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ULT[tAPOTIIJiJTIALS A}iIi POSITIVE EIGANF'UNCTIONS

AN A.DS0i,UInt{ CONTINI.IOUS RESOLVENT OF I{ANNELS

by

Lucian'BEZNEA

IntrodEsllon. Let (XrS) be a meaeurable space ana'l-I  he a submarkovlan

resolvent of kernels (with the inlt lal lcernel V proper) on X which ls

absolutcl 'y conttnuous and has a dual resolvent (wlth. the same propert ies)

with reepect to a fi:flnite rn€?gttfeo

A poeit l .ve numerical functlon e on X ls cal led

@ 1 f i t i e 1 , . - e x c e s s i v e ( 1 n p a r t 1 c u l a r f - . . u " f i n 1 t e }

and i f  the fo l lorv ing.condl t lon is  fu l f i lLed. l  for  every ln teger  n)71.1

there exlsts a poslt lv" S-*"tsurable functlon f* on X such that

s=vn(fn) , where vn is the n-dh iteratio the kernel V.

The raaln.purpbse of  th ie  papei  (see Theorem 3.5 and

Corollary J,6j is to prove that , irnder a trregularitytt condlt lon (whlch

wil l .  be discussed in the last part of $ a)on the resolveut 
' l l  

r for each
' '

V-ultrapotential s there exist a f lnite posit ive Borel neasure F on

t l re  open in terva l  lOu*[  and a faml ly  (s1 )OoA(oo r "1 b" l "g  a pos i t lve

.  . t r -e l . gen func t i on  o f  V  ( l . en  V (sx  ) *h . s r  and  s7 ,  i s  l f - a .e .  f i n i t e )n fo r

any h2 O, sucir thai for each x €X the numerlcal functi.on At->s^(x)r

definecl on lortof ,1s C-ncasurable and
r

.  a ( * )  =  l s ^ ( x ) d c ; .  
( h ) .

F'OR
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In fact, this type of representati .o$l 1e giv€ih for a sl lghtly more

general elass of oxcesslve funetlons, ae the V-uldrapotenttr.al"s
.

An.uniquoness of the representatlon emd a con\terae

statenont,-are aleo proved. , .

These resulte are ariologouo, in thls context, with thogo

obtained by M.It6 and l{"Suzuur ln [?] (gee afso [6] ) for the set up

I of dif fusion semligroups. (The S-ultrapotentlal.s are comospondi.r*g

to the eompletely A-euperharmonic measurpe wlth zere condltions

r - - - - - r  ' -  l . r 1  Iconsroereo x,Et  L(J . ,

l fe'shall  uee the technlque developed in [e] ""4 [ZJ and also

'the 
duall ty theory for standard 1tr-s6nes,(see [. | ]1"

'  
As i" [Z], the Bernst,ein theorem on complete monotcne

funct ions ls  a  consequence of  these resul ts  (see $4r f* tnp le 1)"  Another

ors6 id that the convex cone of V-u1*rapotentials 1s ope dlmenslonal. i.f,

.  the resolvent  sat is f ies an e l l lp t lc l ty  condl t lon (Examplo 2 in  $r t )  "

Let us notlce that the exi.st,ence of the dual resolvent Ls

not eseentlal for our atr,mc Thls asauaptlon ruay be eubstltuted by the

duall ty theory of standatrd H-conos (see Bemark 3*9)"

,$'t  ;  ut tr*.rrotent i  al s - f i rs t  resul ts .

of  kernels

proper.

In th is sect ion,  %(u*t)O t t* l l  be

(on the measurable epace (x, S)) with

llto denote by ffry *u usual ordered

a submarkovlan resolvent

the lnlt ial kernsl V

rSz
convex  cone o f  U-&oao f in l t t

excessive functtons assoclated to V. (For more detai ls seo [ l ]  o" [SJ " )
, Q

DefinltioFle A V-exaessive function s€ Ey f 
" 

ealled l-ultl:gfrs!-egt.:Lgl lff :

trt  -" - teger n)r" l  there exlste t nourrr lrt  S-meaeurabl"e (numerical)

functlon f on X sucb ttrat s=Vrl '^ '
n  t l o /  c
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In the above def ini t io ir ,  the funct ion f '  may be chosen to be

f - " r " " " r i ve  and in . th is  case i t  i s  un ique ly  de f iner l  and denoted  by  sno

Thus:
( t D ' b r 2 1

U(V)={ "e  V t /n ,  any  in tegu ' ,  n7 t  1  there  ex is ts  ,n€6t tsuch tha t  s=Vn(" t ) t "
. L

Re_mark  1 .1  .  U tV)  genera l i ses  the  convex  cone o f  . f tu l t rapoten t ia ls
r 1

associated to  a second o ider  e l l ip t ic  d i f ferent ia l  operatorr f  f rom L2J"

(See  co ro i l a ry  4 . c ) i i r  [ r ] . l  :

(2
For an excessive funct ion s€Y1y*u have;  s6 UtVl  i f f  there

exis ts  ( r . rn iquely)  a  sequence ( "n)n, roC f tsuch that  sn=V("o*1) ,  for

any  i n tege r  n lO ,  where  
"0= r ' .

I f  g  is  an ordered convex cone,  we den

ordered vector space canonicall .y generated by g

Defini j iog. I t  cA7t 0 and p)0 are real numbersr we

ro( (z

Q^f  " l=s-  
pvn**(s)  t  s€-Eg ,

]P 
l,. 

^' ' l-
For everyd' 'TOt$7 Or*U 

"nU 
Vp beine addit ive and posit ive

lce 1
homogeneous, we may extend them to. l inear operato.rs on LVUJ:

Def in i t jon"  -Letd,7tA he f ixed"  We d.enote by U*tv)  the to ta l i ty  o , f  those

excessive fnnctions s which for 'any irni,eger n)r1 and prr---t 
Prr) 

O

satisry: ,44 - - o Fur;r,:YO" (3 rv
For any *Vdl  { tu l  is  a convex subcone of  Yy"wu wri te Utvl

a\r'

fns tead o f  Uotv ) .

Paper [ lJ rr"" already wrderl ined the convex cone Utvl

(denoted there av 9*  r i ts  e lements being cdt tea "  f lcomplete supermear

funct ionsfr)  and has studied i t  under other points of v iewn

$enarE1"2",  I f  0(o(1x<o(,  and p) o, th;

ote by l{J t""

(see $ r , t  i r r  [ r ]  I  "

define the nap +; from

€6, rn o l€rJ rt,

( t . r  ) 0f, ' ,= +l (s)+p(dr-or,uo.op(votr*p(") ), ,eKt1i



( t . z )

( r , '3 )

P r o o f o  ( t . Z )

vp( 'Uo((v))  e
i r n

^)

{,,u, , 6,ftull e

-&-,
ldo tv '\''

qp (Uooto)) G t&;ut t

{.lol € Q. tvl '
4 ^ 2

is  a consequence of  ( f  
" f  )  s ince for  any ot )O'  and i3)  O. :

U"((v ) " t r
order to establ ish other connect ions between the convex cones

trGfr*cur)efficur
l "  "  

consequence, i f  s eAu*tv)  anap)0rusing arso ( t  
" t  )  r i

succesiverv; $|',", A0; 
ae%v' 0;?"r€ Q.il*rvl, s€

T h u s ,  a s s e r t i o n  a )  i s  c l e a r r u s i n g  a l s o  ( 1 . 3 ) .

o l lows

( v ) .
0

Utv) U"((v) ,&7t a, 16t us recall rroon [lJ that any 
'["*""""ive 

function

s has an unique decomposit ion s=sf+sn, where sr is gjrr . r . r iaq!.  funct ion

( i . e .  o ( v c { ( s '  ) = s '  , o ( 7  0 )  a n d  s r r  i s  p u r e l v  e x c e s s i v e '  ( i " e " A o i v o l ( s , r ) = 0 ,

the sign "r \rr  having the usuar meaning of rat t ice oper. t iorY frr l .

Reqe l :k  1 ,3 .  a )  Le t  s  e€ tbe  such tha t  one o f  the  fo l low ing  t rvo

c o n d i t i o n s  i s  s a t i s f i e d :
' r./,

( i )  v ( s ) € V t J ,

( i i )  s -V( f )  ,where  f  i s  a  pos i t i ve  measurab le  numer ica l  func t ion .

Then s  i s  purery  excess ive . In  add i t ionr the  func t ion  f  i "  
n l f -u " " .  

f i i r i te ,

b) Any v-ul trapotent ial  is a purery excessive funct ion,

P r o p o s i t i o n _ 1 " & c -  a )  f f  d O ) r  0  , t h e n i

fi.,'ivt=f r-':' '.d *t")%(v) "

b) For every o{) o we have:

i l*,u, ={re{11hor any rnteger n}1 there exists ,Irf i tsuch rhar 
"=d(#}} .

" i  
The V-ultrapotentials are exactly the purely excessive elements of f f fui.

Proof  "  r f  c(1)  do and p)  0,  f rom (1 'z )  and ( r  
"3)  i t  for lows that

b ) .

t f

u,
CA

we denote by uotv l  the set  or  tn"  r ight  s ide in  the equar i ty  o f
F i r .s t rwe show that r i t  o( )  0  anA 

F)  0, . { ,heni
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t d ;

9,,( U,.tu) ) Q t{1v1 ,
Uutv) = U(v) "

rndeed;tet  n be an integer,  , -V1 and s e A*<v'1.Then, $[ t" l={ tuof "$*1l l -
- fiv**p( " t { 

(a*p( *X*t ) ** ( pv**B( ul*' ) ) ) -pv**u( s) ={ tvonp{ rf1 I t i o e c
' l v

(-1.4) is proved. As aconsequencerfor any 4t7lo ; Ug(v) € t/or1,

tet  us now prove that: i f  s €n(v)ro(>o, (res"p.  s6 V(rr)  and

s is purely excessive) then s6 t /atv l  ( resp, s6U(V)),

From ff t" le{y, for ever" :rg) o, i t  results:
' P  

r t t .  .  l o (
P +;t 

] 
( F'f[ t "r , ror tt< F'

and we def ine the funct ion snby:

E-= sup p01r"l.
-  w  o (  a - ^ ' ,  l P '

rr s, , "re iltvl , 4710, then . fr7CI "'

(1.5) 
F' 

qkQ;t.;*/".,
I f  s€t /* fu l ,d7 0,  ( respo 

"ef f (v l  
and s is purery excessive) then; vo6(3o)=

= 
i l fuu*(s-pv..*u("rr=;;5ls,v**p(s)= 

so Bv Renark 1,3 a) ir roirows thar

E* i ( r t f  d )  0  ( resp-  €oC{V. rd  ,0^ is  pure ty  excess iveo) .  F ror  
"=  f } t " l *

*pyd*p(") , S("le f iufvl, F[n[s)d ff*ful,using (1"r), i t  resulrs:

{[f *1ry4e(t,ror any p> oorhus,we have by.induction: Eoel,lntvl ,

s€U"((V) ' "  Asser t ion b)  is  now c1ear .

and Remark

D e f i n i t i o n

Finalyrassert ion c) foi lows fr :om .the above. consj-derat ions

. 1 . 3  
b ) , t l  

.

a) For every real numbers o() o and tr) O, the convex cone

'  (r  "+1
where

Eo((vrI) of

where VO=

b) Let  us

Ifence

V ,and

denote

a l l  pos i t i ve  h  -e isen func t ions  o f  Vor  i s def ined by:

Ee((v , I )=  
{ ' ,  {v  /  vo . (s )=} ' " }  ,

we wri te E(Vrtr)  lnstead of  EO1Vrtr) .

by E(Vroo)  the  convex  c .one o f  a l l " invar ian t

E(vr@)= n*(v,  
j  

) ,  for .  any d) o"

func t ions .
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W'e remark that i

Fr:om the

'o ( r  
P7 0  we haver

. a
(1 .61

f | 4 -
Ed(v , I )= {o } i r  d )o  and  g ( } "

resolvent equation , i^t is easy to see that for

r.D

VqysLand as basic examples of st landard l l -con€so

to  s imp l i f y  the  expos i t ion ,  le t  us  suppose

func t ion .  on  X w i th  s t r i c t l y  pos i t i ve  va lueso

Eo((v,h)= EU(v,nt*+r l ; - )  i t  o<h( l ,
rvhere the convention i.s: .1= oo - & - 4 to - , f f i=fr ,EI(V,-)=E(V,""),

Let us point out that

LJ E(V,I)C
o<h<oo

we have

WE(vrh)=tnJT*(v,^) , for arry a() o.

.o<h("o a<n( *

( 1 . 7 )

zrnd by (1 .6)

( 1  . 8 )

Urv)

62r,, Resolvents r.g dualitv a^qd the naiura] lopo-lggv"

f,et .l,)-=(v"aL>o *d t&(w..)*>o b. two snbmarkovian r'esolvents

of  kernel "  (9r  the measurable space (xrB)) .  which are absolute ly

continuous and in duali ty with respect t:  
" 

F-f inite measure f ir

their: initiatr. kernels V and W being propero

At filst we srrrlrmari-z:e generafities of standard H-conesc For
'  

F ' t
detai ls and proofs one should consult  I  1 |  ".  i . . ,

' m o r e

that v=

We wr:ite

€1y u'u

.  In order

w ( 1 )  i s  a

: v ) 0 .

rD /3
Def in i t i on .  a ) . l , e t  us  f i x  u€Yy / ru )0 "  An  e lemen t  t € \ t t  i s  ca l l ed

u-cont inuous i f  for any t> o and for any famil y F&flyrincreasing to

t  there  ex is ts  t .€F  such tha t  t  ( t1*€-o .



' V * , . / '

T h e  c o n v e x  c o n e  o f  a l l . u * c o n t i n u o u s  e l e m e n t s  o f  € * - r "

t.4
deno ted  ny  (Yq : )o (u ) ,

b)  An e lement  teSVis ca l led univeJsal ly  -oont iguoqe,  i f  i t  is

u-con'Linuous for every 
"e€W ,u ) 0"

We denote AV (Ydo>the convex cone of  a l f  un iversal ly

co'ntinuous elements of Y*.

(z , l )  There ex is ts  a countab ' le  subset  D o i  ( {w)o which is  increasingly
(2 .(2

d .ense  i n  (W . ( i " eo  f o r  eve ry  t €  6y7 . the re  ex i s t s  a  sequenee  ( t . r ) r r u f  D

such  tha  L  t  - / t ) (  [ r J  ,Theorem 4 .4 .6 )n'

(2 .2 )  Fo r  any .  u€?wru )0  and ,  L€ (€W)o ,  t he re  ex i s t s  a lR+  such  tha t  t (au ,

.  (  [ , J  , P r o p o s i t i o n  4 . 1 , 2  b ) )

D-efinit iqn. The eneqgl form is the map (srt) F-+ ("rt) fr:om ffVX fUt

. into fra defined by:

( s,t) = ""nifnut* )a,n,/t,eeT,vrc) ( so w(e) < t l  ,
where T ,s  ths 

" " ,  
o l ' . . r t  €-measurable pos i t ive numer icar  funct ions on.x .

'  ' ( 2 .3 )  
Fo r  any  t€T  such  tha t  v ( f )€ fu  u l ra  fo r  any  te {Wr  w€  have :

/ r f(v(r i  , t> = 
J r tdn?..  ,

'  -  F - t
(  L t J  , T h e o r e m  1 . 2 " 2  a ) )

Dqfinition" Arr H-int-egtal qn Far rs'a man 
1t 

from 'fg, nta fi,a'with the

fo l low ing  proper t ies ;

-  
f  

L s  a d d i t i v e ;  ,  
'

- l r c i n c r e a s i n g l  ' "

- / ,1  Is  cont inuoi rs  in  order  f rom below ( ioeo i f  ( t r r ) r .ur€Ky inct"as"s
_ o

.t-o. 
t a EyS ntnen 

V(t n, )rruls in"reases to 1l(t)) I

-  t he re  ex i s t s  
"€ fW ru )0  such  tha t  

f  
( u )1a .  (o r  equ iva len t  t  

f ( t ) 1e
f o r  e v e r y  t , e ( ( d  

o ) o



",,d#i

.  s  e € v

f t t )= (su t )  ,  f o r  any  t&Yw.

.  Fo r  eve ry  *u€ tF ,  6  i "  an  t i - i r r t eg ra l  on  €q7 (  L l l rTheorem 1 ,2 ,2 ) .

For every }I* inteeraL y' l  on {t17tnere exists an uniquety d.efined

such  t l r a t  
/  

=  7 " (  F ]  rP r ipos i t i  on  1 "2 "3 )

(z'+'1 Hence nby means of the energy form we may identify €y kr"r" fu,r ' t

w i th  the set  o f  a l l  H- in tegra ls  on Yul  ( r . rp"  on f r t  I  "
(2.5) An addit ive and increasi-ng map , 

frf  €,r i  ---.1]Rlis the restr ict ion
ca

A (VUt)o of  an H- in tegraf  on €W , (  f i ]  r r r r *orem 4n 2"11,

h6 resolvents l l=(v. i)u.>o *d U/={w*1ro being in duatity,

f rom Huntrs  approx imat ion theorem ana (z" i )  i t  fo l rows:

. ( a
D e f i n i t i o n "  I f  s 6 .  F , r r

for  every o(> 0 rre€y and t  eEW.

Def in i t iono  Fo

-B* '. .
F ^ @ =

, l ,he  map s  f : -om GW in to  I I l4  i s  de f ined by :

(uo(" ) , r )=(" ,w*{ t ) )  ,

Dgfinit io+. The natural tgp-o1ogy on {r: is the.coarsest topology which

.makes cont inuous the maps sr -+(s" t ) . tA (K,r \  o- \ " t  v /  t  v v r  v w l  r J o

(2"7) The vector spaces l4of ""u ft€,ryl J .r" in duariry (by means of
L

the energy form) and the natural  topology on €y is the restr ict ion to

(y ot the rveak topology 1  o 6 )

[ iJ,  r ropo si t  i  onA..  2.  B).
" ]  

) .  (  [ rJ ,nus"J'l(€o)
on €v

we put :

: t
og

L€,
)gy

> 0

Y  1 +r u

v

0

6(

r p o l r
7

Wtt

natural  to

r  any u 'e€t

i s  m e t r i s a b l e ;  (

n r= {  
" e€v " / ( " , * ) - { 1 }  "

(2"8) The coarsest topotogy on .VV *nt"n makes

function" 
" 

*+(s, t) , te(FW) ofu) coincide with

(See the  proo f  o f .  Propos i t ion  I r "Z .4  in  [ f ] ;  In

cont inuous  a l l .  the

the natural  topology on K

addit ion

I f  u€VrrSruTO, then K, ,  is  a  compact  convex subset  o f  Kr f  ,

( 2 , 9 )

(  [ t ]  ,  P r o p o s i t i o n  4 , 2 o 3
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(2"10)  A subset  M of  € t  is  re la t ive} .y ,aomFact  in  the natura l  topology

i f f  there ex is ts  ueYryru)  0 such 1,haL MQK* (  F]  r l l roposi t ion 4o 2,7) ,

Let  us now d iscuss some t f regular i tyr t  proper t ies of  the resolventso

D-e.f ini ! -Lqrb a) Let i r  eKy;rru)0 be f ixedo l{e say that the resorvent
'l/= (rLr h:o

satisfies Sai-l i-qq (V ir:

.va:I{1---) €oJontinuous (in trre natural topology)rfor a.nyo()0"' 4 U

n)  t f re  resolvent  
' l f=(V.{ t26 

sat is f ies condi t ion ( i )  i f  :

Va: fy-+€7Sri, continuousrfor every o(>0"

The dual propert ies are .the fol lowing:

Def in i rL ion"-  a)  I f  u€ 911yru lO,  the resolvent  V/=(W*,L>O sat i -s f ies

cond i t i on  (R* )  i r :' u
. . ( D  ^  ,  C P'  wx(  tYw)o)  G (  €d  o(u)  

'  
, fo r  any  o(>0.

b) The resolvent W=(W<h>O sat isf ies coqdi t ion (n*)  i f  ,

wa(  (  91p)o)C (  Fw)  * , fo r  any  d>0"

In  f i ] ,page f50 ,  the  maps Wd rd)0  are  ca l led  regu la r  j . f

rF

cond i t i on  (n  )  i s  sa t t s f i ed .

F rom (2 "1A)  we  have :  l l sa t i s f i es  cond i t i on  (R)  ( resp "  t / l

sat is f ies condi t ion (n") )  i f f  
' l I  

sat is . f ies (n. r )  ( resp.  
'L j lsat isr ies 

(n l ) )

f o r  e v e r y  u e € y 1 r , u )  0 .

.  B y  ( 2 . 6 )  a n d  ( z " Z j  i t  i s  . e a s y  t o  s e e  t h a t :

(n1g=41n*1.
.D

I f  u  C E W  r u  )  0 ,  u s i n g  a l s o  ( 2 " 8 ) ,  i t  f o l t o w s :
il$ .(n ) :1(n.  )  "

Lemma 2 .J .  Suppose tha t  there  ex is ts  an  inc reas ing ly  d .ense subset

D Q f a ' s u c }  t h a t . f o r  e v e r y  c ( ) 0  w e  h a v e :  w a ( n )  A ( Y d o  ( r e s p .  w . ( ( D )  q ( Y w ) o ( u ) ,

f o r  a  f i xed  e lemen t  ue fw ,u )  0 ) .  Then  ] J l= (wo , t>o  sa t i s f i es  (Ro)  ( resp . (R : ) ) .

Proofo Let  us ta lce ue f f ]6rnu)  0,  te(€do and ( tn)neNcD wi th  tny '  I ,
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there exists nU€I$ sucLl

,  f o r  a n y  i n t e g e r  k / 1 a

is u-cont inuous and the

be such that lY(v) is a

i : . i -  . , - i l

. t
I

t,hal, t \< t,,, O1. tt.
,,k t\

P r o p o s i t i o n  4 . o  1 . 2  d ,

p r o o f  i s  f i n i s h e d "  E

nearly cont inuous

Then fo r  any  in teger  k  ) r  1 ,

r{ence lu"tl )*wo((tn _)l( *"
in  [ r ]  impl ies t t  a ' ;  w"( ( t )

eu€Lqlr 2.?* Let .v efttrvT O

element ot  Yyy( i"e.  W(vl  e KWand there,  exists a sequence ( t r r ) r rem e(Yd o
. L 2with 1{(v)=.#n-*r r ) . -  Then there ex is ts  u&Ygrru}  0  such that  W=(wxL>o

sa t i s f i es  cond i t i on  (R ; )  
"

Proof .  From Proposi t ion 5n6.1 in  [ f ]  there ex is ts  ueTt t ,  u)  O such that

w(v )  i s  u -con t i nuous .  us ing  ( z "z ) ,  we  ob ta in  w( t  )e (YV)o ( r ) r f o r  eve ry
, - t Q  \  ^  { ' .
L€(EW)o"  Cond i t ion  (R. r )  now fo l lows f rom the  reso lvent  equat ion .  t r

Eemark 2u3" Let us suppose trrat  x is a local ly compact space with cowrtable

base (w i th  the  assoc ia ted  Bore l  f - f ie fa )  g  1€€ lXruna wx( f )  i s  con t inuous

and tends to zero at inf ini ty,  for any al ta and any bor:nded posit ive

measurable funct ion f  with compact support .Then U/=(wet)o sat isf ies
t+

c o n d i t i o n  ( R f  ) .

Proo f .  Le t  us  f i rs t  remark  tha t  every  Le€* rs  lower  sem- i -cont inuouso

lfe denot e by d the 
;et ,  

of  ar l  posl t ive bounded Borer measurabl-e

fr-rnct ions with compact suppor: t  "  r f  fe.A, using the complete maximum

pr inc ip le ,  i t  i s  easy  to  see tha t  l t / ( f  )€  ( { tp )o .  The se t  Wk{ t  be ing

increasingly densc in Vrg, ,* .  obtain that the 1,, f -"*"u"si-ve funct ions

which are cont inuous and tend Lo zero at inf ini ty are exact ly the :

f -cont inuous elements of f fuJr"we :rray now apply Leauna 2"1 , taking o=w("4).  n

*;& -
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. ?

J_2-"jnl,eelai. represenSa.Lj.ofr_ orl the ult.rapotentials.

We mainta in the context  o f  t lee prev ious sect jono

, .  For  a convex subset  K of  Trr  , re t  us denote by ex(K)  the

set  o f  a l l  ext reme points  of  I { .

Proposi t ion 3,1*  I f  e(  ?  0 anct  u€. f f , ; r ru)0,  then

( 3 " r  ) er( tl(v)flK,,) t 
h'{$v,}).

Proor .  r f  s6-ex(  f r tu lnx, r ) r {o} , then (s ,u}=1 .

Let {3) 0 be f ixed " tfe put

'  f $  l - \  o ( + A ' - ' 7 - - l '"F=F(u*+P(" )o ' ) '
Thus O(aU(  r "  r f  a*=0,  lhen  vd ,+p( " )=c i  es=0.  r f  aU=1 ' r t l ren  ( " -puo+6(s) ,u )=
=Q ,  F ! ;p (s )=s  e  s6E(Vr€)o  Hence we may suppose tha t  0 (  ap l t .

I f  
1  ^ V  ( e )  s . d  q  =  

' t  t o (

,  ^,  
we put 

"r=Q Pva*O(s) and s2=t ' fr-PU(") '  then. i t  fol lows

" 1 , r 2€  Un tv )n  r
, ,  "The equali ty 

"= 
.p". +(1-att i  s, and the extremality oi

s  imply  t 'hat '  
"€ t**p(u,  #r ,  

J ' t )  is  now a consequence or  (1  .B) .4

.  Rc rna r l c .3 "? .  a )  Le t  u  & f * ru )  0  be  such  t r ra t  
' f = (Va t76  

sa t i s f i es

on (R,r )  ,d?0 a l rd  f t rh)o o Then the rest r ic t ions ot  v6."*  
4  

ro Ku
f\,

.  +re continuouse In addit ion, Eo((Vrh)f\t to , V4(V)frno are compact
(?

convex subsets of  6 t  o

b)  r f  condi t ion (R)  is  sat is f ied,  then n*(vrh) ,  
"na 

: { tv)  
are c losed

convex subcones of Ytf, for any rAlr0 and h) 0o

P r o o f o .  A s s e r t i o n  a )  i s  a  d i r e c t  c o n s e q u e n c e  o f  c o n d i t i o n  ( I t o )  a n d  ( 1 " 6 ) ,

A s s e r t i o n  b )  f o ] I o w s  f r o m  a )  a n d  ( e " t O ) ,  p
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1.,1, ,

Let us point out that,  even i f  cond. i t ion (R) is sat isf iedo 
4t '

the convex cgne U(Vl of  al l  V-ul trapotent ials is not necessari fy a

c l o s e d  s u b s e t  o t  { V ( s e e  R e m a r k  l + , 1 ) .

. I f  M  i s  a  subse t  o t f , y r *e  deno te  t y  c I . co I r (M)  the  c losed
. . t

convex hul l  of  M"

t _
rz2

Coro1lary 3",3, a) Let uCYgrro) 0 be such that condit ion (Rrr) is

sat is f ied.  Then:
N . .  r \ ,

(3 "21 
,tl tvtn K,r= U"a(v) /1 ro , for any 

"() 
o o

and

$. i l  f tu l  AK- ,= c l "con(LJ E(v.h) , ,1K )  "u e€I(oo u

b)  I f  cond i t ion  (R)  i s  sa t is f ied ,  then

f, t ,  
t4

U tvl= L[iv) , fo.r amr o() o" 

ta
P r . o o f . L e t o ( ) 0 b e f i x e d . T h e n , b y ( 1 " i l . z 1 / ( V ) n K u 4 { t v l o K . , " F r o *

0 .11  and  (1  
"7 )  i t  f o l t ows :

es( Ua(v) nKu) e U$) nxu

and the  equa l i t y  (3 ,2 )  ro f  compact  convex  se ts  (see Remark  3 ,  Z  a ) ) ,

fs now cfear.
a\,

We have 
"1. "-ot 

( q1E (v,h) A Ko) Q UfvlAq ana froo, (3,t)
g(h("'

f  a  a l \  
;

resu l - t s  ( J . J /  o

Asse:r -b ion,  b)  fo l lows f rom (3"2)  and (2"9)  
"  t r

Def in i t ion . rf h€(-.-.-lnlvrh).10!rwe define by Afrtl the uniquery
04h (oo

def ineiL posit ive reaf.  number such that

v(h) =n(h).  h

and we put A(fr)=oo i f  h6E(Vroo)o 
'

. " * tW



*.i3_

Reinark  J .4 . -  I f  u€ .Y, r r ,u )  0  i s  s i rc l i  ' tha t .  cono i ' t ion  (R, , )  i s  sa t js f iedr then
t.t

; " * ' "  aef ined map A *  ̂ ! /p(vnh)  mK,)  {o}* -+J0,"*J  is  cont in$ouse
0( h("+ u

'  
Ureo{eq!:-1'5" Let t/-(V"*)"ty0 and UI=(Wat>O be t,wo submarkovian resolvents

o f  kerne ls  (w i th  the  in i t ia l . kbrne ls  V  anc l  W proper )  wh ich  are  abso lu te ly

cont inuous and i 'n d.uat i ty with respect to a 6-f in i te measureo Suppose

@  r e -  z - -  r
-  t h a t  u e U U I r u )  0  i s  s u c h  t h a i  f = ( V 4 t > O  s a t i s f i e s  . c o n d i t i o n  ( R , r ) .

X  se{p  and (s ru) (oor the  fo l low ing .  asser t ions  are  equ iva len t :

a)  se  U(v) ,  ( resp .  
"e t tv l . l  

:

b)  Trrere ex is t  a  f in i te  pos i t ive Bore l  measure f i  on ]0r . " [  
( resp.  o t t  JO'*J  )

and.  a  fami ly  (sx)o<r( ,o  ( respo (s1)042,g" . , ) . ,  sx€E(vr \ )  such that  for  ever) r
r.o'  

t€Yw the rnap Xr- -+("n,a)  def ined o"  ]0 , "o[  ( resp"  o"  ]o , . , rJ  )  is

F-measurable and:

( * )

( i "

r

r 
61J3oa'' 'tx).

* "  ( " , t ) * "no t ) c i6 (X )  , f o r  eve r7 ,  t e {pp )

Proof o lVe mal '  suppose that .s€Ktr.

' rb ) - , )a ) "  Le t  o ( )0  and n€N be f i xed"  I f  t€ ( fu r r t rom ( * )  i t  fo l lows l
'  f  " , , \  

. {(s,.) J(lP)tvj( "r), } artry
rvhere l tSI=" t  i f  h= .o  

"Thush  
f , r+ *x ,  \  . /  t

.  ) t*fr-- /"(n1,wf t , , l )  oaln) (  r .

If rve define on VIS;, fine map 7.ff; ny:

,ufctl = fi*$l ,.bn, r) dr(h) , tefiw ,
.  / , c \ .  .  

J .  l

then'Lhe above inequal i ty  impl ies that  ,p I  ts  an H- integra l  on { r1; ,  .

Moreover ,  w i th  the  id .en t i f i ca t ion  g iven b l '  (2 .4 ) ,  we have:

. f i ( t " ) /1 l$)ns1(x)do'(x)  , for  any x€x, where €,*  is  the I { - integral  on

Kl giv.en by the Dirac measure at  xeX. Hencc the funct ion { :x--+H1

de f i ned  by

f
T r t ,  f 1 1 + " ( h r n  )  , . - ,q { ( x ) I ( \ - ) " s ^ ( x ) d 6 ( I )

V TAh

is an element of E1f ana 
"J=y'f,
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^1 !+*

For every Le€w we have (.t, ,Lt l"f l ,r)=(#,*f;(tD= l i l t*, l f  r))={r,t) .
/\r_/

r t  fo t lows succes ive lyr  uJr* l=  F,  v j ts | )=  s  ,u* i l * {o) f ' tK""= i l ' to lAK." ,u ' u

Let us remarlc that s is purely excessive j" f  the measure q is

suppor te t i  t y  JOr" t I  in  the  representa t ion  ( * )  
"

rnd e eri, (o<'v"r ( s ), + 
#*x G r, t) ur.r(x )( cc, f or any t € ( {w)^ . Let r ine c(, }* 0

rvd obtairr  that

, /  - .  \

t#v"a 
( s ) , t) =o , for ever Y i€ (ffdo ,

h e n c e  s  i g  p u r e l y  e x c e s s i v e .  
.

F r o m  P r o p o s i t i o n  1 " 4 c )  i t  n o w  r e s u l t s  t h a t  t h e  p r : o o f  o f  n b ) . - ) a ) , ,

i s  c o m p l e t e "

. , ,a ) - -+b) , , "  I f  s€ i l fo l  , then  s  i s  an  e lement  o f  i l t v )nK. ,  ,a  met r isab leu

compact  convex  subset  o f  $ f  (see  Renark  3 .  z  a ) )  "  F rom the  choquet

r e p r e s e n t a t i o n  t h e o r e m  t h e r e  e x i s t s  a  f i n i t e  m e a s u r e  ? ' o n  e I (  i l ( V ) n X , " 1 r { O }u

wi th  barycenter  s .  Then

I f  t€  t f r ,go  , *u  de f ine  the  measure  f ,  o r ,  9E(  i l ( v )n \ ) r {o i  ny ,

'(L= T"f '
N ( 2

where  t  i s  the  l l - in tegra l  on  Bp de f ined b1 .  1"

The measure  Y,  ,s  f in i te  and , ( rKV ( i .e .  ( ,  , s

abso lu te ly  cont inuous  w i th  respec t  to  ' , (  )  "

From(3"1  )  and Remi rh  3"4  i t  fo l lo lvs  tha t  we ha t re  a  Bore l

.  measuratr le funct ion Aru=( OtvlnKu)r{o}*"+]0,* ]

. !et  
us denote by C and f ,  the images of 9 and {,  under A ,  H"rr"*

6 and 6-,  are f in i te Borel  measures on JOr*]  and St((  f  oh{ore precisely

( r .4 )  f " (^)dE() , )=G(A(r- ' l  Xr ' , t )acF(r ' )  ,  s€B+ ,
J . ' J

w h e r " 9 + d e 4 o t e s t h e s e t o f a 1 1 p o s i t i . v e B o r e I m e a s r r r a b 1 e f u n c t i o n s

1 - l
on  JO,aJ  o

(i.en (r,r>=f<n",t)o?(rrr ,:;* 
n"'lr,€f 

,
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l n  / A
I r r  add i t i on  6 t rn t r=  n " r *  n r r ; i f  1 . . ,  , t z€dT t f i o "  t r f  t € (Wdo ,by  (e .Z j ,

ther :e  ex is { ,s  a  pos i t i ve  rea l  n r imber  a ' ,  such  tha t  t  (aguu hence T< * ,

F T
on I l ,  ano  

Js(h)do- t (h )  -<  * " f * t ^ id f (h )  , fo r  any  ee f ix

Let  us  denote  ty  f t ' the  Radon*Nikod im dens i ty  o f  q ,  rv i th

respec t  to  f  .Then f t4 " t  s -a .d"  I t  fo l lo rvs  f r€  S i " l  ,  f t_* fo  =  f . .  L+l j  -  '  t 1  
" 2  

, 1 n t 2 "

d - * . e "  r f o r  a n y  t  e + , 1 r t z € t { , r 1 l o  a n d  f n  (  f *  f  - a o e o  
l f  t r  (  t r . U s l n g  t h e  

:

t i f t ing  theorem o f  c . ronescu-Tutcea 
" r ' ro ) ' *o" i : y  

t€ (  f ; ,  * i  *u ,  c t roose

t re  ; f *1c)  
' such  th { i t  f t1  * r r r=  f  t , r * t , rdn  lo rd  (wh i th  t l r t , ze t { * lo l  and

f t  ( f t- on ] 0,*] i f  t1(t2" For any he] 0,",c] we have obtained an
"1  "2

addi t ive and increasing rnap tF*) f t ( \ )  f rom (  Ydo in to [ t1  oHence,  by

(2,5) ,  there ex is l ,s  uux€f f ' f  such that  ( " i r t )=  f t (h) ,  and the nap hr- -+(s{ r t )

is d-medsurable for any Le {W r

I :  L€ Ty7 and g€.  f ipr f rom (3.4 i  rcsul ts : '
. :

/*rn 
l f i  tt) dr(hl 

lG cn tnl )(i,, t) dg(h) o

T h u s ,  f o r  e v e r y  ( ; O :

f* tn I ( "f , rk ( t )) aa 1 n =J 
"0\( 

h) ) (r',w* ( t )) af t rr ) = fr#kg (A( rr ) ) (n, t; df(h ) =
J ; . . . - - - '  J  J r - r c { / \ \ r r l

/ f i#r-(x)(" i , t)aa(I) 
'

r t  fo l low" (vo (sf  )  r+=ff ik(" i r t )  6-a"eo From (z"t)  i t  der ives that there

ex j .s ts  a  Bore l  measurab le  se t  B  o f  ]Or* ]  such tha t  6 (8)=0 and s f€E(VrX)

f o r . e v e r y  h d B .  L e t  u s  p u t  i

I  "1 |  , i f  hdB

"  
= {

[  0  , i f  h 6 B

Hence s)€E(vr^) ,  for  every Xe]or .oJ , the map hp-- -+ (u^ra)  is  f -measurbble

. ror  any tefw and (s , r>{<4t)af( r r )  =f*rn, t )d6(x} .  u

Cor -o l r l q ry - l "Q=  I f ,  i n  Theorem 3o5  , cond , i t i on ' (R )  i s  sa t i s f i edn  then  we

have a)(:;n) for every ,e Vt o



, . . . . ' .
r j  . ' : t r . . i

.,,,.d,l*X$r*&.;

&eserh" h-L. If s€ tl(v)

t h e n :

( 3 " 5 t

In  add i t i -on ;

-1  6-

has thtl  repre$eil tat ion (x'),  from the above theorem,

for any x6Xo

(1"6)  the  inver r ian t  par t  o f  s  i s  6 ( { * }

excess ive  component  o f  s .

Proof  "  
(3 . i )  is  a  consequence of  ( " )  s ince 6*  i "  an H- in tegrat  on Tt f  ,

for  every x6X.  Asser t ion (3.5 i  is  c lear  (see the f ina l  remark in  the

proof  o f  t tb ) : - )  a ) t t )  "  n

We have the  fo l low ing  un ic i ty  resu l t : .

P r o p o s i t i o n _ 3 . 8 .  W l t h  t h e  s a m e  a s s r m p t i o n s  a s  i n  T h e o r e m  j . 5  t  l - e t

"g f (V)  
be  such tha t  (s ru )=1 .  fhen there  ex i .s t  a  pos i t i ve  Bore l  measure

6-  o"  ]O,ooJ  and a  fami ly  (s1)04 t r - ( rc ,  sh€E(Vrh)  such tha t  fo r  any  t ,C f t f

t h e  m a p  h t - + G A r t )  i s  f - m e a s u r a b l e ,  ( s z n r u ) =  1  6 - & o e o  a n d  s  h a s  t h e
r

r e p r e s e n t a t i o n  ( * ) ,  ( I n  p a r t i c u l a r  l u o =  1 " )  M o r e o v e f l 6  a n d  1 " n ) o ( h { d o
J

are ul iqsety deternineclo (Trvo 6-neasur"able maps hp--;s1 an, l  hp--- ;s{

a re  equa l  i . f  s ;=  s f  S-aoe" )

't -'1
Pr:oof .  By Theorem 3u5 there ex is t  a  f in i te  Bore l  measure O' t  o t t . !Or*J

and a fami ly  ( "d)oc4* rs{€E(vr l )  such that  the map h l -+G*r t )  is

di-measurabre for any t€ €rgu ag=Fdfi ' (h).  sj .nce 
f+fuu)ac,(h)(* ,

every hd]oroo] u LeL us put

, i f  s ; { * 0

, i f  s J = 0 o

s(x) = 
J"nt*ldr(h) ,

f
)'soo ano 

f 
sxd6(r\) is the purely

tJo,*|.

we

and

.  d t r ( h ) = ( s { o u ) a r r  ( } ) ,

Then f  eLnd (s7r )O4, r ,g "osat is fy  the  requ i red  cond i t ions ,

In  o rder  to  d iscuss  the  un ic i tyo  le t  us  po in t  ou t  the

fo l low ing  s imp le  consequence o f  S tone-Weiers t rass  theoreml

nay suppose that (sd ru){oo ror

[*J*-*-'
"^={ 

(* i  ' t )  l "

L o



"-';.,liirjijktrit

a 4-  t  ( *

are posi t ive f in i 'Le Bore l  measures on ]  0u. ,o f  such that
f x -

J,$.,"cio'( A) 
J,s-,"uu,r 

(r\) en >, o,
t h e n  f = f ' t t o

Let 6,,  n (  ut)  
O< I(* 1r* another system which sat isf  ies i l re

required cond. i t ions" From (3.6) we may smppose that G and. 6;.rr  are

car r ied  by  JOr^ [  "  Then 1=G,  
"S=fac=faor f  

and fo r  any  . inLeger  n ]11we have
1..*- ffv f / J

4C"l=l r { f  s ; , )dr ' (h)=f  f  $- ; " {oc0,1n Hence.  J  I  ' '  
J  

' t + - n

(3,8) " 
Jr#) '("^,t)ar111=l$".,"(" i , t)dc,o(I) s

fo r  any  tg fW and n) r  0 ,

App ly ing  (3"9)  fo r  t=or  f rom ( : .? )  we o t r ta in :  f  =  f - ro

I f  t€ (  c{d 
o, 

1et a,  t re a posit i r re real number such that t . ( ,  aiu,

hence (uar t )  (  a ,  fo r  any  h ;0"  Thus  (s7 , , t ) .a fqn ;  and Gf ; , t )< r r (n )  a re  f in j . te

m e a s u r e s  o n J o r * f  .  A g a i n  ( 3 " 8 )  a n d  ( j , ? ,  i m p t y  t h a t , ' ( s 5 r t ) . a c ( h ) = ( s j i , t ) . d s ( h ) "

Hence,  for  any.  t€  t  €* loa (u l  o t ) - (s{ r t )  S*ao.eo r  and f rom (2,1)  i t

f o l l o w s :  s r =  s t  f r - a o e o  D

We f inish this sect ion underl in ing some add, i t ional .conneet ions

with the dual i ty for standard l l -cones. As a oonsequence, our hypothesis

s h o u l d ' b e  s l i g h t l y  m p d i f i e d .

/a
The 4qa1" .o f  the  s tandard  H-cone Ty  is  by  ,de f in i t ion  the  se t

of al l .  H- integrals on {y anA w:i l1 be aenoted by f1}.

O.7)  r f  o"  e  s ' '

IVe have alread.y observed, see (2"4) ,  that

T h e  e q u a l i t y  ( 2 " 6 )  s h o r v s  t h a t , c o n s i d e r e d "

WO is exact ly the dual of  the i { :mo::phism V4rfor any,

notat ions of [r ] :  v".enovr(€trYri  and Ie*J"l

ca* (?
G V =  6 g t e

as a ^up on f$,

c(> 0. (t{ i th the

The s t r i c t l y  pos i t i ve  L t l -excess ive  func t ions  ue f f61ru)  0  a re

the lqeak uqitF of the standard H-cone Yi.

Surnnari-z ing, we have the fol ' lowing:

prec ise ly

Pe^4 
x\il\c
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8"_e.$B*(_3".9j ,  fhe results of this sect iorr ,are val id for the

q a .

U i-s a su.bmarhorri"an. resol.vent of Jrernefs (wi.0h

kernel proper) which is absolutel-y con,oinuous with respect

measurer f f id i t  is such that 9y coin,: ides \4r i th i ts bidual

fo l lbw ing  se t  up :

the  in i t ia , I

to  a  G* f in i te

t h a t  s ( x  ) +  0 .o '

easy  to  see tha t :

exiessi t 'e

$'4. n*.*ol"",

Exarlplg 1 (The Bernstein theor:em) " Let (XrS ) be the measurable spacd

]0r " " [  (endowed w i th  the  C-a lgebra  o f  Bore l  se ts ) rand le t  the  sub lnarkov ian

reso lvents  o f  kerne l "  l I= (Vr )  on  x  hp  r {o f -. ' .,*,o)O 
""U^"y=(W,Xt>O 

on X be d"efined by:

vcd(f ) (x) =#*l- 
"--ntf 

(u)au ,a t"X
1{.(( f  }  (-)  ="-*t /ed.uf (u}d.uu for any t€ f  and x€xuro

Thus 1,I 
"na 

lJ/ ttu a.bsolutely contin,io,ru and 1n duality with respect to

the Lebesgue measureo We may veri fy that 
"g{Wis 

universal ly cont inuous

i f f  j - t  i s .  con t inuot rs ,  bounded and there  ex is ts  x?O su tn

: e ,  c o n d . i t i o n  ( n * )  i s  s a t i s f i e d "  o ; " " r i t  i sAs  a .  consequence,  cond i t ion  ( f

a) Ttee posit ive constant funct ions are the only invariant

func t ions . I f  0 (  )  4oo then E(V,  h )  =  
{  x r - - "c . f  * *  /  

"en{  
.

b )  A  rea l  func t ion  s  j . s  a  V-u l t rapoten t , ia l  i f f  s  i s  comple te  monotone

( i " e .  s  i s  i n f i n i t r y  d i f f e r e n t i a b l e  a l d  ( - t ) t D t "  ) l o r f a r  a n y  i n t e g  e r  n \ r o ,

l vhere  Dns is  the 'n - th  der iva t ive  o f  the  func t ion  s )  and r im s (x )=0 .
N x-to.

c)  U(v )  co inc ides  w i th  the  convex  cone o f  a l l  comple te  nonotone func t ionso

Let  us  po in t  ou t  tha t  the  in te rmed ia te  charac ter iza t ion  fo r

the  comple te  nonotone func t i .ons  es tab l i shed in  the  Choquet rs .p roo f  o f

Berns te in  theorem (s"e  [+J  or  T .4O in  [g ]  I  may be  cons idered as  the

ana logous,  w i th  the  assoc ia ted  semigroup o f  kerne ls  language,  o f  tha t .

g iven  by  the  a t rove  asser t ion  c )  in  the  reso lvent  te rms.

From Coro l la ry  3u6 we bb ta in"  the  Berns te in  theoremu

Remark 4"1 The convex  cone 1J(V) is  no t  c losedu
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Proof '  fhe constant  funct ion 1 ( rvh ich is  not  a  V*u l t rapotent ia l i  is

the l - imi t :  o f  the foL lowing sequence (sr r ) "**€U(v)  :  sr r (x i= dE*,  xexn t r

Exanrp le .2  (The  e l t i p t i c  case )  "  tT i t h  i l r e  no ta t i ons  o r  $e ,  i r  €  ru  o

convex subcone of Yy ur,a ue€tbru) 0, then the convex cone {u ru

d e f i n e d  b y :  
b

€,=t'ef/#,.')(*l '
Propos. i t ion -4' i?* Let V be such that i t  i -nduces a bounded l inear operator

on LI ( t r ) "  suppose that  le  V, ;s  ocondi t ior ,  . (Rr)  and arso the fo l rowing

assumpt ions are sat is f ied:

(C)  Some power of  V is  compact  i
'  

( E )  V ( f )  i s  s t r i c t l - y  p o s i t i v c  i f  f  €  T  u n a  V ( f ) *  o .

Thenr the convex cone Utv) ,  is  one d. imensional  ( iueo there ex is ts  s  g U(v)r  u

s4 o,  and any other  e lement  of  U(v) ,  is  propor t ional  wi th  s) .' l

Proof '  Cona i t ion  (n )  imp l les  tha t  V  is  an  i , r reduc ib le  kerne l -opera tor

.  on  1 ,1  (n )  in  the  sense o f  H" I { .Schaefer ,  and f rour  Theorem O.# l r , ' ; l o ]  i t

fo l lo rvs  tha t  there  ex is ts  exac t ly  one e igenva lue  r>0  io r  V  wh ich  has

.  pos i t i ve  e igenvec tors  and the  cor respond ing  e igenspace is  one d imens iona ln

Remarhing that every element of E(V.,h). t  is 47l .- integrable for 0(h(oo

we conc lude tha t  E(v , r )1  i "  one d imens ionar  and E(vr ) )= io - ]  i t  h  * * ,

h e  I R  . T h e o r e m  3 " 5  i m p l i e s . n o w  t h a , t ,  U ( V ) , = E ( V r r ) ,  a n d  t h e  p r o o f  i s  f i n i s h e d ,  f r

Remafh  4 .J "  a )  f f  in  the  above propos i t ion  we know in  add l t ion  tha t

every  V-u l t rapoten t ia l  i s  4 t? - in tegrab le ,  i l ren  U(V)=  U(V) f  ,  hence

U ( V )  i s  o n e  d i m e n s i o n a l " .

"b )  Cond i t ion  (E)  i s  equ iva len t  w i th  the  fo l low ing  one:

.  any  1 , I - * * " *s " ive  func t ion  is  s t r i c t l y 'pos i t i ve .

T l rus ,  in  connect ion  w i th  the  charac ter izaL ion  o f  the  e l l ip t i c  Sarmol ic

s p a c e s  ( " " "  f > l ) ,  c o n d i t i o n  ( E )  m i g h t  b e  u n d e r s t o o d  a s  a n  r r e l l i p t i c i t y

proper ty t t  o f  the  kerne l  V ,
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'9orgl la iv 4r.{"  Le' | ;  v be the.Green.kerner of  .a-second order elr ipt ic

d i f fe ren ' f l ia l  opera tor  (w i th  indef in i te  d i f fe ren t iab le  coe i i c ien ts )  in

;e boundary) of lRno Then

Proof.  In this case v and W are bounded kernelso Hence V is a bounded
r r 1  1l inear  ot r rerator  on L '  ( tn)  

"  r rso,  condi t ion (n)  is  fur f  i r red o

The structure o.t the associated Green function (se" [z] page z?5)

impill.es that there exists an integer h) 0 such that vk naps 1,1(,tn)
' in  d ' (nr ) .  By Exampte 5r  FaSe i3T Ln [ ,0 ]  r i t  resul ts  that  condi t ion (C)

is  sat is f ied" .From Rensark 2.3 iL  is  easy to  see that  condi t ion (R;)  is
.  .  a l so  sa t i s f i ede

'  The des i red  asser t ion  is  ob ta ined f rom ' ihe  above propos i - t ion"

.  ( S e e  a l s o  R e m a r k  4 " 3  a ) " )  t r

.  Le t  us  po in t  ou t  tha t  Coro l la ry  4 ,4  shows tha t  p ropos i t  ion  h"Z

is a generai ] . lzat i - .on of the results of ' th is type obtainea in [eJ rheorem 12
_ L J

anA l7J  Coro l la ry  83 .

rndeed',  we have alread'y observed (see Renark, 1"1) that the rrul trapotent ials

assoe ia ted  to  a  second order  e l l ip t i c  d i f fe ren t . ia l  opera torn  . in [e ] 'a r .e

By Proposit ion 81 and the equal i ty ( t+.n i"  [Z] we otr tain that

in this case the trcompretely L-superharmonic funct ions with zero cond. i t ionsrr

are also elements of U(V) "  
.  

'
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