  I  j - s  b o u n d e d  

' i n  
L ' o ( 0 , T ; H )

/  F z  
e  

\
t v lv r'(

L

I t  seems that  wi ' th  (2 .29)  we can star t  the s tudy of  the homogeni -

r 't l- 
"ilza t i on  p rocess  (as  f , ' + ' 0 )  o . f  P rob lem (E )  l i ke  i n  [ 1  ]  and  Lg - l .

Co ro l l a ry  2  -  1 .  Under  the  cond i t i ons  o f  Theorem 2 .1 ,  P rob lem (E )

h a s  a  u n i q u e  s o l u t i o n  i n  l , € ( 0 , T ; H . . t , 1  
" 8 ( 0 , T ; 1 , 4 t - Q . , . 1 1 .

.P roo f  .  Because  qq l ,=  ( ( J . . )  ,  t hen  acco rd ing  to  (2 .9 ' )  . and  (2 .141
' F o l r r -

' i  +  fo l lows that  Problem (E )  l ias a so lut ion in  r , " - ' (0  ,T;  H.  )  n  l "  (0  r t ; t "  (1 , . )! L  L

a But  a golut ion of  Problem (E)  is  sure ly  un ique wi th  th is  proper ty

( s e e  [ z  j  c h .  r r ] )  .

I

3.  THE STATIONARY.  CASE

.Na tu ra l l y r fo r  t he  s ta t i ona ry  Nav ie r -S tokes  mode l  o f  i ncompres -

s ib le  v i sco r i s  f l u i d  f l ow  i t  i s  su f f i c i en t  t o  i gno re  t i r e  t ime  depen-

d .ence .  Then ,  f o r  t he  g i ven  ex te rna l  f o rce  f  and  k inemat i c  v i scos i -

t yV r  w€  have  to  f i nd  t l e  ve loc i t y  f i e l d  u  and  the  p ressu re  p ,  sa -

t i s f , y i ng  i n  some = . r r= .=  the  sys tem



( 3 " 1 )

( 3 . 2 )

and the boundarY corldit ion

( 3 . 3 ) u ; o  o n  ? ! *

T l r e p r o b l e m ( 3 . 1 ) ( 3 . 3 ) h a s t h e f o l l o w i n g v a r i a t i o n a l

*
fo rmula t ion :

:

I

Problem (S)  '  For  f  and !  g iven wi th

( 3 . 4 ) r e v r  ,  V >  o

to f ind i ieV ,  sat isfYing' ' '

.  / ,  \  , \
( 3 . 5 )  Y ( ( u , r r ) L *  b " ( u , u ' v )  = < f ' t '  ( Y )  v e v "

' w h e r e b , i s d ' e f i n e d b y Q . T ) , a n d t h e m e a n i n g o r ( r , v ) . i s t h e
' t )

J

same as  i n  Remark  Z ' l  '

one  can  p rove  ( see  fo r  i ns tance  l - z ]  c r , ' I i )  t ha t  P rob lem (s )

. h a s a t l e a s t o n e s o l u t i o n . I n t h i s s e c t i o n n c } z ' l f b e c a u s e L h e r er J

i s  no genera l  un iqueness resul t  :
' "  

In  the s tat ionary case we can prove st ra ight ty  a uniqueness

resu l t -  s im i l -a r  t o  t ha t  o f  Co ro l l a ry  2 'L '

I f  e  i s  s u f f i c i e n t l Y  s m a l l  s o  t h a t

( 3 . 6 )

t hen  the re  ex i s t s  a  un ique  so lu t i on  o f  P rob lem (S ) '

1  / )  '  ,  '
a  . ^  L t  -  r s r  (  \ ' ) '
U ^ t  l r l r r I  \  Y

u t ' v



'  
.  .  1 n  r .  :, , : l r : . .

'
- . . , : :  ' p ro "qE .  

Le t  u l  be  a  so lu t i on  o f  P rob lem {S } .  Then  tak ing

v  =  ' u r  i n  (  3 .  5  )  we  ob ta in
I

( 3 . 7 )

Le t  gA  be  a  so lu t j - on  o f  P rob lem (S ) ,  poss ib le  d i f f e ren t  f ron t- z

u . .  I f  we  sub t rac t  t he  equa t ions  (3 .5 )  co r respond ing  to  u r  and  u r r
l r / '

and i f  we denote by v l  =  u l  uo r  then we have
- I Z

, a  ( 3 . 8 )  V ( ( w ' v ) ) . :  * b r ( u 1  , w , v ) * b g ( w r u l r v . ) = 0  ( ! ' )  v e V ,  i .

o  Since br-  (urv  rv)  =0 (1, )  urv€V. .  ,  for  v=*  t f re  re la t  j -on (  3 .  8  )

reduces to

U s i n g  ( 2 . 1  3 )  a n d  ( 3 . 7  )  ,  f r o m  ( 3 . 9 )  i t  f o l l o w s

( 3 . 1 0 )

. A c c o r d i n g  t o  ( 3 . 6 )  i i :  i m p l i e s  i i r  i i -  = 0 r  t h a t  i s  u , i u -  i n  V

- .

I  f l  L .TARTAR,  Incompress ib le  F lu id  F low in  a  Porous  Med ium -
L  * l

" "  Convergence of  the Homogenizat ion Process,  Appendix  of  L€c-

t u r e  N o t e s  i n  p h y s i c s ,  1 2 7 ,  S p r i n g e r - v e r i a g ,  B e r l i n  ( 1 9 8 0 ) -

l .  z  I  R.TEMAI{ ,  Navier-Stokes Equat ions,  Theory and Numer ica l
. L - i

.  A n a l y s i s ,  N o r t h - H o l l a n d ,  A m s t e r d a m  ( 1 9 7 7 1 '

, ,  r ,  , l  I

l l  " r l l ( { r [u,  /  y

,  \ t )  , l  l 2  I l  l {( 3 . e )  Y i [  w / l -  =  - b . ( w r u l r w ) $ l ' l l , * i l ' r l l r .

^  1 / ) \  |  t  r r  l r 2  /  ^
r J , J  n  . . _ L l  a  I  C l  |  \  t i  . . !  -  . /  A( \ , / - U  \ .  l f  l _ _ t I t 4 J  i i  w l ,  \  v- o '  I  i V "  V '  "  ' <  \

I
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