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ON S}4OCITH EXTENSIONS OF' ODD DIffiENSIONAI, SPEERSS

AND F{T]LTIDI}4EHSIONAL EELTCIN AI{D HOWE FORB{T}LA

by

FLORIN RADULESCU

The a i rn  o f  the  present  paper  i s  to  g ive  a  p rec ise

formula  fo r  the  index  homonnorph ism assoc ia ted  to  cer ta in
smooth  ex tens ions  o f  an  odd sphere .  Our  index  resu l t  i s
para l le l  to  tha t  o f  Doug las  and Vo icu lescu in  t  B  I  and
a p p l i e s  t o  a  c e r t a i n  c l a s s  o f  e x t e n s i o n s  w h i c h  c o n t a i n s  t h e
T o e p l i t Z  e x t e n s i o n s .  T h o u g h  L h i s  k i n d  o f  r e s u l t s  a r e
ava i lab le  by  Connes 'cyc l i c  cohomology ,  our  fo rmula  conta ins
less  te rms than are  expecLed by  Connes method app l ied  to  the
par t i cu la r  c lass  o f  ex tens ions  v rh ich  appear  in  our  paper .

These cance l la t ions  are obta ined by  pure

combina tor ia l  too ls .
Le t  H be  an  in f in i te  d i rnens iona l  separab le  H i lber t

space.  we denote  byX,  tn t  ana K(H)  the  a lgebra  o f  a l1  bounded

opera tors  and respec t ive ly  conpact  opera tors .  Le t  Q(E)
denote  the  Ca lk in  a lgebra  ( tha t  i s  the  quot ien t  f l  rc l / i l 1  n )

a n d  1 e t ' 1 t '  b e  t h e  c a n o n i c a l  s u r  j e c t i o n  o n t o  Q ( H )  .  L e t  6 ? ( H )
be the  idea l  o f  Schat , ten-von Neumann bounded l inear  opera tors
i n { , ( E ) r f o r  p > 1 .  F o r  a  c o m p a c t  n e t r i c  s p a c e  x ,  a  u n i t a l  *

m o r p h i s m  f  , C ( X ) - > Q ( E )  w i l l  b e  c a l l e d  a n  e x L e n s i o n  o f

c (x)  by ?( .  (s)  .
I n

ex tens ions  o f

th is  paper  r  w€ w i l l  be  concerned on ly  w i th

odd d imens iona l  spheres .

Y r c t g 2 n - L ) - > e ( E )  b e  a n  e x t e n s i o n  o f  C  1 s 2 n - t ,Le t



b y ' 1 { . ( H )  ,  a n d  l e t , f f , ^ L )  c  8 ( m )  b e  t h e  i m a g e s  b y  , " p  a f  t l ' r e
canonical  coord. inaLe funct ion s zL on gzn*L q CIn .  Such an
exbens ion  is  ea l led  61*smooth  i f  there  ex is t  an  n- tup le
T 1 , T 2 g  n .  o  y T n  i n  {  ( E )  s u c h  t h a t  , y  ( z i l  = .  J t '  ( f i )  a n d  a l l
t h e  c o n m u t a L o r s  [ T i , T i ] , [ t i , T i J  b e l o n g  t o  ( c y p ]  f o r  a l l
L t  J ,

Recal l  that  Lhe reduced topological  K-theory is
van ish ing  in  d i rnens ion  zero  and g t  1gZn* t ;  *  ,8 "  has  a
canon ica l  genera tor  q  ,wh ich  j . s  ,a  un i ta ry  zn-L  t '2n- t  mat r i x
over  C1gzn- t )  and wh ich  has  an  easy  recurs ive ly  descr ip t ion

l s e e l C l , [  2  ] ) .
Moreover ,  the  Bro lvn-Doug1as-F i l lmore  ex tens ion  group o f

S2.n- t  i s  Ex t  1sZn- t ,  ?  & ,  the  isomorph ism bee ing  g iven by  the
homomorph ism Ext  1gzn* t  1* t l to*g  1x l1g2n- ' )  , * )  assoc ia ted  to
t h e  i n d e x  m a p .  T h e r e f o r e  e x t e n s i o n s  o f  C ( S z n - t ) b y  K  @ )
cou ld  be  c lass i f ied  by  the  in teger  ind  .g  t " " )  ,where  we s t i l l
denote  by  V the  obv ious  t i f t  o f  the  ex tens ion  .p  to
2n-1"*2n- t  mat r i ces  over  c {s2n- t ,  .

In  the i r  paper  I  B l ,  Doug las  and Vo icu lescu were
concerned with g& -  smooth exLensions of  the 2n-L
d imens iona l  sphere ,  wh ich  have the  add i t iona l  p roper ty  tha t
t t r r  + . . .  T f i rn  -1 ,a  G^(s )  "They  proved the  beaut i fu l -  fo rmula :

( 1 . 1 )

where  the
antys imnietri c

ind  f  (  '<  )= L I I g 1 r T f r . . .  r r n r T f r l

te rm in  the  r igh t  s ide  invo lves  the  2n-comple te
c o m m u t a t o r  i n  r [ , T L ,  . .  .  r f i ' , T n ( i . e .  :

I  x t  r x Z  r . . . 7 x  z ^  J =  \  Z ( o -  ) x o - t t >  . . .  x c ( z , n )
ot-z^

Moreover they proved this way thaL aI I  the € n-f  srnooth
e x t e n s i o n s  o f  U 2 n - L  a r e  t r i v i a l . U n f o r t u n a t e l y r a s  i t  i s
po in ted  ou t  aL  the  end o f  the i r  paper r there  is  no t  known any
e x a m p l e  o f  a  n o n t r i v i a l ( t h a t  i s  i n d  f  t  q  l l O t  d ,  - s m o o t h

ex tens ion  o f  t2n- t  w i th  r [ t1+ . . . r f ,Tn-L  a  6^Gt ) ,  As  they  say
the  obv ious  cand ida te  shou ld  be  the  Toep l i t z  opera tors  on
t h e  H a r d y  s p a c e  n 2  ( O  B n )  ( w h e r e  B n  i s  t h e  u n i t  b a l l  o f
C n ; w i t n  s y m b o l s  z l t z l t . . . l z n 7 b u t  t h i s  n - t u p l e  s a t i s f i e s



L L . a L
L l l c l ,  L  I

which
Toepl i ta

,f
f m ,  r ' ! r ,  l  r -
L  1 1  t  r - - l  I  L : € r tu l on l y  f o r  p>n " ( see  t  +  l ) .

The s ta r t ing  po in t  o f  Lh is  paper  i s  the  renar lc

there  is  anoLher  c lass  o f  ex tens i .ons  o f  g2n- t  fo r

t h e  f o r m u l a  ( [ . 1 )  s t i l l  h o l d s  a n d  v r h i c h  c o n t a i n s  t h e

e x L e n s  i o n .

We cons ider  ex tens ions  Yof  52n* t  deLer rn ined by  the  n-

t u p t e  ( ? t n .  "  . 1 T n )  i n  l -  ( m )  ' U y  ' 7  ( z t \ =  7 r  ( T i ) ,  w i t h  t h e

p r o p e r t y  t h a t  T r  ' T z  t .  o .  ' T , r  g e n e r a t e  a  c r y p t o i n t e g r a l  a l g e b r a

A o f  d imens ion  n  ( in  the  sense o f  He l t ,on  .  and Howe

t  g  ) , 1 4 0  l ) a n d  r i  r o  + . . . r ;  r ^  - t  b e l - o n g s  t o  a 1 + f , 0 1 n 1

wi rere  A l i s  the  commuta l -o r  idea l  o f  A . (see par t  2  fo t  a

b r i e f  r e c a l l  o f  d e f i n i t i o n s  c o n c e r n i n g  s u c h  a l g e b r a s ) . S u c h

a lgebras  have the  proper ty  Lhat  A1 is  conta ined i r r  f i t+ t (H)  g

q  K  ( H )  o s o  t h a t  T 1 r . . " o T n  p r o v i d e  i n d e e d  a n  e x L e n s i o n  o f  g 2 n - 1 .

I n  p a r b i c u l a r  t h e  T o e p l i t z  o p e r a t o r s  o n  u 2 1  D  g n )  w i t , h

s y m b o l s  2 5 . r , . . 1 z n r p r o v i d e  s u c h  a n  e x a m p l e r a s  p r o v e d  b y

H e l t o n  a n d  H o w e  i n  t  4 0  J .  ( Q u i t e  s p e c i f i c a l l y  i n  f , 4 0  J  i s

proved on ly  tha t  the  a lgebra  o f  Toep l i t z  opera tors  on  the

Bergmann space u2  1  nn* ;  i s  a  c ryp to in tegra l  a lgebra  o f

d imens ion  n ,buL an  easy  inspec t ion  o f  the  proo f  a l lows one to

c o n c l u d e  t h a t  a l s o  t h e  a l g e b r a  o f  T o e p l i t z  o p e r a t o r s  g 2 (  )  B n )

i s  c r y p t o i n t e g r a l  o f  d i m e n s i o n  n  a n d  t h a t  f o r m u l a  7 . 2  f r o m

l 4 0 l  s L i l t  h o l c i s  i n  t h i s  c o n t e x t ; s e e  a l s o  I q ) , t 4 o i ' , [ s ] .
O u r  m a i n  r e s u l t  a s s e r t s  t h a t  f o r m u l a  ( 1 . 1 )  s t i 1 1  h o l c l s

i f  one cons iders  ex tens ions  o f  q2n-1  wh ich  have the

p r o p e r L y  t h a t  T 1 r  "  " .  p T n  g € I l e r a L e  a  c r y p t o i n t e g r a l  a l g e b r a

of  d imens ion  n  and such thaL r { r1+ . . .T f rTn- l -  be longs  to  AO +

+  G t  ( H ) . I n  p a r t i c u l a r , f o r  t h e  T o e p l i t z  e x t e n s i o n  f o r m u l a  ( t . t )

combined w ibh  fo rmula  7 .2  f  rom |  , (0  I  i s  jus t  t le  s ta tement

o f  Venugopa lk r j , shna 's  index  theorem"  Le t  us  g ive  some

exp lanaL ions  about  the  proo f  o four  n ra tn  resu l t  wh ich  is  ra ther

combinaLor  ia I  .

I f  A  i s  a  c q y p t o i n t e g r a l  a l g e b r a  o f  d i m e n s i o n  n

g e n e r a t e d  b y  n  e l e m e n t s  T 1  |  . . .  t T n  w i t h  t t t t  + . . . T ; T n - L €

6 Aa then the C*funct ional  calculus of  Hel ton and l lowe

p r o u i d " *  
"  

l i n e a r  m a p  e 1  z  C *  { s 2 n - t r - t  A  s u c h  t h a t

e t ( f g ) - e t ( f ) e 1 ( 9 )  b e l o n g s  t o C - - i 1 n 1 .  C o n n e s ' t h e o r y  ( s e e t  6  I  )
Lhen app l ies  Lo  y ie ld  an  e lemen l  ' f2na1 in  the  odd cyc l i c

cohono logy  group 
" ' f * t  

(C*  (g2n*L11 wh ich  computes  the  index



by means

ErOup.

of  the natura l  pa i r ing between H{gzn- t )  and ghis  1a* ' t

On the other hancl  the fundamenLal t race form of FIeI ton

and Hovre y i .etds an element 'c  2n-L in xfrn-t  (  c-1 szn*t ,  ,  (  in

f a c t  j . n  t h e  h o m o l o g y  g r o u p  H 2 n - I - { s 2 n - t r , .

The on ly  d i f f i cu l t  po in t  in  Lhe proo f  o f  fo rmula
( [ . 1 )  f o r  t h i s  c ] a s s  o f  e x t e n s i o n s ,  i s  t h e  d e t e r m i n a t i o n  o f

a  un iversa l  cons tan t  such Lhat  these two e lements  d i f fe r

modu lo  a  canon ica l  i somorph isn  by  iL "

Th is  i s  t .he  conLent  o f  our  combina tor ia l  lemma 3 .2 .

Onee we have de termined th is  un iversa l  cons tanLr the  proo f  o f

equa l i t y  ( t . t )  can  be  easy  deduced f rom the  fac t  Lhat ,  the

index is computed from T2nr.1 by means of  the coupl ing of
g t 1 g 2 n - t )  w i t h  g 2 n + 1 1 g 2 n - t ) ,  ( s e e  p r o p p o s i t i o n  1 7 ,  t  6  I  ) .

Ins tead o f  do ing  th is rs ince  i t  r+ou ld  imp ly  compuLaL ions

wi th  many un iversa l  consLants rwe pre fere  to  repeaL the

arguments  f rom the  paper  o f  Doug las  and Vo icu lescu.

Now re tu rn ing  to  the  genera l  case o f  a  n -d inens iona l

c r y p t o i n t e g r a l  a l g e b r a  A  , g e n e r a t e d  b y  k  s e l f a d j o i n t

e l e m e n L s  w i t h  e s s e n t i a l  j o i n t  s p e c t r u m  E ' o n e  c a n n o t  f u r t h e r

expect that  the index of  a Fredholm element in I . ln{A) can be

computed onJ-y  in  Lerms o f  the  fundamenta l  t race  fo rm,  The

reason o f  th is  phenomenon is  tha t  (as  observed by  He l ton  and.

Howe in  t  I  J , l  40 ,1  fo r  d imens ions  { .  o r  2  ) the  fundamenta l

b race  fo rm detern ines  an  e lement  11  in  the  (de  Rham)  homology

group Bzn(nkrE)and hence by  means o f  the  coboundary  map

? : 8 2 6 ( I l k , E ) * > E z n - t ( E )  i L  d e t e r m i n e s  a n  e l e m e n L  i n  H 2 n - 1 ( E )  "
When the  c ryp to in tegra l  a lgebra  is  genera ted  by  n

e l e m e n t s  T 1 r , . . , T 1 1  w i t h  e s s e n t i a l  s p e c t r u m  E  g  C n  G  R 2 n ,

the  fu r :c t iona l  11 ,  y ie lds  a  d is t r ibu t , ion  uT on  C6(mZn)  wh ich

is constant on rRznlE"

Bowever ,some in fo rmat ion  about  the  index  o f  the  e lements  in

Arcan .be  recupera ted  on ly  in  te rms o f  l1 res  seen f rom the

fo l low ing  equa l i t y ;

L

(  - 2 i  )  n v o l  (  B z n  )

i n d  ( . I - r 1  , . . o , . I - T n ) ) / t l g =  u t l t



a

\ ^ r h e r e  U  i s  a n y  c o n n e c L e d  e o m p o n e n t  o f  R z n \ E r . I = (  l t r . " . r - l n )

is any point .  in U and /1 is the Lebesque measure on RZD,

vo l (B2n)  i s  the  vo lume o f  the  un i t  ba l l  in  R.Zn and the  index

is the index of  a I ' redholm n-tuple as inLroduced in

t 4 + l  , t + ] .
Such an equal i ty in dimension L already appeared in the

w o r k  o f  1 1 l  , t 4 d .
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2. A (br ief)  recal l  of  def , in i t . ions and resul ts

In  th is  sec t ion  we reca l l  some fac ts  f rom

[  9  ] , a n d  l 4 0 i  a b o u t  c r y p t o i n t e g r a l  a l g e b r a s .  F i r s t ,  l e L  u s

reca11 the  de f in i t ion  o f  the  commuta tor  f i l t ra t ion .

D e f i n i t i o n  2 . 1  G i v e n  a n  a r b i L r a r y  ( a b s t r a c b )  r i n g T Q

o n e  d e f  i n e s  r e c u r s i v e l y  a  s e q u e n c e  o f  i d e a l s  t  A i l i r , o  -

ca l led  the  commula lo r  f i l t raL ion  o f  -&  -u"  fo l lows,  fuo i *  &
^  A -  A - .  " e  d e f  i n e d  t h e n  A ; i s  t h e  i d e a la n q  l E  f v o , f t t ) . . . )  / \ - J _ l  * . e  o e i r n e ( I  t r n e r  - J

generated by aI l  commut,ators of  e lements f  rom / tp wtth

e l e m e n t s  f  r o m  & X - y t , p  e  { o , r  |  . .  .  , j - r } .
Second,  we reca l l  the  de f in i t ion  o f

the  comple te  an t isymmebr ic  sum.

D e f  i n i t i s n  2 . 2  I f  a 1  1 d , ) r  , .  , 3 p  a r e  a r b i t r a r y
- nelements of  i !  ,p 7L then the complete ant isymmetr ic sum of

E l r . . . r a p  i S :

I a l , a 2 ,  .  o  . , u p ] = _ 4 - L G )  a 6 < 1 ) .  .  . a c t T )_  
c e 9 +

I

w h e r e  S o  i s  t h e  g r o u p  o f  p e r m u t a t i o n s  o f  { t , Z o  "  ' .  r p }  a n d  t ( o - )

i s  the  s ignature  o f  the  permuta t ion  a  "Obv ious ly ,  i f  F=2
then laL ,a21=aoaa-a  ,_a^Ls  the  usua l  commuta tor .

r t  i s  p roved in  f ,  40  )  '  (page 277)  '  tha t  fo r  any

pos i t i ve  in tegers  in j  one has  the  fo l low ing  inc lus ions :

' \ i f tu e Ai*r

I rt: , &r, reftr+k+1

(  2 . 1 )

( 2 . 2 '

The fo l tow ing  fo rmulas  w i l l  be  used

s e q u e l ( f o r  a  p r o o f  s e e  I  L o  l ,  P r o p o s i t i o n  1 . 1 ) :

1 n the



2 l a L r & Z r ' .  "  T d l r l = [ a t , l a Z  t . .  o , a 2 s l  ) ' l a 1 , I a 1 n a 3 ,  o  o .  ] ] * .  " . -

( 2 " 3 )

( 2  , 4 )

l a z t ,  I a I r "  " . , d 1 r - f ] ]

la l ra2r  . . .  tazr l4* t )Fn,o l ,a  Gtz) l  .  .  .  Iaacee-qra e qa" ;1

w h e r e  a L t a 2 , ' o  o . ,  s l s  d r €  a r b i t r a r y  e l e m e n t s  o f  &  r r ) l  a n d  i n

the second equal i ty,  Z runs over a sequence of  coset

representa t ives  o f  N in  $2po where  N is  the  -subgroup o f

S 2 p  g e n e r a t e d  b y  t h e  t r a n s p o s i t i o n  { 2 j - f  , 2 J } , j = 1 , p .
Def  in i t ion  2 .3  (  t {O l  )  "  LeL g  be  a  H i lber t

s p a c e , a n d  n  a  s t r i c t t y  p o s i t i v e  i n t e g e r  " W h e n  n > 1  t  d ,

se l fad jo in t  suba lgebra  A o f  t (n )  i s  ca l led  c ryp to in teEra l

of  d imension n i f  Anal  (bhe n+I term of Lhe cornmutat 'or

f  i l t r a t i o n  o f  A ) i s  c o n t a i n e d  i n  ( u W l  ( t h e  t r a c e  c l a s s

opera tors )  and any  an t isymmet r ic  sum o f  2n  e lements  o f  A  is

c o n t a i n e d  i n  { 4 @ ) . w h e n  n = l r o n e  r e q u i r e s  o n l y  t h a L  I x r y ]  d

e ( '  rut 
: : '  : : :r . ' l " l l . l ;ence or (2.r) and or the above

def in i t ion  is  tha t  the  e lements  o f  a  c rypLo in tegra l  a lgebra

always commute modulo the compact operators.  (  In fact  they

c o m m u t e  m o d u l o  6  n + t ( H )  ) .
The 2n-mul t i l i near  a l te rna te  func t iona l  on  At

g i v e n  b y  ( x y r x 2 , . . .  r x 2 n ) - > t r I x 1  r x 1 r , . .  ' x 2 n l  i s  c a I l e d  t h e

fundamenta l  t race  fo rm.

Thre  fo l low ing  vann ish ing  resu l ts  a re  p roved in

t  4 O l  , L e n m a  I . 3 ,  a n d  1 .  4 .  F o r  l a t e r  u s e  w e  s t a t e  t h e m

s e p a r a t e l y .
Lernma 2 .4 . I f .  A  i s  a  c ryp to in tegra l  a lgebra  o f

d imens ion  n ,  then :

a .  I f  i -  i s  any  in teger  such tha t  0< i<n  I  x  i s  an

e lement  o f  A i  and y  an  e lemenL o f  An- i  then [x ,y ]  i s

t r a c e  c l a s s  a n d  t r I x r y ] = 0 .

b .  F o r  a n y  e l e m e n t s  x 1 t x 1 r  .  .  .  r x 2 n  o f  A r o n e  h a s :

t r  I x 1 r x 2  t . . .  r x 2 6 J = 0



w h e n e v e r  x i d  A 1 +  6 n ( H ) ,  f o r  s o m e  i  e  t t r z  , . , . , Z n j ,

An in rpor tan t  p roper ty  o f  c ryp to inLegra l  a lgebras  is

the i r  c losure  to  a  C€ func t iona l  ca lcu lus"  I4ore  prec ise ly ,

g i v e n  s e l f a d  j o i n t  e l e m e n t s  x ! , x z F  o  o .  I  x p  i n  l -  ( n )  t h a t

genera te  a  se l fad jo in t .  c ryp to in tegra l  a lEebra  A ' ,  one can

f ind  a  max imal  e ryp to in tegra l  a lgebra  A conta in ing  A ' ,  so

tha t  there  is  a  nap eX: c*1pk)*>A w i th  the  fo l low ing

p r o p e r t i e s (  [  4 0  ] , P r o p o s i t i o n  3 . 4 )  I

( i )  ex ( f ) *  -  
" x (E te  

s rn6 ,ds t

( i i )  e x ( f  ) e x { 9 ) -  e x ( f g ) e  a 1 f l { ^ - o { u )

( i i i ) l e x ( f ) ,  e x ( 9 ) J e  n 1  n f , ^ . n t u ) .

I { e r e o f  , g  a r e  e l e m e n t s  o f  c - 1 R n ) ,

c o n j u g a t e  o f  f .  M o r e o v e r ,  L f  P  i s  a n Y

c o m p l e x  c o e f f i c i e n t s  i n  n  v a r i a b l e s :

f  is  the complex
polvnomia l  wi th

t h e n :

p ( x l  ,  x 2 r  " , .  r x n )  =  Z  a  4 a , . .  . r c f , , , . ' , .  * |  . . . x i l ^

e1 (P )=  T '  uo r , " . . ,  < \m '  *X t . . . x i l ' .

Given a  c ryp to in tegra l  a lgebra  A o f  d imens ion  n

g e n e r a t e d  b y  s e l f a d j o i n t  e l e m e n t s  X 7 , X 2 t  "  "  "  7 X p  w i L h  j o i n t

essent ia l  spectrum E g lRKo Helton and Howe have introduced a

2n- t inear  cont inuous  func t iona l  l ' y  on  C- (nk)  as  fo l lows.

I f  f y r f 2 r . . . r f 2 n  a r e  f u n c t i o n s  i n  C - ( n k ) ,  t h e n  T g  i s  d e f i n e d

b y :

T x (  f r  , t 2 s  , .  .  ' f 2 n ) =

=  t r  I e x ( f r ) ,  n . . , e x ( f  Z n )  ] .

Th is l i n e a r funct ional  has the fo l lorv ing



p r o p e r t i e s ( s e e  P r o p o s i t i o n s 3 . S o 3 . 6  i n  |  4 0 1 )  :
a ,  I f  one  o f  the  func t ions  f i  van ishes

n e i g h b o u r h o o d  o f  E ,  t h e n  T y  ( f y r f p r  o . .  r f 2 n ) = 0 .

].n the

b "  I f  g l  r g l t .  " ,  r g m r  a r e  r e a l  v a l u e d  f u n c t i o n s  i n
@ l , A

C-(n* )  and Y i=  f  teX (  g i  )  +eX (g i  ) "  )  ,  i= t  ,m,  Lhen denot ing  by
0  :  RK->Rn the  map w i th  en t r ies  g i  I  one f inds  tha t

YyrY27.  " .  yY111 s t i1 l  genera te  a  c ryp to in tegra l  a lgebrar  d f ld
Ty=T; o $

In  the  proo f  o f  a " ,  the  fo l low ing  resu l t  appears3
'  r - renna 2.5.  r f  f  vanishes in Lhe neighbourhood of  g

then ex (  f  )e(n1u) .



3. The inde:r formula

I n  t h i s  s e c t i o n  w e  p r o v e  f o r m u l a  ( 1 . 1 )  f o r  t h e

f o l l o w i n g  p a r t i c u l a r  c l a s s  o f  e x t . e n s i o n s  o f  C 1 g 2 n - t )  b y

1 ! t s t  . l v e  c o n s i d e r  e x t e n s j - o n s  f  z  c 1 g 2 n - r ) * > Q ( H )  o f  c { s 2 n - r ,

b y  K  ( H )  s u c h  t h a t  t h e r e  e x i s t  a n  n - t u p l e  ( T r  ' T  L  , . . .  r T h )  i n

f  t n l  w i t h  f  ( z i ) =  J l  ( T i l  i n  Q ( H )  a n d  s u c h  t h a t  1 1 , . . .  r T y 1
g e n e r a t e  a  c r y p t o i n t e g r a l  a l g e b r a  A  o f  d i n e n s i o n  n '  w i t h  t h e

p r o p e r t y  t h a t  t i r o + . .  " T f i T n - l  b e l o n g s  t o  n ; d n t u l .

F i rs t  we want  to  deser ibe  t ,he  canon ica l  genera tor  {

o f  6 1 1 g 2 n - r )  ( t h e  t o p o l o g i c a l  K - t h e o r y  i n  d i m e n s i o n  1 )  a s  a

u n i t a r y  2 n - r * 2 n - l  m a t r i x  o v e r  C { s 2 n - 1 r .

L e t  7 \  ( O n ) b e  t h e  e x t e r i o r  a l g e b r a  o f  O n . T h e n :

A ( c n ) = 4 .  ( c n )  o A " ( c n )
where  by  A"  (Cn)  (  respec t ive ly  by  n"  (On)  )  we denote  the  fo rms

o f  e v e n (  r e s p e c t i v e t y  o d d ) d e g r e e .  A  ( 0 n )  h a s  a  n a t u r a l

H i lber t  space s t ruc tu re  corespond ing  to  the  or thonorna l

b a s i s  (  e " f  ) , f  g  i 7 . t 2 t , . .  r n ] ,  w h e r e  e g = L  a n d  e ; = e i ,  n  . . .  n  e j a

i f  g = {  j r  , ) L , . . . ,  j k } , w i L h  j t < . . .  < j t < .  o n  * z \  ( c n }  w - e  d e f  i n e  a s

u s u a l  t h e  o p e r a t o r s  a i  b y  a g h = h A  e i r f o r  h  i n A ( C n ) .  I t  i s

k n o w n  ( s e e  [ / & ] , L e m m a  I I I . 6 . 5 )  L h a t  t h e y  s a t i s f y  t h e

ant icommuta t ion  re la t ions  :

(  3 . 1  )  a i a j 0  f o r  a l l  i ' j .

( 3 . 2 )  a i . a j  * " i { . =  o  f o r  i t t .

( 3 . 3  )  u L a i

We denoLe by

+ r
f i =  a i a g ;

I  f o r  a l l  i .

i dempotents :

.)."
a i a i .

+ a i a j  =

Its
+ a i a i =

+
r i  r n e

1 0



The descr iP t ion  o f  d  i s  as  fo l lows:

F o r  a  f  i x e d  e l e m e n t  z = ( ? , I , . .  "  s z y l l  i n  g 2 n - 1  C  c n r  o ( ( z )  i s

rhe r inear operalor  ? z ia i  + 
$ 

z i {"  i "  l ( , { tcn) ,  n* (eo) }  "
We r^ranL also to desci ibe the image of  or  by f  .  Therefore,

le t  d  be  Lhe bounded l inear  opera tor  n  f  (H  Acn)

def ined by  d= Z  r i  &a i .Le t  d*=  t iea !  Ue Lhe H i lber t  space

a d j o i n t  o f  d  a n d  d e n o t e  b y  A  t h e  r e s t r i c t i o n  o f  1 d + d * ;  t o

uezf tcn)  so that  A be longs ro x , tsodtsn)) ,  H 8d(an))and f (a) - i r i rcarnpact .

Tak ing  in to  accounL t .he  descr ip t ion  o f  c<  g iven be low '

a n d  s i n c e  f  ( r i l  =  T i ( r i )  i n  o f t u l  /  1 (  t W ,  w e  o b t a i n  t h a t :

i n d  f ( . (  ) =  i n d  A

W e  o b s e r v e  t h a t  ,  b y  T h e o r e m  I I I . 7 " L  i n  t 4 +  J ,

i f  t h e  n - t u p 1 e  ( T 1 f i 2 ,  " . .  r T p )  i s  a  F r e d h o l m  n - t u p l e  t h e n  :

i n d ( T 1  , T 2 , .  " .  r T D ) = i n d  A '

or  t  ?  I  '  fo r  the  de f in i t ion  o f  a  Fredho lm n-

t  8  L  g i ven  ,Ag  LW an  a rb i t ra rY  un i ta l

one  de f i nes  the  oPera to r  va lua ted

( 3 " 4 )

( see  t  4+  l
t u p l e ) .

As in

suba lgebra  '
Lrace r ,  Ag l (  n  (cn) ) " - ' - / ,  by :

.  t ( (  x J , K )  J " K

. f = t  j l ( . . . . j p ] .

e  { t , z t . o . , n } ) =

In  t  8  I  i t  is  proved that  :

T (  ( d + d *  ) k ( 1  &  p e - l  6 )  p o )  )

v a n i s h e s  i f  k < 2 n ,  a n d  i s  e q u a l  t o  l r f r T r  t . . .  t t f ; r t n ]  i r  k = 2 n r

w h e r e  p s ( r e s p e e t i v e l y  p s )  a r e  t h e  o r t h o g o n a l  p r o j e c L i o n s  o f

4  ( c n ) o n t o  / f  t c n )  ( r e s p e c t i v e l y  n ' t a n )  ) .

In  what  fo l lows,  w8 a lso  need the  2(n+ l )  te r rnodenoted

, .  T h e  r r e x t  l e v n o n a  C o r r t a i n s t h e

1 1

Z_ ^xJ,  J
Je {1,-,*'J



d e s c r i p t i o n  o f  M n + 1 .

Lern*n  3"1"  Keep ing  a l l  the  no ta t ions  de f ined above :

t(
Mn+t= t( ( d+d^ 12n+2 ( 1 8pu-1 8po ) ) =

1l
5-
/*l

t a  I

( & s( 0 )o*c,ffrol.. ' olrr-r ,H e(o)xlol,x*r,". ' xt
r r c ( .  ;
"  

e  d f g J

G0'd d;
,  - - 1wnere x-.,r =- J n r l  I

I .r{-
x 2 s - 1 =  T s

b{2.'1 )

L
a n d  X 2 " =  T s ,  f o r  i r s

i n  { 1 r . . . n } r a n d  S + o i  , ( r e s p e c t i v e l y  S - r i  )  a r e  t h o s e
p e r m u t a t i o n s .  o f  t h e  s e t  { - r r o r .  "  "  r 2 n }  w h i c h  h a v e  t h e

proper  ty :

. r a ( - r ;  . r { 1oy  . f 41z i - r 1  . { t 1z t1

a n d  , r e s p e c t i v e l y :

- )  - )  - /1
< c r  -  ( - l )  < o  "  ( 2 i )  <  6  ' (  z i - L l '

s t a r l  b y  i n s p e c t i n q  ( b ( 1 6 p e - 1 8  p o ) )  n
o f  the  monomia ls  f rom Lhe expans ion

Jf i. Y? )4 1,n*2
( T 1 @ a 1 +  .  o .  *  t n E a n  +  T 1 & a l + . . . * T n 8 a l i ) " .  .

As  observed in  the  proo f  o f  Propos i t ion  l , in  t  8  l :

T ( b ( 1  E p e -  1 & p o ) ) = 0

-4
q I  - ( 0 )

f o r  i  €  { L , 2 , . . " r n } .
Proof.  We

where  b=X 8E is  one
o f :

un less  ,  
*

E =  * ,  f i  " . .-4"

w h e r e  s * t =  n  '  r '
,  * u n l  

t l d "
c a s e  t i 4 ,  . .  t i r t  j 4 ,  .  "
the  subspace Cu,  where

In  th is  case b

which except ing some

+
€ ,  F ,  F .

" S ' J 4 ' "  
"  ' J t

' ' = { L t z r , . . r o } .  r n  t h i s. t g r J , l r . . ,  r J t J
t j n  i s  t h e  p r o j e c t i o n  o r  A ( c n )  o n t o
g l  t  j t o  " . _ .  j t )  t J 1 < ) 2 < . . . . < j t .  * _
i s  a  p r o d u c t  t n  r 4 , T f ,  ,  G . .  t T n , T ;  i n

i  €  { r  , 2 ,  .  ,  ,  , Y r }  a i . t  
- r i ,  

T f  a p p e a r

L 2



e x a c t l y  o n c e  f o r  j  e  t f  , 2 , , .

t h e  o r d e r  o " "  T i . " . T i . . . t l . . :
-x. -^-

o r d e r  . . .  T i  . " " T i . . . T i . . " T i

Le t t ing  Sg be  the

. , f l ]  j * i  a n d  T i , T i  a p p e a r  t w i c e , i n

, f  i . . . ,  i f  i  d  ' r  o r  i n  t h e
. - : - *

o o . t  I f  I  e : L J "

s e t  { - r r o  1 L v . . , , 2 n }  s u c h  t h a t
g r t z j K - r ) >  o  l ( z j 6 )  n f o r  L = L , 2 ,

Lhat  Lhere is  a  PernuLat ion
in s-,  i  f l  s, : '  )  cor resPonding

i  4  A )  such  tha t :

set  o f  a l1  permuta t ions  o f
q7z \  - l )<  s / '1  z i1 )  ,and

. . .  y s ;  k = I  , 2 ,  n , .  s L ,  i t  f o l l o t o s

c - i n  S + o i  A  S , :  (  r e s P e c t i v e t Y

t : o  t h e  c a s e  i e  J  ( r e s P e c t i v e l Y

the

b= x i * .  , . ,x?r r^ , r .  . .  x i - r r -y
u ( : 1 1  v L v , 1  u ! & ' ' l

M o r e o v e r ;

E= (-t ) lJl e(.,.)rt{ . . . tlr tli " "rJ, , ir t+ J

and :

t ? t . t  +  +

E = ( - 1 1  l . l l * t 4 " ; g i  . . . f r  f +  . . , f i * r  L f  i Q J .
'L -s '4 'r

I {ence:

( -r ) tll er")xlclx*(o) . . "*irr.rf

( -r 1 lll +r e(c)xi6alxlrol . . . *lar,,, t

w h e r e  J  r u n s  o v e r  a l l  o r d e r e d  s u b s e t s  o f  { t r Z s " ' r o }

S i n c e  t h e  s e t s  S * , i  f l  S g  ( r e s p e c t i v e l y  s - , i n

f o r m  a  p a r t i t i o n  o f  5 + r i  ( r e s p e c t i v e l y  S - r i ) '  b y

the  order  o f  sumat ion  in  the  las t  express ion '  one

the fornula in the statemenL of  the lemma'

the next lemma proves that modulo a universal

r(  (d+'d* 72n+2( r @p"-r 8 po ) )=

x
J

( - r 1  l ' : t  ,  X
iA-r

+ [
i6J

:;
6  € S + r i

[,
a eS_,i

O s.tl
changing
obta ins

cons tanL,  the  t race  o f  the  te rm Mn+l  -can  be  computed on ly  in

te rms o f  the  fundamenta l  t race  fo rm. I ts  p roo f  re l ies  on  a

pure ly  combina tor ia l  lemma,  wh ich  we s ta te  separa te ly  in  an

Apend ix ,  a t  the  end o f  the  PaPer"
Le lmla  3 .2 .  Wi th  the  no ta t ions  be fore :

l 3



*
t r  I ' { n . 1 1  = n  t r I T 1 y T 1 a .

J6

m m ' l
r J . n r r n J

Proof . l {e compute 2tr l tn11= trMnsl  + t rMn11. By

Lerms in  the  f i rs t  $ummand s ta r t ing  w i th  a  Ts  w i th

the second summand. ending with the same Ts 'and

the second sumn.and start ing wi th a Tg with terms in

summand ending with the same Tf,  one obtains:

2Mn+1= Ri
"fl

\-
1*t
1 c 4

r
t*1,

* Zt ersrix[,_o),*](ol "....xL(r,rl- Erl**el),*],0,' 
.." '**rr,,; l  )

S+i  G€S+r i  
v \  i ' l  - \v /  \  -  a  qes-r i

\na1*n,,, ol(or' . " . '*l(rrr)l- 
T}rro*c r,, tro,"" ' 

'**(-ll
6 € S + r i  

" \  r /  v \ " '  v  \ & ' e t  
C € S - , i  

\  r /

where  in  the  f i rs t  two te rms,  $  runs  over  a1 l  permuta t ions  in

S + , i  ( r e s p e c t i v e l y  i n  S * , i )  w i L h  t h e  a d d i t i o n a l  p r o p e r t y

t h a t  G ( - 1 ) =  2 S  - l ; i n  t h e  t h i r d  a n d  i n  t h e  f o r t h  t e r m  c t  r u n s

o v e r  a l l  p e r m u t a t i o n s  i n  5 1 , i  ( r e s p e c t i v e l y  S - r i )  w i ' t h  t h e

a d d i t i o n a l  p r o p e r t y  t h a t  s  ( - 1  ) = 2 s ,  a n d  i n  t h e  f i f t h

( r e s p e c t i v e l y  s i x L h )  b e r m G  r u n s  o v e r  a l l  p e r m u L a t i o n s  i n

S + , i ( r e s p e c t i v e l y  S - , i ) w i t h  t h e  a d d i t i o n a l  p r o p e r t y  t h a t

o ( - 1 ) = - 1 (  r e s p e c t i v e l y  . r ( - f  ) = 0 )  .

A p p l y i n g  p o i n t s  ( i i ) . ( i i i ) ,  f r o m  t h e  l e m m a  i n  t h e

a p p e n d i x n  a n d  s i n c e  t e r m s  o f  t h e  f o r m  I x r y ]  w i t h  x € A ' Y € A n

are  t race  c lass  w i th  nu l l  t racer  w€ ob ta in  tha t ,  modu lo

t e r m s  o f  n u l l  t r a c e :

i  i - i  ,  ?  i - -
l xis-r , *i*o t xt , . . . , xfs-r, . . . xin l l -

r^.

r
9+1

l x z s , * n * i i x l , . . . , x ) r , . . , f i i n l  l +

: l i - 1
I x-ii xd)C2 i-t t xi i,xrt, . .

comhini.ng

Lerms in

te rms in

t h e  f i r s t

w h e r e :

2Ri=
(-1

t l

* t  r* , .  )=
s'-1
I  . , .
g+1

<^\ Z\

,x l i - r  ,xky"vxin l

L 4



,/\ ./-
- i  - - i  - - i  - - l '  r ,-  r w i  , r i * J .  r n J .  .  r " r  v z r :"  t X d , L ? " z i I x Z i * t , * i ,  " .  ' x 2 L - L F x ? i r . . x l s  j  J

l fhere fCIr  the f  i rst .  tvro s i t r rs vre appl ier l  paint  ( i i i )  of  L l re

lemma in the Appendix and for the last  two sumq we appl ied

point  ( i i )  of  the same l .enrm.a. (As usualLy a mark 
^ 

over &,

symbol in a $equence mean$ tha' t  th is sYnibol  is  rn issing j 'n

t h a t  s e g u e n c e ) .
I r ina l ty ,  we deduce tha t  rnodu lo  te rms o f  nu l I  t race  :

4 - i - ^ * t ;

n ( z g i ) =  ) - '  I T * r T i T i [ % , " ' r T s v T s r ' '  " ' T n ] l -
5+X

:r .i+ 
'i A

' Z  [ T s r T i T i [ 9  r  "  " .  r T s r T s ,  . . .  r T n ] ] *
5+i ,.\

,t :K' tF ,S 
/\ 

,('

+  t T i ,  T i T i I T i r T O  t ! 1  r , . . r t i  n \ ! 1 " , " t T n o T 6 1 ] -

r  x -  ; A  , r
I T i ,  T i T i I T i , T 1 , T { , . . . , T i 7 T 1 r . . .  s T 4 ' T n ]  I  "

By  Le rnma 2 ,4 .  {b )  and  s inc  *  t  t+ .  " . t f , t n  -1€  A1+  e1  (u )

i t  fo l lovrs ,  a f ter  per forn ing the sum over  i  and

app ly ing  Lemrna  2 .3 . t  t ha t

L r ( 2 R 1 1 = ' 1 2 n )  t r [  i l , * n , . . . ' t f , , t n ] .

The nex t  sba tement  de termines  the  index

homomorphisn for the c lass of  smoobh extensions of  g2n-1 **

cons idered.
The onlY Point  in  whic i r  i ts  Proof

that  g iven to  Proposi t ion 2 in  I  B ] '  is ' that :

'  [ =  1 d + d * ) :  H @ n e ( c n ) * >  H  g Z f t a n t

i "  no longer  a  un i tary  modulo the ideal  e*{u) ,

certainty a unitary modulo the ideal e*|u)
formula:

i n d  A  =  L r ( ( t - A x A ) P  -  ( r * e n r ) n 1

d i f f e r s  f r o m

bu t  i t  i s
so that t ,he

1 5



i s  va l id  on ly  fo r  p7  n+1.  To  compuLe the  r igh t  hand te rm

f rom the  lasb  fo rmula  we must  there fore  use  the  express ion

for the term l{n+1 given . in the last  lenuna .

T h e o r e r n  3 . 3 "  L e t .  ( T 1 r T 2 o  "  " .  u T s )  b e  a n  n - t ' u p l e  i n

o l tg t  such tha t  T1r t27  "  "  n  I ' I11  genera* te  a  c ryp to in teg : :a l

a l g e b r a  A  o f  d i r n e n s i o n  n  a n d  4 * 1 o . . . + T n T n * l € e { ( H } 1 ^ t . T h e n
( T 1 r T 2 , . .  o , T s )  d e L e r m i n e  a n  * * t * n u i o n  t f  o f  6 o " 1 [ 2 n - 1 ;  b y

1{ ts l  and r

i n d  f 1  u  1 =  ( - 1 ) n  t r t r t y T 1 r . . . , T f , - , T n 1

where . ' c {  i s  Lhe canon ica l  genera tor  o f  x l1g2n- r )  descr ibed a t

the  beg inn ing  o f  th is  sec t ion .

i s  un i tary  rnaped by + = IdHEAe (On)@ f l  onto
H  8 A  ( 0 n ) .  L e t ,  a s  b e f o r e :

6 = 1 6 + d x ) :  i { E  A -  ( c n ) * >  H  E  N  ( c n ) .

Proof "
in J_pr oAe(an) ,

*C. = (H

T h e n  b y  (  3 . 4  )  :

ind  A

The maLr ix  o f

t h e r e f o r e :

We proceed as in  [  8  ] .  te t  " {  be a un i tary
H Sn'o (cn ) .  Then the space:

o A €  t c n ) ) @ ( H 8 A e ( a * ) )

= ind ( {oa1

the operator

-rf
( A  n ) Y

0

=  i n d 9 ( d  ) .

- * . . -  - ' ' t  As = Q ( ( d + d  ) g

0

f i  tRex tP,
t

J- it

( o
\  1"o

, ( - * \
A n  I
0 , u l

)
I

x " l

1 /
Bzp=

1 6

s o  t h a t :



r lenoting by T", J- tH e /S tan)-*> J, tnl bhe

operarLor ia l  t rece  (  t i re  resLr ic t ion  o f  T '  de f i r red  be fore

to J- tn (s Ae (6jn) )  vre have:

-t*( (A*-A)o-qa#1inl= (Te @ 'r*; 1n?P(nr.,-nr) )-

= T( (d+d't1 ?P1 rone-tEFo)

where pi is the orthogonal project ion ontothe i-Lh component

of H{ and Ts@Ts is the obvious extension of ' [  
e to

J (84 )  .
Le i  us  remark  tha t  (e *n - r )e  Y" r * l (H ) ,  (AA*  - r )e

€  €  n t * l  ( B )  .

Indeed ,  th is  s ta tement  i s  equ iva len t  to  1d+et1  
2-  Lu

e €r *n . tu )  and th is  fo l lows f rom:

(  d+d

' e X
f T l  T - ;

! f i  .  r F .r  r l r l

, 2 *
) - )

& u
g a ia j  +  r i r j  E a la i  )  +

- k L L
& a ia i  )+  L - ,  

(  T i  I  a i
1

-re
(  T i T

r (
/-<t \

1-

,c
i  S a i a i  +

* . 2  t  x , 2
t i )  S t u i l  .

The las t  two

r e l a t i o n  ( 3 " 1 )  " H e n c e
r e l a t i o n s  o n e  f i n d s :

f,
t m .  m , 1
L l l r r . 1 l

' (rtr j  e "1u, 
+ ri t t  I  aja{ +

't

\ +
l '

* . t
( d + d  l o =

l--l

i+j
+

1 4 1
! \ |

(-l

+
, / ,  I

i
I

By hypolhesis and since the comrnutator of  any two

e lemenLs o f  A i .s in€n,a@) one ge ts  tha t  (d+d/ r )2 - t€41* f ' tn )  g

€  € * * n t u )  ..  
B e c a u s e  o f  l e m m a  ? . 1  i n  t { t l :

L 7

sums van ish  by  the  f i rsb  connuta t ion
'by 

using again the coruqrutat  ion

-X tc +( /( ,c
ga i  a j  +  >_ ,  [T i  ,T3 i  @ a ia j  +

tcJ r-
l r i r r i )  6  a ia l  +  Z ' . ,  l t i rs - r )  8  r+

J

1 r f  , t 1 l  a  " 1 u f  
*  r & L .



ind A= ind (  n1"  A)= Tr  (  (  r -  f  a  )n+1-  ( r -  t 'Ad T. )n* l )  ) *

=rr ( Tet t i*a*al n+l- 1r.. 1. nd. d- ) 
n*r )=

n+4
=Trn 1.( L cfft-i 1n1 1a*alr-qaaIilP) )=

11 -  n

"t1+1 h ,{- n=rr  tL 'c f ; t . . r  )p "r (  (d+d*;  , 'p( l  e pe_ l -cg po)))  =
n- l ' )

- ( n + t ) ( * l ) n t r (  T  (  ( d + d  ) 2 n ( { 8 p e  1 e p r ) ) ) *

+  ( - t ) t + t r r 1q  1d+d* ,2n+2  (4e  pu  -  4  &  g  ) ) )=
1

= ( ' r ; n q  1 n + r ) t r (  t r f , t r  r  .  .  a , r f , t n )  ) -

t r ( I ' 1 n 1 1 ) ) = ( - 1 ) n t r (  t r f , r r  t . .  e  r r , X * n : l

where we used the lemma ment ioned above,and denot*JCf;=n- i -#FI

Cor ro la ry  3"4"  Assuming the  cond i t ions  f rom the

h y p o t h e s i s  o f  T h e o r e m  3 . 3  o n e  h a s :

rt )+
i n d  ( T 1 7 T 2  r . . .  r T n ) = ( - r ) n L r I T r 1 T 1 r .  " .  o T n r T n ] .

r f  w e  l e t  i n  T h e o r e n  3 ' 3 n  f u e  t h e  e x t e n s i o n '  o f

C q g Z n - t )  b y  K  t g )  o b t a i n e d  b y  a s s i g n i n g  T i = T z . i  ,  t h e  T o e p l i t z

opera tor  w i th  symbol  zL  ac t ing  on  H2(ann)o then the  compuLaL ions

f r o m  T h e o r e n  7 . 2  i n  1 1 0 1 ,  y i e l d  t h e  V e n u g o p a t k r i s h n a ' s  i n d e x

theoren :
Theorem:  r f  cd  i s  the  genera tor  o f  K{1g2n- r ;

descr ibed a t  the  beg inn ing  o f  th is  sec t ionrLhen:

i n d  f ( d  ) =  t ,  l r z t , \ f , . t , . , . r T . y * , r l - * l =
't (

= vol (Bn) /B* UrtAd;1A...  dznAdl-n= CL)".

where  by  vo l (Bn)  we denote  bh is  t ime t l ' re  vo lume o f  the  un iL

b a l l  i n  C n ,  w i t h  r . e s p e c t  t o  t h g  v o l u m e  f o r v r n ,  d E r n J a n A . . . n  d A , r A d z r .

1 8



4. fhe fundamental form determines an element

in  E2n (Rk,E)

fn  th is  sec t ion  we are  go ing  to  p rove tha t  the

fundamenta l  t race  fo rm determines  a  homology  c lass .

Le t  us  denote  as  in  L  IO 1  ,  fo r  an  open subset  D o f  Rk ,  by

.O'(o) the c-  -exter ior  j  forms with compact support  in D ,  by

COI(I ;  tn"  c losed forms in Cr(D)and by Eft(D) the exact

forms in .d(o) (  that  is  the image under exter ior

d i f  fe ren t ia t ion  o f  f /  
' (O) l  

.  Then the  fo l low ing  theorem ho lds

for  any  n  e  N.
Theorem 4 .1 .  I f  Xy  X2y  .  .  .  yX;4  are  se l f  ad  jo in t

g e n e r a t o r s  o f  a  c r y p t o i n t e g r a l  a l g e b r a  A  o f  d i m e n s i o n  n ' w i L h

essent ia l  jo in t  spec t rum. -  E  G RK,  then there  is  a  cont inuos

l inear  func t iona l  1  on  cCt ink)  wh ich  van ishes  on  Er f t (nk \ i : ) ,

so  tha t  the  t race  fo rm T1 sa t is f ies  :

T 1  ( f 1 r f  ) r , , . , f 2 n ) =  1 ( d f t A a f 2 . . .  A d f z n )

f o r  f l r f ) r . , . r f 2 y 1  i n  C - 1 p k ) . ( T h e r e f o r e  I  d e t e r m i n e s  a n

e lenent  in  I12n(RKrE) ,  and by  means o f  the  coboundary  opera tor
. 1 ,

? :  H 2 n ( R o , B ) - > H 2 n - t ( E ) r E n  e l e r n e n t  i n  I { 2 n - 1 ( E ) .

This theorem was proved in l ,  1,0) in dimension t  and

2.The proo f  o f  th is  theorem is  based on  an  a lgebr i&c  lemma

d u e  t o  N . W a l l a c h r w h i c h  a s s e r L s  t h a t  a  c o n t i n u o s  p -  l i n e a r

func t iona l  f  on  C * (R* )w i th  compacL suppor t  i s  o f  the  fo rm

1 "  Sprwhere  I  i s  a  cont inuos  l inear  func t iona l  w i th  compact

suppor t  on  the  c l -osed p  fo rms on  Rkrand !

s n ( f r , f z , . . . f p ) =  d f r A  . . . n d f p '

1 9



i f  and  on ly  i f  \P  r ras  the  p- fo ld  co l taps ing  proper ty .  (Reca l3-

tha t  f i t  i s  sa id  to  have the  p- fo ld  co l laps ing  properLy  i f
\ P  ( f r r . . . , f p ) = 0 ,  w h e n e v e r  f 1 r . . . r f p  a r e  p o l y n o m i a l s  o n  R n

a n d  t h e r e  e x i s t  i  +  J r  s u c h  t h a t  t i , f j r d r e  b o t h  p o l y n o m i a l s  o f

a  th i rd  po lynorn ia l ) .  , . ,
H e n c e ,  t h e  t e c h n i c a f  d i f f i c u l t y  i s  t h a t  t h e

assoc ie ted  fundamenta l  L race  fo rm has  the  2n- fo ld  co l laps ing

proper ty .  He l ton  and Howe proved tha t  th is  p roper ty  ho lds  i f

the fundanl .ental  t race form has the property that  ,  for  any

x ; t x z t . . . r x 2 g - 2 Q h r  a  e  A  r w e  h a v e :

t r I a 2 r d r x l  l x f t  . .  .  7 x 2 n - 2  J = 0 .

:h is  ident , i t y  ho lds

i f  n= l  o r  n=2,  so  tha t  t ,he  proo f  o f  the  theorem was

accompl ished in  d imens ion  1  o r  2 ,

Tak ing  a l l  o f  Lhese fac ts  in to  account ,  i t  fo l lows

tha t  the  proo f  o f  Theorem 4 ,4  i s  reduced to  the  fo l low ing

t e c h n i c a l  f a c t :
Propos i t ion  4 .2 .

a lgebra  o f  d imens ion  nr  t r ) -3 .

vre have:

L e b A  b e  a  c r Y P t o i n t e g r a l

F o r  e v e r y  d r x l  1 x f  r . , .  r x 2 n - 2  €  A

.l

t r l a z r d r X l  1 x /  r  . .  .  y X 2 n - 2 1 = 0 .

Before  proceed ing  in  the  ra ther  long bu t  exc lus ive ly  p roo f

o f  th is  p ropos i t ionr  w€ in t roduce a  fevr  no taL ions  and sLate

sone remarks .
D e f i n i t i o n  4 " 1 .  G i v e n  a  p - L ' u p l e  c {  = ( y l  , Y 2 , . . ' . ' Y p )  '

p

a n t i s y u ' m e t r i c  s u m  t  c x  l = [ y ]  t Y z r . . .  r Y p l .  r f  g  i s  a n y

p e r m u t a t i o n  o f  { y , 2 ,  .  "  .  , P }  a n d  c t ( q  )  i s  L h e  p - t u p 1 e

( y - , . , r Y - , ^ , t ' " ' r Y - , ^ . )  ,  t h e n  i t  i s  o b v i o u s  t h a t  3-o(4) -otz) G[P)

l t r ( c t ) l  =  t ( g . ) [ x ]

2 0

(  4 . 1 )  .



We denote  the  card ina l i t y  o f  d  by  lu  I  =  p  and we pu t  by
c o n v e n t i o n  I  U  ] = f  i f  I u  |  = 0 .  T h e  f o l l o w i ' g  r e m a r k  c o n ' a i n s
another way of  wr i t l ing the ant isyrnmetr ic sum.

Lemma 4 .3 .  Le t  d  be  as  be fore  a  p - tup le
( y l  , Y z  r . . .  r y p ) ' p ) I  a n d  l e t  k  b e  a n  a r b i t r a r y  e l e m e n t  o f

{ 0 ,  f ,  .  .  .  ,  , p }  .  T h e n  t h e  f o l l o w i n g  e q u a l i t y  h o l d s :

I  u  ] =  : , ' { ( F Y )  t P  l t a )

a l :  l F l = k ; { F ,  l r } p a r t i t i o n  o f  d ,  } .

H e r e  F  ( r e s p e c t i v e l y  y  )  r u n s  o v e r  k - t u p l e s  ( r e s p e c t i v e l y
( p - k ) - t u p l e s )  o f  e l e m e n t s  o f  t h e  s e t { y 1  , y 2 }  . .  .  , y p } ,  w h i c h
c o n s i d e r e d  a s  s e l s  h a v e  t h e  p r o p e r t y  t h a t  { l Z  , y  }  i s  a
p a r t i t i o n  o f  a  ( i . e .  o f  t h e  s e t  { y l r . . .  r y p } ) .  T o  e a c h  s u c h  p
a n d  Y  w e  c a n  a s s o c i a L e  a  p e r m u t a t i o n  g p y  o f  { t , 2 ,  .  .  .  , p }
o b t a i n e d  b y  c o n c a t e n a t i o n  o f  F  w i t h  Y  

' .  
B y  t ( P V  )  * u

denote  the  s ignature  o f  th is  permuta t ion .

The 
'  

in  the  sum before  has  Lhe mean ing  tha t  we
per fo rm the  sum on lyover  a  fami ly  o f  p  and Y such tha t  {cav
f o r m  a  s e q u e n c e  o f  c o s e t  r e p r e s e n t a L i v e s  o f  N 6 r p - k  i n  S p ,
where  Nkrp-k  i s  the  subgroup o f  Sp generaLed by  the
permuta t ions  $  in  Sp wh ich  preserve  i f re  subsets

{ L  r 2 , .  .  .  7 k }  a n d  { k + t ,  .  .  .  , p }  .  E q u a l i t y  ( + . { )  e n s u r e s  t h a t  i t

d o e s  n o t  m a t t e r  w h a t .  c h o i c e  o f  t h e s e  c o s e t  r e p r e s e n t a t i v e s

we per fo rm.

More  genera l l y ,  f rom the  same reasons ,

fo l low ing  s ta tement  ho lds :

L e m m a  4 " 3 :  r f  k l r k  1 r . . .  r k s r  a r e  p o s i t i v e  i n t e g e r s

w i t h  k 1 + k 2 + .  .  . * k s = p r t h e n :

I o ] =  I , ' {  t ( d L a , z . . . x s )  [ a . l  I a r 1  . . " I d r ]  ;  l a i l = k i r i = t r s ;

{ d g ,  a r , . . . , d s }  i s  a  p a r t i L i o n  o f  { t , 2 ,  .  .  .  , p } }  ,

where  Lhe 
'  has  an  ana loguous mean ing .  For  insLa i rcer  equa l i t y

( 2 . 4 )  i s  o f  t h i s  t y p e .

T a k i n g  i n t o  a c c o u n t  e q u a l i t y  ( 4 . 1 )  w e  c a n  p r o v e

the  nexL equa l i t y  wh ich  is  used in  the  proo f  o f  Propos i t ion

4 , 2 ,

I

the

2 t



Lemma 4 .4 .  Le t  c t  =  (y l  r l l  r  ,  .  ,  rY2g)  be  a  2p-Lup le  o f

e lemenLs o f  A  rp ) ; ,L ,  and a  an  arb i t ra ry  e lemenL o f  A .Then

the  fo l low ing  equa l i t y  ho lds :

\

l a '  I  o t  ] l = {  e  t  p r r s  P t l t  P l  I a ,  I y r y s ] J t p r \  z

, l l i l r  l P r l  
" u u n  

,  {  F , r P r } p a t L i t i o n  o f  o (  \ { v p v r } } .

The meaning of  the 
'  

above in Lhe second sum is as in Lemma

4 . 3 . : f o r  f  i x e d  r r s r a n d  f o r  a  f  i x e d  k  i n  { O r t  , 2 , . . . , P - 1 }  * "

t a k e  t h e  s u m  o v e r  a  f a m i l y  o f  Z k - t u p l e s ( r e s p e c t i v e l y  2 ( ( p -
- 1 ) - k ) - t u p l e s )  9 e  ( r e s p e c t i v e l y p . )  s u c h  t h a t  t h e  p e r m u t a t i o n s

$ - 6 . , p . o f  { L , 2 , . . . , 2 p } \ { r , r }  d e t e r m i n e d  b y  p j  a n d p z  f o r m  a
Yl " +

s e q u e n c e  o f  c o s e t  r e p r e s e n t a t i v e s  o f - N 2 g , 2 ( p - 1 - k )  i n

Szp-2 .  (Herer  w€ ident i f y  the  ordered se t

{ t , i , . . . , 2 p } \ { r , s }  w i L h  { L , 2 , . , . , 2 p - 2 } , f r o m  t h e  o r d e r i n g

point  of  v iew).

Aga in  ,  e (  F t  rs  Pz  )  i s  the  s ignature  o f  the  permuta t ion  o f

{ I 1 2 ,  ,  ,  ,  , 2 p }  r d e L e r m i n e d  b y  t h e  c o n c a t e n a t i o n  o f  p 1 , r  , s ,  F z  .

Proo f  .  (o f  Lernma 4 .4  "  )  By  f  o rmula  (  4 .1 )  one has  !

l d  l =  t , : t T  ) l y r . a l , y r r z ] - . . .  t v r ( 2 p - 1 )  r  Y 6 1 z p 1  l
' f e f i  Ly r  L (4

where  T  runs  over  a  sequence A o f  coset  representa t ives  o f  N

in  SZp(  here  N is  the  subgroup o f  jZp  genera ted  by

i n L e r c h a n g e s  o f  t h e  p a i r s  ( { 2 r - r  , 2 L } ,  f = { i ) .  w e  m a y  a l s o

assume tha t  the  permutaL ions  A are  so  chosen tha t :

Z,
, ! < r < s < z p

T (2L-L)  <

Mak ing  use  o f

I a ,  x l x z .  .  . x p J =

T(2L) ,  r= i l p .

fo rmula  :

x 1 . . . x k - 1 [ a ' x k ] x k + 1 .  . . x p  I

the

P
T,
k'o

w h i c h  i s  v a l i d  f o r  a l l  x l t x 2 r . . .  r x n  i n  A  ,  a n d  w h e r e  a

producL over  an  empty  se t  o f  ind ices  is  assumed to  be  { . '  one

o b t a i n e s :

2 2



p

la ,  I  c {  ]  l=  [ ,  E f l r [ y r r , r ,y  r r , ]  I  .  "  .  t v11  z t<- : ) ,Yr (  z t< . -21) '
' t . gA  k=4  

v \  J /  v v t

"  I a ,  I y r ( 2 k - r j  t Y  7 ( 2 k )  ]  I  .  .  .  I v r ( 2 p - 1 1 o Y t (  2 p ) ] '

! ' rom Def in i t ion  4 .1"and by  a  su i tab le  rear rangement  o f  the

terms in  the  sum before  r  o f le  ge ts  the  des i red  equa l i t y '  In

the  proo f  o f  the  Propos i t ion  we need the  fo l low ing

r e w r i t t i n g  o f  L e m m a  4 . 3 - :

temlna 4 .5 .  Le t  d  =(y I  r ! ) r  "  "Y2P)  
be  a  2p-bup1e o f

e lements  in  Arp7L.  Then,  w i th  the  no ta t ions  f rom Lemma

4 . 3 .  w e  h a v e  :

P \ s- r , e \ r ^ - - ^ r . r ! ' l t 1  
l l ^ . \ t 1 - ^ - r l r l  

1

( p + 1 ) [ s  ] =  I ,  l t  E ( F v ) l P  l t T l : l p l = 2 k ,  { p , ? } p a r t i t ' i o n  o f  u . i =
t;0

=  E '  t  e (F ] )  t  P  f  t  Y  l ' l F l  even  , { p ,V }  pa r t i t i on  o f  a ' }

where  the  mean ing  o f  in  the  f i rs t  te rm,  i?^" ! I " t  fo r  a  f i xed

krk=d]  we take  the  sun over  a  sequence o f  f f i?esenta t ives '

The nex t  remark  is  a  s t ra igh t fo rward  consequence o f

r e l a t i o n s  ( 2 . I ) ' a n d  ( 2 " z ) a n d  o f  L e m m a  2 ' . 4 a '

L e m m a  4 . 6 "  I f  a 1  , d 2 , . .  '  r d t  a r e  e l e m e n L s  o f  A  s u c h

t h a t  a i €  A j , ,  w h e r e  j i  a r e  p o s i t i v e  i n t e g e r s  w i t h :

) t + ) 2 + . . . *  j r = I r ,

then the  d i f fe rence :

a laz .  .  .d f -E-2 .  .  .€ lgd1

! s  an  e lement  in  An11 e  €  1$)  ,  w i th  nu l l  t race

Now we are  
"6 f "  

to  p roceed to  the  proo f  o f

p r o p o s i t i o n  4 " 2 .  "  F r o m  ( 2 . 4 ) ,  a n d  b y  a  s u i t ' a b l e  r e a r r a n g e m e n t

o f  the  te rnsr  oo€ ob ta ins  :

l a 2  r a  t x 1 1  t x Z  r  .  e  .  r x 1 n - 2 1 =

\-'
,t*-)

{ s i j a p r ' ( t a  l l a , x j i t F  l l a 2 , x i l t Y  I  +

a c j + j < r ' , - r

2 3



+ t o r  l t a 2 , x i l l P l l a , x j l t y  l l . . l a ! ,  1 p 1  ,  / Y i  e v e n ;

t  o r F ,  Y  )  p a r t i t i o n  o f  { t , z r . . .  r z n - z } \ { i ,  j } } .

'  
The mean ing  o f  i s  the  sane as  in  Lemma 4 .4( i .e .

keep ing  the  lenght  o f  d rP,^ l  f i xed ,  the  permuta t ions

d e t e r m i n e d  b y  d ,  F ,  !  o f  { I , 2 ,  .  ,  ,  1 2 r r - 2 } t { i ,  i 1  r u n  t r o u g h
a sequence o f  coset  representa t ives) ,  and s  i japV,  

' , '  ' ,  i s  the
s ignature  o f  the  permuta t ion  :

'  /  )  
. t  r . ^  ' . a -  . ^  \I  a '  a  x }  x Z  . . . .  x Z n - Z  I

I I
l l|  - r , - -  ̂ ,  I\  o (  a  x i  ?  a ? * i  V  /t -

which  is  the  same as  the  s ignature  o f  the  permuta t ion

obta ined b i  rn te" tw in ing  ccbove the  pa i r  (a ,x i  )  w i th  the  pa i r
( a 2 , x j )  , a n d  b o t h  a r e  e q u a l  t o  -  e ( i j d P T ) ,  w h e r e  s 1 i j , ( p " t )
i s  the  s ignature  o f  the  permuta t ion :

{ t  2 . . . . 2 n - 2 \
'  

[ i  j  " ( p {  )

S i n c e :

l a 2  r x ] =  a I d r x ]  +  [ a r x ] a

for x in A, and by Lemma 4.6 we obtain that ,  modulo terms

o f  n u 1 l  t r a c e  ,  a n d  k e e p i n g  i , ) , d ,  F ) l  f  i x e d :

I  u l t  a 2 , x ; ) t P l l a , x j l t y  l +  t  o (  l t a , x j l t P  l l a 2 , x i l t ! l =

= [ a , x i l a t  p  ] [ a , x j ] t V  l t d ,  l +  [ a , x i 1 a t 1 ] t a  l l a , x j l  I p  1 +

+  [ a , x j ]  t  p l a  [ a ,  x i ]  t f l t c < l +  [ a , x j l t y ] [ a  ] a l a , x i l l P ] '
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B y c o m b i n i n g t h i s t e r m s w i t h t h e a n a l o g u o u s t e r m s

ob ta ined  by  i n te rchang ing  i  w i th  J  t  and  s ince  3

l

e ( i j  a  P l l  
=  -  t ( j t d P t )

one f inds ,  modu lo  te rms o f  nu l l  t race :

Ia2 ra lx1-ralr .  .  .  rx2fi- '1)=

- ( n+ r  ) L . ,  Z '  { -  r ( i  j  p , r sp ;  d '  ) ( t d r x i l t  P j f  [ ; r o  I x i l x s ]1 IPe l t a ' x i  I
{ I  Ir.f J

r  p  t r  ;  lp i t r tPr l  evenr f (s r t ! i , l ,1r ,P' lPart ib ion of  t r ' ' '  "  
2n-2)\

\ t i , i , r r s ) ] =

= ( n + r )  L  f , ' f - e ( i j  p , r s p i p ' f  f a , x i f  i  g f  i x 1 , i i : r i T x s f  l  t h 1  [ a , x 3 : t p '  l  ;

7tJ'\$

f  f '  t -  e ( i j o F V ) ( [ a , x 1 l t  a , l p ] l l a ' x i ) t V l t o ( l  +
i + j

.  +  [ a , x i 1  1 a ,  I V ]  t a l  I  I a , x 3  I  t p ]  ) :  t o ' l '  l P l  '  l V  I  e v e n  ,

{  x ,  p  , V  }  p a r t i t i o n  o f  t 1 "  "  ' 2 n - 2 } \ t i '  j } } =

\  .  r l  -

- ( n + t ) L I t - e t i j d f l ) [ a , x i ] [ a , I p t t t " , x i ) t p ' ) :
i+j

.  r d r  r . " '  r  - t  ̂ t r t  
r r t i t i o n  o f  { r ,  .  .  .  , 2 n - 2 } \ t i  t  j } } '

i  lP\ lp l  even ,  rPtp )va

T h e l a s t e q u a l i t y i s o b t a i n e d f r o m L e m m a 4 ' 5 ' b y

c o m b i n i n g t e r m s f r o m t h e f i r s t s u m w i t h t e r m s f r o m t h e
second sum such tha t  P= VUu .The cons tan t  (n+ f  )  i s  ob ta ined

a s :  :

( p + l )  +  [ ( n - I ; - P + 1 1  '  P = 0 ,  n - l '

t

The te rms in  wh ich  p '  i s  empt ,y  a re  van ish ing ,  so  tha t '

apply ing Lemma 4.4,  i t  fo l lows that rnodulo terms of  nul I

t race ,  we have !

La2,  arx l r  .  .  .  1x2y1-2)=

2 5



1 |  P; l  , lp r t , l i ' Jeven ,  {P i ,  p , ,  p '  }vur t i t ion or  { r ,2  ,  '  '  "  ,2n-2} \
. /

\ { i ' i , r , s } }

where the SeCond sum runs over  a I I  d is t inc t

i r j r r r s = I r 2 r n . . r Z n - Z

The  las t  i den t i t y  f o l l ows  f rom Jacob i  i den t i t y :

I a ,  I x r r x s l  l = [ x r ,  I a r x s ]  l - [ x s '  I a ' x r  ]  l

tak ing in to  account  that :

e( i i P.jr sp, p' ) = , t ( i. i  P4sr pi/ ) .

Since 3

I  x g ,  I E r X s  ]  I  = x r  I a r x s  ] - [ a ' x s  ] x g

and using again Lennua 4.6,  we obtain that ,  modulo terms of

nu l l  t race ,  the  fo l low ing  ident i t y  ho lds :

la2  rayX l r .  . .  rx2n-2)=

< - - a -  I  t  - n . . 1 ,  
"  

1 r  l r t  r r ^ J l t r
= ( n + l )  7 -  Z { -  t ( i  j  p ; r s  p '  F " ) l p r ) x r l a , x r ) l f " )  [ a , x j ] [ p "  ] [ a ' x i ] "

11 ":55

i l p4 l ) l p ' r l  $ ' l eue r , ;  {p i rp ! ,p '  }pa r t i t i on  o f  t 1 , . .  . , 2n -2 } f t i  r i , t , s , } }

- (  n+r) [  L t -  e t i t  P) r rp)p '  lx r lp i ) [a ,x j  ]  tP ' i  td ,x i  l tP ; l ta ,xs  J  I
j ' j 'Q5

: l1 | l , l i t l , lp" /  even t tP i 'P! ,p" - )nu ' t i t ion or  {1 '  '  "  '2n-2} f { i '  j ' r ' s } }

w h e r e  t h e  s u m  r u n s  o v e r  a r r  d i s t i n c t  i r j r r r s  i n  { t ' 2 " " 2 n ' 2 }

Wi th  Lemma 4 .3 .  I  we group together  the  te rms in

wh ich  appears  t  p fx r (  respecL ive ty  x r f ,  PL  ) )  in  the  f  i r s t  sum

( r e s p e c t i v e l y t h e s e c o n d s u m ) . T h e r e f o r e , b y c h a n g i n g t h e

ind ices  o f  sumat ion  in  a  su i tab le  wa l r  and s ince :

2 6



'  |  |  i l  - t  . a  \ \ .  - . .  i - - ^ ' ^ l ^ l l r

e( i  j  O) t rB"  P"  )= - t (L lsP) tP ;  b '  )= -  e ( i  j s r  PrPtP"  l ,
e \ - J l - L - - r 2 - r  ,  l +  l L l

one f inds  tha t rmodu lo  te rms o f  nu l l  t race :

Ia2 rx I  lx f r  .  .  .  rx}n-Z]=

=(n* r l  I  Z l t t ( i  j s  d , jo (zo ts l  ia r l  td rxs l t%l  ta ,x j  f  tU  ta ,x i l  :
i ,7r€ '

:  1o t ,  I  odd ;  ld r l ,  ld r leven ;  {u , ,d2 :d5}par t i t ion  o f  {  r ' ' '  
"  

2n-2} \ t  i '  j '  s }  } -

- (n+t) i l f {  a(  i js  d lot 'd,b1. txol  ta,x j  I  t " ( r l  tdrx i  I  tq ta,xsl  I
).JJrD

:  f  u1(oddr ld r l r l , t  leven; { (1 rar , ' ' i 3 }par t i t ion  o f  t1 ,  "  "2n-2} f { i '  
j ' s } }

w h e r e  a s  b e f o r e ,  i r j r s  t a k e  o n l y  d i s t i n c t  v a l u e s '  S i n c e  t h e

s ignature  o f  ' the  
Per rnuLat ion :

{ "  
j  i \

t l
\ :  i  s i

is  { - r  i t  fo l lows that th is two last

t r  I  a Z  , i l r x 1  1 x i ) 1  .  "

te

r x 2

rns  cance l l ,  so  tha t :

n - 2  I  = 0 .
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5 . The

Since any  fo rm

c a n o n i c a l  i d e n t i f  i c a t i o n

index of  certain essent ia lY

commuting n-t.uP1es

Let  A  be  a  c ryp to in tegra l  a lgebra  o f  d imens ion  n '

g e n e r a t e d  b y  t h e  o p e r a t o r s  T I  , I 2 , . . . l T p  i h  f t g l  '  T h e n  t h e

e s s e n t i a l  j o i n t  s p e c t r u m  O ' g ( T t  , I 2 . , .  r T n )  i s  a  c o m p a c l  s u b s e t

E o f  Cn.  I f  Tg  has  th :  decompos i t ion  Xk+ iY6 '  w i th

s e l f a d j o i n t  X k r Y k €  A r k = I r n  t h e n  X i r Y i ,  i = 1 , n  ' a r e

essenL ia ly  commut ing  and the  essent ia l  spec t ru rn  o f

X 1 r Y 1  t . . .  r X n r Y p  a s  a  s u b s e t  o f  R z n  c o i n c i d e s  w i t h  E  i f  o n e

i d e n t i f i e s  R Z n  w i t h  c k .

I f  T1  is  the  2n- l inear  func t iona l  assoc ie ted  to

t h e  r e a l  a n d  i m a g i n a r y  p a r t s  X 1 r Y 1  ,  e . .  t X n r Y n  o f  T 1 7  "  ' , T 1 1 r

then by  Theorem 3 .1 ,  there  is  a  cont inuos  l inear  func t iona l

19  on  a f / ln rn )  wh ich  van ishes  on  Ef f t lm2n-n1 such tha t  fo r

a n y  f  1  , . , . , f 2 s  i n  c - d i o n ) ,  o n e  h a s  :

t r (  [ e 1 ( f r ) , . . . 7 € ! ( f  z n )  ] = T r ( f 1 , . .  ,  r f z n ) = l t ( d f 1 A '  '  ' A d f  2 n )

where by eT we denote

ca lcu lus  assoc ia ted

X 1 r Y 1  r . . . t X n r Y n  i n  A "
i n  d *1m2n1  i s  c rosed ,and

of  -C)2 ' (Rzn)  wi rh  c f ,  tn2n)

gdxr  Aay lA. . .AdxnAdyp -*> g e c f  (Rzn)

i t  fo l lows thaL 11 corresponds to  a  d is t r ibut ion u1 on

Cf ,  tm2n)  (or  on Cf l (Cn)  ) ,  (when n=1,u1,  is  a  measure absolute ly

con t inuous  w iLh  respec t  to  the  Lesbegue  measure ' ( [  3  ] '  [  3  ] )  )

the  l {e l ton  and Howe Ce func t iona l

w i t h  t h e  s e l f a d j o i n t  o P e r a t o r s

by the
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wi th  bhe  p rope r t i es  s ta ted  i n  t he  fo l l ow ing  l emma:

L e $ m a  5 . 1 .  I f  A r T l r  "  '  "  l T n  a n d  T 1 ' t I 1 7 u 1  a r e  a s

b e f o r e ,  L h e n :

( 5 a ) " r f  f 1 r . .  " , f z n c C F ( O n )  a n d  d f 1 / \  " " n d f  2 n  =

.-g dxl  A dylA dx2 A dy2 .  .  .Adxn/\dyn r  then 3

t r  I  e t ( f r )  r . . . 1 € g ( f  z n )  ] = T r ( f  t "  " , f 2 v 1 ) = u t ( 9 ) '

( s b ) . I f  U  i s  a n y  o p e n  s e t  i n  O n ,  w i t h  U n  n = d  I

then  uT  l c r  (u )=c#1g ,where  r  
i "  t he  Lesbegue  measure  on  o f l ,

and c  is  a  constant .
( 5 c ) . r f  0  : c n - > c n ,  0  =  ( g r , g z t " ' r 9 n ) i s  a  f

g l d p r  t h e n r l e t  S i = g i ( T 1 r . . . 1 T n )  b e  t h e  o p e r a t o r s  o b t a i n e d  b y

the l le l ton and Howe C@ funct ional  ca lcu lus :

s i =  e T ( g i )  ) .

B y  r e g a r d i n g  g i  a s  a  f u n c t i o n  i n  x 1  r l ; r "  '  7 X l r l n r  w i t h  t h e

i d e n t i f i c a t i o n  z k =  x k t i y k ,  k = I r  2 1 "  '  1 T 1 1  f o r

any f  in  c f l  tcn)  one has :

u s ( f ) =  u T 1 f o O  J a c ( 0 ) ) '

where  by  Jac(  0  )  we denote  the  jacob ian  o f

t rans format ion  0  f rom R2n in to  R2n '  
' ;

the

( 5 d )  "  W i t h  t h e  n o t a t i o n s  i n  ( 5 c )  '  i f  U  ' i s  a n
- n  t ,  L r - - L  . .  t  - l  I  r

o p e n  s e t  l n  u ' - . s u c h  L h a L  u T l C 3 "  t  O , t t u ) ) =  c y ,  ' '  u S l C f f Q )  = "  
F

and g  is  a  d i f feomorph ism f r6m Ol (U)  on to  U then i=c"

Proof .  (5a) .Th is  i s  an  easy  consequence o f  the

d e f i n i t i o n  o f  u T .

.  ( 5 b ) . T h i s  i s  a  c o n s e q u e n c e  o f  t h e  f a c t  t h a t :

1*  
I  rn2n16n-Ey=0 .

(  5d )  .Fo I l ows  f rom (  5c )  .

( 5 e ) " B y  P r o p o s i t i o n  3 " 6  i n  t 4 0 1  t g = T 1 o B  '  h e n c e '
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f o r  a n y  f u n c t i o n s  f 1 , f  | r , . , , f z n  i n  c f l ( R 2 n ) '  o n e  h a s  3

1 9 ( d f 1  A d f 2 .  "  " n d f Z n ) = 1 r ( d ( f 1 " 0  t Z i  a ( f Z o 0  ) ' .  " . / \ d ( f 2 n o 0  )  )  "

Af  ter  rather easy cornputat ions '  i f  :

d f r d t z  . . . A d f  2 n  =  g d x t / \ d y r  , .  o  d x n A d y n '

t h e n :

d ( f t " g ) 4 . . . .  A d { f 2 n . 9 ; =  1 q " 9  ) (  J a c 0  ) d x 1 A  " ' A d y n '

S ince  the  space nzn(Rzn)  i3  the  l inear  span

of  fo rms o f  the  type  d f lA  "  .  .  I  d f2n ,  i t  fo l lows tha t  (  5c )

h o l d s ,
F o r t l r e r e s t o f t h i s s e c t i o n w e s h a l l b e m a i n l y

concerned w i th  the  de terminaL ion  o f  the  cons tan t  c

a p p e a r i n g  i n  ( 5 b ) .  I f  o = l r  H e l t , o n  a n d  H o w e  p r o v e d  i n  t 9 1

t h a t  c = ( - L / Z  r r  i ) I n d  (  I  - T f  ) , f o r  a n y  l  i n  U ' A s  e x p e c t e d ' t h i s

r e s u l t  i s  s t i t l  t r u e  f o r  a  g e n e r a l  n '  a n d  t h e  i n d e x

o f a s i n g l e o p e r a t o r i s r e p l a c e d b y t h e i n d e x o f t ' h e

esser r t ia l l y  commut ing  n- tup le  ty , I2 '  '  "  '  'Tn '  We re f  e r  to

|  4 +  I  o r  t 1  I  f o r  d e f i n i t i o n s  a n d  r e s u l t s  i n v o l v i n g '  F r e d h o l m

n- tup lesr  r

P r o p o s i t i o n  5 " 5 .  L e t  ( T 1 r T 2  f  "  '  ' T n ) g J ' ( E )  b e  a

s y s t e r n o f o p e r a t o r s g e n e r a t i n g a c r y p t o i n t e g r a l a l g e b r a A o f
d i m e n s i o n  n  a n d  s u p p o s e  L h a t  ( ' d t l +  . . . * t i r n ) - 1 €  A 1 + f 1 ( E )

I f u g i s t h e d i s t r i b u t i o n a s s o c i e t e d t o ( T 1 , T 2 , " . . , T n ) t h e n :
4

u T  l  a 3 "  t B z n ) = ( : z t ) n v o 1 ( B i n )  
i n d  ( T 1 ' f 2 "  " ' T n )

where  BZn  i s  the  un i t  ba t l  i n  R2n ,  and  vo11 f2n1

Lesbegue neasure  o f  Bzn.  , .
P r o o f  " R e m a r k  t h a t , s i n c e  l t l t l - r  e  A r l e i ( n )

i t  f o l r o w s  t h a t  < 6 ( T l  , T 2 , . . .  r T n )  g -  s 2 n - r '  L e t

f i x e d r  d o d  e c m i n  t  6  , r - E  I  "  L e t  f t b e  a  f u n c t i o n  i n

s t r c h  t h a t  f  E  ( r ) =  r / 6  i f  r <  6  -  e  a n d  f  r ( r ) = 1  i f  r

F rom the  deve lopement  in  Tay lo r  ser ies  one ob ta ines

nr Ir l

i ^
I J

n 2n1
t)

the

6 " r  b e
c- [  [0 , - )  )

r S n e
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f e ( r ) -  f e ( 1 ) =  ( r - 1 ) h e ( r )

fo r  some hun  a f (  [ 0 ,  * )  ) .  Hence :

f e ( r ) - " r  =  ( r 2 - r ) g r ( t )  ( 5 ' 1 )

f or some g re-c*110, 
oo ) ) .

Moreover ,  i f  o<  r  <5 -e<1 ,  then :

r !  - t r r
( 5 . 2 )g e ( r ) =

, 2 _ L

r ,e t  1  r ! j=  3L  fo r  1 {z l l  +  0 '  z  l t rn  (where  t l  '  t l  i s  the

1 1 z t t

euc t id ian  norn  on  Cn; ,  and:

. F' P f  t r l =  r ' - , l z l t  ) V i ( z )

f t r t =  9 , (  t t z  t t  )  ! i ( z ) '

f ^  a n d  (  5 , 2 )  s h o w s  t h a t

t l ,Yf 'c""  ( ; ; ;  ; ; ; - ; ; ; ; - iu.  i l  , "  bv murt ipr icat ion with f  i  we
. ,  I  .

deduce that:

f i  ( z ) - z L =  (  X l " i l z  r )  f f  t " l '

T h e r e f o r e , b y t h e p r o p e r t i e s ( i ) ' ( i i ) o f t h e

H e l t o n a n d H o w e f u n c t i o n a l c a l c u l u s , r e c a l l e d i n p a r a g r a p h
2,one ob ta ines  tha t  :

"st Yi ) -r i  = 1[t i t1-r I er t Yi t

m o . d u } o L e r m s f r o m A t . B y h y p o t h e s i s a n d s i n c e A l a n d
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€Otu l  a re  idea ls 'one ge ts :

" r t  Yf  ) -  r i  €  A1+ f4(E) '

Hence by  lemma 2 '4 (b)  '  by  p roper ty  i )  o f  the

Hel ton  and Howe crc func t iona l  ca lcu lus ,  and by  cor ro la ry

3 . 4 :

) f *

i n d  ( T 1 r T 2  , . . .  r T n ) = ( - 1 ; n r r I T 1 ' T 1  r  "  '  r  T 6 ' T n l =

) ,  e rg  ( f f ;  ) l =

. . . d ' n / \ d z p  ) ) =

=  ( - r 1 n t r ( l e r  t  f f  l , " t t f f  ) , .  "  ,  e y l f *

= ( -1 )n  r r  G? fn  6 fn 'n .  .  .  .Ad  ?3  na  f i l =

=(- r )n  r r (  Jc  t f f ,  fn t r . . . , t * , ' r t la icAdz lA

=1-z i )n  " (  JcGf , . - , ' t f  l ay
fre*1 0,5*z) .

where by Jc we denote the Jacobian with respect to &' ' * ' ' ' ' '  '&^:&'*

a n d  c  i s  t h e  c o n s t a n t d e f i n e d b y u r l C f l _ ,  (  g 2 n 1 O , 1 )  ) = c f t t

(where  we denote  , r .2n(0 ,  a  ;= {xen2n:  11x1< a  } ) .

B y  a p p r o x i r n a t i n g  t h e  f u n c t i o n  f  d e f i n e d  b y  f ( t ) = * . : f ,  r <  6

a n d  f ( r ) = 1  i f  r > | , w i t h  C o o  f u n c t i o n s  f s  s u c h  t h a L  t h e

sequence of  the der lvat ives . is  uni formely bounded so that

tn (  f , ' r  f f r . . . , * . , th  converges  un i fo rmery  bounded to  
* r *XBz*(0 ,5)

""u'-; i ; ;""toiui, 
z\r ,  ,  ,  ,v'v1,zn) =f i t  f  orrows that t 

o

,l " 2,^.
i n d  ( T 1 , T 2  r . . .  r T n ) =  ( - 2 i ) n  

"  f l  
d  c l n

o

where c2p is the volurne of  the uni t  bal l  in Rzn'

T h e r e f o r e :

= ( -r 1n 1+zi ) n ur Gs,(if ,Yt, . ,*,rVtl I

1
!

c =  -  i n d  ( T 1 r T 2 r . . . T n )

.  ( - 2 i ) n c 2 p

* L . . -  r ^ . ^ ^ { , '  t "  X o  h i s  c l n a u " a c * e ^ i s t i "
a s u t b s e {  

q e c  r w e t t e n o L e ' - .  o  ' ,  .(  A,  , ,  snal  , {on

{ u n c t t " m )
32



Theorem 5"5 .

c ryp to inLegra l  a lgebra  A

e s s e n t i a l ,  j o i n t  s P e c t r u m

connected open set such

d i s t r i b u t i o n  a s s o c i a t e d  t o

any  po in t  in  U '  then:

L e t  T 1 r T 2 7  o  n .  v T n  g e n e r a t e  a

of dimension n.  Let '  E C 0n be the

o f  T 1  1 T 2 1 , .  "  v T p ,  I e t  U  b e  a

tha t  U0 E= g i  ,and le I  uT be  the

T 1 r T 2 7 . , .  7 T n .  L f '  ( l l , I z , " , , t r n )  i s

Proof.  The ideea of  proof is to reduce the problem to

the  fo rego ing  case.The proo f  i s  an  easy  ex tens ion  o f  tha t

g i v e n  i n  l 3  l , s e c t i o n  T . 7 r i n  t h e  c a s e  n = l . W e  a s s u m e  t h a t  0 e

€  U  a n d  t h a t  ) ' i  = 0 , i = I l n  ^
L e t  4 : E  > O  b e  s u c h  t h a t  t h e  c l o s e d  b a l l  B ( 0 '  5  ) w i t h

r a d i u s  5  i "  c o n L a i n e d  i n  U .  A s  o b s e r v e d  i n  L e m m a  5 . 1 :

I

u.n l r i=-- l -

(  - 2 i  )  
n c 2 p

urlca"(u) =" Flu
i s  a  c o n s t a n t .

i nd  (  t r l -T r  t . . . , \ - *n )  f l lU

( 5 . 3 )

where  c

.  Le t
< i '  a n d

i n c r e a s  i

c@ func t ion  such tha t

a n d  s u c h  t h a t  r f ( r )

f ( r 1 = 1  f o r

is monotone

r<f  b e  a  p o s i L i v e
. t -

f ( r 1 = f  f o r  r > 5
r r Y  .

Let g:  Ctr-> cn be def ined by :

g i ( z ) =  f ( l { z l [ ) z i ' 9 =  ( 9 1 ' . . . , 9 n )

J
T h e n  o n  B ( 0 '  2 )  o n e

in  a  ne ighbourhood o f

5
h a s  t h a t  g ( z ) = z  ,  z e B ( A  , i )

E .  L e t  S i =  e T ( g i ) .  B Y
-)r-

,  and f {si lz) 'z=t
p r o p e r t i e s  i ' i i ' o f

t h e  f u n c t i o n a l  c a l c u l u s ,  w e  o b t a i n  t h a t :  l 5 1 S 1 - l  € A l '

I n  p a r t i c u l a r  s " ( S 1 r .. .  r s n )  e  s 2 n - r . s i n c e  :

s ( z ) = f ( [ l z l l ) z

i s  m o n o t o n e  i n c r e a s i n g ,  i t " f o l l o w s  t h a t :a n d  f ( r ) r

3 3



< " - -

g(z) . i2rr r .1 ( 5 . 4 )

L e t u s b e t h e d i s t r i b u t i o n a s s o c i e t e d t o t h e

o p e r a t o r s  S I  1 5 2 1 , . .  r S n ,  w h i c h  s t i l l  g e n e r a t e  a

cryp to in tegra l  a lgebra  o f  d imens ion  n .  S ince  ts2n(0 ,1)  f l

A  q ( s 1 , . " r s o 1  =  P i i t  f o l l o w s  L h a t

us  I  nzn to , f )  =  
" ' f l JB2n (0 , j  I t u t  [ n2n10 ,4 )  

= " ' f l lBzn (0 ,C  )  ( s ' 5 )
C c

f o r  some  cons tan t  c ' .  s i nce  by  ( 5 .4 )g -1 (  g2n to rB ) )=82n rc ,L1

i t  f o l l o w s  b y  l e m m a  5 . 1  ( d ) ,  t h a t  c = c "

The only th ing that remains to be proved is that  ind T=ind s

( b e c a u s e o f t h e p r e v i o u s p r o p o s i t i o n ) . B u t o n e e a s i l y

constructs a hornotopy of  Fredholm operators between s and T'

C o n s i d e r  9 . 1 ( z ) = z (  ( 1 - t ) + t $ (  t 1 2 1 1  1 '  T h e n :

s t =  " r ( 9 t , i ) ,
i = I  r  I l .

path of  Fredholm n-LuPlesis  a  Fredho l rn  n - tuP le ,  and g ives  a

connect ing  S and T .  Hence bY [  1  ] :

i n d  S =  i n d  T .

T h e r e f o r e  b y  P r o p o s i t i o n  5 . 5  ( s i n c e  S f S l + '

c o m p a r i n g  e q u a l i t i e s  ( 5 . 3  ) ,  ( 5 . 9 )  , * n &  c =  c '

e l , ta l i t ] ,  the  T l " ,eorer .n  fo11ows.

.  .+s;sn-l  e Ar),and by

uvii h Lhe p rece clin g
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Appendix

temma. Let A be a r ing.  Let a1tazr "  '  ta2m+1 ,  f r )z l

be elements of  A .  Let  s2 be the set of  permutat ions of

{ r , 2 , . . . r 2 m * l }  w i t h  o . - 4 ( 1 )  < o - 1 ( z )  ; l e t  s 3  b e  t h e  s e t  o f

p e r m u t a t i o n s  w i t h o { ( t )  < a * 1 ( Z )  < s - { ( 3 ) ; I e L  S [  b e  t t r e  s e t  o f

permuta t ions  w i th  :

, - { (r)  .0"{(z)  .cts1 <s-ta);

and Ie t ,  S [  be  the  se t  o f  permuta t ions  w i th :

o . -4 (21  .d l t r )  . a - { (a )  .o . { :1 .

L e t : '

a--

Z - , i =  /  ,  t ( o )  a o ( r ) . . .  a 6 ( 2 m + 1 )
A

cr€)i
,  L = 2  , 3

and:

.{ \--:-
) - q =  ) * ,  e (  o  ) a  c r ( 1 )  " . . 4 6 ( 2 m + r )  

- 2  
, a ( o ) a o ( r ) " ' d o ( z m + r )

o.6sf Ges;

Thenrmodulo e lements f rom An (  the m-th ideal  o f  the

commuta to r  f i l t r a t i on  o f ,  A  de f i ned  i n  pa rag raph  2 )  z

( i )  I 2 = m  a L a z l a 3 , . . . r d 2 m * l ]

(  i i  )  I f  a1=a3  then  X3=  ma la2  [a3 ,  '  '  '  7d l s1* ]  )

. 3 5



(  i i i  )  I f  a1=a3 re -2=a4 then f  4=ma1a2 [a3  ,a ,4 ' "  a2m+11 , r t r> .2

P r o o f . T h e p r o o f w i l t b e d o n e b y i n d u c t i o n '

s i m u l t a n e o u s l y . W e  a b r e v i a t e  b y  ( m o d  A i ) r a f t e r  a n  e q u a l i t y ,

Lhe fac t  t t ra t  th is  equa l i t y  i s  on ly  va t id  modu lo  Lerms f rom

A j .  I f  m = L ,  t h e n  ( i ) r ( i i )  a r e  t r i v i a l ,  a n d  t h e r e  i s  n o
J

m e i n i n g  f o r  ( i i i ) .  T h e  g e n e r a l  i n d u c t i o n  s t e p  s h o w s  t h a t

( i i i ) ,  f o r  m = 2 ,  f o l l o w s  f r o m  ( i ) r ( i i )  i n  s t e p  m = [ .  H e n c e '  w e

c a n  s t a r L  o u r  i n d u c t i o n . A s s u m e  ( i ) ,  ( i i ) '  ( r e s p e c t i v e l y  ( i i i )  )

a re  p roved f  o r  k= t l f i : i ,  ( respec t ive ly  [=2 ,n- ' I  f  o r  (  i i i  )  )  .As

a l readv  ment ioned be forg r w€ use the fol lowing

c o n v e n t i o n s  : i f  t h e  i n t e g e r s  ) l r ) 2 r  c . .  r  j z m + r  d e f i n e  a

p e r m u t a t i o n  o f  L , 2 , . . .  ' 2 m + 1 ,  t h e n  g ( j r '  . , , , i 2 m + 1 )  w i l l  b e  t h e

s ign  o f  th is  per rnu taL ion .  The proo f  w i l l  be  d iv ided in to

t h r e e  p a r t s ' c o r r e s p o n d i n g  t o  ( i )  '  ( i i )  a n d  ( i i i )  '

grouped

By the

g rouped

Proof  o f  ( i )  "The Lerms appear ing  in  Z)Z  can be

i n t o  :
( a ) .  T e r m s  s t a r t i n g  w i t h  a s a '  w h e r e  r , s  4 { t r z } '

inducL ion  hypothes is  fo r  ZZ,  these te rms may be

in  o rder  to  g ive  te rms o f  the  fo rm:

( m - I )  [ d s r a s ] a t a z l a j t r ,  . , , a j l r n _ l  t (  t , s , L r 2  r J L r ' ' ' , j Z m - g ) =

=  ( m - I )  t ( r r s  , L 1 2 , i 4 - , . , .  ) a l a 2 [ a g r a s ] t a j . r  , . . .  i  u j r * - J  ( r n o d  A l n )

w h e r e  r < s  a n d  j t < . .

{ t r s  , L , 2 , ) l - r , .  " ,  j 2 * - 3 } =  { L r 2 ,

Per fo rming  the  sum a fLer  a l l

. < j Z m - g  a r e  d e f i n e d

. . . r 2 m + I ] .
r r s

by

(m- l )  aLaZ [a3 ,  .  .  .  7d l s1+ I  J  .

( b ) .  T e r m s  s t a r t i n g  w i t h  a t a s  o r  d s d L  w i t h  s * 2 '

These te rms.  a re  d i rec t l y  g roupped in to :

I a 1 , a s ] [ a z r . ' . ,  d s , " ' ,  a r * n /  e  A m

J O



(c ) "  Terms sLar t ing  w j ' th  aLaz '  Obv ious ly  they  are

g r o u p e d  i n t o  a ! - a z [ a 3 , . .  "  r a 2 m * 1 ] '

T h e r e f o r e ,  t h e  s u r n  o f  a l l  t e r m s  i n  a ' b o c  i s  e q u a l

( m o d  A p )  t o  m a 1 a 2 [ a 3 ,  .  "  .  , d z m + l ]  '

P roo f  o f  t i - i ) '  The te rns  may be  grouped in to :

{ a ' } , T e r m s  s t a r t i n g  w i t h  d 1 d 2 ' A s  i n  c  t h e i r  s u m

T S :

( b ' )  - T e r m s

$  l t , z l  ( a n d  a  P r i o r i
B y  t h e  ( m - I )  i n d u c t i o n

o f  t h e s e  t e r m s  i s :

A A

t ( r r s , l - 1 2 , 3 "  o .  7 r .  o  .  v s .

f o r  a l l  r < s .

F u r t h e r ,  t h i s

e ( L , 2 , 3 , s , 4 , , . , 1 8 r , ,

By reason ing  as  in  Lemma 4 '3 '

( b ' ) r ( c ' )  i s  ( r n o d  A 6 ) :

( m - t )  a L a z l a 3 ,  .  .  .  7 & ! 6 * [ l  .

/\ ./\

F . ( L  n Z  r t  r s  1 3  I  o  .  "  r 1 , ,  . 1 6 . ' '  )  ( m - r ) a l a 2  [ a s  r & g ]  [ a 3 ' ' ' '  7 & s ' ' ' d g r  n  o

t c "  ) ' T e r m s  s t a r t ' i n g  r ' r i t h  u l a s  o r  a s a L  w i t h  s  *  2

there fore .  :  s *  f  ) 'ey  the  i f ia lc t ion  l rypo thes is  on

t  Z  these Lerms together  g ive  :
, / \

€ ( 1 r  s  , 2 , 3 , . 4 1  ,  .  .  , 4 ,  ,  .  ' )  ( n - 1 - )  [ a L ' a s  J a 2 a 3 l a l ' "  '  7 & s  "  '  '  ]  ( m o d  A t n )

{ t  s  2  r )

S i n c e  d r = a 3 -  a n d  t h e  p e r m u t a t i o n  \ 1  2  3  s / i s  e v e n '

f o r  f i x e d  s  w e  o b t a i n :

a 1 a z [ a 3 0 . . .  v & f 6 * ] J .

s t a r t i n g  w i t h  a r a s  o r  d s d r  w i t h  r ' s 4

f  r  s + 3 ,s ince the aEgociated permutot ions 1ie in 6j)  ,T<9'

s t e p  f o r  7 3 ,  f o r  f i x e d  r c s '  t h e  s u m

. .  )  ( m - l )  [ a r r a s l a l a 2 [ a 3 r '  " , i r r  "  " 1 " "  
' a 2 6 + ! 1

I as t  t e rms  a re  equa l  (mod  AP) :

.  a2m*L l

(  and

,t\

.  )  ( m - t ) a t a Z I a 3 r a s ] [ a 4 ,  n .  " d s ,  o  "  ]

Lhe sum of the terms I N
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A d d i n g t h e t e r m s f r o m a . w e o b t a i n ( b h e c o e f f i c i e n t ) m .

Proof  o f  ( i i i - ) .  The te rms in  f ,4  a re  g rouped in to :

3"  "  Terms s ta r t ing  w i th  a las
n  a r r  w ^  . ' i l ' l

* 1 2 , 3  , 4 \  (  t h e s e  a r e  t e r m s  i n  s f ,  i  ' w e  w i l l  p

i ;  s t  i f  the  assoc ie ted  permuta t ion  is

t h e  ( m - f  )  i n d u c t i o n  s t e p  f o r  X 3 ' f o r  a  t

these te rms is (  mod Am) :

or asa{-

ay that
4-

St .  S inc
i x e d  s ,

wi th  s  S
a ter rn  is

e  a 3 = a 1 r b Y

the sun of

. . 1 d g r . . .  ] =

4

. . d g r . . .  ]  ( m o d  A m )  '

d s d r  r ( s r r r s s

i t  fo l lows that

b " .  T e r m s  s t a r t i n g
t -

+ { 1 ,  2  ' 3 , 4 }  .  T h e s e  t e r m s  a r e

for  Xg theY can be grouped'

5 7 .  .  .  ?  r . , . ) l a z r a g J a l a 4 [ a 3 r a 5 '  "  ' a - g  t  "  '  t a 2 m + t ] '

Since the  s ignature  o f  the  permuta t ion :

w i th  d2ar  o r  a ra |  w i th  r  {

in  S [ '  .  BY n- I  inducL ion  s teP

modulo terms in Aro in :

i s  n e g a t i v e ,  a n d  s i n c e  a 2 = a 4 l

ob ta in :

6 . . . 1 . . .  \
- ^ l
b .  .  .  f  ,  "  ,  f

modulo terms from Am, we

^ n
( m - 1 )  ( L r 2 r 4 r t  1 3 1 5 r . ,  '  1 t  1 " ' ) a l a z  l a 4 r a r l  I a 3 ' d $ r  "  '  1 d g "  '  ]

/\
( m - 1 )  L l L , s  1 2 , 3 , 4 1  ,  .  . J ,  '  '  ' )  t a t  r a s  ) a 2 a 3 [ a 4 '  '

A

= ( m - l )  E ( 1 ,  2 1 3 , s J 4  r , . . . s r . . .  ) a t a Z I a 3 ' a 5 ]  [ a 4 t '

c " .  T e r m s  s t a r t i n g  w i t h  a s a g r o r

d  t r r  2 , 3 , 4 j .  B y  t h e  i n d u c t i o n  s t e p  f o r  L a  I

(mod A6 ) theY are equal to :

e ( f  r s  , L 1 2 1 3  1 n  " .  t  1 "  ' S 1 "  '  )

e ( L r z t t  r s 1 3 r ' . . .  r ; ,  '  '  ' ; ,  '

. \ A i

( m - 1 ) [ 8 g r a g ] a t a 2 [ a 3 ,  "  ' d s r  '  '  '  7 d g '  "  ' E l t J J l * I . l =

. . )  ( m - r ) a t a 2 [ d g r d s ] [ a 3 ,  '  '  ' ; r " ' , l u  '  " ' t a 2 m + { ]

( z  r  L  4  3  s

\1 "  2  4  r  3  5
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dr "

d2"

Summing a1I

a2aL= [ a2, a1 J

Terms s ta r t ing  w i th  a ta2  in

Terms s ta r t ing  w i th  a2aL in

the  te rms o f . the  tYPe d2 and

+ a L a Z r w e  o b t a i n :

+
sa i

s; "
using the  ident i tY

a

4l

:

we obta in

sun o f  the  te rms in

equal  (mod A*) wi th:
R e a s o n i n g  a s  i n  L e m m a  4 ' 3 - t h e

a "  r b "  r c "  w i t h  t h i s  l a s t  t e r m  i s

The remaining

i n  (  6 .  I )  a n d

ant isYmmet ' r  ic

i s :

( m - 1 )  a y a 2 [ a 3 , ' '  '  7 & ] 6 * 1

terms from Xa are those f  rom the second sum

those o f  type  d1 .  By  the  de f in i t ion  o f  the

commutator,  the sum of al l  terms of  th is type

a l a 2 [ a 3 r ' . .  r d 2 6 + 1 ) '

This  ends the Proof  o f  the lemma'

En tz , t ,  c ( )  t az ,a i 11  &+ fe  ( L ,2 ,<  ) a1a2  d  ( 6 ' r )
q

where o( runs over aI l  Permutat io l :

t E r a  t . . . r Z n + r ) ,  w i t h  t h e  p r o p e r L y  t h a t x ' ( 4 )

such d. f l  d,r  & is the product ao1, l )  "  'a4( !m+1") '

By the (rn-I)  induct ion step f  or  f  2 ' the f  i rst

equal (mod An1) to:

( r n - r )  F , { 2 , L , 4 , 3 , 5  '  .  . 2 m + 1 ) l a 2 ' a 1 1 a 4 a 3  [ a 5 o '

S i n c e  t ( 2 , 1 ' , 4 t 3 r 5 1 .  "  ' 2 n * 1 ) = 1  a n d  s i n c e  a l = a 3  r d 2 = d 4

f u r t h e r :

( r n - I )  a L a Z [ a 3 r a 4 ]  [ a S , .  '  '  1 & l s 1 * I J

of  the  se t
- t

< d - ( 3 ) '  a n d  t o r

s u m  i n  ( 6 . 1 )  i s

. . d l p + ! I .
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