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HOMOGE}IEOUS L'}EITATC)R$ AND NSSEI{TIAT COM}IAXE$

by

F . - H . V a s i l e s c u

7. INTIIODUCTIOI{

The a im o f  th is  work  i s  to  p resent  a  new approach to  the  conce"o t

of  essent ia l  Frec' l l - ro lm complex of  Bana_ch sp*ces (  t to]  ,  [2] ;  see also

f 1 7 J ,  [ 4 ] '  [ 6 i , [ ? ] e t c .  f o r  f u r t h e r  c o n n e c t i o n s ) , b y  u s i n g  n o n - l i n e a r

honogeneous mapp i -ngs 'We obta in  sone genera l i zed  homotop ic  p roper t ies

o f  the  c lass  o f  essent ia l  F redho lm complexesr in  our  sen,$erwh ich  are

t h e n  a p p l i e d  t o  e s t a b l i s h  i t s  r e l - a t i o n s h i p  w i t h  s i r n i l a r  c o n c e p t s .

W e  a l s o  p r o v e  t h e  s t a b i l i t y  o f  t h i s  c l a s s  u n d e r  s n a 1 l  p e r t u r b a t i o n s

wi th  respec t  to  the  gap topo logy .

Throughout  th is  paper .we sha l l  work  w i th  l inear  spaces  over  the

f i e l d  K  , w h i c h  i s  e i t h e r  t h e  r e a l  f i e l d  a  o r  t h e  c o m p l e x  o n e  0  .  .

I f  X  ,  y  a re  Banach spaces  over  K  ,v le  denote  by  i l (Xry )  the

space o f  a l l  l i t rear  and ccu t innous  opera tors  f rom X in to  y  .  The

subspace o f  ' { (x ry )  cons is t ing  o f  a l l  cornpac t  opere tors  v r i l }  be

des ignated  by  J ( (x ry )  .Le t  f r (x ry )  be  the  space o f  a l r  K-homoge-

neous and cont inuous  opera tors  f rom X in to  y  .  Endor ;ed  v i  th  the

t r rsua l  opera t ions  and r ,v i th  the  norm dc f ined.  as  in  the  case o f  l inear

opera tors r the  spa.ce  WGry)  becomes a  Sanach s ,pace v , rh ich  conta ins

t $ , y )  a s  a  c l o s e c L  s u b s p a c e . l l o r e o v e r ,  i  f  K , # ( x ,  y )  i  s  t h e  s u b s p a c e

of  a l l  compact  opera tors  f rour  f r tXry )  ( the  de f ln i t ion  o f  a  cornpac t

K * h o m o g e n e o u s  o p e r a t o r  i s  t h e  s a m e  a s  f o r  a  l i n e a r  o p e r a t o r ) r t h e n

K,4 t (x ,Y)  i s  a  c l .osed subspace o f  f t \ , y )  anc  i t  obv ious ty  conta ins

i { , ( x , y )  ( s e e  t L Z l  , l L l : J  o r  t t 5 l  f o r  d e t a i t s ) .

Le t  B t+ .  bc  the  ca tegory  whose ob jec ts  a re  Banach gpaces  over  :K l

K ,  and whose n:orphlsms are boun<led l l { - l j .near operators. In the pres" 'H"fr*  ]
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a ggggl3{ in t,he category B*rU< is

on* K$p, Xn-1) , ApAp*t = o and *n

e v e r y  i n t e g e r  p ) 0  , r . r i t h  X _ r = { O }

ac ld j .  t ion ,  we assume tha t  there  ex i  s ts

upon A )  such that Xp = {0} for  a l l

i f  p y n + 1 -  ) . f n  o t h e r  w o r d $ , w e  w o r l r

wh ich  has  some s tab i l i t y  p roper t ies

An gssgnt la f  gornp l .ex  [ fO] ,  [ z l

&  sequence A= (Ap)puO ,where

is a Banach space over K for

,  and. therefore A0 = 0 .  In

a . n  i n t e g e r  n > Q  ( d e p e n d i n g

p 2 n + t  ( a n d  t h e r e f o r e  
5 = { O }

on l .y  w i th  complexes  o f  f in i te

repreeented  in  the  usua l  l tay ,l e n g t h . A  c o m p l e x  A =  ( O n ) n r '  c a n  b e

Lhat  i s ras  a  sequence o f  the  fo rn

9* xn-Lxn-1 
o"-L 

. . .  - - - { rxo* o .

Never the less ,  s ince  the  space *n  i s  de ter rn ined by  the  opera tor

(and i t ; - i l t  be  ca l l -ed .  j .n  the  seque l  the  domai .n  o f  de{ . lq i t j .on  o f

v e  p r e f e r  t h e  c o n c e n t r a t e d  n o t a t i o n  A = ( O n ) n r '  .

.  F o r  a  g i v e n  c o m p l e x  R = ( A p ) p r o  r w €  s h a l l  d e n o t e  b y  H p ( A )  t h e

q u o t i e n t  N ( A p ) 1 R ( A p * 1 )  , v r h e r e  g ( A p )  f s  t h e  n u l l - s p a c e  o f  A n

and R(Ap+1- )  i s  the  range o f  Apo l  (as  a  ru le ,we sha l - l .  use  the

n o t a t i n n  f r o m  [ 9 ] ) , t h a t  i s , t h e  h o m o l o g y  o f  t h e  c o m p l e x  A . W h e n

H p ( A ) : { O }  f o r  a l l  i n t e g e r s  p > 0 , t h e  c o m p } e x  A  i s  s a i d  t o  b e

exac t . l {o re  genera l lY ,  i f  d im ' ,Hn(  A)  (  *o  fo r  a l - l  p  )  0  ,  then the  comp}ex

A  i s  s a i d  t o  b e  F r e d l o l n r . I n  t h i s  c a s e r o n e  c a n  d e f i n e  t h e  i n d q 4  o f
+

A by the forroula

inlx(a) = 
F, 

(-1)P oiuro,r{n(A)

A
v

o p  ) t

,

( see [4J , n4] ,

i n  the  ca tegory

rc1 , f t ]
Rnn-*']K

e t c .  ) .

i s  a

seguence a= (Ap)puo ,w i re re  Ap* f , (xp ,xn_t  )  ,  ApApo l  e .K(xp+1,Xn-1)

and X-  i s  a  Panach space over  IK  fo r ,  each in teger  p  )  0  ,w i thp

X - t =  {  0 l  . I n  a d c i l t i o n ,  t h e r e  e x i s t s  a n  i n t e g e r  n  ) 0  ( d e p e n d i n g  u p o n

A ) such tl i ;:.t Ar, = 0 for eil l  1l) n +1 3
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0bv ious ly revery  conp lex  i , s  a r  es ,sent ia l  complex .

A s tanc la rd  p rocec iu re  bo  s tu r ly  essent ia l  complexes  is  to  t rans-

fo rm them in to  o fd inar ; r  ones  by  means o f  cer ta in  func tors . ' , , ie  sha l l

d .escr ibe  in  the  fo l lov r ing  th ree  func tors  o f  th is  typeo

70 The*funcj ! ,gr  Lz.  Leb z be a f ixed Banach space.For

every  ranach spaee x  rw€ denote  by  7vr {x )  the  quot ien t
u

t ( z ' x )  /K (z rx )  . i { o te  t i r a t  eve ry  L inear  opera to r  s  €X(x ,y )  i nduces ,

by le f t  nu l t ip l icat ion,a l inear  and cont inuous operator  LZ(S)  f rom
1  / , - \  .* Z ( X )  i n t o  , " Z ( Y )  . I t  i s  e a s i l y  s e e n  t h a t  t h e  a s s i g n m e n t  L ,

de f ines  a  covar ian t  func tor  f rom the  ca tegory  Br t<  in to  1 tse l f .

In  addi t ionrone has Zur(S)  = O fo : :  every Banach space Z 1f f

s  eK(x ,  Y )  .  Th is  shows  tha t  i f  A  =  (Ap)p ro  i s  an  essen t ia l  comp lex ,

L h e n  L r , ( A ; = ( I r ( a o ) ) n > o  i s  a  c o r n p t e x .

The  idea  o f  s tudy ing  c lasses  o f  l i nea r  opera to rs  tha t  a re

eq.u iva l .en t  sodu lo  conpact  < lpera tors  goes  babk  to  ca lk in . ln connec t  r  on

[rol .

2 "  T h e  f u n c t o r trr ,  .  Let  7,  be again a f ixed. Banach space. l 'or
L

X vre denote by 'Xtr(X) the quot ient

S  e { , ( X , Y )  , t h e n  t h e  l e f t  r n u l t i p l i c a t i o n  b y

induces  a  l inear  and cont inuous  o t r ie ra to r  f rom Kr$)  in to  [ r r , (U)

I t  i s  s t ra igh t fo rward  to  see tha t  1 ,2  de f ines  a  covar ian t  func tor

in  the category Br t< . l4oreover ' ,we have Xrr ts)  =  0 for  a l f  Banach

spaces  Z  i f f  S  i s  compact .There fore  the  func tor  XrZ  a lso  maps

t h e  c l a s s  o f  e s s e n t i a l  c o m p l e x e s  i n t o  t h e  c l a s s  o f  o r d i n a r y  o n e $ "

Th is  func tor  1s  seeming ly  ner ,e .

'3" 
The fu.nctcrr tL .  For every Banach space

( r e s p "  1 6 ( X ) )  b e  t h e

bounded)  sequences

wi th  es$ent ra l  cor rp lexes ,  the  func tor  L ,  has  been used in
lr

every Banach space

t t (z,x) /Kz{(2,,x) .  rr

tsanach space of  a l l  bounded

cons is t in l ;  o f  e l r - -nents  o f  X

x  l e r  / * ( x )

(  r e s p .  t o t a l l y

,  endowed vr i  th the
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na tura l  l inear  s t ruc tu re  and topo logy .Then we cons ider  th t l  quo t ie r rL

" e ( x ) = [ * ( x ) / r ( x ) . B v e r y  
o p e r a b o r  f i e g ( x , Y )  i n c l u c e s  a  t i n e a r  a r r d

cont inuous  opera to : :  ?e(  s )  f ron  >e  (x )  in to  tc (y )  by  i t s  ac t i . cn

on coordinates. I r le obtaln again a covar iant  functor in the category

B*k ,  such t i rat  ae( S) = g i f f  S is compact.

The fun .c to r  tL  ,v ih ic i r  had been known fo r  sone t lne  (seer fo r

ins tance, l i1 )  , r+as  used to  s tudy  essent ia l  complexes  in  [6 ] ,  t? ] ,  [ z ]  e tc "

The above func tors  a re-needed to  de f ine  var ious  concepts  o f

e s s e n t i a l  F r e d h o l m  c o m p l e x e s .

1 . L .  D E F r N r r r O N "  L e t  A  =  ( o n ) n r o  b e  a n  e s s e n t i a l  c o m p l e x  i n

the  ca tegory  B"k  .We say  tha t  A  is

( t )  I  - F r e d h o l m  i f

for  every Banach space

(2) f  - r rgc{}o}n i f

for every l lanach space

(3)  t<-  -Fr :eo. l io lnr  i f

t h e  c o m p l e x  ^ , 2 ( A )  =  ( \ z ( A p )  ) p )  0  
i s  e x a c t

Z i

the

2 c
L ,

the  complex i g  e x a c t .

c o n p t e x  1 , r ( t t )  =  ( / v z ( A p ) ) p > o  i s  e x a c t

r e ( a )  =  ( a < ( A p ) ) p > o

Let  us  ment ion  tha t  an  essent ia l  fu -Fredho lm eomplex  is  ca l led

in  [ tO]  s imp ly  ] ' redho lmrand a l  essent la l  ac -FreCho ln  complex  is

ca ] led  ln  t2 )  .essent ia l l y  3 redho lq .

'  
Th"  purpose o f  th is  paper  i s  to  in t rod .uce  the  c la$s  o f  essent ia l

f i - F r e d h o l m  c o m p l e x e s , t o  e s t a b l i s h  i t s  r e l a t i o n s h i p  w i t h  t h e  o t h e r

c lasses  o f  cs$ent ia l  F redho ln  complexes  v ia  some genera l i zed  l iono top ic

proper t ies ,  a r id  to  p rove  i  t s  s tab i l i  t y  under  smal l .  per tu rba t ions  r+ i .  th

respec t  i ;o  bhe gap topo logy .Un l ike  thc  c lass  o f  ess ,en t ia l  L -Fred i robr

conp lexes , the  c lass  o f  es$ent j "a l  f l7 -Frec lho lm complexee conta ins  the

faru i l y  o f  a l l  F redho lm conrp lexes  (  see  Theorem 2 .7) .Never the less ,  some

of  the  proper t ies  o f  essent ia l  fu*Fredho}n  complexes  can be  res ta ted

j - n  t h e  c o n t e x t  o f  e s s e n t l a l  [  - I r r e d h o l n  c o m p l e x e s , a s  w e  s h a l l  s c e  i n



t h e  n e x t  s e c t i 0 n .

2. GH}iERALI Z]ID HOI,{OTOPIC }RO?HRTIES

the

t i o n

be two essent ia l  complexes  in

Yn)  be  the  dona in  o f  de f i r r i -

o f  A ^  ( r e s p .  B * )  f o r  e v e r y  p )  0  .y . y

An eesent ia l .  morph isn  o f  A  in to  B  is  a  fami ly  o f  l inear

operators  F=( tn)nr '  such that  un-{ , tXn,Vr)  and

Bp*l-Fp*1 FpAp*1-= K(xp+a'yp) for all p > 0 '

The farn i l ie ,s  O= (1 i  p>o and 0 = (0p)pro ,where an is  the

ident i ty  on tn  and 0n is  the zero map on *n r&re obv iouely

essen t ia l  no rph isn  o f  t he  essen t ia l  con ip lex  I  = (Ap)p rO in to  i t se l f .

2 .7- .  RE]{ARK. The essent ia l  n iorph ism r '  =  (Fp)p>o of  o  = (An)pro

in to n = (Bp)p '>o inc luces a t inear  map f rom Hp(d/z( i l t  i .n to

Hp( ' rZ( I )  )  for  each p )  0  and every Banach space Z . Indee d. ,  i  f

o-e,N ( i l r(  dr)) and -0 € /((Z,Xr) i  s in the equivalence class cr- ,

then Ap -o GKI( (z ,xp*1)  .Therefore ooFn ra*{1t (Z,yp_t )  r  so

that  the coset  o f  rp  r "o  j -s  in  the nu l r -space of  1 . ,  r tn ;  . r f  , in

addi t ion,  6-e-R( / " , (Ao* t )  )  so"  s in i lar  argunent  shows that  the coget

o f  f , .  d^  i s  i n  R ( | r . , ( l - , , n  ) )  o
Ir  v L IJfr

"  z.  z.  DE}'rNrrroi{ .  Let A = (

essent ia l  conp lexes  and le t  *n

t i o n  o f  A *  ( r e s p .  B * ) . f , e t  a l s o
Y I J

e s s e n t i a l  m o r p i i i s m s  o f  A  i n t o

^ t

t / - X g n e l g p r g  i f  t h e r e  e x i s t s  a

l e t  o = ( A t ) n r o  a n d  B = ( t n ) u r o

category  B" \<  .Le t  a lso  Xo ( resp .

0 = (0n )0r ,6  r  where 0p*  Ve(xn,  Yp+t  )  ,  such that

(2.L) un - Gp - Bpol 0p - op*r of K ftGn,yn)

vr i th  0- t  =  O

or,)nro and n = (on)nro be two

( resp .  tn )  be  the  c iomain  o f  ie f in i . -

t r ' = f P  )  a n d  G = ( G r , ) . > '  b e  t v i o' * P ' P ) o  ' - P ' P

B . tde say that F and G are

fami ly  o f  hornogeneous opera tors

p ) 0  ,
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Note  t ha t  i f  0 '  '  ( 0 '  )  ^  and  0 "  = .  ( $ f f ) n>O sa t i s f y  ( 2 .1 ) ,'  p ' p > u

then fo r  every  t  s [O, t ]  the  fami ]y  0 ( i )  =  ( t  0 l  + ( t * t )  6 i l )n ro  a lso
P

s a t i  s f i  e s  ( 2 . L )

I f  in  Def i r r i t ion  2"2  ue  can choose the  opera tors  (0p) - . . . ,  to
F t v

be K* l inear r then we say  tha t  g  and G are  } * l ro l ro top ig .

2 .3 .  ?RO?OSITION,  Le t  A  ,  l J  ,  n  ,  G be  as  i *n  _Def in j . t i .on  2 .2 ,

U E .and G ale f l *hom.otot : ic ,  then they in j iuce (by -Remark ?-,L) the

sane pap frorn He(?iZ(A) )  into l lp(r tz(B) )  for  eacl  p )  0 ani  every-

3al3ch gpace Z .

?ro.of  .  Since E and G are , fy-nonatopic i f f  F-G :  ( fp-Gp)nng

and zero  are  f l , r -homotop ic rv i i th  no  loss  o f  genera l i t y  we may assume

that  F  and G=0 are  f l r -honotop ic .Then ue  sha l l  shov  tha t  the

m a p  i n d u c e d  b y  I '  f r o m  H n ( f f r r , ( a ) )  i n t o  * r W Z ( R ) )  i s  e q u a l  t o  z e r o .

I n d e e d , i f  o - € I \ W Z ( A p ) )  a n < i  6 - - 0 € c r -  ( a s  i n  l t e n a r k  2 , L ) , t h e n , f r o n

( 2 . 7 )  , v e  i n f e r  t h a t  u n  - 0  *  B p * , r  0 o  o n  a K l t ( z , y )  ( s i n c e  A p _ t A p  - 0

j " s  c o m p a c t ) . f n i s  s h o w s  t h a t  t h e  c o e e t  o f  U p  f O  e q u a l s  t h e  c o s l e t

n f  n  A ^  o - " ,  ,  t h a t  i s ,  i t  i s  i n  R ( X r . , ( l *  
" n  ) )  . l { e n c e  t h e  a c t i o n" i l + l -  v y  v  t * "  " \ / ' a  y r r

i n r iuced by  E f rom Un( f l , , r (a ) )  in to  Hp( rZ(B) )  must  be  nu l ]  .

I f  A- {  ̂  \  i  o an eesent ia l"  f i , *Fredholn complex anr l  X-
"  

' -  t ^ P ' P > ' o  / v  ' P

i s  t h e  r l o m a i n  o f  d e f i n i t i o n  o f  O p  ,  t h e n  t h e r e  a r e  J i n e a r  o p e r a t o r s

n . < c l t v  x - . n )  a n d  c ^ € K ( x * , x * )  s u c h t h a t  A - , n B ^ + B * n A ^ =* ' p - l - r " p r " p + 1  /  t - . . . ^  - p  " v \ r t p t r \ p /  l r r J -  p  I r - - L  y

= l *  -  C*  fo r  a l ]  p )  0  .The conver$e is  a - lso  t rue  (eee [ tO1 , ] ro i :os i -n nv v

t ion  2 ,7 ) . In  o the  r  r . /o rds ,  a l  essent ia l  cornp lex  is  . t r -Fredho l .n  i f  f  the

'  i d e n t i t y  a n d  t h e  z e r a  i u o r p h i s r n  o n  i t  a r e  1 - h o m o t o p i c .  A  s i m i l a r

resu l t  ho lds  fo r  es$ent ia . l  ! i7 - f ' redho l .m complexes .

2 .4 .  T I lE0 l iE t ' { .  $n  g .ssent ia }  co ' lp lex  A  =(A, . ) - ,n  i s  N -Frec lho lm
. y P n w

if and only. i!_jhej9etJitlr og A is {,-iigg9!"_!:S_!g__?S-fg
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! rog . I .  r f  the  i r len ' t i t y  o f  A  is  { , -homotop ic  to  zero ,  i t  fo l lov rs

f r o r n  P n o p o s i t i o n  2 , 3  t h a t  t h e  i d e n t i - t y  c n  H n ( d , r ( a ) )  i s  z e r o  f o r

each ln teger  p  )0  and every  Banach space Z  .Th is  fo rces  the  spaces

H . ( f l r " ( a ) )  t o  b e  z e r o r t h a t  i s r t h e  e s s e n t , i a l  c o n p l e x  A  i s  f i * F r e d h o l m .P  
- ( J

Converse ly rne  sha l l  use  an  induc t ive  argunent  insp i red  by  the

proof  o f  Pr :opos i t ion  2 .3  f ron  [1 -o ] .we as-eume tha t  the  cornp lex  l r r t l )

is  exact for  every Sanach space z . \ le shal l  show that there are

o p e r a t o r s  A _  € W $ ^ ,  X -  , 4  )  a n d  ) ^ € K  7 f  ( X * ,  X *  )  s u c h  t h a t*  v p  p .  p + r .  p  p .  p .

w i t h  0 _ t  =  0  , v h e r e  t n  i s  t h e  d o n a i n  o f  d e f i n i t i o n  o f  A n  . h ' e  f i n d

t h e  o p e r a t o r s  0 p  a n d  ) n  b y  i n d u c t i o n  w i t h  r e s p e c t  t o  p  .

I f  p  =  0  ,  t h e n  t h e  e x a c t n e s s  o f  t h e  c o m p l e x  * r ( n  )  f o r

shows tha t  l re  can choose an  opera tor  0o* | t (xo ,x " )  such tha t

Z = X O

Ar0o -  1ot  {  7qx0,  X0) .  Hence we may def lne !o =10 -  q % ,

Assume nor+ that we have found the uappings eq and !n for

a l l  e . . ( p  . N o t e  t h a t

Ap*1({p*1 - 0pAp-rt) = An*t - (tp tp - 0p*tAr)Ap+t s

= !p Ap*t * Op-1ApApn1 €K /(Gnr1,x) ,

by (2,2 )  .  l f ' rorn the e:xactne ss c f  the compl-ex Xrr(  A) wi  th Z = Xp+1 ,

we deduce the exi  stence o f  an opera. tor  0p*t  e- f t (  xp+1 ,  xp+z )  such

that Ap*2 0p+t= tpot - gpAp+t !p+t ,where ip*1* K1t(xpnt,xp+:[)

T h i s  s h o r y s  t h a t  e q u a , t i o n s  ( 2 , 2 )  h a v e  s o l . u t i o n s  f o r  a l l  p ) z A  ,

t h a t  i e ,  t h e  i d e n t i t y  o n  A  a n c l  z e r o  a r e  r f r - h o m o t o p i c .

2 .5 .  C01?0LLAI IY .  T ,c t  A=(Un) r ' r '  be  an  qs .cent ia l  gomplex  anr i



l e t  Xp
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b e  t h e  d o n i a i n  o f  d e f i n i t i o n of A..
v

d , r ( t )  i s exac t

"Tben  A

for each i n  t h e

p r o o f  o f  T h e o r e m  2 . 4  t h a t  e q u a t i o n s

is  exac t  on ly  fo r  those Z  in

be an  essent ia . l  corn 'p lex .

i n  r { -
.-, lu Frer iho lm.

i  s as-I ' reCholm.

i f  and o l ly  r : l  tE complgx

f - r q i  
' l  

r r  {  v  \r d " r ! ] 4 . y  a r t p r p ? 0  o

?Loof .  I t  fo l lows f rom

( 2 " 2 )  h a v e  s o l u t i o n s  w h e n

the  fami ly  (Y  \n p ' p ,  o

1 q

7

d,  -Frec iho lm

the

Xtr( *)

2 . 6 .  C 0 R O L L A R Y .  l " , g t  A E ( A p ) p > O

( t )  I - { -  A  is  1 - r ' reono ln ,  t 'hen  A

( 2 )  I f  A  i q  f , i - F r e d h o l n r ,  t h e n  A

F- IeeJ"  The asser t ion  (1 )  fo l lows

v i a  T h e o r e m  2 , 4 .

Then

f ro rn  Propos i t ion  2 .3  f ro rn  [10 ]  ,

L e t  u s  p r o v e  t h e  a s s e r t l o n  ( 2 )  . l e t  u s  f i x  a n  i . n t e g e r  p  )  0  , 1 e t

tn be the dourain of  def in i t ion of  On anr i  let  t " fo i  f .  be a nequence

'  0 & ' "  '  ; u c h  t h a t  { a - * , J  , . € A  ( x . .  n  )  . r f  w e  c h o o s e  e , .  '  ;r n  t  ( x p , l  f  -  p  i (  K  ! _ r /  
.  r r  w e  u l l u u *  p

a s  i n  ( 2 , 2 )  , r o ' e  c a . n  s e e  t h a t  { n n n l v x  -  * t } t n  6 a ( i i n )  , r + h e r e  v x = 0 p ( x , n ) ,

a n d  h e n c e  f V f r J  k € ( " o ( X p + 1 )  . I n  o t h e r  v r o r d s , t h e  c o r n p l e x  ' e ( A )  i s

e x a c t r t h a t  i s ,  A  i s  a c - F r e d h o l m .

The c lass  o f  essent ia l .  S-Fr r , :dho l .n  comi l lexes  conta ins  the  c la .ss

o f  Fre  < iho l . rn  con ip lexes ,  v ia  Theoren 2 ,4 .

2.7,  THAORl i l4"  ! *  A=(Arr ) r r>o t ,e  a  co:np lex in  the categor ' ' '  Bann.

A is l ' re.dholr i  i f f*  fhe identi ly of A and zero are f f ,-homotop*'

P: :oo f  .  Aesume f i r s t  t ha t  A  i s  a  l i ' r edho lm comp lex r  t ha t  i s t

dth  i {p (  A)  <  oo  fo r  ever l '  p )  0  .  Tn  par t i cu la r ,  the  space n(  An*1  )

l s  c l o s e d  a n d  o f  f i n i t e  c o c l i n e n s i o n  i n  g ( A p )  . L e t  f r t , p  b e  a  l i n e a r

p r o i e c t i o n  o f  1 ( A p ;  o n t o  R (  A p + 1 )  . r , e t  a l s o  f  2 r D  
b e  a  h o i n o g e n e o u s

p r : o i e c t i o n  o f  t n  o n t o  1 1 ( A p )  ( s e ; e ,  f o r  i n s t a n c e ,  C o r o l l a r y  1 . 2

f ro ro  f15J  )  .  t f ren  i l  
n  

i s  a  ho , togene ous  pro  jec t ion  o f  Xn on to  n (  nn* i  )  ,
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where ( tn= + i " rpd2rp 'Let  cn t  xp -* -* "xn/ t l (an)  be the canonica l -

r  ^  r .  l t r l  r  \  * v  L ^  + l - ' ^  l . ^ ' a n r ^ h a n r r c  1 i  f l
mapping  and le t  gn  :  Xn /NtRr r )  *Xn be  the  l ionogeneous l i f t ing

a s s o c i a t e d  r + i t h  d r r o  V | S T  r t h a b  i s ,  
f  n a n  

-  1 p  l z , p  ' \ ' { e  c ' l e f i n c  a

napp ing  0-€ ,  t \ x^ ,  X-  .n  )  i t t  the  fo l low ing  way '  Le t' p  p ' p + . r '
1 a  .  v  / r i / n  - \ - - - - + u ( , t  . lop+t '  nr*"t  t ' i  \ ; tp+t I  '  r t t i  / {P*1 t  

t

be the  b i jec t i ve  opera . to r  inc lucerd  by  Apn1.  . ' Ihen  (nn*1) -1  i s  a
4

:  boundec i  opera tor rby  the  c loser i  g raph theorem'  Set  0o= 
!p+1(Bp+ l ) * '  

t  o  
,

v;hlch is a cont inuous and homogeneous inapping from *n into Xp*: ! -

fo r  a f l  p  )0  . ! ie  sha l l  s l tow tha t  the  n iapp ings  0p  sa t is fy  (2 .2 ) .

I n d e e d , l e t * - X u , w h e r e p } O i e f l x e d ' . N o t e t h a t

0p*1(anx ;  =  (So(un) - t  dp- rnn) (x )  =  (Yp(Bp14 l (Ap* )  =

= t n ( t o * )  =  x ;  r l r , n 3 )

0 n  t h e  o t h e r  h a n d , s i - n c e  r l n ( x ; e R ( A p * , )  o v r "  c a n  v r r i t e  r f n ( x ; = A p + t v

fo r  sone t€X"o1 'Hence

Apo l  on (x )  
=  (Ap+ t  ( p+ r (uno " ) t  t n ) ( x )=

= ( Ap+1 S p*t (Bp+1)*1X anr-1'") = ( Ap+1 
!p*tcp*1) 

(v) =

= Apul(v -  r (2,n*1(o))  = Ap*tv = rrn(x)

' '  Consequent lY t

Ap* t  on(x )  +  Op- l (anx)  =  x  -  i r , (o  I  xc -xn '

and the i lor t rogeneous maPPlng

i p  =  I f  z ,p  
-  ' f fp  =  ( tp l  l1 (  Ap)  -  do ,n)  4  z ,p

i s  compac t ,  s i nce  t he  l i nea r  ope r *a to r  f  n l r r ( nn )  
-  ( L rn  i s  a  f i n i t e

r a n k  p r o j c c t i o n . T h e r e f o r e  t h e  i d e n t i t y  o n  t l i e  e s s e n t i a l  c o m p l e x  A

ie  f , *homotoPi .c  to  zero

Converse ly , te t  A be a cornplex such that  i ts  ' i 'dent l ty  and zero
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are ! [  -honotopic. Then lre can f ind operato rs 0n - f l (xp, Xp*t )  and

i p * K t U X p , X p )  s u c h  t h a t  ( a . z )  i e  f u l f i l l e d . B y  u s i n g  ( 2 ' 2 ) n w e  s h a l l

der ive tha. t  the complex A is  Fredholm.

t ir le f i rst prove that p(Ap) i* a cl"osed subcpace of Xp-t for

eve ry  p  Z0 . I f  th is  were not  tnre for  sor f ,e  p  ,  then there woul .d  ex is t

a  s e q u e n c e  { V p l k c R ( A D )  ,  Y k = A o ( x U )  , s u c h  t h a t  V i - - e ' 0  ( k ' - - - * * )

i  b u t  c i i s t ( x n , N ( A n )  )  = 1  f o r  a l l  k  ( r + h e r e  " d i s t "  s t a n d s  f o r  d i s t a n c e ) .

The $equence { "n iU ca .n  obv ious ly  be  assuned boundec l "Fron  the  equa l i t y

Ap*1 0n(*n)  +  Oo*t (vu)  =  xk  -  r )n(xu)  '

which fo l lows f ron (Z.Z) ,vre in fer  that  the sequence t "U-On+10p(* i  I  t

conta ins  a  convergent  subsequence.There forerw i th  no  loss  o f  genera l i . t y t

\+ '€ n3$ a.$s.ume that

xk - Ap*t 0n("u) -+ v€xn (k -* 'o ;

Then

A n ( x u  -  A p * r  0 n ( * u ) )  =  A p * k  -  y k  - -  0  ( k - > o o  ;  '

s o  t h a t  v e } { ( A n ) . H e n c e

d i s t ( xn , l { ( nn ) )  (  l l  * r .  -  Ap *1  0n ( *o )  -  v l l  - *  o  ( n -+  oo )  ,

w h i c h  c o n t r a d i c t s  t h e  c h o i c e  o f  t h e  s e q u e n c e  { V f J f o  . T h e r e f o r e

t r ( A p )  m u s t  h e  c l o s e r J  f o r  a l l  P  )  0

W e  n o . w  p r o v e  t h a t  d i \ t  U p ( A ) ( c o  f o r  e a c h  p  ) 0  . I f  t h i s  w e r e

not  t rue  fo : :  a  cer ta in  p  , then in  the  Bana.ch  sBace l l (Ap) /n (Ap* f  )

there  r *ouLd ex is t  a  l :ounded sequence { fU}U w\ ich  wou}dnr t  con ta in

any  conver l :en t  subsequence.Le t  * t€5H be chosen such tha t  the

sequence {*ul  u 
be bounded in l l (  Ap) '  t t ren we have

Ap*t  0n(xu)  -  0p-r (anxu)  = Apol  0n(*6)  =  xk  -  in (xn)  '

a s  a  c o l l s e q u e n c e  o f  ( 2 , 2 ) .  S i n c e  t '  1 s  c o n p a c t ,  t h e  s e q u e n c e  { V r , ( * f r ) } t
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contai  ns a convergent s jubsequcnce "  i lhere; fore

gk =  r :n+  R(Ao*11)  =  un(*u)  +  H(Ap* t )

conta ins  & conr rergr :n t  subsequence,  r , rh ich  cont rad ic ts  the  cho lce  o f

the sequ.enc€ { f  u lo

Consequen. t l y  the  complex  A is  Fredhoho

2.8.  COR0LIARY. !g. !  A =(Ap)p>O be a coniplex._in the_ c?te$or,y

8a4,. . $fg-Igl-l-gtL1rlg--AE;S.flfpfs. are equivAlent :
til

i  s  l ' redholm ;

is: 6 -freclholrg;

i"  s zo-Fredholm.

l roo f .  The equ iva lence ( t ) ( *=> (2 )  fo l lows f ron  Theorens  2 .4  and

2.?  , rhereas  the  equ iva lence ( t )e>  (3 )  fo l lo* *s  f ron  the  res :u l -Ls  o f

I e ]  o r  t Z ]  ( f r o m  w h i c h  o n e  c a n  a l s o  d e r i v e  t h e  " s u f f i c i e n c y t ' i n  T h e o -

r e m  2 . 7  )-2 ' .9 .  
t tE t ' , lanK.  The c laes  o f  Fredho lm complexes  is  s t r i c t l y  la rger

t h a n  t h e  c l a s s  o f  t h o s e  c o r n p l e x e s  t h a t  a r e  X - F r e d h o l m . l n d e e d r l e t

Xt be a l ianacLr space v, 'h ich contains a c losed l inear subspace XZ-

t h a t  i s  n o t  c o r n p l e n e n t e d  i n  X t  . L e t  a l s o  X A = X L / X Z . I f  A Z  ,  X Z *  q -

is  t l i e  inc lus ion  and An:XO.-+X,  1s  the  canon ica l  mapp ing , then the  conp lex

A  =  ( g , 4 2 r \ , 0 )  i s  F r e d h o l n  b u t  n o t  X , - F r e d h o l m , i n  v i r t u e  o f

T h e o r e m  2 " 7  f r o n  t 5 l  '

I t  is  know*n that for  every essent ia l  l , -Fredholm complex c lne can

d.ef ine an lndex that is st : r } : le under compact ancl  snnalJ perturbat ions,

and co inc ides  v r i th  the  na tura l  one in  the  case o f  Fredho lm conp lexes

( s e e  l t g l  f o r  d e t a i l s ) . T h e r e f o r e , a  n a t u r a l  q u e s t i o n  a r i s e s  i n  o u r

contex t :  I s  i t  poss lb le  to  aso ign  an  index  to  eve l ry  esr :en t ia l

f t i - l , red.hol-rn couplex ? Cf course,such an index should be siable unr ler

smal. l -  and compa.ct  peir turbat ions a.nd colncic ie wi th t ,he r fsual  on€ in

the  case o f  Fr "e< lho ln  complexes .Th is  p rob lemrwhose answer  i s  no t  known

( r )
( 2 )

( 7 )

It

An
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t o  t h e  a u t h o r  o f  t h i s  t e x t , i s  i n t j . i n a t e L y  c o n n e c t e d  v i t h  t h e  l r o b l e m

5,4-  f ronr  [ t ]  a .s  t re ] ]  as  v r i th  the  prob lem ra ised-  in  [2 ] ,Remark  4 .8 (5)u

which  hav 'e  re  ce ; lved  so  fa r  on ly  par t ia l  o "n$ ! , re rs  (seer  fo r  ins tance '  [S ] )  "

f ina l l y , le t  us  renark  tha t  Theorern  2"7  leads  to  a  non- l inear

I 'e rs i< ln  o f  a  we l l -k "nown charac ter iza t ion  o f  Fredho lm opera tors .

2.L0". C0nOLLARY. !q-t X{ , X0 U: Sq,nach $pacgs.A liqglr -opeI.?Igf

q - -11XU,XU)  is  Fredho lm i lg .L rd .o ! l y  i f  lhere  ex is ts  a  r to i l Iogeneous

opera.tor A n e Vt(X^,  Nn) such t l - ra. t
! v *

0 t At - 4L-K /((x' xr )

Aa0r - 10 € Nv{xo, xo ) ss4

3. STABIIITY UNDER SMAIT PERTURBATIONS

In  th is  sec t ion  we sha l l  p rove  tha t  the  c lass  o f  essent ia l

f r r -Fredho lm conp lexes  is  s tab le  und"er  per tu rba t ions  tha t  a re  sna l l .

r + i t h  r e s p e c t  t o  t h e  g a p  t o p o l o g y  ( s e e  [ 6 ] '  [ ? ] ,  [ 1 O l  , 1 2 1  e t c .  f o r  s i m i l a r '

r e s u l t s  c o n c e r n i n g  t h e  o t h e r  t y p e s  o f  e s s e n t i a l  F r e d h o m  c o m p l e x e s ) .

r1 le  sha l l  re ly  heav i l y  upon sone per tu rba t ion  resu l . ts  f rom [2 ] .

Let  f r  be a f ixed. Ianaeh space over the f ie ld lK "  } {e denote by

t r  t#  )  the  famj - ]y  o f  a l l  c losed l inear  subspaces  o f  f t  "  The space

9 t X )  i s  e n d o r s e d  n i t h  t h e  i j a p  t o p o l o g y r w h i c h  i s  d e f i n e d  b y  m e a n s  o f

t h e  f u n c t i o n s  5 ( X , Y )  a n d  € ( X , V )  , w h e r e  X , y  € 9  ( f f - )  ( s e e  [ g ]  ,  I Y  - 2 . 1 - ) .

7 .7 .  t g i , i l tA .  _ !e !_  X ,Y@9t t  )  and  . l , e t  5  >5 (X ,Y)  "Then  the re

ex is ts  "an oper t to ,T 'v€/ l (X,Y)  sucL- lh- i i t  l [ *  -  { (1) l l  <  E ' t t t t t  fqr

each x €.,X

F r o o f .  I , e t  S ( X )  b e  t h e  u n i t  s p h e r e  o f  X  a n d  l e t  x e S ( X )  .

yr*Y sueh that l l  x-Yxl l  < 5 '  .Let  vx

in  s (X)  such tha t  l l v -v r l l  (  5  fo r

x € S ( X )  i s  a n  o p e n  c o v e r "  o f  t h e  n e b r i c

s p a e e  S ( X ) , s o  t h a t  w e  c a n  c h o o s e  a .

T h e n  t h e r e  e x i s t s  a  v e c t o r

an open neighbourt lood of  x

a l l  v€-V*  "The fami ly  {V* }

(and there fore  paracompact )

b e
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par t i t ion  o f  un i ty  $uhorc l ina . ted  to  th is  cover "  In  q : ther  ! /o rdso  there

exists a fami ly of  cont inuou$ a,r ic l  non-"rregert ive funct ions { f*  }*en

on g(X) sucl i  that ,  supp( f , r )c V* for  e l rery e €.  A ,  the fami ly of
"d.

c l c r s e d  s e t s  { " u p p ( f * ) l o c € A  i s  l o c a l l y  f i n i t e  a n d  L  n e A  
f J x )  * t

fo r  a l l  xg$(X)  "We def ine  a  cont inuous  Y-va lued func t ion  by  t i re

formula
c.

?o(x )  =  
ko fo . (x )u* *

where V*o corre$pond.s to the vector *o"-Vxo. ,as above.Obviousl"yt

l l x  -  To(x) l l (  E ror  a l l  xe s(x)  .s inee l l  v** l l -<  5  + l l  t l t  <  5  +1 , the

func t lo r i  A0  is  boundec l .

He sha l t  ob ta in  f rour  na  a  homogeneous opera tor  by  us ing  a .

p r o c e d u r e  i n s p i r e d  f r o m  f 7 6 J r T h n " t . L . r { o  f i r s t  e x t e n d  t h e  f u n 0 t i o n  T 0

t o  t h e  w h o l e  s p a c e  X  b y  s e t t i n g  T , n U ) ' i l  x l l  { ' ( x / l t * t t )  i f  x l }

and a-Lrc) = O .  $ ince Ti '  is  bounded, i t  ls  easi ly seen tha' t  '6a i^s

c o n t i n u o u s  o n  X  " M o r e o v e r ,  A / t  i s  p o s i t i v e - h o n l o g e n e o u s . I n  a d d i t i o n ,

i f  x l O  ,

l l x  -  r ro(x) l l  =  l lx t t l l x / l lx t l  -  'd0(x /  l lx l l )  t l  <  5  l lx l l  '

and the f ina l  est i inate a lso holds for  x  = 0 o

?  \ r i e  s h a ] }  d i s c u s s  t w o  c a $ e s . I f  K = l R  , t h e n  w e  d e f i n e

a(x)  =  2-a( to \x)  -Te"( -x) )

The funct ion 
'6 is f i l - t inear,  Y- 'valued and cont inuous on X,Moreovert

a - 4

1x -  t (x ) l l  <  2- '1  l l  x  -  un(x) l l  +  2- r  l l  x+ay(-x) l l  =< 5 t lx l l

fo r  a l l  x  €X

I f  K = C I  , t h e n

t(x) = l itt)*a

I t  i s  e a s y  t o  c h e c k

,  x €  $ ( X )  ,

we de f ine

( 2 (  i +  i +

\  " - "  To  ( " *  "  x )  d t
J o  

r

tha t  '6  i s  con t inuous ,

,  x € X  .

Y-valuecl and f-hornoge-
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neou g . Iur t,Lre rnio re *

a  ( z l f  r  . i +  i {  , r

J o  x '  ' r l

and the proof  o f  the lenura is  complete"

3.2" LIfr ' {} ,1A: Let XrYeg tt  }  . lhen for e}Iery Bagach epace- ?,

we  have  the  es t lma tes

6( t t (2 ,  x )  ,  lKz ,  Y)  )  . -<  5 ' (  x ,  v )  ,

6 ( K t { ( z , x ) , K t l , ( z , Y ) )  <  5 ( x , Y )  .

Proqf  .  1 ,e t  5  >5(X,y )  . t sy  the  prev ious  lenma, ioe  can choose

f  e i l $ , y )  such  t hab  l l "  ' t ( x ) l l  <  S t t x t l  f o r  a l l  x€X  . l e t

(€ \ t (Z ,X)  be  arb i t ra ry  and.  1e t  0  = ' ( ,o '  € -7 i l2 ,Y)  .Then

l l o - - 6 l l  =  s u p  l l o - ( x ) * a ( o - ( x ) ) t l  <  6  s u p  l l s ( " ) l t  <  E l l o . l l .
i lxtr41 ltxtt({"

T h e r e f o r e  6 t f t , ( Z , X ) , h t ( Z , Y ) ) <  5  . S i n c e  t > 5 ( x , v )  i s  a r b i t r a r y ,

l ;e  in fe r  eas i " l y  t i i e  f i r . s t  es t i rna te  f rom the  s ta tement .

To  ob ta in  the  second es t imate  f ' ron  the  s ta tement r r ,ve  on ly  no te

t h a t  i f  € - € K T \ z r x )  , t h e n  a  = T o -  e  / l ( ( z r y )  . A  s i m i l a r  a r g u m e n t

then leads  to  the  des i ied  conc lus ion .

*  7 .  j .  LEI '1 iUA.  LLt  Xt ,  y t  ,XZ,y  Z€ *  G )  , ]e t  51-  { {> l " ,Yr)  and

]S=t Sz* !.1x*x r) . IISI

5 ( x toxz )  (  ( 1+  t l s rn )  6 ' ( so , s r )

r n  add i t i on , i . f  ( { + i l s r i l )  5 ( s , sa )  <  4 "  , t } t en

l l s r l l  <  (4"  -  (1  +  l ls l l l )b ' ( 's2 's r ) ) -1( ( t+ l ls r l l )5(sz ,so) r  l l  s r l t )  .

This resul t  is  conta. ined in lernma' 4.6 f rom lZ),

3,4 ,  LE i ' { t {A ,  I ,u !  X t ,Y t  ,X \ rY2€-9  tw )  ,  and le t  t j  *  ! ' 1x , r  r )

(  j  = t ,  2 )  . l r le je f ine  the  o t r le ra lo rs  Mi  t  f { \ t ,  )  *  t r t (Z 'Y  l )  }V*  t , tg

l l  '  r ( * ) l l  =G , r ) { l l  
I : t  

u * j t ( * i t *  * r r ( * i b ' ) )u t l l  *



, r J

equn.lity I '{..o- s $unn (oe 7{,( 'A,Xu ) ) ,I lglg_ 7, Ls an arbitrpry -}anrlg!._j!sgg "
J  ' J  

- . "  4 r 2  -
Then ' .qe_have 

,bhe- qr: !1$Atg 5(lal  ,1,12) < 2-t * 5( S*'  sr) c

Proof  "  l fe  have,by  de f ln i t ion  [g : l  '

5  { s o , s r )  =  3 - t c t s r )  o c ( s n ) ) ,

where  6 (  l j ;  ) €  5  t t r  xH  )  i s  t he  g ; raph  o f  t he  opera to r  $ j  ( i  =L ,2 i

Let  t>  5 t  %r,5e)  .sy  v i r |ue of  le inrna J"Ln there ex is ts  an operator

T af lG(sr )  ,  G(  s2)  )  such that

(3 .a )  l t (x ,sux)  - r (x ,sox) l l  -<  5 l l (x ,s t * ) l l  ,  "€ \
We f ix an elemen t ,  c 'a€-t t (Zr.Xt)  .Then the map

zaz ----+ "6(""1"(z),  sasi(z ))ec( sr)

i s  con t inuous  and l l { -honogeneous.There fore  i t ,  must  be  o f  the  fo rm

r  ( r r ( z ) ,  s t r t ( z )  )  =  ( c - r ( z ) ,  s r q ( z )  )  t  z € z ,

w h e r e  n , € h t ( Z r X r )  " I f  w e  a s s u m e  t h a t  t h e  n o r m  o f  f f  " 7  
i s  g i v e n

by l l ( * r , * r ) l l2=  l1 " r l l  Z+  l l *2 i l2  ,  f rom the  es t imate  (Z . t )  we in fe r  tha t

l ln?)  -  r r (z t l l2+ l l  s .c i (z )  sz%tr ) l l2

< 52(il s'u(z)ll 2* 
llsr%( z) ll2) ( b2tttu-oll 2 + 11 s.o-rll2) lt*ltz ,

so that

t llor - urll ' < aztil"ilt2o lls.u-.112) ,

ll strt - szozllz < a2 Ul qllz + 1 sru-.lt 2 )

Hence

l l t"O,r,r.c-.) - (o-r,t4ro-r) l l2 ( 2 a2(i l% l l2o l lu.*i l l2),

w h l c h  l e a d s  t o  t h e  d e s i r e d  e s t i m a t e .

To s ta te  the  nex t  leunnaor , re  need a  spec ia l  no ta t , ion  f rom t2 l  c

l e t  X r X 0 , Y , Y 0  € 9 ( t r )  b e  s n c h  t h a t  X O c X  a n d  Y O - y  , a n d  l e t

S e K( x/xo , Y/Yo ) " Then we ee t
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G o ( l i )  = { ( x , } , ) e E x I  ;  s ( x + x o ) =  v + Y o  I

t f  3, fn,T,fo* (  t t  )  have sj-ar i lar propert ies anrl  Fe/tT/{ , , f l / f l ' )  ,

t hen  l ve  de f i ne

F o t s , 5 )  =  5 ( c o 1 s 1 , e o ( " 9 ) )  e
3 " 2 )  t  - ,

5o t r , d )  =  * * * {5 ,o {s ,$ )  , 5o t3 , s l  }  ,

rst i lch are computed in g(g{  xf f }  .

3 .5 ,  r ,n i , i l i a .  &g !  x {_nYt  rx '  ?Yze g t#)  ana- }e t  $ j  -  l t x : ,x r )

(  j  = 1,2) .TheJ for.  eygr) '  Salach_epqrg 7,  r , re have t l je est- imate

6ot i ' r tsr) , I , r (sr))  (  :0-+l l .qr l l )  max {A' t t . ,Yr) ,  Stso,sr)}  .

t rqg j .  Le t  Fo rS{va , r r )  u re t  5>5(s1  , sa )  and  le t  (a -7 ,Ao)e

€Go%r(su)) . rhen AL - st- .-€ J17t(zrY1.) .Bv Lenma 3.Z,we can choose

tz*Y/t(z,yz) suctr  thab l l0r -  sr% - )z l l<tol loa -  s1% l l  .

w i t h  t h e  n o t a t i o n  o f  l e m n a  J " 4 ,  ( r r o s a o " a ) e c ( m t ) . T h e n , b y  t h i s

lemna,we can f inu ar l  e leuent  (a ' r r l rn)eC(F{r )  such that

l l%  - cz l l 2+ l l  s r%-  s ra r f i ?4  262 ( l l o - r l l ' * l l s . e  l l 2 )  c

I f  we set  Ar= Srv ' r+ ) ref t (2, t2) ,  then (o-r ,  021 ecr( 'X,r(  Sz) )  .

I n  a d d i t i o n '

l lrr. - orll ' + 1161 - 6-z.fiz < fint - nil '+(llra - s1% *:r, l l +

* 
+ tlsl% * sra-rll )z < , 6:(lto-,rll ?- + lls"s-tllz) +

n rS|il 0r - s."oll 2 + 4 52r tt o-tltz + llstnrllz) <

<s (Log l su t r2 )  * " * {5 f r  , 62 }  t i l u -o t t z+ l l 0 r i l 2 )  ,

wtrence hre  ob ta in  the  c la imed es t inn te .

I ,e t  C  =  (Cp)p>O be a  cornp lex  such tha t  t l i e  dorna in  o f  d .e f in i t ion

o f  Cn is  o f  the  fo rm Xp/Yp ,  r there  Xp,  Yp*  3 (E )  ,  Yn-  tn  fo r

a l l  F  2 r O  . L o t  a l s o  d = ( e p ) n " O  b e  a  c o m p l e x  o f  t h e  s a m e  t y p e r t h a t
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i so  E ,  i s  de f ined.  on  io / fn ,H, i th  i r ,Tn*9(#)  ,  Tn*Tn .T i ren

one car l  c ief ine the quant i ty ta]
4 /\ ,\)

13.3)  5o(c ,d)  =  
T l  5c(*n,dn)  ,'  p>0

./\ ^)
wi th  5o(cn , ' cn)  g iven  by  (3"2)  . l , i *  a l -so  se t  fz l

( ' t"4) a, ( c) = 
;15 6 ( cn) ,

where f  (Cp)  is  the redu.ced rn in imu.n rnodulus of  an tg l  "  I f  C is

F r e d h o l n , i n  p a r t i c u l a r  i f  C  i s  e x a c t , t h e n  o b v i o u s l y  l ( C ) > O  i

3 .6 .  ?ROPOSIT ION"  Lo t  c  a .nd  t  be  as  above . I f  C  i s  exac t

ang- 3€ o(c, f )  ( t  + f  (c)  
*2)a/2 < a ,  ! -bg1,  E is  a lso exac, t .

l rqq f .  The asser t j -on  is  a  consequence o f  Coro l la ry  2 .a2  f rou i  t2 ] .

I n d e e d r l e t  u s  d e f i n e  t h e  n u m l : e r s

,  = t (c)- t  ) ,  max {T(co)- t ,  t r  (cp, l_)- t  }  ,
 

Eo = 
'5otr  

,E) >,  *rr*  {5otdo,cn),  50(cp+r,dnot)  }  ,

E= (e + tr(  i l -z)a/z f ,o,r  , l )  > n,u '  {  ( t  + i l  (cp )*2)1/25otfn,cn) e

( t  + f  (cp* : r  ) *2  )1 ' /2  Eo( .n  . t t tp* )J  .

Then we have

t+  6 'o ( t  +  $  ) ( { - t  12 )1 ' /2  (  5  +  ,50  Q-  +  12 )7 /2  =

n  = t € r ( c , d )  ( L + t r ( c ) - 2 ) L / z r L  ,

r ih ich  insures ,by  Coro l la ry  2 ,72  f  rom [  2J  ,  tha t  R( fp* . , -  )  =  rq (dp)  fo r

a l l  p p 0  , t h a t  i s r t h e  e x a c t n e s s  o f  t h e  c o m p l e x  d  .

l {e  can now es tab l i sh  the  exac tness  o f  the  c lass  o f  f l i -F redhro}m

conp lexes  under  sna l t  per tu r t ra t ions . l l re  sha l l  denote  by  Au(*  )  the

farn i . l y  o f  those essent ia l  cor : :p . [exes  a  =(Ap)p>O such tha t

X p € f @  )  f o r  a l l  p  > O  , w h e t ' e  * n  i s  t h e  d o m a i n  o f  d e f i n i t i o n

p@"?'b?
o f  A p o
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r f  / r : ( A p ) p r o  ,

( 1 . j )  6 ( a , s )

B = (Bp)pro ar .e  members of

/^
=  s u p  5 ( A ^ r B - )  ,

P>0 
Y -L/

{ a ' t npnBn )  ,  5  (Bn ,Ap ) }  ( [ 9 ] ;  se *

2 e ( S )  , w e  s e t

also l ,emrua 3,4) .w h e r e  5  ( n * , 1
tl

Let  a lso

( 5 ' a 1

p ) = ? *

l l  A l l ; s u p  l l n o l l  ,  A = ( o n ) n r o € ? u ( S  )  .
p > 0 v v v ?

2"7 .  T l lnoRai { "  l ,e !  I  =  (Ao)or0€ae(d  ) be fr-Fredholnn. Then t l rere

exi.?ts ajrgsi l ive number'  5A sucir that i f  "B = (Un)n, 
0e2e( f  )  ggg

4
5 ( a, B) < 5A , then B i.g_glso /l-Irqq!g-U

@I.  Leb ,n  be  the  donra in  o f  de f in i t ion  o f  Ap and le t
v

(0p)ppO be a  f i xed .  fa rq i l y  o f  homogeneou,s  opera tors  such tha t

Opefu(xn ,xp+r )  and Ap* t0p+0p-1Ap -  \ ru  /X txp ,xp)  fo r  a l l  p  >0

( r+h i .ch  ex is ts  by  Theorern  2 ,4 ) . ] , { i th  no  }oss  o f  genera l i t y  we aay

/4

assume that' E ( nr n) small- enough '$o that
d

(3 ,1)  ( t  +  l ln  i l )  5  (  a ,  B)  <  2- '  .

In  par t icu lar ,  ( t  a  l lAn l l )  t (Bp,  Ap)  < 2-L ,  and '  hence
,l

l l r o l l  - (  ( 1  -  ( 1 + l l A p l l )  5 ( l n , l n ) ) - ' ( ( t + l l A e l l )  5 ( u n , o n ) +  l l n n l l )  <

4( e 1 z - ' + l l A p l l  )  = t + z l l a p l [  ,

pV Lemtna 7 .7" ' Ihere fore

( 3 .a )  l l s l l =sup  l l n ^ l [  < l -+e i l n i l  .
p>0 v

Let  Z  be  a  f i -xed .  Ianach space. i i i th  (0p)p)0  as  above (no te

t h a t  0 n =  U  f o r  a l l  b u t  a  f i n i t e  f a m i l y  o f  i n d i c e s ) , w e  h a v e

( 3 .g )  ' 6 ( f u r ( t x ) ) - t * . <  r<<  ,

w h e r e  r = I l i a x [ t t 0 o t l  :  p ) 0  ]  " I n a o " d , l e t  e > 0  b e  g i v e n , l e t

o-aN([r(n-)  )  fo;  some p ancl  reb o-0 €.  s- '  be such that
'  L '  p "  -  v

l l  o-o l l  < ( t  + e ) f lcr  [ l  .  Then, f rom (2.2)  ,



*{ ( r*,
i
; r

t:
F

I

d e r i v e  e a $ i l y  ( ) " 9 ) ,

above ca lcu la t ion

< (."
we

that

I o (

*nax { t rn l  ,  i lB l l } )

h a v e  u s e d  ( 3 . 4 1

) ,L'z(Bp ) ) < 3(1- + max{|t An tt , l l  tsp l lJ) xtuz

< 42(4

l.rhere tn

t o  ( 1 . 1 0 ) .

/\
b ' tnn , rn )  i

,

d e f i n i t i o n  o f

t h e  f i n a l  c o n c l u s i u n r w e  i n t e n d .  t o  a p p l y  P r o p o s l t i o n  3 . 6 .

^ .> 4 /c
3'6 o(d"r(  d)  ,1,2( ts)  )  ( t  + t  (Nz(A) ) - ' ) ' /  '

36 (L * l t a i l ) 2 ( t  +12 )1  / z  6 (n , r )  ,

b y  ( 3 . 9 )  a n d  ( l , r O )  . H e n c e , i f

( , t . 1 -2 )  lS (4 -+ l lA i l ) 2 ( r *max l t 0 * l l  
2 )a / z  6 ' ( o ,B )  <  r  ,

p . Y

t hennby  ? ropos i t i on  5 .5 ,  t he  comp lex  f l , r (n )  i s  a l . so  exac t .  S ince  the

K max

\ l-\-

t/

J f ,

-+- rl.  t l

i s

To obta in

I, iote that

( 5 . L L )

<
r+ir ich is given

f i , ,s{Ay,+t . ) (oe d, :  *  Kt&z,xpt t ) )  *  "*  ;

l lo  rcove r  o

$ince A > 0

Iieft i're

( 3 . t o )

i s  a r b i t r a r y , f r o m  t h e  l a s t  e s t l m * : t e  w e

/ ) ^
5 ( a , B )  <  ? . ( a +  i l A l l )  5 ( n , n )  ,

. T h e r e f o r e r l e m m a  3 . 5  a n d  t h e

(*n-t 
r Yp-1) '

A i l ) 2 6 ( o , u )

t l ie  dornain of B^ ,r+hich obviousl .y 1eacls
v

l lgp 6o +KA(tz,xpor) l l  < l l  0p u]l l  -< (t +6] l lonlt l lo-lt

Using thc cl .ef ini  t ion of tr  $,,(Apof- )  )  ,  v/e decluce tho.t
a' f \ , , ^ ( / tpnd) ) * '<  ( t+a) | l  0e i l  .

prove tha t
/^' n /\

8 atx 'z(A),1,2(3)  )  < a7f t+ l tA l t )  '  5(  a,  n)

f  ndeed,  by  le ;nma 3  " '5  t
/\ . ,,4

5(xp ,yp )  <  (1 *  max  {  t ran t r , l lBp  t l } )  t  (nn ,sn )  (

uhere

show
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c o e f f . i , c . i  r : r r L  o f  6 ( n , f )  . i n  { 7 . 1 2 1  r i o c s  n c , r t  d c p r : r r C  o l l  7 . , , t l r e

f 'u.-Li l i - l ] -nei : r t  of l  ( l , "nZ) (provic iet i  t i ,4)  i , t  a l .sc fu l"- i ' l i . l " lerd ) ,  j -n 'p- l is : r t r

t l ie o; i i ) .c incc;*  of  /u, . { t , )  for  s 'Vcr.1) i : ln, i : t : , r .c- ! :  ; i i ra.cc ' l  
r t ,he. i  i -s, t ;hcl

c,gi :r( :nt j . : : ,1" t - :c.r i tp- l .e.x 1j  j - rr  / t ,* I ' rodhol l i "

?.i: ' ,. c0itOl-,l.,Aii l1. Jlhc fi.rrrlL.l. ' ;.r: l i  f,-..]; '" i:"cci}. i!. i , i l , j loqnl939ii i10 i : l0n



NEFERENCES

t .  ALbrecht rE .  iVas i lescu ,  F , -H.  i  Sen i -Fredho ln  complexes , in

.  ' f0pera tor  Theory :Advances  and App l ica t ions"  Yo l .1 t rpF .L5-3g ,

3i rkh{use r-Ve r'1ag, Basel rLgBS .

2 .  A l b r e c h t r E . ; V a s j . l e s c u r F . - l i .  r  S t a b i l i t y  o f  t h e  i n d e x  o f  a

semi -Fredho lm conop lex  o f  Banach spacesrJ .Frnc t iona l  Ana lys is ,

3 .  B u o n i , J . J .  ; H a r t e r  R '  ;  l l i c k s t e a d ,  T .  :  U p p e r  a n d  f  o w e r  F r e d h o l n

spec t ra ,Proc .  Aner rMath .  Soc  .  66( ]977)  r3Og-3 t+ .

e  t u p l e s  o f  o p e r a t o r s . T h e

defornat ion problem,Trars.Aner, l tath.  Soc .  266(1981- )  r72g-L5g.

5 .  Eschmeier ,J .  :  Ana ly t i c  spec t ra l  i l app ing  theoreras  fo r  jo in t

spec t ra , in  ' tQpera tor  Theory :Advances  and fpp l i ca t ions ' t  Vo ] - ,  24  ,

pp .16?-1B1 'B i rkhAuser ' -Ver ]ag ,Base] - ,1 '987

6.  Fa insh te in rA.S.  :  S tab i l i t y  o f  F redho ln  complexeF o f  Banach

spaces with respect to perturbat ions r ,+hich are snal l  in q-norn

( in  Russ ian)  t l zv .Akad. l {auk  Azerb .  SSR,  t (19S0)  '  7 ' '7 .

7 .  Fa insh te in rA.S. i  Shu l fmanrV.S.  I  0n  Fredho ln  conp lexes  o f  Sanach

spaces  ( in  Russ ian)  r l \ rnc ts .  ana l i z  p r i lozh .  14(1930)  r8?-88 .
t

8 .  F a i n s h t e i n r A . S . ; S h u l t n a n r Y . S , :  $ t a b i l i t y  o f  t h e  i n d e x  o f  a  s h o r t

Fredholur conplex.of  Banach spaces vi th respect to perturbat ions

Of snal l  non-compactness neasure ( in Russian),  Spectral  f  naya

teor iya  opera torovr4rThe Pub l ish ing  House ' t [ ln ' t 'Baku rL982 '

9 .  KatorT .  :  ?er tu rba t ion  theory  fo r  l inear  opera tors '

Spr inger-Ver lagr New York rLg( '6 '

10 .  pu t inar ,M.  :  Some invar ian ts  fo r  semi - l - redho ln  sys tems o f

essent ia l l y  comrnut ing  opera tors rJ .Opera tor  Theory  B(1982) '55-90 '



I I

11 .  gega l ,G.  :  l " red"ho lm conp lexes ,  Quar t ' J " l4a th .0x ford  $er .  21(19?CI ) t

"sB5-402.

!2 .  S inger r I .  lSur  l rapprox ina t ion  un j - fo rne  des  opdra teurs  l inda l res

cornpac ts  par  oes  opera teurs  non l inda i res  de  rang f in i rArch iv

der i - lat i r .  L1(f960'1 ,28$-293,

L3 .  S inger r I .  :  $orne  c lasses  o f  non- l inear  opera tors  genera l i z ing  the

net r i c  p ro jec t ions  on to  tJhebyshev subspaces ,  in  Theory  o f

Non l inear  0pera tors ,  Akademie-Ver lagr  Ber l in r  1978.

!4 .  Vas i lescurF . -H.  :  S tab i l l t y  o f  the  index  o f  a  corop lex  o f  Sanach

spaces lJ .Opera tor  Theory  2 (L979)  1247-275.

L 5 .  V a s i l e s c u , f ' . - H .  ;  N o n l i n e a r  o b j e c t s  i n  t h e  l i n e a r  a n a l y s i s r i n

, , O p e r a t o r  T h e o r y : A c l v a n c e s  a n d  A p p l i c a t i o n s "  V o l  . 1 4  r p p . 2 6 $ - 2 ? 8 1

Slrkhd.user-Ve r1ag, Basel '  1984 .

1 6 .  Z a i d e n b e r g r l v i . G .  ; K r e i n ,  S , G .  ; K u c h r c e n t r P . A .  ; ? a n k o v r A . A .  :  B a n a c h

bund les  and f inear  opera tors ,  Russ ian  Math .  Surveys  3O( i975) ,

LL5-L7 5 .


