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A TFIEOREM OF CHARACTERIZATION OF RESTDUAL

TRANSCENDENTAL EXTEN5IONS OF A VALUATION

by

ALEXANDRU ViCtOr ,  POPESCU NiCOIAE ANd ZAHARESCU AICXANdTU

K be a f ield and v a valuation on K. The r.t .  (residual transcenjental)

of v to K(X) have been considered by Nagata bl i" connection with some
problems in f ield theory. Also in [z] i t  is eonjectured that i f  w is a r.t .  extension of v
then k*r the residue class f ield of *, , ,  

" 
simple transcendental extension, of a f inite

a lgebra ic  extension of  ku,  the res idue e lass f ie ld  of  v .  A l though th is  problem has been

af f i rmat ive ly  so lved in  tg l  and incfependent ly  in  [ r ]J ,  thene ex is t  many in terest inq
\  

'  v  J '

quest ions on r ' t '  extensions. some quest ions about r . t .  extensions have been..consid-
ered by ohm in ftJ ana [ro]. narticularly in [rnl three conjeetures retative to some
natura l  numbers l ike rami f icat ion index and res ic fua l  c leqree are s tated. .

The main resul t  o f  th is  work is  Theorem.2. ]  rvh ich g ive a eharacter izat ion of
r ' t '  extens ions w of  a  va luat ion v  us inq the not ion of  min imat  pa i r  o f  def in i t ion.  As a
consequenee of our theorem, Nagata's eonjecture, al l  ohm,s conjeetures and also
some in terest ing eonsequences g iven in  sect ion J  resul t  in  a natura l  way.

Finally we remark that in [r l  i t  is given a criescript ion of r. t .  extensions using

the so ca l led "pai r  o f  def in i t ion" .  Another  descr !pt icn of  r . t .  extens ions (basecl  on the'.obviously 
existence of minimal pair) is cterived !n this work (Corollary 2.4) and it

seems that this descript ion is very satisfactory. However, in contrast with pairs of

def in i t ion of  a  r . t .  extens ion,  which are easi ly  to  ind icate,  we do not  have yet  a

cr i ter ion to  recognize i f  a  pa i r  o f  def in i t ion is  a  min in- .a l  one.

work.

This  ques t ion  and some re la ted  prob lems sha l l  make the  ob jec t  o f  a  fu tu re
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'  
t .  Notations and definit ions

Let K be a f ield and v a valuation on K. Denote by ku the residue f ield, by n,
the va lue group and by ou the va luat ion r ing of  v .  I f  x6 our  denote by x*  the image

oT x lnto ku' we send the reader to [5i,  t6i,  t l2i or t l ] i ,  Vol" I I ,  for general notions and
def  in i t ions

Let  K, /K be an extension of  f ie lds.  A va luat ion vron

extension of  
'v  

i f  v ' (x)  = v(x)  for  a l l  x€K.  I f  v '  is  an extension of

canonically ku tb a subfield of ku, and f] to 
" 

subgroup of . [ ,  .

K '  wi l l  be ca l led an

v, we shall  identify

A va luat ion

v i f i t i s a n

known that

Le t

v t o K .  I f

K(X) such

M

t;

Let  K(X)  be the f ie ld  of  ra t ional  funct ions of  an indeterminate X.

w on K(X) wil l  be called a lesidqa! trqns.cencJental. (r.  t .) ext_engion of

extension of v and k*lku is a transcendentar extension.'(I t  is werl

tr 'deg' k*/ku = r (see t5i, ch. vI, f  10)). Then there exists elements r€ovrr such that
r* is transcendental over k

. . iFo.  any r€K(X) ,  r€K,  def ine degr  = fXfX) ,  X(r [ .  Deno[e deg(w/v)= leasr  n
such that  there ex is ts  r€O* of  deqree n such that  r *  is  t ranscendenta l  over  ku. .

' I t  
is also easy to see rhat f{,  ,  I} a^ ;the numb", t(o : 

[ ]  wii l  be denored

by e(w/v).

Let  k  be the a lgebra ic  c losure of  ku in to k* l  i t  is  easy to  see thatS;  k f i  ( .o ,

a n d t h e n u m b e r [ r . , r . u ! w i l l b e d e n o t e d b y f ( w / v ) . v .

'  In what fol lows (see corol lary 2.2) lve shall  prove thal general ly one has:

e(w/v) f(w/v)S dee(w/v).

us denote by? a f ixed a lgebra ic  c losure of  l (  and byVa f ixed extension of

w is an extension of v to K(X), then there exists &n extension W of w to

that i0 is also an extension of V. Let us clenote

l " t l= J w ( x - " )  l a e w [ C  f
L  ' ! -  ' J =  l w t

M* =l*'rx - ot) lc(e Kle l*.
Let  f  Uu 

"n 
ordered group which conta ins as an ordered subgroup and le t
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n

f  e  |  
'and 

a € K.  I f  f (X)e X[Xj  one has the Taylor 's  expansion:

f (X)  = 
"o 

*  ar (X a)  *  .  . .  +  an(X -  
" )n  

.

Let  us c le f ine:

w(f(X)) = (v(a,) + if,) .i n f
i

I t  is easy to'check (see t5i, Ch. VI, f  fO) tnut w is a valuation on K{X], which may be

canonica l ly  extended to a va luat ion on K(X) .  We shal l  say that  w is

K(X) clef ined by inf, v, a, and l-.  Rlro i t  is easy to see that w is a r.t .

and only i f  f ,  has f inite order ou*. [ .

PROPOSITION 1.1. The fol lowing assert ions a.e equiv"lent,

a)  w is  a  r . t .  extens ion of  v ' ;

b)  e  is  a  r . t .  extens ion of  V ;

r  1 1  n  n  - : - -  : L ^
, : " )  l .V = 16r  the set  M* is  bounded in  lp  "nA 

conta ins i ts  upper  bound.

.Proof. The equivalence 
"X? 

b) is obvious.

6)=) c). Let f i  be a r.t .  extension of v. According to ft l ,  Proposit ion 2, iD is

defined by inf, V, o<e K ana [€ l1 = 
f.  

*o*"ou", one has i[(X -X) =rf .  Then

f -

J = r rp  M-.  Indeed,  i fp€ R,  then w(x - ( t )  =  ; / (x  -  o(  +  d,  - / )  =  in f (J ,  7b( . - { |DS J.

.  c)=)b). Ler 
/nn 

be such that i l (X -a{)= f ,= sup M6. The equal i ty lO = I}

shows that  there ex is ts  an e lement  deK sueh that  W(X -a()  = V(d)  = J '  Hence

A(X -  4) ld)= 0.  We asser t  that  t  =  ( (X -d/d)*  is  t ranscendenta l  over  k- .  Indeed,  i f  t

is  a lgebra ic  Lhen te k f  s inee k;  is  a lgebra ica l ly  c losed (because R is  a lgebra ica l ly

closed by hypothesis). l ienee t lrere exists an eletlent a €it such that v(a) = @' and

a* = t .  But  t t ren e((X -  4) la  -  a) ) .0  anc l  so i i l (X -  ( ,1+ ad))  > V(d)  =.1,  a  conLradic t ion '

REMARK I.2. According to hypoLhesis nreCe obove, lv' !* is also s boundecl set.

Conversely, i f  M," is a boundecl set, then M6 is noL necessari ly bcrunded, although

n t . \
l j  =  |  , .  Indeed,  le t  Q be the f ie ld  of  ra t ional  numbers,  p  a su i tab le pr ime numbet ,

GO the f ie ld  of  p-adic  numbers and v the p*adic  va luat ion on both G and GlO" Denote

by t  a  uni t  o f  QO such that  t  is  t ranscendenta l  over  G.  Let  X be a root  o f  the

the va luat ion on

extension of  v  i f
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? ?
pCI lynomia l  Y ' -  p t ' .  Then X is  a lso t ranscendenta l  over  Q.  Let  v . , .  be the unique

extension of  v  to  A^(X) ,  and le t  w be the rest r ic t ion of  v . ,  to  Gl (X)"  I t  is  c lear  that  wp '  r

is an extension of v to G(X), but w is not a r.t .  extension of v. Howev'er, M* is

bounded s ince XSG^.
P

Let  6 be an a lgebra ic  c losure of  G,  T an extension of  v  to  6,  and W an

exLension of  w toGtXl  such that ! i l  inc luces? on6.  We asser t  that  M.-  is  noL bounded
w

n n t . . - l
in  l . - -  =  l . , .  Indeed,  le t  {a^f  ^  be a Cauchy sequence of  ra t ional  numbers such that' w  - v  L  n ) n

c _  I  _
l im  a  = t .  Then  / r / p " - t  i s  a  Cauchy  sequence  o f  G  ( re la t i ve  toT )  and  X= l im i /F "n .

n  n  t - ' n j  n

I t  is  now e lear  that  M- is  not  bounded.

arbitrarv f ield K as fol lows:The above proposi t ion can be adapted to  an

PROPOSITION 1.1. Let w be a r.t .  extension of v to K(X). The fol lorving

asser t ions are eouiva lent :
. f-r
a )  w  i s  de f i ned  by  i n f ,  v ,  a  K  and  Je  1 . . ;

V ,

b) e(w/v) = f(w/v) = I and the set M* is bounded and contains i ts upper bound.

COROLLARY 1.4. Let v be a rank one and discrete valuation on K and w a r.t .

extension of v to K(X) such that e(w/v) = f(w/v) = l .  Then w is clef inecf by inf, v, a K,

a n o  J €  n .-  t V

'  
Proof .  Accor .d ing to  Proposi t ion l . ) ,  i t  w i l l  be enouqtr

bounded and conta ins i ts  upper  bound.  Indeecl ,  s ince K(X) iK
r-t

extension, then M, is bounded and s!nce lu' is r l isureLe antl

conta ins i ts  upper  bound.

According to t5i (see also t5i), a valuation v nn l{ is saici to be L1qjrsgtign i f ,  for

every a lgebra ic  extension L lK,  v  6as a unique extensi r : rn  to 'L .

2. The representation theorem for r.t. extensions

We preserve a l l  notat ions made in  prev ious seet ion.

If w is a r.t .  extension of v to K(X), then Vf is a r.t .  extension of f  to K(X), and

to show that M isw

is  not  an immediate

rank one, then Mv,/
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moreover there exists an elerhentr{€k anrJ an elenrenf 3el 'such that i l -  is  def ined. V

by inf ,  V,  o{  ancjJ ( i l f l ,  Proposi t ion 2).  In o.art ieular,  one has w(X -r()  =J. .Therefor.e

any r.t. extension fr of V to R(X) is well defi.ned by ir pair ( '(,J)eR * |?, callecl a.pi, l l

g|$gl[lgllgifr. Sometimes il is called the valuatioq'Qefi1erl by the pqir k, J).

Int l l ,  Proposi t ion 3,  i t  is  shown that two pairs (o(r ,Jr)  anA 4. , f , r )  def ine the

same valuat ion ? i f  and only  i f :" " - . /  " '

( ^ C

s+w
By minimal.gair  (of  def in i t ion) of  w'vre mean a pair  of  def in i t ion f f i .u"n

that fK(o() ,  XJ is minimal.  Now i t  is  c lear that  every r . t .  extension'w of  l j rhas a

minimal pair ,  and i f  (a1, f , ) ,  (a ' ; [ )  are. two minimal pairs,  tnen {k(ot) :  XJ=f iCt ' )  ,  K}.

I f  KSKrS[,  ano rcf , ,  denote oy e(F,xr)  t | . re smal lest  natural  number e

such that 
"  

d-e [  ,  where v,  is  the restr ict ion of  i  to Xr.ur
' ,We shal l  prove the fo l lowing resul t . .

THEOREM 2.1.  Let  v  be a va luat ion on K and le t

K(X) .  Then there ex is ts  an e lementd €k,  anc l  an e lement

w be a r . t .  extens ion of  v  to
r t*t
0  6 ,  such  tha t :

r \ /

that deq q(X) < n, one has

. 
v/(s(x)) = V(e(< )).

b)  I f  f (X)  is  the monic  min imal  po lynomia l  a f  ( ,  then X '= w( f (X)) .  Moreover ,  i f

"  
=  e(FrK(o() ) ,  then there ex is ts  l (X)€Kf f r !  wi th  deq l (n  such that  for  r  =  fe / l  on 'e  hbs

w(r) = 0, ancf r* is transcencfental over ku.

. c) I f  v, is the restr ict ion of V to K(,,(),  then

I

deg (w/v) = n.e([,K(o<)); e(w/v) = e(vr/r,) e(]-,K("{)).

d)  The f ie ld  l< . ,  can be canonica l ly  ic ient . i f iec l  to  the a lqebra icv r

in to k  and

f(vr lv)  = f (v t /v) .

a) If we denote E<(t ) : K! = n, then for every polynomial q(x) of KFXI, such

closure of k
. V
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Proof .  Let  W,[ )  be a min imal  pa i r  o f  c le f in i t ion of  r ,v .  Denote

+/v \  -  N t  lw  ^ / \, \ / \ /  -  ' "K(d xx)/K(x), / \  
-  4

I t  is  easy to  see that  f (X)  is  the min imal  po lynomia l  o f  (  over  K.  Moreover  f (X)  is  
' ;

mon ic .

DenoteF= w(f (X)) .  Tf re e lements aekana fe / ] " ru  as in  the s tatement  of. V

theorem.

a) Let q(X)€ K[4,  m = deg q(X) < n.  Let  atso 
f ) t , . . . , f^  

be al l  roots of  g(X) in

R. trt"n one has

m
s(x)= a [ f (x  -P) .

i=1

Now s ince  k t l l r l  r  KJSm(n,  then fo r  every  i ,  15 i (m,  one has :
I ,

(z) f( d_ (r,) < ; .
l l

. l ndeec l ,  
*  7@- ( i ) ) r ,  t hen  acco rd ing  to  (1 ) ,  ( [ , , J )  i .  a l so  a  pa i r  o f

t '
def in i t ion on w, contradict ing the minimal i t  y of  @,5 ) ,  :

Ther- by (z) one has *8 - 
{3) 

= inf d,t( N- 
f )) 

=1,(a{ - (r), and so:

w(q(x))=Tr(q(x))= v(a) * fwtx - 0r)=!(a) + f Vfo< - /3,)={ '  r '  t -  r
m

= v(a lT] t* - PiD = v(g('z)).
i= l

b )  Now s ince  e [=  w( te )n  f - ,  there  ex is ts  l (x )6x [x i ,  deq l (n= fx { "1 ) ,  K} ,

such that ef=;(l(o()) = w(l(X)). H;i"* w(fe/l) = 0. Now we show that t = (fell){ '  is

at ranscendenta l  over  ku ;  le t

n
f ( X ) = T f ( X - d i ) ,  d t =  o (

i=1

be the decomposit ion of f  in ktk), ancJ let i l i  €( be such that rv(X -oit) = v(di),

i  =  1 , . . . , n .  l - e t  d -  d l  . .  dn .  ThenQ( (X  -d i ) / { t , )  =  0  f c r  a l l  i ,  anc !  so  w( f / c f )  =  0 .  .No rv

s ince ( (X -  oO/d l )o is  t ranscendenta l  over  ku (see Proposi t ion 1.1,  c)  =)b)) ,  i t  fo l lows

that  ( f /d)*  and a lso ( fe /de)x are t ranscencienta l  over  ku.  T l rerefore

' r* = (fe1l)F = ((rel. le)/(t /de)* = (felcJe)x/(t/de)*



is also transcendental over k.. since (l /d)* is obviously
V

c) Flrst ly, let g e X[Xl be a polyirr mial such

wr i te :

w(u) = w(q) - w(n) = 
^int 

(w(o,fr))
0 ( i (e

and so, according to the definit ion of e

tha t .

(5) w(q) = *(q, f  
to) 

= w(h) = w(h, f 
ro)

-  - 1 6  
1 6

'Therefore 
one has:

- inf (w(r',tj)) = o
olj<o ,,

there ex is ts  on ly  an index io ,  0Sio (  e- l

. a

alqebra ic  (see ihe proof  o f  a) ) .

that  deg g (  ne.  Then we may

( 3 )  g  =  g o  *  g ' f  + . . .  +  g " _ l f u - l  1

where g. XfXl and deg g, ( n, for al l  i  = 0,1, .  . .  ,  e-1. Moreover, one has

(4) -,r, = ,n, *,n,r;, 

'

i  
- r  "

since, aecorCing to the definit ion of e = e([,X(o<)), any two terms in the right of the

equal i ty  ( l )  are of  d is t inct  va lues.

Now let u = g/h be an element of l<(X) such that deg u ( ne. This means that

both polynomia ls  g and h are of  degre smal ler  than ne,  and so one has

g o  *  g l f  + . . .  +  g " - l f " - l

h o + h r f + . . . + h " - I f & '

w h e r e  d e g g , ( n ,  d e g h , ( n ,  i = O r f , . . . r e - J . .  t - e t  u s  a s s u m e  t h a t  w ( u ) j ' 0 .  B u t'  ' I  |  ' ,

a.ccording ta (4) one has:

ou = f ; =

such

. o .- l o
u = h .

l 6

g o  g e - l f u - l

+ . . . + f + . . . +
q .  f t o  .  o .  f t o- l c t  " l o
______;__
h o  h " _ l f '  -

h ,  f to .  h .  f 'ol o  l o

and so

w(u) = w(g.1o/hio) = 0, ari 'd u* = (gio/hio)*..
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' Furthermofe, we cheek thaL u* is alqebraie over ku. Indeecl, in?fxJ one has:

qio(x) = "Tl-(x 
- 
f ), hio(x) = ufix - fj), 

li,,€re7.
There ex is ls  e lemenLs d ' ,  R,€ K such that

w(x -f ,) = v(d1), w(X - t,) = v(n,)

.  D e n o t e  d = T T d ;  r  p = T f p , .  S i n c e  d e g  g ;  ( n ,  c l e g h ,  ( n ,  t h e n  a c c o r d i n g  t o  t h e  c h o i c e
i  J  j  t '  r o  ' o

of d. (see a)) and (1), i t  fol lows that for al l  i  and j the elements

((x - ()) ld)* and ((X - t) /n;)*

are algebraic over kv. But one has: u* = (gio/hio)* = ((d/nXs,o/dXn/rr,o))* =

= (o/p)*Ttfi - p,)lo,)" 
-f*(n,/(X 

- t ,))*. 
Therefore u* is also alsebraic over ku. In

conclus ion,  i t  fo l lows that

'  deg (w/v) = ne = deg r.

'Now eonsideq the extension of  deqree ne: .

K(r) -> K(x) .

I f  u  is  an e lement  of .K(X)  we may wr i te :

(6 )  u  =  uo ( r )  +  u r ( r )X  + . . .  + .un " - ' ( . )Xnu - l

where u, ( r )€  K(r ) .  Let

Then (6)  can be wr i t ten

u = ((so(r) + 9r(r)X * . . . # 9n"-r(.)xn-i)lh(r))

and i f  we consider  the numerator  o f  u  as a polvnr :mia l  o f  X one 'has

(7).  .  u = (( to(X),+ t r (X)r  +. . .  + t r (X)rs) / r r ( r ) )

where deg t,(X) ( ne for al l  0 ( i  (  s. We asserL that



This is the case if  there exists onlv an indice i  ,  such that w(t, ) = inf(w(t1)).
o

Otherwise we assume that  there ex is ts  at  least  two ind ices io  (  i ,  such that

* ( t i  )  =  w( t i - )  =  in f  (w( t , ) )
' o ' 1 1 '

but (8) i t  is not true. Then by (7) we rnay write:

r , Y r i l  =  ( t o / t , ^ )  *  ( t r l t , ^ ) r  + .  . .  +  , ' o  * . . . +  ( r i  / t ,  ) r i t  * .  .  .' o - t o t ' o l . o

and s ince w( f rut l l ) )0  (we have assumed that  (B)  i t  is  not  t rue)  one

-  
lo  

i  i . ,
( t o / t i  ) *  * . . .  *  ( r * )  o  n . . .  * ( t .  / t ;  ) * ( r o ) ' 1  + . . .  =  0 .

o ' l ' o

* (t. / t io)rt

has:

But  then accord inq to  above considerat ior rs  a l l  ( t , / t ,  ) *  are a lgebra ic  over  ku ,  and
' o

( t i , / t i  ) *  I  o .  This  shows that  r *  is  a lgebra ic  over  ko, ,  contracf ic t ion.  n*ence:' 1 ' o . Y

w(u) = i.nf (*(t,)) - w(rr(r))
. t

and so, according to (4) we may derive that w(u)€ 
[- - Z.d , hence [, S f i- + Z .Y

t ' 1
and s ince the reverse inc lus ion is  obv ious.

e(w lv) = e(vr/v)e( l-,K(o( ))

'  d)  Let  q = 
"( f  i l<(<))  ancl  bGK(x) such that V(b) = q ,* t  f t  be a root of  [he

polynomial  Xq -  b.  I t  is  easy to see thaL fXt<,  f3)  
:  K(aD = o ancr v( f )  ="f  .  Let  wrbe

the restr ict ion of  f r  to K(o( , [ ] ) (X) and v,  the restr iet lon ot ' i l  to X(<,/) .  Since G,{  r t )

is  a pair  of  def in i t ion of  10,  the assert ion a) of  Proposi i ion 1"3 is val id relat ive to w2r

uZ, 4 e R@,P) and Jn [^.  Henee aecorcl inq to Prcposi t ion - ] .1 b),  kv- is' 2  ' 2

algebraically. closed in k*^. Now by the commutative diaqfarn eaneinir-.ally defined:
t o f

. fu @=-+ /€wj -  )t (r f
0 )

ftvt= k*
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we may der ive that  k ,  the a lgebra ic  c losure of  k . .  in to k . . , ,  is  inc luded in  k . ,
v w ' u l

Now we shall  show the feverse inelusion: k.. (k. I t  wil l  be enough to show (sea
v I -

a)  above)  that  for .every h(X)CK.[X?,  such that  deq h(X)(n anc l  n(h6() )  = 0r  one has

h(o()"€ k. But aceorCing to a) one has: w(h(X)) = V(h(o()) = vr(h( )) = 0. We assert

tha t

(e) h(X)* : h(o< )"
.11\

Indeed, Ier  h(X) = Tf lx -  /3,) ,  m (  n.  Since
j = l  t r

of w, i t  fol lows that w(X - ( t  )  =nW - 
Pt) 

< fr(x -

f i((x - /t,) l@. - 3.1- 1) = w((x - ,<)l@ - P,)
I  t  [ r  l l

Hence

(o1, t)

o r ) = J

) > 0 .

((x - p)t(ot- l)p* = t

and consequently (h(X)/h(r())* = 
1, 

therefore (9) is

pa r t i cu la i ,

f(w/v) = f(vr/v)

The proof  o f  Theorem 2.1 is  complete.

Now we l is t  some d i rect  consequences of  t l re

hypothesis  and nota l ions used in  T l reorem 2.1.

The

is  a .m in ima l  pa i r  o f  de f i n i t i on

and so:

t rue,  i .e .  k Sk ,  as  c la imed"

:

above Theorem. We preserve

In

COROLLARY 2.2 (see also t10i, 1.2).

deg (w/v) )  f (w/v)e(w/v) .

This fo l lows immediate ly  of  c)  and d)  in  Theorenr  2.1.  
'

COROLLARY 2.1 (Naqata's conjecture t7l; see also tgi and t l1i),  One has:

k  = k ' ( r * ) .
w v l

proof  fo l lows by considerat i .ons made in  the proof  o f  c)  and

COROLLARY 2.4. The valuation w is clef ined as fol lows:

i) If h(r) = oo .f alr + . .. * 
"*.1 Kf,r], then

d).
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w(h(r)) = inf (v(a,))
I

i i )  I f  q(X) Kl"Xi and d"q q(X) ( n, then

w(s(X)) =lv(s( ))

i i i )  I f  q(X) KtXi is such that deg g ( ne, then we have the unique

representat ion:

9(X)  = qo(X)  + qr (X) t (x)  + . . .  *  qr - r (X) f -1(x) ,  dus 'q i (x)  (  n ,  0 , (  i (  e

and

w(s(X)) = inf (v(s1("<) + il-) .

i v )  I f  u  K(X)  and i f  we represent  u aceord ing to  (6)  and (7) ,  then:

w(u) = inf w(t,(X)) - w(rr(r)) .
i l

The proof  is  corrLained in  the proof  o f  above theorem.

.COROLLARY 2.5. (See t10i, Conjecture 0.1). i f  v is Hensel!arr and ehar. k.. = 0,-  . - - - ' : v  ,

then:

deg (w/v) = f(w/v)e(w/v)

Proof .  Using notat ions of  Theorem 2.1,  one has:

deg (w/v) = ne( f,,x(o{)) = lk(o() : KJe( tr-,x(o< )).

Now, according rc fz l ,  Corol lary,  pag. 53, or to i -sf .  Cn. VI,  f  B,  Exercise 9,-a))  i t

'  follows that tk("c): KJ = p = f(vr/v)e(vr/v), ancl so:
I

deq (w/v) = f(vt lv)e(vr/v)e( tr,R(d,)) = f(wiv)e(w/v) :

CORdLLARY 2.6. (S"u [f O], Corrjectures 0..1 anri 0.4). The equali ty:

- 
deg (w/v) = i(w/vie(w/v)

is irue if :

a)  v  is  rank of  one,  and char  k . .  =  0.

b) v is rank one and discrete.
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. /
Proof .  Let  v  be of  rar r l<  onel  then 'w is  a lso of  rank one.  Let  f f i )  ou,n"

topoloqica l  complet ion of  K(X)  (see t l2 i ,  Ch. I I ,  or  f5 i ,  Ch.  VI ,  
5S5)  re la t ive to  w,  and

w" the canonical exrension of w to fril. since {"1; , (,1a*, rtrerr l l ,, 
" 

cofirral

subset  of  l *and so K the adherence of  K in  K(X) ,  is  the topoloqica l  complet ion of  K

re la t i ve  to  v .  Le t i i  ue  the  res t r i c t i on  o f  w"  to  Z  Nur ,  s i nce?  i s  an  immed ia te
i

extension of v (see [f Z], Cr' ' . t t) ,  then, i t  fol lows t lrat X is also Lranseendental over f i

Let  us denote b| i  the rest r ic t ion of  w ' r  to f t *1.  Now i t  is  easy to  see that  f i i is  a  r . t .

extens ion of  V toRfXl  and that

( 1 0 )  k  = k - .  k  
- '

v  . . v  ,  . i w  =  k f f ,  l u  =  l q . ,

Aecording to [r2], Ch. II ,  V is F{enselian.

we assert that in condit ions a) ancJ b) ( in fact the statement is

wi thout  rest r ic t ion on the rank of  v)  one has:

(11) des (w/v) = des (fr|fr

genera l ly  va l id

duq gn(X) = Oeg g(X); deg h,.,(X) = deq h(X), for all n,

.and

e f

w(g - gn)+ oo, rv(h - hn)+ *+

Thus it  is easy to see t lrat for n enouqh larqe;

14-

w ( u  -  u n ) ) 0

where un = gn/hn. Therefore w(un) = 0, and ,f i .= uo' is also transcendental over

ku = ki. Hence deg (w/v) ( 
{*q ffr l i l  and so (l i)  is proved.

Now by (10)  i t  fo l lows rhat :

f(w/v) = fG/D ancl e(w/v) = e(fi/O .

fl

/ * = G

Indeed, the inequali ty deq (w/v) ) cJee (fr/ i)  is obvious, On the other hand, i f

u = g(X)/fr(X) is an element of R(X) such that f i(u) = 0, ancl i f  u* is transcendental,

then in  a canonica l  way we may def ine two sets  
{s"Cxl } "  "no fnntx) f "  " t  

po lynomiat

of  K(X)  such that :
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\.
deq (w/v) = deg (W/V) = t(fi'l0e(nili) = f(w/v)e(w/v)

fo l lows in  the ease a)  by Coro l lary  2.5,  and in  the case b)  by the genera l  theory of

discrete rank one and complete valuations (see t2i or t5i).

l. Condition e(w/v) = f(w/v) = I

As a lways,  v  le t  be a va luat ion on K and w an r . t .  extens ion of  v  to  K(X) .  We

shal l  u t i l ise same notat ions as in  prev ious sect ions.  I f  Kg:Krg K is  an in termediate
. t

subf ie ld  we assume tac i t ly  that  Kt  is  endowed wi th  a va luat ion,  namely the

rest r ic t ion of  V to  K1;  the expres ion:  "KI IK is  an immediate extension ' r  (see t l2 i ,  Ch.

II) means that e(vr/v) = f(vt/v) = f ,  where v, is the restr iet ion of ? to Kr.
'Now 

we shal l  consic fer  the case when

( f f )  e ( w / v ) = f ( w / v ) = l

Condi t ions (11)  are fu l f i l led i f  w is  def ined by in f  v ,o( (K anct  . I€ [ .  There

exis ts  a lso some s i tuat ion when ( f  f )  is  fu l f i l led but  w is  not  def ined by in f ;  any a(  €  K
,  I  r f 1

and d ,  lu .  Preeise ly  one has the fo l lowing resul t .

PRoPosITIoN l.I .  The fol lowing assert!ons are equlvalent:

a) e(w/v) = f(w/v) = 1.

b)  l f  (d ,J) . i t  a  rn in imal  pa i r  o f  def in i t ion of  w,  then t ( ( .p( ) /K is  an immediate

extension ancl deq (vrlv) = fX{rl) ,  XJ.

c)  There ex is ts  a min im"al  pa i r  (d ,J , \  o f  t je f in i t ion of  w suc.h that  K(o() /K is  an

immediate extension and deq (w/v) = frct"r) ,  XJ.

Proof .  a)=)b) .  Let  (o( ,J)  t , , "  a  min i rna l  pa i r  o f  def in l t ion of  w and v,  the

restr ict ion of i l  to K(a(). According to Theorem Z.] one has:

e ( v r / v ) = f ( v I / v ) = l

i .e .  K(ct  ) /K is  an immediate extension.  Moreover  i f  f (X)  is  the min imat  po lynomia l  o f



o(. over K, then condit ion e(rv/v)

i .e .  deg (w/v)  = fK(o() :  KJ.

The other  i rnp l icat ions

manner .
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= ] shows ttrat f = w(f(X))€ il, and so e(tr-; K("{)) = 1,
V

t\..

fo l low,  accord inq to  Theorem 2.1,  in  an obvious

REMARK 1.2.  Let  w be 'an. r . t .  extens ion of  v  such that 'condi t ions ( t t )  are
' ;

accompl ished,  and le t  (a / ,J)  U"  a rn in imal  pa i r  o f  c tef in i t ion of  w.  Let  a lso f (X)  be the

rn in imal  po lynomia l  o f  re la t ive to  K:

a)  For  g(X)  KrXi  e ipand

q(X)  =  qo (x )  +  q1 (X) f  + . . .  +  o . ( x ) t s

where dug g,(X) ( deg f, 0S i ( s. Then accorcl ing to Corollary ?.2 one has:

(12) w(s(X)) = inf (V(0,( '<)) + iw(f)) .
0li<.s

b) Let v,  be the reslr ict ion of  T to l<(<) and w, the restr iet ion of  f r  to

K(r(XX). Also denot e e = e(f,,K("{)) and -ef,= vr(d), ct6 K( "<). Then:

(r:) e(wr/vr) = e, f(wr/vr) = I .

Indeed, W, h is also a rninimal pair" of definit ion of rv.' and thus (I3) fcrl lows by

Theorem 2.1 c)  and d) s inee w.,(X -d) =f , .  Moreover i f  g(x)e K(dl fXl  *"  may wri te:

{  
" - Iq(x) = z (I n,,(x -c(1r;;1(x - <;e76;l

j=0 i=0

and thus:

wr (q (X ) )  =  i n f  ( i n f  v1 (a1 i ) . *  i J ) )
J r :

Now we shall  consider the foi lowinq question: Assume tl iab ecndit ions (11) are

accomplished. Ljnder what condit ions w is defined by inf v, o{€K anc & { r

.  Before answering (part ial ly) to this question we shall  make sorne useful

remaks.  we shal l  u t i l ise same notat ions as in  the proof  o f  coro l lary  2,6.

Let f€ r{x} ue such ihat w(f) = o. Nlow since f sl i(x), then f*, rhe resictue of f

in  k* :  is  the sanre as the res idue of  f  considered as an e lement  otR(X) ,  Hence,  i f for
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example w is  def ined by in f ,  y ,  d  € K

d andt l  .

Now let f  e i [X] be such rhar ff(f) = O.

f l  Kt.Xi, of the same clegree, such that w(f1)

Therefore, i f  for example fr is d*f inect by inf, V,

a l so  de f i nec l  by  i i r f ,  v ,  a  su i tab led  1€  K ,  and  J .

Accord ing to  th .ese considerat ions,  the s tuc ly  of  the set  o f  a l l  per lynomia ls  q

over  K such that  w(g)  = 0 and g*  is  t ranscendenta l  over  ku,  is  equiva lent  to  the s tudy

of  t l re  set  o f  a l l  po lynomia ls  g over  l (  such that  w(g)  = 0 and g*  is  Lranscerrc jenta l  over

ku = kV. Therefore in r,vhat fol lows we may assunle that K =? ancj w = f i .

Tf_lEORtrM 4.]. Let K be a f ield and v a valuation on K. tn :  fo l iowins

=  l ,  t hen  w  i s

d e f i n e d b y i r r f ,  v , d e  K a n d  ) A t l .

b)  K,  the topoloqica l  complet ion of  t ( ,  do

extensions re la t ive to  v .

c)  F is  a lgebra ica l ly  e losed in  a maxi rnal ly  complete extension of  K re la t iye to

f  - f - 1  &

a n d  ) t l  , t h e n w. V i s  a lso def ined by in f ,  T,

Theh there ex is ts  a polynom!al

: 0 ana fr(f - fI) > 0, i"e. f* = fl*..

d€R,  and J*  i l  =  f  ,  rhen.w is

asser t ions are equiva lent :

a)  I f  w is  a  r . t .  extens ion of  v  to  K(X)  surh that e(wlv) = f(w/v)

not  admi ts  imrnediate f in i te

Proof. The equivalenee 5;(=) c) is obvior-rs.

b)=)  a)  Let  w be such that  e(w/v)  = t (w/v)  = I  and le t  (or , f )  t ru  a min imal  pa i r
/

o f  def in i t ion of  w.  I f  o(  f  x  ( i "u .  a)  is  not ,  t rue) ,  then accorc l ing to  Proposi t ion ) "1,

K(d) l l<  is  an i r r rmediate extension ancj  concl i t ion d1y '  | '< ,  .hor"s  thot  dd 7.  Henee
14/ &

K(/ ) lK is  an immecl ia te extension re la t ive tc ' i .  a  ccrr r t rad ic t ion.

a)  =>b)  Let  us assume that  I  has an i rnnrecJ ie i te  a lqe l : ra ic  exLension FfaV7.

re lat ive to 'v  and leL v ,  be the correspondinq extensiun of  ? to RfaS.  Obviously ,  we
,l

assu'rne that {( K. Then the set

f l , - 7
M(d )  =Jv , (d -  a )  /a  €K  (

,  (  r ; _  l  )
. 1 1  n

is bounded in i i  = lr , .  Lut ctr6 K be such that vr(dr1>F tor att  d^€ M(.eO. Ler us
u l  L  t
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denote by w' ,  the valuat ion on RpltXl  def ined by inf ,  u i , r ( ,  ancl  J,  = vr(c j r ) ,  anci  lc t
" L : .

w' be the restrietion of w| to Ii(X). It is elear that w' is a r.t. extension of v and
(1 ,-'l f1 11
l : . = l ' = 1 . . -  - l  , .  h e n e e  e ( w ' / i i ) = e ( w r / v r ) = 1 .  M o r e o v e r .  s i n e e k f = 1 . u .  a n c lr v  v 1  w l  I ' v '  u  u l

f (w./v, ;  = 1,  i t  fo l lows that f (ur ' /v)  = 1".  Let  w be the restr ict ion of  w' to I t (X).  Sinee
I '  I

obviously e(w/v) = f(v. ' /v) = 1, by hvpothesis. i t  foi lows that w is defined by inf, v,

{ a - n - C '
@ € l {  a n d  d  e l u . L e t  d C K  b e  s u e h  t h a t  v ( d ) = ) .  T h e n  o n e  h a s :  w ( X - a ) = d . ,

.  Consider the equal i ty:

(14) (x -  (A/d = ((X -{ ' ) /d,) .  (ct ,  ld + (N-&)/a.
,  -  '  r '  r '  I

o t .
I f  )1 = v(dr)> v(d) =61 ,  th€n by (1a) i t  fo l lows that the image (X -  a) /d in the residue

f ie ld is an element of  ku.  a eontradiet ion.

I f  v,(d. , )  = v(d),  then by (14) i t  fo l lows that v1(4-&)Zvr(c l1) ,  whieh is in
I I I

contradiet ion n ' i th  the ehoiee of  dr .

Finally. assume that v(d) ) v., (d' ),  and let b GI(
I I

Then one has:

X - h, = ((X - &)/dd + (q.- b)

,  X  -  b  =  ( (X  -X ) /d l )d t  +  (d  -  b )

Sinee w is the restsietion of w, to K(X), one has wr(X * b) = w(X ,- h). grt ,

w(X . b) = inf (v(c), v(a*- b)) = v(d)

wr(X -  b l  =  in f  (vr (cr ) ,  u l (n_ b) )  <  v(d)

sinee by hypothesis vr(d, ) ( v(d), i .e. again a eontradict iorr. The proof is eomplete.

COROLtr ARY 3.4" Let v be a vaiuatirx on K. The eqr-r ivalent eoncli t ions

Theorem 3.3 are aeeomplished if  3 is rnaximaii5r eomplete relative to v. This is

ease if  v is ranl< one and diserete or K is maximally eomplete relative to v.

Other eases wlren the eondit ions of Thcorern 3.3 are verif ied. are given in

fol lowing:

PRfIPOSITION 3.5. Let I{ be a f ield and v a rraluation on K sueh that:

be sueh that v(€- b) > v(d)"

of

the

the
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a)  V is  Hensel ian ancl  char  ku = 0

b)  v  is  o f  rank one and K is  per fect  o f  character i iL ic .p)  0 .

Then l (  c fo  not  adrn i t  nontr iv ia l  f in i te  anc l  immecJiate extensions re la t ive to  r r .

Proof" Acc'ording to f iz], ch. I I ,  Theorem 4, in Lhe case b) K is Henseiian

re lat ive to?.  AIso i t  is  easy to  check that? is  per fect .

Le t?  be  an  a lgeb ra i c  c losu re  o f  K  ancJ  l e tTbe  Lhe  un ique  ex tens ion  o t? toR
N

Suppose la(o()  is  a  f in i te  anc j  immediate extension of  R re la t ive to  f , ,  such that  4d F.
I

Let also A(aO = inf 1(p(- x') where p1i' runs over all conjugate elements of d .

Tlren, aecording to [ f?,  Sect ion 2,  Proposi t ion 2 ' ,  t l rere 
"* i . t ,  

an element a(K such

thatT(r(*  a)  = Afu). l r  is  eas;,  to see rhar:

( i s )  v (4 -  a )  =A(d)= .uo fu(x -  e l lu  € [ ]' L  -  
|  )

Now since the extension ft(a<) lX is irnmecfiate rve can assume that

?(x -  a )>0 .  Ler  d€K be such urar i ( . i )= i@-  a) .  T r renn( (a( -  a ) /d )=
N

extension K(e) lR is immediate,  t f iere exisL a 'c{ ,  € K

V(((<-a)/a) -  
" . , )  

= v(d. , )> 0.  But then V(a<- n-s,cJ) = i l (cJct , )>i("(  -- r  t '  -  - - 1 " '  ' . - - l

contradic ts  (15) .

V ( < ) = o a n d s o

0 and s ince the

such that

s) ,  in  which

.  RtrMARKS ] .6 .  a)  Let  v  be a va luat ion on K such that  the eouiva lent  asser t ions

of  Theorem 3,3 are accompl ishecl .  Then T is  necessar i ly  Hensel ien.  Indeed,  Ie t  K l l? .

be an a lqebra ic  extension,  and le t  KZIX be an inrmet l ia te ex lens ion,  such that  K,  is

maximal ly  eornplete and that  the eondi t ion l )  o f  Theorenr  J .J  is  aeeornpl ished.  T l rer r

KZKI IK2 is  an a loebra ic  extension.  Now i f  vn is  Lhe extensiun of" i l  to  K '  then s ince

v,  is  Hensel ian (see t l2 i ,  Ch.  I I ,  Theorem 7)  i t  fo l lor .vs thatThas a unique extension to

t/ '- - a1 : r 'r \ f  l .e .  V  lS  l - lenSc l lan .
-  

b )  Accord ing  to  Coro l la ry  2 .5 ,  i f  v  i s  Hense i ian  anc l  char  ku  =  0 ,  and Lhe

. r-1
c o n d i t i o n s  ( 1 1 )  a r e  a c c o m p l i s h e d ,  t h e n  w  i s  d e f i n e d  b y  i n f ,  v ,  a ( € K  a n d  ) e  l r .

There fore  accord ing  to  Theorem 3J ,Q.  do  no t  admi t  imnred ia te  ex tens ions  re la t i ve  to

v .  Moreover ,  i t  can  be  provecJ  tha t  i ' i s  a lso  Hense l ian .

F*,ot\l\t



PR0POSITIONI 3"7" Let K be a

asser t - ions are equiva lent :

a)  I f  w is  a  r . t .  extens ion of  v  to

. e(w/v) = f(w/v) = I

b) [Ivery extension T of v to R is

- t B

f ie ld  and v a Valuat ion on

K(X), then

an i rnmediate extension.

K.  The fo l lowing

tha l

not

and

Prcof .  a) : )b)  Let  T be an extension of  v  to?.  F i rs t rv  we shal r  Drove

n = [ .  Indeed, let us assurne, rhar i l rere exists e, o sucrr that f ,  =vcpl an

belong to  l - .  f - " t  w be Lhe va luat ion on K(X)  c le f inec l  by in f ,  vn a su i tab le aGK

) .  rn"n w(x - 
") 

=rf € f,,  "no S f Ca contradiction.

Now we shall  pfove that ku = l .V. Indeed, assume that ou / oV and let

t  6  k* \  ku.  Let  d-€k be such that  
-v(a<)  

= 0 and at  =t  .  Let  w be the va luat ion on

K(x) defined by inf, v, d( and J > 0. Then one. has vr(x - < )= ) 0, and so

w(x )  =  r v (x ;  =  i (D<)  =  0 .  Bu t  t f r en  X*  =  x *  = t { ku .  Hence  f (w /v )  l 1  aga in ,  a

contradic t ion.  Thus a)  : )  b)  is  provecl .

b) : )a)  IncJeecj ,  then ku =.k*  is  a lqebra ica l ly  c losed ant l  
f ,=  

q is  d iv is ib le .
" ,rl 5-

, This ffreans that e(w/v) = f(w/vlToT every r.t .  extension of v to K(X) anct t. l-re proof is

comp le te .

The condi l ions of  Theorem S.? 
" r ,u  

urr , r ,ud by the f ie ld  R of  rea l  numbers

re lat ive to  every nonarchimedian va lLrat ion anrJ a lso by supersyc lotorn ic  @ f ie ld  K

obta ined by adjunc i ion to  t i  ( the f ie ld  of  ra t ional  n ' . rmbers) ,  o f  a l t  roots  of  po lynomia ls '

Xn -  I  for  a l l  n .
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