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,theory for an infinite sequence‘ {T1

‘an infinite sequence {Vna

ISOMETRIC DLLATIONS FOR INFINITE SEOUENCES
- OF NONCOMMUTING OPERATORS
by

Gelu POPESCU

This paper is arcoﬁtinuation.of [5] and develops a dilation

,n 1 of noncommuting opera-
P .

tors on a Hilbert space]ﬁ when b e <I (I is the identity
_ oo B W W E
on}C)
Many of the results and technlques in.dilation theory for:
one operator'[8] and also for two operators [3,4} are extendefq

to this settlng

First we extend Wold decomp051tlon LS 4] to the case of

OO

e af: 1sometr1es Wlth orthooonal

final spaces.

| . In Section 2 we obtain a mihimal isometrid dilation for
{?an ] by extendlng the Schaffer constructlon in [6 4] Usrﬁg
these results we give some theorems on the qeometrlﬂ structure
of the space of the mlnlmal lsometrlc dllatlon. Flnally, we give
eqme sufficient conditiens'on a sequence &Tnkn=1 to be simulta-
neously guasi-similar to a eeQuence &RDE;:1 of isometries on a
Hilbert space K wirh

DLRR =T

n=1



In Section 3 we use the above mentioned theorems to obéain the
Sz Naqy Foias lifting theorem [7 8 1 4] in our setting.
In a subsequent paper we W1ll use the results of thlS paper

for studylng the "characterlstlc function" associated to a sequence

{T Sn ; with ZT T <I}L

1. Throughout this paper /\ stands for the set {1,2,...,k}
(keN) or the set N=E],2,...§. 4

For every neN let F(n,A) be the sét of all functions from

the set {1,2,...,n} to,A.and

e N = U F(n,/\,),_ where F(0,A)={0}.

Let?& be a Hilbert space and V= in}Aex& be a sequence of
isometries cnlzﬁg. For any f e€F(n,A) we denote by Vf'the product .

...V and V =T

Ve e R | -
A subspace &\CIJ{ w111 be calJed wanderlng for the sequence

W 4£7 for-any dlSFlnCt fupctlons £,9 € ¥ we have
Ve &L 'Vg o S B means orthogonal)
. In this case we can fCrm'the_ortﬁogOﬁal_sum

(l)—@v i
fe¥T

A sequence wy {V }Aezx of lsometrles on ¥ is called a A ort%ogo-
nal shift if tnere exists ln'y’a subspace X, whlch is wanderlng,

forfv'and such that }Q=M'(I

This subspace b S ”nvqcelj determlned by‘U indeed we

have Zi:JQQ‘(AG) &&z{). The dimension cof L is called the multi- . -
i €N >
pliglity-of the Aa~orthogonal shift. One can show, by an argument

A3



—m——,

we have

| then:

similar to the classical unilateral shift, that a /A -orthogonal

‘shift is determined up to unitary equivalénée by ‘dts multiplicty.

it is easy to see that forz\_z{T} we find- again the classical
unilateral shift.

‘Let us make some simple remarks whose proofs will‘be_omitted;

REMARK 1.1. If V=lv,} . is a A -orthogonal shift on 3,

 with the wandering sﬁbspaceéf , then for ény neN[Jélx_and feF (n,N)

o
-

If El)= A

% Vf(zjvfk3)...vf(n5
a) V, V= ;

R szt ot el EEE A

and V;C,=0 e Lo

5 B : Dtee T
i o P = 1€ - s for the 1al
: _b)',325\Y‘YA+-I Ix’, where_Piziétands or the orthogéfa

‘projection ﬁromlﬁ snto-L .

 REMARK 1.2. If]{z\VASAéfx‘is‘a 1}—orﬁbogonal S?lfﬁ-Qn aﬂ»:_

% & i . * ‘- " 5 A 7 . . ) " e :
a) ‘lim ‘EZL n'vfh{{2=0 . foran- He
n-oo feF{(n,A) )t e e

k . : ; e 3
b) V.. = 0 (strongly) as k—eoe, for.any A e /.

A

*

c) There exists no non-zero reducing subspace E{OCZ3{ tor
each Yx(Aé[u such: that

o ; *
SR o= E WAV e
A -
" Ae A g d€o

Let us consider a model A -orthogonal shift.



' Form the Hilbert space

i s 4 Sl -
12 (B = () s 2o lbe ]l ® <iee h, € ¥}
fe¥ ,
: e - e Forael g
. We embed in 1°( ¥ ,3) as a subspace, by indentifying theele-
- ment he{with the elément (hf)fé?,, where hofh anq,hfzo for &ny
SLiEelT L £40.
: For each AeA we definé_the operator S, on 053,00 by

’Sk((hf)feé')z(hé)geﬁF , where h!=0 and.for gé'F(n{)&) (ny1)

o

if geF(i,lx) and .. g(1)= A

Qéhé=: Bt geF{n,/&) (n2):,: - Eelln=1,2\)
© | and.g()=4, gl2)=£(1), g(3)=£(2),...,g(n)=F({n=1)

0o otherwiée

;t is easy to see that ESAXAej\ is thejxfo;thggonal4§hlft,
s 2 y_,’ﬂ ] i : S (o =
acting on 1°(7,%¥), with the wandering subspace Je.
This model play an important role in this paper. The
fdllowing»thedrem is our version of Wold decomposition for a
sequence of isometries.

VASAezx
on a Hilbert space fﬁ such that

THEOREM 1.3. Let'U'=& _be a sequence of isometries

-’. *
z;: Vi ey
Aen

"Then.}Cdecoﬁposes into an orthogonal sum A =?Q§D;Z% such

that 7<O and 111 reduce each operator 0 (leA) and we have



ZV V ) =0 and {V is a A-—ortho onal
'76 Aen l7\- : A ; g

X;}A €L

_shift.acting on .Z{O.

This decomposiﬁion is uniquely determined, indeed we have:

i A ﬂ(: V%),7(¥M (x),wherexze(@ V%
= Naoigenimpy - > s

: Proof. It is easy to see that the subspace L= K‘@ (® VA%)

AeA
is wanderlng for V. _
Now let 7( Sf) and 76' %@k Observe- that 'kez/,{ if . and
i -
only 1 kL E& Ve Jf for every neN where ?h standscfor . ] Bk, &)

n : i ; k=0
We have . ; .

b T e R
feF (1,A0) Dokt geR (ngA)

-~

Q[x;é.'( o v 74)] ot ® vxi© : 1) vf7<>]@

feF (1,A) feb il A - feF(2,n)
..@[( @ vKIO( ® . val-Kel o . ¥
feF(n,A) : feF(n+1hA) : feF(n+1,AQ fet
Thus‘kejx% 1 £ dnd only ifike -‘C) ' Vf7< for every neN. Since
Ty Sio e e ; feF(n+|,fQ =
: G Vflf:D (9] Vf75 (neN)’it foildw$>that_.
Beplngpl o memmaldde s oot ger s
: : a
zi=lli @& v H=X
n=0 feF(n,A):
Let uslnotice’thatA
o i oa . J -
_;vk’cf\l( @ vv7<, (s © vg%)=.?1

=0 feF(n,A) _ n=0 geF (n+1,A)

cNu't @ van=N( @  vx=2
n= geF (n,n) n=1 fer(n-1,A)
- g(1)y=4A

H\



Therefore 3(1 reduces each VA (Hiefu. Hence'ng also réduces each
Since }z'cj GV Xtk follows that (I zdv V )l/
el JCA&A *

eTherract that &%\\ EA e is a/A-orthogonal shift is obv1ously
: ¢ A

“he unlqueness of “Ehe decomDOSLtlon follows by an argumeﬂt simi-
lar to the classical Wold decomposition [8 Chap T Thm.‘1.1].
: ;The'proof is completed.

e
-

REMARK 1.4. The subspaces ]{O,7Z1 from Wold decomposition -

5

can be described as follows:

F'Koé{kc—%:'lim . nv:kuz=o‘)A
s nseo fEF(n,A) - T

: & S .h . e )
K =@<e§% : P vk “2= Ik n2 for every_neN} :
: Fed(n gAY e : it . :

We call the sequence ty:ﬁvx3xc}x in Theerem'1g3'pure o

K= 0, Ehat s, iV is a A -orthogonal shift on X .

2. Let ?ﬁ Agk /; a sequence of contractions on a Hilbert :
;epace-éf such ki Ei,TATAgI}{
We say that a sequence 1%;%V ﬁ of 1sometr1es on a H11bert
Adden

space.1J2>?€1s a mlnlmal 1sometrlc dllatlon of ?Jlf the fOllOWlng

: condlt;ons ‘hodd:

i >3
= rEal) S: V&\G 4:135_
AEN '

3 3 *
b) Te4is invarient for eac‘h_vA {(xe ) and

*
k. (AeA)

il



c). K = \/V qe.
' . fe¥

Let D, onJ% and D onss@ zf (?{ igs. a-copy of 3€) be. the p051v
Ae A -

- tive: operators uniquely defined by D*z(I Z: L )1/2 and D ' S
: . 3 AeA A A i

i where T stands for the matrix [T{,Tz,. ] and D —(I T 'I‘)1/2
; Let us denote @ =D }{i and D =D( & “3\, )i
| Aeaes ¥ .

PHEOREM 2.1, FOr every éequence SV:{TA)L\K_/X of non—commutihg

operators on a Hilbert space Hﬁsuch that E: ity T an there exists

’
Aen A AE 1(
a minimal 1somefrlc dllatlon‘o( S gge on a Hilbert space ol
which is uniquely determined up to-an isomorphism.

Proof. [Left us consider the Hilbert sbace

A SRR LT )

We embed ¥ and &-into X in a natural Way. For each MeA we define

‘the isometry V&:?Z—s]é by the relation’

(2.1 -Vk}h @>(df)fe?):TAh CX(D(O,,._ 0,h, O,...)+S (df)fe?')
: : : S it Sfisimes o : .

.where ASle 1s[&—orthogonal shift'on 4 (9ﬂ% (see Sectionij).

Obviously, for any A ,uéelN, A #u we have

’ S a S
range A’L ¥ nge *

- and
* "2 v "'
(TuTxh,h')=-(Q (Qj...,G,h,O,...), (0. oo O 20 )

A-1 times p—~1 times

Hence, taking into account (2.1) it follows that

range YA_L range i (X ey SDea)



therefore S, V. V/\ &L . L
Ae A ‘ B
It 15 easy to show that.}¥ is invariant for each VA (e and =
: *
V e
N

_ Flnally, we verify that V {V } A is the minimal isometric
o ‘gilatlon.wof 9/ it
T e g NS ) end - ‘
Y feF(1,A) 7 o AE -

K = _ \/( s W R ny 2
feF (1,4) >
. It is easy to see that 3@1?76@% and‘?ﬁn=?€@a%’@ ( @ Sf%) @
A ‘ , ) feF (1.,0)

MR R ) S %) if ny2. Clearly Py X P and we have:
: feF(n 1,0 ke ‘.1 S

y';gn=;e@ M @):avc@ 12 Fe= K
Therefore% \/V ¥ . B RECEaE ' . AR
fe?.' : LBt 43 ,
Follmzlng Thim. 4 1 in [8 chap.- I] ‘it is 'ea'sy"t'o ;shdw vthat ‘the
minimal isometric dllatlonv’of Tls unique up to a unltary operator
To be more preci§e}:letﬁ7ﬁ={V

}A e bhe another mlnlmal 1somet*1c

dllatlon of a ¥ on a Hilbert space e D?ﬁ Then there ex1sts a

unltary operator Y 74«»7{',‘ such that V U UV)‘ (AeA) and Uh= h for- A

every T

"This completes the. proof.

o ; REMARK 2.2. For each AeA-, V:n_...; 0 »(.strv.onq_liz) -as n—-’).oo' iE ana
”-I oniy if T;n.-'-é 0 (strongly) as n—s oo

:'From this remark and Theorem 2.1 one can easily deduce Propo-
sition 1.1 in [5]. -
“The .follo*.‘ving i a generalization of EZ] or Theorem 1.2 in

: [ 8, .Chap. II].



,dila#ion of 57;{¢ }

PROPOSITION 2.3. Let'lyé{vABAé;& be the minimal isometric

A AeA Then yylé pgre-lf and only i£

Nn-»%0 féF (n,A)

42:2) lim j{: ;\T h %=

o

fe?’ v

*for.anylne}ﬁ.

i Proof. Assume ﬁhat'vpis pure. Then; by Theorem 1.3 it follows

that WWis a A -orthogonal shift on the space K >F of the minimal

isometric dilation of s .

Taking into account Remark 1.2 and the fact that for each

f‘}ﬁ *', we have:
ilim --ZZ: i T bl 2.1in :E: \\V;h]{ZQO, fd; any he¥.

n-oo feF (n,N) n>w feF (n,N)

“Conversely, assume that (2.2) holds. We claim that

- (2.3) lim E:J ]V k u 0, for any ké?C \/ V .
n-o feF(n,A) fe'}’ ;
- . - * ‘
_By (2 2) we have-lim EEL l[vfh ”2=0 4h€]{).
» n-oo feF (n,A) o T
For each ke‘v/VfQ{ and any- £>O “khere sigists g = ),V h_
fe¥F _ . s 2T ] ge.g_v-g g
£#£0 : ® o e R g#0 =

(hgeJe) such that lk-k I < € . (Here ' stands for a finite sum).

Since the isometries.vx ()eA) have orthogonai finai spacesj

‘it follows that

tim D G vik 1%=1im - 25 - [V ikek )(] clxkk 1% ¢ s
n-oe feF(n,A) -n=e feF{n,A) o : : :

for any ¢ > 0. Thus) (2.3) holds and by Remark 1.4 we have that 1f’

is pure. This completes the proof.



'COROLLARY 2.4. If 55 T (T

, r¢<1, then the minimal iso-
AEA. . ] ,

i

metric dilation of GVQQT is'pure.

AS Aen

Now let us establish when the minimal isometric dilation

: 1}/: sv}\ } Aen

being the same as above ‘we have

cannot contain a A -orthogonal shift. The notatioﬁs

*

if and only if 2: T =T s

PROPOSITION 2.5. oo V.V ATa~Tye
Ae N

e

g i
=T_ (QeAn) it follows that

Proof. (. =»).S5ince VA\}{ 2

ZTThh(he}Q)

AcA :
e==) IE 2T _Ti=1., then >, JTmi2=ini? for any
el ACA X feF (n,A) c

'nexﬂ and he}{ Taking 1nto account Theorem 123 let us assume that

‘there ex1sts ke:PrG)( @ Vv %f), k#O U51ng Remark s 4 it Lollows
AeN ; S

that

“(2.4) 2 . E:, e“v;k|‘2=o ._ ,". G ,-“.;
. n-*wfeF(n,A) o , - T T :

. On the other hand, smceK ?{\/(\/vg{) and \/v SHC GV
o ' - - e T T T AEN
£40 .. .-'}'. f#O

it follows ehat kede and by (2.4) that lim 25 . | Tok T
_ . n-oo feF(n,A)

contradiction. Thus we have ii,v V -Iﬁ: and the proof is_eompiete.
- . .‘ ReA . % -
Dropplng out: the minimality condition in the definition of
the isometric dll&?lOn of a .sequence 9ﬁ { ASA&/&’ we can prove

the following.

PROPOSITION, 2.6. For -any sequence 9’J={TA1}A€A of operators

... on ‘a Hilbert Space'H,sucH that



Ea TAT (I

AeA
there exists an isometric dllatlon Zj {VAEAGJ\ op a Hilbert space

.7(,:) B‘f such that : s

: Zvv =I. .
e ! L e LR K
~ proof. Taking into account Theorem 2.1 and 1.3, we show,
w1thout loss of generality, that the A - orthogonal Shlft
ff:{ }Ae/\ ong€ =1 (?“% (¢ is a Hilbert space) can be extended
to'a_sequeoce 1%;{ )SAGJ\ of 1sometr1es'on a Hilbert space

3

”7{_03(7(0 such that:

o5y - oy B ST and V, |_, =S, (re) .
T xen AAT TR g \g@o :

‘Coﬁsider the Hilbert space i
X [1 (7,%) @'5]01 (8

' We embed 1 (J'é 1nto§z by 1dentlfy1ng the element
{e } g €1 (?’é with the element 0 @){efaféd_é * .
‘Let us def:ne the 1sometr1es VA (Ae[d on. Rf ForA

‘we Set V. =S '
5 | 12090 o

Consider the countable set

C)S) .

g"z{f.e ?’\Fm,f\);fm:]} U F(1,a) U0}

" and a one-to- one map Yo ?K\{05 —_ F .
For {e }fe ?\{OJ(D gefgfé eX the isometry v, is defined

as follows

0@ der) s plml @S lig el pesl]



V’I (‘\ef}fé’}‘\{o} ® 0) ={eé‘*}gé?\{o-} @ ’Leé}gé? = where

ef i if g= YU

0-; otherwise

-and '
¥ — = 4 s

el=e. ; if \(V(f)—o

St AR 'ge9Km3 B -

Now it is easy to see that the rol b deme. A2 5 hpilkds
; Follow1ng the cla551$lcatlon of contractlons from £8] we give,
=hlol what follows, a classification of the seguences of contractions.

TLet ?7/ {T )

‘on a Hllbert space?@ such that E: T T zT

AeN AeA.) AR
= Con51oer the follow1ng sub:oace of}@
(2.6) X {he’l{ lim 2 I Toh i 2‘:0} ;
; nae feF(n,n) o
2.7y 3’€1’={hé1{: > \T hu - why® for any néN}
» g , B 2 as e féF( IA) ‘ - e : &

. REMARK 2.7.. The subspaces }60 and }Ci are orthogonal oﬁd.

. . > X " . * .
invariant for each operator T, (AeA) .

Proof. Taking into aocount Theorem-ZLT} 1.3 and Remark-1.4

! the proof is 1mmed1ately

- Thus, the Hllbert space3€<ﬂecomposes into an orthogonal sum

XK = :ze OH, OX,.

" For each ke {0, 1,~3 we shall denote by c (k)

(respectively C(k))
the, set of all sequences Sﬂ;{TAkAeAL on ¥ for which we have

'1.;€k:&03' (respeotivelyZHizyek)



Let us mention that 3f1 is the largestfsubspace in H on which
* o
the matrix 1"| acts isometrically.
_ = :
2

‘
-
®

Consequently, a:seduence ?2 C(1) will be .also calied comple=
_tely non-coisometric (c.n.c). -

In-the particular case when 9V={T} ( ﬂ Tl £ 1) we have that

> * . ;
gue C(1) iif and o ondy 1EE XS completely non—lsometric, that isy,

if there is no non-zero invariant subspace fof'T* oh‘whioh T* is
‘an isometry.

| We continue tbls sectlon Wlth Lhe study of the geometric
mstructure of the space of Lhe mlnlmal lsometrlc dilation.

For thlS, let g¢={T be -a sequence of operators on a

bR

Hllbert spage d{ such that :%_}\TXTAgI . and ﬁ/—{vm o

minimal isometric dilation of 57 on the.ﬁilbert space ]Z JQCD]?(J”A

be -the.

(see Theorem 2. %%

Considering the subspace of J(

Xo=\/ (W~ )R - and 'SZ*—, z_,vATAVK

Aen; "~ ' AcA
we can generallze some of the results from.[8 Chap o o LL ;- Bec. 1;2]
coneernlng the geometric structure of the space of the mlnlmal

isometric dilation.

THEOREﬁ 2.8, fi) The subspaces afand ;f* are wandering sub—-
spaces forlv/and

Sinal =duni e 4 ain ¥ daim

(ii) The space K, can be decomposed as follows:



K =R M (L) = Ko (L)
and the subspace R, reduces each operator V}\ (,\eA)

(111)Zﬂ Z!i

(iv) The subspace v‘ureduces to {0} 5f and only e T&C (0)°

Proof The Wold. decompcsi’rion (see Tuheo;:em1.3) for the mini-—
mal 1sometr1c dllatlon Von the space% 3{@ 1 (?' D) glves

H=RO Mo (:f ), where R = ﬂ E f%] reduces .each operator
_ : n=0-feF(n,A) : :

V) (>\eA) and a‘_’*—%@ €5 VA}'{) is an wanderlng subspace for?}v
: A€
It is easy to see that £ l= Zz_" and ‘that the operator
. @*: b -~>@ , defined by
* -A » ] ’ % .‘.
(i) _7\‘ ZV Tg)h:D*‘h o b (he ¥X)
AEN A ' g
is unitary. Hence it follows that dim X, =din J7. Equation (2.1)

yields

A};}.(V -T)h =0 @ D((hA)AeA) for (h})MAe AQEA;‘{

3 (J{ is a cocy of 3€
By thlS relatlon we deduce that there ex1sts a unltary
operator Q? : Y — & defined by equation

@(Z(v—T h)D(( o

AEA AAEN

and hence that dim L =dim & ..

The: fact that £ is an wandering subspace for v/and that

b 8 ..,\._E'I,S,(df) follows from_the form of the isometries V?‘(Aem defined

by (2.1} -

-

Taking into account the minimality of K it follows that



=Ron, O
Let us now show that L [1¥,= 0 . First we need to prove that
. (2.8) Z, @@ v =HOL
e This folloWs'frdm the fact that, for an element ueX, the

el

“poséibility of a representation of the form ; : = =

ook ZVT h+2Vh ;. hez}f (h,) - @}Q
Ko senm ® O A AA'eA Aen

is.equivalent to the possibility of a representation of the form
S S e pd B S (h(A)) e @J{f
o :

Indeed, we have only to set .

ZTh

Acd

h, Th(O) Pad

and, conversely,
‘h‘o)=7‘Th+ ZTT)h
AT :

(A)_ *
shieTob

Thus (2.8) holds. On the other hand, since

x c:(ov;:vq{ and  ® vsac:"oa&
AeA : AEA

" we'-have thatxt\/ ® V.3 y=H®dXL. This relation anﬁ (2.8) show that

Aéx’\
L =0

" The statement (iv) is contained in Proposition 2.3, The

proet. ds complete.



PROPOSITION 2.9. For every ‘sequence J = {Tkxxez\ of opelatore

a5

cnl}tand for its minimal 1somet11c dllatlonly ¥G\Ae/x on }5

we have

(2.9) - M (DVMX)= J{o}t”

- -

_where H, isfgiven‘by (2;7).

Tr particular, 28 T ds e.n.c., then

(2.10). M (VM (K)=X
Proof. Taking into. ascount Theorem 2.8 and that 361 A

it follows that ¥ 1¢.M (IO M (I*)L

-Now let ke X be such that ki, {(X) and ki M (z;)
From the same theorem e follows that ke}{and kLY ;t* For
;evéry'fe?23ﬂence we have
ey T - A*.* T %
0=, Vo (E =0 )\)h)'—*(T ol o BE K B )

® 3en i - AEEX s

o for ewcry he¥ .

Ch0051ng h Tfk (fe?ﬁ we obtain

Nk i?s 2 N TLTk 2,

AEN
for any fe 7.
Hence we deduce

> e

gEF (oL 2.0

for any neil. We conclude that ke}fT.

" Conversely,-for every k€3€1 it easy to see that

©

‘ k‘;.zw}_(x)v.m(r;)
j.



\\

" The relation (2 10) follows because fox Syéfn c.: we have ¥ e{O}.

The last aim of: this sectlon is to generallze some of the .

results from [8 Chap 1T ,.860; J] Throughout'uy is the

ASA&/\

minimal isometric dilatiqp of ye={T 3 The spaCe_of the mini~

: AINEN”
Lamal isometric dilatien is

g B R@M &ol (F.2)

PROPOSITION 2.10. For every hedf we have.

T R . .
(2.12) Pt B
i A - D> feF(n,A)

and cansequently gk i i ' ' -

S 2 h Wi PR g
o : » n-=co feF (n,A) .

‘where R& ~denotes the orthogonal projection of X into i€ .

o s 'Vf'T’f‘h' 2= B et 3 ehifs

feB(ntl A) ., FeR{n.:s) o 'feF(n+1,A) - _feF(n,A)

Proof. Ah easy computation shows'that'

‘for every neN. This. 1mp11es the convergence of the sequence.

. i
'{ Z Vfoh}n=1 ik o Y 8 Settlng'
~ EeF(n A) ' : .

- *
ckelim o 2, VeTch
n->= feF (n,A).

let us show that k= P:pvh i.e. kAM(X,) ) and h-kc—M}(\" .

Slnce for every ge?'chere exists n eN such that

Z Vchh'.LVgcf* ¥ :

feF(n,n) ©
for any nyng, it follows that kJ_M?(i*).

On the other hand we have rkifq{)



& ; 1 Y t pe >
heii 2 SV ke >_JVT e (I»ZVT )T Fibieers
. i X 2 =
feF (n,A) Aen Le B (1 2N PR ¥
g , * :
B 2 (e A T T heMgr(;f*) ‘and therefore h-k= .
feF (n-1,1M) g K AeA g
=lim (h-. h) = M (;{’*). This ends the proof.

“noo feF(n,A) f.f
PROPOSITION 2.711. Let ?J:{TAEAeA be a sequenee of operators

' f'_QnK such the’; the matrix {TT,Tz,...] is an injectien. Then

Proof. Let us suppose that there exists ke®, k#0 such that

2 k_LPy& » OF equiv alently, such that
k,LM-?(Qf*) and- k_;i}{

By Theorem 2.8 we have /G Jﬁ@ M (;f:) Tt follows. that

keM?(q\) and hence

o= D Sk where 1 ei (fe?f‘ amnd . Z_.\‘lr\I
£
fe¥ patei . ‘ R

= lf' #0 and ; '

" gince k#0 there exists £e F ,.such that ¥
& . . B ! T O- .o‘.

o ogc?‘gg

g#0

sl +Zv it (1yeX)

One can easily show that for every ge7F, q#O'VgI’_Li*. Sincé

v, k4X, it follows that 1.1 ¥,. By the relation (2.8) we deduce
O 4 O 6 . .

“Ehat L6 VJQ

£ AE L)
o 2 , )
Therefore, there exists a non-zero @ hA e ® K such that
: ‘ Ae N

lf =i W since L L3, it follows that S\ B h 0 which is a
Q) XEN : ' : AeN
. contradiction with the hypothesis.



Thus B ¥ = R and the proof is complete.
R ; :

. For each A¢ A let us denote by R, the operator zxjg'. Taking
into account the Wold decomposition (Theorem 1.3) we have

1 *
e

‘e

The following theorem is a generalization of Prbposition 305

-in {8, Chap. WI].

b
and the matrix [T1,T2,...] is an injec-

PROPOSITION 2.12. Let s ={T
0)

a sequence of operators
on ¥ such that T'e C(
tive contraction.
X\Aefx' i.e., there exists a
quasi~affinity Y from R to 3 such that

Then T is quasi—simiiar to {R

T, YR,

'for‘every‘Ae/\.

proof. According to Proposition 2.10 we have 3f'
i * Eel ' T e g
%\gkhzlim EEL =LA Vfoh=lim 3 E', Ne2T Tkh=Pﬂ.T h
: n-yco feF (n,A) . n=oo geF {A—=1.,.0) g'g # oA

- for all he¥ and ‘cach AeiX,

: *: x - ' 3
Setting X=P it follows that RAXIXTA for every des\ -

_ ®l3e
Let s show that X s a guasi-atfinity.
Since.VJeCﬁO) we have that s
L. f lim ji; 1\T;h “2 = 0 for every non-zero he

n-ow feF (n,A) .
.~By Proposition 2.10 we deduce that PR,h#O for every non-—-zero
hedd , 1.e.,-% issan dnjection.

Oon the other hand, Proposition 2.11 shows that x¥= R .



x
If we take i e this finishes the proof.

3o In thls section we extend the SZ ~Nagy FOlaS llftlng

'~ theorem [7, L 4] to.ourisetiing.

e N |

T T I and VW ={v.\. inima i i i i f
EEK 2 % nd VU ikaAe[\be the minimal lgometrlc dllat%on o)
on the Hilbert space

be a seguence of operators ongﬁfwith

76}&@1(?%) B Rae

'(see Theorem 2. 1)

Consider the following subspaces of K

AN N wal)

fer(1,A)
- and : : . .
el S AN Y y " fort ms 2.
n =i feF(1”&) b= 1 S 3

Note that }65:3{w+1 and that all the space»}{n-(ng;1)'are“iﬁvariant

*
for each operator V (Ae/\)-
" As in {7, B, =i 4] the n- stepped dllatlon of 3’15 the se-

. gquence T;:{(Tk)n§xé/x of operators deflned ?y

- . 3 S 3 ;
(T?\)nzvk.\g{n (n3y1 ,_AQA)

One can easily show that?y’is the minimal isometric dila-
tion of Utiand that Diﬁﬂ is ‘the one;step dilation of 71f

3 Let us obserye that

and

R Kool © £2)10...0( & 5. . n2y
£eF(1,A) | f6F (n=1,4) _
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A}AC—A is the A —-Qrthogoﬂal shift acting on 17 (B

" where Y = {.S
: Now Lemma 2 and Theorem 3 in [4] can- be eaéily extended

to our setting. Thus, we omit the proofs. in what follows.:

LEMMA 3.1. Let P_ bé the orthogonal projectionifromuff
‘_into J{n.. :
. Then

7 j{; .

i

and for each A e/ we have

s * L% * b
(TA)nPn"é'vk (strongly) as n—>§9.

' T ' . 5 = /
e {ngae/x be another sequence of operators on a

s, L = 1 : L . " — ' i
Hilbert space ' with ;%7\T}TA < I}C apd g &VABAGAK be. the -
~minimal isometric dilation of J7! acting.bn'the Hilbert space’

gl @, 17 Ty

. PHEOREM 3.2. Let A: —»J{' be a contraction such that for

seach, N\

rl:‘
sz ATX

Then there exists a contraction Bs Al s 2 U ameh bt for cach Ae/

‘V!'B=BV. d B*. B
=B an = e
Sl A :

: r!



REFERENCES

R.G. Douglas, P.S. Muhly and C.M..Pearcy,iLifting cdmmuting

operators, Michigan Math. J. 15(1968), 385-395.

€. Foias, A remark on the universal model for contractions
7

. of G.C. Rota, Comm. Acad. R.P. Romane, 13(1963), 349-352.

A.E. Frazho, Models for noncommuting operators, J. Funct.
Anal. 48, no.1 (1982).
BB Erazhoy Complements to Models for Nonbommuting Opera-

tors, J. Bunct.. pmal. 59(1984) , 445=461.

G. Popescu, Models for infinite se@uences of noncommuting

operators, INCREST preprint, no.23/1986. .

J.J. Schaffer, On uﬁitary dilations of'contractions,rproc.

Amer.. Math. Soc. 6(1955) 322.

B.Sz.—Nagy_and C. Foias, Dilation des commutants C.R. Acad..
< y il ; T

Sei, Papis Ser.. B 266(1968), 201f212.‘

B.Sz.—Nagy.and C. Foias, "Harmonic Analysis on Operators:'-
7 ; : . g

.on Hilbert space",_Nofth—Holland, Amsterdam, 1970.

’Gelu Popescu

Department of Mathematics |
INCREST ,

Bd. Pacii 220, 79622 Bucharest

Romania.



