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HOMOGENEOUS OPERATORS AND ESSENTIAL COMPLEXES
by |
F.-H.Vasilescu

1. INTRODUCTION

The aim of this work is to present a new approach to the concept
of essential Fredholm complex of Banach spaces ([10],[2];see also
(113, [47, (6], [7]etc. for furthervconnectionsj,by using non-linear
homogeneous mappings.We obtain some generalized homotopic properties
of the class of essential Fredholm complexes,in our sense,which are
then applied to establish its relationship with similér concepts.

We also prove the stability of this class under small perturbations
with respect to the gap topology.

Throughout this paper we shall work with linear spaces over the
field K ,which is either the real field R or thé complex one ¢ .
If X, Y are Banach spaces over K ,we denote by Sex, 1) - the
space of all linear and continuous opérators from- "% dnfto Y .The
subspace of XZ(X,Y) consisting of all compact operators will be
designated by X(X,Y) .Let Z(X,Y) be the space of all K-homoge-
neous and continuous operators from X into Y .Endowed with the
usual operations and with fhe norm defined as in the case of linear
operators, the space QgKX,Y) becomes a Banach space which contains
Z(X,Y) as 2 closed subspace.ﬂoreover,if 3@%«X,Y) is the subspace
of all compact operators from Z(X,Y) (the definition of a compact
K-homogeneous operator is the same as for a linear operator), then
KHKY) is a closed subspace of Z/(X,Y) and it obviously contains
F(X,Y) (see [12],[13] or [45] for details).

Let BaWK be the category whose objects are Banach spaces over

: work
IO
K . and whose morphisws are bounded K-linear operators.In the present)
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a complex in the category Baﬁx is a sequence A= (Ap)p>0 swhere

ApEE;Z(Xp’Xpnl) : APAP+1::O and Xp is a Banach gpace over K for

every integer p20 ,with X;1:={O} sand therefore A.=0 .In

0
addition,we assume that there exists an integer n>0 (depending
upon A ) such that Xp: {0} for all px>n+71 (and therefore Ap=(0}

if pyn+1 ).In other words,we work only with complexes of finite

length.A complex A::(Ap)p)o can be represented in the usual way,
that is,as a sequence of the form
A A
n n-1 Ay
Q Xn *fxn__;l_—"'—"“'9 e o o >XO O °

Nevertheless, since the space Xp is determined by the operator Ap-

(and it will be called in the sequel the domain of definition of A

ve prefer the concentrated notation A'z(Ap)p;O '
For a given complex A::(Ap)pzo ywe shall denote by HP(A) the

quotient N(Ap)/R(Ap+1) ,where N(Ap) islthe null-space of Ap

and R(Ap+1) is the range of Ap+1 (as a rule,we shall use the

notation from [9]),that is,the homology of the complex A .When

HP(A):.{O} for all integers p>0 ,the complex A is said to be

p s

exact.More generally,if diﬂKHp(A)<:ao for all p> 0 ,then the complex

A is said to be Fredholm.In this case,one can define the index of

&

A Dby the formula
: " DAL
1an(A) = 22; (1) dlmKHp(A) y

p=20
which has some stability properties (see (4], [141,(1],[2] etc.).

An essential complex [10], [27] in the category BaqK is a

ence =(A o o = ; =
sequen A= ( p)paO , where Apc:;f(xp,xp_i) - APAP+1<:BZ(XP+1’XP“1)
and Xp is a Banach space over K for each integer p}0 ,with

Xaiz{(f}.lﬂ addition,there exists an integer n >0 (depending upon

1

A ) such that Ap O for a1l psntd.
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Obviously,every complex is an essential complex.

A standard procedure to study essential éomplexes is to trans-
form them into ordinary ones by means of certain functors.wWe shall
describe in the following three funcfors of this type.

1° The functor %2 . Let Z be a fixed Banach space.For

every Banach space X ,we denote by %Z(X) the quotient
éf(Z,X)/}((Z,X)-.Note that .every linear operator Se&£(X,¥) induces,

by left multiplication;a linear and continuous operator xz(s) from
lZ(X) into lz(Y) It is easily seen that the assignment XZ
defines a covariant functor from the category BaﬁK into itself.

In addition,one has AZ(S)==O for every Banach spaee 7 iff

seX(X,Y) .This shows that if A'=(Ap)p>O is an essential complex,

then AZ(A)==(AZ(AP)) is a complex.

p20
The idea of studying classes of linear operstors that are

equivalent modulo compact operators goes back to Calkin.ln connection

with essential complexes,the functor AZ has been used in [10].

¢)

2 The functor %2 . Let Z be again a fixed Banach space.For

every Banach space X we denote by %%(X) the quotient
H(z,X)/KH(z,%) .1f S €Z(X,Y) ,then the left multiplication by S
induces a linear and continuous operator from %Z(X) into %2(Y) .
It is straightforward to see that %Z defines a covariant functor
in the category Baqx .Moreover,we have '%j(8)==0 for all Banach
spaces Z iff S is compact,Therefore the functor ‘%Z also maps
the class of essential complexes into the class of ordinary ones.
This functor is seemingly new.

3° The functor »¢ . For every Banach space X let [oo(X)

(resp. T(X)) be the Banach space of all bounded (resp. totally

bounded) sequences consisting of elements of X ,endowed with the
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natural linear structure and topology.Then we consider the guotient
w2(X) =0 (X)/T(X) .Every operator Se&Z(X,¥) induces a linear and
continuous operator ¢(§) from e (X) into (X)) by dite action
on coordinates.We obtain again a covariant functor in the category
Bang, , such that ®(8)=0 iff 8 is compact.

The functor »¢ ,which had been known for some time (see,for
instance,[3]),was used to study essential complexes in [6],[7], [2] etc.

The above functors are needed to define various concepts of
esgsential Fredholm complexes.

1.1. DEFINITION. Let A==(Ap) .o Dbe an essential complex in

p20
the category Baqy .We say that A is

(1) » ~Fredholm if the.complex X?(A)==(%Z(A is exact

' )ps0

for every Banach space Z ;
(2) %~Eredholm if the complex %,(A)=(% (A )) ., is exact
for every Banach space 2Z ;

(3) 3¢ ~Fredholm if the complex }t(A):r(}&(Ap))p:>O is exact.

Let us mention that an essential A -Fredholm complex is called
in [10] simply Fredholm,and an essential ze~Fredholm complex is

called in [2] essentially Fredholm.

<+

The purpose of this paper is to introduce the class of essential
7,-Fredholm complexes,to establish its relationship with the other
classes of essential Fredholm complexes via some generalized homotopic
properties,and to prove its stability under small perturbations with
respect to the gap topology.Unlike the class of essential X\ -Fredholnm
complexés,the class of essential f,-Fredholm complexes contains the
family of all Fredholm complexes (see Theorem 2.7).Nevertheless, some
of the properties of essential M ~Fredholm complexes can be restated

in the context of essential %,»Fredholm complexes,as we shall see in



the next section.
2. GENERALIZED HOMOTOPIC PROPERTIES

Let A-:(Ap) and B=(Bp)

) p20
the category BaqK .Let also XP (resp. Yp) be the domain of defini-

30 be two essential complexes in
o :

tion of Ap (resp. Bp) for every p>0 .

An essential morphism of A into B is a family of linear

& b o ldlly () [5) ; Y &= 3 s
operators F (fp)pZO weh that Fp “ix ,Yp) and

1Y
Bp+1Fp+1 & FpAp¥1€;gz(Xp+1’Yp> for-all py0

The families dﬁ=(1p) and O:=(Op)p30 ,where 1p is the

p20

identity on Xp and Op is the zero map on Xp ,are obviousgly
essential morphism of the essential complex A-:(;‘xp)p)O into itself.

2.1. REMARK. The essential morphism F =(F_) of A':(Ap)

p’p20
into B::(Bp)pgo induces a linear map from Hp(%Z(A)) into

p20

Hpo”Z(B)) for each p»0 and every Banach space Z .Indeed,if
c*e;NCxZ(Ap)) and <rbezz£(z,xp) is in the equivalence class o~ |,

then Ap G’Oé?(}f(z,xpmi) .Therefore BprG“Oé%?Z(Z,Yp__,l) + SO

that the coset of Fp S is in the null-space of %}Z(Bp) ohfEydn
addition, G’GifK%@(Ap+1)) sa similar argument shows that the coset

of Fp(yb is in R(%%(bp+1)) ; :
2.2, DEFINTTION. DLet A=(Ap)p>O

essential complexes and let Xp (resp. Yp) be the domain of defini-

and B =(Bp) be two

20

tion of Ap (resp. Bp).Let also E’:(Fp)péo and .G =(Gp)p>0 be two

essential morphisms of A into B .We say that F and ¢ are
A ~homotopic if there exists a family of homogeneous operators

8= (6,)

o) S o 72 (v 7 o " .
pzo_’WhCTC GpC:Zﬂ(Ap,1p+1) ,such that

r‘ 3 - ) o = ‘ 9 b
(2.0 S e ep GpmlAp Jf{;f{’(xp Yp) D

vV
o

b

with @ ,.=0 .

-
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e - i t o~ c - 1
Note that if @'=(8) o, and g"=(67) .,

then for every t &[0,1] the family @(t) = (¢t 6§~%(1»t)§9g)p}o also

satisty (2.4),

satiafies (2.1) .
If in Definition 2.2 we can choose the operators (ep)n>0 to
be [K-linear,then we say that E and G are A-homotopic.

2.3 PROPOBITION.Iet A, B, B, C be as in Dofinition 2.7,

If E and G are 7f-homotopic,then they induce (by Remark 2.1) the

same map from Hp(’}S,Z(A)) into HP(’)(,Z(B)) for each p>0 and every

Banach space  Z .

Progff Since E and G are 4,-homotopic iff F-G Z(FP—GP)pBO
and zero are W -~homotopic,with no loss of generality we may assume
that F and G=0 are 9 -homotopic.Then we shall show that the
map induced by F from Hp(%y(A)) into HPCLZ(B)) is equal to zero.
Indeed,if G“EZNﬁbg(Ap)) and §,6 (as in Remark 2.1),then,from

e ; = 5 (=2, / sir
(2.1),we infer that Fp(Tb Bp+i QPCYO yzZ%(79Yp) (since epwiAp<rb
is compact).This shows that the coset of Fé I equals the coset
of BP+1 ep 6 s that de, it is dn R(Xﬁ(Bp+i)) .Hence the action

induced by E from Hp(%@(A)) into HPC%Z(B)) must be null .

Tf A::(Ap) is an essential A -Fredholm complex and X

p»0 I

is the domain of definition of Ap ,then there are linear operators
B,eL(X,, X, 4) eand cpe'-?”{(xp,xp) such that A 4B +B 44 =
=’ip - Cp for all p2 0 .The converse is also true (see (10] ,Provosi-
tion 2.%).In other words,an essential complex is A~-Fredholm iff the
-identity and the zero morphism on it are A-homotopic.A similar
result holds for essential 7~Fredholm complexes.

2.4. THEOREM. An essential couplex A =(A_)

p’p20
if and only if the identity on A is 7 -homotopic to zero

}_E % ~Fredholm




Proof. If the identity of A 1is 9 -homotopic to zero,it follows
from Proposition 2.3 that the identity on Hp(%Z(A)) is zero for
each integer p >0 and every Banach space 2 .This forces the spaces
HP(%Z(A)) to be zero,that is,the essential complex A is 4 -Fredholm.

Conversely,we shall use an inductive argument inspired by the
proct. of Propoéition 2.3 from [10].We assume that the complex %Z(A)

is exact for every Banach space Z .We shall show that there are

operators QPGZ?{(XP,XP+1) and 9pea?<:ﬁ(xp,xp) such that
(2.2) b B0 & 50 - 9,030,

with @_1::0 swhere Xp is the domain of definition of Ap .We fin&
the operators ep and i% by induction with respect to p .

If p=0 ,then the exactness of the complex %E(A) for Z::X0
shows that we can choose an operator GOGZZ@(XO,Xi) such that
\Aieo - aoéilfyf(xo,xo) .Hence we may dgfine “90:510 - Aﬁeo

Assume now that we have found the mappings eq and 9q for

all g (p .Note that

Ap+1(ip+’i = epAp+1> :'Ap+1 = (1p = i% = epwiAp)Ap+ﬁ

7
= --\) Ap_’_ll_;" ep ,L p+1 %?ﬁ p119 9
by (2.2).From the exactness of the complex '%Z(A) with Z::Xp+1 ;
we deduce the existence of an operator 6p+1€£§€(xp+1,xp+2) such

that Ap+2 ep+1:'1p+1 = GPAP+1 - )%+1 ,where 9p+1€i?(7f(xp+1,Xp+1)

This shows that equations (2.2) have solutions for all p>0 ,
that is,the identity on A and zero are 4, -homotopic.

2.5. COROLLARY. Let A=(A)

0/ p20 be an essential complex and
=




3

--c_)m

let Xp be the domain of definition of Ap .Then A is % ~Fredholm

if and only if the complex {%Z(A) is exact for each Z in the

family (Ap)p;0 X
Proof. It follows from the proof of Theorem 2.4 that equations

(2.2) have solutiong when %%(A) is exact only for those  Z ib

the family (X.)

pipso -

2.6. COROLLARY. Let A'-:(Ap)pze
(L) If & s J-Predbeln,then A

be an essential complex.

()

%, —Fredholnm.

(03]

|

2
167]

(2) If A is Y%-Fredholm,then A is »¢-Fredholm,

— R

Proof. The assertion (1) follows from Proposition 2.5 from [1e},
via Theorem 2.4.

Let us prove the assertion (2) .Let us fix an integer p>0 ,let
Xp be the domain of definition of Ap and let {Xk}k be a sequence

3 e d e = - hV4 D e
in (Ap) such that {Apkg]{657i(Ap¢ﬁ) .1f we choose ep

as in (2.2),we can see thaﬁ {Ap+iyk - Xk}k erC(Xp) ,where ykzzep(xk),
S 3 q o <54 1 e

and hence {yk}kéie (Xp+1) .In other words,the complex 2€(A) is

exact,that is, A is #=t-Fredholm.

The class of essential ¥ ~Fredholm complexes contains the class

of Fredholm complexes,via Theorem 2.4.

+

T !4’[.\)-::;?“'5“ >4 A =
2.7. THEOREM. Let A= (A,), g

Then is Fredholm iff the identity of A and zero are / -~homotopic.

be a complex in the category Banm.

Proof. Assume first that A is a Fredholm complex,that is,

dimm Hp(A)<:&O for every p>0 .In particular,the space R(AP¥1)

is closed and of finite codimension in N(Ap) Let 1y - be a linear
’

projection of N(AP) onto R(Ap+1) .Let also 'ﬁé,p be a homogeneous

projection of Xp onto N(Ap) (see, for instance,Corollary 4.2

s

from [15]).Then 'ﬁp is a homogeneous projection of Xp onto R(Ap+i



9=

[

- where i =a et e ] , anonic
where f, mi,p'ﬁ2,p .Let Cp . xp «epr/L(Ap) be. the canonical

mapping and let gp : XP/N(AP)W«%Xp be the homogeneous lifting

associated with T, _ [15], that is, gpcp:'in - mé,p .We define a

$ L &

mapping epezy%(xpgxp+i) in the following way.Llet

BP+1 : Xp+1/N(Ap+i) = R(Ap&i)
- f Tontyvue ~ s 3 3 5 3 ; 5 ""'1 3
be the bijective operator 1nuucg& by Ap+1 . Then (Bp+1) is a

bounded operator,by the closed graph theorem.Set @ = §p+1(Bp+l)“1'”b ;

p
which is a continuous and homogeneous mapping from Xp into Xp+4
for all p>0 .We shall show that the mappings ep satisfy (2.2).

Indeed,let XEEXp ,where p>0 is fixed.Note that

= -1 4
Bp-1(apx) = (gp(Bp> m )

el (0,(B,)

N) =
(%)

= Gl = x =1 X
gp( o) 2,p¢ )
On the other hand,since ﬂé(X)EER(Ap+1) ,we can write ﬂb(x)::Ap+iv

for some Vv&X .Hence
p+l

Giie il s
Aot ep(ﬂ) - (Ap¥1 %p+1(Bp+ﬁ) 'ﬂp?(k)'—

—r

=1 P « o

% (Ap+1 gp¥1(Bp+1) )(Ap+lv) = (Apfi gp+1cp+i>(v) =

= Ap+1(v & qr2’p+1(v)) & Ap+iv ::’kax)
: Consequently,

Ap+ﬁ, ep(x) + epmﬁ_(ApX) = X = \Dp(x) y Xx&X
and the homogeneous mapping

= - =l - 1

Ve =Wop Tp ( Q (Ap) Wayp> 2,p

ig compact,since the linear operator QP‘N(AO) “’ﬁi = ig-a finite
> & 3

rank projection.Therefore the identity on the essential complex A
is %f&ummtopic to zero,

Convercely,let A be a complex such that its identity and zero

s T O




are jbmhomotonlc Then we can find o>erators @pEEQY(XP,XP¥1) and
9 e K H(x ,Vp) such that (2.2) is fulfilled.By using (2.2),we shall
derive that the complex A is Fredholn.

We first prove that R(Ap) is a closed sqbspaoe of Xp__,l for
every p20 .If this were not true for some p ,then there would exist
a sequence. {yk}1C:R(A ) 5 ¥ = A, (x,) ,such that y, —>0 (k —= 2°)
but dlst(xk,h(AP))==ib forcmll- k (where ndist" stands for distance).
The sequence {Xk}k can obviously be assumed bounded.From the equality

Ap+1 Gp(xk) = @p__,;l(yk) = Xk = 3)p(xk) )

which follows from (2.2),we infer that the sequence {X ~A_ 40 (21)}

e ol Yt kil
contains a convergent subsequence.Therefore,with no loss of generality,
ve may assume that

e ln) s ek (Eeaem)

9%

Then

Ap(x}{ = T+'l 6 (:‘" e Apxk s 0 (k==
so that VGEN(A ) .Hence

aist (1, H0A)) € %y = Apa Bp0%) - vll = 0 (k—>ee),

wvhich contradicts the choice of the sequence {~yk}k ~Shercfore
R(Ap) must be closed for all p=20 .

We now prove that dimg Hp(A)<:00 for- each p @ oIf this yere
not true for a certain p ,then in the Banach space N(Ap)/R(Ap+1)
there would exist a bounded sequence {gk}k which wouldn't contain
any convergent subsequence.Let Xkezgk be chosen such that the
Vsequence {Xk}k be bounded in N(Ap).Then We have
Ap+1 ep(xk) = epwi(Apxk) = Ap+1 ep(xk) = iﬁ(xk) !

as a consequence of (2.2).3ince 55 is compact, . the sequence {yp(xk)}k



containg a convergent subseguence.Therefore

= xk+ R(A

k b ’Dp(xk) +¢H(Ap+i)

p+l
contains a convergent subsequence,which contradicts the choice of
the sequence {%,}, .

Consequently the complex A 1is Fredholm.

2.8 . 00RULIABY.: Let 4 x(Ap) be a complex in the category

p20

Ban]K .The following assertions are eguivalent :

(1) A is Bredhelm ;
(2) A is ¢, —FEredholm;
(3) A is w»~Fredholnm.

Proof. The equivelence (1)<&=>(2) follows from Theorems 2.4 and
2.7 whereas the equivalence (2)&> (3) follows from the results of

[6] or [7] (from which one can also derive the "sufficiency" in Theo-

rem 2.7).
2.9. REMARK. The class of Fredholm complexes is strictly larger

than the class of those complexes that are A -Fredholm.Indeed,let

X1 be a Banach space which contains a closed linear subspace X

2
that is not complemented in X, .Let also XO==X1/X2 IE Ay Eym Ky

|

is the inclusion and Ay :X,—>X is the canonical mapping,thentﬁmacemplexi

§)
A;:(O,A?,AQ,O) is Fredholm but not A ~Fredholm,in virtue of
eTheorem o trem 6] .

It is known that for every essential M-Fredholm complex one can

define an index that is stable under compact and small perturbations,

and coincides with the natural one in the case of Fredholm complexes
(see [20] for details).Therefore,a natural gquestion arises in our
context: Is it possible to assign an index to every essential

N, ~Fredholm complex ? Cf course,such an index should be stable under

small and compact perturbations and coincide with the usual one in

the case of Fredholm complexes.This problem,whose answer is not known !




to the author of this text,is intimately connected with the Problem

5,4 from [71] és well as with the problem raised in [2],Remark 4.8(3),

which have received so far only partial answers (see,for instance, [8]).
. Finally,let us remark that Theorem 2.7 leads to a non-linear

version of a well-known characterization of Fredholm operators.

2.10. COROLLARY. Let X, , X. be Banach spaces.A linear operator

0

Aléiéf(xiyxo) is Fredholm if and only if there exists a homogeneous

operator e,le‘«alf(xo,:%) such that A(LG{L"’lOe‘;ﬂ?{(XO,XO) and

/
018 - LEK AL, X)) -

3. STABILITY UNDER SMALL PERTURBATIONS

In this section we shall prove that the class of essential
®,~Fredholm complexes is stable under perturbations that are small
with respect to the gap topology (see [6],[7], [101,[2] etc. for similar-
results concerning the other types of essential Fredhom comﬁlexes).
Wwe shall rely heavily upon some perturbation results from 2l

Let ¥ be a fixed Banach space over the field K .We denote by
ﬁ?(ﬁ?) the family of all closed linear subspaces of E .The space
fg(ZX) ‘is endowed with the gap topology,which is defined by means of
the functions  §(X,Y) angd g(X,Y) ,where X,Yfo?(ﬁf) (see 9], TV.2.1),

B’L LEMMA. Let X,Y@ff(i{) and let § >8(X,Y) .Then there

exists an operator TEFH(X,Y) such that [[x - T(x)[|<Snxn for

each xe&X .

proof. Let S(X) Dbe the unit sphere of X and et xe3(%) .
Then there exists a vector y &Y such that Hxnyxné § .lLet Vs be
an open neighbourhood of x in 8(X) such that Hv«yx” <5 for
all vev, .The family {Vx}xeS(X) is an open cover of the metric

(and therefore paracompact) space S(X),so that we can choose a



partition of unity subordinated to this cover.In other words,there

exicts a family of continuous and non-negative functions '{f%}m:,r
. o »'1

on S(X) such that supp(Q*)Cfvy for every o & A ,the family of
ol

closed sets {supp(f,)t is locally finite and éz‘ouaA £ (x)=1

ok €A
for all xe8(X) .We define a continuous Y-valued function by the
formula

= g e wesx) .
e A £

where ¥ corresponds to the vector gxezvx ,a8 above.QObviously,
o 5

Il x —’EO(X)“é © for all =xeS(X) .Since llyxllg S+llx) «d+1 ,the
o (-4

function 'CO ig bounded.

We shall obtain from 'UO a homogeneous operator by using a
procedure inspired from [16],Thm.1.2.4e first extend the function Ty
to the whole space X by setting ’Ui(x)zlsxnfco(x/uxn) if x#0
and 'CQ(O)==O . Since *GO is bounded,it is easily seen that T, 1is
continuous on X .Moreover, ’DQ is positive-homogeneous.In addition,
it o0

Ix =T, GOl = I/l - v /DS Sl

and the final estimate also holds for x=0 .
i We shall discuss two cases.If K=R ,then we define

s g ) T

the function T is R-linear, Y-valued and continuous on X.Moreover,
-1 o1
Ix =T €27 I = T ()] + 27 Ix+7y (=) £ B lxl
foriall —weEi .

If K=¢ ,then we define

=1 2 ait

T(x) = (2) x) dt . mEN

it
ef e gk
0 1

It is easy to check that T is continuous, Y-valued and {-homoge~-




neous. Furthermore,

(e 1tz - T

i - vl = et {7 ot :

(e**x)) as| <
L
< (2?7')"“”L g ”eltx mié(eltx)“ ge Sl ,
0 .

and the proof of the lemma is complete.

5¢2. LEMMA. Let X,Yéiﬂ?{@?) .Then for every Banach space 2

we have the estimstes
SO e s T R '
S s, %), T ) )= 0%, Y)

Proof. Let & >9(X,Y) .By the previous lenma ,we can choosge
T e H(X,Y) such that [|x - Tlx)ll < 5%l forall med et
seH(2,X) be arbitrary and let ©=To € #(Z,Y) .Then

loe =@l = sup |s(x) -~ T(e(x)lIs & sup [ < & [l
nxn€l Ixn€d

Therefore 9 (#(z,X),#(2,Y)) £ 9 .gince S (K, 0)s s arbitrary,
we infer easily the first estimate from the statement.

To obtain the second estimate from the statement,we only note
that if o€ X H(z,%) ,then 6 =To € X #(2,Y) .A similar argument
then leads to the desired conclusion.

& 3030 LEDEY‘T:’&& ]‘Jei’ Xﬂvyyiyxz,y2é‘§(%) ’];Lyb S{Le%(}(i’yi) arld
let (:;£ X5,Y,) .Then

S(xi,xg) < (’l.—*-nsin) ©(8,8,)

In addition,if (1-+|s5,]) S(Sa’bi) <1 Sthen

15,1 € (2 = (A+118,1)8(5,,8.))7 ((’wnu,lub*(sg, 1)+ 1841)

This result is contained in Lemma 4.6 from Fo.

3.4. LEMMA. Let X{L,YQ,XZ,Y2€_%(%) ,and let sjez;f(xj,yj)

(j =1,2).We define the operators Mj - 7Z(Z,Xj) -¢-?Z(Z,Yj) by the




equality Mjw-=Sjwr(6%siﬂ(Z»Xj)),wh@rw Z 1s an arbitrary Banach space.

T s

Then we have the estimate §(Mqﬂﬁg)~\ i/? S(ui’s Yo
=15 Lo

Proof. We have,by definition [9],

5(*«190 ZS(G(S{L)H}(S?))

where G(S,)éif7(3f><3?) is the graph of the operator Sj Li=a,2]
Let 5>‘5(u19w?) .By virtue of Lemma 3.1, there exists an operator
??629¥(@(31),G(82)) such that
(3.4) iz, 8,x) -'C(X,S,lx)“é S”(x,,S,lx)” XX,
We fiﬁ an element 5&63?%(29X,) .Then the map

72z —~e>’C(¢’(z) (z))éﬁG(Sg)

is continuous and WK-homogeneous.Therefore it must be of the form

’23(6‘”,1(” "')1 1(4)) & (G‘(Z.),u (7)) y ZEL

where séezﬁ%(Z,XQ) .If we assume that the norm of 3@¢<QF is given

by ”(XQ,XZ)H2=IHXQHE+-HXZNE ,from the estimate (3%.1) we infer that

oz (2) = ep(2) 12+ [ 559 (2) = 8,05 (2)]|° <

<SP oy (2| P+ 15055 (D7) € 52Uy l® + 18,5 11%) pal®
so that
I°

| SER

2 5 lslP e sl

) o=

27 - Sp_%ll2 ¢ 52Uyl P+ 135707 -

Hence
i e 2o o 2
[l (o7, s Mp573 i - (o M,05) [© € 2 8 (o |7 [Hgoy 1)
which leads to the desired estimate.

To state the next lemma,we need a special notation from [2] .

Y, Y, e ce( F). be much that X X and 0¥ il jandilct

et XX 0 g

09
SGE;f(X/XO,Y/YO .Then we set




A L
L O

GO(S) {(fmeg?fx% : S(:\'%XO): 3fJfYOff :

_T.f X«;}xogl YO—.‘ O} 9

then we define

0 : s o oLyt
(%) have similar properties and SEE;f(x/x iy

INER) :S(GO(%GO(D)) :
5.2 ,g

[

O(‘-)i

~
€
IS

e
) = max {5,(5,8, 859} ,
which are computed in <P(&F xXF)

3.5. LEMMA. Let x,i,,yi,xz,yaeﬁ(ﬁf) and let sjegf(xj,y.

5)

(j=1,2) .Then for every Banach space Z we have the estimate

5o (%, (51) Xy (5,)) & 34+ 18 1) max {8(Y,,¥,), 0(5;,8,)}

Proof. Let SQ>S(Y1’Y ) 7l€t S>S(SQ§S2) and let (6’1,9,1)65‘-
GZGO«LZ(SQ)) . Then 9 = 5,65 éi}z 4,1, .By Lemma 3.2,we can choose
Y, EX H(2,1,) such that 'lz@,‘L 5,67 = Yoll<8 100 = 87 | -

With the notation of Lemma 3.4, ( 1,SQG&)€EG(M1).Then,by this

lemma,we can find an element 67 )& G(M gsuch that
A ] 2

12

90)2
2 2 D
oy, - o l° + 8y05 - S,0u0°< 2 BUleyll*+ IS5

If we set B,% 8,05+, S 2,75 ), then (o e ,) €6y, (S,)).

2
In addition,
2 2
oy - o5l + — 815 & oy - I+ sz = 8455 = Y, +

2 2
il s e [IE) +

”f‘“sl(y‘ﬁ = 825‘?“:} 2 S (HG;
b2 Sg 185 - Sg_ﬂll + 4 521 c“,lh + |18, Ty
< 9(a+1s,01%) nax {82, 52} Uox ™10 ,1°) ,

“whence we obtain the claimed estimate.

Let C :<Cp)p>0 be a complex such that the domain of definition
£ is of the form X where X _,Y €9%(% Y & X for
0 Cp 18 ) ! /Yp 5 p’tp gtz D D

all p 20 .let also 0

plp =0 be a complex of the same type,that




7 e

.

2 =~ (o iAo a ~ o~
is, © dsuefived.on % /v Juith T .y &L (H) YT Then
one can define the quantity (2]
et ~ i, ~
5.0 bO(c,c) = sup So(c:ﬁ;c,)) 5
p20 !
N ~ =
with SO(Crgcp) given by (3.2) .We also set [2]

U4 ploe amdglo)
p20 A

where ‘W(Cp) is the reduced minimum modulus of Cp s e
Fredholm,in particular if C is exact,then obviously #(C)>0 .

%5.6. PROPOSITION. Let C and T be as above.If C is exact

D =
and 33 C,Es(i.+“y(c) 2)1/2 <4 ,then T is also exact.

of

Proof. The assertion is a consequence of Corollary 2.12 from [2].

Indeed,let us define the numbers

r :-W(C)mi > max {W(Cp)“i,b‘(Cp+j)m1 } )

A e, % : -
SO": gD(Us»G) > maX{SO(Cp,C )s 80(Cp+i’(’p+ﬁ.>}’

b
il § o
e (1 4 ()25 16)0) 5 owex { (1 (e TR (60 0

(2 +b«(cp+1)"2)"]‘/2 SO(c‘pﬂ_fépﬂ)}

Then we have

S+5,(1+5) a2 <G+ 26
O T e

which@insures, by Corellary 2.142 from [2],that. R(
5 ~
all p>0 ,that is,the exaetness of the complex C .
We can now establish the exactness of the class of ¢ -Fredholm
complexes under small perturbations.We shall denote by ae(a?) the
family of those essential complexes A =(A_) such that

P'p30
Xpéifﬁ(ﬁ?) fior all p >0 ,where Xp is the domain of definition

of .
Ap~

’ }meﬁw




. ﬁf,‘w
| O o

TE a=ln ) SRR

a'd
. are nembers o y (ot e get
P’ p20 p’pz0 members of 'De( L) ,we set

A
(2.5) '5("&,*)“ sup 5“‘&):}3) p
pz0 :

A
where E(AP,BP):fmaE'{g(Ap,B X S(E)gf )} ([9];see also Lemma 3.4).
Let also ‘

(3.6) llAll= sup lIA*_ e sl ) e () .

LD
30 p'p20
2,7« THEOREM. Iet A::(Ap)p)oezae(fi) be ,~Fredholm.Then there ;
v =2 I}'
exists a positive number &, such that if B = : and ;
i a positi unbe: BA wehs that £ B (Bp)pzoesge(&:) and

E?(A,B)<’SA ythen B is also %-Fredholmn.

Proof. Let Xp be the domain of definition of Ap and let : |
(ep)pho be a fixed family of homogengous operators such that i
g, HA X q) and b ol A e ﬁ_pe:]{%(xp,xp) for all p30
(which exists by Theorem 2.4).With no loss of generality we may
assume that 7%(A,B) is small enough go that

: = et |
(s Carllsr el <0 ;
In particular, (1'%HA D) S(B A )572"1‘,and hence %

IB )t € (@ = (@+lah) 50 HQ,AP))"1(<G.+~HAPH) 5 (B, a0+ 1A, 1) <

<2027+ a ) = aralal
by Lemma 3.3.Therefore

(3.8) lIBll=sup Hﬂpu Lol ' |
p>0

Tet: 7 lbe a fixed Banach space.With - (8 )p>O as above (note
that @p::o for all but a finite family of indices),we have

-1 S pdies

Z Q) / )

(.)"./1 K(X/Z(A/)
where r==maX{n8pM . p>0 FoIndeed,lot €50 -be given,let
GYEN(%Z(AP)) for some p and let Gk)éicﬁ'be such that

lleH < (A+&)lls|l .Then,from (2.2)



N, (840 (6, o7 + K H(2,% sl B
Moreover,
16, o +3’x?C(M: ,jjn < |18, spll € A+ Jo_lls) -

Using the definition of BAQ%Z(AP+1)) y,we deduce that
F a7 € @At h

gince £ >0 1s arbitrary,from the last estimste we derive easily (3%.9).

Next we prove that
< ‘ = peds
(3.20) & (R, (4),%,(B)) € L2(1+ AN 3(AB) .

Indeed,by Lemma 3.3,

o A =
%( P Yp)~é (1+ max {HAphyuBAIG) 5(A ’Bp)‘é

: A '
< +ma}:{“,&n, IBI}) @(4,B) £ 21+ 1alp) 5 CaBE
vhere we have used (%.8).Therefore,Lenma %.5 and the above calculation
show that

A
8o (M (a5 (B)) & 302+ max{ya i, [IB,11]) X

P
A

Yo ) 8(AB )Y <

>(H3X{6(A ;

p-1 3
é'iQUl+HAH)“5(A;B) ;
where Yp is the domain of definition of Bp ,which obviously leads
Po (200
To obtain the final conclusion,we intend to apply Proposition 3.6.
Note that

(5.1%) B%O(O(,Z(A) 9‘XZ(B) Lt %(M )-—2)'1/2 <

Ao
e o
which is given by (3.9) and (3.10) .Hence,if
st a 5 : panifo b
(a2 2ol Al (1%«maxﬂ9pﬁ ) DA 1
p
then,by Proposition 3.6,the complex IWZ(B) is also exact.Since the

B R e SN



.

-20=~

coefficient of %(A,yB) i (3.12) doeg not depend ‘on 7, the
fulfiliment of (3.42) (provided (3%.4) is also fulfilled),implies
the exactnegs of %7(),’) for every Banach space Z ,that is,the
essential complex B is K -Frecholm.

2.8, COROLLARY. The family of Y -Fredholm complexes is open

Tt
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