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We study dullii ies between two complete lattices E and F, i.e., ma.ppings A: E + F

satisfying A (inf x;) = suP A (xi) for all i l1)1., C e and all index sets I, including the empry
'  

i e  I '  t e  I

set I - I . \\/e gi,,,e characterizations and representations of dualities. A, and some .results on t,Ite dual

A * : F - + E  o f  A  l n d o n t h e a s s o c i a t e d  h u l l  o p e r a t o r  A I A : E + 8 ,  i n t h e g e n e r a l c a s e a n d i n v a r i o u s

particular cases. Arnong several app.lications, ',ve devote special attendon to Fenchel-Moreau conjugations.

blxrators, coupling f'rnclions, complete lattices,Key Worcls: l)uirli i itrs, Fenchel-N{oreau conjugations, hull

infimal generirtors, fuzzy subsets, func[ions of 0-1 variables.

$  O .  I N T R O D U C T I O N

.It  is wel l -known thatthetheoryofFenchel- i r loreauconjugarionsf e RX-+fc(a).RW 1*hete X and W

are two sets and <p : XXW -+ R is a coupling function) hes imponant applications tc duaiity in optimization (see

e. g. I20l and the ,.f.r.n.*, therein). An axiomatic study of these conjugaiions has been started in [1?], rvhere il

l ' ' 
has.been shonn, among other results, that, for any sers X .and. w (throughout the sequel we assunie' without

; speci,al .mention, rhar x,w *rt), an operaror f e itx + tte Rw is dre generallz€d Fenchel-Moreau

corrjugarion qp.ruto, f -+ fc(g) wiih respect to r (nectxsalily unique) coupilng funcrion g : XtV.w -) R if and

only if for each inciex set I i inclu6ing ttt* *opti sct I =l) we lta'e

( {q i i .1s  Rx) ,(inr l) '  = lup f;' i e t  ^  l e l  l

(0.1)



:

/ ^ ,  . \ c  € C  )( I + d / -  =  t " t - d

thercfore, the oper;rtol.s f -) f c satisfying (0.1), (0.2),

recall that here FiX dct,otes tlre fanrily of all funcrions

defined pointlise, inf ,0= + €, Supp= -e, and .i-, +

adcl i r ion" on R.,  de[ in. ,d ( t10],  t l l l )  by

. :

a . i ( + * ; = * € r  a + ( * * ) = - m

o (Fi o,) = n^(ci)

(re F.x, cteR);

have bcen callecl, in [17], "conjugation operators,'. We

f  :  X+F .=  [ * * ,a * ] ,  i n { ' and  sup  on  KX,  Rw a .e

ffo, respectively, the "upper aclclition" and "iower

. (0.2)

also, in (0.2), lve usg the.same notation for the elements of F and tlte constant functions with values in F..

The approach of [17] has been parailel, in a certain sense, to the "axiomatic approach to cluality,, for sets, of

Evers  and van i \ {a l ren [6 ] , in  u 'h ich  a  "dua l i t y "be tween two se ts  X ,Wisdef inedosa*app ing  L :Zx-+2w

(vrhere 2'{  dlnotes dre family of al l  subses of X),  ser isfying, for eich inCex ser I  ( including I  =d),

(a, b eR),

(ae RI

(0.3)

(0.4)

ro q\

rvhich is ".sintilar" to (0.i). Note also that theLe exist operatnn f ..i ix -+ f ce I"w, 'with useful applications to

dual i ty in oprinr iz-at ioir ,  which sat isf ; 'only (0.1),  bur nor (0.2) (see [2] iurd g 4 belorv).

The airn of fie present paper is to study the operators satisfl,ing (0.1) and (0.5), in the framcwork of

contP le te  la t t i ces ,  bo th  in  the  genera l  anc l insomepar t i cu la rcases .Wereca l l tha t i f  E=€,<)  and F=(F,s )

are  twocomple te  l r l t i ccs ,  a rnapp ing  A:E- iF  i sca l led  aduat i t y  (o r ,a "po la r i ry " [3 ] , [12 ] , [13 ] ) ,  i f  fo reach

index set I  ( inclucl ing J =f,)  we have

a ( r n i x , ) = . s u p a ( x , )  / '  \
, ie r ,, re r (i*i l i . t 

q EJ; (0.6)
a . ,

thu's, for E = (Rx, -<), F = (Rw, <) (with tlre usual poinrwise order), (0.6) becomes (0.1), rvhije for

E 
: 

(2x, l), F = (2w, f,), (0.6) becomes (0. 5).

In $ t we shall give,fortu,ocomplerelattices E and F, characrerizations and representadons of dualities

A : E -+ F, with the aid of an ubitrary "family of infimal generarors" of E, in Lhe sense of Kutateladze-Rubino,".

iual operarors,, A*: F -+ E (clcfincd, e .g., in Ii3]).[9]. Furthermole, we shail also consider the "c



In $ 2 we shall apply thc rcsults of $ I to E - (Ax, <) (rvirh thc usualpoiniwise order), vrhere (A, <)

is a subsct of (i{, $, rvhich is a contplete lattice, ancl to a suitable farnily of infinral generators of E; tirus, we

shall obtain ch:ulcterizations aud represenialions of dualities A : AX + F, where F is an arbitrarv

complete lattice. Also, rve shall consider sepuately the pinticular case A = i 0, + -], i.e., of dualities
v

A : { 0 , a * 1 X - + F .

In 
-$:3 we shall obtain characterizations and representations of dualities A : AX -) B'ily', where

(A, s) q fr, <) and (8, <) g - (R, s)'are complete lattices, and of the dual operarors Au : Bw -) AX, ul,d

w e  s h a l l  . a p p l y  t h e m  t o  r h e  c a s e s r v h e n  i )  A = { 0 , + r c } ;  i i )  A = B = [ 0 , + * ] ;  i i i )  A = B = [ 0 , 1 ]  ( s o  t h e

e l e n i e n t s o f  A X a n d B W a r e r h e  f u z z y  s u b s e u o f  X  a n d W  r e s p e c r i v e l y ) ;  i v )  A = B = R ;  v ) A = R ,

'B = {Q, +*} ( this wi l l  y ield a soluf ion of the'problem, raisedin [20],  of  rheexistenceof a dual i ty A such

t h a t f A A n = s u p i w e W l r v S f J  f o r a l l f e l f x ) ;  v i )  A = F , B = { 0 , a - } ,  X = { 0 ,  l } n , W = ( R n ) * l *

( ivhichn' i l ly ieid,asacorol lary, t iat  every funct ion f  : {0,  l in-+R sat isfying f- fMn can be r*r .nA.Crou

polyhedral convex positively holnogeneous funclion f : RD + R).

In $ 4 rve shali inuoduce and study a new concept of "strict du;rlity" a : I{X 4 Rw, closely relatetl to

the "F,coujugation" of Ben fal and Ben Israel [2J.

In . $ -s u'e. shall first s!:ow tirrt for conjugations c : F.X -+ Rw, i.e., operarors. sarisfy,ing 
'(0.1), 

(0.2),

.some of t l ic r t lsul ts of i l? l  can be obtained as part icular cascs.of the preccding result .s on dual i t jes

a : RX + iiw. Furrhermore, in the paflicular case when x = {0, l}n zurd v/ = gr;4'.. Xcn , where

. Ci g R (i = 1' .", n) aie unboundecl from above and from belorv, and e: XX\V -r R is the "nalural coupling

functiorr" given by the scalir product, \1'e shall characterize the extended functjons of 0-l variables

. 
sat isfying f  =rc(tp)c(t l ) ] .  also, for x={0,Uo, w=(Rn)* ( the family of al l l inear funcr ionso,. ,Rn) and

'9 
as before, rve shal l  give necessary and suff ic ientconcl i t ionsinorder that d,  f (xQ.*f l , rvhere Drf(xo; isthe

subdif fercnt ialof  f  :X-+R at x0€ X, withrespect to c=c(rp).  As consequences, 'we shal l  showrhat in a

result of Fujishige ([?], theorem 3.l) on subniodular funcrions f : X *r R, where X js a distributjve

sublattice of {0, 1}n, the assumpution of su[mocluiarity of f is superfluous, and we shall obtain some resulrs'

on theex t ins ion  o f  a rb i t r ry func t ions  f  : {0 ,  l }n* rRU{+* }  and f  :  {0 ,  l in -+R to  cer ra in  p roper  conve. {

functions ? on Rn



. For some further results on dualities, conjugations and coupling functions, and on relations between them,

uso ftgl, t211, i231. :
Finally, let us mention some notations, which we shall use in the sequel. For a complete lattice E,

whenbver necessary, rve shall denote by rupE linfE; the su1:remum (infimum) in E; also, we shall denote

by +* or (+-;E(-*or(-*)E) the geatest (smallest) element of E andweshalladopttheusualconventions

inf  H=1o,  SuP f i=-* ,  .  (0 .7)

I 
whereficlenotestheemptyset. Forafunction f :X+H, where X isaset, weshallusethenotations

. ' d o m f = { x e x l f ( x ) . + * } ,  ( 0 . 8 )

'  :  ( ( f ) = { x e x l f ( x ) = 0 } .  ( 0 . 9 )

$. 1. DUi\LITIES BETWEEN CENERAL COXIPLETIi  LATTICBS

. We recal l  tJrat i f  E=(E,S) and F=(F,<) are fwo complete lat t ices, arnapping A:E-rF is cal led

a c o m p ! e t e i n f . a n t i . l n n t o t r w r p l i i s m , i f f o r e v e r y i n d e x s e t I * f r r v e h a v e ( 0 . 6 ) ' .

. Remark 1.1. a) Condition (0.6) for I =tt nleans (by (0.7)) that

A ( + * )  = : * .

Thus, a duality A; E + F is nothing else tlian a' cortplctc itf-anti-honnm-orphism satisfying (1.1)..In

particular, by (1.2) belorv, a conrplete inf-anti-homomorphism A of E onto F is a duality.

' b) Each inf-anti-homomorphism A: E -+ F is antitone, whence

A ( + ' * ) =  m r . i t  A ( x ) .
x e E

/ 1  t \

.r . c). Considering .t-he complete lattice F*= (F, ) ) or the complete lattice E-= (E, )), or both, our
I

' I
' t

results on complete inf-anti-homomorphisms also yield results on complete inf-homomorphisms,
i

t 
l*- . complcte sup-hornomorphisms, and conrplete sup-anti-homomorphisms, respectively. .

Exanrylel.J. For any sets X and W, lgt E = tZX,:1, the lattice of all subsets of X, ordered by'
I

.  2 h r l

.conra innrent  
i i .e . ,CtSGz i f  and.only  i f  Gl  f ,Gr) tGt  F=(2w, f ; .Then,condi t ions(0.6)  anc l  (1 .1)

. -  r

. become, respecttueiy,

4



t ,  .  \
A [ \ J  C , 't i e I  

"

A ( d ) = w .

f)a(c,)
l € l

c=  V{ * }
.  x e G  

r

Example I .4. For the complere lanice E.= (nX, <)

the function

(8, S) of (R, (), rvhich are complete

Then, denoting A (f) by fd , conditions'

1  * , \

(icii i€ | e 2n),

({r,},.r g Ax, we w),

(weW);

(1.3)

(1.4)

Exatnple 1.2. For any sets X, W and any subsets (A, <),

lattices' let E = (AX, s), F = (Dw, <), wirh the usual pointwise order.

(0.6) hnd (1.1) become, respecrively,

/  n  \ .

(inrE f,)^ trvl = suDB f,A iwi
I  ' i e l  r /  i e l  I  "

(* *E)a (w) = - -B

' i f  AcR.  i sc losec l  fo r  in f  ( i .e . , in f  MeA fo ra l l  N{e  .A ,or , in  o rher  words , in f  N{e  A fo r  i l l  g * .MgA,

and +*e A),  t len E=(AX,<) is a complete inf-semi- lat t ice, and hence a completeldtt ice[3],and' infE=

: inf ,  + *E = + -  in (1.5),  (1.6).

We recall thrt a complete inf-anti,hornomorphism c: F.X-+ F.w b catea [tr] a conjugation, if

( f i d ) c = f c + - 4

by (1.?) for d = I oo, tr,€\ co.njugation ar 1X-, pW

\& re.call thar a subset y of a contplete latLiie E

each xe E therc exists .Y* g Y such that

1f e F.x, oe S); . (f.?)

x = i n f y x i

afamily c'!suprernal generabrs o/ E is CefinerJ [9] similarly, rvith

(1.8)

inf replaced by sup.

is a duality (but, the converse is not true).

is called [9] a fann\ af infnnt generarors o/ E, if for

(c e x).

of exanrple .7.2, let us define, by

(1.1)

ir.ur

Y of all singletons

(1.e)

abuse of notation,

Exanryle 1.3. For the'conrplete ratt ice E=(2X,f), where x isaset,thefamily

{x}, ivhcre xe X, is a funily of infimal generators of E, since

if
if

x t = x

x ' *  x . (1 .10)
ft1x] + a).(x') = X1x1 (x') * u:;,*o,



Then, by [17], proof of lemma 3.1, we have
^xt=i:!, '{r1*1 i r1x11

and hence
Vt  =  { I1x1  i  a  I  xe  X,  ae  A i  g . IZ )

is a fanrily of infini:rl generilrors of E. If (A, S) is closed for inf, then (+ *)A = + * in (1.10). (and hence

T,-. , . i .  a cojncides wirh the usual one) and infA = inf  in (1.11).' - t ^ J

Proposition 1'1' ./ subset Y of a complete tatt:ice E is a famity of infirnat generators oy n, ,y ona
' 

only if

x = inf tye Yl x < y] (xe E). (1.13)

Proo f .  I f  we  have (1 .8 ) ,  t he r i  y rG  {yey l x<y } ,  r vhence  x  =  i n f  y * r  i n f . i ye  y l xgy } )x ,

(1.13) holds. conversery, i f  (r.13) hoJds, rhen, for y* = {ye y | * < y }, rve have (1.g). !

Corollary 1'1. If Y is a fatni.ty cf infinwt gcncrotors of a cornplete lattice E, then

{ y e Y l x s y } * g  ( x e E , x s + i ) .  
. ( t : 1 4 )

F r o o f .  I f  { 1 ' e  Y l x < t } = B , r h e n , b y ( i . 1 3 )  a n d ( 0 . 7 ) ,  x = i n f  s t = a m .

Theorem l.l. Let E,F be two comple te lartices, a: E + 
'F 

a mapping, antl y a family of ir,fimat

generabrs of E. 7'1rc following sta'lernenls are equivalent:

14.. A 1s adualiry.

2o. For ever-y index set | (includiny I = #) we lnve

/ .  ^  \A  l i1\  \ l .n l -  Y ; )  =  sup A (y , )
i € I - t '  i € ' l

i  I  hese statcmpnrc imnlw+  - _

30. We have

A (x) = sup {A (y) I  yeY, x <y} .  (xeE). (r . rel

Proof. The irnplication 10 :r 2q is obvious.

20  =r  3a"Assume 2a and le t  x ,€  E ,  {11}1 .1  =  {yeY l "<y}  c  Y .  Then,  by  (1 .13)  and (1 .15) ,  we

(1.15)

6



t

obtain
A(x ) ' "  a  ( i n f  { yeY  I  xsy } )  =  suP  {a  ( v )  I  veY ,xsy } '

2a n 30 -+ ia. By 30, A is antitone, i.e.,

x', x" € E, x'S x" '+ A (x') > A (x").

Now let {ri}i.t e E. Then, since inf xi ( xi (iel), we have,
j e l  r  I

^ !Ln[xi) 
> ?:i?a 

(xi);

note that this holds for anY A: E *+ F

observe that, by (1.13), we have

xi = inf Y1 (ie t), 
,lnf 

xi = inf Yo ,

Y, = [ve Y I xi < y] (ie l), Yo = tv. Y lilnf

(1 .17)

by (1.17), $ ( inf x;) > A(xi l  ( ie I),  whence
J € I '

(1 .18)

satisfying (t.if ) (we do not need Y).' , For the opposite inequality,

where
xt ( Y]'

ieI ,  x i  _< y] .

(1.1e)

' (1.20)

(r.2r)

: "

.(r.22)

We clairn tltat
'  i n f  x , =  i n f  \ J Y , =  i n f  { Y e Y l 3

i e l '  j € l  r

Irrdeed, since Yr. 
hr,l 

c Yo (ie I), we hav6

. . . . inf 
Y1> inf (J Y,> inf Yo (ie I) '

whence, b1'(1.19),  we obtain

inf x,  = inf  inf  Y1> inf  ! l  Y; > inf  Y,. ,
G l ' - r  i e t  r  j . t  ,  v

= i n f x i ,
i -  |  I
r e l

. rvh ichprovesthecla inr (1.21) .Then,by(1.21) ,2e and(1.17)  ( forx '=x i ,  x"=Y),

a ( inf x,) = n ( int {ye Y I 3 ie I,  x1 < v})
i e I  ' '

.  -  s u P { A ( Y ) l Y e Y , 3  i e l , ' x t 3 Y } S

-< sup {a (y) [  yeY, 3 iel,  A (v)< A (xi)] S slp A (x1),
l E  I

a

which, together with (1.18), yields (0'6)' r

Renrcrk IJ. a) In general,3s f 10. Indeed, if E is a complete lattice, then Y = E is a family of

- F is anriton,: if and cnly if we have (1.16) *ith Y = E. Horvever,
. infinral generators of E, and A: E -+

' 
there exist antitone mappings a: E -r F which are not dualities, e.g., any constant nrapping



A (x) = Yoe F\i-*1

b) The above ar3unrent also yields tJl:rt, for E,F and Y a'r

ftittowitrg s latenv rlts are equit'alcnt :

1'. A, is a complete irf'anti-ltontomorphism'

2'. We have {7.2), and for every I*9 we have .(l'15)'

t Ihg-r"- s,!-q!erlqll-s lruLi

(xe E)'. (r.23)

in tlworem l.l, and for A: E + F, the

3 r .  W e h a v e  ( 1 . l 6 j f o r  a l l x e E ,  x < + 6 . f  + * e Y ,  t h e nwe have (1.16) for all xeB

(1.24)

l *  Qncluding x=*@).

Indeed, tle implication 1' .+ 2' holds by remalk 1.1 b). Now, assume 2' and i.t x€ E, x ( * @r

i l1 )1 .1= {yeYl  x  <  y }  g  Y .  Then,  by  (1 .14) ,  we have I  *  Q,  r ' rhence,  by  (1 .13)  and (1 .15) ,  u 'c  ob ta in  (1 .16)

f o r  x < + € .  I f  + - e  Y ,  t h e n  { y e Y l + * ( Y } = { + * } ,  s o  ( i ' 1 6 )  h o l d s  a l s o  f o r  x = a r c ; t h u S , 2 ' . + 3 "

Finally, the proof of rhe implication 2' 
' (\ 3' =+ f is similar to tlrat of the implication 2a n 3a =+ 10 of

tlieorem 1.1. Note tha! here rve need to assume (1.2) in 2', since otherwise we obtain (1'1?) only for

. a

x ' S x " < + -  ( i f  + - *  Y ) . a n d  ( 1 . 1 8 )  o n l y  f o r  x t < ' . r ' e  ( i e l ) ; ' a s a n  e x a n t p l e , o n e c a n  t a k e  Y = E \ { r - - }

and

a ( * ) = y s e F \ { + * i  i f  x € E ,  x < . 1 ' €

= * € r  i f  x = + - ,

which satisfy (1.15) for all I*fr and (1.16) for all x < i -, butnot 1'(and A does not sarisfy (1.2)). Note also

that,-again, 3 '{} . I ' ,even when -Foo€ Y, since there exist  ant i tone mapppings A:E+F which arenot

complete inf-anti-homontorphism-s,(see e. g. [15], Ch. II, $ 18, example D)'

c) Sirnilarly, from the subsequent. results on dualities one can obnin conesponding resul8 on inf-

anri-homomorphisms, which we shail omit (with the exception of remark 2.1 b) below).

We recall that if E and F are two comillete lattices, the "clua]" An: F -+ E of any mapping A: E + F

is'defined (see e. g. tt3l) by

ao(z) = inf 1xe Il I a(x) s z] (zeF). (1.25)

It is well-knoivn (see e. g. t13l) thrt if A is a duality, ilten A* is a duality, too, and for any xeE and

z.€ Ir rvc hlve the r'quivalence



in thc sequel we,shall use

Fropo.sltlon 1.2. Lct Ii, F be two contplete la.ttices, A:

infinnl gcncrators of E. 
'I'trcn

ao(r) = inr {ye Y lo(r) = ri

Froof. Ily (1.13) and (1.26), we have

'  au( r )= i " i ty .v  Ia*( r ) (y . i  =  in f {yeyIa0) , r }

Finally, rve recall that if E and F are two complete

|*a: 
e + E is a "huil operator" (see e. g. t6l, I23l).

A(x) < z <=+ Anlz.; <'x. (t.26)

\ a family dE -+ F a duality, and

1zc F\ (r.27).

(ze F). u

I a t t i c e s  a n d . A : E - + F is a duaiity, th'en

$ 2. f)UALITIES A : A X - + F
!

Lemma 2.1. Let E = (AX, 3) and Yl g E be as in example 1.4. Then,'for any fe AX and y'^y *

j. ae Y, . v'e ircve'  t '

c ' 2 "  ' a { +  f ( x ) < a .'  =  r { x }  ' '

' Proof...' ihis is an cbvious consequence of (1.10).

Theorcm 2. l ,  Let X be a sct and let  (A,3)

A: A^ -'> F, tl;e Jollowing statements are equivalent:

. 10. h is a duality.

. 
' 

2a, There exists a mapping f : XXA ->F, satisfying,.for evcry index set | (including I =fr\,

f (xlinfA a,) = sup iix, a,; (xe X, {a,i,., G A;, (2.2)
i e l  ^  i e l

and such tlwt

. A
I  -  = SUP-r  (x ,  r (xJJ

x € x

I'{or.eover, in this case, I is uniquely determined by

.  r ' 1 w  ' A
r \^, a) = G1;1+ a)-

Proof. lo.'+ 24. Let E = (AX, S) and V, U. o,

Q.rl

c

C 1F, s) and F be conplcte lc;uices. For a nnpping

(fee{1'

L, nantely,we have

' (xe X, .ae A).

in example 1.4. Then, ( i .15) becomes

(2.3)

(2.4)



(',:tl (/.1*;1+ n))o = luil fi1^.1i a)d

tdswhich, for xi = xeX (ie l) and f of (2'4)' yie

r t*,ilfl a,) = (r1x1 t,p!^ o,)^ = tiplE txlxt i a/)^ ==

( { (x '  a ) } 'o  1s xXA), (2.s)

Q.6)= suP, (I,ix] 'i' a)A =

FinallY, (1.16) an'J (2.1) Yield

fA = suP{Ol{xt + ulA I xeX' aeA'

= suP {O"[x] i a)a I xeX' aeA'

I ' (x,  a) (xeX, ia1)r.t e R;.

f< X{x} i  a} =

f(x) < a) 1fe AX;,

puP
r G t

'whence, 
since A is antitone, rve obtain (2'3)'

?n + 10. If 29 holds, then for any set I we have, by (2'3) end (2'2)'

$nfF. f,)^ = sup-f(x, infA f,(x)) = J]+ ll4 f(x, f,(x)) =
* i J l  ' t '  

xeX  
'  

i e l  
'  xcx  r€ l

I

^ A v
= suD sup I- (x, f'(x)) = .suP e (tfi11.1 C R^;'

i€i i;X '

Finally, to prove the last statement, assume that I. is as in 29' Then' by (2"2) for I =F' we have

' ' 
, .'f1", + *A; =-- (xe8' Q"l)

whence, by (2.3) for f = X{^} i  a of (1'10)'  . .

t^. : D\ ;') i a ) = f(x,a) 
' 

(xe X' ae A)' D
U,ix] *'rA = 

f,EO"t(^" 
X1x1 (r 

xe ̂ A' ae r\r'

. . R e n w r k 2 . I . a ) A l t e r n a t i v e l y ' o n e c a n a l s o g i v e t h e f o l . l o r v i n g d i r e c t p r o o f o f t h e i m p l i c a d o n . l a * + 2 0 :

f difined by (2.a) we have (2.6). Also, by (1.11) and 1e, for I dblined by (2'4) $'e obtain

. /^. : rr-r\A = sup I'(x, f(x)) (feex).= j l+ (X111 t  t i^17 --el
x € n .

lgainacorrespondingresult forcompleteinf-ant i .honro-b), one can provg agarn a uorrsrPulrurtrb

this case, if A. is not a duality, then' by a = infA{a' * -A} (ae A) and (2'2)

. t' = ('f.t?,r",-, i r(x))^

b) 
-Jns in remark l'2

morplrisms A. llorvever, in

(for I *6), we onlY have

f(x, a) = sup {f (x, a), f(x' + -)}

whence, by (2.3) for f = 1{*} i a of (1'10)'

10

(xe X, ae A), (2.8)



T'/w o\ 1 lr - -i- o\A < SUD f(X'. a)r  \ / \ r  d , f  :  \4 Iv1  T  a l.  - t ^ J  x , €  x

so we can only conclude that sup f(x, a) (ae A) are uniquely deterntined by A, nantely,

suJl f(x, a) = su1 (Xr"i i a)A (ae A). (2'10)
x € x  x € x  r " r

As an example, one cantake A to be aconstantmapping, say y'=yoe F\{-*1 (fenx) and f tobe any

mapping such that each partial mapping f(x, .) : a -) I'(x, a) is constant on A, say I-(x, a) = {x)

(xe X, ae A), with y:X -' F satisfying sup "y(x) = y^.
-  " x e X  ' Y

O n e  c a n  r e p l a c e  ( Z . Z )  b y  c o n v e n i e n t  e q u i v a i e n t  c o n d i t i o n s ,  u s i n g

Lemma 2.2. Let (A, s) g (F, <) and F be complete lattices. For a mapping h: A -+ F, the following

s tat e me nl s cr e e qui,-al c nt :

10. For every index set Iwe ltave

h(infA a,)  = sup h(a,)' i E I  ' -  
! . 1 " r. \ ,

2e. h is antitone arul all "level sets".

' (xe X, aeA}; (2.e)

(2.11)

' 
sy(h) = {aeA I h(a) < yi oeF) Q.rz)

'  areclosed'for infA1i.e. ,  infAMe S.,(h) foratt  g* l . / -G S"1tr ;  'and+*A =;nrAzt c (  /h\)
. .  

" y . " /  r - ' - "  Y '  - -  -  v y \ " /  Y  -  v y \ " t / '

'  
f t  r  t -  i i  ,  t  .  ' , c  , ^ t , , - ^ l  t ^ ^ ^ l n ^ ^ ,  ^ f  i i t'J ^ =,L is closed for nf and closed (i.e., closed in [l,.for tle natural topology of R), or-

equivalenrly, if A g n ,J closed and contains 4 a, these statenteilts are equivalent to

.  '  34. h is ant i tone and al t  Suft)  (yeF) are non-empty and c losed

Proof. la =+ 24. Assume 10. Then, applying (2.11) to {rt,h} q A, where a, <'a2, it follorals that h is

. antitone. 
d

: .

t' ' infA M) = sup. h(a) < Y,| l \ r r r r  , , "  -  
o l " f i  

r r \q, /  r  J t

:2.11) fo1 i = fr,  wP have h (t *A) =--F S y (yeF), whence rnf| b=

= * -A . s. rnl'rve rl.v " "

20=+ 10.  Assu*e20,and le t  {a i } , . re  A ,  I *0 .  Then in fAa,Sa, ( ie  I ) ,  whence,  s ince  h  i san i . i tone ,
r - r c r  j e l  I  r

'  l l



we obtain

" il(inrf a,) ) sup h(a;).
' . l e l  -  

l € l  
-

In order to prove the opposite inequality,note that for yo = sup h(a) e F we have
i e l

, (2.13)

a, e Sro(h) (ie I),

T h e n ,  s i n c e

i s  a n t i  t o n e

s

in theorern 2.1, and far d rnapping A:  AX - )F , ' I l r c  fo l low ing

(2.1s)

L2

ivhence, since Sru0) is closed for infA, we obtain 
,r:l 

o^, e Sro(h), ftar is,

t1( ;nfA a, )  S y^ = sun h(a,) .r r( r.!

.  i E I  r "  ' u  
i e l

'Furthernrore, 
by 2qrve have +*A=infApe Su(h)(ye F),  whence h(+*A;=--F, i .e. ,(2.11) holdsalso

lor I-=fi.

Finally, assume tlrat A e n is clctsecl for inf and closed.

2a*3u, Assume *2a and let yeF, {ao} g Sy(h), lirn an= a€A.. If there exists nosuch that ao,s q

o ' n - + € - t - O- then, since an e Su(h) and h is antitone, rve have y 2 h(a" ) ) h(a), so ae S,(h). Qn the other hand, if no.  t t 6  J  
-  r , O  J '

s u c h n o e x i s t s , t h e n a = i n f a n a n d h e n c e , b y ( 2 . 1 1 ) ( f o r l = { 1 , 2 , . . . } ) , w e o b t a i n h ( a ) = h l i n f a n ) = s u p h ( a n ) ( y ,
n  "  1 1  u '  n  

- ' '

so ae Su(h)

3 o  ? 2 o .  A s s u m e  3 0  a n d  I e t  y e  F  ,  p + t 4 € 5 . . ( h )  .
Y

w e  h a v e  i n f A M = i n f  H e S , , ( h ) .  F i n a l l y ,  s i n c e  h
v

"<*4 ,  
we have n  (+eA)< n  (a )<  y ,  so  +*A 'e  s . .  (h )  .

. A

Combining theorem 2.1 and lemma 2.2, tve obtain

T l r e o r e n t  2 . 2 . F o r  X , A  a n d ' F a s

s tatetnc nt s arc c q uival ent :

10. tt is a duality.

?'. There exists a ntapping I. : XXA -) F, strcl that all "parilal mappings"

I

from*A into F, are antitone , and all level sets

sr,(r{x, .)) = {a e A I f(x, a) < y} (xeX,'yeY)

. . 4  |  , . t  -  / A ^ \ t : t t
are closcdfor inf'rand such that Q3) lnlds.

If Ac ;s ctosedfoi nf and closetl, tlrse stutenrnts are equivalent to

.  ^ A  . n m n * ,  - ^ . 1  - l  ^ " o'  
!0. ' Sarw as 20,utirh"closedfo.r inf|" replacedby ilnon-empty and closejd"

Lforeove.r, in thesecases, I is uniquely dcrernined by L, namely,we have (2.4).

i n f  H e A  a n d . S

a n d  S . ,  ( h ) *  0 ,
I

Q.r4)

, ( n )  
i s  c l o s e d ,

/ ,  \s a y  q e : . r \ n / ,



'Rentark 2.2, Ry (2.7), fornrula (2.3) of theorems 2.1 and 2.2 can be replaced by lhe equivalent formula

fA * sup . f(x, f(x))
xe doiu f

[*t us consiclcr novr the particular casc rvhen A = {0, 1 *} (lvlrich is closecl for inf and closecl).

v

Tireorem 2"3,Let X be asetantl Fa cornplete lattice. For amapping A: {0, +*}^ -+F,Ihe following

s lat c ff1e n t.t a rc e quiv d e nl :

i 10. A Is a dualiry.

20. Tliere exists a rnpping T X -+ F, such that

f 4  1 4 \
T L . L  I  I

q

fA = sup Y(x)
x€ ((0" '

where ((f) ts the ser (0.9).

(fe i0, * *]X),

hloreover , in this casc , T is uniqucly clcrcrnitrcc! by L, nanwly, we have

l v

t(*) = (X{*})d (fe t0, +.*1x;. (2.18)

Protif. la * Za.Assunre la and.let I-: X)qa iy F be as in theorem 2.l, with A = {0, a *}. Then, by (2. }),

L 2 . 7 ) ,  Q . i l  ( w i t h  u = 0 )  a i l  ( 2 .  1 B ) r w e  o b t a i n

to =f:* r(x, f(x)) =*!u4nr{*,0) =^;y,nr(x)

. 2q =+ lq. Note Crat, for any set I, rve have

( (inf f,) = V 6 tr, l (tf11161G {0, + -1x;. Q.20)" i e I  t '  i e l  
' ' r

+ '

. .Ilence, if 2a holds, tlien, by (2.1'1), we obtain

A( inf. f ,)^ = ' ! lp- . .  : f(x) = spp. -.-. ] tx)
t€  I  '  x€  g ( ln r  t i )  xe  . \J .  ! ( t ; )

1 6 l  '  r € I

;
-A - l ,

= sup sup y(x) = qun fr ({f i} i . t  g {0, + -}^).
i e ' I  xe  ( ( f i )  ie ' l  I  - -  r -  tE  I

'  
F ina l l y ,  toprove the  l .as ts i t t c rnent ,  assu iue  tha t  f  i sas i r r2e .  Then,by(2 .1?)  fo r  f  =1 , . . r .  we ob t t i t l

" t ^  J '

13



(t1*1)a

Remark 2,3.

of (2.18): We have

f = xqto

where, for any set M e X,

Iy (x') = Q

= * o o

Hence, by 10, we obtain

fA = (v" , . )a  =' \^q(0/

3, IIU;ILITIES A :

Tlreorern 3.1. Le.t X

= , ,s.up .Y(x') = Y(x)
r . 'c t (X,r ,  r)

I  ^ J

(xe X).

(fe i0, *Llx).

One can alsogive the follorving directproof of tjre implication 10 4 2a; rvith 1

(fe i0, + *]X;, Q.?r)

Q.22)if x'€ lr4,

if x'e M.

(;tt 
ro tr -r)o = *u,t?n (xi*1)^

rR <\

Q.23)

coinplete

tr t1

(3.2)

s nX *+ Bw.

and W be two sets and let (A, s) E 1T\, <) and (8, <)'g

A : AX -+ B\'/, tlv fallotving siatements are equivaient:

ble

latlices. For a nwpping

10. . A rsa duality.

2?. There exists a nupping 
'

G(x, rv, in{A a;) - .supB
l € I  

'  1 € l

andsuch tlwt

e (w) = suPR c(x, w, f(x))
.  x e X

Mo'rcover, in tlis case, G is uniquely deternined try
:

G(x, w, a) = (Xixl ' i  a)A (w)

Proof. la *+ 2q. If la holds, and I' : X XA -+ BW=

A, rnmely, w'e have

(xe X, weW, aeA), (3.3).

F is as in 2a of theorem 2.1, tien for C : X/1VXA.-+

G:  XXWXA - r

C(x, w, ai)

D ,  O u t t J J ) L r L i ; ,  J v r every in,lex set I,

(xeX, we W, {oi} iu l  C

(fe AX, weW).

^ t

.  r D , { - f i - - r h . ,
7  p  g 9 r r r r l g  u J

14



'  ^  1 - - \ 1  . ,rr(x, w, a) = f(x, a) (w) (xe X, we W, ae A). (3'4)

. we have (3.1) and (3.2) (by (2.2), (2.3) and since the sup in Bw is defined pontwise).

I I T

:  .2sc 10. If  G:XXWXA-IB is as in 20, then for f :XXA-+BW=F defined by (3.4) we have

) .+ 10.

Finally, (2.4) and (3.4) intply (3.3). r

a -

ob ta in  . :
. t  . : -

i .  '  ' .-: 
Theorem 3,2, For X, Vy'' A and'B as in theorem 3,,1, andfor a nnppintg A :'AX *l BW; the Tollowing

:  ) '
'statenantsareequivalent: -'

, to A is adualiry.

' 2e. There exi.rts a mapping G : XXWXA -r B such that all partial ntappings G (x, w, .): a +

-+ G (x,w,a) (xe X, weW), from A' into B, are non-increasing ard all level sets

si (c (x; w, .)).= {aeA I c(x,.w a) < y} (ve B) (3.5}

infA, and suclt tlnttwe hne (3.2).are cbsettor 
:

If .Ae R is closed for inf and closed, these staternents are equivalent to

A
. jo ' Sarv as 2a, with 'alllevelsels 

.(3.5) are closedfor infA lreplacedby : all G(x, w, .) (xeX, weW),

N D

arelower semi-continuous and G (xrwr+.^)=-6e" (xgX, wet/) .

' M_oreo.ver, in these cases, G is uniquely 
.determined 

by A, namely,we have (3.3).

R emark 3J. Similarly 
'to 

remark 2.2, one can replace sup- by S.up - in formula (3.2) of theorems
i

- 3.1 and, 3.2.

:

Thiorem 33. Lct Xand W be two sets,.and let (8,<) E 6, 3) be a comple lauice. For a rnpping

A: {0, + *}X -) Bw, thefollowing statenants a.re equivalent:

.  l c .  A lsadua i i ry .

:

l 5



- l

Moreover, in tltis case, qt is uniquely deternined by L, namely, we have

Q(x, w) = (1**r)^ (rv)

pr1of. t ,  o ?:.. i f  
l0 holcls and 1:X+BW=F is as in 20 of theorem2.3,then for

defined by

1) frv) (xeX' wew)'
9(x, w) = X (x) (tv)

.  \ \ / -
i we have (3.6) (by (2.i?) and since the sup in BW is defined pointwise).

g: XXW -r B is as in 2e, then for 1: X.+ BW = F defined by (3'8)

can apply theore y2.3, inrplication 2 o 
"+ le'

. Finally, (2.18) and (3.8) implv (3.?)' r

(xe X, weW). (3.7).

g :  XXW -+  B

we have (2.1?), so we

equivalent to [18], theorem l.l,

.  t l r

, f,) -+ (2",:) , the following

20. There exists a maPPing

^ D

to(w) = srrP']. tg(x' w)
xc  q( l )

rp,: XXW -+R, suchthat

Remark 3.2.

One can sliow that tlie particular case B = {0, + ""}rof theorem 3'3' is

. '11

which states that r/ X and W 
'are 

t**o sits, then for a rupping A : (24

s ta! e ngnts are c q uivale nI :

10. L, is a dualiry.

Zs, Tltere exists a set. Qg XXW such tltat

A(M) = {weW I (x, w) e fi (xe }v{)}
+'Moreover, 

in this case, {l is uniquely determined by L'

I

(M g x).

. .
namely,we have

(3.e)

/2 rn\
\J.  r  v/ ,' 

f,) =.{(x, rv) e XXW I rv e A ({x})}.g) = t(x, w) € x,,\ \Y I lv e a ltxllJ'

I n . d e e d , i t L , w e l l k n o r v n t h a t t h e m a p p i n g ( : f - + ( ( 0 i s a c o m p l e t e l a t t i c e i s o m o r p l r i s m o f { 0 , 1 * } X o n t o

(2X,2), wirh i'verse fl grf) = 1n ${ G X).'I{ence, in one direction, to each duaiity A : (2X' :) -r (2W,:)

' - r r t l v

. there co 'csponds rhe dudi ry  6: {0,+*}X-r i0 ,+*1w def inedby f  :XOt( tOl  
( f  e  {0 ,+* i^)  andto

L6



eachrp :XXW+{0,+€}=R thcrecor resp6nc ls  f t= ( (q )CXXW; in  l i re  cc ) t rversed i rec t ion , toeach dua l i t y

v

A : {0, + -}^ -+ {0, + -1w there concsponcis thc clualiry 6 : (?.x, )) -r (2w, )) defined by E(M) = iftXl1)nl

raPPing I = Xo : XXW + {0' + *} = B'
O{ g }i) and to each set Q g XXW thcre corresponds the n

We shall use thc notation U = [0, 1]. We recall that" given a set X, each feUX is callecl a fuzzy subset of

X,and afuztysubset fr issaicl tocontain afuzzysubset f2, i f f l<fr in(UX,<),  whereU is endowed witht le

natural orclcr < induced by (fl, () and < on UX is the usual pointwise order (see e.g. t24D. Although the set

(U, <) C (R, <) is neirher closc.C for inf, nor closed for sup, it is a complete lattice' with r'*g = l, -*U = 0,
, :

and n'e have

; '  r r  
( /* lv{ e u);  (3 '11)supu M = suP I!f, inf" M = inf M

' 
also, U is closecl. Ilence, from thcorenr3.l and 3.2, lve obqin

.  T h e o r e r n  3 . 4 . L e t X a n d W b e t w o s e t s a t r c l l e t  U = ( [ 0 ,  1 ] , < ) E 6 , < ) . F o r a m a p p i n g  a ; U X - + U W '

thefotlowinS stalemeilts are equivalent: '
' :

. Za, There exists a napyting G : XXWXU -+ U, satisfying, for every index.set | *fr,

' 
G(x, *, ,,1{ ai) = l!4 G(x, w, ai) (xe X, we W, {at}tu tC U;, ' (3'12)

'  l e l '  l € l

(3.13)
G(x, w, 1) = 0'

arul suclr rlwt 
'

fd(rv) = sup G(x, rv, f(x)) (feUX, *'eW)' ' (3'i4)

xeA

G(X,w, .) : U -+ U (xeX, lveW ) are non-increasing and lower seni' continttous arul such tlrct v'e ltave (3'14)'

+ .
-. 

\torgover, in tliese.cases, G is unicluely determined by L,namely, we have (3.3)with A=U fivhere

.. r I{,,} i a e UX is deiinetlby (1'10) u'ith A= IJ' + *A - 1)'

Renark J3, Theorem 3.4 can be alsodeduced froin thepiuticular clse A = B =n of fteorenrs 3'1 anct

3.2, using e.g. the homeorrrorphisrn ry of [0, l]'ontoF = [--' a *] defined by

v (o )= tg (n " -+ )  i f  0<s<1 '  v (0 )= - - '  { (1 )=a - '  0 '15 )
L

l7 c 1.,

rn n'# t b?u 
t



and rhe obscrvarion thar a : IIX -r Uw is a <luality if and only if thcre exists a (unique) duality 6 : Rx -rRw

such thrtruwrr , 's! 
$ = v-t o (\ l o D6 (feux); (3.16)

indeed, rhen, for 6' , a{WXTi + R conesponding to E by theorems 3.1 and 3.2, the mappirrg G : XXWXU ->

-r U defined by

G(x, rv, a) = (V I o G') (x, w,V (a)) (xeX, weW, aeU)

has the properties stated in theorern 3.4.

Rerurni'g to general (A,<), (8,<) c (R,<), let us consider now the dual op€rator an : gY -r AX defihed

by (1.25),  that is,

(gesw).

Theorem 3.5. Let X and W be two sels, (A, g; C 1R,<) and (8, <) E (R,<) two complete lattices'

1rn* 
+ Bw u duat iry,wir t t  ctucl  Ar :  gV+ aX 1of (3.18)),  and. C iXXrvXe -+ B, G* :  WXXXB + A

r6e nnppings corresponding to them by the'orem 3.1', i.e., tlrc uttique nnpping G satisfuing (3.1), (3.2), S;ven

D) (3.3), and tlic uniEte mapping C* sati{ying,for every index set I,

gao = infAX{feAx ld<g}

G* (*, 
",i:!o 

b,) = 
,tulo 

c* 1rv, x, bs)

ga* 1x; = 'uPA G*(*u, x, g (w))
vrell

given by

G* (*, x, b) = (X{w, + U;A*{x;

Thert,we lwve

. .,*' 
G* (w, x, b) = min {ae a I G (x" w, a) ( b}

Pr0of. Let Yt and T, be the families of infimal

respectively, provicied by exa-rnple 1.4, that is, Y, of (1'12) and

'  
(weW, xe X, ' {bi} i€t  g

-
.  t l /

( g € B " , x e X ) ,

(weW, xeX, be B).

(rveW, xeX,.beB).

generators of E.= (AX,s) and

(3.1?)

(3.18)

B), (3.19)

(3:20)

- (3.2i)

' (3.22)

F = (Bw, S)

(3.23)

and (3.3), we have

T, = {I1rv} .l t I we W, be B}.

. Then, by (3.21), propOsition 1.2 (for y = Y1), (1.10), lentma 2.1 (for (Bw, <) and T1),

18



Co 1ru, x, b) = (X1ru1+ rr)f,(r)

= infA {x1*,1 (x) i a I x'e x, a€ A, (x1*'y i a;A < r1ru1 i b1 =

= infA {ae A |  (X{^} i  a)^ (w) < b} =

= infA 1ae a I G 1x, w, a) S b) (we W, xe X, be B)' (3'24)

But, from (3.2a) and(3.1) r'.'e obtLin

G (x, w, G*(ru, *, b)) = sdpB {c {x, w' a) I ae A, C(x, w, a) ( b} < b,

so the last infA in (3.24) is attained for C'(w, x, b)e A,.which proves (3.22). ' .

Rentar l ;J.4. One can aiso giveadirectproof of theorem3.5 (rvhich does notuseproposit ion 1.2),by

showing thrt for the rnapping ll : WXXXB -+ A defined by

I . l ( w , x , b ) = i n f A { a e n l G ( x , w , a ) < b } ( w e W , x e X , b e B ) ,

the infA in (3.?.5) is attaine<l for C*1r,r, x, b)e i\ and we have H = G* of (3'19) - (3'21). We omit the details'

Let us consi,jer now, for any duality a : AX -+ Bw, dre hull operator a*a : AX + AX. As usual, rve slra]l

denote a*a (D uy So", for uiy fe AX.

eqdvalence

ra(*) < b e+ G*1rv,., b) < f.

. Proof. By lemma 2.1, (3'21) and (1.26), we obtain

(3"26)

*tlteorern 3:6. {Jnrler tln assuntptions of theorern 3''5'we have

fAC = supAx {c*(*,. , b) I we w, be B, Gn1w,. , b) < O (fe ex). (3'27)

Proof. By (3.20) (for g = $), (:.tq) and lemma 3'1, vre obuin

, r r *  - ;  ^ : , .  

- :  

, : ; , ,(x) = supA. G*(*, x, S1w1) : suRl cl(*, x, inrB 1ue e I iA(w) < b]) =
'  w e W  w e ' W  '

= suP.l ,upA 1G*1*, x, b) I be B' fd1*'; < b] =
w e l Y  

.  v

= supA. {G*1rv, x, b) i be B, we W, C*(*,' , b) < f} (fe AX' xe X)' I
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' 
The following problem has been raised in

- \ ,  * t l /

duality A: R^ -) R" such t iat

rAA* r df
l.' ' = fa(n = sup {rveW lw S f}

-1t

[20], section 3.3 : If X a set and W G I{^, does there exist a

(fe R^),

where fo,,,,. is the "W-convex hull" of f, in the sense of [4]? It is well-known that
a \  Y ! . 1

Fenchel corrjugarion c' F.X -+ fr.w of [10], [11], [4], defined by

f1*ui = sup-{w(x) t * f(x)}
x e X

satisfies (3.28); however, this assurnption is not satisfied e.g. when X is a linear space and W = Xr, the farnilyof

all lineal functionals on X. Retuming to the general €ase, in t20l it has been observed that if we define

- v  - \ t I

A:  R^  - )  R"  by

(fe RX, weW),

- a
/ f - n n \

. (rc ^ ,r,

\rer\ it,

(xeX, weW, aeR),

i f  b = 0

1 1 7

(ge B"),

(3.28)

i f  W + R g W , t h e n  t h e

(3.2e)

(3.30)

(3.31)

(3.32)

(3.33)

where c* : RW -r RX is tire dual iin ,t,. sense (3.18)) of (3.29), A solution to the above problem can be obtained

-  -v  r l '  - - t l t  -  
'  c l re l l  n rn r reby regar4ing A of (3.30) as a nmpping from Il^ into {0, + *} " (instead of R"). Indeed, ive srr.ur pruvv

g nX, thenfor a: RX+ t0, 'r*1w delined by (3.30)we have
:  .  T h e o r c m 3 . 7 ,  I f  X  i s a s e t a n d  W S  R ^ , . t . I i e n f o r  A : I t ' - - r t 0 , + * l "  q e 1 m

(3.28). :

Proof. Let A = F, B= 10, 1 -i. Then bi' (3.3), (3.30) and lemma 2.1, we have

G(x, rv, a)= (X{x} i  a)A (w) = Z1w,ew t *,. I  {*}r. a1 (w) :

S = x { * ' . w l w ' < f }

then f*n is a "mixed" second dual of f, namely, we have

.  ,"4.C*rr,$0 = (r*)-

= 11w'e .W lw ' (x )<  a1(w)

whence, by (3.22),

'  i '  - + -'  G ' ( rv ,x ,b )  =  min  iaeR lX{w 'e \V  lw ' (x )<  u1(w)  
(  b  }  =

: f min {aeE I iv(x) S a} = rv(x)
I= 1

'  :  L - *  i f b = + * '

Therefore, by (3.20),

^s
'  qd  =  sup.G+(w, . ,  g ( rv ) )  =  sup {wew lg ( rv )  =  0 }

" w ? w . "

2A

(3.31)



Rw Tr - ro i o1 nnd 
*X 

we haveProof. By B = {0, + -1 alld (3.29), for each fe R^ we have
..__----.:

€  in f  {bea l t t ( , , i 1u1=  
: '

wltence, in particirlar, for g = S *'obtain, by (3'30),

f * o = s u p { w € r v | f 1 w 1 = 0 } = s u p { w e W 1 x , 1 w , e w | w , S f } ( w ) = ' g 1 =

Proposition 3.1.. For A : RX-+ BW o/(3.30 j, where B = {0, 1*}, and c : RX-+ RW o/ (3.29), we have

S (w) = inf tbeB I f(w) < ui (fe RX, w€w). (3.35)

= inf {be t0, + -1 | sup. {w(x) + -f(x)} < b} =
x € x

[ 0  i f  w S f
- l

L + - if 3 xoe X, vr(xo) > f(xo), .

. which coincides u,ittr td(w), for Id 
.of 

(3.30). I

' . ' :  .  T h e o r e m 3 . 8 . L e t , X = { . 0 ,  1 } t ,  l e t  W = ( R o ) * l a c R x , w i e r e ( R n ) * r s  t h e  f a m i l y  o f  a l l  l i n e a r

functionals on lln, and let A.:FX-+ {0, **}W be the dualiry (3.30). For a funcrion feRX, donotirg

D = dom f , the foliowing statemznls are equivalent:

19: f = fdA*.

' 
2e. Eitlwr f =-'*,or f has tfufoltoving properties:

(t fe(R U {+ *i)x;

(ii) 0 < (Q);
l. \f-t \:

-Gi) for any X,2 0 (xeD) such that,& ^- xeX, we have ]q-X*xeD and
I

(3.36)r("& r,. *) .X r"* rr*) .

proof. lq =+ 24. Assume 10 and assume that f $-e, so there exists xoeX such that f(xo) >--.

Then, by (3.28), we ltave

-€ <f(xo) = faArl*o) = sup {w(xo) | weW, w S f},

whence
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{weW lw<f } *6  (3 .3?)

and hence, again by i0 ancl (3.28), rve obtajn

&

f ( x ) =  f ^  ( x ) = s u p { * ( x ) l r v e W , w < O > - -  ( x e X ) ,

so (i) holcls. Furtliermore, by 10, (3.28) ,---W = (Rn)* ly a,.d (t,37)rwe have

. . A

\ t  -  , ^ n , r  r
that is, (ii). Finally, if }.x > 0 (xe D) are such that:kl.* xe X, then, by l'?, (3.28) and W = (R") ly we obtain

t(-& r**) = So-(Xt-^) =,up i-[t^ w(x) | vrew, w<r] s

{ l,* sup {w(x) | we w, w < f,} = X t- t-*f*l =f l'* r{^),

so (iii) is satisfied.

^  ̂ * 
whence f = et..20  =+  l o .  I f  f  = - * ,  t hen  P^  S  f  = - - ,  

i

.  Assume norv rhat feRX satisf ies ( i)-( i i i )  (t iren,by ( i i) ,  f t-*).We claim.that(3.3?)holds. hrdeecl, by

X = {0, t }r1 and (i), for any sufficiently'large k the functior wke W dehned by

x-1

wr(x); -n 
* 

,' (x = {!}fex; (3.38)

satisfies rvn(x) S f(x) (.re X\ {0}), rvhich, together with (ii), implies that wue {rve W I w S f}, proving the claim

(3 .3?) .Fur , t r . * io r . ,by ( i i i ) ( fo r l , *  =0 ,x€D) ,wehave 0eD'and f (0 )sO;no*u t ro tha t ,by( i i ) , th isy ie lds

f(0) = 0. (3.39)

For any xoe X rve have, by (3.28), (3.37) and linear progr:r-mming duality theory,

"dd,'  t*  (xo) = sup {u(xo) |  u 'e W, rv(x) < f(x) (xeD)} =

. r,\- .\. - /--\ _ 1
= inf tlol* f(*) l*/1 1'* x = *o, 

l* 
> 0:- -(xeD) j' (3:40)

Iideed, the frrst progran in (3.40) is feasible by (3.3?). If xoe D, then the dual prcgram, i.e.,the second one in

.  (3.40),  is atso feesible, s ince for ^*o= I*=0(xeD\ {xo}),  we have/*} 'xx=xoi hence, bothprograms

admit optimal solurions and have the same value (e.g. by 1221, theorem (1.7.13) (ii)). On the other hand, if xoG D,

then, by (ii i), we have

. r  ̂  , Y  ̂  - ' l  ,
{t l^)^.o l_+-f i* x = xu, r^ ) 0 1xe D)} =9, (3'41)
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i.e., the second program in (3.40) is not feasible. i{ence, we have 'again (3.40), with all terms being = '1- *

(by inf I = + oo ?nd e,g. [16], p. 1 14, theorem 5.1). T'his proves thc claim (3'40)'

Noiv, if xoe I), then, by (3.40) and (iii), we obtain
'  ^ ^ F  .  ^  f - . \ i  ^  . , \ i  * . 1

f^  (xo)> in f  t ( / r ,o^- - ) l&r I^x=xo,  Ix>0 (xeD)J =

(3;42)

(xe Rn;.

= f(xo) > fAdi*o),

whence dd1^o) = f(xo). Finally, if xoe o, Ur.nff1H*ofrove proof of (3.41), rve obtain fAA* 1*o) = + @ = f(xo).n

-. Were.oit(see[14],p. l?2)' thatafuncrion f :X-+R, where XGRn, iscalled potyhetlrat coi lvex, i f  there

exis t  a f f ine funcr ions Vi=wi+d, :  Rn+R (w,e(Rn) ' ,d ie  R; i :1 , . . . ,k ;  k . -p- ) ,suchthatg(x)  = 
i l l l *Vt t * l

' a

.  
(xeX) .A func t ion  f :Rn- r l t i sca l led  a)proper . . ( [14 ] ,p .24) i f  f (Rn;cRU i+* ' ]  and f f+*  ( i .e . , f (x )<+-

forat leastonex);  b) posi t ively homageneous'  i f  f  ( rx) '= l ' f (x) foral l  xeRi and l '>0'

. ,

' 
Corollary 3.1. a)Undertlrcassumprionsof theorem 3.S,foratrnpping feF.Xlfte following statements

.. . 
a.re eEtivalent:

le.  f  = CA*;

. Za. ..Eittrci f =t*, or .f can be extenrhed to a proper 
'lower 

semi-continuous convex positively

I  - n  .
lnmogeneous fu.nction f on R'.

' -
b) Every funcrion f: X -+ R satisfying \d can be e.xtended to a polyhedral convex . pasitively

A -

. homogeneous funcrion f on Rn. .

Proof. a) la =+ 20. If.lo holds and f f t-, let

A

i(*) = sup {01x; IOe1aSAl.<q" ' x
A

Thel, ..".:____-.-.r_-__ -? is a - . lower semi-continuous convexpositively homogeneous function,

an r { -hv  \ , t= (Rn) ' x1 . ,  ,  3 .28 )  and  1o ,  w€  have  ? l *= fAAn=5 .Hence  ,by  f *+oo rwe  h . ' r e04+or .
q r r u r u J  t "  ,  

: x

(3.43)

FirraJry , if there erLst> xo e Rl s...4 that T Go) = *n,thetl rby (2.+), 
,7frr,(A,)* lO l, <11=

=p rwlrl^,eragain by b't}rf=-*2 anl. h",ire + =flx=- n , Ln contradtctien with

tui urr**1rt irn. Thas ,?' i ,  f)roPer ,

heore yn 3 . I , tdf = f. On tire other hand, if f.f 1*, then,

.  . t^ ' - -  
qa t is f ieq  cond i t ions  ( i  3 .8 ,  *hence td  =  f 'by 29, f = flX sarisfies conditions (i)-(ii i) of 2d of iheorem 3.B, rvhence d 

- 
- f.

b) If 
.f 

: X + R satisfies la, then, by lineir progmnrming duality theory {see the above proof of theorenr

- j.S), for each xoe X = D rle .sup in (3.{0) is aitlincd, tbr some rv*oe W. Let



fq*; = n',n^ i, (*t
xoe X 

"o

where ff^ue *l]_:: i: 
uniquc linear functiorlll sucn ,ntt i*-ol*:.b5

r _ - - / . _ -  
- ' - - - ' - ' - - - - - : * - -  - - - - * - . -  -  

2 t  - , , - . _ - - _  
^

L'I'hen ? is polyhedral convex and positively homdgeneous and, titt!. **o S f, we have fla < f; but, by

(1enn ), (3.44)

( t  l r l r )

n A A
( : . q0 )  and  .1 " ,  f ( x )>w* t { . f ( x )  ( xeX) ,whence  f l x= f .  !

'  : .

$ 4. STRICT DUALiTItrS A : AX -+ Bw.

Definition 4.1. Let X and W be trvo sets and (.A, <), (8, S) g (R, <) two complete lattices. We shall say

v  \ l t -

thatamapping A:AX-+BWisa st r ic rdual i ty ,  i f  A isadual i ty , .suchthat for themapplrgG:XXWXA-+B

defined by (3.3); anci for each (x, w) e XXW, G(x, w, .) is a strictly decreasing mapping of A onto B(x, w) =

= {G!x, w, a) | ae A} E 
'8.

I-et us considerthecasewhen A =B = B(x, w) =R ((x, w)e XXw)'

,llreorem 4.1. I-et X and \Y be two sets. For a mapping a: RX + RW, the following statements

arc eEivaleru

la. L i ,  o s; tr ict  dual i ty,with B.(x,w) =R ((x,  w) e XX\$.

. 2a, There exists a mapping F: WXXXR -+ R, sucfi tlnr for each

stricrty decreasing nnpping of T- onto R (vrhence F (w' x ';co) =Jco) and

fA(*) = slP -F"(*' rv' f(x))
xe dom t

' where. F* : XXWXfr. -r F is rlte mapping defned by

. F*(*, *, a) = F(w, x, 'fl(a)

' 
l'Ioreover, in this case, F is wtiquely detirminecl by L, namely'

F(w, x' b) = C(x, w,' f l6)

where C: X,{W,(R -r R ;s the mapping defned by (3'3)'

(fe R

definecl bi (,1.3) and F* of (4.2), u,e have c =. F*, rvhence, by (3.2), we otr.tain

(vq x)eW )(X, Fiv{  x,)  isa.

s u c h  t h a t  . .

,weW) ,  . .  ( 4 .1 )

(xeX, weW; aqR). @.2)

\ ,  .  = r  t A 1 \
(we W,  X€A ,  be  K) ,  (4 .J ,
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(4.4)

But, for xe )\donr Iive have f(x) = + *, wltcnce, by (rr'11 and (3'3)' rve obta.in (4'1) '

2q=+ 10. I f  2q holds, t len al i  part ial  mappings F*(x,w,.)  (xe'X,weW), dcf ined by (4'2) '  are

non- i r rc reas ing  and cont i r ruous  and sa t  i s fy  Fx(x , r r , {co)=-ee ,  whence,  by  (4 '1 )  and theorem

3 . 2 ,  i m p l i c a t i o n  3 o  = + 1 o ,  a p p l  i e d  t o  G = F x ,  i t  f o l l o w s  t h a t  A  i s  a  d u a l i t y '

Final ly, .  again by r leorern 3.2,C =F* is given by (3.3),  whence, by (4'2),  weobtain (4'3) '  r

Renzark 4.1. Letus ntention the follorving related conceptof [2]' kt X'W e Rn' A' B E R and let

F :1^ /z \XXB-+A be a  mapp ing  rv i rh  the  fo l lo rv ing  proper t ies :  ( i )  themapp ings  F( r ,v ' ' ,b ) :X-+A and

F(.,x, .) :  w{B -;  A are c<lnr inuous; ( i i )  (w, b) -+ F (vr, . ,  b) is a one-to-one ntapping.of w{B onto 7/ =

= tF(vr,. , b)l(rv, b) e WXB] c AX; (ii i) for every convergent sequence (rvo, bn) c.WXB, (wn, bn) + (wo, bo) e

e RnX R, *,e have.,*rr,,Il,"o!'"n,n,bn) = 1 m (xe X) or (rvo' bo) e wXB; (iv) for each (rv' x) e U XX '

F ( r . t x , . ) i sas t r i c r l ydecreas ingmapp ingof  B  on to  A andthemapp ing  p ' :XXWXA-+B def ined by , ( '2 )

'^"^nnrlino tn (i\-{ii i) (h at (Ax' <)' (Bw' S)'are complete lattices; for
has tlre properLies.corresponding to (i)-(ii i) (but' it is not assumed th .

. e x a m p l c , i f  A = R = R , t l r e n + - - €  A X , l l w ; . t n t h i s c a s e t h e n r a p p i n g  { ^ : g + W o f  ( 4 ' 1 ) ' ( ' 1 ' 2 ) ' W i t h  f e A X '  i s

called, in [2], "ihe f -conjugate of f ", ancl itis dcnotu'd by ff 'Thus, if A = B = R' then,since each strictly

decreasing lnrpping h of R onro R can be iclcntificd rvith its unique extcnsion to a stricily decreasing mapping

tv -.  ry ,  ̂  f f  nf f?l v-, i th A
h o f  I l  ouro  R (h ( t * )=T - ) , i t fo l lo rvs  iha t  the  mapp ings  f  -+ t f  o f  [2 ] 'w i thA=B=R'are  "par t i cu la r

cases" of strict dualities'--70, "e; 
" 

li,)tl,t"' A(w,x)=lcx(v', ^,1)] o'u... t*'fl{!)r+*,?Tigl;* 
,r"

Thcorc'r 1,.2. trt x anrl \y be two scls, A r-RX -r.Ew o strict dualitvlind F :

+

mapping ccrresponding to t \  (by r l rcorct ,4. l ) . \ ' t rcnthedt ta l  A*:F.W-+RX ( in  th.esense(3 '18))  isastr ic t

gr ,1h A( i l rx) ' [  (5rarx)e [4 ixx) '  .  .  . .=  .6 nn. .n.nn*t ino l r  we have (w, l iere Fr  is
dh,fi";i'ii"i,"",ffi,"i; i;';'i X vrXlt --sl\ corrcsponttins to L* (bv thcorem 4'r),

defincdby $.2))
rtp

F'=F, - .

' Proof. Fronr (4.3) it follorvs that

G(x' w, a) = F(w' x' ')-1(a)

fA(rv) = sup Fo(x, rv, f(x))
x c X

trefr], wew).

(4.s)

(1.6)
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(wliere C is clefined by (3.3)). Furthermore, Ao is a duality, and for Go clefinecl by (3.21) wetilve, by (3.22) lrird,, '

since each F(^r, x, ) (vrel{,x e X) is a,stricly ciecreasing nrapping of F. onto R, ' e i

- *  |
C*(*,  ^,  b) = min {aeR I F(r4 x,  . )-1(r)  < b} =

= F(w, x, b)

' whence, by (3.20), vre obtain

A * ,  .  ? /

But,by(a.2) and our assumptionon F, each F*1x,w,.)(xeX,rveW) isastr ict lyclecreasing mapping-of

F. onto E. i{ence, by (F*)* = F, (4.8) and theorem 4.1, implication 2a =+ le,. it follows.that An is d strict

dualiry,lv,th A(*,^) = K ( (rur^1r$ X X) r^,,lthtt the ,orrrrl*onling nayytttg f 
/ 

satte'
.  C .  l A  i - \. t L e 5  L + . J ) ,  a

$ 5. CONJUGATIONS c:X.x * FW : .. .

In tli is section we shall consicle-r conjugations c : RX -r llW, defined by (1.5) (with A = B = R) and (1.7).

' 
l;etus first shorv that some.results of [17] can be dcduced .aiily fto* the preceding results.

. foltoling slalenttnls arc equivalenl:

lo .  c isaconjugat ion.

2a. Thcre exists a nupping g : XXw.-+ F, such lhat

t"(*) = sup- {e(x, w) 1*f(x)} 1feF.X, we W). (5.1)
x e x

; Moreover, in this case, I is uniquely determined by c, natnely, we have
q

-  + .

. g(x, w) = (Xi*r)c (rv) : (xe X, weW). (5.2)

: o 
, Proof. La+2d.if 10 holds, then c is a duality (by rhe remark made after formula (l '.?)). kt G : XXWXR -r

=  r  h  6 '  ^ : l  -  ^ \  T L . . *  L . ,  / t ' ) \  ^ - J  / t  t \-)K be as rn lheorem3.2(rvi th A = B =R and c = A).Then, by (3.3) and (1.7),  wehave

(xeX, weW, ae F.), (5.3).

whence, by (3.7), we obtain (5.1), rvith rl: XXW -+ R defined by (5.2). Thus, 1a '+ 20.
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The proofs of rhe iniplicrtir..rn 2a + 1a ancl of thc last statement (on tp; are simple anrl can be founcl in ilTl'

(xe X, we W, ae R),

Hence, c o/ (5.1) is a stricr duality (i.e., G satisfies tJie condition of definition 4.1) if and only if
t h i s

q(XKV) c R. This happens e.g. for tV c RX and rp(x, w) = w(x) (xe X, we W) ; ii\Gse, if we replace R by

A : [0 ,  1 ] , t hen  c :AX+F.w  i s  s t i l l as t r i c tdu .a i i t y  i n the  sense  o f  de f i n i t i on4 . l ,w i th  B (x ,w) :w(x )+GA)

(xeX, we W).

We rec i r l l  tha t  i f  c :nX-Rwisacon jugat ion , then,byU?l , t l teoren t4 . l , thec lua lopera tor  c* :Rw->nX

(in the sense of (3.18) above) is agaiir a conjugation

Rentsrk 5.I. a) By (5.2) and (5.3), u'e have

'  9(x,  w) = C(x, rv,0)

b) By (5.3) and (5.2), 'uve have

G(x, w, a) = rP(x, rv) t * a

(xeX, weW).

(xe X, rve W). !

(xe X, weW). (5.4I

(s.5)

- v  - \ t /
sets, c: lt^ -) R" a

*: 
wXX -+ F ,c the

Tlreorcm 5.2. ( [17],  t l reoren 4.2 ud corol l iuy 4.3). 'Let .X and W be two

*  - \ I /  - V
. cbnjugcttion, witit dua! conjugation c*: RW -+ FX, and ler 19: X XW *r il and g

. *
mappings associated to c and c- re.rpectively, by theorem 5.1" Then

proof. Applying (5.2) to X, \Y and c replacecl by W, X ancl c*'respectively, rve obtain the first equaliry

Fqrdrermore, if 61 a)(WXF. -+ R and G*: WXXXR + R are rhe mappings associated to c

respectively, as in theorem 3.2, tlten, by (5.4), (3.22), (5.3), (5.2) and [11], corollary 3 c) and formula

' 
obtalri

q*(w, x) = cn(w, x, 0) = min {ae F I Gix' w' a) s 0} =

min {ae E |  <P (x ,  rv)  +-a (  0}  =

= rnin {ae R I q (x, w) 
iut 

= q (x, w)

(5.6)

i n  / (  K \

and an

(2.1) ,  we

l ly rcnr;uk 5.1 b), c
Renrark 52. lf g (XXW) c R, one can also give the follorving proof of theorem 5.2:

is a strict duality, whence, by (5'4), (4.?), (4.6) and (5'5), rve obtain
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g*(w, x) ,= G*(rv, x, o) * F(w' x' 0 =

* G(x, lv,  . f  1(O) = q'  (* 'Y)

Now we slall consider tlc puticular case rvhen X = i0, 1]n, w J clx"'xcn', where c1 e R

areunbounded f ronraboveand f ro l t tL rc lo lv  (e .g . ,  W=R" ,  OrW=Zl '  theseto f  a l lpo in ts in  Rn

coordinates)andtpist l te, ,natura" lcoupl ingfunct ion. '<lnXXW,givenbyt]resca|arprodrrct , i .e. ,

n
va\

tp(x, rv) = w(x) "= ,t ni [i
(* = {bt}l € x, w = {ns }'ic w)'

i=1

- -Y " tctions f: {0' l}n -+R ii 'e'' extended functions of
Thus, tlte functions fe Il^ ue now lur

extended,'pseudo-boolean" functions t8l). Nofe also that (5'?) icle*tifies w witl a subset of (Rn)*

* .
linear functions on Rn, and that tire conjugations c and c* ale now given by

(xe X"rveW).

tfellx, rve W),

G.RW, xeX).

( i  = 1,.. . ,  n)

with intcger

(s.?)

0-1 variables, or

. .  ^  ; ,
,  the lamt lY ot  at t

6.8)

(s.e)

tc6v) = rnar (w(x) - f(x))
x € x

R e m a r k  5 . 3 .  B y  ( 5 . 8 )

gt*(*) =",r."fi, (w(x) - g(w))

a.n g

- c  r y x t
f  =  r  1 , ,  t

w

a *  - x t
I  = L { x ,

i  ( . " r p " . t i v e l Y ,

f  l  =+*  (61' l n n \ X  ' ' , R n \ W

Theorem 5.3.  Let  X= {0,  1}n,  W ? 'Ftn and cbe

statenlents are equivalent :

la. f = {cc*.

.2a, f e (R u {n -})x \J {- -}.

Proof. l 'Q 4 2::. If la holds and if there exists xoe X = {0'

sup. (w;(x,,) t - f"(w)) = f"c*1xo) = f(xo) = -*,
w e ^ W '  v  '

whence; since rv(xo) e R (by (5'?)), we obtain f = + *' Hence'

= f t*  = (+ -)c*= -- '

20 =+ la. l f  f  =-*, then, by (5'B) and (5'9), fc* = f '

.Assumenowrs r r  f  e  (RU i * * ) )X ,so  f (X )CRU{+* } ,anc l l e t  xo=  i i ? t i e  X=  {0 '  l i n ' " I he ' ' f o r
"  J t

each },e 11, l. < f(xo), thcr* exi-sts wtr = inl ,"', qr ) e w srrch that '

* * * - * ' * ' ' | , 4 # b

/ c  q \  u r e  h a v e
\ ) . ) l  r  Y r v  ' r v r v

whe re

& L ^ +
L  I  I d  L

( r ' g ' )

( c .  c t ).  \ ) . 2  t

.  r ' c  |  '  '  - \  t n  R h -  s u c h

6 )  d c n o t e s  t h e  e x t e n s i o n .  o f  f  ( r e s p e c t i v e l y '  g ' L O  n  '  ) u u "  '

= . + c o )  ,  a n d  
x  

i s  . t h e  u s u a l  q o n j  u q a t  i o n  o p e r a t o r  o f  c o n v ' e x  a n ' r 1 y : i s '

ab.ove. For a function, fe R^, ilre following4.t

i1n suctr ilrat f(xo) ='-*, thefl, by (5.8) and le,

again by 10, and (5.9), ir follorvs th:at f =

n



rt*l *f

" l.'ri

w h e r e ,  i n  R n ,  <

Letx = {;1}i  e {0, 1in

n

n

= I
'  j = l

le,- e; I

\a

2- ti|-rt"l
t - r Ig i =  t

\-l

L nl-r(^) <
F  - 1  F o - t  I
b . - ' t  > .  - '

I t

if fo = g, . (5.10)

(5.1 i)

m e a n s :  <  a n d  / .

and (5.11.)rwe lrave

tlx <
I

\rl \
w.r(x)-f(x) = 2- n! E -f(x) =

"  i = l  I  I'  
=  I  q i +

( .=1 ,  i o=0  
I

l l

nun
x = { L  } n * x ^- -  ' " j ' t '  u

f ( x ) < + €

n

:
j = 1

'  l ,-f(x) l
n r a x  , o j  i f q o = l '

* = {8,}l . *o 
$ le _rolk  t5 . -5 .  If ( x ) < + *  f r  

' ' j ' j '

d e n o t e s  t h e  n a t u r a l  p a r t i a l  o r d e r  a l d  <

, x * xo, f(x) < + *. If xf xo, then, by (5.?), --- (5.10)

r  ^ f  
'  

1
lE. -e : I max, n:" +

J  J  ( . = 1 , . ( 0 = 0  
'

1 l

ql -f(x) <
I

6.=1,
I

n

X
E.=1, q:

I

'11-rtxl < I
= t  I  i = l

l f  x < xo, then {i  I  q: =0} c { i  I  E.= 0i '  n'hence' by (5'7) and (5'11)'
l l

E a ^ \ 1  , r

r v 1 ( x ) - f ( x )  =  &  t 1 ^ ,  -  
- ^ L  - ' ' 1 ^ . - ( x )  

< '

. q:=t ' 6f =t; (.=o

n :
\ C  r  Y  l ,  |  1  . - \ z

F o . = r  r  i = l  J  J  6 Y = 1 ,  € : 0  
,

+  J '  " i  
' i

n
: \ a  Y -

= )  t t l -0 ' - r (x) ) - r (x)= )  q lE: - r=w1(xo)*r '
. g " . d i i = l r r

. i

,  F ina l l y , i f  x=xoor f (x )=s* (orbo th) , rhenforany  w leW thereho ldswfx) - f (x )S  w1(xo) - l "F ience '

for each }"eR, I < f(xo), there exists rvleW such that

2 9 .



t c1w1)  =  n r i i x , (w1(x) - f (x ) )  <  w1(xo)*X.
xe  {0 ,  1  } "

Consequently, for each le R, I < f(xo), rve have

*(*^;  
= sup,(rv(xn)- f t (w)) > wtr(xo)*tc1rv1) > 2v' f ( x u ) ) f t ' . ,  
w e W

and hence f(xu) = f{co1xo). Thus, since xoe X rvas albitrary, we.have Lo.

Remurk.f.4. We recall (see e.g. [5], th'eorem 3.6 or [i], p. 332) that, if X, W are ubitrary sets and

. ,RX*F.wisanyconjugat ion lS. t ; , forafunct ion fe i lXwehave f  = f " "n i f  aLrdonly i f  f  is t lesupremumof a

family of "elemenrary funcrions" {tp(., rvf 1d1i1.1.The set 1fe RX lf = ft*} is usually clenoted by f"(X, W) (see

[1 i ] ,  [5 ] ,  t1 l ) .

(5.12)

(5 .13)

C o r o l  l a r v  5 . 1 .  U n d e r  t h e  a s s u m n t i o n so f  t h e o r e r n  5 . 3 ,  i f y  c Y  f  h e n  t h e  f n 1  l n r . r i  n n
n  ( : / \ t  L l l u r r  r v l  l v \ ? r l r y

O

,s-*l j .e.qe.1t,:  aT:.,e,.qu]val93t: '

. o  r t  r  . c c * r .  t  
o

I  
- .  

1 ' ( x o /  =  f  \ * o /

zo . '  5 - l , r t " . t  r ( xo )  =  -& ,  g l  f  €  (Ru{+ - }  )X  .
*

'  ^  
2 . o .  t f  f  ( x  ) > - o o ,  t h e n ,  b y  1 o ,  f " :  ( * o )  >P r o o f  ,  1 " ' : > ' -  ,  \ . r ^ , -

- - j ._  

*  

. ,

5 . 3 ,  a p p l i e d  t o  f c c  ( r . r h i c h  s a t i s f  i e s  1 o  o f  t h e o r e m  5 ' 3 ,
* *

c c o  r  1 \ X  ,  . . . C c '
w e  h a v e  f " "  € ( n u { t - i ) "  ,  v t h e n c e ,  b v  f > , f - "  ,  w e  o b t a i n

L o  + 1 o .  l f  f ( x

o t h e r  h a n d ,  i f  f  €
. r (

- - - . -  r  ( *o )  =  f  c t  ( xo )  .

*

^ )  =  - & ,  t h e n  ,  b y  f  > { c c  ,  t " e  h a v e
o '
t -  ' t  r  t X  '  , n  h r r  t h o n r o m  5 . ] ,( l t u t + . 4 J i  ,  t n e f l r  D y  L r r v u r u r r r . ,

- G  .  H e n c e ,  b y  t h e o r e m
* t ( X

.  . C C  r . C C  r C C  r
1 . . € . , 1 '  =  \ T  I  1 ;

' v

r  e (nu t*" , ] . ) " .

- t  r  . c c *- @ =  
. f  ( r . . , )  =  f  " "  ( * o )  .  0 n  t h e
' v. *

C C

v l e  h a v e  f  = ' f  " -  ,  w h e n c e

' 
We recall thar if X and W are two sers and .r LX-+ F.\/ is a conjugation (5.1), tlcn the s.ubdiffcrential D"f(xo)

of t X-r R at xoe X is the set. defined by

E"f(xo) = {we W lrp(x, w)+-<p(xo, w) S f(x) +-f(xo)} t <  1 A \
.  \ J .  l 1 / ,

Some auttrors (see e.g. [1], p.332) define (5.14) only under tlte additional assumption f(xo)eR;holever,

s incervesha l lcons ideron ly<pof (5 .? )  ( r i ,h ich is f in i t i ) , th is  assumpt ion  rv i l l  no t  benecessr ry . I t i swe i lknown

(see e.g. tll; p. 332) that if 8.f(xo)*6 Nrd f(xo)eR, then fgcn (xo) = f(xo).

(xeX)
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i .

R e m a r k  5 . 5 .  I f  c . i s  t h e  c o n j u g a t i o r r  ( 5 . 8 ) , t h e n  g  i s " t h e  n a t u r a l  c o u p l i n q  f u n c t i o t t

h e n c e ,  b y  ( 1 .  t 4 ) ,  w e  h a v e

r t  r  ^ P r  \ ^r \ x o /  =  o r - \ x o l , ' , ! / ,  ( S ' 1 4 ' )

- , R  i s  a s  i n  r e m a r k  5 . 3  a n d  a ? ( x - . )  i s  t h e  u s u a l  s u b d i f f e r e n t i a l  o f  i  a t  x' o '

/ F  - r \

\ > .  /  ) ,  a t 1 0

o
. e

.  Y ^ n
w h e r e  1  :  l (

T.heore ni .  5. ,1.  Let X -{0, l }n,  W g

following statcnrc,tls arc cq uivalcnt :

Rn antl c be as irt theorent 5.3, and let feF.X and xoe X. ?7re

1 q. Drf(xo) */.

2 a. f(xo)e R attd f(x)e R U {+ *} \_.__ _e._

Proof. \a + 24. By (5.14) and (5.?), we have woe Orf(xo) if and only if

wo(x)- rvo(xo) < f(1') 1 
-f(xo)

.. wr/, \ (x) r f(x) S Wfrx 1 (xn) - f(xo)
.  , \^o/  . \ "o/

' 
R and f(x) =Consequcntly (consirlering the cases f(x)e

. wfi" 1 (x) * rvp, 
" 

1 (xn) ( f(x) i- -f(ro)
l \^o, ,  r \ / .o, ,

-_ (xe)ft{xo}).

. (xeX),

rvi th rvo(x)-rvo(xu)eR (xe X).  Novr, i f  20 does nothold,thenrvehaveeither f(xo)eR,. incontradict ionrvi th

(5.15) for x = Xor or f(x') = - - for some x'€ X\ {xo}, which, again, contradicts (5.15).

. 
Za =+ tro. If ?.4 hokl:s, then,.since f(xo)eR, the argurnentof the aboveproof of theorcm 5.3, implication

'2a 
=+ (5.12), rvorks also for ?u = f(xo), r'rhence f(*11^p) < w(*d (xo)-f(xo), and 

fence, 
by (5.8), vre have

4 e), we obtain

(5.16)

i.e., rvf(xo) e D"f(xo). i

. .Rennrk$.6. Recently, Fujishige has sltotvn ([?], thebrem 3.1) tiral if X is a distributive-sublattice of

{0, l}n, W = (Rn)*, aruJ c:,pX-, pW is thc conjugation (5.8), rvittr [0, l]n rcplaced by X, tiren for every

submoclular function f: X + R rve have
+

f (x)= nr&X -(w(x)-f(* l )
we (Rn) -

. From the abovc it follorvs rhat in this re-sult tlte assunrytrion of submodulur'ity of f . is slryerflous, even for

(Rn)* replacecl b,v W e (Rn)* of theorem 5.3. 
-Incleed, by theorem 5'3 (extended, with the same proof' to any

disuibutive strblattice X of {0, 1}n;' for every function I X -r R we have

f(xo) = fc*1xo) =#t" (rv(xu) -fc(rv)) (xoe X),  (5 '19)

and (-5.8) rve have f(*g* 1) = w11*,1(xo)-f(xo),
l \ ^O,  r \ ^Cy 'so it ienrains to observe that, by fc{w91*;) ( w(xJ (xo) - f(xo)

whence the sup in (5.19) is lttained for v/f1xo).

o'.1,'

(xeX), (s.'17)

(s.1 8)

3 l



Fronr theorems 5.3 and 5.4 anil corollary 5,1rwe obtain

Corollary 5.?. a) (Jnder the assumprions of theorem 5.4, the follow,ing statements are equiva.lent:- . ' .  - .  . ,  . 1 . v  
J v } J v | , } 1 . 6  n I

1q. 0"f(x) -tt6.

ze .  f= f " c * , f # - -  and  f ( xo )< { .€ .

^ o  .  . c c *  ,  a l
.  5 . r = r  a n o r t x ^ ) e R .

(J

'  t  r 0  Vt{". re(nu{+"}| 9i '"* f (xo)e R.

& .  q o  f c c * r . .  \  -  , / . .  \ -
;  . r  .  ,  1 "  ( ^ o )  =  f ( x o ) e R .

b) Far fe RX, iltbfoltbtving srarenents are equivalent:

1q. There exists xoeXsuchthat d"f(xo)*6.

2 a .  f = f " * -  a n d  f  { + € .

c) f'ar fe R.X, t!rcfoltowing.starements ore eqdvalent:

I  o.  d"f(x)*@ (xoeX).

2 0 . - f e l t X .

'k 5.7. 81, rema rk 5.5, thg s!-1lqmel! l  i l  r-o3fj.gl.y. 5.> r o l  I a r v  5 . 2  a )  a r e  e q u i v a l e n t  t o
@ *

2  a )  a r e  e q u i

50 :  a i ( "  
' ) on lg .

I+t us prove now the following result, corresponding to corollary 3.1:

_ Corollary'5.3. a) 
.E.very fitnction .f: 

X = {0, l}n + R \J {+ *} can be extended to a proltcr lower

seni-.conlinuotrs convex function i on Rn.
a

"b) 
Everyftutcrion f:X= {0, I}n -+ Ii can bc extended rc a polylrcdral convexfunction I on Rn.

.e .' Proof. a) If f = * €r one can talie, for example,

A '

f  = I { x = { q , } i .  R n  l i  q , . - t l .
.  J  I  j = l  J

A -

I f  f  * + a , d e f i n e f  : n n - + R  b y
. A

f(x) = sup (w(x) - fc(rv))
n I

we (R")

(s.20)

32
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Then f is a lorver semi-continuous convex function on Itn and, by"tli 'eorenr 5.3 ancl forntula (5.19), rve have

A .  A

i l *= f  wl icncc i ; , .1-*  (s ince f  #**) .F ina l ly ,  i f  rve hacl  i lxo)=**  for  sonle xo€ RIr ,  t l ten,  by (5,21) ,

sinrilarly to the proof of.thporem 5.3, inrplication la =+ 2c, it ivould folloiv that f = -€' whence f = -* , in

- contracliction with our assutnption on f. l 'hus, ? is proper"

b)Assurncnorv tha t f : {0 ,  1 }n-+Rand, fo re i i ch  xue X={0 ,  l in ,choose* f ( rJeWas in  theabove proo f

of theorem 5.4 (in fact, any rv" e 3"f(x^) rvolks, rvith a simiiar argument). Let
^ o  v  v

: i(*) = max - (*tr* 1 (x -xo) + f(xo)) (xe Rn). (5'22)

xoe {0 ,  l } t r  v

> A
a Then f is afolyhedral convei function on Rn and, taking ro = x € {0, l}n in(522J, we obtain

A

f(x) > f(x) (x€X = {0, 1}n)' (5'23)

On rhe orher hand,'by 1"(*(*J) = yfttl (xo) - f(xu) (see remark 5.6) anct (5' 19), u'e have

A  . 4  \

f(x) = max (turr, ', (x) - f{rvp1* ,))< srp.. (rv(x) - fc(rv)) = f(x) ' (xe X),
.  r n  

' \ - ' O /  '  l \ A O / "  * ' e \ \ /  
'

xo€  tu ,  r ,

whence, by (5.23), rve obtain fl" = f. ! 
:

Rentark5.8. Corollary 5.1 b) has been obrained, with a different method, in [19], theorem 4.1 (see also

[19],  remuk 4.2b)).

Norvweshal l  intercirange dre rolesof X and W, consicler ing theconjugat ion c*: i iw- i ix def incd by
.  - . - - . .  -  - : - .  -

. (5.9), i.e., the conjugation rvith respect to the coupling function rp*: WXX '+ R of (5.6), wi*r 19 of (5.?). Then,

for any subset X of Rn and ,any subset W of (Rn)*, the subdifferential O.*g(wo) 9f g: W + R at r5e W becomes

, dc*B(rvu) = {xe X I w(x) -rvo(x) < g(rv) t -g(wo) (we w)}

: nema rt< 5. I . \'/e ha ve

\  a d r f  \ ^  \ /  1 5 . 2 t t ' )- .  )  o  ( w ' ) =  D t ' ( r ^ r , ) n  X ,
.  

n  
* - ' '  O '' c

. , - - - - Y - . f l  ' l a l t  
)  i s t h e u s u a l  s u b d i f f e r e n t i a l  o f  { a t w o '

w n e r e  g : r \  *  R  i s  a s  i n  r e m a r k  5 . J  a n d  c g ( w o

We shall prove the following result, corresponding to corollary 5.2 a):

JJ



Tlreorenr 5,5, L'u X be a finite subset of Rn , W a subset o'l'
. * * l t t + Y '

(Rn)*,  anr l lct  c ' :R* -+ I l "  be

above.Ior woe W €lltRtu' the fotlc'wing stnteillents art' equivalant:

le. O"t8(rvo) *'d '
l(

2 . e  g t  
t  ( r " o )  = i i  ( w o ) <  R . .

Proof. Obsei-ve tirat, by - --- (-5'8)' we nave

g(rvo) - *c*c (ouo) = ma1(wo(x)-nt*!^"

<if 
and only if --- there exists x'uoe X such that

g(wo) = wo(xwo) - gto{x*o)'

\e + 20, If lq hol'Js, then g/t"v)eR(shce woe \'y''

d"r8(rvo) = @ ).

g(rvo)€ R would imply, uking 1v = wo in

(s.2s)

(s.26)

(5.24), that

T h u s ,  b Y

Now let tr,,,€ W and xoe ?r*g(w6)' Then' by (5'24) ' we

and g (rvo)e.R ' .  ,  \  ,  . . .  z-  \  --or. iv \
w(xo)- g(rv) (  rvo(xo)-gl ivo)

whence, by (5'9), w'e obtain (5'26) with *,^(r'= *o'

'  ' -  ' | E  '  '  t  '  : R  a n d  ( 5 " 2 6 )  w e

. x
.  c ' r . .  \ u D  v r h e n c e ,  b y  ( 5 . 9 ) ,  v , e  g e t  g ( w ) e R u { + o . ' }  ( w e ! J ) '  H e n c e '  b y  9 \ t o / '

h a v e  g  U * " r . , r o ^ '  
\  /  \'  o  \  - / . ,  \  . r
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