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DISTRIBUTIONS ON DNST'RIBUTIVE LAT"fiCES AND

Serban A. tsASARAB
,

PROFINITE GITOUPS

NNTRODUCTION

tet 
{X,;  p i j ,  Xj-+xi} i6t ,  is j  be a direeted pf f i jeet ive svstem of diserete

finite sets, where the eonnecting maps p;; are onto. Aeeording to B. Mazur [14, 1s],

a distribution on 
" 

=&n Xt rvith values in an abelian group A is a familv of maps

€, :  X;**A, i€ I , 'subjeet to f
P1;(x)=Y

?r(x) = e,(u) for i , j€i ,  i< j ,  y€Xi.

Distr ibutions are basic tools in the investigation of some arithmetic guestions

eoneern ing eyelotomie f ie lds ( Iwasawa [1] ,  S innot t  [1g] ,  Lang [1 1" , IZJ) ,  un i ts  in  the

modular funetion f ield (Kubert-Lang {o-toJ) and Galois module strueture of

elementary abelian extensions (l t le Cuitoh [16, 1T]).

The distr ibutions defined above turn out to be speeiai eases of the fol lorving

more general measure theoretie eoneeDt.

DEFINITION. Given a distr ibutive latt ice L, with binary operations V, /t  ,

and a smallest element 0, a map ( :  L-* A with values in the abelian group A is

eal led a d is t r ibut ion on L i f  { (avb)  = ?(a)  + ( (U)  for  arb i t rary  a,b€Lrarr , [  =  g.

The present paper is a self eontained approaeh of eertain purely algebraie

guestions eoneerning the distr ibutions on distr ibutive latt iees. A general algebraie

framework is developed and some results of Sinnotto Kubert and Lang are suitably

extended.

1. STONE DUALtrTY

Consider the eategory p.l ,  whose objeets are the distr ibutive latt iees 
* 

= (1,,

v ,A,  0)  wi th  the eustomarv b inary operat ions v ,d\  ,  and a smal lest  e lement  0 w.r . t .

the part ial order aSb{*a = aAb; i f  L, l , '  are objeets of DL then the set DL(L,L')

o f  morphisms f rom.!  to  L" 'eonsis ts  of  the maprf  . :  L* i lLrsubjeets  to  the fo l lowing

eondi t ions:

i )  f (avb)  = f (a)v f (b) ,  f (aAb)  = f (a)ef (b)  for  a ,b€L,  and f (0)  = 0;
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i i)  f(L) is eofinal in L',  i .e., for eaeh b6 L' there is

The next pieture represents eertain dist inguishecl

arrows stand for canonie embeddings

a €L sueh that b < f(a).

fuil subeategories of DL;

F8A

I
I
Iv

psL

-**+ FA

I
$

s--FF 081" *** $ L---+ DL

The objects of pL, ealled Stone latt iees, are the distr ibutive latt iees L satisfying

the fol lowing equivalent eondit ions:

.  
(sL ' )  for  eaeh aeL,  the set  avu& ={ave:  a71 

"  
= 0} is  eof inar  in  L,  i .e . ,  for

eaeh  b€L  the re  i s  e€L  such  tha t  b (aye  and  a4 ,e  =  0 ;

(sL") for eaeh a 6L, the prineipal ideal any =fn6 L : b < aJ is a boolean

algebra wi th  maximal  e lement  a.

The objeet of QBL, ealled quasi*boolean latt iees, are the Stone latt iees u

sat is fv ing the suplementarv eondi t ion

(QBL) there exists a subset A of L sueh that a I

a ,b€ A,  a  l  b ,  and the ideal  (A)  - {c  -  -  - r
c  

: € t  :  J  a 1 , . . . , a n €  A ,

by A is the rvhole L.

F4 ir the eategory of boolean algebras, while FB_A is

finite boolean algebras. The objeets of DSL, ealled cliserete

0 for a €A, aAb = 0 for
tu

n ) l , e 5 V r , f g e n e r a t e d
i=1 'r

the full subeategory of

Stone latt iees, are the

Stone latt iees L subjeet to the next eondit ion

(DSL) for  eaeh a€ L,  (a)  is  f in i te .

On the other hand, eonsider certain eategories of topologieal spaees relatecl

eaeh to other as in the picture

c l

n l  €Bs
' r '  ' f

t l
+ ' l
DS *-e QBS *> 5 5
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The objeets of cs, ealled ggligp-1t sp-aees, are the toologieaL spaees x

satisfying the fol lowing condit ions:

(S) X is .sobq!, i"e., every irreducible elosed subset of X is the elosure of a

unique point  o f  X;

(C) tne family I((X) of quasi-coripact open subsets of X is elosed under

interseetion, i .e., AnB{ K(X) for A,Be I((X), and forms a base for the topology orr

X .

A morphism f :  X*s*Y iW CS, ealled a eolrerent map, is a eontinuous map

subjeet  to  f - i (a)€ K(X)  for  A€ r { (y) .

The objeets of SS, ealled Stone spaees, are the Flausdorff spaees X for which

the famitv I{(X) of eompaet open subsets of X forms a'base for the topologv on X.

obviously SS (with eoherent maps as morphisrns) is a ful i  subeategory of 
"CS.

The objeets of QBS, eatleci guasi-booiean spaees, are the Stone spaces X for

whieh there is  a  par t i t ion x  = O X;  wi th  x i  (  K(x) .  The objeets  of  BS,  eal led
i € l

bgolean spaees, are the eompaet Stone spaees, i .e. eompaet total ly diseonneetecl

spaees. Note that everv eontinuous map between boolean spaees is eoherent, since

I((X) is the boolean algebra of ai l  elopen subsets of X wlrethen X is a boolean spaee.

Note also t lrat the objects of QBS are arbitrary direet sums in the eategory Top of

topologieal spaees (not in CS!) of boolean spaees.

Finally, the objeets of DS are the diserete topologieal spaees, while t lre

objects of n-l are the diserete f inite spaees. Note that a morphism f :  X-# Y in DS

is a map with the property that the f i trer f-1(y) is f inite for eaeh y€ y.

THEOREM 1"1. (Stone's representation theorem for distr ibutive latt iees).

The category DL is dual to the eategory CS. The duali tv above induces respeetively

duali t ies between the eategories sL and ss, Q.p-J, ano gBf , .g.A and BS, DBL and DS,

FBA and FS.

PROOF. The dual i tv  sends a d is t r ibut ive la t t iee L to  the Stone-Zar is l< i  pr ime

spectrum S(L)  = Spee(L)  of  proper  pr ime ideals  of  L ;  i ts  open sets  may be ic lent i f ied
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wi th  arb i t rary  idea. ls  o f  L ,  a  point  p6S(L)  be ing in  an open set  a( Id(L)  i f f  a$p..  , " '

Convei 'sely, the dual. i tv sencls a eoherent space X to the ci istr ibutive latt iee I((X) of

eompaet open subsets of X. For detai ls see [2] Ch.II,  wlrere the sl ig'ht iv more

part icular case of distr ibutive latt iees lvith a nraximal element 1 is eonsidered. &

The next  resul t  is  immediate.

LEft{MA 1.2. i)  The eategories

ecl induetive l imits. The el*lbuddiagt

i i )  The dual  s tatement .

DI,, pL, QB-I, and BA are elosed under direct-

$A -pABL-&?l:+DL prese rvs slclr lrmdfs.

LEMMA 1.3.

induet ive l imi ts .

i i)  QBS(BS) is
; ,..:;. :..r,"

i )  QBL (BA) is the elosure of Pgl,(fB_$) under direeted

the eiosure of DS(}"S) under direeted projeetive l imits.

Proof. Let X be a quasi-boolean spaee and P be the set of part i t ions of X

into compaet open non-empty subsets of X. l3y assumption P is non-empty. P is

part iai ly ordered by refin&ment relation ( and (P,J) is dir:eeted. For pq P let XO be

the faetor set of X w.r.t .  the equivalence relatiori  indueed bv p, and fO : X*PXO be

the eanonie surjeetion. For p,Q€ P, p 5 q, let fp,q , 
"O* "O 

be the eanonie

sur jeet ion.  Obviously ,  {  x* ; f^  ^ t^-  ,- - . , ,  c  p , -p,Q)pe p,p5q is  a  d i reeted pro jeet ive svstem in DS and

Xd ! im X^. Of eourse we may replaee P bv an arbitrary eofinal subset of P. s. c _ v

2. DISTRIBUTIONS ON DISTI{IBUTIVE LATTICES

Let L be a distr ibr"rt ive latt iee with 0 and A be an abelian group. As defined

alreadv in Introduetion, a distr ibution on L with values in A is a map f :  L$A sueh

tha t? (avb )  =  t (a )  +q  (b )  f o r  a ,b (  L  w i th  aAb  =  0 .  I t  f o l l ows  f (O)  =  O .

Assuming L is a Stone latt iee, one eheeks easily that a neeessarv and

suf f ic ient  condi t ion for  a  map Q:  L-*A to  be a d is t r ibut ion is  that  f  (0)  = 0 and

t  (avb)  +Q (an u)  = (  (a)  + t  (b)  for  a ,b(  L .

Now assume L is a quasi-boolean latt iee, and let X = S(L) be the quasi-

boolean spaee assigned to L bv Stone duali tv aeeording to Theorem 1.1. Bv Lemma
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1'3,  L  is  the induct ive l i rn i t  in  oRL of  a  d i reetec l  inc juet ive sv.s tem 
{r , ,

{ r  r  . * ?' i i  :  l ' t -*t '3') 
irr l , i<i of discrete stone subiatt iees of L. For eaeh i€ I,  the diserete

spaee x, = s(Li) is identif iecJ r ir i th the set of atoms of L,. The space x is the
pro jeet ive l imi t  o f  the d i reeted pro jeet ive system {* , ,  O,r :  Xr*+Xi} i * f , i . j  w l rere
the p i j :  Xr+x,  for  i (  j  are the eanot t ie  sur jeet ions wi th  f in i te  f ibers indueed bv the
embeddingr  f i j r  l , i . }  L j .  Given a map S :  L**A,  denote bV ?; :  X,_bA for  iQI  the
restr ict ion of ? to X,d L,. The eorresponclenee Q S (g 

1);*1 maps bi jeetivetv the
set of distr ibutions on L with vaiues in the abelian group A onto the set of those
fami l i es  (? r ) i q ,  sub jee t  t o  t he  eond i t i on  € , ( x )  =  X .  { , ( v )  f o r  i (  j ,  x€X i .  ca l'  ^  / , , ) - x  J -
sueh famil ies distr ibutions on the quasi-boor.*n ,p?["* X. For a boorean spaee X we
get  Mazur 's  d is t r ibut ions.

Let us give some examples of distr ibutions on eertain topologieal groups. In
order  to  do th is  we need the next  immediate ler rma.

LEMMA 3.1. The fol lorving statements are equivalent for a toporogiear group
G:

i )  There ex is ts  a d i reeted pro jeet ive svstem {" , ,0 , ;  ,

groups with Ker p;j  f inite for i  ( j ,  such that C is isomorphie

l jm G. :
€ * l '

i i )  G is a Hausdorff spaee and the familv of eompaet open normal subgroups
of G is a fundarnental system of neig"hbourhoods of 1.

cal l  a topolog,' ieal grotrp G satisfving the equivalent eondit ions above a
quasi*boolean group' obviously, the quasi-boolean groups are quasi-boolean spaees.
A quasi*boolean group G is eompaet i f f  G is profinite i f f  G is group in the eategorv

QBS (and l renee in  ] ls ) ;  the eanonie pro jeet ions p.  :  G x G*G ,  i  =  r ,2 ,  are coherent
maps i f f  G is  eompaet .

Assume G is a quasi-boolean group and ret N(G) be the set of eompaet open
normal subg.roups of G partful{.ryorOered bv the ret.ation U<V iff V( U. N(G) is

c j+c i } ie  r  o f

as topologieal

d iserete

group to

d i reeted and G f
u*W,,,G/u' 

A distr ibution ? = (?u: G/u-PAbENrct on G with
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values in an abelian group A is in.ys.r iql!  i f  the maps { i ,  t ." eonstant maps.

Consider the direeterJ projeetive s..rstern{ OUt fU,\, ,  AV+OU} Ue*tc),USV, where

AU = A for  eaeh U€ N(G) and fU,U(a)  = (U:  V)a for  U(V,  a{A.  Then the set  o f

invariant distr ibutions on G rvith values in A is identif ied with 
{$ 

AU. In

part icuiar, i f  A is uniquelv divisibte ( i .e. A is a veetor spaee over lF) then 
usr

AU9 A;  an invar iant  d is t r ibut ion (  is  eomplete lv  determined bv TU(1)  for  a  f ixed

U €  N(G) .

For instanee, let G be the underlying addit ive topological group of a loeal

f ield K, i .e., a Cauchv eomplete valued f ield with discrete valuation v and f inite

residue f ield k. Let 0 be the valuation r ing and f l  Ue a prime elemento i .e.,

v($f) '= 1, the smallest posit ive element of the value group vK = 
L Then

g = x+#o[.ql jk*6 is an abelian quasi-boolean group with
n €  ] {  

e v

X(C)  ={ f r  n0  :  ne  Z} .  An invar ian t  d is t r ibu t ion  g  =  (?n ,  l# r10*+  A)n€ g  w i th

values in an uniquely divisible abelian group A is eompletelv detirmineO UV ?oG).

Another speeiai way to obtain distributions is the following one' Let

f  x, ,p, . ,  :  X*-*X, l , ,  |  . , :  be a direeted projeet ive system, where X, = l \4 is ac ' - 1 r r 1 3 - ' .  - - ' i J j e l ,  r s j  I

diserete spaee for eaclr i€I, and pij: n{'+M are surjeetions wih finite fibers. A

distr ibut ion (k, :  M*)A),* ,  on the quasi-boolean spaee X=$Xi is cal$ed an
l e l

ordinary dis l l lbut ion i f  the maps ?,  for  i€I  eoineide, sav Qi =t .  In other words,

an ordinarv distribution on X is a map q : Ir4:)A subjeet toQ (x) = f ((v)

for i, j€ I, i  5 j, x g t\{. 
Pi' j(Y)=x

For instanee, let I = Z' with the par:tial order given bv the divisibil i ty

relation, Xn =S/? for nl1, Pn,rn : X,n-$Xn for n$m be defined bV F,.,,*(x) =(m/nlx,

An ordinarv distribution on the quasi-boolean spaee * =*H:*n is an ordinary

distribution in the usual sense [11] Ch.2, $ 8, i.e., a map A-:9/z:-+A subjeet to

? (x)  =L ? (V) for  n)  1,  x€Q/2. A tvpieal  example is the f i rst  Bernoul l i
ny=x

distr ibut lon p/3+9 :  x1-}  Br(<x>) = (x)  -  * ,  where (x)  is  the smai lest  rat ional

number )0 in the residue elass of  x mocl  Z.



- t

3. UNIVERSAL DISTRIf]UTiSNS

Given a distsr ibut ive tat t ice i ,  v,r i th 0 and a eommutat ive r ing R with uni t ,

eonsider the categ;ory 
,,IJ1,,R whose objects are the distribiit ions ? r L"r\A with

va lues  in  R-modu les ;  i t  T . :  L*FAi ,  i=  L ,2 ,  a re  ob jee ts  o r , *p r , * ,  the  se t  o f
nrorpl t ismsPl,R(( f l , f2)  eonsists of  those mr:rphisms h:  Ar**A, of  R-wro6uies for
r v h i c h  9 2  =  h .  a { 1 "

let n(L) be the free R-moduie generated by the underlying set of L and iet
D be the submodule of R(L) generated by the subset t (nrr,rl * (a) _ (b) : a,b6 L,

5

a,{$ = oJ' let u = ur,o be the faetor R-mocrure n(L)/o. Then obviousry the map

u : L-* u : aF?(a)mocJ fr is the init iar objeet of i l re eategory..?1,R, i .e., for eaetr

d is t r ibut ion f  on L wi th  va lues in  an R-module A there is  a  r . rn ique morphism

dg :  U-FA of  R-modules such f  =  d(g o u.  Cal l  u :  L- -*U the universal  d is t r ibut ion

on L w"r . t .  the r ing R.

The universal  d is t r ibut ion u :  L**u admi ts  a natura l  equiva lent  deser ip t ion

whther  L is  a  s tone la t t iee ( in  par t ieu lar  a  quasi -boolean la t t iee) .  Let  X = s(L)  be

the Stone spaee assigned to L bg Stone duali ty and denote by C(X,R) the set of

those eontinttous funetiotts f :  x** 'R definerJ on X rvith values in the cj iserete spaee

R for  d l i " t ' r  the suppor t  Supp ( f )  = f*€X:  f (x)  I  O]  is  eompaet ;  C(X,R) has a
natura l  s t rueture of  R-module.  Let  u ' :  L*FC(X,R) be the map ass igning to  eaeh

a€L the funetion u'(a) defined as fol lows: i f  p€ X = Spee(L) = I\4ax(L) then
( t  i f  a d p

u'(axp) = 
t ;  

",nJr*,r". 

one ehecks easily that u' is a distr ibution and u,u' are

eanonieal lv  isomorphie in  p l ,n ;  we ident i fy  them in the fonowing.  The

eorrespondenee ? :  L-*Al*F O? r  U = C(X,R)*PA mapsbi jeet ive iv  the R_module of

d is t r ibut ions on L wi th  va lues in  the R-module A onto the R-module of  rnorphisrns

of R-modules from u to A. For f € c(x,R) denote the image (d? xf) nv {rc.p ano
X I

call  i t  the integral of f  on the stone spaee X w.r.t .  the distr ibution (rneasure) 
f .

Assuming X is  quasi -boolean,  wr i te  X as a d i reeted pro jeet ive l imi tJ l j ! .x .o f

diserete spaees' wlrere the eonneeting rnaps pi j  :  xj+x. for iJl are onto with f inite

f i be rs .  cons ide r  t he  fam i t v  (? i  ,X i$A) ig ,  i ndueed  by? .  Assupp  ( f )  i s  a  eompae t
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open subset of X t lrere exist i{ I  and f ' :  X,*}A with Supp(f ') f inite sueh that f = f 'p' ,

w l rere p i :  X**X,  is  the canonie pro jeet ion.  ThenJfCq=& f ' (p , , (x) )?, (x)  for  eaetr"  X  x € X o  
' U  ' J

jE I ,  j > i .  r

4. STICKEtr,BERGEN DI$TRIBUTION$'

Given a profinite group G, a G-lgl l ies is a distr: ibutive latt iee L with 0,

together i ,vith & eontinuous aetion G x L**L : (g,a)i-Fga of G on the diserete

d i s t r i b u t i v e l a t t i e e L , i . e . , ( g h ) a = g ' ( h a ) , g ( a r / b ) = g a v g b , g ( a a b ) = g a A g b , g - 0 = 0

for g,h ( G, a,b€ L' &Dd L = LJ LU, where N(G) is the direeted system of open
VSNIG) l

normal  subgroup of  G and 1,u ={a€L:  ga = a for  g€ U} ;  note that  the d is t f ibut ive

sublat t iee LU is  eof ina l  in  L for  eaeh U€N(G) and henee L is  the induet ive l imi t  l i ry r
*jD

t u in Dl,.

Given a G- la t t iee L and a d iserete G-module A,  a  d is t r ibut ion f  :  L*FA is

cal led a G-distr ibql lqn i f  t (g 'a)  = gt(a) for  96 G, a€L.

Let us denote bV ,,?C,l the eategory whose objeets are the G-distr ibutions

on  the  G- la t t i ce  L ;  i f  ? , :  L - )A i ,  i =  1 " r2 ,  a le  G-d i s t r i bu t i ons ,  t he  se t  o f  morph isms

..?C,r({r,9r) 
eonsists of those morphisms f :  Ar- '}A, of G-modules for whielr

r b  - ( p'  r  1  
-  \  2 '

Let H be a elosed subg'roup of G. The eontinuous aetion of G on L induees a

natural structure of l l - latt iee on L. I{e define a eovariant funetor

FT
St[ : Pn,l+.PC,l as follows. Let ? : LS A be a H-distribution. The indueed

I-T
rnodule M;(A) admits as underlying set ttre set of those eontinuous funetions

f  :  G**A for  which f (hg)  = nf (g) ,  where h$f l ,  g6G. The prof in i te  group G aets

eontinuously on the diserete abelian group fUf f al aeeorcl ing to the rule

(gfxg') = $(g'g). rr r: u€N(G) then ultntug l\{Hril^u(AHc1u). Derine

st[(?) :  i+nl!(al  uy stf l (WXaXg) = €(sa) for a€L, s€G. calt  the G-distr ibut ion
I-I

St; (?)  the St iekelberger  C-d is t r ibut ion indueed bv the H-d is t r ibut ionf  I f
v

?; :  L-&A,,  i  = 7,2,  are H-cl istr ibut ions and s€o",r(9 , ,?r) ,  c ief ine

stfl(s) : nrf (n, )-+rvr [Grr) b y  s t f l t s l t r l = s o ffor f€ I\4H(A1h obviously
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st[(s)€Dc,r (st[(ei),st[(q2)). carl the funetor st;r[: P",*fti $jsSePsILqI
{qnctog assigned to the clata G, I-lo L.

PRCIPOSiTiOhI 4"1" St[ t  PU.ri] .PC., is a l ight-adjoint of the forgetfutl

functor I)^ ,-$D,, ,  .
"J  Ur f ,  " , : .  n tJ t

Proof'. Let t : L-*A, f : L*?B be objeets respeetivety of !H,L und,DG,L.

Tlre funetorial  bi ieet ion O ,Pu,:,(Y,?)-pFc,l(Y,stf i rcgl l  is given by

@ (s)tuxg) = s(gb) ' for r €pH,1(Y,?), b€ B, g€ G; O 
-l(txu) = t(bX1) for

. I.T
t€Pc.r,(Y,st6@ ),  b6 B.

In  par t ieu lar ,  tak ing tU ={r } ,  we get  the r ight -adjo in t  St" :  DlSpC, l  o f

the fogetfull funetor .PC,lPPl.

5. PROFINITE GROUPSAND LATTICE ST{DERED SIONOIDS

In th is  seet ion we eonsider  a natura l  eonneet ion between eer ta in  prof in i te

groups and eertain latt iee ordered monoids, rvhich wiU plav a basie role in the rest of

the paper.

Given a set I,  let us denote by S, the free abelian groLrp z(I) gun"ratecl by I.

Eaeh element of 51 admits a unique replesentation s =fs(i) i  with s(i)€ Z and
r ) i € I

Supp(s)  =t  iq :  s( i )  l0J a f in i te  set ;  put  s ,  =  s( i ) i ,  the i - th  eomponent  of  s .  S,  has a

eanonie strueture of latt iee orderecl group w.r.t .  the part ial order slf€*s(i) < t( i)

for  a l l  i€ I ,  hav ing the la t t iee operat ions g iven by (sAtXi )  = min(s( i ) , t ( i ) ) ,

(svtx i )  =  max(s( i ) , t ( i ) ) .  For  s€S'  le t  s+ = sv0,  s-  = -sV0,  I  s l  =  sv -  s"  Denote bySi

the tatt iee orderecJ monoid with uni, 
r " '  +

verse{ s€S, r sZ 0J. Note that for eaeh s S, the
( + , r

set{ t€S, :  t< sJ is f inte.

Given a profinite group G, the set N(G) of open normal subgroups of G,

partiallv ordered by the relation U<V6+VGU, is a lattiee with Uy y = UOV,

U4V = U.V and a smal lest  e lement  G.  N(G) sat is f ies the same f in i teness eondi t ion
* o l-

as S '  so i t  is  qu i te  natura l  to  eonsider  la t t iee morphisms f rom S,  to  N(G).y I

DEFINITIOI{. A map U:Sf*}N(c) is eompatible i f  the fol lowing eondit ions
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are satisf ied:

REMARK" There exist eompatible maps defined

values in  the same la t t iee N(G).  For  instanee,  le t

i )  U is a morphism of lat t iees wi th a smal lest  e lement,  i .e" ,  U(st ' t )  =

= U(sHbU(t) ,  U(sAt)  = U(s) .  U(t)  for  s, tQSf ,  and U(0) = G;

( i i )  u (s )= [u(s )  '  se  s1 ] is  eo f ina l  w i th  N(G) ,  i .e . ,  fo r  eaeh vSN(G)  there
J

exist$ s€S, such that t l (s)(V;

( i i i )  for  eaeh srbset J of  I  sueh that J I  I ,  v.r  urs l  + {r} .
" suPP(s)G J

Condit ion i )  is  equivalent wi th the faet that  G(s) i= G/U(s)s l - lC(si)  for
i6I ',

eaeh sgSf" Conci i t ion i i )  is  equivatent wi th the faet that  Gv{ inp(s).  Condi t ion i i i )_s€St

states that the canonie epi G+GJ , where G, = G/Vrx -l i fn C(s) is an' supffiE;
isomorphism iff  J = I.  Obviously, eondit ion i i i )  is satisf ied whether U iJ injeetive.

.L

non- isomorphie S, 's  wi th' l

be the proeyelie group

map U is
I

.  e '' " f  i }
the next

on

G

Z=g-Zt'gz-, I be tl 're set of all prime numbers anci Ir be a singleton. Then Sf is

isomorphie tothe l .o.  mult ip l ieat ive monoid of  posi t ive integ'ers (wi th order given

by divisibil i ty),while Sfr is isomorphie to the l inearlv ordered additive monoid of
I '

natural numbers. Tlre maps U : sfun(C) , nr*n? and U, , S,]+N{C) : nf&(n + Dlt-  r  l ,  ' - '

are eompatible maps.

I f  JEI ,  the map Ur:  S j+Cr:  sFlU(s) /V,  indueed bv a eompat ib le

eompat ib le  too.  In  par : t icu lar ,  for  i€ I ,  we get  compat ib le  rnaps Ui  = U{ i }

g N+GideU-U"c(ni). The U,rs determine completely U as fol lows from
n q N

immed ia te  l emma.

LEMF.IIA 5"1. a) Assume that U : Si+N(G) is a eompatible map. Then

ovTIc,.
i€I

b) conversely, ret {c,} iqt be a family of profinite groups and u,: N-}N(G,)

be eompatible maps. Let 
""1f", 

and U , Sr++xtcl be the map given by U(s) =

= A ker(G-FGi /Ur(s( i ) ) ) .  rnen U Is  a eompat ib le  map.
i€r

COROLLARY 5"2. Let I be a set and G be a profinite group. The neeessarv

and srrff ieient eondit ion for the existenee of eompati lde map U . Sr+"A.lfCl is that

there



DEFil i iTION. A speeial profinit .e _fforrp is a tr ipte 
.G 

= (G,I,U) whene G is a
profinite group, i  is a set and U , S$VfCl is a eompatible map"

DEFINffi'{ON" Given a speeial profinite group $ = (G,I,U), a ."q_!g! is a
Otr":..r." G*set with the aetion G x X*$X : (g,xlc*gx together with a partit ion

::#ifl :_"0 
an aetion sfx x-*x, (s,x)Flsx of the eommutative monoio ri""

the s s'met x sueh that the ioilowing eonditions are satisfied:
i) Gxs = X. and Inv(x) 

{g€c : gx = 
"J= 

u(u) for s{sf x 6xr;
i i )  sx ,  = t  t * ,  

xq  x1)  =  X( t_u)n  fo r  s , t€sr1
i i i )  for  s, t€ Si1 s )  t ,  x,y€ X1, s* = su e) y€Gx.
It follows t*r*, = X,, so ttre c-rnap, x-.Sx : xppsl are surjeetions *ith

f in i te f ibers.  For s, tgSf sueh that s4t  = 0,  the G_map xr$x,  is  b i jeet ive and
henee tire subgro'p SI.* 

Supp(t) of s, aets on Xa; in partieurar Xo is an S, - set.
The g - sets forms a eategory g - sets having as morphisms the maps

f : X-$X' eommutjrrg with the aetions of G and Sf sueh that f(Xs)gx! for ,6 Si.
This eategory admits the fo lorv ing interpretat ion in cohomorogieai  terms.

If Y is an s, - set then the profinite €Jroup cy ={f : y*+c}, with the raw
group def ined eomponentwise, has a eanonie strueture of  s,  " ,  groupl" , rn the aet ion
s] * G"**"Y : (s,f)$-+ sf given by sf(v) = f(sy) for y€ y. Let J{
=TTc's 

dJg- c/u(s). As GY,.," ","r,: , , , : :  " '" '  

'*r and 
% 

=

iUi]t 
-sr$Flty 

, q partieular sroJ - g'roup, we may eonsider the
set of  1-eocyeles Zt(SIr , .J,  c" i )  eonsist i r rg of  the maps , ,  SIr , l *c j ,  s3.+u,
subject  to u. ' tu,  = us+1 for s, t€ sI lJ.  Norv eonsider the , . ,  , f , r 'cy)  or  s- t -
e.oeyele: eorrsisting of the famities (,bkgr where 

5€ 
z1{srrr,"r", sucrr *ratlrre

next diagram eommutes

+t.J'

-  l 1

exists a fanrity ta) ,*O of profinite groups sueh that
GJTG..

i € I  I

G .
I *{r},

o andll'rc,tf 5.K

^yur-t

I
I

*
Y

GJ,

Ir
-*--:.-+5

J \ J

I
I

.'{,

uto
*+
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for J'(J, where the Left vertical arrow is the canonie embeclcling rvhile the right

vertical aruotry is the epi indueed by the projeetion 
%-SCi*'. 

One cheeks easily that
1 v

the set zA(Si,G*) may be identif ied with the set of the farnil iesu = (u1)1*1 t*i l$h+*+4
":.:. \i

got"-oS"-tho-i.nrell+es-tF*{*{ with ui€ cfo{i1 sueh that ( . tq = r.\ . jq 
for i,j 6r,r -  r \ t r J  r  J  J

.  t .  - YI f j '  where ui,uj are the projeetion5of u;,u; in G ilff.,:J. Now corisider the categorv

C-€oeycles having as objeets the pairs (Y,u) where Y is an Sl-set anO uezf(SI,GY).
:;

As morphisms (Y,u)*b(Yt,u') eonsider the pairs (f,h) where f :  y-*y' is an S, -map

and hgGY sueh that hl1 " ui " ihi * u! o f for iel,  where hi is the projeetion of h in
^ Y
Cir{i};  the eomposit ion rule is (f l ,h') o (f,h) = (f l  o f,  h " (h'o g;;.

PROI}CISITION 5"S" The categories G-Sets and G-Cocyeles are equivalent.

Proof" Define a eovariant functor F : G-Cocycles-SG-Sets as follows. For an

objeet (Y,u) of G-Cocyeies clefinu X, = Y x G(s), se Sf, and let F(Y,u) = f be the
$ .

disjoint union U,nXr. G aets continuously from the left on ttrq diserete set X
S€S

aecording to tne rul.e

g'(y,g) = (y,pt(g')  "  g)e, xt for t€si,  (y,g)€ X,, e; '€ G .

In order to define an action of the monoid Sr+on the G-set X it  suff iees to define

c o m m u t i n g  G - m a p s  X J + X , x p 6 i x  f o r  i € I .  L e t  t € S i ,  ( y , g ) 6 X t  ,  i € I .  F o r  i ( t

define r(y,g; = (y,pt_i.t(g)) € Xt_i , while for t6, i  = 0, define

t(y,g) = ('y,g " n,(u'(V)))€ Xt. one eheeks that X is a 9-set. To a morphism

(f,h) : (Y,u)-p(Y',u') in 9-€ocyeles one assigns the morphism F(f,h) : F(Y,u)**F(Y',u')

of G-sets given by F(f,hXy,g) = (f(y),gpt(h(y)))qF(y',u')t for (y,g)6F(y,u)t , t6,si.

Obviously, the map IIom(Y,u),(Y',u')) *# l lorn(X,X'), where X = F(Y,u), Xt = F(Y',u'),

is injective. Moreover, it is bijeetive. Indeed, let { : X-}Xt be a morphism of

G-sets.  l ,et  f  :  Y*FY'be t t re restr ict ion of  {  at  xo*y.  For sqsf  (v,a)Gxr,  one

gets J(y'g) 
= (frry),ghy,r)€ x! with hu,r€ G(s). one checl<s that h(y) = (hy,r)r€riea,

(f,h) : (Y,u) -+(Y',u') is a morphism and F(f,h) = { .

In order to conelude that F is an eouivalence of eateEories i t  remains to

show that for everE G-set X there is an objeet (Y,u) of G4oeycles sueh that
0 ::, :::
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xclF(V,u)" Consider the direeted projeetive svstem of cliserete G-spaees

f  c - f  s -  f  1 -  / a

{X.,X, *"-:h Xt: xt*.b," '*Jrqsf,t5, 

Ta 
let X be the quasi-boolean G-spaee

4f*X, wi th the eoherent C-epis f r r  x-+xr.  Let  p:  X.*FX be a sect lon of  po,

i ,e. ,  f to 
o F = lX .  For eaeh y€Xo the map C+p-1(y):  ghlgp(y) is an isomorphism

o ^ , n , \

of G-spaees. For i( I, we get a eoherent epi h t : x'*)Xt =Jn X, of qrrasi-boolean
A 4 t f o r \  . a

G-spaces. Then p.  =).  o p is a seet ion of  the eoherent epi  x l*xo.  k i  is  an
- l

Gfr{ i . } -spaee and.t l re rnaps Glrqi}*  Ui ' (y)  tg ' l+SU1(y) for  y $Xo are isomorphisrns

of Gtr t l \ -spaees. Note aiso that the G-map Xi+X induees an automorphism
' ^ ; . { - 4
Xi*bxl  of  the G1r{1}-spaee Xt.  Def ine the objeet (Y,u) of  $*€oeyetes by Y = Xg,
iU;(V) = u,(y)pi( iy)  for  i6I ,  y€Xo and the isomorphism { :  F(Y,u)**X by

^[ (y,g) = spr(u(v))€ xs for s( sr*, (y,e')e F(y,u)s. 6

1 1 / .
Given the Sr-set Y, two *g-1-coeycles u,u'€ Zfu,(SI,G ') are ealled

eohomologg-us if  there exists h€GY sueh that r ' , ,  1u,i t ' r ,  = u| foi;  i{  I ,  where h, is the

projeetion of h in Gf"1i). The eondit ion above defines an equivalenee relation e,,r on
l V .  1 \ ' .  1 V

za(SI ,c ' ) ;  le t  I I ; (S I ,c ' )  be  the  fae tor  se t  Z i (S i ,G ' \ / r . t
:ri: xt. 1;:

COROLLARY 5"4.  Given an S,-set  Y,  the equiva lenee F:  G-€oeyeles-&
I

t " - 1 v .
$ets indLrces a b i ject ion f rom I - l l (S 'G' )  onto the sct  o f  isomorphism elasses of( t  I

ra

.9-sets X with Xod Y.

To a 9*set X one assigns in a functorial manner three quasi*boolean G-

spaeesl, Xo and *X as fol lowr. ig Xo x G was already eonsidered in the proof of

Proposit ion 5.3. In order to define X* iet us eonsider the direeted projeetive

system of ct iscrete G-spaeer {X],"X :$xf :  xr+s-t*J - -n*.,  with X* = X.r '  s€S' t (s  s
Let X* =Jim X:. Next eonsider the direetecl pro;'eetive syst6rn of diserete G-

€-- s

spaees t * * r ,  
*x ,  ! - t , ^  *x .  ?  ^+  ,  where  *x .  i s  the  d is jo in t  un ion  C x ,  ,  and'  r )  t€ " I . t< ,  [ . ' - t  

'  - " -

let  *X = l im *X^. ' I 'hus we get the eoherent embeddings of  quasi-boolean G-spaees
+ - S

t  +X *+x*.  Note that?and *X are boolean spaees whether Xo is f in i te.

a:-

f h a

DEFINITION. The G-set

strueture of abelian group 
"whieh

is ealled a G-module i f  X
.:i 

-

eompat ib le  wi th  the aet ions

has an addi t ional

of G and sf, i.e. x

X

is
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is a rJiserete G-moduie on whieh the eommutative monoirJ Sf aets, anrl moreover,
- e*"" = t*lx, is a submo<jule of X for eaeh sqsf. trrre last eoncJition is superfluous

"  i < s  L  \  I  -

whetheri-the compatitrle map U : Sf*Fn(C) ;s injeetivel"
I

The 9-modules forms a category G-l l{od having a as morphisms the group

morphisms f  :  X-&Xr eomnrut ing wi th  the aet ions of  G and Sf  sueh that  f (X*)$X' ,
J-

for sq Sr.

For a G-module X, the quasi-boolean spaees X* and *X have eanonie;  ' '

struetures of topr: logieal G-moo'ules.

g tvpicar exampie: Let G =?* =t:* 
lzlnilxxTff; b" the group of units of

the eommutat ive r ing? =Jim r , /nz*WZ^, I  bethe set P of  a l l  pr ime numbers ande - - -  ' -  p '
_ +  - \ v  r \ . ,

l J :  So{(2r . , ,  . ) *FN(z^)  be the map nFyU(n)  = Ker  0,x*(2, /nz)x) .  ThenY  * ) L '
i v  - 1 " .

.! 
= (4^'p'u) is a speeial profinite group. lx aets eontinuouslv on the dise@

ub*r,"n group X = 
!/|rby muttiplieation, fglr,lUt"l = 0 /n)Z/Z and

"n= t *EXr  
h tv@)=UG) ] "1#  <$z /z  :  (o ,n )=x l

for  n)1.  The commutat ive monoia Siv( f r1,  o)  aets on the cl iserete?x-module X

aeeording to'the rule (n,>l)F$ nx for n > t. fhus X = QIZ ttasa earronie strueture of
)\ 4_ -\ A-,G-module. one eheel<s easily that Xv'f)*, *xt l* i I  f t / i lzlz: r,  (as topotogieat f-

module) unc X*?T Q/nZ, is eanonieally isomorphie to the underlying topologieal

Z^-module of the r ing of non-arehimedean adeles of e,

Ad(Q) =i @p)p+p6 TT.gp: { o6p : vo(ao)<0} f initeJ.

The prerrious example is the paradigm of the fol lowing general proeeclure for

eonstruetion of abelian speeial profinite groups. Consider a family {^3 i61 of loeal

f ie lds and c lenote resepet ie lv  bv u i ,9 i ,  m' ,  l< ; ,0 f  f i ru  c iser@#e valuat ion,  the

maxirnal ideal, the f inite residue f ietd and the group of units. Sueh fanri i ies oceur

natural lv by eonsidering a global f ield, a set of non-arehimedean primes on it  and

the eomplet ions w.r . t .  these pr imes.

, "="Qo*T- fg :
LEI

,  p*Tr a;
a€J

= TT f(;
ie f

Let  K and let  Ad(I{)  be the
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intermediate r ing between CI anC K eonsist inp of  those (ai) ;U 
,€N for whieh the set

r ^
t i€ l :  v ' (at)(Ol i '  is  f in i te.  Cal l  Ad(K) the r ing.-  qfu{ le le j  assigned to the farni lv
f 1  . * . A
t l ( i J  i € i .  F o r  e a e l t  i ( t r ,  e h o o s e  a n  e l e m e n t S d i € g s u e h  t h a t  i t s  i * t h  e o m p o n e n t
$ t  ' - * - -^  -o  {1  - '  - , ,  f f i i  = f , , ,  C) , ,  and i t s  j * th  eomponent5 f ,  -c0 l" " t , t  , .  a  p r lme e lcment  n f  .Y  i ,  i .e . .  * r  ) , t  *  r .  J  i t s  j * th  eompone , tJ  *  J
for j '# i. ' l 'he map I-b$ : i$fr. extends to a group rnonomorphism

sr-+Ad(K)x: si-).Sir. ir fol lowr-9*-j,n9/*^0 , GsS!*(Q,yr,O )x and Ad(r{)

is ttre ring of fraetions of {) w"r.t. ff"%ro,ipri"rtiu" ri"fift {"" o' 4 € .toj.

Defining the map U : Sf-*u(C) ny U(s) = Ker(pr : G -) 9 tn,0 )x) we get

the speeial profinite group G = (G,I,U). Let X = Ad(K),g * 
PrOrlpr* fu_W.^gd,J it I _y<, ,.e Dj

. X has a eanonie strueture of diserete G-module with the aetion

of G induces by multiplieation. For re Si, 
"U(s) 

= fr_^ {/fJ and X, =
( ' r

=t  *€X:  Inv(x )  =  u (s )J  i s  the  image o f  g  /n .0  )x  th rough the  isomorph ism o f* : , :

0 k n -me6x1s" (Fr - '-slft .fi/
"Zy 

t I ,Ut g_+TL4?/q given l-rv multiplieation with fl-o . Sf aets

on the diseret& G-mociule X aceording to the rule (s,x) l-*.4$t.x. Thus X beeomes a
a\

9-module and XYG as G-space. The G*morphisms Ad( l { ) -$x:  a}-p&_u u modC
J

for  s€st  induce the isomorphisms of  topologieal  G*modules

Ad(r()sJim. Ad(t()/sy s1 a* x* anc f*6 *x.
4F.# 

/raH E

Tfrd -9-module X defined above admits an equivalent cleseript ion by

appeal ing to  Lubin-Tate theory of  formal  groups [18] ,  [18:1,  [11]  Ch.B.  Given the map

I*0:  i t -+Si  ,  &s above,  te t  f tCg A be the d iagonal  e lement  @i, i ) i+ ,  and

f  €gi lx l l  be such that f (x)g f r ,X mod xztJ l f  xt i  anci  f (X)E xQi modq0[x] l  for  i4 r ,

where q. is the eardinality of the rluiuu field k,. Thus the power series f is

ident i f ied wi th a fami ly of  power ser ies ( f i ) i6r  € . ITgi t tx l l  sueh that

f,(x)syci,,x moox2dii ixl l, r i(x)# x-qi ,od%.,g,tt '-, i  -. ' lur,] rn" oo,"ur series
* O .

f (X)  = (JCi- ;X + X- l ) i ,  1r  ea l led the basie ! ' robqgiuspower ser ies assoeiated wi th  f f
t t t  r g  r

is the simplest power series of the type above. Given sueh an t{,Ottxll, tet

F = F1€Ott)( ,v l l  be the unique formal group def ined ou",  0 sueh that f  is  an

endomorplrism of F. F is eailed the Lubjn-Tate group assoeiated to f. F admits 0 ut
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e ring of endomorphisms in a naturai wav d"e gnoj(f) : a&u[a] sueh that t$l = f.

Let ffi, be the ma>rimal icleal of the valuatln r,ing clf the alB;ebraie elosure of K1,

for iGI, anc; tet ff i= l" I Fi"F induces on ff i a natural strueture of 0 -moduteitg
' & L

rvith the module operations givcn by (x,y)WF(x,y), (a,x)f*[a](x). Let x" be the
I

_ , . - - - - i ! ^ y M +submodule ol 'mt eonsist ing of those *€gr for v,rhich there exists s€$1 sueh that

tg["X*) = 0. Xf is a discr:ete G-motlule on ltrlrieh t]re monoid Sf aets aeeording to the

ruie (s,x)i+t$l.sl(x). Given x( X, the smallest s€.sf tor wtrieir tW*J(x) = 0 is cal led

the or4er of x. For te S; denote bV Xf,u the f inite subset of Xg eonsisi lng of f lre

elements of orcler s, and let ?s = l irn Xe 
" 

w.r.t .  the eonneeting G-epis
r  4 @  r r 5

xr$ X, : x t--F tr'%-tl(x) for tss' Let (*Js€ sf ue an erement of fs. It fotows by

Lubin-Tate tlreory that the maps Xr*xf,u : ah+ IJ'[raJ(xr) for s( sf inouee an

isomorphisrn of G-modules X.$Xr.

6. ORPXI-TARY DISTRIBUTIONS CIi{ G-SETS

Let S = (G,I ,U) be a speeial  prof in i te group, X be a g-set anci  1,  X*,  *X be

tlre quasi-boolean G*spaees assoeiateci to X as in Seetion Slet A be an Sf-module,

i.e., A is an abelian p;roup togeth"er with an aetion sf x a*sA : (s,a)$ saof the

eommutative monoid Sf on a. A rnap f : X*pA is an ordinaly dis.tl ibutiql if r{(x)=

= t , {o_$(v))  for  x(X, rgsi  sueh a map q induees a distr ibut ion ( \ ) r*uion

the quasi-boolearr  spaee Xf wi i l r  ?rFX**A given by€r(x)  = sE{x).  I t  a lso induees

a distribution (( !).. s* on the quasi-boolean spaee *X, where

{ ' r ,u " r=  g  * r *  ^ " t ; ; ; :  res t r ie t ion  o1  9u  a t  *x ,  fo r  s (s f .  r r  the  s fmodu ie
t(s

A is  to rs ion l f ree ,  i .e . ,  sa=0*"=0 fo r  a l l  sqs f  in  par t ieu la r ,  i f  A  i s  an  s r -

module, then the eorrespondenees (*+ (f 
,),qS 

(S 
!) are injeetive.

A-

. Exanrpl,es: a) Consider the tvpieal example 
S 

= ($",O,U), X = g/Z: described

in Seetion 5, and let A be an abffi i ian group on which Sf aets trivially, i.e. sa = a
^ +
for  a€ A, s€st .  An ordinary distr ibut ion Q?: x*bA on the S-module x is a

eustomarv or<j inarv distr ibut ion [11],  ch.z, f  s,  i . " . ,  9(a) = f  gfol  for  arbi t rarrr
nb=a
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a€ S/: j '  n)  1.

b) Let k, n be positive integers a.nd A be an abelian group" A map

, t , t t

Q , qo/zo*p A is eailed by l{ubert tal u l]iqgiQrl]lialo_tlllqu,lf! n if for eaeh positive

in t [ * , , *  and fo r  eaeh a  &g l ' / r rk ,c f (ma)  =  *n  X  E(b) .  For  ins tanee,  fo r  k=  1 ,
mb=ma

the Bernoul l i  polynomial  Bn(X) y ie lds a distr ibut iotr  of  weight n -  1 [ i1]  Ch.z,  ]2.

Kubert's rueighteci ciistributions are particular examples of ordinarv clistributions on

S-sets. Indeed, let I be the set P of all prime numbers. For p(P, let KO be the

unique unramifie<i extension of degree k over the field 9O of p-adie numbers anO -p^

be its valuation ring. Let N = TT K^, 0 =TT0^, c =$*sTT Ol. tn" diagonat
d PeP Y ' 'F  

PeP*  P *  P(F"  v  
-

embedrling P+ I( : p F+il[O = p maps isornor:phieally S^ onto alO. We get

Lv}ksT-T zl as ?-rnodutes, 
Y 

Ad(t{;= tJ tilm)0,
# 

P€f lP i r  r r  , { \  t .  r ,  ta  ml1 
s

x = Ad(K5iO- * gktl,-n* 
Hrg[rrl 

as ?'-morlures. 
- Derining

U: SIC ( l l>t , ,  ) -+N(C) by U(rn) = Ker(G*(.92m0)*)  *e get the speeial  prof in i te
u  F . L

group I = (G,P,U) and X beeomes a $-modil le as described in Seetion 5. Now

eonsider an abglian group A op whieh Uf,* 9rr," 
) aets aeeording to the rule

1*s t, rttu ,  =  *nu  =  
f  a ,  w i th  & i  =  & ,  fo r  aG A,  m€Zr r .  Then a  d is t r ibu t ion  c i :  g " /p 'b  A
i i t J  J

of weight n is ir jenti f ied rryith an ordinary distr ibuticin on the G-module X with

+

valucs in the Sr-module A.

The next lemma provides a eriterion for a map Q : X*pA to be an ordinary

distr ibution on the C-set X.

LEM&{A U"r" r", ? , X**,A be a map defined on a-Q-set X with values in an

+
Si-mo<lule A. 'l'he necessary and suffieient condition for ? to be an ordinar-rr

<i istr ibut ion is that  ?(*)  = i ( , f ,  
k (V))  for  arbi t rarp i€ I ,  x€ X.

t8o  *
^ tr<

proof, Let x(x, sesf.  \ \ 'e have to show that k(*) = u(),-  
t(y)).  f tre

veri f ieat ion is immediate by induetion on n* = f  s( i) .  s 
o3**

"  l € f

Given the ordinary distribution ? rX*Fa, let us denote by <?> the Sf-. I

submodule of  A generated by the image ofq.  We represent (?> as a direeted

union of f initely generated Sf-submocluies as follows. For s( Sf and a finite subset D

.. i:

- - t  0 l
\ i  ^ , - l  1r \  t l  L '
l-L\:t 

v
,t
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o i  x o ,  l n t  X u , D  b e  t h e  f i n i t e  G - s e t t o g x r , s x ( t  ] ,  
t ,  = { s v , v e  n } , T = . f

and denote by *xs,D the f inite G-set LJ x, .,4^ . consicer .r 
iesupp(s)

r-ser 1'r 
"?rdj' 

' consider the partial order

(s,D)((st,p') iff 1!s' and D( Dt on the set of all pairs (s,D). Then tho G-set X is the

direeted union U*Xr,D" For x€X, denote by 6 (x)  the element s(Sf tor  whieh

x( Xr;  s(x)  is  the smal lest  sqsf  for  which tw€Xo; eal t  o(x)  i l re order of  x.  For

every r6sr i  def i 'e the map €r,  *xs-bA by €.{")  { ,** l  f  e) ;  uren

9(x)=a- ' i* f rr(*)  and 6rt*)= t-4Q,{*)  for s, tesf, ' " i , -3."r ,  in
part icular,  { ,  eoineides rv i th Y on *x,  whether sf  aets t r iv ia l ly  on A. For a pair
(s,D) as abo'e let ( Y )r,D be the sf-submodule of <f > generatecl t jy
t {
t?rt*)t* €*x.,o].  t t  fol lows that (g >s,oS (f  >s,,p, for (s,Dx(s,,D,) and henee
<V > is the direeted union LJ <? rr,D of finitely generated Sf modules. In the
following we investigate the Sf-modules (f )s,D.

Denote by Isl  the f ini te set{te Sr+: t<s, t4(s-t)  = 0} and byTr.n the subset

{*e*X*,D '  o(x)€ ts l } .

LEIi{n{A 6.2. The sr+-morjule .? )r,D is generated bv {q re) ; ee {, oJ,

Proof. L

{,e ",,',"= i ;;;;;; -;" ;*"::-'?:;.,'+'-'#;"'' ; rr'l
required. & *'t6***-*$** *'-u*"*

Now eonsiden tlre quasi-boolean G-spa." **$1X X, rvith the eoherent epis
+ + ^ lX *? Xs for s( S' and let us fix a seetion p : Xo** X of f3o. For a pair: (s,D),(3 ,  '

let Z
? d

s ,D  
= t  *€Xu ,D :  o ( x )  -

PROPOSITION 6"3. F

si * ft tutn(*)*)) fo, i( supp (o (x)f.
' x  ' o i

or ever.y pair (s,D) the Srlmoor,u (kl, 
U 

is g.enerated

o n { q ( a ) r  u q Z o , D 3 .

Proof. Let Or,O be the S+r-submodule of a?tr.n generated by
c *  ^  '

{  
g r tz )  , rQT, r ,J .  Aeeord ing  to  Lemma 6 .2 ,  we have to  show $ra t  { r (x )685,D

for every r€?r,p.  Let  x**, ,no ,  t ( [sJ,  t ' *SS, m = m(t)  be the eardinal i tv of

supp ( t )  and n = n(x) be the eardinal i ty of  the set  E* ={ i6 s, ,pp(t) , t - t i *  =13".(p(t") t .
' 5 i
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tr{e proeeed be <louble induction on m and n. The ease n = 0 is trivial, so assume

1(n(rn and let  i6Ex, 
"  

=t t*6xi-r , ,kn,  b = 
- ia6 

xt-s ' ,  
k- iDEfr ,o,  note that  i  aets

as an automorplrism on the G-set *r_r, sinee iA(t-st) = 0. Note also that
* s i - i t , . u s i

f  z4X :  t  z=b l= t " ( , * * r_ ,  ,  t r=  
4 .  Bv  i ndue t ion  t r ypo thes is  w" r . t .  t he

parameter m we get qrta), €rto)6 Br,D. on the other hand, we have 
{ 

(*)=

F*__ ,q ( l ) -_ f  { (a ) .4  " {  vQ)=r  Fo{a ) * t |o f t ) .
-*-"? ' r iyrae, 

a*X**ai*ea 4! 'c€ ut ,  a. tyra 
&XU, ot f  

ro

consequenny, 6rt*) =6r(r) - t?rtol 
4*rFr{r), 

where t ={24*,,uo , 
t t ,  

= u,

, 
t-tr, 

- 
'-t j* 

for j( supp(t), j I i . as 
tt, 

- 
tt*,

z * x and Inv(x) = U(t), there is g€ G uniquely determined modulo U(t) such that

z= EXs p1-r.(e')=1 and pr(g) 11. Sinee C(t)g G(t - s,) x G(S,) it foltows Or,(gt) l1 and

t-s. t t-.. t-s.
henee tz* lx as Inv (  lx)  = U(si) .  Thus E, = n*r{ i }  for  every ztL,  therefore

Q rtr l6Ur,O fo,  zQL by inOuet ion hvpothesis.on the parameter n.  We eonelude that

Y .(x)q Br,fr.

COROLLARY 6.4. For every pair (s,D), the rank of the Sf-module <Q>r,O'i,

--* l,V*;;n'',*pl ry-sopp(r)(s(4t-'{), *fe"* 9(*1= (G, u(*)),
* 

ftow assume that the Sf-module A is equipped also with a strueture of

discrete G-module in sueh a way that the aet iswof Sf and G on A commute. An

ordinary distribution f S X-*A. is ealled an ordinary G-distribution if

?(r*) = g{f l (x) for g€G, x( X.

Proeeeding as in Seetion 4 one assigns to an ordinary distr ibution t :  X** A

an ordinarv G-distr ibution St(?) : X-* MG(A), ealled the Stiel lel isrger ordinary G-

distr ibution assoeiated to ? . Note that the action of Sf on A induces an aetion of

+
S, on the indueed module n4G(A) eommuting with the aetion of G, aeeording to the

rule (stxe) = t(r(g)) for f€ I\4c(A), s€G, r6si. st(9) is defined by

St(? XxXg) =t(gx) for x ( X, S€ G.
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?. ORDINARY DISTRIBUTIONS WITH VAI,UES IN VECTOR SFACES

Consider a speeial profinite group g = (G,I,U), a G--set X, a fie&{ N of

eharaeteristie zero and a map rv : I-* Kx; denote also by w its extension to a group

morphisrn Sr9 Xx. For a veetor spaee E over K, $, aets on E aeeording to the rule

sa = w(s)a for  sgsrn a(E; eal l  th is act ior t  the aet ion i t tdueed by the weight w. In

this seetion we inrrestigate ordinary distributions defined on the G"-set X with values

in a l(-spaee E with the aetion of S, indueed by the weight w, i.e., maps cf : X**E

such tlrat Y(x)= *@{ Qh) for xd X, s6,Si; eall them orcJinary digtributions of
^rn.E

weight w. The studv is redueed to the ease E = K thanks to the immediate lemma.

LEMMA ?.1.  Let  E be a K-spaee,  B be a basis  of  E and{  t  f  - *K for  b6B

be the eoruesponding projeetions. The eorrespondenee (i f- '+ (ffU .9)56 
B maps

isomorphieally the K-spaee of ordinarv distr ibutions of weight w on X with values

in E onto the K-spaee eonsis t ing of  the fami l ies ( f  
b)b€ gr  where?O is  an ord inary

distr ibution of weight w on X with values in K for everv b€8, sueh that theset

{oe s tko{x) I  o} is f ini te for eaeh x( x.
_ +  F

For ses idenote by fs  the group l ( -a lgebra I ( tc(s) l  and bvA,  i t r  under lv ing

left I  
,-module. The eanonie epis p,,,  :  G(s)-& G(t) for t  I  s extend to epis

pt,, ,  l-r* [*, of l(-algebras. The group K-algebra K[G] has a eanonie strueture of

topologieal I{-algebra for whieh the familir of two-sided ideals
(  a r

f  Ner( l< [G]+ l - t - .c*  is  a  fundamenta l  system of  open neighbourhoods of  0 .  Let
L  S ' S {

l- =ft [, uu 1r"-;L-oletion of K[G], and p, , I-4 f, o" the eanonie eontinuous

epis.
+ e - 1

For s6S., the eorrespondenee f[+Z f(g)g " is an isomorphism-  
l '

F 
, - . , (K)  = 6G(s)-*4- .  , "  

9Hf)  
eompat ib le  oain (p.  - :I  ,-modules i l{Gtr,,  s, .  . .  r,S

l\{"1,1(K)c* MC(')(K)) for t5r, eorresponds the eompatible

of left

lr*f,,
'  

pair

(p r , r ,A , *A . :neG( t ) r+ f .  e l .  Thus  we  ge t  a  eanon ie  i somorph ism o f

disuete teft f-modutes friH(?lllndueed module I\Ic(t() onto,{ =lir.$4.; in the

fol lowing we identify them.
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If  ? :  X+K is an ordinary distr ibut ion of  weight w then St(q) = l iF St(?)^,'  - s  s '

?(gx)g-l for s6 sf x€ *xr.

image of St(f ). noq is a

diserete left f* *subnrodule of A and *q = 
S 

noq 
,s where nog, ,, is the left I*;

module ,/  I{St(? Xx). As the dimension of the l{-spaee Mg 
,, 

is preserved bv a
il%

f ield base ehange u,e f i t&V assume in the fol lowing that I( is algebraieallv elosed.

$ f inite repi 'esentatiol of G over K is a pair (F,f) whbre F is a f initely

dimensional K-space and f :  G-FAutK(f ) is a group morphism with Ker(J )€ N(G).

$ extends to a eontinuous morphism f , l*-+ f nOr,(F) of l(-algebras. The charaeter

& assigned to f is the continuous *ap f.-p I{: a l*} tr($(a)). Define the

eouluetor * Xt as the srnatlest s€Sifor whieh U($K l(er(g ). Denote by c* the

set of the eharaeters of all irredueible finite representations of G over K. For

X€ Co tet 
! 

be its eonduetor and d* be the ciimension of the eorresponding K-

spaee.

For s6sf  f l re semisirnple r ing I* ,  i ,  a direet produet TI t r*of  s imple i ings

wlrere X ranges over those 14c* for whieh 
! S r; fr,X tr a matrix algebra over

K and the eenter z(Fr)  or  Fr is the direet produt of  the eenters zt l* . , t )  = Kes,X ,

where t l re idempoterr t  
" r ,x 

= (crg/ lc(r) l  
E-{(g-1)g is the uni t  of  [ -

",,f, =0 and f,,x =0 ror r, l,,T: '-l#ff;:il,",;f 
"-"'""J

f"f, [- I-x , where t =f"tr= 
?f 

={gf.,X witt i  tre eonnecting epis

f r ,X *  f t ,X induces by pt , r ,  
f ,  

-+ f ,  ror  t (  s,  X € G*.  Note atso that eaeh

family tYO)** n* 
witrr 'd*e 

Q is summabte in the topotogieal ring I ano

where Ste )s , *xr-*A, is given by St(Y )r(x) = 
-L,,

Let nog be the K-s'bspaee or A ,"nu.lo.o $uU fl:'

& = 
tY , where T 

,*y- 
; in oartieularrfiu€x

n =€ 
Co t 

N for everv oiserete teft l*-module N.

- 1  a n d

Aeeord ing to  Proposi t ion 5.3 we may assume that  X = F(y,u) ,  where F is  the

eguivalenee of eategories cesd$hdin thF proposit ion mentionecl above, y = Xo and

uezf{s l ,cY).  The abel ian group SI aets on the l { -a lgebra ; 'v Y-P rl

"ooo,t ing 
to the rute (sfXpf(sy) for  s(S, r  f  6fY, y€y.  In part ieular,  s,  aets on

f .
{

the mult ipl icative monoid [ 'Y ,o we may eonsider the set of 1-eoevetes Z1{S' f  
Y)
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eonsist ing of  the rnaps fr  , f t+fY, *Fph, subjeet to h. . 'h,  = hs+t for  s, t6;Sr.  The

g-l-eoeycle u inctuees a l-eoeveie 06 z1(sI, f 
Y) def inecl by- pt( Or(v)) =

=$t#t.L_,t;)}n*. * *.(u*(y)) 6 A+ -5l.  . , t ,CA,x f,  for s4s' tgsi,
i ( l s [  ' ' .  t -  & ; . . ! r l t '  r  -  - -  a ;S f4 [  |

VGiY, where $ (t ) = (G"; U(k)) for k( si. rr 'e-L-coevcter; 0 ptays a kev role in lre

deseription of the K-spaee Dist.(X,lt) of ordinary G-distributions of weight w

taking values in /1.

LER'fMA ?.2.T'etx€ co and s6 s,  be sueh that sA fx *  0.Then eo 0,  = 0.

Proof. I{e have to show tnat o,(eu0rty)) = 0 for y€ y, t€sf sueh that

r s t' we get: Fo ( *n oo$D"#5;, 
)rt(ea). ft_E trfuo(y,r) *

4 
isltl r5l+l

f f i .1"  f  r -z  * r (ex; .  f r  -E t ;4$D*o
6glal 

'  
i ,</al 

'  
i$l+l 

t

s inee  l '  ( t a ) *o  a4  f x  #  t - -E * , , ,  E' t - .X L, ib ' 
i,"c&cl

i gtal

consider the eanonie eontinuous aetion from the right

A *  f *  A ,  ( r ,Y) t*aY of  f  on4.  l " t  us def ine a morphism of  r ight / * -modutes

\  r f 'Y *FAx  as  fo l l ows .  Fo r , ^ f *JA" r . ,$ , ,$ )€x r=yxG(s ) ,  . es r1  se t

1(6Xy,gl = *(*u),f  *(-r) tn(t)*Glu(04 
" *t  xu), 

*n"r" rn(t)  is the eardirral i ty of

supp(t) ano?= f 
t6[tJ 

i .
ieSupp(t)

LEMMA ?"3. 1. takes values in Dist"(X,ft).

Proof. Let J 'g [Y.Obviously t( tr)  is a left  G-map, so i t  remains to eheek

that  i t  is  an ord inarv d is t r ibut ion of  weight  w.  Aeeord ing to  Lemnra 6.1.  we have to

srrow that 1$)$,b)= r,.r[t)F, 
l ! f lk) t* (],]) *{+, 46{o,i*f ,

ho ($,$)

I{e distinguish two eases.

Case 1:  i (s.  Immediate s inee f  oreX I

Fn,o+ i (g ' )=  g \  ,

'* 
" Q,5)3" { (b, 3.')e {o*, '



Case 2:  i4s = 0.  Immediate s inee

f%.ooi (",'). yi " t 
(',,, fi fn U;fy:))e4], [a*iJ*IoJ"frur." re kJl *A

.d r^, ,O-; -  "Qf  3  @-g. ;  fu  *s {+J .  &
I\4oreover we get

PROPOSITION ?.4. The nrap 
? 

, f lY** Dist"(X,A ) is bi jeetive.

2 3

f reX, k * $,fr|] =[(y,g)aXor,:

for every f  € nist"(x,A). let

to show that

f(k = s-s.. Applying the
t - -

(rl) = *b) f- yk1

_ L
0[4,)

I (- n)-[r)* (F* ) t l,r,U_t(v,)n* 
n-r(-'y) *, 

,-r-, n , rreirl

n  / .  t  -  .o-{rTl*y -[ , ,  r,  a r T

=,R,

Proof" Let us define a maptrt: Distc(x,A*b f Y uy o-r(fXv) ={_nXtf*}} i f ,&,

,*1"'u***,u,u 
u f 'for ss sf i, o"t"rminecl bv its projeetion, o,(irn)i.fuUrrrq-)-

Adr*[ ror t)s.
First let us strow that t ta:(V)) = fl

f e nistJx,A! i,,, i :), (y,g)6 xr, s€ sf. wu r,ru"

[*) vrr(a*f ) f (y, ?)** = [ t, nf H* 
G) gh' 

o'i (] ) 'y, -Ty 
,f

ra[n]

fo r  eaeh Xcc*  sueh tha t  f  = fxSr .  we proeeed by  induet ion  on  n=ns ,g ,  the

cardinalitv of the set Supp(s)\ Supp(f). First assume n = 0, i.e., Supp(s) = Supp(f). Bir

Lemma 2.t . ,  u*Qf = 0 for  t (  [s] ,  t  1 0,  so the r ight  menber R of  (x)  is  g 'Y,br |  
eX

'(a/(ut,!),ut))t '(B,p*,otgl)er on ure other hand, f ($, pg*@\=*(o-g\f v(,tr,dp)

= *b- J) t' '!(r)V(w,il.*(t- j)yt,il /,! (-/) rt r or7;?r'!)=oo"'
R = w(s - f)Y(y,g)nY = r,  as required.

Next assume n)t and let iesupp(s)\Supp(f),  i .e.,

distr ibut ion relat ion to (y,pO,r(g))€ Xt we get Y (U,F&,o
a;, 

=(?,f.f",o(il)=v(t ; )Y(y,k\ fuu)  + w(t )  g.v(- ;y  , lu(o_;(p)) ,
By induetion hypothesis i t  fol lows L = *(+- i ly (y, 

r ,)r ,

W 
y ( y,fl 12 0s*, = 

#f_c,f 
to)* ffl t*,o (s)n,
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s i r ,ce  [o ]  =  p . l " {  r *a ;  ,  f  e f *J }  ,  , * ,  P ,  (Dex  . tx-  
e ( t t ; ;  n , o l Y )  = * o  n n |

4  ,  |  , , r \ O - I f ' a )  o - , / u \
+.qJ 2 t* (v  ; {sY

In order to conclude that I and cd are inverse each to other i t  remains to

v e r i f y  t h a t c d t l t d l l = f ,  f o ,  e a e n  f , e  f  Y .  l e t  f , e f Y , V € Y , f t . €  G * ,  f  = f O ,

t (s i  t l f .  Apply ing Lernm a7.2,  we get  f " r ( : *  a(Z(O)UD =

.G) 1*r{e;,;;,?,, ^t ?F) Q, po(D =,*;,, /,t k)4^:'* I ( ) 1,n tol9"- '- tu(f):U(il - (t 'r (UD'U(D ' '- 
u€[fJ

1" (+-. \s^ , , rF(Y) ,  .e,  [h) r  r /  , \-  
(u1+l,u(g) l+t 'x)79(t)  = h0) ' '  

.o '  
= fue({x'  U)). ,

as eontended. a

COROLLARY ?.5" The right l"-module Dist"(X"A ) is free of rank | 
""1 

.

The isomorphisrn 
t 

=*-1 rf Y-+oirt"(X,n) of right f-modules induees a

stnreture of K-algebra on Dist"(X,A) with the multiplieation !F,. given by

t  -Y ,  =\(vJ (Y). 'd( f  ' ) ) ;  the uni t  1(r)  is  eompletely determined by the 1*coeyele

0 .

The composi te map Dist(X,K) jS oiu,"(x,A) i .b fY i ,  an isomorphism bf

K-spaces. its invers" t 
'  = St-1 o 

t is explieitelv deseribeci by the next easy

lemma.

LEMMA ?.6,  Let  fe fY and (y,g)(Xr,  s(sf  ror  tgSi ,wr i te n,(d-tv))  in

the form ort J-tv)l = .4,., f,,.n.un with {,n,0 
( K. Then

h €  G ( t )  
I ' r  t ' J

-4 t r . ,
a Jtvt

* f

&,
where

tAt;{

" {
$
4

= bn-* [ n; (pl)
t  '  / J4T  

)4

fr.Av"r**,

rn partieur u,, y,a)(r,!) - *bru 
i,^r# 

qfa, g,t)

tvl
( v , 3 , t )
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Consider ing t l ie strueture of  K-algebra on Dist(X'K) induced by ?twi th

multiplication given by cf * ( t = { 
'(oJ(St(<g )).<,o(St( f 

'))) ' the map

St :  Dist(X,K)*FDist"(X,4) beeonres an isomorphism of K-algebras.

PROP0$ITION ?"?. Civen 'f l€ oista(X,A), s€sf the l{-subspaee N4g,, of

4, s"nu.ated by {tl't"l : x€ *xu} is the left (-moctule & nyVXl'). tne K-

subspace Mq of n generated nv tY(x), x(x} i; ulu€Ycirl."t" I*-modute

f A*'(VXY).
veY

Froof. Let l\4ly,s =

by Proposi t ion 7.4.  Conver

"r,f(fx?)
element

By Lem ma 7.2, 
"X %i 

=0 for te I f ] ,  t  + 0, and henee

E.,A:,Vxv). "nu 
inctusion no*,rt uo?,.

Y 6 Y  
J

u.i5r, u, [0g,, is a left fr-module, we have

6 My-o for arbi t rary y€ y,X€G8 sueh that f  = f*(  s.'\)'* t -,rffi ,a,xY 4, ?'$ (4t n My..,

i s  immed ia te

to show that

Consider the

&

)' = t 4 ---t' €' -' 4r'-ta)'d(v)(t) -"" - 
(U(fls U(4)) 

-4,X' 
lT \ ' /

REMART{S. a) Though we used in the

algebraieally elosed, i t  is quite obvious that

wi thout  th is  assumpt ion,  requi r ing onl5r  that

u4,& , with kn*

{xees: s[X,v)+o]
\

and \= f f i qs ,  r
%,*,of,'

u,ith C? =

f x.Gn, 
&..0, S(x,s)po]

.  Consequently,

f*-mrodutes

'8*  
rX

h'  * * y  l t .  Y .  ,
for K not neeeisarilv algebr:iealiv elosed, dim^(n4qr,r) = 

b. C- 
o[for sesf

e) In the partieutar ease l 
" 

t = t, the iro*orpriltq'& ,igr,t f*-*'o,

1, f ' *  D is t " (X,A)  is  g iven uv t0 fXg)= rv( -s)gd+' f ,  forTe l '  ,  s€Xs= G(s) ,

se sf,  where nr=,Jlfoo,r, t  * w(i)O1); note.nur 0i.0j= 0,4 for i , j ( I .

We end this seetion with a strueture theorem for the l(-spaee Dist(X,E) of

9.r, ^r* (v) tx]

proofs above the assumption that K is

the respeet ive statements remain t rue

I( is of eharaeteristie zero.

b) Cal l  Y= St(r f  )  qentral  i f  eul f / )  belongs to the eenter z( fy)  of  f 'Y.  ror

sueh af , , r t (Y, = 
F"-w(!  

)s(f  ,q )""X, where

s(x,eXy") s F"off.) x(fr) v(y,$,) q rc {* y€Y"
Assuming I( algebraieallri i"r"cfit follows by Proposition ?.? that for every t( Si,

i s  the d i reet  sum
, s
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ordinary distributions of weight w defined on the G-set X lvith values in an

arbi t rary I ( -spaee E. consider ing a basis B of  E,  the I { -spaee Dist(X,E) is ident i f ied

aeeording to Lenrma ?.1 nrith tlre subspace of I)ist(X,l{)B eonsisting of the farnil ies

( (u )ue3 fo r  wh ieh{nen: fo (x )  I  o }  i s  f in i te  fo r  every  x (x .  on  the  o ther  hand

eonsider the two-sicted ideal  J,  of  the l { -a lg;ebra f  Vxn -1f  t -+FY, Uf-* f iOJ

eonsisting of those I* subjeet to tlre following finiteness eondition: for arbitrary

yqY, s(sf ,  the set  { r re n,ps(f ,u(y))  *  o}  is  f in i te.  The isomorphism of l ( -atgebras
' \ /

T ' l .  f  
'  -+Dist (X ' I { )  prov ided by Lemma 7.6 extends eomponent- iv ise to  an

isomorphism of  l ( -a lgebras tb t fY 
*  B-+ Dis t (X,K)8.  By eomposing wi th  StB we

get the isomorphis n 2g, f 
Y * B-,F 

nist"(X,A )8.

THEOREM T-8. T i and T p maps isomorphieally the two-sided ideal Ju onto

Dist(x,11) and respeet ivelv Distc(x,MG(E)) *  Dist"(X,r \ (B)) .

Proof .  Immediate by Lemma ?.6 and induet ion on the eard inai i tv  o f  Supp(s)
+

for  s(S..  B
I

8. UNIVERSAL ORDINARY DIST'RtrBUTIOT{S

doma in

w : I - ?

L e t G =

and I(

n r { 0 1

(G, I ,U)  be a specia l  prof in i te  group,  X be a g-set ,  R be an in tegra l

be i ts  f ie ld  of  f ract ions.  Assume K is  of  eharaeter is t ie  zero.  Let

, @ +be a maplextend i t  eanonieal ly  to  a morphisrn of  monoids f rom s,  to

the mutt ipl ieative monoid R. The map h/ induees an aetion of the monoid Slon efevq
t 0

R-module A aeeord ing to  the ruLe sa = w(s)a for  a(A,seSf .  Consider  the categorv

pX,R,*  whose objects  are ord inary d is t r ibut ions of  weight  w def ined on X wi th

values in  R-modules,  i .e . ,  maps t ,  x : lA,  where A is  an R-module,  such i l ra t
{c-

?(x)  = w(s) rL q(z)  for  xGX,  ue s i .  For  ( , :  X- fA,  inpx,R,*  ,  i=  r ,z ,  eons ider
z=x

as  morph ism l - :  t r *FQ,  t l ^ 'e  morph isms o f  R-modu les  I :  A t * *A,  fo r  wh ieh

1 o t 1  = ? 2 .

LEMnfA B"1. The eategorv PX,R,," has an init ial objeet,



n n-  L t

/ v \
Proof" Let R"'/  be the free R*module generated bv

c
D be its submo<iule generated blt the subset J (x) - w(i

\

f oL lows  bv  Lemma 6 .1  tha t  t he  map  ?U:  X - * l lX .n . *=  R

the in i t ia l  ob jeet  o f  DX.R_*.  s

Cal l  the in i t ia l  object  Tp of  pX,R,*,  uniquely determined up to a eanonic

isomorphispithe universal ordinarrr cl istr ibution assigned to the tr iple (X,R,w). The

rnain goal of this seetion is to prove a strueture theorem for the R-moduie

U = Uw p ,",,  whieir extends Kubertts [4] Theorem 4.L4 devoted to the speeial ease
: ; l  : ;  1 \  t  r r ,  vv

X = Q / Z , I l = 2 .

l "G;l . l3 Fr,A=-HA., ete.,  be as in seetion ?. For s€sl l  let r ,  be the

group R-algebra R[G(s)] and N, be its underlying left Tr-module. Proeeeding as in

Seetion ? we get the topological R-subaigebraT. =JI T" of [- anO the diserete

left T-submoduie O1 = l ig Ns*l\4c(11) of Asnlc(I().

For  uGS; le t  c( . ) '= tg€G(s) :  Rr . . r (B)  I  Ru. ( t )  for
" i ' "  " i

66= LJ-6111';  note that I"(€)\=I fr l  anc 66is iderrt i f ied with a subset of Nr.
t S f s l  r  d
LERIMA 8.2" For s€ 51, the set C(€) is a basis of the free R-module

Ns = Rlc(s)1.  nqore prec ise ly ,  le t  g6c(s)  and I  =  19 = 
O^{yo^ ( t ) . iG[s1.  

Then g =

= X ,-r,m(t) f,  h, where rtt l  iJ ' irr. eioinatitv of supp(t).
t  € [s-l ]  h €G(t+l) ' ,pl, t+l(h)=p1,.(g)

Proof. I4re proeeed by induetion on ng = m(s - 1). I f  ng = 0, i .e. I  = s, then

g(G(s) 'gm),  so we have noth ing to  prove.  Assume ng) ,  and le t  i€Supp(s -  l )  and

& =  p r - r . , u ( g ) € G ( s  -  s , ) .  \ , t r e  g e t  g =  n  -  f ,  4 ,  
^ .  n . ,  

l "  =  l ,  f l a =  n u  -  t ,
v " i ' -  . f4-4t,A({r\**r4gg

lO=1+s i ,  nO=n* -1  fo r  a l l  b  oeeur ing  under  the  sum above .  Bv  i ndue t i on

hvpothesis, i t  fol lows

q- .m(t ) [  y  +^ f  f  e  1
f t *L  e4 )  I  L" {ugn- ^;47 

r' 
Ae G(*+{I F+-4;,4(&):a-, &ec(b+4*.,,)1'

&,r*,e(&)-f,r,n($) 4 rt ltro;,trt+a$i=ii.. (4)
- {+/tr{

= [ c.rf(tt f" 'L

the set{  (x)  :  x(  x}  ancr

) , f f  (")  :  is i ,  xe x] .  l t
&fh: xFF(x) moct D is

i€supp(s)J, and

te[a-{ ll &q G[t*4)'. {o^ , . , ({,) * {u (a)
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as eontended. E

Now qonsider the K-spaee r = K(Y), where y = Xo, with the eanonic basis
identif ied with Y. Then M*(E)*.S_A(u), n+"{n(Y)y = ff n(V) wigr 4(y)sn,
N(v$eN. Bv proposition s.s, ," ,.Xut,""ssrme ,Ju, 

" 
= F(V:rlwhere u€zf{sr,cy).

consicler the map [ '  x*tn4c(R(Y)), (y,g)€xst-.] s€rv!v). For s(sr+ an,oT ,,",r"
s u b s e t  D  o f  Y ,  l e t  X r , D = { , * , 0 , * X r , y 6 o } ,  * * u . o = U x t , U k D _ ,

c  .  
o ' u  

t ( szr,D=t(u,*le o*r,o ,ge A;j, and r\r"(R(t))r,.o be gre R-submodr* 
", *-jfol?l

generated by ! {;x.,o). ft,.n ua{n(Y)) is the directed inductiv.e }imit of the
finitelv generatecl submodules na"{R(Y))u,o.

LEMMA a-1. noon("))r,o is a free R-modute with basis 
f 

(rr,o).

Proof.  Immediate by Lemma g.2.

Now let  2" :  Jy? Dist"(X,Mc(E)) be the bi jeet ion provided by Theorem
?.8. Consider oie rnp 6-: y**f*",y* fru defined ou frofr l  ={ 

| f f ;r.  .
obviottsltz' f,e J" and henee y =1"f f,) is an ordinary G-distribution ofu6ight w
defined on x with values in the diserete G-modure MG(E). Let +1, > be the
R-submodule of  n l"(r)  generated by the image of  yand v = rry* <f  >@nK be the
eorresponding K-subspaee of M"(E); Gf> tras a natural strueture of diserete left
T-submodule of MG(E) while \r is a diserete left l--submodule of Mo(E). For a pair
(s,D),  let  (Y)r ,p be the R_submodule of  <f> generated by

{Frt*l  = w(o(x) - s)f(x), x€o"r,J, and ,", ur,D = (y)r,DEnr; ur,D i, the r{-
subspace of V generated uv{y (x) : x€*"r,J. Thus .y, =,IS (y)r,o and
u =lis u.,o'

LEMMA 8.4. For every pair (s,D), Vr,D = nn"{n(Y))r,o@*I(. Consequently,
V = M"(E).

Proof. Immediate by the definit ion of f :

e+r-(tlri: \ilk-.-ff l

f ( t l t
( * t
L Y

te [n]

Y(prp) = wGa) L
for

,q )
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(v,S)€ Xr, where Itt = p.-t,r(g)p*-t(u-dy)) €G(s * t). ff i
a '

COROLLAITY B"$. F'or every peir (s,D), (Y)r,n and nt"{l i(Y))",o rlre

isomorphie as R*moduies. Consequently, a Y, ancl nlla{n(Y)) are isomorphie

R- modulcs.

Irroof,. Immediate by Lemma 8.4. l \4oreover we have a eanonie isomorl:hism

fb ^  :  M^(R(Y))  -  *b ( { / )  -  o f  f ree R-modules g ivcn bv the subst i tu t ion
I  s r D  

'  r Y ' C \ r L  ' s r D  t  -  
I  

' s . I )  r r  ! e  r r r v u ( r r e r

|  
(x)F*  w(o(x)  -  s)v(x)  for  xQZs,D'  aeord ing to  Lemma 8.3 and proposi t ion 6.3.

The isomorpl r isms 
,&u,o are eompat ib le .  Inc leec l  le t  (s ,D)  j  (sr ,D ' ) ,  x  = (y ,g) (Zr ,D,

o(x)=t€[s], t '= tr ,.,u' i€[s']. I,rre nave to slrow that Fr,n(ft*) =ft,,o,t]{*)).
i (  Supp(t)  '

es \ (*)  = F 
,J(u,u ' )  i t  fo i lows (y,g ' )Gzr, ,p,  for  a l l  g 'occur ing in the sum a-

"  pF(g- ' )=g. 
-  

""o 
'  *"S' i , I ) I  " ' . )  " '

bove and rrenee pr,.p,(f f*ll = ̂ E^,,-*p.,^p,( {(y,g.')) = w(t,- *)^ [,,,--Y(y,g,) =

= w(t,-,,) .f *l;= w(t, ;ililft;; =;,, s,){(x) = p,,}il[]I
t '- t- -z=x

Consequent ly the isomorphisms 
P r ,o induee a eanonie isomorphism

p , n,r"{n(Y))* <y>. s

,"0".,;f;T::*::,,:: J,:::'i"i,. ;:llri,,'Yv' 
is is'm'rphic "'fhe

Proof. As TU it universal there exists a unique morphism of R-modules
n 

'-l'

} . t  g*(f> sueh thatf  =L'?u. For every pair (s,D), A in,trees an epimorplr isrn

or nln,oautes ), 
:f;

--s,D :<9p>r.n-* (Y)s,D, t l terefore rank g(<f g)u,nL.unko(<f >).

By Corollarv 6.4, .nnlio{atg>r,o)S l Zr,D f . Aeeording to- l,emma 8.3 and

Corol lary 8.5, the R-moclule {>r,n is fr :ee of rank lr*,o1. Consequently, the

I  r.O are isomorphisrns and henee /* ir  un isornorphism of R-modules, i .e., f  is

universal. By eomposing fu with the isomorphis* 
l$ 

, <V> ** na"tn(Y)) from

required isomor:phism of  R-modulesCorollarv 8"5 we get the

P ' I 'y  -+nnn{n(Y)).  a
/ v \

EEMARK. I {h i te <tr> is isomorphie as R-module wi th n4G(Rr r  / ) ,  i ts

structure of diserete left G-module is more intrieate than the strueture of the
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inciueed modttle nn"tn(Y)). The G-module strueture of <f> wil l be the objeet of a

further paper, where some resuJ.ts of sinott [ i g] ernd Kubert [5] devoted to the

speeial ease ff = pry wil l be extenclecl to the general framework developed in the

present paper"

REFERENCES

1. K. Iwasawa, A elass number formula for eyelotomi. $iAOu, Ann. Math.
- .  76 (1962) ,  1?1  _  1?9 .

- 2. P. T. Johnstone, stone spaces, cambridge univ. press 1ggz.

3' D. I(ubert, A svstem of free generators for the universal even ordinarv

Ie l -  d i s t r i bu t i on  on  ezk /22k ,  n t " th .  Ann .224 (19?6) ,  21 -31 .

4 '  D.  Kt tber t ,  The universal  ord inary d is t r ibut iono Bul l .Soe. l \4ath.Franee

10?(19?9) ,  17g  -  Z0Z .

5' D' Kubert, The Z/22 cohomologv of the universal ordinary distr ibution,

Bul l .Soe. [ {a th.France 10?(1 9?9) ,  Z0B-224.

6 '  D.  Kuber t  and S.Lang,  Uni ts  in  the modular  funet ion f ie ld  I ,  D iophant ine

appl ieat ions,  N, Ia th.Ann" 21B(1 9?S),  6?-96

7-  D.  I (uber t  and s.  Lang,  Idem I I ,  A fu i r  set  o f  un i ts ,  1?b*1gg.

8.  D.  Kuber t  and S.  I -ang,  Idem I I i ,  D is t r ibut ion re la t ions,  27J-ZBS.

5. I '  I l .  Kubert and S. Lang, Idem IV,The Siegel functions are generators, Math.

Ann.Z2? (Igr T ), Z2S-242.

e 10' D. Kubert and S. Lang, Distr ibutions on to$ridal groups, Math.Zeit.

1 4 8 ( 1 9 7 6 ) , 3 3 - 5 1 .

11.  S.  Lang,  Cyciotomie F ie lds,  Spr inger  1g?9.

L2.  S.  Lang,  Idem I I ,  Spr inger  1g80.

13' J. Lubin and J.Tate, Forrnal eomplex mult ipl ieation in loeal f ields.
'  Ann . t \ 4a th .  81 (1965) ,  380_387 .

L4. B.l\4azur, Analvse p-adique, Bourbal<i report, Ig, lZ.

15. B. I\4azur and I '{ .Snrinngirton - Dyer, Arithrnetie on IVeil  eurves, Invent. I i , lath.

i

l$trozfi, 1se#f,



-  3 1

16' L" R' Mr:cul lolr,  A elass r iuinrrer fornrula for. elementar"y*abelian-groups

r ing;s ,  J .  ALgebru 6B( j  i - )B1) ,  44: l *452.

17. L. R. I\{eCultr:h, Caloir; moc]ul.e $tr.ueture of eLementarv abelian extensions"
J.Aigebr :a gz( i  gg3) ,  I  i lz_t  g4"

i8' J" P" Se|re, l 'oeal class f ield thec;ry, i l r 'Algebraic l , trumbe. Theory,,,  ed, b5r
J.W.$.Cassels  and A.Frohl ich,  Aeadern ie press 1g6?.

I9 '  I { '  s innot t '  on the s t icketbergnr  ideal  anc l  the e i rcu lar  un i ts  ' f  a  eyerotomie
f i e td ,  Ann .  I \ 4a th .  10S(19?B) ,  107_ I54 .


