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ISOMETRIC DILATIONS FOR

OF NONCOMMUTING

by

GEIU POPESCUv g 4 g  !  v !  s v v v

This paper  is  a .  cont j -nuat ion.  o f  [5 ]  and develops a d ' i ]a t ion
" t t o .

,  |  - E  
" $ . {  

n a  n n o r 2 -

.  theoqy for  an in f in i te  sequence .  lTr !  r=t  
o t .  noncommutrng c 'Perd-

' o o *

tors on a Hi lbert space k when at,r t i (rn 
(rra is the identiLy

9 V' n = l

on  TC ) .

Many of  the resul ts  and techniques rn.  dr l i i - ' ion

' . - ^ - ^ * ^  l  e  , r I  . ' - o
one  ope ra to t  [ 8 . ]  and  a l so  fo r  two  ope ra to rs  L r '+  j .  * ' -

t o  t h i s  se t t i ng

'  
- - i  ! 1 -

an  in f  i n i t e  sequence  {V - ]  i ,  o f  i somet r i es ' .w i th  o r thogona l
\  n l n = l

:

INFINITE SBQUENCES

OPERATORS

theory for

extended

f i n a l  s p a c e s .

r b t a i n a m i n i m a l . i s o m e t r i i d i l a t i o n f o r. :'  r n  sec t i on  2  we  

r  r  t - l  ? ra .1  *
J ry  I  by  ex tend ing  the  Scha f  f e r  cons t ruc t i on :  i n  l - 6 ' 4 ' J '  Us lng

f n )  n = 1  " '

these resi: l ts we give sorire theorems on t l ie ,geo.metric structure

F ina l lY r  w€  g i ve. . o f t h e S p a c e o f , t h e m i n i m a 1 i s o m e t r i c d i 1 a t i o n .

sone  su f  f i c i en t  conC i t i ons  on  a  sequence  \ ' t ' n l n= t
. o o

neous ly  quas i -s imi la r  to  a  seguence \o" lJ1  
o f  i somet r ies  on  a

Hi lber t  sPace }d wi th

&
x'  

\  T )  p  = T
. .1__r. r.n.rn_ _ 

}6
n = l
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Sz . lNagy -Fo iag  l i f t i ng  theo rem [Z rg r l r4 l  i n  o i i r  se t t i ng

' '  In  a subsequent  paper  we wi l l  use the resul ts  of ,  th j -s  p? 'per

,  for  s tudy ing thg "character is t ic . .  funct j -on"  associated to  a sequence

' :  ' ( ^ ^ l
( k e N )  o r  t h e  s e t  N = U , 2 ' . . . I '

t h e  s e t  \ 1  , 2 , .  .  .  r R  ]  a "  A  a n d

. . ' .

s t a n d . s  f o r . t h e  s e t  1 1  , 2 r .  - .  r k  1
'  

. i  
t . l

- a

the set  o f  a1I  funct ions f rom

eO

=  U  r ( n , A ) ,
n = u

...

where  F  {0 ,  n t  =  {o  }  .

sequence of

- the product
r -

for the. sequehce

b e a

o1 uisometr ies on 7e .  For any f  eE (n,4 ) we 9t"ot"

.  - :  A subspace {. C t{ wil l  be called. wanderi.ng

. r Y
. ^q/

.  U r r -  for  any d is t inct  funct ions f  ,9  e ' f  we have

'  \ r  v  |  \ /  J  J . l  m e a n s  o r L h o g o n a l )
V e o l l  L  v d z { -  \ e  ' t t v \

r y

'  In  th is  case we can form the or thogonal  sum.

. : r . ' . 1  i  

M  { ; f  r _ r i r r  ) /r t F r 4 , = f : ! u f *

a -

' A P  r - - ' l'  
A  sequence ' "U-= [V f  ] l a r f  o f  i som.e t r i es  onK  i s  c l f l ed  a  A -o r thogo-

'  
na l  sh i f t  i f  t he re  ex i s t s  i nK-  a  subspace  X  ,  ' u i h i ch  i s  wander ing

-  - . .  l e  .  a t  ] 0  = U _  ( { )for  V and sucn t rnat  JL = i { . ,  lc { - ,
t

. ' Y

This subspace x.  is  11pi  quel f  determined by v  :  indee( l  we

- v
harr"  X -- ] te (  O V, K ) .  The'  d imension of  X is cal led the ntul ; i -

.,tFzr. A '- '

"  ' ' '  i t y  o f  the  A -o r thogona l  sh i f t .  one  can show,  bY an argunent
p r l - c l " E y  ( J r  L I I e  r l  - v ! u r t v Y v r r u r



s im l l a r  t o  t he  c lass i ca l ' un i I a tq13 . ]  sh i f t ,  t ha t  a  A -o r thogona l

: rmined up to  uni tary  equiva lence by ' i ts  mul t ip f  ic ty '  i i

- t  - - ^ i  - ^ 1

I t  i s  easy  to  see tha t  fo r r l \=  {1  }  \ {e  f ind 'aga in  the  c lass ica l

un i la te ra l  sh i f t  :

Let  us make some simple remarks whose proofs wi l l  be omit ted'

4

a V  r  I- REMARK 1 .1 - If V = 
tvrj l ert 

r-s a

\D

.  w i th  the wander ing subspace 'c  ,  tnen

f i -or thogonal  shi f t  9n N ,  "
:

f o r  a n y  n € N ,  I  e  A  a n d  f  e F  ( n , A )

.

we have

*
a )  V A V f =

vlf = a &€ N.'t .
r - .

/ l

. *
i  \ ' \ t  \ /  + P  = T

- " D ,  )  v r  v r  T 5 e  - L u o  l'  .4  " , t  'A -x  - )c
'  - l  -  ^

A € J L

r a . +
pro ject j -on f rom JL in to & ' .

, REMARK 1 .2'. rf f= lu^]^n.^.

then: . . 
'

'  ( - 1  *  . .  )

a) ' I im' )-.- l l  vrh l l  "=o
n-roo fa .E ' (nrN

'1

* K'  b )  v ; '  0  (s t rong lY)  as
. , \

i

each V.  ( , {  en)  such that
,l

t*!

{

v r  ( z ) u r  i s 1  ' " v r  t n )

_ 
t,.

where.  P, '  s tands for  the or thogonal
d-

for an

k + @ r

.?

i f  f t 1 ) =

i f  t  { 1 ) f

A

I
A0

and

a -

' :

. . . '
i s  a  A  -o r thogona l  sh i f t  on  {L

1 d
n € i '1- .

- l

t o r . a n y  I e - l \

. . '

c )  There  ex is ts  no  non-zero  rec luc ing  subspace 1goC *C fo r

(r_.  -  f ,  v. ,  v i t  1. ,  =Q
'  ) L  

i € / t  
A  ' n  

.  
l o (o

us  cons ide r l  a  mode l  ,A -o r thogona l  sh i f t '



Form the Hi lber t  space

<-dr ) * r'l\ \ '  r r  -  l l  ZZ { l l  h r l l  -  < . e ,  h f  e . J { i l
g c . T "  ! '
! G  W

a -

. r W e  e r n b e d  
' i n  

t ' (  T  , l ( l ' a t  a  s u b s p a c e ,  b y  i n d e n t i f y i n g  t h e  e I e -

a -

l 'men t  ne l lw i th  the  e lemen t  (h f ) f . g ,  where  ho .=h  and  h f=g  fo r  any
.  !  ! E

tu

f  e ' f  ,  f f o .
.. .l

F o r  e a c h  A e A - w e  d e f i n e  t h e  o p e r a t o r  S ,  o n  I ' (  3 r & )  b y
A

t t ( ( h r ) r . y ) = ( h ; ) g e F  ,  w h e r e  h J = O  a n d " f o r  g € F ( n , A )  { n 2 1 )

I
i  L f  9 € F ( 1 , A )  a n d .  g ( 1 ) = a

i  i f  g e  F ( n r A )  l n > t 2 l  ,  f e r ( 4 - 1  , A )

g ( 1 ) =  ) ,  g ' 1 2 ) = f  ( 1 ) ,  g ( 3 ) = f  ( 2 1  , . . . . , 9 ( n ) = f  ( n - 1  )

?  i / ' t n  
a r i t h  t he  wander ing  sub"p . t "  ?e " '  ..  

act ing on I -  (  /  , . ja)  ,  wi th  the wander ] -ng SUDSPaC

This model  p lay an inrpor tant  ro le  in  th is  paper ' .  The

fo l lowl-ng theorem is  our  vers ibn of  ! ' Io ld  decomposi t i -on for  a

t 2  ( y ,  K )  =  
t ,n r ,  reF  ;

r .' t  n
f o
I

I
. I,  : . :  h l=.  {  hr

. Y l
' . 1

'  f a n d
I

: l
, ; '

. .  sequence  o f  i somet r i es .
-:'

.
'  

.  n , r n n n r r r  4  a  r ! -  f * .  1  

:

. r n r J \ r n . E r r ' r  t c J c  L e t  u  = \ V r \ ,  -  .  b e  a  s e q u e n c e  o f  i s o m e t ' r i e s
I - r  J A  € . ( \

" -  
'  

- f r l  ,  . ,  - ,  . .  

t  
t

on a Hi lber t  sPace ^ /  sucn Enat .

tt, vr yi< t,
A Z *

\ 7
" )

Then X decomposes inLo an orthogonal  sum K =No@21 such

' ,  r1.a
t rnaE /v

(̂J

reduce  each  oPera to rand 341 ( I en ) and vre have



is  a -A -orthogonal

determined,  j "ndeed we have:

( X l  ,  w h e r e  X = Y O  (  @  v , K l  .
J C A  A

$ x-,fi"^ u.l)lo,, =o and {"rloJ^ *r,
. *,./

act ing on /<^.- 9 .

This decomposi t ion is  un iquelY

, ' = f \  (  @'  n=0  f€F (n , . { \ )

P r o o f .  f t i s  easy  to

wander ing  to r  f .

o n l y  i f  k I o  . @ n  V f X ,  f o r  e v e r y  n e N  w h e r e  %  s t a n d s  f o r  . [ - / ^ f ' ( k , / \ )-  r € T n  r  k = 0

We have

s h i f t

u t .4 l  i  'Ko=v t "

u^k rc n^, r .u,?r, , ,nJ Y^ v rK) (

. o O o o

s e e  t h a t  t h e  s u b s p a c e  X  = K  O  (  @  v ^ K )
1 z  A  A

A E l  L

:

dJ

f l t  o  v ^ K l =
n = 0  g e F  ( n + 1  r A )  a

.it s

@  (  O  V - X ) =
g€F (n, . l l , )  Y

:
i - 1
I t  o  v - x ) o (  @  v , K \ 1 O . . -
L t e r ( 1 , A ) '  f e F ( 2 , A 1  '  J  . .

. ' l

o ' ' v s K ) l = K O (  o  
" ' u r ) 1 1eF (n+ 1  ,A)  

'  J  
' f  

eF  (n+1 ,A)

O  ' v r K  f o r  e v e r Y  n e N -  S i n c e
!' (n+1 ,4)'

'.
neN)  i t  fo l . }o ls  tha t  . .

1

:
. 1'/
) = 4 n  . .

.
, .

:

X o . t  @  v r { ) o - . '
.  f e F ( 1 , z \ )

' ? ' I

= l k o  (  @  v , l 4 l l  @
L  ' .  

" f e F ( 1 , z \ )  
!  - ,

:
r. . . e ) l (  o .  v * x ) o (
L f e r ' ( n r r 4 J '  .  f

u s  k € K i  i f  a n < l  o n l Y  i f  k e
f e

@  Y , Y 2  o  V r K  (
F (n,z\)  f  <F (n+ 1 ,4.)  

!  :

oO
r\

n = 0  f e F ( n r . r A J . -

- Let us .notice' that

oO

Th

t a
! t

f )  ru.o( o v^&r)=0( o vr4)--21
n=1 ^ gu|(n,A) Y n=1 feF(n-1 ,A)

g ( 1 ) = i

vittrc



- q./

There fo re  &^  reduces
I

i i , ,

each v.  ( ' i '€ f i  '  Hence
A

Y a l so  rdduces  each- o

vl ( Aez\)

Since ]4, C @ v^Y i t  fol- lows that (r ;  l ,  vr vl  )  I  =0 '- i  - t  
nz' |

The  fac t  t ha t  f  r r  I  )  i s  aA : -o r thogona l  sh i f t  i s  obv ious l y '
I Yr lzo),ren

.The uniquenes.s of  the deqomposi t ion fo l lows by an '  argument  s imi-

l a r  t o  t h e  c l a s s i c a l  l . l o t d  d e c o m p o s i t i o n  [ 8 ,  c h a p .  I ,  T h m '  1 ' 1 1  '

. . f t re  proof  is  comPleted.
' . 1  '

REMARK 1 - 4 - The subspai 
"= 

'K n' 4, f  rom
, - - -  

-  - o '  I

can  be  desc r ibed  as  fo l l ows :

'  . . : - ,  -

Wold decomPosi t ion

,

=  {  t  e Y z -  L L m' L  
n + € f  e n ' (nr .n)

il u;k = Q ]ll. 
2

K o
';

7d1 C K :
f€

l\ ulo tt'
,A)

lfor  every n€N
')

I t k  l l -: f t
t

u
F t n

1 0-. 
space 'd( s.uch - L  t ^ r r ( r x '

Ae..\

s * t *
4 i  ' t  ^ l

="n**". " ' f  
={ .

l o f i sometr ies a1
J

\

* _

r V r i
w e  c a l l  t h e  s e g u e n c e  U = [ u ^ \ r r r r ' i n  T h e o { e m  i  ' 3 ' p u r P .  i f

7 1 - =  0  ,  t h a t  i s ,  i f l f i s  a A - o r t h o g o n a l  s h i f t  o n K
-  - 1

' :

' .  
z .  L e t .  T = t *  I  a  

" ' e q u e n c e  
o i  c o n t r a c t i o n s ' o n  a  H i l b e r t

. . - - - . . - .  '  z '  r J E L ' ' - : ( ' A l A e / L

! 1 -  ^ J -
L . I I O .  L

*
\ t l' i  

l l t

.  c o n d i t i o n s ' h o l d :

x.  a )  L  v r u ^ { t r c
Aen.

b l  K  i s  i nva r ian t  f o r  each

We say  tha t  a  seguence l /  = lv f ! ^ *^Ot  i somet r res  on  a  H l r r re r

u i . " .  X> 7( i=  a  min ina l  i somet r ic  d i la t iqn  o f  T i t  t i :e  fo l low ing

I { i  I  l ' r r>r i -

{  re l t )

( A € n )  a n d



... . .-l$-;irisiiiiiili!5,:..3
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1 a,. i l i

t ive

where

c l T d = V u r r < .
- - +  L

,  r e . ' .

\at

Let  D* ondL and D

operators uniquelY

T stand.s for  the

Let us denote I =4F and S =Dl-6--Kl).

Hi lbe r t  space

on CI  V{ .  (X .  i s  a  copy  o t  &L)  be  the  pos i *
r I ^  A  ia r : . / \  ( - \  *  1 / ?

d . e f i n e d  b Y  D * = ( I ' ,  -  
. Z -  T r T . ,  |  

' t  -  
a n d  D = D ,  tx  '  

J t  A E r \  A  a  
*  1 l . .

m a t r i x  l - T .  , T o  r .  .  .  ]  a n d  D r =  ( r - T  T )  
' " '

.  L  l -  z '  d  r
. .

'  \ '  ,

l f q o f - .  L e t  u s  c o n s i d e r ' t h e

We embec l  X  andg ' i n to  K  i n  a  na tu ra l -  way '  Fo r  each  )eA  'we  c le f i ne
' :

the isometry V.* : K + k by the relation. A

' .  - , .  - .  ]
. r o h e r e [ S l i s A - o r t h o g o n a 1 s h i f t o n 1 2 t t s ' 9 l ( s e e S e c t i o n 1 ) .

j  
- ' - ' ' -

:  THEOREM 2 -1 .  Fo r  eve ry

operators on a I t i lber t  sPace

a min imal  isometr ic  d i la t ion

which is  un iquelY determine 'd

ranse  S .  I  r ange  S , ,_ " _ _ r _  _ i - _  , .  I !

anCl

-  *  
'  

? , , ^
/ m  . n  h - h ' ) = - ( D "  ( 0 r r . .  r 0 r h r 0 ,l I  - -  r -  r r ,' - p  I

I -1 times

r  ( 2 . 1 i ,Henie,  tak ing inLo accoun

q  r -  )  - .  - - -
sequence 7 = 

lTrto.er,  of  non-commuting
' : t *

] (  such that.  E 
t ; t l - ( t*  ,  there exists

ie.(\
^ V  |  1fI= lurl^.rr"" a Hilbert space K 2 7l )

up  to 'an  i somorPh ism-

'  
Obv io i r s lY ,  f o r  any  i  t I r €A t  I  l p  we  have

t

. .  ) ,  ( 0 r . . .  , o r h '  , o r .  - .  )  )
\__<

t"l-1 tjmes

i t  f o l l ows  tha t

V prange V^ I range ( )  , p  e A r  )  l P )



. :

*
theref  ore f .  u^ u i  { r rc.  

'1 , : .
' \c71 "

I t  i s  e a s y  t o ' s h o w  t i r a t ' ) 0  i s . i n v a r i a n t

* *
r r - l '  = r r r  f r z 4 )
. ' r  l I (  

-- l  \n E- -

^ 9 .  r  \

Final lYr  w€ ver i fY that  t  = . tu lhun

t"i/ '

d i l a t i on " -o f  
'U

*
for each \r .  . ( Ie;$ and o:

. A

is  the nr in imal isometr i -c

F ( 1
| ,  -  Let  f t . tXVt

fe
vt71)  and

,A) +

k n:W n-r V( 
r. V,,A)tr 

Kn- tt "

I t  i s  easy  to  see tha t  &r=  K O b  and
I

.  . .  The  fo l l ow ing  i s

r ' 1

1  8 ,  C h a p .  I I J .

L f .  n 2 r 2  . i ; ,

l ( .n=Kob a ( . ,9" ^. rr? ) @
f e  r ' ( 1 , A )

" t @
(  O .  s r$  )  i f  n ) r2 .  c lear ly  knCYn* . ,  and we have:
f eF (n-1 ,A) ' " '

i'  o o .  )  -
Vk ^=l<o i ' t - '&l =]t@ t' (T&) = K

' :

T h e r e f o r e V  = Y * V I X .  i ' : .
' f e T  "

F o l l o w j - n g  T h . n .  4 . 1  i .  [ 8  C h a p . i r l  i t  i s  e a s y  L o  
" s h o w .  

t h a t  t h e

. ;  . - - . r m e r - r i c  d i l a t i o n 1 f  o f  T i t  a  u n i t a r y  o p e r a t o r ..mr-nr-maj rsometr ic di lat ioyl l f  of  Ti t  unique up to

.  To be more .precrse I  let  
'u '  = 

\u i  j  A *r ,  .  ,

'd i lat  : :on of  T ,  
" l  

.  Hi lbert  spage K '> 7( .  t f r 'en there exists a
.

unl-t,ary operator U: /d-+ft, '  sirch that V1'tU=UV1 (fen) and Uh=h. for '
A : A '

< o
every hel( .

, :

.  
' T h i s  

c o m P l e t e s  t h e .  P r o o f  .  '  '

. .

: kn

REI '1ARK 2 .2-  For  each ieA ' ,  u^ t t - - *  0  (s t rong ly )  as  n*+  oo  i f  and

* .
I  o n l v  ' i  f  T ] t - -  0  ( s b r o n g l y )  a s  n - >  a o
. v ^ . } J ^ .

'  
F rom th i s  remark  and .  The9rem 2 .1  one  can  eas i l y  deduce  P ropo-

s i t i o n . l  . 1  i n  [ s ] .

a  genera l i za t i on  o f  [Z ]  o r  Theorem 1  ' 2  i n



; . , . i 
1..

P R O P O S I T I O N  2 . 3 .

x
F ( n

Ploof  .  Assume that  
' t - t i "  pure.  Then,  bY Theorem 1 '3 i t  fo l ]ows

that  iD, ' i "  a  A -or thogonal  sh i f t  on the space N >J l  o t  the min imal

i somet : r i c  d i l a t i on  o f  A

Taking in to account  Remark 1 '2

e * * '

f e { ,  v r l  , r = T -  ,  w €  h a v e :- -  
. l l K  r

. . \

7.
F ( n

I t  r ; h  t l l = r im-  
n tog.A)

and the fact that for each

di lat ion of  T= F  ̂ j  Ae,-

t 2 . 2 ' , )

' t o r  a n y  n e
a .

t.ri* .
n'+oo f e

I im
n-+"o f 6

z( .
,r,, ll,tir' ' 

11 
2=o

. :
:  \ \ \ \

r,*t '1ts=tu^J^a.^, o. the minimal isometric
-  , r t /

.  Then W is  Pure 
- i f  and onIY i f

:

5 * )

Z \\ v;h l [  
'=o , ro{ anv h eK-

f  eF  (n ,A )  .

' -ConverselY, assume' that

. . -

c r . . F
1 2  . 3 )  l i m

n{ o feF (n,zf)

)z  =o  ,  fo r  any  .keY=

1 , 2 . 2 1  h b 1 d s .  W e  c . l a i m that

v  r 7 {
t e J

( r r e X ) .

stands for  a  f in i - te  sum) .

o r thogona l  f i na l  sPaces ,

' )

l l  
- < l l k - k , i l

By 1 2 . 2 1  w e have. r im E l t  v ir t  l l  
2=o

n + a 1  f e  P ( n r n )

Y^Yr fr and any f> 0., lhere exists o, =.FJnnn
f e ,  

-  . .  g e t

i ro : sfo
For each ke

(h e * t  )  such that l l  k-k.  l l  < t  '  (Here
t " . q -  -  L

Sj-nce the isometries- V., (\6z\) have
. A

' i t  fo l lows that

l im
.  n . ;oo f€

fo r  any  6  >  0 .

. i s  pure .  Th is

. * )
l l  V  - k  l l  - = I i m
| |  " + "  t l  - - -

A \  
^  

n-)oo
t J  \ t

s - *

L  l l  v r  ( k -ke )
f  e  F  ( n , A ) : .

:"
T r  { n

2
1 L ,

1 V
T f r u s  ,  1 2 . 3 1  h o l d s  a n d  b Y

comp le tes  the  P roo f .

Remark 1 . 4  w e  h a v e  t h a t



:r t:.';
r :t.,i-::

. .  _ *
C O R O L L A R Y  2 ; 4 .  r f  . 4  T ^ T r ( t I &  ,

' ,\€'r.\- .
r  < 1 , ' t h e n .  t h e  m i n i m a f  i s o -

' . : .

. Now

^ Q - /  t  \
) / -  t \ 7  tv  | - ' A J  A e n
'$eing 

the

. .
*i  pnoposrr roN 2-s-  t  qv i

:

*
P r o o f , .  (  - )  )  S i n c e  V ,  l - "'^ | f,('

s l * -
) ' .  r  r  h = h  ( h e f , e  ) .

1 z    i  A
a t / \

;

(-\ *
- T  1 $  - n A  n n l r r  i f- a  * -  I l .  c l ' r l u  v r r 4J  * r  < - i  ' I r  ^ l  * x

x'  l€-g\

* .
= T -  h e d  i t  f o l l o w s  t h a t

- r F - - *  y .  1 , r , *  
'  ' )

.  . . .  (( :  )  r f  I  t ,  T. =r, ,  then - *:  ! l  . rh I l  
'= 

l \  h l l  
-  for any

r . ' -  . '  r € . r t  A  A  
f  f e r ( n r n )  

!

. i n r r  i n f r . r  A . c (  1 . 3  l e t  u s  a s s u m e  t h a t
n€ N and he?L-  Taking in to accpunt  Theorem

'  '  l a n " r .  e x i s t i  v e l d o  (  @  v ^ K ) ,  k l 0 .  u s i n g  R e m a r k  1 ' 4  i t  f o l l o w s
1 - -' l € r \ A

. '

.  ,  . r  ,  ( 2 . 4 ,  l i n I, .ll u;k tl 
2=o

: t - r J ,  
I

metr ic  d i la t j -on  o f  l t ^ ! r .n r ,  i s  pure .

j r  fo ' l l ows . tha t  kere  and by  (2 .4 ,

le t  us establ ish when the min imal  isometr ic

cannot  conta in a Aror thogonal  sh i f t '  The

sanle as above "we have

' ;
J . :  1  ^ &  . i  ̂ *
L - l l I c l , L I \ J l , l

notat ions

n'+oo f  ef  (n rA)

on the other hand, s ince Jd = l l  V {  V- 'v  '?t)t  ' - '
tux 6  + .' .  f f }  ,

n-roo f GF (n rn)

a l

V v . Z l C @ v ^ r c
fe9  r -  

:  iu l ^

that l im

t # 0

ll

contradic t ion.  Thus we

DropPing out the

i somet r i c  d i l a ' t i on

'  
f o l l ow inq .

* .
have E v .v r=r *  and the  proo f  i s  ccmple te '

.. .Ie z\

min imal i ty  cond' i t ion in  . the def in i t ion of

t ' 1

o f  a ' . s e q u e n c e  V  = t t ^ 5 f  
a ^  r  w €  c a n  p r o v e' t h e

the

o n a

P R O P o s T T r o N . 2 . 6 .  F o r  a n y  s e q u e n c e  7 = t t ^ ] t € A  o f  o p e r a t o r s

Hi lber t  sPace X such tha t



r . , , ,  t  l

: t . :  . , : : a  l , ' , i j  , ir ' l f t . i
. . ' t t

1 1

u
l't

. *
T^Tr(r K

- 9 - r  1

thbre exists an i -sometr ic di lat ion %tu^lanrn on a Hi lbert  space

7<'>W such that

. *
vr,vl  =rx.

' , -

w l t h o u t l o s s o f g e n e r a l i t y , t h a t t h e A ' o r t h o g , o n a r s ' h i f t

,Y : [ r ,  
\ ^un  

o . rXo= ]  f y , i l  t l ' Ls  a  H i l ben t  space )  can  be  ex tended

,"  1 f=t t^ \  
^n. r^  

of  isometr ies on a Hi lber t  space

1

Yo=Xo such that:  .

G 'r -A -Y^ 
4 ljc/*_ A

he  H i l be r t  space  
" . '  

"  . '  .

  t't2 (y, i l  oEfG) 12 G,l: t  .

:"
XeA

( 2 . 5 1

Consider

n f.tt =

f

i'
we embea f l?,t) '  into K ?, identi fying the element

. . . . : . - t " r } r e } € } 1 T , t l w i t h t h e e 1 e m e n t o o { e r } r e T € K .

; . : . -  .  
Let  us d.ef ine the isometr ies VA'  ( ) '€r \ )  a ,nK. .  For  \ ' ) ,  

.2

/ ? \ a :

we set V. =S-,  I  "  .@ Sr
:I  ^ I Lz (T,t) of ' \

Consider  the countable set

S ' = t t .  f r  r ' ( 1 , r \ )  : f  ( 1  ) = l J  U  F ( 1 , . r

and a one- tc i -one * .3p f  '  Fr  loJ  -  F ' '

€ 1 1

^  A  ^  t  ( ^  t  
- " r " )= u  \ 3 . ,  D r  \  [ E s l  +-  I  \  r J  r € J -

U TOJ

. i  - n m a f  r r r  \ /  i  S  d g f  i n e dI 5 ( J i t t c u ! J  "  1

,/\)

as  fo l l ows

v 1 ( 0



-.,...,.; lc;,i;. ;'. .l

1 2

v.,  r le iJre?rtoj  @ o)=[" i l 'g lg.  g
*.}

seFr{oJ @

i f  g=  f t r )

otherwise

, where

r  I  a n r i

and Remark 1 .4

t ; . =  

{

*
t f i

-and

0 - ,

*
e t = e -o r

e t = 0g
i f

1
n e N  l

)

l r n a n n

Froof ' .  Tak ing in to account  Theorem

proof  i i  immediate lY.

Thus,  the F l i ' lber t  spac.e ; te  d. .o*poses in to an or thogonal  sum

1 A  ^  n A  n 1 O'J( G) tL" (y {\. .

'  
F o r  e a c h  t < e { o  , 1  , 2 \

2 ' . 1  ,  1  . 3

the

x =

t he .  se t  o f  a1 l  sequences

Jeo=101  ( r espec t i ve lY lC

r L , r
w e  s h a l l  d e n o t e  b y  c \ r ' '  ( r e s p e c t i v e l y  c ( , .  

)

T  = l '  1  on  ] t  fo r  wh ich  we have' '  - t t l l r e r r  v r r  ( ' \

- a ?  \_  v l k ,  .

;  i f  f t r t = o

t g. KtoJ

Now. j - t  is  easy to  see that  the re la t ions (2-5)  ho ld

.  Fo1 low ing  the  c lass i i i ca t i on  o f  con t rac t i ons  f rom [e ]  t "  g i ve '

in  wi rat  fo l lows,  a  c lass i f  j -cat ion of ,  the sequences of  contract ions '

L e t t ' = { , ^ \ ^ e , \ o n a . H i 1 b e r t s p a c e K s u c h t h a t ' a T ^ ' i < ' n .
a ' r r ! _

:

Consider  the fo l lowing subspace of  
'+L

- i * ) 1

(2 .6)  } (^={nat  :  r im >:  l l  r ;h  l i  
'=o 

J  
' '

- o  t  n + o o  f e F  ( n , A )  
!

'

y . . - s : - * ) ' )

12.7)  ] t1  ={ r re} t

. ' .
REMARK 2..7 ' . .  The subspaces l (o ut t  K1 ar9 ort

invar iant  for  each operaLot t l  ( reA) '  :



1. ' '  :  I

1 3

.  Let  us ment ion that  7{ . .  is  the largesLrsubspace in  d1-  on whrcn

l -  - * 1  " r '
n i a t r i x  |  " t  l a c t s  i s o m e t r j - c a l - l y

I  * l
l m l
I ! r l' I

t ' I
l :  I
L J . :

fG c (1)  w i l l  be  a lso  ca l led  comPle-C o n s e q u e n t l y ,  a . s e g u e n c e  J  c  u '  w a r r

. ? -

thg

, * o l w n o n - c o i s 6 m e t r i c  ( c . n . c )  .
.

(  l l  T l l  < 1 )  w e  h a v e

T u C ( 1 )  i f  a n d  o n l y  i f  T *  i s  c o m p l e t e l y  n o n - i s o m e t r i c ,  t h a t
. i ' * ' *

i f  there is  no non-zero invar iant  subspace for  T on whi ih  T

'an isometrY

We cont inue th is  sect ion wi th  . the s tudy of  the geometr ic

. r . ;  s . t ructure of  the space of  the in in imal  isometr ic  d i la t ion '

(':>,

For  th is ,  1 . .  
y=(r r laeur  

: "  
a  

:equenc. l  
o f  

.operatoT:  . " "  a

Jri lbert spaqe 7C such that 
Rt^t i( t* 

and / =[u^l^r^ 
.o",- tn" ,

minimal isomerric di lar io" ' ; ; -  T o+. rhe lr i lberr space K = J{@ iz t . i '91

( s e e  T h e o r e m  2 : 1 ) .

Consider ing the subsPace.

I n ' t h e  p a r t i c u l a r  c a s e  w h e n  f  = { ' \ Lhat

. t ^
I > ,

i s

of 'Jd

.  1 1  ,  S e c .  1 , ? f

the minimel

; -  F ;  ^ r  -

r , re  can genera l ize some of  the resul  ts  f rom LE '  cn?P

concern ing the geometr ic  s t ructure of  the space of

i s o m e t r i c  d i l a t i o n -

.  .  THEORE] '  2 .  B

-  l V  , i
spaces rot  u anc

.  ( i )  The  subspaces  {  ana  { *  i r e  i vander lng  sub -

d im
-f =d im.  I

* 2 G
;  dirn X* =din ;U*

can  be  c lecomPosed  as  fo l l ows :( i i )  rhe  =P. t *  JC



1 4

il-"

t

(vr -rJ h)=0
. l € n .

j -s a copy ot ?€ ) .

.
/ a \ . n f  / h . \  I  f r r r
\ t  i J  t  \ r r .  r r  -  ^ ,-  , t  A E { L

:

i n to  accc jun t  t 5e  m in im ; r l i t y  o f  J1  i t  f o l l ows  tha t

K = 9, A *v({.) = K o 1,1!( X )

and the subspace .?, ,  reduces each operatot  Vl  (A€'n)

Proo f .  The  WoId

( i i i ) { n  { * =  o  :

( i v )  The  subspace  Breduces  to  toJ  i f  and  on ly  i tTe t (o ) '

decomposi t ion (see Theorsnl  -  1)  for  the rn in i -

inal  isometr ic di lat ion ?/on the space H = Vt@ f  (  F 'g )  g ives

1 r  j ) o , ,  / \ ^ "  ' D  9 3  -  i
.w=t<r  \ j ; /  m: :  \ . t ; ' ) ,  where  J4 .=  ( \  I  @ u tKJ  rec t ruces  each opera tor

J  n=o. " fe  F  (n  rA)

v- hea) and YJ,= X O (  @ VrY )  is  an wander ing subspace for V
) ^ l € r l ^

r t  i 's  easy to see tnat Xi= Y* and t 'hat  the operator

$* t  { *  ->g  *  db f  ined  bY '

r ? s r *
'  i i . '  9*  ( r r -  -2 .  vr  Tr  )h=D;h . :  (heKt

r\' AeA 
..

i s  un i ta ry .  Hence i t  fo l lows tha t  d i rn  { "n=d im 9 . .  Equat ion  12 , 'T l

.
y i e lds

'  
. 1 & ^

T{,  l r ls( t r )

b y  1 . 2 . 1 1 .

- :
By  th is  re la t ion  we deduce tha t  there

operator  Q t  X"- t  g"  def  ined by equat ion

- a

and hence

' The

t  
{ t  -t  ,u^ -rr } h^) =D ( (hr)^cn )
. '  r e n  A '

t ha t  d in  {  =d im &  . :

f ac t  t ha t  f  i s  an  wander ing  subspace  fo r

fo l l ows  f rom- the  fo rm o f  t he  i somet r i es

ex i s t s  a  un i ta rY

U and  tha t

V -  ( f ed  de f i ned

T a k i n g



p o s s i b i l i t y

1 5

poss ib i l i t y

-m r ," ir)
r . \  /  r r  f

J1 = Jt a Mr ({ ) 
rj i 'cr

'  
Let  us now show that { f l  Y*=

t ^  6 \  \ P  / a 1  I  6  v  l ?  t -  Y 1  n - t ' ?( 2 . U )  4 * s J  ( r t /  v r d t r = d a \ l / c L
'aen '\

. e i

0 Fi rs t .  we need to Prove that

thi's f o l l ows . f rom . the  fac t .  t ha t ,  f o5  an  e lemen1  ue f i ,  t he

of  a  representat ion of  the form

honf , (hr)r*rr,€

of  a representat ion

, -  (o ) , ' r z  r ;  (A )  
)I l  C d \  t  \ r r 'iet\

i s  eguiva lent  to  the

,  n . \
u = h ( u ) *  I  t q

:. 
le'zt, 

^

Indeed ,  we  have  on IY

. : .,,i1.., .. h _n (O) -
o

iir=rlr' (o )

and, converselY,

' , - ( o ) -  
9  n ' r , ,  +n -  = .

A€.N

X c ( .c :  \ ] f l v
Aen ,1

we' '  have that !(\r/  ( g

x.nx.= [0J.
The  s ta temen t  ( i v )

proof  is  comPl .ete

^9,^'K^
of  the form

.  , \  I  *
Z  r -  t A l - r ^  - m - l ^

' I I  - t r -  r . 1 r r ^
A n v

i - ^ a  r -   t ^  r - 1 ^ ^  ^ + - L ^ 1  1 - ' = n A  c i n r ^ o
T f r u s  ( 2 . 8 )  h o l d s -  O n  t h e  o t h e r  h a n d ,  D r r r v e

: . '  - - l
.K ct t llr @  v . , K c { O a e

A€n A

V.?C)  =  XOX .  Th i s  re la t i on  and  (2  .  B  )  show Lha t

i s  c o n t a i n e d  i n  P r o p o s j - t i o n  2 . 3 .  T h e

f



1 6

on

we

J4 1

I n

( 2 " e )

where

pRoposrr roN 2.g.  For  
1 . ru to ' * t i .quence 

%trJ^no.  o f  
'operators

X and for its minimal isometric diJatio.tt 1/; {ur\^ ur, on H '

have

.  M*(N)VM*(X* ) =KQ X,
t t

i s  ' g i v e n  b y  Q . 7  t  .

p a r t i c u l a r ,  i f  7 " i s  c . n . c . '  t h e n

( 2 .  1 0  ) 1 1 - ( X ) V M - ( { * \ = K
J  r  - - . .

f o r  e v e r y  h e X .
*

Choosinq h=T.k
I

- i l  r r  o  u  2 =' l l  r t n  t t  -

) )
I l -=  l l s  l l

proof  .  Tak ing j -n to account  Theorem 2.8 and '  that  J4"  1C R' t

i t  f o l l o w s  t h a t  X . r  M - ( { } V M * ( i r , )  .
l .  . |  J  

-

. , . . N o w  l e t  k i K  U e  s u c h  t h a t  k I i 4 * ( X )  a n d  k 1 l { . ( { i )  '
j , t

Ffom the  same theo rem ' i t  f o i l ows  tha t  keKand  k IV -Xo  fo r

* - ,'every fe F; :Hence we have
' . . . . .

. L L . +

* * 

" ' 

q.-a * * *' '

0 = ( k , V . ( r - - l V . T ; ) h ) = ( T ; k , h ) - . L ( T } T f k , T ^ h ) .
f  J C  A  , \  !  ' r - r-  

- -  A€. / \  )€n

. d

( t  e ' d  )  l i e  o b t a i n

. -

*  * -  . . 2
r  '  t l  - 1 ^ f "  t t  .  ,

le .A

_ e

f o r  a n y  t e i .

Hence we deduce
< - *

. z__ ll r_k
.  g e F ( n , A )  )

f . jq  any ne t r l .  I ' te  ccnc lud 'e that  * t * t l '

Conversel1. ,  for  every t<e ?( . ,  i t  easy to  see that

r  M  I Y ) \ 7 M  I ' l  
-  '

k..r_ r',I - (X)V.t!I * ( d* )
f . f



The  re la t i on  (2

.  The  l as t

where

/

.\J

J  C . D . c "  w e

genbra l i ze

h a v e  X r = i o ] "

some of  the

. 1 0 )

a im

f o l l ows

o f  t h i s

fo r

i s  t o

resu l t s  f rom l -8 ,  chap .  r r .  sec .3 l .  Th roughor . r t  " l . f =  
{ - '  

1  r  -  ! r -
L  r  , .  r . . .  , -  1 . .  

'1 'n-  -  * r . : - : -  -  
lv r ) . len 

rs  ErJe

min ima l  j - somet r i c  d i l a t i on  o f  9 '= { t r l r . ^ .  The  spabe  o f  t he  m in i -
D  I  A J A e J \

. . , r na l  i somet r i c  d i l a t i on  i s

1 ) K =9a Mr({* |  =kcg t ' i t8,
+ "

r ^ r o  l r a r r a

:
P R O P O S I T I O N  2 . 1 0 .

1 2  . 1 2 1 p-Arh=1 im
n-+ao f e

:.
F ( n

For every he?(

*
\ / T h

, A ) L L

ald consequent ly

. l

t
12 .131 l l  P^ n l l  

-  = l im
JL 

n-t co

Pa denotes the
r,

*
v -T -h-

I I

f e F ( n + l r . d . )  . ' f , e

k=I im
n+oo f€

for

.* ->
l l  r -h  l t  -
r l l r r

or thogona l  p ro jec t i on of K into 7e .

f  eF (n, r t )

P roo f .  An  easy  compu ta t i on  shows  tha t

* )
l l T  - h  l l  

-
| l  I  

' l

*
lf m 1^'
i l  r  - l lr r rz

F ( n

:.
F ( n

vrrfrr 11 
2=

, A ) faF (n+1.rz t ) f e F  ( n ; d

t l r a  c a ^ r r a ? 1 n a

, , 2rt

,  f p r  eve ry  neN.  Th i s .  imp l i es  the  conve rgence  o f

f  - n ^,urt lnJ""=r in.7f, '  sett ins
- t  f  eF  (n ,A )

*
V . T  - h

, l ' ) .  
I  I

'.

1et  us  show thar  k=p.  h ,  i .  e .  k  r  MJ{*  )  
'  

and  h-keM}( f , * . )  .' J t

.  S ince  fo r  evg ry  ge$  the re  ex i s t s  noeN such  tha t

f eP (n rrr)

* .
v r p € h  I v  ^ x *

! l - Y

a n y  n ) n o ,  i t  f o l l o w s  t h a t  k J . M ? ( { * ) .

On the other  hand we have ^ \Tqo
p { d  u t



fe F (n ,n)

*
^h6Mo({ *  )  and
Y T

* * .
>- .V-  T .  )  T6 i r+ .  .  .

A L

. trez\

therefore h-k=

1 B

*
v { r - ) ' v r ) r"  g ' *K  

^z ' :  
' l  * l

=tim (h; I, vrrfrr) e l't*({n )'  
n+oo  f  eF  (n ,A )  {

h-

*

o n K

f eF (n-1 ,A)

.  Th i s  ends  the  P roo f .

P r o o f .

P,E= R,a,

Let us suPPose that there

i s  an  i n jec t i on .  Then

. I

/-
ex is ts  keJ( , '  , k f }  such tha t

\ IP^?C ,  ox  equ iva len t lY ,  such  tha t
fi,

.  .  .  : ,1 '  k rM*(X* )  and kJ-+{
.f

ve K --ILA M*(f) - rt '  fol l-ows thatB y  T h e o r e m  2 . 8  w e  h a  .  . . d

keM^( i )  and  hence
s

a . .  ' - '  -  ( )  . l ^  + ^ .

t i' ' i  ' v 1  
r = r  * l ' v  r r  t ' t t ? 9 1.  r  - -  - r f  '  a * u  s - q  

' ( l ; € { '  )
' o  - o  

g€J -  r  r

q l 0

.  O n e  c a n  e a s t l y  s h o w  t h a t  f o r  e v e r y  9 e T ,  g l 0 ' V . { I X * .  S i n c d

. *
.  \ r  1 .  ,  t '  i  1 -  f n t ' 1  n . , -  { - r - \ i + -  I  r  ' ?  R r r  l - h o  r e l a t i o n  ( 2 . 8 )  w e  d e C u c e

' f  .  , < I l . *  ] t r .  I ( J I I ( J W s  L r r c t L  r f  { -  d - * '  p J

. t o - o

+ r- -.r- 1 e A\ \/ '1t
Lrrct  ! -  L c q \ : - l  v .  d!

t o  A € / ' ' ^  
^ i o  - . - ^ 1 -  ! l ^ - + -

T h ' e r e f o r e ,  t h e r e  e x i s t s  a  n o n - z e r o  ( D  r l *  €  e , , t l a  s u ( j t l  L I I d ' L
.l€.A ^ a€rt, A

fl

1  :  q l  \ /  h  S i n c e  { - t - R ,  i t  f o l l o w s  t h a t  t  T . h . 0  w h i c h  i s  a
L a  >  V -  f f -  '  g l r r v g  . ^ * e L '

f  /  -  z A  A  a , ^' o  )€ , '  l € ' \
' . ' c o n t r a c l i c t i o n  w i t h  t h e  h y p o t h e s i s '

P R O p O S I T I O N  2 . 1 . 1 .  L e t  9 - = [ f - \ . -  ^  b €  a  s e i u e n c e  o f  o p e r a t o r s
(  A  J  E I !

s u c h  t h a t  t h e  m a t r i x  [ r  1 , T 2 r .  .  . ]
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.  Thus { } t  =  ?,  and the proof  is  complete. .

.  .  
For .  each ' le  A le t  us denote by R  ̂  the operator

accoun t  t he  WoId  decompos j - t i on  (The .o rem 1 .3 )  we

*
R ^ R ^ = I O  .

The fo l lo l ing theorem is

into

:,
A€lt

v- I  .  Takinq
^ lQ,
have

a

i n  fa ,  chap .  
' I 11 .

a  g e n e r a l i z a t i o n  o f  P r o p o s i t i o n  3 . 5

orr.}e,  such that T .  c 
(0 )

t ive contract ion.

:  T h e n ' T  i "  q u a s j - - s i m i l - a r  t "  t l ^ \ r n ^ ,  i . € . ,  t h e r e  e x i s t s  a

guasi-af f in i ty Y from 3, to }( .  such that

t -  )
Let  I  = lTr t^ur ,  a  sequence o f  opera tors

r - - 1
a n d  t h e  m a t r r x  L T t  , T 2 , .  .  .  J  

j - s  a n  a n l e c -

for every

,  
T^Y=YR,

l e  A .

. r ) P ^ ^ €  i a a a r A 'r ! v v ! .  n v e v ! * i n g  t o  P r o P o s i t i o n 2  . 1 0  w e have

* *
.  V  V - T - h = I i m
r  ' l  t -  ? '

, A ) A L - n - * o o

* * *
V  T  T - h = P  T  h' g ' g -  ) "  

- R ,  - Ay;neh=i* r.
z
! ' ( n g e F ( n - 1 . r A )

l r

for  a I I  h  e?C and each , {  e  A.
* : *

P  Y = Y T
A A

f o r  eve ry  Ae , /1 .
:  

se t t i ng  X=P^  |  - ^"  - L t t t

Let us show that X is a

s i n c e . f  .  c ( o )  w e

i t  fo l lows that

q u a s i - a f f i n i t y .

have that

f  e F  ( n , A )

' * )

l l  rrh l l  
- =. o

h e f t ,  i . € , ,  x  i s  a n  i n j e c t i o n .

O n  t h e  o t h e r  h a n d ,  P r o p o s i t i o n  2 ' 1

f o r  e v e r y  n o n - 2 e r o  h  e K

P^  h lO  fo r  eve rY  non -ze ro
JC

1 shows that ffi= n" .

1im
n- )ca
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*
I f  we take Y=X ,  th i .s f in ia 'hes the proof '  :

' ;  .

?  rn  th i s  sec t i on  we  ex tend  the  Sz . -Nagy -Fo ias  l i f t i ngJ .  t r l I

t - -  . ' 1  - r  !  r -t n e o r e m l  t ,  B ,  1 , 4 1  t o  o u r  s e t t i n g .
L ' J

L g t -  I = S ^ 1 A e , \  b e  a  s e q u e n c e  o f  o p e r a t o r s  o n K  w i t h

- < - x . n Q . f - - ] '

L - t  r r  r t  \ ! r r
-  1 , A  A  A  6 \  L  A J  € / \

. '{et\

on the Hi lber t  space 
:

'
- a- L /  1 0 ^  ^ 2 ,  o -  c - r.  f r i  = d t o  I : (  f ,  r d c )

( s e e .  T h e o r e m  2 . 1 \  .

Cons ider  the  fo l low ing  subspaces  o f  K  
;

o f

I  € a r .  n \
,  M '  t L , a r  a  .

' i

N o t e  t h a t  X r r c J t p * i  a n d  t h a t  a l l  t h e  s p a c e  X n  ( n  2 1 ) ' a r e . . i r i v a r j - a n t

*x
f o r  e a c h  o p e r a t o r  V .  ( f  e n ) .

- ,  
l  t - r  o  . 1  r ' 1  .  r  r - -  -  - -  

l } " '

n s  l - n  t t r  6 t  r ,  4 l ' t h e  n - s t e p p e d  d i l a t i o n  o f  J  i s  t h e  s e -- , L ' ' J

.  g u e n c e  ' J ' = f t r - l  
\  o f  o p e r a t o r s  d e f i n e d  b yr -  - n  

t . - l , l j r e n  ;

' :

( r -  )  ]=Y*  1  ,  (n> t1 '  I€  A)
' . \  r r  ^  l d t -I  ' - I I

./'
t  

n + 1
L L ^ + -
L I I d . L .

] .S t he  one -s teP  d i l a t i on :  o f

o
f e r ( 1

s f , $ t  o . . .
,Al

( o
f e r ( n - 1  , A )

o

One can  eas i l y  show tha t f  i =  t he  m in ina l  i somet r i c  d i l a -

(v
t ion  o f  I -  and tha t

: - ,
Let  us  .observe

. ,a =ffOgd L i

and

?Lr,=K$'go ( s fs  ) {n>21'



'  . 1

' . ' . .
* 2 1  -

EMMA

.. into Jtrr.

.  \P r^  \
w h e l : e  J  = l s - \  r s

t -  I JA€ / \

. Now Lemna 2 and

t o  o u r  s e t t i n g .  T h u s ,

.  : ; .  . /  :  .  : _
t a .

. )
t t l e  -A -o r thogone l  sh j . f t  ac t i ng  on  1 ' (  E ,  $ )

Theorem 3  i n  [+ ]  can  be  eas i l y  ex tdndec l

we  omiL  the  p roo fs -  i n  wha t  f o i l ows .

the or thogonal  Pro ject ion f rom Jd

]<

have

(s t rong ly . )  as  n -+oo  .

sequence of .  oPerator .s

r  . ' a n d  ] / r - { " r )
lt' t"a J re ^n

a c t j - n g . b n ' t h e  l l i l b e r t

.  : .  -

3 . 1 .  L e t P b dn

and ior each

\,/x =
t1),,1 n

A  e A  w e

vt rB=\

Let f '= {r i
-Hilbert sPabe ?'(- '

min imal  isometr ic

I^ .^ be another

wirh L r ; t i*<
/ \ s z \

d i l a t i o n  o f  9 ' '

t l
t .

o n a

b e .  t h e

space

such that  for

K , = Z L ,  O  1 2 (  y , S

:

'  THBOREI4 3 .2 . Let Ar J{ -+ ?{- '

e a c h  l e A .

'  
r f t  I  n - l r F

{  } L - n I  I ^

Then  the re  ex i s t s  a  con t rac t i on such that  for  each Ae-( \

l-.o 2 contract ion

p . . 7 1  * ' ' 7 1  t
v . . v  7  { v

. * *
a n d  B 1  = f f

l . ' r t  t
t d L



: r ' t  l

' j  l z t
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