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APPROXII.IATION AIVD EXISTBNCB OF PERIODIC SOLUTIONS

FOR CONTROLLED DIFFUSION EQUATION

by

V a r s a n

s 1 . TITTRODUCTTOTI

The  ex i s tence  o f  pe r iod i c  so luL j -on  i n  p robab i l i t y  f o r  d i f -

f us ion  egua t ion

m
d x = f  ( t , x , U a * F . , g i  ( t , x ) d w ,  ( t ) ;  x G  R n  ,  L ; . - 0 ,

where  w( . )  i s  a  s tandard  m-d imens iona l  l { i ene r  p rocess  ove r  t he

pr :obab i l i t y  space t f ;  ,  F ,  v  r t  y \  ,  and f  ,g i  a re  per iodrc  w i r ; r

respec t  t o  t he  va r iab le  t ,  i s  obey ihg  the  same genera l  scheme

a s  i t  i s  d o n e  f o r  t h e  e x i s t e n c e  o f  s t a t i o n a r y  d i s t r i b u t i o n s ;

su f f i c i en t  cond i t i ons  o f  t he  s tab i l i t y  t ype  as  i n  !  l ,  L r l  and

r \ \
J3  \  cou ld  be  used  to  ach ieve  the  goa l
L d

Genera l l y ,  t he  ex i s tence  o f  a  momen t  func t i on  g : ,R l * ) [0 ,  " c  t

F - 1( s e e  L t  j  t  s u c h  t h a t  s u p  I t g ( . I ( t ) ) i u < o a  e n s u r e s  t h e  e x i s t e n c e  o f
tv0

a  pe r ioC lc  so lu t i on  bu t  a  nondegeneracy  cond . i t i on  on  the  d i f f u -

s i o n  p a l ' t  r n a k e s  i t .  d i f f i c u l t  a n d : : e q u i r e s  a  s t r o n q  d i s s - i - p a i : i v : i - t y

p rope r t y  f o r  t he  d r i f t  pa r t  f  ( t , : < )  .  UnCer  some noncegenerac ' /

c o n C i t i o n  o n  t h e  d i " f 5 u s : o n  p i i r t  w e  p r o v e ' c h e  e : < i s t = n c e  o f  b o u ; l c c r i

p e r i o c l i c  c o n t r o l s  t t .  ( t , : < )  ,  i = 1 r . . .  , t n ,  a c t  j - n o  i n  t h e  s a m e  d i r e c -

t ions as the ' i r / iener  prccess s t - ich that .  the fo l lowing equat ion

c
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r  m  1 ,  m
( * )  a * =  L f  ( t , x i * . X " u .  ( t , x ) 9 i ( t , x ) J a t + . X . n r - ( t , x ) d w ,  ( t ) ,  L l r } ,

i = 1  
L  

i = 1

has .  a  pe r iod i c  so lu t i on  i n  d i s t r j "bu t i on -

The  ma in  too l  i s  an  app rox ima t ion  theo rem fo r  so lu t i ons  i n

( * )  wh ich  g i ves  the  advan tage  to  check  su f f i c i en t  s tab i l i t y  con -

'  
d i t ions on a Jnore su i tab le d. i f  ferent ia l  equat ion

Rough ty  speak ing  i t  can  be  s ta ted  as  fo l l ows .  I {e  a re  g i ven

a  f i n i t e  s e t  o f  s m o o t h  f u n c t i o n s  s r : f o , t ] . "  R n * ? R n ,  i = 1 r . ' . , m ,

a n d  d e n o t e  { t n , , . . . , 9 * )  t h e  L i e  a l g e b r a  o v e r  r e a l s  g e n e r a t " l  i , V

them,  where  ln r ,n j ]  t . , x )  =  (  Osr i )x )  q i -  lbv r /zx )  s ,  )  ( t , x )  .  rake

h 1  , - - . , h '  g d @ 1 , . . . , 9 , n )  a n d  d e n o t e  y ( ' )  t h e  s o L u t i o n  i n

y  (o )  =*o€ L2  ( f , i ,P)  ,

where f . ,  { t  Lo, r l *  n l+nn are f ixed '

A l o n g  w i t h  ( * * )  w e  c o n s i d e r

x ( 0 ) = y ( 0 ) ,  t 6 f O , r ] ,
u

( * * * )  u *=  F  ( r , x ) - t  E  v ,  ( r , x )e i  ( r , x t ]a . .$  q . rc ,x )dw* ( r )  r

r
where . {  ,  9 .  ,  f . , -  are the g iven funct ions '

j '  ' L  K

The f i rs t  two theorens we g ive here s tate the ex is tence of

a  sequence  o f  so lu t i ons  i n  ( * * * )  wh ich  app rox ima t .e  the  so lu t i on
I  r ' >  1 / 2

i n  ( * * )  u s i n g  t h e  u s u a l  m e r * r i c  d ( x ( .  ) , Y ( ' ) ) =  ( E  T 1 * _ ,  
l x ( t ) - Y ( t ) i " )  "

t El_O , TJ

Th is  resu l t  i s  connec ted .  w i th  the  con t ro l l ab i i i t y  p rope r t i es  o f  de -

t e r m i n i s t i c  c o n t r o l  s y s L e m s  a s  i t ' a p p e a r s  i n  F ]  a n < i  [ t ]  b u t  t ' h e

t e c h n i q u e  u s e d  i n  L + ]  a "  t r e a t  t h e  c a s e  f  ( t , x ) 1 0 ,  c a n n o t  b e

use fu l  he re  because  o f  t he  pe r tu rba t i on  genera ted  by  the  d i f f r : s l on



par t .  The procedure  we use here  or i 'g ina te  in

t i c  case i t  comple tes  the  resu l ts  in  t t l '

and  in  s tochas-

A s imi lar  but  somehow weal<er  resul t  than that  g iven here

- - , - - r - - - L r -  
r  1

regard lng cne approx imat ion wi l l  appear  in  Lg. . |  
.  T i re  resul t  in

Theorems 1 and 2 remains the same in  the case the l { iener  process

w ( .  )  i n  ( * * . )  and  ( * * *  )  i s  rep laced  by  a  con t i nuous  square  i n te -

grable mart ingale for  which the quadrat ic  var ia t ion matr ix

/ \ t
v ( r )  = @ r c ) , M ( . )  

)  h a s  t h e  f o r m  v ( t ) =  t H ( s , w ) d s  
w i t h  H  a  b o u n d e d

o
measurab le  ma t r i x  va lued  p l : ocess .  The  ex i s tence  o f  pe r iod . i c  so lu -

t i ons  i n  d . i s t r i bu t i on  fo r  ( * )  i s  s ta ted  j -n  Theorem 3  and  Theorem 4

con ta ins  the  ex i s tence  o f  pe r ioc l i c  so lu t i ons  fo r  con t ro l l ed  d i f -

f us  j - on  equa t ions  i n  ( * * *  )  -

f n  Theorem 4  we  d i s reqa rd  spec i f i c  p rope r t i es  o f  t he  d i f f u -

s ion  pa r t  i n  ( * * * )  and  g i ve  the  resu l t  f o r  any  S  fu l f i l l i ng- t (

some l i nea r  g rowth  cond i t i on .

2. FORMULATION OF THE APPROXIMATE PROBLE:4 AND MAIN RESULTS

D e n o t e  e . L ' P r I o . r l x n n )  t h e  s p a c e  c o n s i s t i n g  o f  r e a l  f u n c t i o n s
" b  \  LV  r  r f \ r \  ,  e r r v  

n

which  are  cont inuous lv  d i f fe ren t iab le  up  to  o rder  {  w i th  respec t

to  t  e ,  lOr r l ,  up  to  o r i fe r  p  w i th , respec t  to  x€Rn and are  bounded

a long w i th  a l l  the i r  der iva t ives  i  L f  the  boundedness  cond i t ion  is

o m i t t e d  w e  d e n o t e  i t  b y  c ( ' p t  p , T  ] x n n ) .  l l e  a r e  g i v e n  t , g i , q . :

,  Lo , r l xnn- -+nn wh ich  are  cont inuous  anc t  s r€c1  
' * ( [o , r ] :<Rn)  '

t , q t c } ' 2 (  P , r l x R n ) ,  L = 1  , - . - , * l o = 1  , . - - , d ' F o r  i o , i 1 { ' 1  " " ' m - }  a n a

r 1
r = { i o , i . ,  J  , e e r i n e  t r l = z  ,  1 r ( t , x ) = F ,  , g i . l  ( t , : < )  ,  w l : e r e  [ s r ' s 3 - 3  { t ' : i )

"  
, o  , 1 _

deno te  -uhe  L ie  b racke t  w i th  respec t  t o  x€P ,n ;  genera l l y  f o r  1o  '

c
i 1 , . . . r l l € f  , . . . , m  I a n a  r = i L o ,  i 1  t " ' ' " \ , d e f i n e  ! r l = r ' + 1

a n d  9 , ( t , x ) =  I ? t  , g r . 1  ( t , x )  ,  w h e r e  t r = { i  1 , " ' , t r | ,  
L ( N '  F o r  e e c i t

- I  , - a O  r 1 J

Y " 1
Lo -i

, ,-1
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r l

n  1  n  q  n  1  )  -  t  n .

u , 6 c : ' ' ( f 0 , T I x R n ) ,  i = 1 , . . . , m ,  1 1 6 " ; ' t  ( [ o ' r ]  x R " )  , Z ( . l t l c , . t + 1  ,  w e
l - -  D

- cons ide r  t he  fo l l ow ing  s tochas t i c  d i f f e ren t i a l  equa t i -oh

^ m L + 1 d
r jl :'--: <- r'r,

dy= | t  ( t ,y)  + I"  r ,  ( t ,y)  9,  ( t ,y;  *  : i -u '  ( t ,y)  9,  ( t ,Y) dt+216-( t ,v)d\  ( t )  (  r  )'  L  i = 1  
t  -  ' r  

t I [ = 2  
r  - L  

k = 1  
'

.|
( o ) = x o  I  L 6 l o , r J ,

where  w( t ) ,  t e j -Or t ] ,  i s  a  s tandard .  l { i ene r  p rocess  ove r  the  f i l t e red

f -o / -  a :  ?  r r  .  .probabi l i ty  spacetbr i  ; 'J ,p ; !xJ  and *o€L2( ' . \ t r ,P)  is  independent  o f

V ;  ,  t 7 0 .  i ^ I e  a s s o c i a t e  w i t h  ( 1 )  t h e  f o l l o w i n g  s t o c h a s t i c  d i f f e -

r . i " r . ,  equat ion

? m m a l .
dx= F ( t  ,  x )  *  E u,  ( t  ,  x )  9 i  ( t  ,  x )  *F- t i  ( t ,x )9 i  ( t ,x ) ]  a t* f r ( t , * )dw( t )  (2)

i = 1  
r  +  

i = 1

r 1
x  ( 0 )  = x o  ,  E €  L 0 , T J  '

w h e r e  O ' = t % , . . . , d t ,  f  , 7 i i , { , t i  a r e  a s  i n  ( 1 )  a n d  v . € c l ' ' , [ O , t ] x r f t

D e n o t e  G =  ( g  j , . . . , 9 * ) .  I . l e  n e e d  t h e  f o l l - o w i n g  c o n d i t j - o n s  t o  b e

fu I  f i  I  l ed

cr ) -DrDxr, 1e/2xr<4't , &,tJ**tl , "4 
'L*2( [0,r1xnr'1

ezt (dtrft+ tn, |ur7")qd%( [0,dtRn), 8s4!"]*j)orje%t[o,dxnn)

. - - -  t  t  t - l  ( y ,  k = 1  , . . . , d  
c  7  - ! f  , r v * r '  i s  t h ef o r  a n y  1 l l r l / = L ,  k = 1 , . . .  t d r i , j G i i  , . " . , n ) ,  w h e r e  A = $ i

t ransposed  o f  v ,  and  a  vec to r  o r  a  ma t r j - x  be longs  to  , { ' n  i f  a l l

t he i r  componen ts  fu l f i l  i t .

THEORBI4  1 .  Assume tha t  ( c1  )  and  ( c2 )  a re  fu l f i l l ed  fo r  (1 )

a n d  l e t  y ( ' )  b e  t h e  s o l u t i o n  i n  ( 1 )  c o r r e s p o n d i n q  t o  t i , t I  , 2 4 1 ; 1 4

L+1 ,  anc l  y (0 )  = *o .  Then  the re  ex i s t s  a  sequence  { " f  l ne  a l ' t  ,

h ) 0 ,  s u c h  t h a t  t h e  c o r r e s p o n i i i n g  s o l u t i o n s  * h  i n  ( 2 )  f u l f i 1

B max -  l *n  ( t  )  -y  t t  )  I  ! ' c r r ,  un l  fo r rn ly  w i th  respec t  to
t 6 [ 0 , t J '



XOr  r i  and  r l  i n  bounded  se ts ,  where  C)0  i s  a  cons tan t .

I n  a d t l i t i o n  i f  u ,  ( 0 , y ) = u r  ( T , y )  ,  l 1  l = z t  - - .  t L + 1 ,  i n  ( 1 ) ,  t h e n
' L h

" f t o , x ) = v l ( T , x )  
,  L = 1  t . . . r i l ,  i n  ( 2 ) - , : , '

I f  we  re lax  the  hypo theses  i n  t he  Theorem by  neg lec t i ng

1  f . + )  o  ' 1  n .
( c2  )  and  rep lac ing  GGco  ' L ) '  L  (  [ 0  ' t j  xR" )  i n  ( c1  )  by

- i - 4
J -  t  t  r  r  r  ; r t t

that  there

tha t

r im  E  max  1 *h  t t ) : y  ( t ) !  2=9

h+0 t6L0, r l

uni f 'ormly wi th  respect  to  xo in  bounded sets  '

'  :  
I t  can be s tated lnore prec ise ly  as fo l lovrs  '

We  rep lace  (C . ,  )  and  ( c2 )  by  the  fo l l ow ing

{
{
t
I
1

i. l

I

. then us inq a s tandard argument
l - ( 1 r '

exists a sequence t*" 
( '  )J f ,  to

t  
t  [ o , r ] xRn1  ,

i t  f o l l ows

i n  ( 2 |  s u c h

' \ 1 T . +

V n : /  l - xke . ; ' "

o f

o f

Lruncat ion

so lu t i ons

6 ,1

czl

' ) rD* r  
, )CoDx ,ec f  ' 1  , ' ) s r /

. r ,  €  co '1  ,  t r€c1  '2  and ?  t? , 'o rn ,  t
l rF{{-  

-

) " j ^  
"1  

'L+1- - b

l? *rn",f o r  j - = 1  r . . . r m t

3 = 1  , .  . .  , n

F/ ,\.r .

THEOREM 2.  Assume tha t  tC i )  and '  tb t t  a re  fu l f i l l ed  fo r  (1 )

a n d  l e t  y ( . )  b e  t h e  s o l u t i o n  i n  ( 1 )  c o r r e s p o n d i n g  t o  o i r , I  a n d

x o .  T h e . n  t h e r e  e x i s t  s e q u e n c e =  l " f  ,  
" l ) h ) 0 ,  

i = 1  r  "  '  ' m '

t " l&.3,t  ,  t " lJg. l ' t  ,  such that the correspondins solut ion *h(" )

i n  ( 2 )  f u l f i l

r i m  E  r n a x  l * h ( t ) - y ( t ) ' l 2 = 0 ,
h * 0  t  € 1 0 , T J

un i fo rmly  w i th  respec t  eo  *o  j -n  bounded se ts '



t l
l l

' t

I n  a d d i t i o n ,  i f  u r ( 0 , Y ) = u I ( T ' Y )

( o n x ) = , r l ( T , x )  a n c l  " f  t o , " ) - t l ( r , x )  '

h
Rll l"1ARK 1 . Since v^'^ and

have an analogous vers ion for

equa t ions  assoc ia ted  w i t i r  ( i  )

A U X I L I A R Y R E S U L T S A N D P R o o F o F T H E T H E o R E } { S

I^ Ie  assoc ia te  w i th  (1 )  t he  max ima l  number  L  o f  t he  L ie  b rac*

ke ts  con ta ined  i n  (1  )  and  ca l l  i L  t he  o rde r  o f  t he  s l r s tem '  To  p rove

T h e o r e f i . d w e n e e d t o a p p r o x i m a t e t h e s o l u t i o n i n ( 1 ) b y o n e d e t e r -

m ined  by  a  sys tem rvh i ch  has  an  o rde r  l ess  than  L '

f t  is  done in  the next  Lemma by us ing the fo l lowing approx i -

mate equat ion 
m L

D e n o r e  T r c , y ) = f  ( r , y ) . ;  u . ,  ( r , y ) 9 i  ( t , y )  i - l  . * ,  
( t , Y )  9 ,  ( t , Y )

i = t  
I  !  

l l l  = 2

u ,  i n  ( 2 \  a r e  c o n t i n u o u s  t h e
I

the corresponding backward

and  (2 ' )  .

theorems

parabo l i c

, y ) d w ( t )
( 3 )

and  (1 rewr i t ten

m
il 66''

f  ( t , y )  +  J -
i = 1

) i s

. toy=t u . .  ( t , y )  I s . , b : l  ( t , Y ) l a t - q r :
1 - r  L  r  ] J  

J

m

z
J - l

y ( 0 ) = x o  ,  t € L O , T J ,  w h e r e  t h e  s d c o n d  t e r m  i n  t h e  r i g h t  h a n d  s i d e

o f  (3 )  i s  -uhe  sa ine  w i th  tb re  th i r c i  t e rn  i n  (1 )  '  '

L e t N b e a n a t u r a l n u m b e r . W e . c o n s i d e r a p a r t i t i o n 4 o f

t . . r -

L0  r r J  de te rm lned  by  the  i n te rva l t  f f t n '  
( k+1  )  h )  t  k=0  '  1  

" "  
' l ' l - 1  '

w i r h  l % i = h = r / N .  F o r  e a c h  r . e  i 0  , 1  , " ' , * - ' '  i '  l e t  ^ 1 ,  '  r = 1  ' "  . , I n '

8=1 , .  . .  , f i  b .  a  par t i t ion  o f  [x r "  (k+1)  h )  w i th  lo f  i  i= i1 ' '= f r l rn f f '

Deno te  po  the  space  co r l s i s t i ng  o f  . , sca l -a r  
po l ynomia l  f unc t i ons

d e f i n e c  o n  f O , r 1  a n d  f u t f i l l i n s  
l O , . ) d t = 0 .  

L e t  p 1 ( " ) '  P z t ' ) & P o

b e  s u c h t h a t  p i  ( 0 1 = P i  ( 1  ) = 0 ,  c l P i / d L  ( 0 ) = d p i / d t  ( 1 )  = 0  a n d
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1 t
f  p n ( t t i l 1  ( t ) d t = 1 ,  w h e r e  f i - t * t =  I ^ p ( s ) d s .  T h e s e  f u n c t i o n s  w i l l  b e
J - / .

. - O O
r , l  a  r  t  . -  ,  - ^ - - 1  l  t ^ ^  ^ t ^ ^ ^ ^ -' . :  

f  ixed in  the sequel  and thry  could be chosen as polynomia ls  of
. t  L

. - ' \ .  g t x t h  a n d  f i f t h  d e g r e e  r e s p e c t i v e l y .  L e t  n f  t t r h )  t [ . f f t ,  ( k + 1 ) h J * ; n ,

L = 1  , 2 ,  b e  d e f  i n e d  b Y

nf t t ,h)  =pi  ( t -kh/h1 )  €AT1 = [ i . r , ,  kh+h1l  ,  .  .  .  ,

V . \ J k f

nf  t t ,h )  =p i  ( t - (kh+ tmf t ' - t  )h i  [h1  ) ,  t64k i=Lkh '  (k+1 )h )

f.7.i t- 1^
r  U I I  L l l

' i  a ' l  a a r r r A -

1 d \
\ 

f 
,

' !  . . 4

t a

F - t
l n  n  l
L " t * J  )

1-

, x " ( s ) )  ( 5 )

1 t

g

(s

n

f-

= Q+

re

: t )

r€

{

e

I

l

h

r

.€

)

I E

,

rot

1 J a
J .

, i

T

1 1 )

f f e

f

,

no'

l a JL J

0  r '

r :

+

I

! 1 1

L .r-:

t ^
t r l

L"

( k

Ll l-

x )

:x
o

d e

l ( u

I
6 l

) (

v l
and nf txrr t=pf ,

t he  fo l l ow ing

,  b *  )  ( t  r x ) 9 .  ( t
J .  l

, h ) f u *  * 9 * ) ( t , x )  +l  r J  r

. ' l

) d w ( t ) ,  x ( o ) ,

# : l
v g  4 r .

j - on  i n  (4 )  and

fr'
.L{,(s,h) G/}"

J = l
.

.  . n 7  -s ) J . f d w ( s ) ,  t

'  k = 0  , 1  , .  . .  , N - 1  .

obv ious ly  p l  ( .  )€c1  t  L r .h r  11+1 )h ]  ;n )

(3 )  and par t i t ion  % * .  assoc ia te

t ion  o f  o rder  L -1

t a t  : 3 ^u*=l r  ( t ,")  *. I-  l -1t?", . ,Dx\,
i = 1  j = 1 '  L )

N - 1 m f r
*: 2 : r*ff2,Ii,l rfnf rr,
k = 0  i = 1  j = 1

+p|tt,r,)n, (t,xf .^1,,., j-at '[(t,x)

w h e r e  C a ( t ) = 0 r - t $ A ,  a n d  C o ( t ) = 1 r

L e r  * h t i l  ,  L € t r ; { ,  b e  t h e  s o l , u t j

.  t  ,  ^ -  m
ofl t.t = jfd," ,*h t") ) -fi= ,y (s ) ) * t,

o '  i =1

t \ l  - 1  , A*p2  (s ,h )  t " )v r t l x )  C( " , *h ,S

u .
L

L e t  r t ( r )  b e  a  r a n d o m  o r  a  d e t e r m i n i s t i c  v e c t o r  f u l f  i l l i n g  @ /  q i l  / 2 ) 1 " 2- I

l

$ r  fo r  some.  f i xed  cons tan t  c )0 .

L B M I { A  1 .  A s s u : n e  t h a t  ( C 1  )  a n d  ( C 2 )  a r e  f u l f i l } e d .  L e t  * h ( ' )

b e  t h e  s o l u t i o n  i n  ( 4 )  a n d  y ( ' )  f u l f i l s  ( 3 ) '  T h e n  t h e r e  e x i s t s  a



mar t  j . nga le  Mh  (L )

B

* h ( * " ) - " h ( t ' ) = y ( t " )

t  r  
, t t t €

1n t lai l  1t

( s e e  ( 5 ) )  s u c h  t n a . t

-y  (  t ,  )  n :4h  ( t "  )  - l4h( t ' )+ (t"-t ')r)( trf i)(

where

z1lil(r+t in bounded

, tefo ,*J

i o , n  , 2 h ,  .

, , 1 - l t h { t ' )

?
.  .  ,  ( N - 1  ) h = T J r  t

1 2  t 1  / 2  e  l l , , L t  ,
I  ,  €  l \ L

' (  t " ,

uni formly wi th

s e t s .

Proof

t o  x €

Denote  f  1  ( t  , {  = f f i& , * \ / 7y4
\  Q X

m
+ F

L = I

le! tt,r't "., ,,

By  de f i n i t i on

h. - 4

r -  ( l

; ' (ht )=*o* t fr

t f i , r
- 1 ' 11

I

r

ch)

,  , j  ) ( t , x )  e i  ( t , x )

, - '  . \ /  F  f l
(t,t' '(t) ) dt+ (rffn/ i h1 ) ,o

n

( t )  q"  ( t ,x"  ( t )  )  +- I

h"
l l  L

f ,  6t t , ""( t )  )dr( t )=xo+T1+T2+T3 -

m't
<'d

J - l

*p! {t,rr) b., (t,xh (t)] at+

By
n

l\'/

hypothesis  t  and 6 are L ipschi tz  cont inuous wi th  respect

and computat ion shows

where

(n  \ax  -  1*h  ( t )  -y  ( t l  !  2  t  
1  /zgr

r€L0 ,hJ

C>0 i s  t he  L iPsch i t z  cons tan t

h 1  h 1
1 1 =  i  t . ,  ( t , y ( t ) ) d t ' + 5  [ f 1  

( t ,
' O O

' h 1
=  i  f 1  ( t , y ( t ) ) d t + h . ,  1 t f i l

o l

( 6 )

( 6 )  w e  g e t

( 7 )

f o r and 6.  Us ing

( t )  ) - f  1  ( t , y ( t )  ) J a t =h
v

) 1( m)
r e s p e c L  o f  X o ,  u i  ( ' )  ,  d I  ( ' )  ,



9 -

h1 h1

13= f ;  bt . ,y(t)  )drv(t)  -  l lO(t ,xh(t)  )-  f f ( t ,v{t)  ) law1t1 =

h 1  , 2 - , .
- f r

l o o ' ( t , y ( t ) ) c 1 w ( t ) + l ' r j ( h i ) , w h e r : e a l l } ' l i ( h 1 ) l ^ 4 n r l ( h ) '

D e n o t e  ? ( = ) = x h ( s h . ) ,  = g  [ 0 , 1 ] ,  A = s d * ,

( B )

( e )

r i=hr1,  * "1)  ,E i r4 i ' (h1 ) l2{  i ' ' ,7 t r - ' r

" 
d*l  (r,x)= 

LOn.,. ; | , i t t ,* l  
Q1)xrt. .1/2 *-,orj( .  ,x, (22ft*J*j) lu(t 'x)

! " { i t h  t h e s e  n o t a t i o n s  a n d  u s i n g  p i ( ' } € P o ,  i =  1 , 2  w e  g e t

a , z f l  
1 r ,  N ,  \ \ , -  r -

r, +rf i rr . iLnr(s)u1r9r 
(=hr ,i'(s) ;+p, (s)b', (sh', '{t"t ) ds=

= * f r n ?  ' ' l l n ,  ( s ) d s  Z t ( . r r e r )  
( s . , h . ,  , f ( = 1 ) ) d s , , +

1 s ,
+  ! r r * s ) d s  i & . ) ( s , , h , , f r s ' ,  ) ) a s f  +

" o o

-nf i ' r ' , . , I  
lo,rs)ds i tn,(s, , )  

( }  f tx l  {*r1e1) (s ' ,h1 '?(s ' ,  ) )

* p z  ( s . ,  )  G p  x )  ( t r  
1 9 1  ) b 1  ( " 1 h 1  , ? ( q 1 )  )  ) d s ' , +

1 s
*  jonr(s)ds 

i ,n, ,  
(s . ,  )  ?)  brD x)  (u ' ,  ' ,s ' ,  )  (=1h1 'Y(" t  )  )  *

* p z  ( s . ,  )  0  b t D x ) b r  ( s r h r , ? ( = 1 ) ) ) d s ' , ] *

*to#ll(Gr)*' lb?(r,h) (?/)x) (ur.,n,]fr.,J(tt r.p!tt,rr) t lru., D*t(tt,*h(t)fawtt:

=r1+rif l,r i '  (h1 )

B y  h y p o t h e s i s  ( s e e  ( C 2 ) )  w e  h a v e

l { r o r 1 e 1 ) ( t , x h ( t ) ) J  
. U ' n ( t , * h ( o ) l ( c r  '  t g l o ' ' ]  '  ( r 0 )

w h e r e  c t )  0  i s  a  c o n s t a n t  w h i c h  d o e s n ' t  d e p e n d  o n  h ,  a n d  u s i n g

( 1 0 )  i n  ( 9 )  w e  o b t a i n

( r l



i

I
i
j
l
1

1 0

s ince An/  s)F1 (s)ds=: f lo ,  ts ) f f ,  (s )c ls=1 and

l .

/ o n r ( s )  ( $ i  ( s )  )  l d s = o  ,  L , ) = 1  , 2  w e  g e t

A /  f  -  ' ,  ,  .  . . , . l - T ,.  :  .  r i =mf i i r ' lU . ,  . ,  e1 ,b1 ]  to ,xo )+h . ,  1 t  f l l =  (12 )

where
t 1 2

-  Mr 1r , . ,  t  =ui  (h1 )+Mi (h1 )  fu l f  i ts  n l : ' r . ,  ihJ l"A h1?i  (h)

I

On the next interval  8. ,  ,  2h. ,1 we repeat the computat j -ons for

f

Lo , i r r l  .  By  de f  i n i t i on

=d Fr I  er ,o. ,  ]  ( t ,Y ( t )  )  dt+rr . ,1 tvG)

n g  ( 1  1  )  a n d  l 1 2 l  i n  ( 9 )  i t  f o l l o w s

h r  .  1 r ,  t L \ \ r L , 1 ^  A l

i iF t  1e  1  'b t  J  ( t  'Y  ( t )  )  d t+hrJ  t t  n l  *Mi  (h

( 1 1  ,  ( 8 )  a n d  ( 1 3 )  w e  g e t

I r 1  ) = x o +  A t \  ( t , y ( t ) ) d t + f  f u r r s r , b r l
h 1

i  d rc ,y  ( t )  )  dw ( t )  +5. ,e t  ( fE)  *M1 (h

and from

h' x "  (

U s i

m
.  L 2 -

"h(z\)=xh(h1 
,-T,r . ,  (r ,xh(t))at*Fft ' ) / (nG'r)  ?; fr" ,( t ,h) u1ze1 (t ,xh(t)  )+ (r

h  
2 h -  

h . . . .  h , ,  
t \ / v  w

+p; (r,h) b, (t,x" (t) )dtt J-'t d,,",*h (t) ) dw (t) =*h (h1 ).il1 6r-f,
h,

I

and we get  eas i lY

Y  =  
' l r ,  

( r  - v { r )  l r r r +  
2 . . '  '  L  

t )  ) - f  .  ( b , y ( t )1 1 -  ' n r t 1  ( r , y  ( t )  ) d t +  J n ' a L t 1  
( t ' * n  ( t )  ) - f  1  

( t , v  ( t )  [  a t =  ( 1 6 )

) h

- f I-  . / h1  f  1  
( t ,Y ( t )  ) r1 t+n . ,  T ( I rF )



1 1

2 r ^ .  z Y r r -  h . . . .  , - n , ,  - - , ! \
t  - -  

- i ' 1 d t r , y ( r ) ) c l w  
H ;  7 : 1 k n r , x h ( t )  ) -  f l t , v ( t )  I  u * ( t ) =  ( 1 7 )

' 3 -  / h 1 '  ^ 1 t

. 2 h
= i " t  f * ,Y  ( t )  )  dw ( t )  + l r r )  (h ' ,  )

" 1

where

,  t )  
2 h ^  L

El r4 i  (h1  )  I  
' { h t  

1 (h )  , I { i  (h1  ,=  Tn t r fo ' t r , * t ( t )  ) - t r ( t ' , v ( t }  [  dw( t )

.

S i m i l a r l y r r e p e a t i n g t h e c o m p u t a t i o - n s i n ( 9 ) - ( 1 1 ) w e g e t

6r's1#1+r,r) (h., ) ( I 8 )

( 1 e )
where

and

t1=ir', J*rt ,

=n{ilh1 Lt., ,n.,, , url t o , xo) +h', tl' tG' =

= { [ " . ,  ze1,  ur l  t t ,Y ( t )  )d t+h ' ,1( IG)

D e n o t e  M 2 ( h 1  ) = l l i ( h 1  ) + M i ( h 1  )  a n d  u s i n g  ( 1 6 ) - ( 2 0 )  j - n  ( 1 5 )  w e  g e t

*h(zhi)=xon ?l lr , ,  ( t ,v(t)tat*t ' ,  /3Frio1-, brl( t 'v(t))dt '+ (2i)
"1 l=  |

2Ll"
'  +  !o ' t r t t ,Y ( t )  ) c iw ( t )+2n ' , ' l ( r ' [ )  on ' ,  (h ' ,  )  + l ' 1 ,  (h1  ]

M)(h1 1=1mf f )  i  (dT1 ,71- , t r [ f? , t ,h )  Q/7  x )  (o r r  v l f t r ' *h ( t ) )+

#?r ( t ,h )  Qar tbx ) f  ( t , *h ( * )  )dw( t )

E  IMI  (h1  ) l  2 (h r  
1 (h )

AIso ,  w€  have

E;=*ff i r r . ,  btzqt,  , r7 (h,,  ,xh(h1 ) )  *ht ' l t r ,Gl = (20)

where  : , 11  (h1  )  i s  de f  i ned  i n  (14 )  '  and



Elu . ,  t , , )+ i4z (h1  )  J2=n l r { r  (h1  )12* r ln r (h1  ) l  ?  z r - ' . , 1 tn r

F i - n a l l . y ,  f o r  t = h r  w e  . g e t  l t ,  ( h 1  )  ,  L = 1  r " . .  r l f f i ,  s u c h  t h a t

.v

*li(rr)=*h(*frh1)=Xo* fr., ,.,,(r) )at+i, 
#' dL*r3n'nr] tt,v(t))dt+

1 2

, m m
r '1 ' l  (h) = z_'n,_ (h1 ) =j f f  ( t ,xh ( t)  )  - f ( t ,Y(.)  )J dw (t)  +

t .

l - =  I

( 2 2 )

( 2 3 )

( 2 4 )

r ^7ha ra
f '

and

h
.  i ^Or t ,y  

( t )  )dw ( t )  nh l  ( l - f r )  * t1 . ,  (h )  =v  (h )  +h?( lC)  +u . ,  (h )
o

m fr' T'o sr -3 'g
f . ( r , v ) + 5  i  [ * . , n e i , b . J ( t , y ) =  f L * i )  *  I . E i t i r f s l n r l ( t , v )

|  '  i=1  F t  
' - - t :  - t '  l J  i=1  J ,= . i  

' l *  '  ra

I

J
.1
I
I

'  
m  m  h -  z  h

- i -  i -  t ' i xz  A l  i " f r f i ( t ,h )  @nx)  (u i  iu r t ( t t , *^ )  { t )  )+
i = 1  j = 1

'  + f r3  t . , h )  0  b rD  x lC t t , *h  ( t t  I  aw  t t t
z )

and 6 fr,r., (rr)l '(n )i(h) .

.  Lemma was Proved fo r  t r r=hr  t r  =0 '

t ro,r  
the next interval  f r l ,zn]  we have to repeat the computa-

t i o n s  d o n e  o n  F , n ] .  u s i n g  ( 2 3 )  w e  g e t

,  u 
. f f rnl l*  

( t )-yt t l l2 l  1 /2* tnl*h(r,)-y(h)12)1/2*1iT) (r-cr: l -1d (25)

rr trfir (1+h+v6) (1-ch)-1
I

where  c )0  i s  the  L ipsch i tz  cons tan t  fo r  ?  and 6 '

For  t=2h we ge t  a  s imi la r  representa t ion  as  in  t=h .  Namely



rl- l--:- ' .-r!1.. r ' '  l .-" '

1 3

I
I

I
l

i

*h1zrr)=xh(h) - ' Ir ,(r,v(t) )dr.f  t ,nrr:si,  l i l  ( t ,v(t))dt+ \26)
h  i = 1  j = 1  r r -  J

+ ii!r",y (r.) )crw (r)+nr1(lTi)+M? (h)-y (2h) +zht!(1fr)nu., 161+u, (h)'li I z

w h e r e  M 1  ( h )  i s  d e f i n e d  i n  t 2 4 ,  a n d

2 h

r  i t z t n l=  j ; [ f r , t , xh ( r ) ) - f i ( t , y  ( r ) ) Jdw  ( r )+  ( z t 1

m  m  z h ' . n  ,.rf 
f, 

(nff / t','lH., I i^H(t,r,) ( ? t x) (urivi )fl(t,xh (t)

.$ ' ]  t . , r ' )  (?bj  /  d " l f i t t , *n{ t } rJ  a ' t t r

f u 1 f i 1

f  n ,  t ' ' )  l '=h  h t r ' )  ,n  l : r . ,  (h )+Mz (h)  l2=ElMr  (h )  l2+n f  r , r ,  (h )

By  us ing  an  i nduc t i on  a rgumen t  we  ge t  ( see  (25 ' )  ,  ( 26 t  I

2  = 2 h l ( h )  (  2 B  ) .

?

a .

(s  -  max J*n , r ) -y  
.  . t I2 )1 /2<ntF l  (  1+kh+ f rAr  i ' ' - ch) -1= l  tG l  (z

t 6 [ i < t r , ( k + t t t r J  
'  ' - . {  i

and  14 , '  ( h )  , .  .  .  , l ' I k  (h )  such  tha t

*h( i . t  )=y(k t r )+khf  (  6 l . i  M,  (h)=y(kh)+kh1(  f i l - i "F(kh) ,  k=0,1, . . . , IF-1 ,  (30)
I  j_=1 - I

w h e r e  t h ( t )  i s  d e f i n e c  b y

) . , i  f , , ,#,  / ( f6 '1 ) -  (3r)
r -  |  J -  |

hfr(s,h) ( ? i i  *l (urjnj )(i(=,,.h ts ) ) .{ (s,h) ft a, i F *if i=,*h (= t! a'o t= I t
Jo" 

I

anc l  f u l f i l



: -  1 4

F r o m  ( 3 0 ) - ( 3 1  ' )  w e  g e t  t h e  c o t r c l u s i o n .  T h e  p r o o f .  i s  c o m p l e t e .

The  app rox ima t ion  equa t ion  (4  )  has  son ie  coe f  f  i c i en ts  u l  ( t , x )
I '

t  depend ing  on  h  be ing  unboundeo  w i t . h  respce t  t o  h .  These  func t i ons

h , .  1  -
u f ( t r x )  a r e  o f  c l a s s  C ' a n d  w i t h  r e s o e c t -  t o  h  f h e w  f r r l f i l  t h e  f o 1 -

-  l -  
! u 4 ! r r

l ow inq  cond i t i on

r . " f  t t , " ,=J  t lGr " f  ( r ,x )  ,h2  (a" ln r )  ( t ,X)  =  i  t s r  r r l  t t , * t

h - h
w h e r e  u r ,  v . '  a r e  u n i f o r m l y  b o u n d e d  w i t h  r a r q n a r . r  { - n  h

- l _ '  t  
- -  - - - - - ' - r

These  p rope r : t i es  a re  essen t i a l  i n  o rde r  t o  reduce  the  o rde r

^ €  r  a t r a & n rvL  a  DJDLc ' r  ' uh i ch  has  unbounded  coe f f i c i en ts  w i th  respec t  t o  t he

paramete r  h .  Now we  cons ide r  t he  fo l l ow ing  s tochas t i c  equa t i on

n f  r , , h  n < " r r ) * r , i h ( k , h  t [ ' = \  
* ; , * r ( n ,  l ' = H , r l M i  

( h ) l  2 =  ( 3 1 , )

= ( k " - k ' ) r r f ( i r )  ,  J < ' ( k " ,  k "  t , " 6 { 0 , 1  , . . . , N  j .

s) dv= F,.,o,.#,'1,.,o,s, (t,v). 
,flr4 

(t,v)qr (t,vlot+ctt,v)dw(r)

y ( o ) = x o  ,  t € [ o , r ] ,

o .  where  Xo , f  , 91 ,  a re  as  i n  (1 )  and  
" fe  

a f  ' ' ,  
" f e " f t  

2 .  r ^ r i t h  respeer  r c :

{ - h o  n a r 2 m 6 + a r  h  r v e  a s s u m e  t h a t  t h e r e  e x i s t  r  ( h ) 2 o  ( r  ( h )  =  {  ( h )  )  a n dt / 9 ! \ 3 r r u u v !  
q J r u l r r u  L l r q u  g t r L ! u  c ^ r J L  !  \ 1 I , 1  / v  \ r  \  

|

a par t i t ion  J f  o f  lo , t l  w i t ] r  in te rva ls  o f  the  length  r  such tha t

a)  ' " f  t t  ,X  )  =1( lT) , , |  t t  ,  *  )  ,

b )  t 2 Q " ! t l t )  ( t , X ) = ; 1 t i l ' r , r f  t r , * ) ,  z t \ t [ ( " . 1  w h e r e  , r f  t . l ,  v f  t - r
" a

^ T 6  t r n i  F n r n r l r r  b O U n d e d  W i t h  f e S p e C t  t O  h .- . . . *  j  " .  -  - " -  r r .

1 ( [ r l ( r , * t  ,



1 5

DEFINITfON.  A  sys tem S o f  o rder  L  fo r  wh ich  there  ex is ts

r  ( h ) )  0  s u c h  t h a t  t ,  (  . l  ,  1  * l i l t  L - r 1  r  f u l f  i I  ( a )  a n d  ( b )  i s  c a l l e d

o f  i n d e x  '  ( L , r )  .

6 f  i n d e x  1 L , r ) ,  w h e r e  r = i l ( h ) .  T h e n  t h e r e  e x i s t s  a  s y s t e m  ( S t )  o f

i n d e x  ( L - 1  ,  t t )  w i t h  r r - - t  / x x 4 ,  l l = c a r d  i  t t  J t l  
= L * 1 ] ,  K = T / t ,  s u c h  t h a t

t h e  c o r r e s p o n d i n g  s o l u t i o n s  y ( . )  i n  ( S )  a n d  y t ( ' )  i n  ( S 1 )  w i t h

y ( 0 ) = y 1  ( 0 ) = x o  ,  f u l f i l

*  )  y 1  ( t "  )  - y 1  ( t ' )  = y  ( t "  )  - y  ( t ' )  +  ( t " - t '  )  
1  

( i T t  * l r h  ( t "  ) - l { h  ( t '  )

.  f o r  t ' ( t "  ,  t '  , t "  g fo ,? r  ,2Y1 , .  .  .  , * ' i  , . . . , 2x3 i , .  -  ? i& ;=TJ  ,
' , v A

l f T / K ' = 1 4 1 1

-  h  h  r )
. ; f  

.  : , t h ( t )  i s  a  m a r t , i l v a r e  a n d  n l  : t " 1 1 " 1 - t ' { h ( t ' )  l 2 = ( - ' - t ' ! )  1 ( h )

* * *  )  c o e f  f  i c i e n t s  r r  ( .  )  i n  ( S 1  )  f  u l f  i 1  ( a )  a n d  ( b )  w i t h  r  r e p J - a c e d

'  bv lrr-

The proof  o f  Ler .nma 2 repeats the sanie genera l  scheme as in

Lemma 1 and it  is omitted

tfgof of the tbeorqm 1.

'  
Suppose  L= l .  By  hypo thes i s  the  conC i t i ons  i n  Lemrna  1  a re  fu l -

h

f i l l e d  a n f l  d e n o t e  x o ( . )  t h e  s o l u t i o n  i n  t h e  a p p r o x i m a t e  s y s t e m  t 4 ) .

B y  d e f i n i t i o n  l v e  h a v e

*  t . -  h  - t  L . ^  h  / .  h .  - r - 1
*h ( t ) -y  ( r )  =  

{F(* , r rn  
(s)  )  -E (s ,y  (s)  f las*  /  V(s , : { "  (s}  )  -5(s ,x"  (s) l  i  ow (s}  +

-$ .  r l  t , r f v i )  ( s , *h  (s )  )ds -  
f f= r f  

, , r rn r )  ( s , v  ( s )  ) c l s
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.  _ 7 ,  T
w h e r e  f  ( t , x ) = f  ( t , x ) . f l . r i _ ( t , x ) g i ( t , x ) ,  a n d

! - l

t\/
.  where f f i "  in  is  the nearest  node to t  which is  smal ler  than t  in  the

t l

'  par t i t ion 7t .

Using Lemma 1 we get

n  r o  L  t  h  - T  f r l  . r ,  h  
m  +

u,-4 J" . f t" fu,  )  (s,>'3(s) )ds=i.  yo (vis ir  (s,xr(s))as+i .7^.*-(" lnr)(" ,*h(s) )ds
t  j - = 1 "  r - r  

i = l  
-  

I = 1  
- , " 1  ' 1  J -  r

'  - I '{"",*h(s) )dw(s).1tf i1 =itutfTt ' ,v(s) }-E(=,*h(s) ! as+

r . = * h ( f o . , i  ) - x o -  /  
l E ( = , * h { " ) ) d s - f  1 t ' n r s , X h ( s )  ) d w  ( s )  +

.  l r { i l  
=y @tLr)  -*o** ' f ,1  r  f , l  - j1 ' t? (s  ,Xh (s )  )  ds-

f f i" f ,  r  \ '  9
+A1-t  

[eJ=,y(s)  ) -  (=,*h(s){  arvt=)  * ,*  - /^  t+n,  (s,y(s)  )as+411 0 'T)
-  ( 4 = 2 . "  r -  r -  t

- l.>
,  r  r  a  r  !  \  r a(s , l  uowts . l /

S i n c e

r  l l l ^  ! .

I  . t  I

I  I  f r  6,v(s))-6(=,*

i t . foliovrs

E max. l *h  ( . )  -y  (  i l12{cJXa (max l *h(=) -y(s)  ! ' ld t .ar1t f i r
t ( v  

t  ' n  
s ( t '  I

a n d  E  m a x  
' l * h ( t ) - v ( t ) ' t 2 t "  

h  f n r  q r l m o  ^ n h e r : n f  . .  \ 0
.  F ^  - 1  t  

-  ,  {  
t 1 "  l - u l  . ' l . , l i t c  ( - \ ' / r l J  L a t l L  - 1 /

t .€ LU,'r- i

G e n e r a l l y ,  f o r  L ) r 1  ,  a p p l y i n g  L e m n a  1  t o  ( 1 )  w e  9 e + *  a  s y s t e m  ( S )

r )

o f  i n d e x  ( L - 1  ,  r r / y l  ,  w h e r e  h = T / N ,  M = c a r d .  l  t r l r [  = 1 + 1 f  -. c )

f n  o rde r  t o  f i n i sh  Lhe  p roo f  we  need  to  know tha t  t he  p rev ious

e s t . i m a t e  h o l d s  t r u e  i n  t h e  c a s e .  ( 1 )  i s  r e p l a c e d  b y  ( S ) ' I t  i s

enough  to  cons ide r  on l y  t he  case  when  the  o rde r  o f  t he  sys tem
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vf t.t-vht.t=f, [rhrr,of t*l )-th (",vh('] ,1 u'-* F "'o? 
(s) )-fis 'vh (=))Ja* (u) *

-#,, ,l ('lnr) t= ,rl (s) )'rs- 
li, it4t,, ) (" 'vh (s) )ds

( s )  i s  e q u a l  t o  o n e '

B y  h Y P o t h e s i s  ( S )

applYing ILeIrITld 2 we get

zero such that

f o r  some cons tan t  C )0 '

s ince .€ t "  ,7 ,  ,  (m,  +1 )  t r )  and- L  1  I '  t  t J

fu l f i l s  the  cond i t ions  in  Lemma z  '  ano

. r l  t  "  )  the  so lu t ion  o f  a  sys tem o f  o rder
l , l  \

, j  g  y t  t . r fsr )  (s ,of  tu t  )d==i1 i " t  t " ls i )  (s  'v f  t ' )  )ds+
E  

i = 1  
v ( J  r  r

where yh( ')  is the solut ion in (s) '  "rylr  od&' ' f"n

I t  f o l l ows

m r -  1 r  h .  
( \ '

.# , , lk r t . ,  , t ln r )  (s ,v f  t t )  )ds  '  where * r f i ( t  is  as before '  f  u l f  l rs

R n  f n

ur=yl  (m,,{  )  -xo*m1;, ,  
l tmr 

-  4 '  
'  
rh (= 'v l  (s )  )ds-

- Y  
t v

- i't'dt",vl (s ) ) dw (s ) ) + 1 tlGr - 
io 

t 
P( ",vh 

(s ) ) -rh (='vl (s ) | asn

.i,\F",on(s) )-fis,of rrl {a't=t*,4 ^ f ,4nr, (=,vhts}ds+cf tiT)
Irl=z "

z

fvf t.)-yh(t)|2< cIlrL,,u,. lrht",of t=t vrhrc', l fa\f i la{ '

**o* | lfAr,vf t=) )-fru ,vh (u) f au' t'rf '.'ltnl 
J

4{tr

i l  . 1 . . '

, Y 1 ) - f "  ( s  r v ) i  =

we ob ta in

7 , f r h t "



1 B

CZh,  fo r  some cons tanL C2)0  and

the  Proof  i s  comple te

. Pro.gf .qf -t lrg Thgolem.?

B y i r y p o t t r e s i s t h e r e i s a u n i q u e s t r o n g s o l u t i o n y ( " ) i n

( 1 ) .  M u t r i p r y  r r g r  i n  ( 1 )  b y  a  c P ( R t )  f u n c t i o n  t - F * l  l r l  * t  
,

[ r [ = f  , . . . t t , + i , w h e r e  f x r r n t * * & , 1 ]  
h a s  i t s  c o m p a c t  s u p o o r t  i n

r he  ba l l  B2N= l * r - o " ;  t x l ( zN i " "a  f * t " )=1 '  f o r  x6B* '  Deno te

o ."'l
* r= /Nt I ,  9 i= ; f ro9 i ,  L=1 t "  "  rm '  Denote  by  (1u)  the  moc l i f ied  equa-

t i o n  a n d  Y *  t h e  c o r r e s p o n d i n g  s o l u t i o n  i n  ( 1 N ) '  B a c h

t ? ' ,  l r l  * t n - o -  c a n  b e  r e w r i t t e n  i n  t h e  f o r m  f t i l  p l u s  s o m e  t e r m s
\ J N ,  * I i I  c a n  b e  r e v r r :

containing Lie brackets of  lovrer degree than I  r l  mul t ip l ied by

@  -  A . /  ,  1 - c j - ^ l  ^ ^  . - - . . . -  Y

c f l r u n c t i o n s ,  w h e r e  ; r  i s  d e f i n e d  a s  g r  u s i n g  g '  '  \ = 1  1 "  '  , I n '

u, 
Jlf;irt I 

of t' ) -Yh (t ) I ?

There fore  the  equat ion  (1N)  can be  wr i t ten  in  a  fo rm sa t is fy ing

the cond. i t ions (C1 )  and tc2) in Theoren 1 '  and 
lotr tutn 

* , : t : tU

we s"r l-f I  =.rutions in (2N) such that 
".?ff i , tsl*t '- 'vN(t)i '<qf,

On the

[o, f  "
which

other :  hanci .  the coef f ic ients  in  (1

B*  and  theY  a re  g loba l  L iPsch i t z

g i -ves by a d i rect  computat ion that

un i fo rm ly  w i th  respec t  t o  d  
i n  bounded  se ts '

Th i s  a l l ow  one  -  t o  subs t rac t  a  subsequence  i n

,  d t , . .
arso denoted. by f "njn*o 

such rhar 
l i t  

r .Jt3Trl"oi(t)-

w h i c h  c o m p l e t e  t h e  P r o o f '

)  a n d  ( 1 N )  a g r e e  o n

w i t h  r e s p e c t  t o  x G  R n

ri-rrr E T3x-b (t) 
-vN ttl'l 

2=c

N 9d t€10,rl

I"* Jn,*
y t t ) 1 ' = o
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.  sfT ,nT-TII  F:XTSTBNCB OF PBRIODIC SOLUTIONS
J r y '  t r r r !

T h e c o n t r o l l e d d i f f u s i o n e q u a t i o n w e a r e a d r e s s i n g h e r e

i s  de f rned  i n  ( * J  ( see  51 )  and  we  assume tha t  f ' g i  have  a  common

per iod  T  w i th  respec t  t o  t he  va r iab le  t '  We  a re  l ook ing  fo r

n

b o u n d e d  a n d  p e r i o d i c  c o n t r o l s  ' i ( t + T l x ) = u i ( t , X )  ,  v 0 ,  X d : R - "

such  tha t  ( * )  has  a  Pe r iod i c  so lu t i on  i n  d i s t r i bu t i on  wh ich

. a r  - .
requi re the ex is tence of  *oQ L2 ( f i5 'P)  rndependent  

" f  4 '  '  t?0 '

" r r " r ,  
thaL the measure p ( t )  on Rn generated by the so lut ion x  t t )

i n  ( * )  f u l f i l  P , ( k T ) = P ( 0 ) ,  k = 1  ' 2 ' " "

f  {  I  and t { r l  in  Theorem 2 we need

c r )

C n )

THEORE:'I 3. Assume that

f  t g t  i n  ( * ) .  T h e n  t h e r e  e x i - s L

. t
( u ,  ( t + ' t  r x )  = u i  1 t  , x ) ) .  s u c h  t h a t

d i s t r i bu t i on  w i th  the  Per iod

fpar t  f rom the  cond i t ions

assume the  fo l low ingl - n

tec1t2, 9i€c1 F u'a irtn*rad'1 , ?vr/2*j€4'*

t he re  ex i s t  h1  , . . .  , h f f i  91 , " ' ' 9 * )  and  f f i ;O  such  tha t

) .nul  ( . ,x)  I {*  ( t ,x  \L>NIN2 (v) |6-nn , t r{o ,,7 , x €' Rn '

w h e r e  H  ( t  / x )  =  ( h .  ( t , x )  '  '  '  h n  t t  ' x )  )  ;'  
I  r r

( c ^ )  a n d  ( c , )  a r e  f u l f i l l e d  f o r
' 5 r t

n l
u .  f , -  CY '  

'  and  Per iod i c
I

( * )  has  a  Pe r iod i c  so lu t i on  l -n

rT

Proo f

The cont ro l l -ed  equat ion-  in  (o )  i s  a  par t i cu la r  case o f

the  equat ion  (2 )  where  4=n,  '  d '=m'  and Ehe coef f  i c ien ts  a re

p e r i o c i c w i t h r e s p e c t t o ' t h e v a r i a b ] . e e . U s i n g ( C a ) w e a 5 s o c i a t e

t o ( * ) t h e c o r r e s p o n d i n g e n l a r g e d s y s t e m ( 1 ) i n c l u d i n g t h e g i v e n
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r
l ' r ,  r . . . , h n  e f t 9 1  ' "  "  ' 9 * )  '  a m o n g  t h e  v e c t o r  f i e l d s  g r '

a l inear  grovr th condi t io t r

a 5

l,le

qnd

1  such  tha t ( 0 , x ) ( T r x )  a n d '

and
By  hYPo t ' heses  9 i  f u l f i l

a  co l lsequence we have

! . " " "  
A ( t , v ) l ( c  ( 1  +  l v I 2 l , where  A=GG*  ,  G=  (91  ,  .  "  " . .  , 9 * )

I o o k  f o r  r l  I  l I l  = 1  ; . . " t L l ' 1  '  s u c h  t h a t  u r ( t + t , y ) = u I ( t ' y ) ,

L + 1  -  - D
€  ( u r 9 r  )  ( t , Y )  + t  ( t , Y )  = - K y ,  ( Y )  

" I 0  
'  y e  R - -

l r l = 1  
J  r

w h e r e K ) C ,  K a c o n s t a n t '
\  _ -  _ _ - . +

By def in i r ion  ? t fn rV,  ) f l xecO and the  cond i t ions  in  TheoremJ '

.  a r e  f u l f i l l e d

f  t r l  = n  
f V t t l l  

2 ,  w h e r e  y  i s  r h e  c o r r e s p o n d i n g  s o l u t i o : r

l n  ( 1 ) .  u s i n g  r r o , s  d . i f f e r e n t i a t  r u l e  w e  g . t  * Y (  
- * t f ( t ) + c  a n d

i t  fo l lows tha t  an  $O wi t t  ex j -s t  such tha t  fo r  any  , 'Ao=Xl  *o i  
2g to

' * i th  -x  ( ro lz )  +c(  o ,  f  t r ) i ro -  I  ,  fo r  t>T '

Using Theorem 2 we approximate the solut ion y on IO r t l  by
*-lrD.C

t . h e  s o r u t i o n s  * h ( ' )  i n  ( 2 1  a n d  i t  g i v e s  t n " J l i t  s u f f i c i e n t l y

S n a l I  L h e r e  e y i  " t -  
, . r h di r _ r L  * i €

h

t-
h

l l

l_

#(T ) l ? .o
g

E  m a x  -  I  * o  t t ) - y  t * 1 2 4  t / 2 ,  u  f "
t 4L0,rJ

: : n t f o r r , r l y  w i t h  r e s p e c t  t o  t h e  i n i t i a l  c o n d i t l o n  y ( 0 ) = x h ( 0 )  f u l -

l r  l l i nq  , t  { , r  .  Us i r , q  xh ( t )  as  the  neh i  i n i t i a l  cond i t i on  fo r
- - - " )  

i o * - o '  
v v ' - - )

t i )  on  the  i n te rva l  L * ,  2 i l ,  we  , "pe* f t  t he  above  approx ima t ion .

t . : . us ing  the  same con t ro l - s  o l  . i " a - " rm ined  on  IO , t J  and  i t  f o l l ows
4 .

i i * n (2T)  I ' ( t o  ,  un i . f o rmry  * r i t r - ,  respec t  to  x (0 )  =xo '  E l *o I t { t t  '  E f I i
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( r+T , * )  =o l  ( t ,x )  ,  .  6& , ' r ]  ,

Final ly  we -qet r fo , d\l ) xRn*ir R,

l c€ 'Rn

boundecl and te'i fYi"p

hu .
I

hu .
a

h
I

, r !  t tn t ,  * )

such that  the correspondr-ng

i f

n [ *h  tx r  I

I t  shows that

N

)] e" {kt
l a -  I

( t , x )  ,  ( v )  t b } ,  x €  R n  t

s o l u t i o n f  i n  ( 2 |  f u l f i l

k = 0 r 1 , 2 r . . .k to  ,  (v )
i

concl r t ion is  taken such that  xoeRn , ' . { *o ' , ' | to '

t he  sequence  o f  t he  p robab i l i t y  measured

0 , x o ) ,  N ? 1  ,  i - s  w e a k l y  c o m p a c t ,  w h e r e  p h ( t c t ' 0 ' l ( o )  ( A ) =

i t  i s  equ iva len t  w i th  the  ex i s tence  o t

fo r  ( * )  ( see  [ : 7 ,  and  the  p roo f  i s  co rap le te "
I

h 1
" N N

t h e  i n i t i a l

Assu ine  i ha t  t I ,  I  and  {C ,1 )
i '  

^ * ,

Then t .here  ex is t  v t6  Cf , '  
'

f u l f i l l e d  f o r

pe r  i od i c

=p{*h (kr )€  u/  xh lo  t  sxo}  ;

t he  pe r iod i c  so lu t i on

.
R E M A R K 2 . A s s u n i n g t h a t t h e ] { i e n e r p r o c e s s w ( " ) i n ( * ) '

1 i * y ' a n d  ( * * * )  i s  r e p l a c e d  b y  a  c o n t i n u o u s  s q u a r e  i n t e g r a b l e

I  i  - -  - - r - . . .  
'  ' i - ) \

mar t i nga le  fo r  wh ich  the  guadra t i c  va r i a t i on  ma t r i x  V  ( t )  = (14  ( t )  , ] l  ( f  
i ;

t
h a s  t h e  f o r m  V ( t ) =  f  H ( s r w ) d s ,  w i t h  H  a  b o u n d e d  m e a s u r a b l e  m a t r i x

.Jo :
va luec l  p rocess ,  t hen  the  resu l t  i n  Theorem 3  i s  no t  anynore  

i
:  '  n  1  -  

i n  c r r n l - r  * ' h . a { -  
i

t r ue  bu t  we  ge t  t ha t  t he re  ex i s t  u r€C[ ' '  and  pe r iod i c  such  tha t

-L * t  . t  2 - . .
( * )  h a s  a  b o u r i d e d  s o l u t i o n  i n  t h e  m e a n  s g u a r e r l t r [ : < ( t ) l  ( t l  '

. n
(Y )  t ? /0 ,  f o r  each  *oG L2  ( ' , i d 'P ) '

In the fo l lowing we need to combine (ry ' t  )  in Theorem 2

w i t h  i C 4 )  i n  T h e o r e m  3 '

2 T c '

and



+

2 2

( v r ( t * T o x ) = v i ( t , x )  )  i v h i c h  d o  n o t  d e p e n c l  
" "  

q  a n d  s u c h  t h a t

( * * * )  has  a  pe r iod i c  so iu t i on  i n  d i s t . r i . bu t i on  w i th  the  f i xed

p e r i o d  T "

The p: :oof  o f  th is  t l reorem repeats the same argt rments

as in  Theorem 3 and i - t  is  omi t ted
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