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C A N O N I C A L  F O R M S  O F  U N B O U N D E D

U N I T A R Y  O P E R A T O R S  I N  K R E I N  s P A C E S

by Aurelian GHE0NDEA

f o. rrurnoDucTroN

U n b o u n d e d  u n i t a r y  o p e r a t o r s  i n  K r e i n  s p a c e s  h a v e  b e e n  c o n -

s i d e r e d  i n  [ t l ]  i n  c o n n e c t i o n  w i t h  m a x i m a l  e x t e n s i o n s  o f  i s o -

m e t r i c  o p e r a t o r s  a n d  i n  [ t + ]  i n  c o n n e c t i o n  w i t h  u n b o u n d e d

s e l f p o l a r  n o r m s .  ( h o w e v e r ,  t h e  d e f i n i t i o n  i n  t 4 l  o f  a  u n i t a r y

o p e r a t o r  i s  t o o  l a r g e  f o r  o u r  s e t t i n g ) . 0 n  t h e  o t h e r  h a n d ,

b o u n d e d  u n i t a r y  o p e r a t o r s  i n  K r e i n  s p a c e s  h a v e  c e r t a i n  c a n o n i c a l

f o r m s  w i t h  r e s p e c t  t o  f u n d a m e n t a l  d e c o m p o s i t i o n s  ( c f .  t g ]  ,

t  g l  ,  [ t l  ,  L z ]  ) .  T h e  a i m  o f  t h i s  p a p e r  i t  t o  s  h o w  t h a t

t h e s e  k i n d  o f  c a n o n i c a l  f o r m s  c a n  b e  c a r r i e d  o v e r ,  w i t h  a p p r o -

p r i a t e  m o d i f i c a t i o n s ,  t o  t h i s  g e n e r a l  s e t t i n g  ( s e e  T h e o r e m  5 . s

a n d  c o r o l l a r y  5 . . 6 ) .  L e t  u s  b r i e f l y  p r e s e n t  o u r  a p p r o a c h .

F i r s t ,  b y  r e f o r m u l a t i n g  t h e  c a r t a n  d e c o m p o s i t i o n s  o f  a

u n i t a r y  o p e r a t o r  I l + ]  o n e  c a n  r e d u c e  t h e  p r o b l e m  t o  f i n d  c a -

n o n i c a l  f o r m s  o f  u n b o u n d e d  p o s i t i v e  s y  m m e t r i _ e s .  s o ,  a  s t u d y  o f

t f i e s e  u n b o u n d e d  s y m m e t r i e s  i s  n e e d e d .  F u r t h e r ,  f r o m  t h e s e  w e

r e a c h  u n b o u n d e d  s e l f a d ; o i n t  p r o j e c t i o n s  i n  a  K r e i n  s p a c e  ( t h e s e

o p e r a t o r s  w e r e  f o r m a l l y  i n t r o d u c e d  i n  t f + ]  ) .

T h i s  a r t i c l e  i s  d i v i d e d  i n  f i v e  s e c t i o n s .  A p a r t  f r o m  r e -

s u l t s  c o n c e r n i n g  t h e  g e o m e t r y  o f  s e l f a d j o i n t  p r o j e c t i o n s ,  p o s i -

t i v e  s y m m e t r i e s  a n d  u n i t a r y  o p e r a t o r s ,  w h i c h  w e  n e e d  i n  o r d e r

t o  s o l v e  o u r  p r o b l e m ,  w e  h a v e  c o n s i d e r e d  i n  t h e  t h i r d  s e c t i o n  a

c h a r a c t e r i z a t i o n  o f  t h e  n o n - d e g e n e r a c y  o f  t h e  c l o s e d  l i n e a r -

s p a n  o f  a  n o n - d e c r e a s i n g  s e q u e n c e  o f  n o n - d e g e n e r a t e  s u b s p a c e s



o f  a  K r e i n  s p a c e  i n  t e r m s  o f

d i n g  s e q u e n c e  o f  s e l f a d j o i n t

t i o n  t h e r e  i s  a  s p e c i f i c a t i o n

spaces used in th is paper.

- l

t h e  c o n v e r g e n c e  o f  t h e  c o r r e s p o n -

p r o j e c t i o n s .  A l s o ,  i n  t h e  f i r s t  s e c _

of  no ta t ion  ar ld . te rmino logy  o f  Kre i .n

E i .  NoTATIoN AND TERMTNoLoGY

L e t  J d  b e  a  K r e i n  s p a c e  a n d  d e n o t e  b y  [ . , . J  t h e  i n n e r
p r o d u c t  o f  J {  r f  r  s t a n d s  f o r  t h e  o r t h o g o n a r i t y  w i t h  r e s *
p e c t  t o  t h i s  i n n e r  p r o d u c t  t h e n  a  f u n d a m e n t a r  d e c o m p o s i t i o n  ( i n

b r i e f  f . d . )  o f  X  i s  a  d e c o m p o s i t i o n

3 { =  X . *  +  J < -

w h e r e  s ,  
* ,  

u -  a r e  r i n e a r  s u b m a n i f  o r d s  o f  J {  s u c h  t h a t
J t * 1  3 C -  a n d  (  J t * ,  [ . , . ] )  ,  (  X - ,  _ [ . , . ] )  a r e  H i l b e r t

s p a c e s .  U s u a l l y  w e  w r i t e

J{ = J(* t*l Jt-
, ' ' i - r . ' ; i  i n  o r d e r  t o  m a r k  t h e  o r t h o g o n a l i t y  o f  t h e  c o m p o n e n t s .

A t s o  ' o n e  d e n o t e s  X * ( J {  )  =  d i m  J { *  a n d  x - ( 3 C )  =  d i m f i - .
T h e  c a r d i n a t  n u m b e r  ) r ( J C )  =  m i n (  ) r - ( J { ) ,  * ( J C ) )  

i s
c a l l e d  t h e  r a n k  o f  i n d e f i n i t e n e s s  o f  t h e  K r e i n  s p a c e

A  f u n d a m e n t a l  s y m m e t r y  ( i . n  b r i e f  f . s . )  o f  l C  i s  a  I i n e a r
o p e r a t o r  J  o n  f r ,  s u c h  t h a t  J 2  =  f  a n d  t h e  i d e n t i t v

x , Y € J t( x , y b  =  [ J x , y ]  ,
d e i i n e s  a  p o s i t i v e  d e f i n i t e  i n n e r  p r o d u c t  o n  J f  s u c h  t h a t
( l C  , ( ' , ' )  )  i s  a  H i l b e r t  s p a c e .  T h e  c o r r e s p o n d i n g  n o r m  i s  c a l -
1 e d  a ' u n i t a r y  n o r m .  A n y  t w o  u n i t a r y  n o r m s  o n  J C  . r e  e q u i v a l e n t .

- I f  w e  d e n o t e  b y  X (  3 d )  t n e  a l g e b r a  o f  b o u n d e d  l i n e a r

. o p . e r a t o r s  i n  x  t n u n  u n i f o r m ,  s t r o n g  o p e r a t o r  a n d  w e a k  o p e r a t o r

t o p o l o g i e s  h a v e  t h e  u s u a l  m e a n i n g ,  w i t h  r e s p e c t  t o  a n  a r b i t r a r y

u n i t a r y  n o r m  o n  ] t

A  s u b s p a c e
\,

A  s u b s p a c e  d r  o f

^ . c
U I

JL
i s  a  c l o s e d  l i n e a r  s u b m a n i f o l d  o f  J d ,  .

n o n - n e g a t i v e  ( p o s i t i v e )  i f  [ * , r , J  > t  0 ,  x e & ,i s
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(  [ x ,  x l

s o m e  ( e q u i v a l e n t l y  f o r  a n y )  u n i t a r y  n o r m  f f ' l l  t h e r e  e x i s t s  o ( > 0

s u c h  t h a t

f * , r l  ) 7  4 1 1  x l l  2  ,  x e Y .

L e t  t { =  3 { * [ * ]  X " -  b e  a  f  . d .  o f  3 { .  T h e n  t h e  a s s o c i a -

t e d  f . s .  i s  J  =  J  
* -  

J  w h e r e  J  I  i s  t h e  p r o j e c t i o n  o f  $

o n t o  3 {  1  a l o n g  J { , +  A l s o  l e t  l l ' ' l  d e n o t e  t h e  c o r r e s p o n d i ; r g

u n i t a r y  n o r m .  I f - X  i s  a  n o n - n e g a t i v e  s u b s p a c e  o f  3 {  t h e n

J *  =  J * &  i s  a  s u b s p a c e  o f  3 C * ,  t h e  l i n e a r  m a p p i n g

K :  J + x  t - . . )  J  x ,  x € X

i s  w e l l  d e f i n e d ,  K  i s  a  c o n t r a c t i o n ,  i . e .

l l K x l l  (  l l x l l  ,  x €  X - ,

a n d  X ,  i s  t h e  g r a p h  o f  K

X =  G ( K )  = { x + K x  I  x €  X , . \ .

K  i s  c a l l e d  t h e  a n g u l a r  o p e r a t o r  o f  X ,  w i t h  r e s p e c t  t o  t h e  f . d .

3 [  =  J { * t * ]  X - .  M o r e o v e r ,  X ,  i s  a  p o s i t i v e  s u b s p a c e  i f  a n d

on ly  i f  K  i s  a  s t r i c t  con t rac t ion ,  i .e .

l l r x f l  <  nx l l  , .  xeX , * r {o l .

I i t a uniformly positive subspace if and only if K is a uniform contraction

i .e .  l lK l l  <  1 .  X  i r  a  max imal  non-negat ive  subspace i f  and on ly  i f  f  ?=  Jd* .

It JL is an arbitrary subspace of JC tnen .y'tt=t*€]C I x t r/1,!

denotes its orthogonal companion and ,l,Lo = J'1. n ,/tt its isotropic

silbspace. JL is non-degenerate if ,/(o= l0\. t/ l  is regular if J( =J{* c}Lt.

Let  X1 anO XrOu Krein spaces. I f  T is a densely def ined operator

"0(T)€ X* a.nd L(T) e }{ t  then w€ Le't  Tr denot,e , ts adiotn' t
[ T x , y ] = [ x , T t ] ,  x € . ? ( T ) ,  y ( n ( T f ) .

I f  J ,  is  a  f  .s .  on J t i ,  t=L,2,  then T*  denotes the (  J  '  J  r ) - roSoint

operator  o f  T,  i .e .

Then

t f , -  r  t * r|  -  , l t  " 2 .

also holds.  As a rule,  posi t ive operators,  sel fadjoint  operators etc.  on a

( T x , Y )  
3 2 =  

( x , T r v ) ,  r  x  ( " 0 < r > ,  Y  e 0  Q \ .
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Krein space X are'understood with r:espect to the indefinite inner product

o f  3 t .  f f  J  i s  a  f . s .  on  J {  then J -pos i t i ve  opera tors ,  J -se l fad jo in t

operators etc.  are referr ing to the posi t ive def in i te inner product ( . , . ) , :

t  t  SELFADJ0INT PROJECTIONS
J  - '

Let 3f nu a Krein space. A l inear operator P in J{ is called a

sel fadjoint  project ion i f  i t  is  sel fadjoint  and idempoterr t ,  i .e.

P f  = P = P 2

0bserve that with this definit ion a selfadjoint projection can be unbounded

( the  mean ing  o f  the  equa l i t y  PZ =  P is  as  fo l lows,  R(p)g  J  (P)  and

P 2 *  =  P x  f o r  a r t  x  € A  ( P ) ) .

2.1. PROP0SITI0N. A subgpegg J pj-tf,dq94€pgq_e_ ff, ir the ranse

of a sel fadjoint  project ion i f  and only i . f  I : . r  a non-degenerate subspace.

Proof. Let Y oe a non-degenerate subspace of 3{ Then X * Xi

is a dense l inear manifold in 1. We define a l inear operator P in X as

f o t l o w s ' 0 ( p )  =  { * X r  a n d

P(x l+xz )  =  *1 ,  x l€  {  ,  x2€ .  XL  .

Then P is correct ly def ined, Q (p)= X and ?2 = P. 0bserving that

IR (x r+x r ) , y f y2 )  =  [ *1  , y f y2J  =  [ *1 ,y1J  =  [ * t * *2 ,y1J  = [ ( x r *x r ) ,  P (v r *v r ) J  ,

* r , v r € X  ,  x z , y 2 € X L

it follows P G P# . In order to prove the converse inclusion let y be a

vettor in 0 f{>. Then

[ p * , y ]  =  [ . x , p f y 1  ,  x e  0  ( p )

Taking x t  X i t  fo l lows y-Pfy €XI whire let t ing ,  €Sl  we get

Therefore

y  =  (y -Pf f l *e fy  €XI*X =  0  ( r ) .

r#ve.X .

Conversly, let P be a selfadjoint projection in }{, .  Then I-P is

a lso  a  se l fad jo in t  p ro jec t ion  and R.Cp l  =  ker (1 -P) ,  in  par t i cu la r  R (p l

is c losed. In order to prove that R fpl  is  non-degenerate let



q.

x €.  q.(P)o.  Then x € ?,(p)  ano

o = [ x , P y 1 = [ P x , y ] = [ x , y J  ;  y e D ( p ) ,

hence x = 0 follows since e Crl is dense in 3{

2.2 REMARKS. a) Consider ing the fol lowing corresponoence: to each sel f -

adjoint  project ion we let  comespond the subspace determined by i ts range,

then this is a bi ject ive correspondence between non-degenerate subspaces

and sel fadjoint  project ions.  A1so, by the c losed graph pr inciple,  i t  fo l lows

that in this correspondence thE regular spaces are precisely the ranges of

bounded sel fadjoint  project ions.  .

b) If Y is a non-degenerate subspace of W and P denotes the coF

responding sel fadjoint  project ion onto {  then I  -P is the se}fadjoint

project ion onto Y, 
r .  

*  i r  a posi t ive (negat ive) subspace i f  and only i f

P is a posi t ive (negat ive) operator.  Y is maximal posi t ive i f  and only

i f  P is posi t ive and I  -  P is negat ive.

c) The existence of unboupded selfadjoint projections in ]L depends

on wether rc(q,)  is  f in i te or not,  more presisely x(X) is f in i te ( i .e.  f f

is  a Pontryagin space) i f  and only i f  any sel fadjoint  project ion in 3{ is

bounded. This fo l lows from the wel l -known fact  that  Pontryagin spaces are

character ized within Krein spaces by the condi t ion that any non-degenerate

subspace is  regu la r  (see  e .g .  tz l  ,  L  fJ  )

d) Let us assume that x(JC) iu inf in i te.  Then, i t  was proved in [ ro l

that there exist two subspaces vll and ,'( ,n .I, such that ,r!,{ tu positive,

,[ is negative, Jl"trt/ and the l inear manifold ,, i l  * vf is dense in

.lt , but neither ,/I is maximal positive nor o( ,t maximal negative. If

we let  Q denote the l inear operator in Jt  def ined as fo l lows: 0 (q)= c/ l*r l f

and

Q(xr+xr)  =  x ,  , xr| vd{ , xze, ulf ,

then Q is a posi t ive,  c losed,densely def ined project ion in f f  which is

no t  se l fad jo in t .

e)  Let P be an unbounded sel fadjoint  project ion inf f ( f rotn. ;  we neces-
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sar i l y  need x (  J (  )  =  oo  ) .  Then fp (P)  =  tO, f  3  and Cc(P)  =  0  \ {O, t l  ,

in part icular g ' (P) covers the whole complex plane."  m

For a maximal uniformly definite subspace { of the Krein space J(

there is an expl ic i t  formula of  the corresponding bounded sel fa jo int  projec-

t ion onto Y, in terms of  i ts  angular operator wi th respect to a certain f .d.

o f  X  (c f .  t l ]  ,  see  a lso  t fo l , l z l  ) .  The fo l low ing  resu l t  i s  a  genera-

I izat ion of  th is fact  to the case of  maximal def in i te subspace, dropping the

assumption on uniformity

2.1.  PROPOSITI0N. Let X, be a maximal posi t ive subspace of  3{  and

K its;ngulqr gperatgr with "rgjpect to*a j.S! X = f,,*t.l {-. Wg-gglglg
( 2 . 1 )  0 * = R { r * - x n x ) g X * ,  D - =  Q ( t - - r 4 < " ) E  3 { - ,

where I* q r. 
Then the selfadjoint projection

\,
onto "L is the closure of the following l inear operator

w . r . t :  0  t n o )  =  0 * *  A _ ,P -o

Proof . If X, is a maximal posi.t ive subspace of X tn"n Xt is a

maximal negat ive subspace, hence K and K* are str ict  contract ions,  equi-

valently I*-K*K and T- - KK* are one-to-one. So the block-matrix'operator

Po makes sense.

* Let z be an arbi t rary vector in 0 <nol ,  i .e

z = Q - - { K ) x + ( r - - r r r ) y

for certain x € J{, * 
and y e J{-. 0bserving

.  z  =  (x -Kf ,y ) *K(x -K*y) * (y -K)* r f , (y - t<x)€  X * { r  =  0  (p ) ,

where P denotes the sel fadjoint  project ion onto N, i t  fo l lows

P o t =  ( x - K * y )  + K ( x - K x y )  = P z ,

hence Po € P. Therefore Fo € P holds.  '

In order to prove the converse inclusion let z denote an arbitrary



vector in i0 (P).

representation

for  certain x* € X *  a n d y - €J{" -

.l
- t

T h e n  z = . x + y  f o r s o m e x € {  a r r d y €  { r h e n c e t h e

I J - L -

z  =  x ' + K x ' + y  + K " y ,

, follows. hle consider now the operator

*
I _ K

w.r . t .  X= K*[* ]  X-

Then T is bounded and 3-sel fadjoint ,  where 3 denotes the f .s.  determined

by the considered f .d. .  Making use of  the wel l -known factor izat ion

T *

-K

-Kfi

I -

f r*-**o o

I
LO 

I -

I O+

( n ' + €  )  ,

I
I
J

r t ib le ,

two

I -

inve

exist

- N

and observing that the extremal operators in the right side are

it follows that T has dense range in { . In particular there

sequences (xn)n 
€ 0{ C, X 

* 
and (vn),-,.NcX-ur"h that

xn-K*yn -; 
"* 

r yn-Kx

Then take the sequence (zn)n€ 
N C. 0 {eo) ,

zn = (I*-KtrK)xn + (I--xK*)yn , n€ lN

and notice that

zn = (xn-K#yn) + K(xn-K*yn) + (yn-Kxn) + K*(yn-Kxn) ->

- 2 , x +  +  K x *  +  y  + K y -  =  z  ( n - * o o  )

Potn = (*n : K'Fyn) + K(xn - Kryn) -> x+ * Kx*

therefore Pg P"  a lso holds.

$ r. MONOTONE SEQUENCES 0F SELFADJ0INT PROJEIITI0NS

Let  (  X n)n€ S, t  be a non-decreas ing ( i .e .  f ,n  G X n*1,  nC lN)

sequence of subspaces of the Krein space Jt and l-et S denote the subspace

spanned by Xn, n€ 0,1. The problem is to decide wether X is non-degenerate

and

E
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or regulaf.  (AIso, let 'us observe that i f  the .  sequence of subspaces

r Y \  i -  '  the problem of wether n X^ is a non-(  o[  n)n€ 0' .  
ts non-rncreaslng, rne pruurerrr  ur  

n € [N 
n *-

-degenerate or a regular subspace can be reduced to the above case by con-

sider ing the orthogonal  companions).  l t  can be shown by examples that even

when al l  the subspaces {  r r" . -  regular (or,  more rest ict ively,  #n are a} l

non-degenerate and X i, a Pontryagin space) tfre subspace Y can be degene-

r a t e  ( s e e  l z i  ,  t 3 )  ,  [ g ]  ) -

In th is sect ion we wi l l  g ive an equivalent character izat ion for  the

non-degeneracy of X when all the subspaces Xn .ru assumed non-degenerate'

In order to do this we recall f irst the definit ions of strong and weak graph

convergences (cf  .  le1 ,  see also I  tz l  )  '

Let (Cn)n 
n ry 

be a sequence of l inear operators in 3{ Then one can

def ine two l inear submanifolds Gs((Cn)n6 0!)  
and Gr((Cn)n€ [ \ )  

of

X ,  X  a s  f o l l o w :  a  p a i r  o f  v e c t o r s  ( x , v ) e  X  x J {  b e } o n g s  t o

Gs((Cn)ne ${)  
( respect ively to Gw((Cn)n€ S{))  

i f  there exists a squence

(*n)n€ 
Nc l t  such that for  any n€ [ ' '1,  *n € 0 tcn) and

x n + x ,  C n x n - - )  Y  ( n - ) o o )

strongly (weakly) .  In general  these l inear manifotds are not graphs of

operators.  I f  there exists an operator C in X such that G=((Cn)na g1)=

=G(C)  -  the  graph o f  the  opera tor  c  -  ( respec t ive ly , -G*( (Cn)n€ 
$ \ )  

=  G(C) )

one says that the sequence (cn)ne 
$! 

converges in the strong graph sense

( in tne weak graph sense, respect ively)  to the operator C'  Clear ly,  i f  the

strong graph limit (or the weak graph timit) of the sequence (Cn)n 
e Ol

exists then it is uniquely determined.

In the fo l lowing we shal l  consider the order relat ion on sel fadjoint

project ions in X d"t* t* ined by the inclusion of  ranges, more precisely

i f  P and Q are two sel fadjoint  project ions in X then P< Q i f

1. cpl s 3" <q).
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3.L.  LEMMA t  ̂ + /o \  be a non-decreasing sequence of  sel fad*.  r_E-r,  \ '  nrn € [N

lg:*:9 gl R (Pn), n( $"r,

X = V 3,(p-)
n €  [ \  ' '

Then

G s ( ( P n ) n €  N )  
=  G w ( ( P n ) n €  0 \ )  

= { ( x  *  v , x )  I  x €  {  ,  y  Q . { t j .

Proof. I t  is suff ic ient to prove the inclusions

Gs( (pn )n€6r )es* { (Pn)n€  $ { )  G{ t *  +  v ,x )  |  x€  f  , v  e  # IJe .e r ( (nn )n .p t r ) .

The f i rs t  inc lus ion  is  obv ious .  For  the  second,  le t  (z ,x )  €  Gw((Pn)n6 
U{ ) ,

hence there exists a sequence of  vectors (zn)n 
n ^ 

such that zn€ fr  (Pn),

n € [l,,1, and the weak convergences

.n *7 z, Pntn ---) x (n .+s)

hold.  In part icular x € X I f  m€ [ \  is  f ixed then for any t  € Q tn* l

f  , n  -  P n Z n , t ]  - > [ z  -  x , t ]  ( n - + o o ) .

But considering only n ) m we have

l r n  -  P n Z n , t ]  =  [ ( r - P n ) z n ,  P * t ]  =  o ,  t  € Q ( p * ) ,

hence

L z - x , t l = 0 ,  t € R ( P m ) '

Singe m € N is arbitrary we get

z  -  x Q "  l _  R ( P m ) r  =  X '  ,
m € l N  ' '

i . e .  z  =  x  +  y  f o r  s o m e  y €  X r .

In order to prove the last  inclusion let  x € X and y€ { , t .

Tnen

y€  n  .Q (Pn ) r  
=  

l ^ ke r (Pn ) .
n € l N  "  n € l N

AIso, there exists a sequence of  vectors (xn)n€ 
nl ,  *n € R (Pn),  n€ lN

s u c h t h a t  .  ,  - ^ \ouur I  ur ro u 
*n -) x (n - 'oo)

st rongly ,  hence the s t rong convergences

Xn  *  Y .  x  +  y ,  Pn ( *n  +  y )  =  Pn*n  =  tn4  x  (n ->< ) )

h o l d ,  i . e .  ( x  *  y ,  x )  6  G s ( ( P n ) n €  [ \ ) .  m
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1.2.  PR0P0SITI0N. Let the assumption of  Lenrna 1.1 hold.  The fol lowing

assert ion are equivalent:

( i )  Tne subspace ,Y, is non-degenerate.

(ii) Thg-:-"-9gq!:J (Pn)n € $! ?9lJ9fs9$ . it. Ilq :!rgls- 9t9Pfl-"?.9.T-9-:
(iii) il"::"-g"y:Lcg (Pn)n N qgn-vgf-s_"_: il_ !F y99f _9-i3plt*ge1-sg*.

Moreover,  i f  one (hence al l )  of  these assert ions holds then the l imi ts f rom

(ii) and-J:l *::':g:9-:"'Tl"l1iF ,'-"1.139i9.T1 P:gi-?:tlgl :l-t-".-th:"1g1
-degenerate subspa"r Y .

Proof.  ( i )  - ) ( i i )  t t  X is non-degenerate let  P be the sel fadjoint

p r o j e c t i o n o n t o Y . T h e n

.  G ( p ) = [ { * n y , x ) l x € X ,  y e  X t J

hence, by Lemma 1.1, the sequence (Pn)n€ 
0\ converges in the strong graph

t o  P .
( i . i ) : ) ( l l i ) .  O b v i o u s ,  a l s o  b y  L e m m a  3 . 1 .

( i i i ) -> ( i ) .  I f  (Pn )n€  
[N  

conve rges  i n  t he  weak  g raph  sense  then

Lemma ) .1  says that  the l inear  mani fo ld

{ t * * y , x ) l x € Y  ,  y €  { t l

i s  t he  g raph  o f  an  opera to r ,  i . e .  x  +  Y  =  0 ,  xe  {  and  y€  f , l  imp l i es

x = 0,  hence Xo = f ,  n  Xt  =  lo l ,  r .e .  f f ,  i=  a  non-degenerate subspace. f f i l

3.3. COROLLARY. lSj (Pn)ne 
0\ b" g n?tg.ecregsi1o "s_equglge o_!,pou1dgQ

:g$gii:-l$. pteff-q-i1"en:--il X e$ 9"'l.e!e
Y = V Rcenl

'  n € b l

Then f is regular if and only the sequence converges in the strong graph

(equivalently, in the weak graph) to an every..,where defined Jri1eg1-operatg5..

-JW" en d this section by showing that in the situation from Corollary 3.3 one

cannot use, in general, either the strong operator or the weak operator

topology.

3.4. LEMMA. L:t (Pn)ne 
U,r P_L1t9:_T:Tr"g_TlS1"*"_"f 

j!9"d"-d .gll_-

adjoint  project ions in {  .  The fol lowing assert ions are equivalen' t :

( 1 )  ( P _ r' n/n € tN i: -gf Prylf--9"-TiSq'

w
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( i i )  (P )  -  . . .  nonverges in the strong operator topology.\ r ! /  ' '  
n 'n  € h l  : . * , -  - - . ; - * -* - - -**

r i i i \  rp  ' \  converges  in  the  weak opera to l topo logy .\ ! ! r /  ' '  
n ' n  €  l N  l  

. - - r " : : " : i " "

Proof .  ( i )=>( i i )  te t  l l ' l l  denote  a  un i ta ry  norm on f t  and assume

M = sup l l  p. l f  < + oo.
n €lN

. 
We prove first that the sequence(Pn)n e [N 

converges in the strong graph. Let
t 

,*n)n € ${ 
b" a sequence of vectors in fd such that

- lt xnil -) o, l lPnxn - yll -> o (n ->€) ,

for some y e X Then, for any n € lN we have

l ly l l  (  $y -  Pnxnl l  + lPnxnl l  ( l ly  -  Pnxnl l  + Mttxnl |  ,

and let t ing n*>oo we get Y = 0.  Hence, by Proposi t ion 3,2 Lt  fo l lows that
\ ,

the subspace V-- P,".,J( is non-degenerate, in particular the l inear manifold
n€[ i  "

= LJ p-X * [l (r - p_)J{
n€lfl " n€llt ' '

is dense in Y , 0bserving that for any * 8.O the sequence of vectors

(Pnx)na 
1ni 

converges and taking account of the uniform boundedness of (Pn)ne 
'rt

it follows that (Pn)n€ 
91 converges in the strong operator topology.

( i i )  =>  ( i i i )  obv ious .

( i i i ) : ) ( i )  This is a consequence of  the uni form boundedness pr i -nciple

in Hi lbert  space.

1.5 REMARK. The proof of  the impl icat ion ( i ) :>( i i l  in Lemma J.4

can be done also by means of Alaoglu Theorem but we prefered this very ele-

gmentary way.

3.5.  EXAMPLE. Let W n" a separable,  inf in i te dimensional  Hi lbert

space and {gx3xe $ !  an  or thogona l  bas is  o t  X .  Take X =XOX and the

gy,mmetry J defined as follows:

l ( x ,  O  *Z )  =  x r? -  x ,  x , x rQ ,X

.  Then, def in ing the inner product

[ * , y J = ( J x , y ) ,  x , y e ] C ,

(3 t , t . , . J )  i s  a  K re in  space  and  J  a  f . s .on  X .  We cons ide r  two  sequences

of vectors of

6
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k

"k 
= 9k Oi51 sp,

w

f k = i l  u p O 9 p ,

and the non-degenerate subsPaces

d r  = ( e r )  r

f  t  
=  ( u l , "  ' , 8 k  i  f l ,  "  ' , f P - 1 )  '

I t  is  easy to see that the l inear manifold

U X,,,
k ) r r  

n

is  dense in X ,  hence, i f  we let  Pn

x1'  k€ B{ '  (Pto)xe. 
$\  

converges in

too) to the identity operator on {

are al l  regular,hence the operators

0n the other hand, i t  is  easY

K 6 I N .

denote the selfadjoint projection onto

the strong graph ( and in the weak graph,

. Let us remark that the subspaces X k

PO are bounded.

to see that

K6. IN,

k€  0 { ,

k€  lN ,

Pn(xun *  ygk)  -  (k+1)( (k+1)x

2 k + L

\ (  ( -  kv )
4 0

" k , x , y Q . K  , k € -  N ,

hence

P o ( u p @ -  s u )  =  ( k + 1 ) e 1  ,

therefore
l l  P n ( s , o O - o u ) l l

-y oo (X -+ so ).
l l  sp @ - sx[

By means of  Lemma 1.4 th is means that (Pn)k6 
0{ cannot converge in the

weak operator topology. 
ff i

n 4 . POSITIVE SYMMETRY OPERATORS

A densely def ined l inear operator U from X, into Xd z,  where

Xl and X, are Krein spaces, is cal led uni tary i f  i t  is  one-to-one and

u f  = u - l

(cf  .  [U] and [ f r r ]  ) .  A uni tary operator is always closed but in general

unbounded.

A linear oberator S in a Krein space X iu called a symmetry operator

i f  i t  i s  se l fad jo in t  and un i ta ry ,  i .  e .

11rkil )
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S = S # = 5 - 1 .

4.1.  REMARKS a) A } inear operator s in the K::ein space dir  a symmetry

operator if and only if the operator

r =  l ( s + I )
2  . "  '  ' /

is  a sel fadjoint  project ion.  In th is case

S = 2 P - I

also holds and this relation defines a bijective corfespondence between sym-

metry operators and sel fadjoint  project ions.  Moreover,  denot ing Y = Q Cpl

then  3  fs>  =  f *  { t  and

S ( x r +  * 2 ) = x L - * 2 ,  x r € *  ,  x z e X ' L '

Also we have

J =  k e r ( S - I ) ,  X , r  =  k e r ( S + I )

b) The symmetry s is bounded if and only if the subspace ker(S-I) is

regular

c) The symmetry s is posi t ive i f  and only i f  the subspace ker(s- I )  is

maximal posi t ive.

d) A l inear operator is a fundamental symmetry of the Krein up'"t J{

if and only if i t is a bounded positive symm#'5y operator in X'

ui  l " t  3{  u" a Krein space. The fol}owing statements are equivalent:

( i )  x(  3C )  i t  f in i te

( i i )  each symmetry operator in X, is bounded'

( i i i )  each posi t ive symmetry operator in K I t  bounded'
+

f) Assume X( Jt ) infinte and let S be an unbounded symmetry in J{ '

c  1  c c ( s ) = C I \ { . - r , r l  B
T h e n  f p ( S )  =  t  - 1 , 1 !  a n d

Positive symmetries wefe arso considered in [r+l (in tnat paper they are

introduced under the name of #-positive f-unitary operators) in connection

wi. th some other geometr ia l  aspectsofKrein spaces (see also [ lJ  tor  re lated

ideas) .

I n t h e r e m a i n i n g p a r t o f t h i s s e c t i o n w e f o c u s o n p r o d u c i n g s o m e c a n o _

- nical forms of positive symmetries in terms of angular operators '
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4,2. LEMMA Let-X, be a maximal posit ive subspace of j / ' ,K i ts angular

gpga!-or *1tr, ,*rp""t ," , i .o .1{, =Xnt*j X- and ,n* irn*., ;;;;;;-
r  , . \' J ) *  and"0_ de f ined by  (Z . i ) .Then the  pos i t i ve  symmet ry  S  wh ich  cor res-

ponds to d- ( i .e.  such that d = ker(S-I))  is  the c l -osure of  the fo l lowinq

;;;r"r.to, 

'** **'-Y

By

I t

_hggl. Let P denote

Proposi t ion 2.1 P is

remains to notice that

the positj.ve selfadjoint projection onto {,

the closure of the operator Po defined at (2.2.).

so  =  2Po - I '  s

4.3 . LEMMA Let S be a positive symmetry in the Krein spac* fi,

Tj":*. -l:"1_3n"t _T.l_tma! ulifor.Try qosjtiye (yaximal unifollty negative) "?g!:
space ,A ot V" , 3 Csl n dC is dense tn ,Jul" and the subspace m?S)nl)

i .s  maximal posi t ive (maxirnal  negat ive,  respect ively) .

Proof, Let cll be a maximal uniformty positive subspace of 3( ano

denote X* = , IL and X- = ,4 t .  ' rnun 
54 = X* t*J l { -  is  a f  .d.  of

{ ,  Taking J = ker(s - I )  i t  fo l lows that X is a maximal posi t ive sub-

space of  X .  Let  K be i ts angular operator wi th respect to the f .d.

f r  = I  
* t* i  

I  
- .  

Then K is a str ict  contract ion.  According to Lemma 4.2

S is the c losure of  the operator So def ined in (4.1).  Since

J  (s )n  X  *  2  0  (so )n ,X  *  =  h  * ,
(rJcal l  tnat 0* = R (I* -  r{x) iu dense in &*) thu f i rst part of the

lemma is  proved.

Further,  i t  is  easy to see that

s o O  *  
= { x  *  2 K ( r +  *  r * r ) - l x )  I  x  €  0 . 3

and

(4 .2 )  s (  0  (s )  n  & . * )

i .e .  the  regu la r  oPera tor

lv(r  r  r t r r ) - l  I t  remainszN \ - t+  f  r \  r \ / /

t i o n ,  i . e .

2K( I ,  *  x+x) - l * )  I  *€36* ]  ,
T

.#
^ | 1 .  I=  S o d *  = t x  *

of the subspace

to prove that

s ( 0 ( s ) n
this operator

is the operator

str ict  contrac-

JC -)

; -  ^
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(4. t)  l l  zt<xl l  < i l  ( I*  *  x*t<)xff  ,  x € S *o{ol  
,

(  | l ' l l  is  the l rn i tary nofm associated to the f  .d.  q = 3{*f .* :X-) .  f t

is  easy to see that th is is equivalent wi th

(4. t t )  l l { r*  -  r '+x)*  l j  }  0,  *  E 3{* .  {o l  ,

which is evident lv t rue s ince K is a str ict  contract ion.  @

4.4.  REMARK I t  wi l l  be proved in  Lemma 5.4 that  the above fact  ho lds for

any uni tary  operator .

4.5 . PR0P0SITI0II !9".1

:LTe_ 3{ gno T its ansular.

Then there exists a unique

stl.bspqc-g .of the, Krein

thq { ,9,  X =ry Fl  X-
such that

\ J  b e a

"Pqryi;;;
posi t ive

ma1ila_! positive

r . l ' i  f h  r oqnon f  f n
.  _: : .* . " i :  . . :  "_yH"" "  YY

symmetry S in 3{

3{ 
*)  = Y and this is the c losure of  the fo l lowing l inears ( 0 ( s ) n

operator:

(/i. 5) So =

where we have

I
r)-7 -T (r_ -

1
T  I )_7  - ( I -  -TT

0 * = R c r * - r * r )

. l loot.  Let S be a posit ive symmetry in J{ such that S( J (S) n X*)= V

holds. Then, representing S as the closure of the operator So defined in

(4. f )  w i th  a  s t r ic t  cont ract ion K,  i t  fo l ]ows f rom (+.2)  tnat

T = Z K ( I * * K * K ) - 1 .

w . r . t .  0 C s ^ >  = A .  * D
u +

+ and i l-=Qcrr -TT*) i> r X-.

[ , ' .  
-

[  
, , , .

denoted

TT )-|l
J I

) ' 7  J
T s  J t

So we are led to prove that there exists a unique strict contraction K which

sat is f ies  (4 .5 ) .  To  th is  end we f i rs t  observe  tha t  i f  K  sa t is f ies  (4 .5 )  then

( 4 . 6 )

we have

( e . g  .

se ly ,

I  T l  =  z lK l  ( r *  +  lx l  2) -1 ,

where,  as usual ly ,  t  =  ( t * t )  i Considerino the function [0 ,  r ]  +  [0 ,  i lf :

Y ( k )  =  2 k ^  
,  k €t '  r  +  k z

l T l  =  Y i l r < l ) ,
cont inuous funct ional  calculus).
-1 

is continuous and

[o , tJ  ,

by

Y
But  Y is  inver t ib le ,

I
more precl-



- L 6 -

1

V  
- ' ( t )  =

I

hence,  a lso by cont i

0n the other hand, (

hence it is easY to

polar decompositions

hence

( r '
t

and then

f r>i= (r*  *  K*K)(r*  -  t<rx)-r

( 1- f;2 t € (o,rl ,\-*-T--,
i
L  o  ,  t  =  o ,

nuous functional calculus, t ,rte have"

l K t  =  r - t (  l T l  ) .
4.6) impl ies that  kerT = kerK and ?.  Cf l  = X ( f<)

see that the partial isometries which correspond by

to T and K respectively must coincide. If X denotes

lef t

th is

part ia l  isometrY then -- ' l  . ,  - ,  ,K  =  X f - ' ( l T l )

is  the unique str ict  contract ion which sat isf ies (4.6).  Indeed, K is c lear ly

a  cont rac t ion  and i t  i s  s t r j c t .s ince  (4 .3 )  i s  equ iva len t  to  (4 '4 ) '

I t  remains to show that i . f  (4.6) holds then the operator So has the

btock -  matr ix representat ion (4.5).  Indeed

I* - T*T = I* - +xtrx(I* * K*K)-z = (r+ - dx>2 (I* * x*x)-2

T ( I-t

Simi lary we

and

therefore S-
U

5 .

, , * , , r , - I- l\ K,,

(r- + KK*)(I- - rxr) 
-1

nretu " "

r*it* =  2 K ( r ,
f

1
I

tt*)f =( t -  -

t * (  t_

has the

UNITARY

I

- T\i = zK*(r_ -KK'+)-l,

representat ion (4.5) in terms of  T '

OPERATORS

&

In this section we tet X, and 3t 
z denote

At the beginning of the

we mean by a unitary operator

l,rle state f irst, f or the

proved essent ia l lY in I f+ l

preceding section we

in Krein spaces.

readers '  convenience '

( the so-cal led Cartan

Krein spaces

have speci f ied what

a result which was

decomposi t ions).
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THEORIMLet U be a unitgry-9q-e19!-gf--tqpn ffl 1.I!9 J{z gl-q

purposes it is convenient to reformulate this theorem as fol-

Irdt'1\(

J i

E 1
) . L .

f  . s .  o f

where

We factor

For our

Iows:

'1r  ^ - ' ten [ .J admits the fo] l 'owing representat ionsJ L i ,  L  =  L ) t .  1 I - . . _

U =  V A I  =  A 2 V

V. A. A., are uniquel y determined bv the-19-l-pring -9t9gqll19u'
r't /

(a) v iu- q -yn-E-ry-_11rq ( J ' J2) - gpjg-qy*lg?rqlgl l.lsrl r{"1 i$q

\ l  / i -  n a n t i n r r l S l ' V  i S  b O U n d e d ) .Jt ? \ ill*.1-": :.'.Y:*.

(b) Ai :?-_9 Q1 - ep-lf!-iyg,J, 
-,9e--1*!e9-i-or$, git-Q,lY--9p-qr9!--o-!i n

X i ,  t  - -  I , 2 '

g 'o3.  Consider u as a c losed, densely def ined operator f rom the

H i l b e r t  s p a c e  (  { r , ( . , . ) 3 . , )  i n t o  t h e  H i l b e r t  s p a c e  ( X r , ( ' ' ' ' r r '
I

U accordl-ng to the polar deconpositions

U = V A l = A z V

where 
Ar = (uru)* , Az= (uu#)|

a n d  V  i s  a  ( l r , : 2 )  -  u n i t a r y  o p e r a t o r .  S i n c e  U  i s  u n i t a r y ,

u-1  =  u#  =  J ru*Jz ,

i t  is  easy to  ver i fy  the fo l lowing equal i t ies

Jr{u*u) Jr = (  Jtu*J2)( Jru Jr)  = u- lu-r ' f t  = u- lu#- l  = luru)- l '

i .e .  J ro l  J ,  =  {n11)2.  Therefore,  s ince

J r o i  J l  =  ( J r n ,  J ) '

holds and JlAl  J I  is  { -  Posi t ive J I  
-  sel fadjoi-nt ,  f rom the.uniqueness

-o f  the  square  roo t  opera tor  p roper ty  we in fe r  o i t  =  J tn rJ t  ' i ' e '

A,  is  a uni tary operator in X,.  Simi lary one shows that A, is a uni tary

opera tor  tn  IZ .  Then,  fo r  a rb i t ra ry  t , y  €  X  t  we have

I A t * , A t v 1  =  [ * , y l  = f u x , u y ]  =  [ v t * ,  v A t y ] ,

hence V lq(Al)  is  isometr ic.  But Q(Ar) 1s dense in {1 and V i -s bounded

invert ib le (s ince i t  is  (J 
r ,  3)  -  uni tary operator)  hence V is also unl tary.  f f i
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5.2. LEMMA-*r-t- u, Jr -ajlq Jz F-e aq in.Jle-qren 5't' LleI u le*ltp

1e_p_9_es_e_ntati o19

U = W 5 1 = 5 2 W

where W, S., S', are uniquelv detg1mi1-qg 9v llg ipllg-yils pfgP-e"!'ti99i
t  - . . . .  .

x .  l ' l  I

(4) r,rl ], g 9li-t--a-ty 9U (J' J) - ylit-?ty.oner3!91 fry1 -(r iS"g 'x2'

rA)  s  i s  a  pos i t i ve  symmet ry  opera tor  in  Wi ,  r  =  L '2 '
t [ ' " i  i - : - . -

proof.  We consider the representat ions of  [ , ]  obtained in Theorem 5 '  I

and def ine

W  =  V J I  =  J 2 V ,  s l  =  J t A r ,  3 2 =  A z J z

l h e n  W  i s  u n i t a r y  a n d  ( J f , J )  -  u n i t a r y .  A l s o ,  i t  i s  e a s y  t o  v e r i f y

*(J  1A1)# = Jr (  J rnr )xJr  =  J  r {n ,  J  1)  J1 = J  iAr
and

#  ^ f t  ^ - 1 r  - 1 1  n . - 1( J  
t A t ) "  

-  A t  J l  =  A t - J t  =  ( J  
t A l /

hence S, is a symmetry operator in d' Moreover

I J ^ A r 4 r x ]  =  ( A t x , x ) 3 r ) z o ,  x € 0  G l )

therefore s,  is  a posi t ive symmetry operator.  s imi lary one proves that 5,  is

MI
a positive sYmmetrY oPerator in {2

5.1.  REMARKS a) In order to exist  uni tary operators t rom X, into

.{ 2 tt is necessary and sufficient that ,r"( { r) 
= xf( K ) anO rc (X 

r) 
=

- ,  \ f  \=  X ,  (  4 . , / .
L

b) Let J{ :  denote a Krein space. Then x(J{ )  is  f in i te i f  and only i f

any uni tary operator in X i= bounded '

-  
i )  A l inear submanifold 0 of  a Krein space K i t  the domain (equiva-

lent ly,  the range) of  some uni tary operator i f  and only i f  J = X * f f I

for  some maximal posi t ive subspace X of  K'

c1r .1f - ' //

5.4. LEMMA 19"--9 st-*a-g$Sly-.-9p*eJgtgr lfgn X1 in!9 /"2 and v<L 9'
r l f

ri,gg[e] u1ifo51]v ngq1]ive -(39xi11eJ,Vlflqry'-1-y-negql1e)-pqbrpe-c*e--of 
Jtr' llgn

0 Cu>n J{, is dense in L and u(5CI n7l i t  q- m95im91.p-gpil ive

(1a1im1r nrn.ir"", r"tr,9tiveJ.v) supspqge ot-Itz'

. | x e l . C o n s i d e r i n g t h e r e p r e s e n t a t i o n s c r b t a i n e d i n L e m m a 5 . 2 W e

M



not ice that  0  (U)  = 0 (Sr)  and

- 1 9 -

s . ( o  ( s " ) n J t ) .
I '  I

account that W is bounded unitary operator ' M

u(3 (u) n c,tL ) = W

Then use Lemma 4.1 and take

q,
J

r  =  L r Z .

operator

0 * =  ( ( t * - r t r r ) ' Z ) G  J t ; ,  . ? - =  ( ( I -  - t t " ) ' Z )

I!qn,- jla-lglt*o-ulg*?:-9-e-t!i9la jrg : ent-'

(i) tne u11taqy...9p.g!-a-lo; u fJgJ X r iatg 'T, sat isf ies

(i i) U is the closure of the l inear -oper.qpl Uo

1

r*(r - T*)-i v
I

(r -ttx;-'i v

- r*rl-f v

rqlQ q-o-1s-id-e-r !wg-L,d, V,r=U'if": Xi

Let X o_-_lgyffl p5:gyg:gtrI999*"-{ X2, t il'Snggkl

with respqq-I-19-$9:Lg. X z = Xir.:.Xt qg-q9!9-!9.
"_---_--T--- L s  x ; .

U =
o

( r ,
f

T(r*

+

\/
+

t  1 r + r  v
L , 4 2 )  t  v

I f U i s a n

w . r . t . 0 { u o )  = v;l 0 * *v11"0-
*  - l

-  T " I )  2

V E
+

- i  r \ f
oL (.}\

Proof .

_ e  x  ( x ; , x ; )
arbi t rary uni tarY

unitarV ggeratgll.
h/ ^t/

operator from .lt 1 into J\ z

^ t f  -
+  J t . ,  L  =  I r L .-  r '

let

be the representation

- *unitary operator it

u = s r w

obtained in Lemma 5.2.  Since l r ' l  is  uni tary and (  J , . ,  J )-

fo l lows

= f*.
L O

W  a n d  V  - - W .
+

' l
,_, l
0bse

. ,  ̂  + X t  = X i

Define V* =

i f  and only i f  S2(,0

Propos i t ion  4 .5 .

tha t  ucs(u in  x i )  =  ; f

,  i t  remains onlY to aPPIY

f v lng

6

/ c "  \ r .  " l l + f  -  Y\ r 2 l r t . r \ 2 ) - c ' v
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5.5 coRoLLARY,{s"sume #{dr)= rrr( ldr) glg-_qg19idg1 Lwg.*fJ. Wr* 3{VJ}{;

r=r,2. tg] X' 9q:..lglilcl.pelt.I"ly-g-x.pff9-9L-sj Ur T *9 slg*ylgr
gpSf.9!-qI..yL!I'- LeF-p.gct to-- !h.-e. .{, f,.. X,, = Xi. y; and denote

0*= ?tar-rirr*,rT, J, =qc,r' ,ri,{ lr:;.r ,

Then the fol lowing assert ions are equivalent:

(i) The. ur*"9-ry-.99?:glPr u from 3{, Llts Xz pat isf ies

)

(

( 1 1

l v *

l - v
L

€ (

U is the closure of the l inear operator

l* - r*r)-l -V*T-n( I- _ TT+)
1' L

Tro)- 7

r l
7 l

I
I

I
I
I
I

uni

5.7 REI"IARK The canonical  forms obtained

5.5 can be also regarded as parametr iz ing the

w .  r .  t . 0 tuo)

operators.

in  Theorem 5.5 and Coro l lary

c lass of  un i tary  operators

.v--b-
-T(r+ - r*rl- l  v-(r-

Ki ,  X i l ,  v_e  X  (3 {  i , Jw 2) are tary

f rom X1 into XL ,  when )G (Kr)  :  x ,  (  Kr)  . r *  assumed

( in [8]  th is was the or ig inal  mot ivat ion to obtain them when only

Pontryagin spaces are considered*1later i t  was observed that they hold

for arbi t rary bounded uni tary operators in Krein spaces and their  geometr ic

interpretat ion was also added ,  147 ) .  I f  instead of  using the canonical

form of a posi t ive symmetry in (4.5) we use (4.1) then di f ferent

parametr izat ion formulae of  the c lass of  uni tary operators f rom
q r  ^ t ,
{ 1 in }t 2 can be obtained (we leave to the reader to write down

expl ic i te ly these statement) .  But the geometr ic interpretat ion is less

clear in th is case.

We end by some simple observations concering spectra of unitary

operators

5.8 REMARKS a) Tne symmetry of the spectrum of a bounded unitary

(e .g .see L l ]  )  i .  p reserved a lso  fo r  unbounded un i ta ry  opera tors ,  i .e .  i f

u("O(u)n N )  =X;

l t .
o

V
+
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J{ .  iu a Krein space, U is a uni tary operator in ld ,  \  I  0 is a

complex number and f, = 
+ 

then:

X ero(U) impl ies f  e f  o{u) . '  
q-r(U).

} ,€%(u)  impl ies  Xe a-otu) .

her"(u) impl ies f ,  ec-"{u).

he gCul  impl ies  Xoe 3 tu>.

b) [et  ] t  be a Krein space, U and A l inear operators in X ,

e , 7  e .  0 - s u c h t h a t  l € [  =  l a n d  7 1 7 .  T h e n t h e f o l l o w i n g r e ] a t i o n s

a r e  e q u i v a l e n t  ( " . g .  s e e  [ 1 ]  ) t

( i )  ker (A-  7 t )  =  {01  ,  rJ  =  6 (A-  7  r l rn -  7  D-1 ,  0 (u)=  Rcn-  z i l '

( i i )  k e r ( u -  € r )  = 1 0 1  ,  n  =  ( 7  u -  l e D ( u -  €  r  . r , f r ( A ) = R ( u - e I ) '

Assuming these relat ions dat isf ied i t  fo l lows that U is uni tary and

e d  D:u)  i f  and  on ly  i f  A  i s  se l f  ad jo in t  and /  e  a - " (n )  U t  
(A) .

c)  In Ll l  i t  is  constructed a bounded sel fadjoint  operator

A in  a  Kre in  space such tha t  i t  possesses  a  va lue  7  eq fn> ,  7 lV  '

Then we let U denote the Cayley transformation of A corresponding to

7 and I  = l ,  conform i tem b).  Taking account of  the behavioui :  of  spectra

under the cayley t ransformat ion (see also [ l  ]  I  i t  fo l lows that u is

an unbounded uni tary operator in X with non-void resolvent set

( c o m p a r e  w i t h  R e m a r k  2 . 2 . e )  a n d  R e m a r k  4 . f . f ) ) .
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