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I,IN1iAN R[CU}IN$IICT:$ FON THE ?OITTNS OP A

RE0{rnRFI{T SilQUfr{C]i

, srRBAl{ }i.1}UZi'TEAI{1J

Inst i tu te  s f  i ia themet ics ,  I ln lvers i ty  o f  l lucharest

Str.Acadenniei,  i {r .  i .4, l i -?C103, TiucureQti r  ROlir i i t lA

L. IiiSn-OllupTlg[

Let (Fn)ooo b* the l ibonacci nunbers defined recursivel-y

by Fo= 3, Fl= 1 end 3n+L* Prr*frr-L for n7 L.

I t  is v;el- l  krrol ' ;n thet the gencrat ing funetion of the seqtlence

(? ' , ) r . ro  is  f1(z \  =  z / ( l -z -z?r .  rn  [2J,  l i , " ' i .1o lonb shor ' :ed t i re t  the
-  9 -

secuence. ( f ;)r .>o v*?if ies the reeuruence

13- zF|"r- 2r?^*r+ tfi.l = {}r for every n )' c.

Thts inpl ies that the geperai ing funct ion of tbe seouence
,  t -  . ,  4  1
(  F I ) r r > o  i s  f  , ( z )  

=  { z - z ' ) / ( L - 2 2 - 2 2 , ' + z r } ,

the above result wrls genera3-ized by 
{.i i icrd*n [+]' 

',;hich 1:ro-

ved tfrat for every integer t)-2 the $egu.enee (tul)or_o sat isf ies an

acpropr ia te  ( r+1)- t t r  order  L inear  t recurr€ne€ wi th  in teger  cocf f i -

c iente; .  ' lh ls  1n turn v ;as c ,1so gcn* . ra l ized by L.CarL l ts  [1 ]  uh ic l r

showeC that  fc r  evcry  rec l t ls ive $e ' luenc€ {ur . , }nZo 'g iven b3r  uo= 3t

ul= 1, sn*L= pun-qun_1{F?-*e * 0),  the sequer:ee {u[]*o sai isf ies

* l ine er reel i r : " r : : .**  i  c f  {  r+1}- t f  ' : r {er)  ,  f+r  e l i 'crJ i  integer v ' }7 ?.

l io reover ,  i f  j ' l  nnc  c .  s re  in te . re rs ,  then ihe  se luencs  f  " r \  .1 .2' ' *!1 'Tr>-o

ver i f ies  a  L i -n** r  reeur renc*  t * i th  1n ;er : ra1  cgr , f f i c i tn '1 , , ; .

ALL ihe r:bc'.re resultg rie?e obiained by crneirlering the i"$eo-

cictec srneraii ig f;.1-rreti+ns" In ti:ts short ncte we shn11 exiend



o t &

the siurpl"e induettve &r,$iment of,  T).Jarden (accordin.{ i  to Ir . l r ,H,muth

L3l) for soLvlng a nox'e genera. l"  fcrn of i t iord.*rnts probleinp i ,oe. to

the $ecuextcc considerecl b:r '  Carl" l t r  for q * *1..

?- n SjOIJ:L'l Fii jI.TrIirlTi{/il?Y IrTii'IiiAS

Let n f c be B. fixed re&l nu,n:ber. i"ie ecnsi(ier the recurrent

In the fo l lowing i t  rv i l1 be eonvenient to exten,S tbre above

recu, r rence a lso  fo r  negat ive  inC icee,  by  the  re la t ion

( 2) x_n* -DX_n+L+x_n*A, n ! r  L"

lYith tlr is conventi"on r",ie have the follov;ing lenma,

&.gf.qlq !: T",et (xrr) 
neZ be & recurr:ent sequense rtrefined by

( 1 )  a . n d  ( ? ) .  t h e n

l"o lor every n)rr, rlre have x-n= (-l)**t*rr.

20 For alL tntegers or k and s,  we have:

xn+k* xlr-l.on+xltxn.rl= xir*n-l*xk+1xn *

s xl<+s-1xn-g+xlq+sxn-e+l 3

3c For alL i.nteger$ rtr ic and" s, lve lrave;

. r ( -1) t ' t*n-k* 
xli+Lxn*xlrxn+l* *xlrxn-L*xi -lxn *

s (  -1)  $(  xk-u*1xn-s-t i l { -oxr-"*1) .

!g^*g, [ t  10 I t  is  easi l l r  Eeen that by (?) e.nd ( ] . ) r  x- l*x l -

and x-r*-xz" Thus the eeual i ty x-n=(-L)o*1*r ,  fo l lo$rs by incuct ior :

on  n71" ,  us i .ng  {2 )  in .  the  i i r t i .uc t i ve  s ten ,

2a For every f ixecl  inte. ' raL k,  l ' le een easi ly prove, b, t i  r i  two*

fqLd induct j "cvl  .on n (  for  *) .n end -n < *1) '  th*. t  xn+k*xlc-1xn*); :c*rr-1.

lJor.reverr  w€ shi l l l  n.refcr  to prove the recuired rel"at ion by a natr i*

e ia l  u re thcc l  s i rn i l s r  to  tha t  o f  J . , i . l i i Lvers f ,sy  [5 ] ,  n ] r l ch  exn ln ins

sequenee (*rr)n"o rtef inecl btf  ,

( 1 )  {  "
[xn+].* 0*r.**n-L t nZJ. '



ya*g this formuLe hcl"ds.

Consider  the matr ix

u*fn 
t )  

-  (*o " t )  *  n,
\ r  p l  \ * ,  * z /

for every lntegral n put

^ - (xn-I *, ,  
\o t n * \ *  l '

\ xn *n*{

f/e observe that A is invertible and

.-1 ftv t\ (*-z *-r\
A - = \ . t  

o ) = \ r _ ,  * o ) = ' i - 1  
'

l ' rom tbis and (2) i t  folLor,vsr by induction on n )3" '  thet

/ 
"-n-L 

x-n \ "r1 
(n*-t x \

A - i l = {  l r A = \  
* )

\ *-r, 1:-*:*I./ \xn xn+L /

t{ow the f tret two relat ions fol-Lov; b} '  ic lent i fyinf l  the (t ' l )

(zeL) ccl ls in the rrat,r ix On+!r- AtAk. The t l r i rr l  relat ion ean

bta ined f rom the f i rs t  s imply  by not lc tng that  n+k*(n-s)+(  [+s)*

+ [ t l .

30 ?nls folLcws from 2o, replaeing k by -k and antrLyin-,9 lo.

ends the nrcof of the lemraa. fJ

6 3 *

also

end

In a l l  that . fo l lo l " r  we shal l  supocss thet  x#C,  for  every n>0.

}1y analogy rvi th the binomtral coeff ic ientsr w€ tntroduce f 'or

every integral n70 anrl  k the nunlrers S(nrk) given by

(  t  I  i f  k * o  '

C ( n r t  l =  1  
( * r r o r r - l . . . x i l * l { + l ) / ( " k x l r - L . . ' x 1 )  r  i f  l "  ( k  < n  3

L  o  ,  i f  t { < c  o r  ! c > n .

the fol lowing lerna gives scae eLeraentary pronert ies of l ;he
/ n )

nurbers f ; (nrk) ,  s i r . i la r  ic  thcse of ,  the b i *on in l  coef f ic ien ' ts  t  J  .\ k 1
Lemne ?t l ,et :rr  k be arbitrer$'  inteiTsrs rvi th n>0' Then:

1 0  C ( n r k )  =  C ( r i 1 n - K )  o

2c xnX(nr  s)  =  xr rC{n-1r ' r -1)  and

xn- tcC(nrx)  s  * r r f , {n-1rk)  .

and

b e o

*  x l r

Tnis
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r1

3t  C(nrk)  *  xk*Lf r (n*1, rk)+x, . r - r r *1" f ; (n- l r le-1")  s

*  *k* lc(  n*1" , i * )+>l** ' r * t * (L ' -1p k- I )  r

Froofl lo ancl ?o folLol.;e irnrnediately frorn the defi.ni.ticn {)f

the nurnbers fl ( nu rr) .

30 tsy lenmer L -2c for n*k i-nstend of n v{'e obtnin:

xn = xir*1xn*tf*k*n*k+1 *" xlr+1sn-k*xkxn-ic*1"

Novr the resLlJ.t foLlor.'rs by suhstituting the above expres{li*vrs

for  xr ,  ln  the dsf in i i ; ion of  C(nr lc) .  t l

Qggg$ggy: i ,et s in (1) be e pcsit l . re integer. ' lhen the ntm-

bers C(nrlc) are non*f lesative lntegers fcr a,Ll" integgel R' k with

{L77Co l i 'Toreoverr  C(nr l r )  ls  a  pcs i t lve in teger  fCI r  0< le <n.

ilggge 
,lhls easily fotJ-ows by incluction on n>na, using len.ta

2*2a in the indueti .ve step. f ]

For ever:f real- x trse denote by ['* 1 the smalest integer tr]rteh

is Sreater cr equ.aL to xr and by [x ]  the integral na,rt  of x. 0bsert 'e

that for al l  sosit ive integers i l r  f l  qre heve:

[n / t1  *  [ (n+ f  ] / 27  end  ln /21  + fm/? l  =  (n+m+1) /2  fo r  n+m odr l "

The fol lowtng teehnieal l"enma wilL be essenttal  in the frrdr.r .e-

t ive prcof  o f  the na in resuLt .

&g3gg*3r let (*rr)r ,>o be a reeurrent sequence deflned by (1)"

Suppose that for sotne in' tegcr tb?e the fol lowing reLationshrl '1s:

( 3 )  X  ( - r ) f ( r * k ) ' z 1 c ( r , i c ) . | ; l  *  0 $  f o r  e v e r v  v . r . a ,
ir

Then the fol lo 'ruing re}nt lcns &re u.Lso true, for every n) 0l

r( r.p1-lc) i 2l
t o  X ( * L ) '  c ( r + 1 , r . l " [ ; [ t k = o e

k

f t : :+1- l<) /?- l
zo  X  ( - 1 )  l '  

' ! / r  r  
c ( r+ l , x l x f l i | , ( - r ) kx r *1 . - k  *  0 .

k
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3c X (-1) 
f tr+]-*tc) / i l  

r(r"+1,n)*;;* xk*r= 0,
lr

,o =.-1 l(r+l- lc)/d - ,  r  
* n6t  , ,_-  ( -1)  c( r+1ek)xr r . *L  *  o

K

!rug,g: 10 Stnee by }er;rm e 2ro*C(r+11k)*xr+10( rrk-l) o it fsl*

lows by that  and (3) ;

l( r+1-k)/21 r-L
( -1 )  '  0 ( r+L rk ) xn+ l c  xk  *

ftr+l-t)/al r-1
o xr+L ) i l  ( -1)  '  C(rrk- l )xn+k -

[(r-r)/el r-1
=  x rn t  X  ( : 1 ) '  c ( r ' k ) x (n+ t )+k  =  o .

2o By l"enm'a 2 we have xr+L-kc(r+1rk)=xr+'C(rrk)" Obviouslyt

[(r-r.*f \ /e1 + [tr-Lt/e] = ( (r-k+L)+(r-]c) +Ll/z = r-k+l. Heneer 1Ye

obtain sueceslvely

[( r+1-lc)/21 r-1
( - r ) ' '  

- ' c ( r+1 r r r l " " ; i  
( - 1 )Hx r * t - k  =

[(r+1+w\/21 r- l
= X (  -1)  ' '  xr+l  c(  r ,  k)  *r r* t  E

K

* (-Llrol xr+r X (-r) 
[( v'k]/21c(rrr. l . i l ]=o, 

by (3).

3o ny lemma 1 we have:

( -1)k *r* l-h=xk-l  x r+,!  ' rx, '  
n
[( r+r-r)Z el r*1

i iu l t ipl i , ing this reXation by (-1) C(r+Lrk)xn+k

and. sr.l-nratng ovef integraL lif vde obtain by 10 and 20 I

f ( r+1-k)/21 :r-L
;  .F  ( -1 ) '  ' c ( r+ l , r k )xn+ lc  xk_1  -=  0  o''r+l z6

Tlre reeult fslLows because, by irypothesis, xr, * 0 for every

n 7r ! .

40 By lemma 1 tre have:

F

F

xn*-k o xlc-l xn*xk xn+l '
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Ir.ult iplyin,g t ir l .s relation hy (-1) [(r+l*u)'4 r(r+1,0)-;;]

and ounning over integrc.L lrp lve c,'?rtsin by l-o ancl" 3ot

* -rJ' 
r-'+l'*k)'/fl 

{: t r+r, r*} *l*s * on

10 lto ren:e.rle ti.rat for n > X *.nd t ).2, tire $ufi)s

[ ( r -k ) /21 r*L
s ( r rn )  *  Y  ( *1 )  c ( r ' l t ) xn* l r

k

X
h

' i ; iris, coneluC.os tlre proof of the l"ernma'

3 * ?:{} !1&fT'l--Sigglg

i ' ie c$}n no:# gteitei antl prove tlre rnnin regult of thie Roteo

thet is the foll.ov,' ing:

lh,go:gnl  l ret  (xrr)rrro bu a recurrent stequenee def ined by {})n

with p a posi t ive integer.  Then for every lnteger Y 7-? I  t l re s€*

,  f  r  - ^ L i  ^ t l i  t ^  . | 4 s n o n  r a r a r r y r l  o l ' t e ( :  f l f  (  f + J -  l - t n  O f O e X 'quenee \*ntn>.a set isf les s l inear recurrenes of (r+l ' )- t t t  ordor '

w i t l r  in te6raL coef f , le ients  (e f  the type (3) )n,  T ioreovero for  every

r7.20 t l rese coeff lc ients ean be effect iveLy conputed by OOme }!octrr-

sive 'relat ions:.

P r o o f i t i e s j h a ] , l p r o v e t h e t f o r o v e r y l t r t e g e r t > L ' t h e s e s u e n c e

(xfl)oro satisfies the fsllo'rring l"ineeif, recu'rrence of orcler r+1" i

(4)  ,  q:  ( - r )  [ ( r+ l - tc) /? '1 
c(r+i .orr ]n l*s *  0r  for  every n)  0

!l}is reJ-ntj.on wj.l"l" be provetl by S.ncluctlon oB f,) 1o

por  r  *  1e i t  is  c) .ear ly  t rue by (1) r  (2)  and the def , in i * ion

of the numtrers r(nuic)" Let nor, ' r  r7,?. and sunirose (4) ls tnre for

r * l"o that is (3) J"s trne* Fs l-eruna *t-40 t t  fql lovre t l rat (4) *s

also trr,re for r, con:pLeting tne i'n$uctive step.

ILioreover, the coeff ic ients C(r+l"ole) ars integraL by the co-

rol1"ar1, fo1Logring lemmn A, snd eern be reeurei.vel.y cornputed b3' f"ern-

na 2. tr
40 RrllAi:i1{$
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verifl-e the reeurrenen r"e]"at*"on

( *ni* rirr.;p 'ne pf,s?*d

$ l n e e  S ( 2 n n )

r>2  t l r t r t  . i ( rn r r )  E ;

nnti .r t  prcof of the

- 2c l ieversing

$t r+1 en)*( :{n+}xr+L**xox*) i i (  r ' r  n+}) +( *1 )ra' txn$( r ' ,  n)

alans t i :e s*ne l ines as Lemma 3l l"o*4o)"

:* O for ev0ry rr70o tt  fcJ- ' Ions by i 'nauct i ' rn '  cn

t) for al l  t>2 and n)-0e Siving thus an al"t ' ;er-

theorein.

tlre ariler of suf;ltielti.on l.n (4)r r;e s'otiee tha'b

the genereting function for the $e{:ttenee (*il)r.,,r,o is g*.ven by*

,  } l  r r  r  -  f  o /n ' 1

r r (2. ,  -  ( f f i  d.r r*u )  / (H (*1) l (12 |  c(r+l  , t lu(J ,

k  [ ( t - i ) / 2 " 1  r
v r h e r e  o l p  =  ; '  

*  
f  * 1 )  I  ' C ( r + 1 r k * j ) x ,  

f o r  1 4  k  € r "

tlT

In i l ior$ants and Car} i tats pan*rsl  the generat ing funeti 'sn

**(z) is not expl iel tLy disnlayed, but ncrely i t  is given by a re*

eurrence reL*rt lon in terme of fr(  z) for 1 { i  < r '

30 ! 'or everlr  reals SrQ l0r cons:r id"er also the recurrent s0-
I

que$ce (frr)n>,6 Sivern by Yo* 0r y1* 1'1 Yn+l* Pfrr+ FQV*-1+FQ*Y**2'

I t  can be provea that tvfr lrr?o lrarif ies a l inear recurrene€ of

order (6o i{orecver, i f  prq sre integer'** t}rcn the recurr€nce reLa-

.  2 .
t ion for (Vi lnTs ha.s aLso tntegraL eoeff ic j-ents'  For P*q*1t l r ic ob*

tain thus the exaet ena.Log of Golrnbts result  for the Fibcnncei

sef iuence of second ordero Tn terrrs of genere't in '3 funct ion-t,  
: : i ;

merely :reys that the generating; function for the sequence Gltl ')nro

niven b], Fl2)= 0, , l2l= r, r!?)= 1, nl i l- 
" l t '* 

t l3l*t l l) (n')2)r

ts  e2( r )  = ( r '? ' - r*a**4-*5)  /  {L;2n'vz '2*{a3**4n*6\  '

I t  can elso be proved that for  €very int*6ers { '72? and : ' }  ?t

t i re sequence of  r - ih p,) iTors of  k- th orcer I ibone'cci  nui loers Eer i*

i ies a l inear recurrenee ui t l r  integral  coef, f ic ients '  I lut  th i*  anr i

$o$e otirer relaterS results wil l -be proved. ln e fgture paner ( en
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eerl.i.er verst$n cf sotrte of Sh.*se resuJ,ts csn bs founs $n L6 j ) -

4s qhe r€srrl'Ss e$r"ltained *n Tt:L*rdutnts and Catrl"itscs paper.*

tser{r f*rt}rer g€nev&li.ae* i;y AnFol{o*,tdam [f ]-

gr$Slrfrg

L" 1,.CAltIr I t7,:  Senerat in$ furrst ions for powers of certain seauences

, of nu:sberr io lake l* iathoJ, e voLo29{}964} r nor4r Fi: '5e1"*53'?.

2. $oi?"G0'1,$li:;1c ?rCIt]}*m 472'*, Aser.tis'tltoldCInthl"yu vol"64(195?) $

n e c l r  F " 4 9 o

3. X"li.K}.it-:fl lc The Art of Computer pro$:raruring, '/o1.I * Futrdemonts,l"

Algorj.tfums, Atkltscn-i' iesX.ey, Reading, h'lfie Seecnd' Frintirr,gn

1 9 ? 3  ( e x e r c i s e  L o 2 " 8 , - 3 0 )

&o.I,HISBDAN ; Genera.tlng fTrnetions for pot'+era af F*bc*aeci" nru::'bers,

luke i r ia th .Jn n v$ l - *??( t963)  I  no* l '  ?Pu5*1?o

5u Jo&nSItVE',yIfR: Fibonacei propert ies by inatr ix wethod.sr '3he l*{atb.

Gaaet teo vo3."  6 ,3(  39?9)  r  l io"425r  Fo '  1"8$*191"

6* It"VAIByAIIATilAtiri iA1iYr {lhe theory of rnuLtii 'rl, ieative ari"ti:metic

funct ions, Trens. Ainer, l*eth. Soc", vo]"" 33( 1931) * FF.5?9*664

( espeeialS,y Theorenr XVIT, Flso 61"2*6L3) "

7n A"F"Ii0nADAlil: Senerating fu.ne'blons for peir'*ers sf a certatn €isne-

ral{sed sequaglee of numbsf$6 }t lke Ti;ath'  J*r vof -3?{1"965)r

pp"43?-446"
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The present author considers in [al  the diophantine equation
I  e ,

f  y - -zyx-x ' - l=  1 .  I ro r  every  f i xed .  % =  p \00  a l l  the  so lu t ions  in  pos i *

'b ive  in tegers  x ry  o f  the  abo 've  eguat ion  are  g iven l ry  (y rx ) * (xU*_r ,  xp . )

fo r  some k  >  1 ,  where  ( * r r ) r r ru  i . s  recurs ive ly  de f ined"  by  xo*  0 ,  x ' * ln

xn+'*  Fxn+xn*l  for  n|1" This imrned"iately y ie lds & genere. l - isa 'b i -on

of the integer polynomia. l  representat ion problern of  Jones, quo' ted.

e.bove, for  more generel  $equ.ences than that of  Fibonacci"

In th is noter w€ shal l  general iue al l  the above resul ts con*

cerning solut ions of  d iophant ine equat j"ons. fh is wi l l  be done i r r

Sect ion 2,  where lemnas concerning thet*reduct iont '  of  the sol-ut ions

of the fo l lowing dioptrant i .ne equat lons

(t) y2'-uy*-*2 = 5

( 2) y2-^y*-*2 = - 6
4

( 3) yz-uy*-r*Z = 5
'  

* 2  =  -E( 4) y'-ayx+

wi l l .  be  proved,  fo r  pos i t l ve  in tegers  a  and 6  '

In Seet ion 3,  t?e aupJ-y the above resul ts for  obtaining pol)r*

nomia l -s  w i th  in teger  coef f l c ien ts  y , 'hese pos i t i ve  va lues  co inc i r les

wi th  some recurs ive ly  d .e f ined"  sequences"F inaL ly ,  in  Sec t ion  4  we

prove that for  some l inear recurren.t  sequenees (xn)n?.1,  the seqLlence

(x -^ , -  * )  -  ver i f ies  a lso  a  l inear  reeur rence fo r  every  14  rg  l c .' n K + r ' n l o
a

[ ] r is result  has a stror iger i lqua,l i tat ive' t  form (see R.Vaidyanathantramy

l '121 or Klarner [Bl ) ,  but here we give Sru]:S$. recurrences for
L . J

the involved" sequences. These recur l rences are then used. to give

o ther  in teger  po lynomia l  representa t ions  o f  the  sequences  in  Sec*

t i o n  3 .
I

I

I
I

t -
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s0T,vTNG fHlr D]0p]{ANfINn HQUATT0NS (1)-(4)

As stated. in the lntroduct ion,  we prove now lemmas for t r red.u.*

e i r rg t r  an  arb i t ra ry  so lu t ion  in  pos i t i ve  ln tegers  o f  (1 ) - (4 )  to  a

i lpr imit i -ve" solut ion,  This wi l l  be d.one mainly by f inding a l inea.r

in 'ver t ib l .e  l rans format ion  T  ,2 . .2  - * *22  such tha t  i f  (y r * )  i s  a  so- -

l u t i o n  i n  p o s i t i v e  i n t e g e r s ,  t h e n  ( y ' r x ' )  =  t ( Y , x )  i s  a . l s o  a  s o l u . -

t i p n  i n  i n t e g e r s  ( e v e n t u a . l l y  n e g a t i v e ! ) .  I f  m o r e o v e r  x >  f ( a n $ )

(some g- Ip l lq , j , !  l i rn i t  depend ing  on  a  and 6  on ly ) ,  then (y ' , x ' )  s

e 
= T(Xox)  is  & so lu t ion i "n  pg.s l t iy ,g  in tegers wi th  xr  (  x .  I t  fo lLows

that start ing v*i th an BI)Ei jJj I f  solut ion (yrx) in posit ive i-ntegers,

we reach af ter  a f in i te number of  appl icat ions of  the t ransformat ion

f  a . ' r p r i m i t i v e r t  s o l u t i o n  ( t f r a . t  i s ,  o n e  v i i t h  0 <  x S  f ( a r 5 ) ) .  ! 9 e  o h t a i n

by the above the fol lowing f in i te procedure for solv ing any of  the

e q u a t i o n s  ( f ) - ( q ) :

1) Flnd. al l  "pr imit ive ' f  solut ions.  That is,  for  every

X  =  1 1 2 r " . . r f ( a r 6 ) ,  s o l v e  t h e  r e s u l t i n g  q u a d r a t i c  e q u a t i o n  f o r  y

and retaln only the posi t ive integers solut ions.  This produce a ! ! -

n i te number of  t rpr imit ivet t  solut ions.

2)  To f ind 111 so lu t lons in  pos i t i .ve in tegers,  appty  f - t

f in:Lte number of  t i r res to any r tpr i rn i t ive ' t  solut ion.  Thusr 93gS

s o L u t i o n  i n  p o s i t i v e  i n t e g e r s  i s  o f  i ; h e  f o r m  ( y r x )  =  T - n ( V o , x o ) ,

fo r  soroe  in teger  n  >  0  a ,nd  (yorxo)  a  
opr in i - t i ve 'so lu t ion .

Remarks.  1)  $uppose that al l  the i lpr i -mi- t ive" solut ions are of

the  fo r rn  ( I " rxo)  = ( *kn l ,xn) ,  where  ( * r . ) r roo  is  some recurs ive ly  d 'e f i -

ned sequence.  I f  moreoYer  (x r rx r )  i s  a  "p r i rn i t i ve"  so lu t ion  and

T ( x U * r , x p )  =  ( x k , x k _ l )  f o r  e v e r y  k ' 1 i ,  t h e n  t h e  s o l u i i o n s  o f

e q u a t i o n  g s l n c i d e s  w i i h  t h e  p a i r s  o f  t h e  f o r m  { y r x ) = ( * k * 1 r * k )

k>1.  Th is  w i l "1  be  the  ease in  a lmost  a l l  o f  ours  examples  1n

t ions 3 and 4r

2 n

j

i ;he

for

S e c -
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Z) 13y the above proceci.ureo i t  fol lows that for every f ixed a

there exists only a, f ini te number of values of I  such that one of

the  equa t ions  (1 ) - (4 )  has  a  so lu t i on  i n  pos i t i ve  i n tegers .  Moreover ,
A  D ,. /

the se S can he g{{Lcjirgly , $e b_p:.n$Igl as + ( vi*ayexqtxi ) ' where

(vorxo)  is  some r rpr imi i iv€1r  so. l -u t ion of  the correspond. ing eque. t ion.

Lemma 1 ,  f le t  (y rx )  be  a  so lu t ion  in  pos i t i ve  in 'begers  o f  the

eqga ' t i on  (1 ) .  Thenr

10 y.\  a.x, and consequentlY

2 0  ( y n  r x ' )  =  ( x , y - a x )  i s  &

the equation ( Z) "

( a ' +4 )x ' +4  6  ) / 2  ,

in  pos i t ive in tegers of

Ir * (ax+

so lu t ion

x t + 6 > 0  a n d .  t h e

3 0  l e t  ( y ' r x ' )  *  ( x r y - a x ) .  I f  x r a { T ,  t } t e n  x r *  y - a x " t f T .

M o r e o v e r ,  i n  t h i s  c a s e  ( y " r x " )  =  ( x t r y t - a x t )  i s  a '  s o l u t i o n  i n  p o s i -

t i ve  in tegers  o f  the  equat ion  (1 )  w i th  x ' t<  xn

Proof.  10 Fol lorrs immediately f rom y(y-ax) s

forrnula for solving a quati.ratic equation.

20  lmmed. ia te ly  by  d i rec t  ca lcu la t ion  anc l  by  10 .

30  By  10  we ob ta in ;

x'  = g-&x *  (ax+ r /  1*2n+)x2+4 S ) /2 -&x
E

a V  b  r

i-n one member of the

the resulting inequ-a-

=  ) x 2 + 4 8 - . a x ) / z > ' \ f ,  f o r x >

as is easl ly seen by isolat ing { i?;) x2+4 6

inequ-ality and squari,ng next both uembers of

l i t y .

S imi la r ly ;

X *  * .  y r - A X l  : ,  X - a ( y - a x )
o

=  ( a ' + 1 ) x - a y  -

*  (a2+I)  x- (a /z)  (ax+ ' ( * 2 * 4 ) * 2 * 4 6  )  =

= (L/z)  (  (*2* z)x-af f i )  > o,  s ince x> t  ' \K .

SvidentIY

that  (y"  r  x"  )  is

Final lY'

y t t =  X r  =  y * a x  >

a so lu t ion in

0, and" by d, i rect

pos i - t i ve  in tegers

ca lcu la . t ion  we see

o f  t h e  e q u a t i o n  ( 1 )



x r t  *  y r -ax r *x -& (y -ax )  x

,^

and- conseeuentl;r y*( ax+ 'dTHnff*at) 
/2,

)  =  ( x , y - a x )  i s  a  s o l u t i o n  i n  p o s i t i v e

*(L/ i l  ( (a2+2)***dGfu4;{46 )< x ,
since evidentry ax c V (  a2+.4)x2+4,5 ,

This conclucles t l ie proof of  the l -emma"

l lemark.  The l inear invert ib le t ransfornat ion used in th is

c a s e  i s  t ( y r x )  €  ( ) " ' r x " )  =  ( y * a x r ( a ' + l - ) x - a y ) "  l t s  i n v e r s e  i s
- 1 . > - t T

T - ' ' ( J r x )  =  (  ( a ' + 1 ) y + a x n a . y . r x )  a n d  f ( a o 5  )  =  a 1 { 5  ( s e e  t k r e  r e m a r k s

at the beginning of  th is sect ion),  Simi lar  remarks hold for  the

fo l l "owlng  learmas too  ( these rv i l l  no t  more  be  exp l i c i te ly  s ta ted) .

Lemma 2. .  t re t  (y ,x)  be a so lu t ion in  pos i t ive in tegere of  the

e q u a t i o n  ( Z ) .  T h e n :

10 r f  x  r f i  then y. :  axe

z o  r f  x r , / f  t h e n  ( y , , x ,

i n tegers  o f  the  equat i ,on  (1 ) .

30  L ,e t  ( y ' r " )  =  ( x ry -ax ) ,  I f  x t  
" {5 ;  

t hen  x r=  y *ax i \F "  More -

o v e r ,  i n  t h i s  c a s e  ( y t t r x " )  =  ( x t , y t - a x t ) )  i s  a  s o l - u t i o n  i n  p o s i t i v e

in tegers  o f  the  equat ion  (2 )  w i th  x r ' ( ,  x .

? roo f .  10  Fo l lou ;s  immedia te ly  f rom y(y -ax)  =  *2-  $ t  o  fo r

17
x >Vd ,  and the formula for  so lv ing a quad.rat ic  equat ion,

20 Immed. iately by direet calculat ion and, by 10.

30 Absolutely analogous with the proof of  30 in lenma L. n

the equat ions (3) and" (4) &re obvlously symrnetr ic in x and Yr

and thr ls i1 wi l l  be suf f ic ient  to solve then with the addi t ional

h y p o t h e s i s  y r  x >  0 .

Lgnnp._3 .  T ,e t  (y r * )  be  a  soLut ion  in  pos i t i ve  in tegers  o f  the

e q u a t i o n  ( 3 ) ,  w i t h  y )  x .  T h e n :

1 0  y \  ( a - l ) x

20  I f  x  t1E,  then y -ax  (  o .

3 0  f f  x r r f f ,  t h e n  ( y ' r x ' )  =  ( x r a x - y )  i s  a  s o L u t i c n  i n  p o s i t i -

v e  i n t e g e r s  o f  t h e  e q u a t i o n  ( 3 ) r  w i t h  y t  )  x t .  I V l o r e o v e r r  1 r a 8 . x - $ ( ,  x .



?roof ,  10 Ustng equat io i r /  \ \
I  J  /  we 1"111 er :

/ \ ? F( y - , x ) x + d > 5 ) 0 ,y( v-( a*1) x) = y***2* S *

and.  consequent ly  y  5  (a* l - )x .

20 Imtnerliatel,y try y( y*ax) n

* 0 *
3" By ci . i rect  calculat ion one

is a solut ion of  equat ion (  3)  "  Norry

concluding the pro'of  of  the lemm&.

Sgryg,__4., Let (y,x) be a solut ion in pos i t ive in tegers of  the

equat ion  (4 ) ,  r r r i th  y  >  x .  Then l

1 0  y  *  a x d O .

2 a  r f  x . : 6 r  t h e n  y > ( a * L ) x .

3 0  I f  x > 5  ,  t h e n  ( y t  r x ' )  =  ( x r a x * ; r )  : - s  a  e o L u t i o n  i n  p o s i t i v e

in tegers  o f  the  equat ion  (4 )n  u , r i t i r  y '>  x ' .  I ' f i o reover ,  x t= f f .x -y (  x .

Pf-oot, 1o By equation ( 4) v{e obtain:

and

y ( y - a x )  a  - * 2 - 6 "  0 ,

consequent ly  y-ax{  0 .

20 By equat ion (4)  we have:

y (  v - (a - l ) x )xyx*x ' -  6  = (  y -x )  x -6>  o ,

T h u s  y )  ( a - 1 ) x "

since. y.\  x and. x5 6 .

30 Alrsolutely analogor ls wi th ' [he proof of  30 in t remma

Remarks. 1) Tiemma 3 and lemma 4 remains true for a an arbi t rary

i n t e g e r  ( n o t  n e c e s s a r i l y  p o s i t i v e !  ) .

2 )  For  every  f i xed  6> O,  there  ex is ts  a  f in i te  number  o f  va* '

l -ues  o f  a>  0  such tha t  the  equat ion  (4 )  has  a .  so lu t ion  (and conse*

quent ly  an  in f in i ty  o f  so lu t ions t ) .  Indeed,  f ron  (4 )  I f fe  ob ta in

y  =  (ax+ ' ,1  ^2*2 -q ( *2*  S ) ) /2 .  As  y  i s  i n teger ,  i t  f o l l ows  tha t

*2*2-4(*2+5 )  = b2 for some integer b.  $olv ing for a and. b we obtain;

.  a, = (u+v)/x, b *v-u

where  u ,  v  a re  i n tegers  w i th  1 :  u

& primit ive solut lon of (4) '  rnr i 'bh

r 9
d  - x * 4  0  f o r

ver i f ies  tha t

x  n  S t > x t  )  O

* rfi-.
{  y t  ,  x t  ) * (  x o  a x * y )

by 10 and 2o, thus

uv

and

( v

y >

and

x > 0

=  * 2 *  &  ( h e r e  ( y , x )  i s

x s 5  ) .
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Appl.ying now lemmas l .  ancl 2 ln $ect ion 2 we ohtain "bhe fol*

lovr ing t l reoreur ,  vrh ich inc ludes some prev ious resul ts  o f  J .F"Jonos

( [ e ]  ana  [ ?J ) .

T.irqglqq *-1., loa.) The

equ.ation yz*y *-*2 * I e.re

k  t 1 ,

.  b) The solu'bion.s in posit ive i .rr tegers of the equatior:

y2-y*-*2 = l  are g iven } :y  :  (yrx)  e  (PexrFzk* l )  for  some k>L,

Zoa)  The so lu t ione on pos i t ive in tegers of  the equat ion

y2-y*-*2 *  )  are g iven by :  (yrx)  s  ( r rur lex* t )  ror  $ome tc) . r .

b) f i re solut ions in posit ive irr tegers of the equa.t ion

y2*) r***2 -  *5  are g iven by :  (y ,x)  =  ( l f i r+ro lar r )  for  soae k ; '0 .

3oa) ' Ihe solut ions in, posi ' t ive i t : tegers of the equa.Lion

y2-2y*-*2 *  1  are g i ' ren by r  (y ,x)  z  (Fetot r ler )  for  sorue k) l - "

b) The soLutions i i r  posit ive integers of the equation

y2-2y**x2 * '  - I  are g iven by r  (yrx)= (?et r?Zu- t )  for  sone ! r |1- .

Proof.  I rnmediate by the remarks a, t  the beginning of  Sect ion 2

and, lemmas 1 and 2.

Using theorenn 1,  we obtain the fo l lorr" ing theorem eon.cerning

the representat ion of  the above ment ioned. recurrent sequences by

some integral  pol ;mornial"s.  This theorem extend.s the resul ts of  J.P.

Jones  and v , i i l l .  be  genera l i zed  in  Sec t ion  4 .

Theorem 2 .  10  The se t  o f  a l l  pos i t i ve  t r ' i bonacq i  numbers  is

ident ical  wi th the posi t ive values of  the polynomiaL

eoJ-ut ions in  pos i t ive in tegers of  the

given by e ( y, x) * (  Inzto*t,  Fer) f  or sorne

i7\
\ 1 / ' j

( n ;

a$  the

values

(  1 2 )

as the

r r (  x ,  v)  x.  x(  2-(  y2*y*-*2) ' )  ,

var la i r les x ar. id.  y range over the posi t ive integers.

20 The set of  a l l  I . ,ucas numbers is ident ical  wi th the posi t ive

'o f  
the  po lynomla l

6 / t o

r r ( x , r )  =x (1 - (  ( y ' - y * * * ' ) ' - 25 )  )  '

var iables x and y range over the posi t ive integers.



values

(  1 3 )

as the

I

rr
3 "  T h e  s e t  o f  a l l  P e l }  n u m b e r s  l s  i d e n t i c a l  w i t h t h e  p o s i t i v e

of the polynomial

/  \  t m  r  2 ; ,  2 r 2 t
. H p | r x r Y /  =  x ( z - \ Y  - . I Y X - X  )  )  !)

var iables x and y range over the posi t ive integers.

Proof. Yfe have only to observe that y2*yt-*2

vable in posit ive integers and the r ight factor of

be posit ive unl-ess the coruesponding eq.ua.t ions in

(Here we are us ins an idea of  ?utnan fg l r )  Hence

l ows by  ' theorem 1 .

Y{e  c lose  th is  sec t ion

ced ing  two-ones  can now be

f o r m x  r = a x + x  T h i sn+t n- n-r

the  seqL lence$ / *  \t  " 'nk+r 'n lo  t

t  egers  .

=' 0 is not sol-

( 1 2 ) * ( 1 4 )  c a n n o t

theorem t  ho1d. .

the theorern fol-

by remarking that theorems l ike the pre-
l

easi ly proved for any recurrenee of  the

wi l l  be done in the next seet ion for

v ;here  I6 r&k  &re  arb i t ra r i l y  f i xed  j -n -

4.  THE nXCURRHI{CE x-_.1 = ax_+x_ 1n+l- n- n-t

I re t  a  be  some f l xed  pos i 'b ive  in teger .  i i re  cons ider  the  foL-

lowing recu.ruent sequence (*rr)rrr,1 given by:

(14) *1= dl ' xr* d-2' xn+?= &xrr+l**n

The canonical  $equence sf  the

(15) ] t1= 1r ya= u,  Vn+2= ayn+l+yn

Using induct ion on n)-  I r  i t  j "s

( 16 ) xn+z= xn+l e{ r+Frro(1 f or every n }- 1

Yfe wish to f ind expl ici t  l inear recutrrences for the seq.uences

[ u  \\ a * r - . * , / - r  ^ r  f o r  a r b i - " . t t t * i x e d  i n t e g e l s  a 4 r < 8 .  f o  t h i s  e n d ,
t r t l f  l ,  tL ,  v

the fo l lorv lng recumeni sequence wi l l  be very useful l

(1?)  z !=  a ,  zz=  a"2+2,  Er \+z= &zr r * I *zn  fo r  n  >r1 .

Before  s ta t ing  the  main  resu l t r  w€ neec l  the  fo l low ing  techn i -

f o r  n  ) 1 .

t y p e  ( 1 4 )  i s :

f o r  n ) l  e

easi ly veri f ied that

caI lemma.
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. lggga J.  Let  (xrr) , ,7t .  a,nd (un)n),1 'be 
the sequences recursj .ve)-y

d e f i n e d  b y  ( 1 4 )  i - r n c l  ( 1 ? ) .  T h e n  f o r  e v e r y  k ) l  w e  h a v e !

{ 1 8 )  E , x .  |  ' -
r i  r {+J  ' le+" l rk+2 =  \ *1 )^ (ao le+2{ r )  and

(1g)  rk* l *k*3* 'z tc+2x lc+2 *  ( * t )k ( * * { r -z&z)

J?: :oo f .  We observe  tha t :

proof of lemna 5 is used. by ?,Bruckman [3]"

$beoJeln "3. 3'or every intogers lgi  r  gk, the sequence (rrrUor)rrgo

veri- f ies the fol loi ' , ' lng l i .near recurrence?

f  ' 1  \  t  ' ' l l c + l - '
\ L * /  ^n+k  *  uk "nn ( -1 ) " * * * r r -u  ,  f o r  n>  k ,  n  s  r  ( rnod  k ) .

Proof .  \Ye proye f i rst by induction on k 7 I  the fol lowing two

+1xk+2 
= d*t  ( 'k  

' ru"nr)

\ * t  n2  x t+31

\ l o  1 \  ( * i n t ' i * e \  , . - - - , r . \
l l  l = [  |  ( b y ( 1 4 ) a n d . ( t ? ) ) .
/  \ r  a l  \ * i *3  * r *41

Last relat ion we obtain immediate- l -y by induct ion

\ ( 
" 

"r\ ro t\o-t .l = t
I  \ " r  "o f  \ r  u l

e cleterminants j .n both sides of (20) \ , ,re obtain aftey'

l a t i ons  the  re la t i on  (18 ) .

o f  (19)  is  ent i re ly  ana. l -ogous,  based.  on the re la t ions

,k*2*k*2 * d*t ( '  
'knL 'r t*z) 

and"
\*ko2 *k+3 /

\ / o  1 \  l u r - * r u i n : \  n/ \,, ̂ ) = i.;.; ";.;/
techniqu,e somewhat simil-ar to our

' k *k+3- 'k

l z .  r
n n '  |  

- i  " i + . 1
k r l s  

t
l v  v
\ ^ i + 2 ' i + 3

From the

o n  k  ) 1 :

.  / 2 .  r
/  n n r  I  

- k  " k + 1
\ t u )  I

l v  v

\"k+2 ^k.r-3

Taking 'bh.

$ome easy calcu

'Jhe pr:oof

uk*lxk* 
3*

f  z .  ^  z|  : .+r  ' i+2
I
I

\o i+z * i *3

Remark.  A

re la t ions:



\ t 4 )

* 1 1

/  - \ k + 1xz]s.r- l  = *k *k+I + (-r) - -a"1

(  e:)  *zk*z = ,k *k, ,2 + (  . - l )  ooto 
,

They lrle.;r 5* read"i. ly verif iect b}t clirect calcula.ti.on for k s 1.

Suppose now t} :ey t roth are ' i , rue for  sone k->1, ' Iheni

(z4j  x2k+3 *  **ak*a+x2*+1=( axn*r+xr+t)  ut*(  - t ; ] t+t(  a { r+ d,r )  *

= 
"k*k*3+( 

-1)} t+1q *dp.*dr-)*  rk* l*kn2+( -1r l t+2d*

where  the  las t  equa l i t ; r  l ro lds  by  len :ma 5  (18) .

Hence (22)  i s  t rue  fo r  k+ l  ins tead o f  k .

Us ing  norv  (23)  and"  (24) ,  !?e  ob ta in  us ing  aga in  lenma,  5  (19)

in  the  las t  s ten :

x2k+4 = **2k+3ox2k+ Z=(ar,.*L+zn)*kn2*( 
-1)k1 

" 
o0r-.C, )  =

= rk*z*kn2+(-1-)k(  uocr-a e)  = z lc+lxk+3+( - r )uo2*a

Thus (  23) is also t rue for k+l  instead of  k,  and by induct ion

(ZZ)  and (23)  a re  t rue  fo r  any  k>1.  Us i .ng  now induc t lon  on  n) rk+ l ,

we imroecl lately obtain by (ZZ) anu t23) the relat ion (  21) .  Thj-s com*

p l e t e s  t h e  p r o o f  o f  t h e  t h e o r e m .  D

The above theorem has interest lng consequences cor lcer l r ing the

representat ion of  Flbonacci ,  lucas and PeI l  sequenees by integral

pol lmomials.  But f l rstr  &s usual ,  a l -emroa.

l r .pg g.  Let  (Vrr)rrr ,  an<l  ("rr)r r>t  be the sequences recursively

def ined by  (15)  and (17) .  Then fo r  every  pos i t i ve  in tegers  n  and k

we havel
,(25) vi*x - zkyn+kr,r+(-1)krfr = (-1)" uft

( 26) r|*t, zkzn+kzrf( -1) k 
"';;= 

( -1) n+]q *2o+) rfr
2 r - 4

(27) uinu 
"k1'rr*kFrr*(-1)uoi 

= (-1)""i ,  wlrere (rrr)o,-1 is defined
by (r-5) fot q*;. !"

lrogf,. 
'rfe easily observe that y.,,, = (cLn- P"l /tc( - p ) and
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zn * ott+ $t,  r ' rhere o( t ;nd p 'are the roots of the "characterist:c"

equation y"2-au*L *,  0. Substi 'but ing th.e ai:ove expressions fclr  yn and.

%.^,  vre er : ,s i . ly  o l r ta in  (29)  and (26)  us i "ng a lso dP *  *1"
TT'

The reLat ion (2"1)  fo l lows by (25 j ,  observ ing tha. t  Prr . *y*

f o r a = 2 ,

The fol lovuing

of theorem 1 wl i i .ch

T h e o r e m  4 ,  1 0

2 ^  2
equatLon Y -J l tx+x

k  L 1 .

b)  The so j -u t ions

y2-3y*o*2 = -1 a.re given

Z.oa) The solut ions

y2-4y* - *2  =  Q 'a . re  g iven

b)  fhe  so lu t ions

y2-4y** *.2 = *4 are gi.ven

a n d  ( y , x )  =  ( 1 u 1 " ) .

3oa)  The so lu t ions  in  pos j - t i ve  in tegers  o f  1he eguat ion

y 2 - 3 y * n * 2  z :  g  a r e  g i v e n  b y :  ( y , * )  =  ( l r U n t , l 2 k - 1 )  f o r  s o l n e  k > 1 .

b)  The so lu t ions  in  pos i t i ve  in 'begers  o f  the  equat ion

2 ^  2y-- lyx+x- = -5 ere given by:  {yrx)  =(Lzk+ 
zr1:  ztr . )  

for  some }c;r  0.

4oa. )  The so lu t ions  in  pos i t i ve  in tegers  o f  the  equa 'b ion

y2-4y* - *2  *  2a  are  g iven b ; r ;  (y ,x )  =  ( l2 rooar le r - t )  fo r  some k)  ] .

b )  The so lu t ions  in  pos i t i ve  in tegers  o f  1he equat i -on

y 2 - 4 y " - " 2  =  * 2 0  a r e  g i v e n  b y :  ( y r x )  s i  ( l e t n 3 r l e i . )  f o r  s o m e  k >  c '

5oa)  The so lu t ions  in  pos i t i ve  in tegers  o f  the  equat ion

y2*6yrn*2  =  4  r l re  g iven  b3r :  (y rx )  t '  (Pz t  
*2 r?2 ic )  

fo r  some k  >  1 '

b )  T l re  so lu t ions  in  nos i t i ve  i -n tegers  y>  x  o f  the  equ-a t ion

y 2 - 6 y * n * 2  =  - 4  a r e  g i v e n  b y r  ( y r * )  * ( P 2 k + 1 , F z k - 1 )  f o r  s o r u e  k > 1 '

theorem contoins some ferqr of  t i re tnany analags

may norv be stated ancl proved 6

a)  The so lu t ions  in  pos :L t i ve  in tegers  o f  the

*  1  a r e  g i v e n  b y ;  ( y r x )  5  ( F a u o g r F z L )  f o r  s o a e

in  pos i t i ve  in tegers  y>  x  o f  the  *qr r * t t io r r "

by :  ( y , x )  *  (Fan* t ,F2k *1 )  r o r  some  k  >1 .

i n  pos i t i ve  in tegers  o f  the  equat ion

b y :  ( y , * )  =  ( F e t o 3 ' F 2 r )  f o r  s o m e  k > 1 .

in  Bos i t i ve  in tegers  o f  the  equat ion

b y :  ( y , x )  =  ( F z t * z , T z k _ I )  f o r  s o m e  k > 1
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60" )  t 'he .so lu 'b j -o r rs  j .n  pos j . t i ve  i r r tegers  o f  the  equat ion
' ) 2

y ' - l4yx*x" '  =  29 are ,g iven by:  (yrx)  *  ( I rZI r*3rFZ. f )  for  some k > l - "

b) f ] :e solu'bions ln posit ive irr tegers of the equati .on
, )

y'* l4yr-*x* # * i :5 i : i . re given byr { ;yrx)  x (PZtr*  prT.k* l )  for  ssme } :  Sl .

7a Let a,  t re a posi t ive i .nteger arrd.  (Vrr)rr '1 the recur: :ent  se*

quence g iven by  (15) .  Then,  the  se i l .u t fons  in  poc i t i ve  in tegers  o f

the  equat ion  y2- (a2+-2)yx**Z-=  n ,2  a . re  g iven hy :  (y , * )=(Vzko2r I ,2g)  { 'o r

s o m e  k  L  1 .

Uning theorem 3, al l  the a,bove solu 'L ions ean be recu"rs ivel ly

0 .e I1necr  "

Proof,  lmmedj-ate b] t  the reruarks at  the beginning of  $ect j -on 2

and.  leumas l r2 r lo {  and 6"

Remelrk. TJnfortunately, the presen't au' 'uhor vras una.hLe

to flnci- the "p:rimitivert solutions of th.e eibove equations for gggggg[

&. I 'or  every -#IejL a. ,  resul ts l ike"bheorem 1 and" 4 rnay hovrever

l re proven. Very f  e lv general  resu. l ts were proved" (  see 70 of  theorem 4

and g .Buze{eanu [4 ] )  .  I ' be l ieve  t ] ra t  fo r  much rnore  genera . l  equat ions

as  To (  theorern  4)  fo r  example ,  the  converse  o f  the  imp l ica t  j .on  in

lemms 6 may be proven blr means of lemrnas 1-4'"

Based on the resu. l ts in Lemma 6 and, theorems I  a.nd 4,  I  mu,ko

the  fo l lov r ing  eon jec ture .

CONJ}TC'}U]TH

Let a be a.n err i : i t rary f ixed posi t lve integer and def ine $e-

quences  (v r r ) r r r1  anr l  ( r r r ) r1 )1  by  the  recur rences  (1"5)  and (1?) .  Thent

1)  I i l o r  eve ry  i -n teger  k> , ] ,  A=  , f , * zn+( ( -1 )k *1*2*y f r )  i s  a  pe r -

fect  square i#  x  = yZp for  some p> 1.  Ln th is  ca"se i t  fo l lows by
2  ,  - . k  2  2

Lemma 6 that  y  = y2t . rk  ver j . f ies  y ' " -zOYx+(-1)" -  x"*  Vg.

zJ For  every  in teger  ka1,  A= * f , *2-+( (* r )k* ' *v f r )  is  a  pcr fect

square  1S: [  *  *  X2p_1 fo r  some p ]1 .  In th is  ea$e i t  fo l lo r r ts  by  lemma
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6 tir.a'b y ': g2n*L+k verif ies y2*unv*+(-1.)ko2 = -yfr"

3)r $or evcry intcger Jc )1, A * *rtu,z*,{ ( -:"; }c+'1*2,*( a2-r4l rfl l :Ls

a per fec 'b  square  
*#  

*  *  yZp* t  fo r  { iome pb 1"  J i l  t i r i s  cnse i t  fo l *

lows l i y  l c r rma.  6  tha t  y  ' :  y ' ' - l+ .k  ver i f j - cs  y2* rUTr , .p ( - f  )k *2= (a2+4)Uf , ,

4)  For  every  in tcgger  !c  )  l -1a.= * r t "?*+(  ( - r )1 t*2*1"2++)vf r )  is  'd .

per : f lec t  $qus , re  i#  *  =  y .n  fa r  so ine  p)  1 .  fL1  th is  case i t  fo ] lows

t ,y .  ler i l rna 6 t r rat  v = oro* l ' rer i f ies y2-" , .y*+(-r )k" ,2=  ̂ (u2*+)vf l ,

He rema.rk that  t f r*  " i f ' r  part  of  the CONJACTURiI  fo l lows by

"  
lemma 6 .  The "or r l y  i f ' t  par t  must  be  cb .ecked on ly  fo r  x  4  f (a r$)  g iven

by  le rn l ras  1 -4  (see a . lso  the  remarks  a t  the  beg inn ing  o f  Sec 'b ion  2) ,

A  s i f i l i l a r .  con jec ture  can be  s ta ted .  fo r  the  Pe lL  seouence (see

lemma 6  fo r  a  -  2 . ,  re la , t ion  (2?)  )  "

Fron the above theor"em 4 r"r€ obtain immediately the fo l lowing

] l lo re  r r in tegra l  representa t j -ons t t  o f  the  F ibonacc i ,  lucas  and PeI l - rse*

quence$ "
' l lh.eoretn 5,  10 The set of  a l l  posi t ive Fib 'cnacc j .  numl:ers having

even,  respec t ive ly  odd.  index  is  id .en t ica l  w i th  the  pos i t i ve  va l .ues

of the polynomial

Q r ( x , v )  =  x ( 1 * ( y 2 - 3 y * * * ' ' t ) ' ) ,  r e s p e c t i v e l y

Qr (x , v )  =  x (1 - ( y2 -3 ) , * * *2 * t ) 2 )  '

&s the var iables x ancl  ) r  ra.nge over the posi t ive lntegers.

20 the set of  a lL posi t lve Fihona,cci  nu- 'nbers having even,

respec t ive ly  odd inc lex  i s  iden t ica . l -  w i th  the  pos i ' t i ve  va lues  o f  the

polynonial

Q r ( x , r )  =  x ( 1 - ( y 2 - 4 y * - t 2 - 4 ) 2 ) ,  r e s p e c t i v e l y

=  x (  t - (  y ? - 4 y * -  x 2 +  4 )  
2  

) ,

as the var j -a i : les x and, y range over the posi t ive integers.

30 The set of  a l - l  T,ucae numbers having odd,,  respect ively evevl

index  is  iden t iea l  w l th  the  pos i t i ve  va lues  o f  the  po lynomia l



i 5
.-.'

n  l ^ , . , \  
2  . )  t )

r r . r  \  r L , , y  /  : :  x (  1 * (  y t *3 : r * *  n t * .5 ) " )  r  r€ r ;  pec t - r ' ve l y

n  1 . "  - . \  
t t  D  o

Lt.?\  ^: , t  ,y t  : :  x(  1-(3r ' - . lyx+ xt+9) ' " )  e

as the va.ricLbl-es x arr.ci y rar:ige over thc nosj-tj-vei i.n.te€,CIrs,

40 fhe, selt crf al.-l. f,ucilsi numl:ers havirrg oc1d, respecti-veJ-}r sven,

index i-s id.entics.L lo,ri*oh th.e y:r.rsit l.ve values of the pollm.omiai-

'  
R r , ( : : n r )  . =  x ( 1 . * ( J r Z - 4 y > : * * 2 * a + ) 2 ) ,  r e s p e c t i v r : l y

"  - ; ( * ,  J , )  ! :  x ( r * ( y 2 * 4 y * - - x 2 + a o ) 2 )  e

as the var iables x ar id-  y ra$Eie over the posi t ive i .ntegers"

50 ' Ihe set  o: f  a l l  ?e11 nrrmbers having evsnr rer lpeet i r re ly odcl

incJ.ex is iden.t ical"  wi- t l r  the posibir , 'e values of  the polynomial
. D O . )

s r ( x ' v )  =  x ( 1 * ( y ' . - 6 ] r x o x ' - 4 ) ' - ) ,  r e $ p c c t i v e l y
( )  

2 .  , r 2 .sr(  x,  v)  = x(  1*(  y ' ' -6) 'x+x ' ' - r "4)  *)  
,

as the var iables x and. y range overbhe posi" t ive i .nteger,

60 The set of  a l l  3e11 nunirers having od.d,  respect iv 'e ly sven

lndex is id.en.1; ical  vr i th the posi t ive ver lues of  the polynomial

sr(  x ,  v)  *  x(  l . * (  y2*r4yo-*2^25)2)  ,  respect ive ly
a o n

sO (  x '  r )  'E  x (  1 - (  y ' " -14yx-x '+25) ' )  t

as  the  var iab les  x  a .nd"  y  r { } .nge ever the  pos i t i ve  in tegers"

?o  le t  a  be  a  pos j " t i ve  in teger  and ( f r r ) r ro1  the .  reeur ren t  se-

-o .uence g iven by  (15) ,  l lheno the  sequence ( f r r r ) r r r1  i s  lden t iea l  v r i th

the posi t ive values of  the polyrromial

T  (  x ,  y )  : :  x (  1 - (  y 2  - ( a , ? ' + z )  y x + x 2 - a ' ) ' )  ,

st ,s the va.r j -ab1es x and. y range over the posi t ive integer,

Proof l "  $ee the  proo f  o f  t ,heorem 2 ,

f temark.  13y the a"bove theoreni ,  vre ean represent separatelS^y

the sequencerr (Fer.)r*)t  and. ( inzrr* l)r .>l- ,  (L2n)n>,1. ancl ( le.r*r)n>r ,

(Farr ) r r>t  and (PZrr_t )n l f  .  I t  rv i l l  be of  in terest  to  g ive such



r t in tep , rn l  Fo l - ; rp6n1 i . r r ,1  reprc isenta t io t l s t t  fo r  th .e  sequence ( * r r ion" r ) i r lo r .

for  arbiLrerr ;y f  ixccl  lnteg;erc l .  *  : 'S l t  ( tc y 3) "  $uclr  reFrcsei ' l ta ' t j "ons

exists by r 'esul is in l {1"}rrv isr  t :J,

Fi11ar1lyo rle rema,rl.; th:r-b resi.l- l ' i ;s a.n.ellogr:u.s to"Lh.ose in lernms' It

' [heorem 3 ancl  ler ; r . ra 6 hold for"  ' i ;ho recurrencc xl*r*nxn*xn*l  i 'nsteald

of 
""rr*:l-, 

*: axrr+xn.-'. rTe sti l.tc thc$c re sults vrj" 'Lhout proof u sittce

then are ent i " re l .y s isr i la.v tc the above on'e"$"

Let E1 he seme f ' j -xecl-  integer. ' i ' fe consi&er the fo l lov, ' ing l iecuv-

re r r t  seouences i :

f  r : R \  * o  * P , ,  
! : f i - -  

* n  
t  I

\  r -u , ,  ^1 *  
l r  7- '  

n2 -  
l '  2 t  " .n+2 = axn+l*xn f  or  n  > '  1 '

t { f t t
(29) Y1 :: I, YZ *' tl 'r Yzr+Z * axn"rl'-yn for n ) l"

us ing inr lu .c t ion on n> 1,  i t  j "s  ea.s i ly  to  v 'er i fy  that :

|  |  t \  I  .  - -  \  1  ' f \ ^ - ! " - i * .

/ : n \  v\  Jv l  ^y i , ,Z *  Yn*.1 PZ-Y,.&'  for  every n ) '1"  I )ef inc ia lso:

t t D l l l

( 3 1 )  n . r =  a ,  z z -  a t - z ,  z n + Z *  & z r r + ! ^ r ^  f o r  n ) ' I "

|  '  t  
be  th .e  secu.e :  e ly

&ggg**?".  Le-b (xrr) , ,yt  anci  ( r r , , ) r r ) l  b* the sequence$ recurslv

def iner l  by  (eo}  and-  (31)  "  Then fo r  every  k  >1"  we ha ,ve

0 t ! f
/ r c ' l  r y  Y\JL ' '  -k"k+-3 

" I r+ l *k*2 
= 

"  p2-2 Fr
t l l t( 33) 'tq*r*t *3 zh*zxl;+z = 

" Fr-- u Pr
, 4

Theorem 6. I ror  every in 'hegers -L 4 rg lc,  'b l re sequenee (xrro*")nto

ver i f ies ' the fo l lovr ing l i r rear recurrence?
I  f  t  t  ?  s  / * ^ . ' r  r . \r t r ; \\Jql  ^n+k * zkxn*xn-k '  for  n l  k '  n E v (mori  k)  '

9- .  - l - ,ct  t r r r ) r r" ,  nncl  ( r j r ) r . ru,  be th.e sequ-ence s recursively

def i -ned by  (29)  a ,nd  ( : f  )  "  Then f6 r  ov€ fv  pos i -b ive  i l tegers

n and k v,re ha,ve:
r t  t  I  I  r 2  r 2

(35) *r,,it - zkr{n+.kx* + xn- - xk--

r 2  N  |  |  r ?  ?  . \  t 2
( 36) ,r.ir, - 

"rr*nnrrzrf 
z,r' = ( a'+4 ) ?'I<" ' 

,

Novr, the a.btentive r"ead.er can easi}y wr'ite d"olvn a,nd" prove arre.

logous  o f  theorems 4  and 5 .
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