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A FoRs[AT. RE$]RHSEEI?ATI{0N CIF FLCIgvcFlAgtr scHEIt{Es

bV

virgi l -Emit  c iz,{nESCU, Gheorghe FTEFXNHscU

This paper is included in a sequenee of papers (beginning n,i th Ib,6J) where we
intend to give a new foundation of the algebraic theory of mult i- input/muit i-exit
f lowehart sehetres. The main new feature of this approaeh is the use of a new operation
modeli ing eyeles, ealled feedbaek [14, 15h more preeisely we believe that the basic
operations on flowchart sehemes are compqsltign ", (separated)
whieh pietorially look as follows

sum + and feedbagE f,

b a

I I
f*t\
+-J' l+

c a

In. the present paper the natural formal representation of f lowehal! sehqnss i l

:  we introduee an algebraie strueture
(called f low) sueh that the algebra of f lowehart seherne representations, obtained using

" statements in a dotrble ranked set and eonneetions in a f low is a f low having a universal
property similar to the universal property of polvnomials"

In order to motivate our representation of f lowehart schemes let us consider the
fol lowing example. The f lowehart scheme in Figure 1 (a) may be rearranged as in Figure
1 (b).

In order to obtain the seheme in Figure 1 (b) we use the fol lowing methocl:
a) we put al l  the statements in the f irst picture in an (arbitrary) l inear order; in

our ease this l inear order is x (top), y, z and x (bottom). (Tfr is l inear order, ineluded in
an art i f ieial way, generates the difference betrveen a f lowehart seheme and one of i ts
representat ions,  namely a f lgwchar t  seheme is  the set  o f  q l l  the rqpr
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F igure  1 .  The
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(CI - . )

standard forme of a f lowehart s'eheme

obta ined put t ing d i f ferent  l inear  orders on the s tatements of  the scheme.) ;

b) we draw t lre reetangle f and its extermal eonneetions as fol lows: the arrow i. ,

giving the input into the scheme; the arrow 2, giving t lre output from the sehetne; the

arrows 3 whieh eonneet al l  the exits of the statements to f l  and the arrorrys 4 whieh

eonneet f to al l  the inputs of the statements;

e) we draw the arrows irrside the reetangle f is sueh a way that the eonneetions

are the same as in the f irst picture.

Putt ing InJ = {1,2,.. . ,ni for every nonnegative integer n we remark t lre reetangle

f  eonta ins a funet ion

f : [n + o(xyzx)J -+ [p + i(xyzx)l

where n = i  is the number of the inpirts into the sehenre, p = 1 is the number of the exits

frorn the seheme, o(x5'zx) = 5 is the sum of the exit numbers of the staternents and

i(xyzx) = 4 is the sum of the input numbers of the statements.

Thus using Figure 1 (b) the f lowehart seheme in Figure 1 (a) is represented as the

ordered pai r  (xyzx,  f )  or  as the formal  express ion ( ( r ,  +  x  + y  + z+ x) .  f )+4,  where f  is

t lre funetion which maps 112,3r4r5,6 into 2,3,4,5,3,1, respeetively. The type of the

scheme is correlated with the type of f .  For example, for a part ial scheme the

reetangle f is a part ial funetion and for a nondeterminist ie seheme f is a relation.

Notiee that our representation differs from ail  representations of f lowehart

sehemes  in  [1 ,3 ,9 ] .

In the sequel we use a more general franrework. The monoid M is the rnonoid of



sorts. Its neutral element is denoted by ).

Its neutral elernent is denoted by 6 ' We

b) For (x, f )  ef  t* ,g(a,b)

(x,f) . (y,g) = (xY, (1u +

- 3

The monoicl X is the monoid of stat 'ements'

assume that i  :  X-+M atld o: X*iM are two
i
il

monoid morPhisrns'

The part icular eases of interest are: the rnonoid M ls freely generated bv the set

o f s o r t s ( i n t h e a b < l v e o n e - s o r t e t ] e x a m p l e , M i s t h e a d d i t i r l e m o n o i d o f n o n n e g a t i v e

integers) snd the monoid X is freely generated by the set of statements' For every

xex,i(x) gives the number and the sorts of the inputs of x while o(x) gives the number

and the sorts of the outPuts of x'

In this more general frameworl< we have to work with representations of sehemes

as ordered pairs. The earc'rus using formar expressions (in the part ieurar ease when X is

a freeogetrerated monoid) is brief ly presented in If  5] '

dX ^^^^+^+ inno  n f  f l nu rehs r t  sehemes  ean  be  de f i ned- N o w , t h e a l g e b r a o f f o r m a l r e p r e s e n t a t i o n s o f f l o w e h a r t s c l r e m e

as folkrws. Let B be an ]\4-f low (cf. definit ion 1'4 below)' For a'b€M we define

Fl-, ,(a,b) = {t*, f) f  xGX, f  e B(ao(x) 'ui(x))3 '

o,luiu,r"n, (x,f) €Fl",g(a,b) is said to re*resen-t*a flow-ehart sehepe from a to !

wi th  s ta temen  i  ! . , -  + r ^^ r *  ̂ i a r r r r r : r

#ff;;ions on seheme representations together with tlreir pietura'i

motivat ions are:

a) For (x, f )e Flr ,u(a,b) and (y 'g)GFix,6(b'e) tne eomposi tq is

t*',f l '  (y,g) = (x-v, (f + 1o(v)X1b + i(x)a>o(y)Xg + 1i(x)X1c + i(y)<+i(x))

and (y,g)€Flr,u(e,d) the suln is

eoo(x) + 1o(y)Xf + gXlp + i(x)+d + 1i1u;))

I
t
I

I

I

I
t
t

I
I
I

I

I
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e)  For

(x,f  ) te

(x,f) € Fl*,r(ba,ea) the r!g!!-[999!99]i is

= (x, ((1b + o(x)+ra) f (to + a*ei(x)))' la)

- 4
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o)  For  every feB(a,b)  we def ine EB(f )€F1", r (a ,b)  by Er( f )  =  (s ' f ) '  l lenee in

Ut" ,U we have by def in i t ion 1"  = Er(1u)  anc i  a+b = EB(aerb) '

using these operations we prove that F1",, is an M*flow, preserves the M-flovv

strueture of B and has a universal property (theorern 2.b.5 .below) similar to the

universal property of the poiynomiais r ing R[X] over the ring R.. We emphasize that the

role playe<l by ( integer, rat ional, real, etc.) numbers in the ease of polynomials is played

in the ease of representations by some elasses of f inite relations (bi jeetions, injections,

ete. ) .

1. FLO$IIS

In this sect ion an algebraie strueture (eal led f lour) is introduced; i ts basic model

HI
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is the algebr"a of f lowchart sehetne representatiorrs, presented in the introduction" In the

acyclic ease (i"re. the restr ict ion clf this algebraie structure to composit ion and sum) this

algebra is n,eaker than a str ict monoidal category v,rhielr extends Sur (the theory of

surjeetivc functions) used in l9l,  in two respects: ( i)  an axiom used in a str iet monoidatr

category Irt ]  is vueal<ened; ( i i)  the present algebr"a slrould extend only Bi (the theory of

bi jective funetions). trn the eycl ie ease, t l ie axioms used for feedbaek are the

translations of those used for i tcrotion in an algebraie theory with i terate [4] - see the

Appendix beiow.

Let 1\4 be' a rnonoid and E a category having as objeets al l  the elernents of M'

Suppose E in endov,'ed with an operatiop +, ealled surt

+ : B(a,b) x ? (c,d) --} (ae,bd)

defined for every a,b,e,d in Ivl.  consider the fol lowing axiom used in a str ict monoidal

eategory lvhielr relates eomposit ion to sum

CS.  ( x+  fXg+  5 r )=  xg+  f y  f o r  x6  f r1a ,b ) ,  ge  8 (b ,c ) ,  f  e  8 (a ' , b ' )  andyeg(b ' , e ' )  '

Sueh an axionr is not val id in the algebra of seheme representations, mainly sinee in

passing from left to r ight ' the l inearly ordered vert ices in f are permuted to those in g;

however, the restr iet ion of cs to the ease when f or g has no internal vert iees is val id'

This eomment may also be applied to the axiom 84 below.

A categorv ti as above is said to be an I\4-wsmc (weal< !-tr:iet rlonoiQSl-sg!9g9ry)

if  + fulf i ts the fol lowing axioms:

W l " ( f + g ) + h = f ' t ' ( g * n )

W 2 " f + L t  f = 1 X + f

W3"  1a  o  1b  =  l ub

W4. CS restr ieted to the ease f 9I g is an identity'

A str iet monoidai eategory (as clefined in t l1l) is equivalent to a weak str iet

monoidal category whieh fulf i ts CS.

* In an M-wsme only (a copv of the set of) identity funetions can be obtained from

the dist inguishecl morphisms 1", but in order to define operations in Fl*, g bi jeetive

functions must be embedded in v , For this we add some dist inguished morphisnLs

aElb€% (aU,ba), cal led "bloek transposit ions" and sotne equations:

8 L . a q b " b e l a = 1 a b ,

82 .  abe rcd  -  (1u  *  boe  +  16Xa+re  +  ba rdX l . ' l - aed  +  tO) ,

B B .  a < r ) ,  =  1 u =  ) < + a ,

84.  a+>b -  ( f  +  g)  = (g n f ) '  eerd,  for  every f  e f  (b ,d)  and g€ Yb'd '

An IVI*wsrne is said to be an M-birel (bi jective re]ation) t6l i f  the dist ingtr ishecl

morphisms aeb fulf i l  B1-83 and if  cs and 84 hold when f g9 s are of the type a+b' In

[6]  i t  was proved that  b i jeet ive funet ions are embedded in  an M-bi re] '
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1,1.. UEFINITION" A sehematie i l I-birel is an M-birel B fulf i l l ing for every

f  €B(a,b) :

eod+' f  =  {1*o + fXeod + 1b) ,  a  par t icu lar  ease of  Cs,  and

a<re ' (1 *  r ' 1 ;  =  ( f  +  t r * ) ' b< ->e ,  a  pa r t i cu la r  ease  o f  B4 '  H '$

Proposit ion 1.3 helow shows that a schematic M-birel is an A{-birel in whieh CS

and B4 hold with a rareal<er restr iet ion: f _o*g g is of type a+rb.

Note that a selrematie l l t-birel which fuif i ls CS is a str iet monoidal eategory

whieh extends tsi.  Hence a sehematic l \4-birel is more general than a str iet monoidal

category which extends Sur, as useci in [9J.

Let B be a schematie 1\4-birel. A eomposite of morphisms of the type

1^ + b<+e *  l ,  is  sa id to  be a b i rnor f ism.  We def ine a re la t ion C on morphisms of  B
A U

(giving the pairs of morphisms whieh satisfy CS) as fol lows:

g C f  i f f  ( 1 u + 1 ; 1 * +  1 d ) = g +  f

where f6B(e,d)  and geB (a,b) .  Comput ing ru les for  C may be found in  t6 l .  A s imi lar

re la t ion may be in t rodueed g iv ing the pai rs  of  morphisms wlr ieh sat is fy  84.  Lemma L"2

belovr shols that both v'rays give the same relation.

Note that  for  f  €B(c,d)  and geB(a,b)  we have

85.  aoe "  ( f  +  S)  = (1u + fXg + tO)  -  b<+d.

'  1 .2.  t rEf ITR'TA" In  a .schemat ie  M-bi re}  B,  for  every f€B(e,d)  and g€B(a,b)  the

foi lowing eondit ions are equivalent:

a ) g C f ,

b) aec " (f  + tr) = (g + f) .  b+rC,

e) e*+a " (g * f) = (f + g) " d€)b and

d ) f c g .

. Proof. Using 85 and 81 we deduee that a) is equivalent to b) and e) is equivalent

to d). The equivalenee of b) and e) fol lows from Il1. f f i

1 .3 .  PROPOSITION. In  a schemat ie  I \ { -b i re l  i f  f 'e  B(a,b)  or  f  e  g(e,d)  is  a

b imorphism then f 'CI f .  Henee,  bv Lemma 1" ,2 a1>e "  ( f  +  f ' )  =  ( f '+  f ) .  UeC.

Proof. Bv Lemma 1"2 onlv one ease, sav f is a bimorphisrn, is to be studied. The

axiom CS restr icted to the case g = a<tb shows that a+rb C tu o f,  t f tereforc;

1 u * " * r b + 1 v C f .  S i n e e  h C f  a n d  h t C f  i m p l v  h h ' C f  a n d  e v e r y  b i r n o r p h i s r n  i s  a

eomposite of morphisrns of type 1u l '  ae>b + 1v the result fol lows. f! f i



1.4. DEFINIT'ION. An M-flow B

d

" T

is a schematie N1-birel in which a r ight fer:dbael<

_tu  r  B(ba ,ea) -+B(b ,e) for a,b,ee l\4

is given, fulf i l l ing the fol iowing eondit ions.

eThe feedback is context*free.

F la.  ( f  4a)g = ( f (g  + 1a))  +4,  for  f  €B(ba,ea)  and g€B(e,d) ;

F1b. g(f f u) = ttg * rll f a, for f €B(ba,ea) and ge B(d,b);

F2a-weak. 1d * f  4 'u: (10 + 1; ' f  a, for f€B(ba,ea) and dclvl .

e The ttvectorialt '  feedbaek ean be expressed in terms of the ttsealar" one.

F3a. f ' { 'ab = (f +b)ta for f€ B(eab ,dab).

o Part icular bloeks ean be shifted on feedbaek.

F4weak.  ( f (1"  + g))44 = ( (1b+ gX)fd for  f€B(ba,ed)  and geB(d,a)  rest r ic ted to

blocks g of the tyPe uov.

e The feedbaek acts on the dist inguished morphisms as fol lows:

F5weak.  t " f  
t  =  1t r  i

FG. aeata = 1". f f ig

The fol lowing proposit ion eomplets the formal motivation for the verbal

condit ions.

1.5. pROpOSITION (propert ies in an n4-f low). The fol lowing trold in an M-flow B:

F2a.  g + f  4a = (g + f ) f  a ,  for  g€B(e,d)  and fGB(ba,ea) ;

FZb.  f  fu  *  g  = ( ( rO + da2aXf  + gX1" + a<+e)) fa ,  for  f€B(ba,ea)  and geg(d,e) ;

F3b. f f tr = f;

F4.  i f  f  C g then ( f (1c *  g) ) fu  = ( (1b + g) f ) '1 td,  for  feB(ba,ed)  and g€g(d,a) ;

Fs .  ( f  +  1a ) ta  =  f .

Proof. F2a. g * f f a = (g * 1bx1d + f +a) = (g * 1bx1d + f) ta =

= ( (g  +  1bax1d +  f ) ) fa  =  (g  +  f ) fa .

F 2 b .  f  4 a  +  g =  ( f  4 a +  r o X r "  *  g ) =  b * r r J ( r O +  1 ' f  a ) . J o t e  ( 1 .  +  g ) =

= ((bad + taXlc l  + f ) (dere + 1ax1c + g + 1")) fa =

= (( to *  0.")  uaeo (1d + f )  d<*ca (r"  + 
"*o 

(g *  t " ) ) ) fu =

= (( tO + d+raXf + 1dx1ca + gX1" + a<re)) fa = ((1U i  O<aaXf + gX1" + aere)) f  
a

F B b .  f f }  = ( f + 1 1  ) f X  = f r  l r f l  = f + 1 ) .  = f .

F4. ( f (1e + g))  f  a = ( f ( t "  *  d1d +dxt"  + g)) fa =

=  ( ( f  +  1 d x 1 e  +  d + ) d x t .  *  g  *  1 d ) ) 4 o {  u  =

= (( f  + 1dx1ed + gX1. i  aoru))  f "uo = (( to + d+raXlou + gXf + 1a))  *01=

= ((1b + g + 1ax1u * loaXf + 1a)) f  af  d"= ((1b *  u i l lo  *  a<ta+bl f l f  d = ( (1n n gX)td '
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F 5 . ( f + 1 - ) + & = f + 1 4 4 = f  ' '  - r  B m
* & ,  1  - r . l a ' l '  - r ' r l x - r .  H ! {

In an I\4-fiow B vue define the le.tt feedbaels

{  "_ t  B(ab,ae)- }B(b,e)

for every fe B(ab,ac) by

F ? .  f a f  = ( b e r a " f  . a o e ) f a .

1.6. PROPOSITION. (propert ies of the left feedbaek). In an M-flow B the

following hold:

FLa'. ( 4af)g = ,f  a(f(1a + g)), for f  € B(ab,ae) and g€B(e,d);

Flb'.  g( 4 af) = 4.4((1a + gX), for f  e B(ab,ac) and g€ B(d,b);

F2a'. 4 af + g = 4 a(f + g), for f€ B(ab,ae) and ge B(d,e);

fzb ' .g  + 4af  = ta( (a<+d + lUXg + fXeoa + 1e)) ,  for  fe  B(ab,ae) ,  ge B(d,eh

FBa'. f abf = 4b( taf), for I€ e(aoe,auo);
r'3n'. 4\f = f;
F4 t .  i f  f  C  g  then  fa ( f (g+  1e ) )  = fd ( (g+  l b ) f ) ,  f o r  f €B(ab ,de ) ,  g€B(d ,a ) ;

F5 ' .  4a(1a + f )  =  f ;

F6 r .  t aaea  =  1u ; .

F?t  f  4a = fa(aerb .  f  .  eea) ,  for  fe  B(ba,ea) ;

Fs.  (  +bf ) f  a  =, [b( r4a) ,  for  f€B(bea,bda) .

Proof. Easy, using the definit ion of the left feedbaek and the eorresponding
propert ies of the r ight feedbaek. We only prove F8:

( tb f l  4a  =  (eaob  -  f  .  b<oda) fb fu  =  (eaob .  f  .  b< . rda )  f "b  =

= ( (1"  + b<+a)  eaeb -  f  -  b<ada (1n + uoao))+ba =

= ( (eob+  laX(noo+  1a ) ) fu f  b I  ( " . r0 ( f  f u l  be rd ) fb= 'hb ( t f  a ) .  f f iS

The eoneept of M-flow may be introdueed using a left feedbaek and taking

*FLar -  F6 r in  p ropos i t i on  1 .6  as  ax ioms .  Us ing  F? ' i n  p ropos i t i on  1 .6  as  the  de f i n i t i on  o f

the eorresponding right feedbaek and an easy eomputation one ean prove that sueh a

strueture is an M-flow.

Also, the concept of M-flow may be introduced using both feedbaeks. i te

mention the fol lowing equivalent axiomatie system lf ta, F1b, F2a-weak, F3a,

F5 -weak ,  F6 ,  F?  and  F8 ] .

1.?. DEFINIIION. Let B and Br be two l\4*f lows. A functor l I  :  B -*B' is said to be

an M-f lo lv  morphism i f

a) H(a) = a for every a€l\ ' \ ,

b) H(f + g) = H(f) + H(g) for every fe B(a,b) and ge B(e,d),
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e) H(a<+ b) = a<l b for ever5r a,be M and

d) II(f  4a) = H(f) 4a for every f € ts(ba,ea).

When we work with the left feedbaek, the last condit ion is replaced by

H( f af) = f an(f) for every fe B(ab,ae). ffffi
In the sequel the category of M-flows wil l  be denoted by Fl*.

The eoneept of algebraie I\ t l- theory Ig] is the extension of the eoncept of man.V-

sorted algebraic theory to the ease when the objeets in the eategory form an arbitrary

monoid (not a freely generated one as in the case ofrsorted algebraic theories).
.rr.o"t

1.8. DEFINITION" An alEebraie M-theorv T is said to be with i terate, i f  an

i terat ion
t : T(a,ab) -+ T(a,b) for a,beM

is given fulf i l l ing

I0. (f(1^ * e))t = ftg for every f €T(a,ab) and g€T(b,e),
a "

It.  f  <ft, t^) = ft  for every f €T(a,ab),
a f u

12. f '  | = (f((la,tra> + 1b)) for every f€T(a,aab),

13. (gf)t = g(f(g + 1o))t for every geT(b,a) and f€T(a,be). m

tlt"f, {.t f*.$, Suppose T in an algebraie M-theory. I{e reeall that + is the usual separated sum.

For a,b€ M we have by definit ion

*  B(*b = (00 + 1a,  1b *  0a>.

A routine computation slrows that T is

may be found in the Appendix. We only

4 af  = (0"  + 1o;11(1a *  0b + lc) ) r ,

f t  = fa(a\ta " f),  for feT(a,ab).

As every cu-eontinuous S-sorted algebraie theory is an algebraic S*-theory with

iterate, theorem L.9 gives a iot of examples of S*-f lows. We are only interested in two

known examples of this type.

The f irst one is PfnO (tne ADJ group uses lhe notation SumO I1l) where

A  =  
tA , l se  S  i s  an  S -so r ted  se t .  I f  a€S*  then  l a l  c l eno tes  i t s  l eng th  and  fo r  i e  I  l a  l ]

For a free monoid this coneept was introdueed in [4] using another set of axionts

(see [12]  for  the equiva lenee of  that  ax iomat ie  system wi th th is  one -  I4 t  used in  [12]  is

a part ieular ease of I3 above).

1.9. TIIEOREII. Every algebraie M-theory is a sehematie M-birei. I f  T is an

algebraic M-theory then T is with i terate i f  and only i f  T is an M-flow.

a sehematic M-birel. The remainder of the proof

mention the definit ions

for  f€T(ab,ae)  and

ffiH
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the  i th  te t te r  o f  a  i s  denoted  by  a i  .  Le t  A"  =  [x , i ) l  ie f  Ia l  l ,  xeA" .1  .  bor  a ,beS* :
t l i

l r the morphisms in Ffn6(a,b) are those part ial funetions f from An to AO whieh

preserve sor ts ,  i .e .  f (x , i )  =  (y , j )  impl ies u i  =  b j . l (

PfnU is an 6-eontinuous S-sorted algebraie theor5r, hence PfnO is an S*-f low.

This is the standard semantic model for the determinist ic S-sorted f lowehart sehemes.

l . l0.PROIIOSITIOI{ (feedbaek in PfnO). For f €PfnO(ab,ae) and (x,i) ea' we have

( f  atxx, i )  = (x ' , i ' )  wi th (x ' , i ' )  e A"

if and only if

there exist  n )  0 and (x ' i r ) ,  . . .  , (xn, in)e au sueh that

(xu,iu) = f(xu-r,iu-r) for every ke [n + 1]'

where (xo, io)  = (x ,  la l  +  i )  and (xn+1: ina1)  = (x ' ,  la l  +  i t ) . ffi

The seeond example is PStra. For every a,b(.S*,

l l

" Pstrr(a,b) is the set of al l  part ial funetions f from t lal I  to t I  bl I  such that

f( i) = j  implies ui = bj. t t  
, .r,

I{'e may think of PStr, as a partieular ease of Pfn6rdA, is a singleton for every

s€ S. This viewpoint leads to the fol lowing eorol lary.

1.1{.COROLLARY (feedbaek in PStrr). For f€PStrr(ab,ae) and i€t lbl I  we have

(  ta fx i )  =  j  where j€ t  le l  l

i f  and only i f

t he re  ex i s t  n  )  0  and  i y i 2 ,  . . .  , i n€  t  l a l l  sueh  tha t

x , .  =  f ( in- r )  for  every kC[n + 1] ,

where  io=  la l  +  i  and in+1 =  la l  +  j .  f f i

1.le. COROLLARY (scalar feedbaek in PStn*). Let f€PStrr(sb,sc) where s6S.

F o r  e v e r y  i e t l b l l  a n O  j € t  l e l l

( f 
srxi) = j if and only

+ i ) = 1 + j  o r

+ i ) = 1 a n d f ( 1 ) = 1 + j .  f f i

' { : : :

Let In, be the subcategory of PStr, rvlr ieh eonsists of al l  injeetive funetions in

PStrr.

1.13. PROPOSITION. If f elnr(ab,ac) tfren 4afe Inr(b,e). W
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1.14. coRoLI"ARY" In^ is an s*- f low"
b

Let Bi, be the subcategory of Xn, whieh consists of a}l bijective functions in trn*.

1"15. coRoLLARY" I f  fe Bis(ab,ae) then tafe nir(n,e).  m

1.16,  TI IEOREM. Bi ,  is  the in i t ia l  S*- f tow.

Proof. By corol lary 1.15 Bi, is an S*-f low'

Let  B be an S*- f low.  in  [6 ]  we proved that  there ex is ts  a unique functor

FI :  B i r -+B sueh that  l I  sat is f ies the eondi t ions a,b and e f rom def in i t ion 1.?.

We sti l l  have to prove that H( fuf) =+sH(f) for every fe Bir(sa,sb) where s€S.

If f(1) = 1 then there exists g6Bir(a,b) such that f = 1, * g, therefore tsf = g" In

eonclusion fsH(f) = fs(1s + H(g)) = H(g) = H( fsf).

I f  f ( 1 )  l 1  we  beg in  w i th  some no ta t i on :  f (1 )  =  1+  j ,  f ( l  +  i )  =  1 ,  a  =  a t sa "  where

l a ' l  = i - l  a n d  b = b t s b ' r  w h e r e  l t i l =  j - 1 .  S i n c e  t h e r e  e x i s t s  h € B i r ( a ' a " , b ' b " )  s u e l t

that

f  =  (1,  + ar+rs l -  1u, ,Xsals  + hXls  + serbt+ 16, , )

F".TNqK

we deduee that

{ s f = ( a ' < ; s +

therefore

t u , , U r , + h X s o b ' + L b ' , )

{ tn(r)  = (a '+rs+ lu, ,X f t . .s+ H(h)Xsgbt* 10,,)  = H(f  sf) .  f f i l

1.1?.  COROLLARY. Let  B be an Sx- f low.  I f  feB(ab,ac)  is  a  b imorphisnr  then

faf is a bimorphism. ff i

2. THE ALGERRA OF FLO&TC}IAN,T SCHEME iI,EPRESENTATIONS

In this seetion \^/e prove our main teehnieal resuit.  This result shows in part ieular

that the axioms used for feedbacl< in a f low (or equivalentl5r, for i teration in a theory

with i terate) capture preeisely the faets needed in order that the natural interpretation

of f lowchart seheme representations preserve the operations. Note that from this

theorem large par ts  of  the proofs  of  t l re  main theorerrs  in  [7 ,72,  13J regard ing the f low

strueture of f lowehart sehemes and the preserving of the operations foi lows direetly.

2. a. SYIITAX. We ha.ve seen in the introduetion that a f lowchart seherne

representation is an ordered pair. We spli t  these pairs and we obtain two funetors useful
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for our goal" The eategor:y of rnorroids is denoted by Mon; reeall that Fino denotes the

category of M-flows"

2. a. I .  The funeton Q : Mon +FlM

Let X be a monoid and let €. be its neutral element. The M-fiow Q(X) is defined

by

Q(a ,b )  =  [ (a , x ,b )  f  xex ]  f o r  eve ry  a ,bG M,

eornposit ion: (a,x,b) (b,y,e) = (a,xy,e),

ident i ty :  1u = (a,  6 ,a) ,

sum: (a,x ,b)  + (c ,Y,d)  = (ae,xY,bd)n

bloek transposit ion: ae> b = (ab,€,ba),

left feedbaek: fa(ab,x,ae) = (b,x,e),

r ight  feedback:  (ba,x ,ea) ' lu  = (b,x ,e) .

I f  h :  X+Y is  a monoid morphism then the M-f low morphism Q(h)  :  Q(X)+Q(Y) is

defined by Q(hXa,x,b) = (a,h(x),b).

2. a.2. The funetdi" K : FIM-+ FIM

For a schematie M*birei B we define a sehematic l \{-birel I{(B). The morphisrn of

K(B) ale defined for a,bg M by

K(BXa,b)  = 
{ { f , i ,o)  |  i ,o  e M,  fe  B(ao,b i ) } .

For (f, i ,o)€ I{(BXa,b) and (f ' , i ' ,o')€ K(BXb,e) we define the eomposit ion by

(f, i ,o) (f ' , i ' ,o') = ((f + lo,Xlb + ieo'Xf'  + 1iX1e + i '+r i) ,  i i ' ,oo').

A routine eomputation shows that eomposit ion is associative.

For  fe  B(a,b)  we def ine IB( f )€K(BXa,b)  by

Is ( f )  =  ( f ,  I , l ) .

We mention the fol lowing eomputation rules:

(f, i ,o)IU(f ')  = (f(f '  .+ 1,), i ,o)

Iu(fXf ' , i ' ,o') = ((f + 1o,)fr, i ' ,or)

It  fol lolt 's t lrat 1" = Ir(1") is an identity morphism, henee K(B) is a eategory.

For  ( f , i ,o)€ I<(BXa,b)  and ( f ' , i ' ,o ' )€K(BXe,d)  we def ine the sum bv

( f , i ,o)  + ( f ' , i ' ,o ' )  =  ( (1a + ee+o + 1o,Xf  + f tX lU + ie ld  + 1. , ) , i i r ,oor) .

We nrention the part ieular ease
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r  / f \  +  / f t  ; r  O t )  =  ( f  +  f t , i t , O t ) "I B \ r /  \ r  , t  9 v  /  \ '  L  9 " v  t '

A rout ine eomputet ion shows that  K(B)  is  an M-wsme"

For every a,b€ IVI we define

a d + b = I r ( a * > b ) ,

' '  I t  is easy to show that K(B) is a schematie IVI-birel.

Let B be an Nl-f iow. lVe define in K(B) t i ie feedbaeks by

t 
a(f, i ,o) = 1 ' f  af 

, i ,o) for (f, i ,o) g I((IJXab,ae)

( f , i ,o) f  a  = ( ( (1u *  oeraX(1o { -ae 1; ;  , fa , i ,o)  for  ( f , i ,o)e l ( (BXba,ca) .

A routine eomputation using the left feedbael< shows that K(B) is an M-flow and

I ,  :  B +K(B)  is  an M-f low morphism.

I f  H:  B. )B '  is  an M-f low morphism we def ine the iV l - f low morphism

K(FI) :  I{(B)+l((Bt) for (f, i ,o) in I((B) by

K(HXf, i ,o)  = (H( f ) , i ,o)

I t  is  easv to  show that  K:  F lnn*)FI ,  is  a  funetor  and that  I  :1r r .+ K is  a  natura l

t ransformat ion.  
^ ' [ / l

2. a. 3. The isl-f]"ow of f,lowehart scheme representations

Let B be an l\{-f lour and X a monoid. Suppose we are given two monoid

morph isms  i  :  X -+  M and  o :  X - )M.

The eartesian produet Q(X) x K(B) is an M-flow. The operations are performed

eomponentwise.  For  a,b€M lve def ine

P(a,b)  = [ ( (a ,x ,b) ,  ( f , i (x) ,o(x) ) lxe X,  ( f , i (x) ,o(x) )e K(BXa,b) ]  .

i  Sinee P is a subset of Q(X)XI((B) whieh is elosed under eomposit ion, sum, feedbacks and

* eotrtains L" and a.4">b for every a,be N{, i t  is an l\4-f low.

.  
The funet ion t l - ra t  maps ( (a,x ,b) ,  ( f , i (x) ,o(x) ) )€P(a,b)  in to (x , f )€Fl" ,U(a,b)  is  an

- isomorphisrn with respeet to composit ion, sum, feedbaek and constants 1u and a<+b,

t l-rerefore Ut*,, is an i l4-f lon'.

We recal l  that  EB(f l  =  (€, f )GFl" . r (a ,b)  for  f  €B(a,b) .  I {e  ment ion the fo l . lowing

eomputation rules

(x, f )Eu(e)  = (x , f (g  *  1 i ( * ) ) )  for  (x , f )€  FI" ,U(a,b)  and geB(b,e) ,

Er(fXx,g) = (x,(f ' t  to1*;)S) for f €B(a,b) and (x,g)e Fl",g(b,e) and

EB(f )  + (x ,g)  = (y , f  +  g)  for  f€B(a,b)  and (x ,g)6-Fl " , r (c ,d) .

l fe  deduee that  EU:  B-)FIX,B is  an M-f low morphism. IVe eol leet  these faets  es the
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fol lowing theorem.

2' a" 4' TF{EoREIvl- I f  B is an M-flow, then tt*,,  is an l\{-f low whieh prescrves
the f low structure of B. ff i

2. b" $EII{ANTICS. Note that for an Nf-frow B the strueture (8,.r,1r 1 is a
monoicl

2.b.L.  DEFINITICIN.  Let  B be an I \4- f iow.  A monoid morhism I :  X_+B (B having
the above monoid s t rueture)  sueh that  l (x)eB( i (x) ,o(x) )  for  every x€X is  sa id to  be an
inte_rpretation of X in B. ff i

Suppose the monoid I\ '1 is freely generated by S. Consider an S-sorted set A giving
the sorted set of memory states in the underlying computing deviee ancl an
interpretat ion I  :  X-+pfpO.

'  Let  H :  PStru+pfno be the s*- f row morphism def ined for  fep$tru(a,b)  by

H(fXx,i) = (x,f( i))

where  i e  I  l a l  ]  and  x  GA .

Let F be a f lowli urt seheme represented
formai  express ion ( ( fu  + *1 , -  . . .  +  a 

lx1 
)  f ) ,1r , i (x)  1 .

in terpret ing v ia  I  the s tatements of  F eomputes

bv (x'f)eFlx,pstr^(a,b) (or by the
The p.og."r ifs,l l  obtained bv

,  (1a + I (x)) l t ( f ) )4 i (*)

whieh is equal  to the C.C. Elgot semant ies IB]

H( i )  < (r(x)H(t)) f , ro >

where  l=  ( t u  *  0o ( * ) ) .  f  .  b<* i ( x )  and ,  =  (0a  *  1o ( " ) ) .  f  "  b<+ i ( x ) .

F 2'b' 2' The standard interpretation. For every x6X we define the interpretation
t"(1) € Flx,B(i(x),o(x)) uy

u*(x)  = (x , i (x)so(x)) .

I t  is easy to show that E* is an interpretation in the sense of 2"b.1.

A routine computation proves the fol lowing two proposit ions.

2..b. 3. PROPOStl ' trON" EB(f) C E*(x) for every feB(a,b) and x€X.

2. b. 4. PIIOPOSI"f lON. i f  (x,f) € Fl",o(a,b) then

(x,f) = ((to + E'(x))Eg(f1y,1,, i(x). f f i

ffiqt

I

i i

I
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Now our main teehnieal result is the fol lowing

2.  b .5.  T 'FInCIHEM. I f  I l  :  B* l "Br  is  an M-f low

interpretatlon such that

morphism and I ' :  X -+B'  is  an

I{(f) C I(x)

for every morphism f in B and every x in X, then t lrere is a unique l\r l- f low morphism

sueh that  E* , ( i .F I ) '  =  I
1 r ' '

Proof. I f  (I ,H)f

2.b.4 that

(* )  ( l ,H) f (x , f )  =  ( ( tu  + r (x) )  H(r ) ) f  i (n)

for  er rery  (x , f )€FI" ,u(a,b) .  This  proves the uniqueness of  ( I ,H) f .  Therefore we def ine

( t ,H) f (x , f )  by (* ) .

I f  (x , f )€  Ft" , r (a ,b)  and (y ,g)€Fi" ,U(b,e)  then

(I,H)f((x,fXy,g)) = .

= ((t" + I(xy)) I{((f  + 1o(y)) (10 + i(x)<+o(y)) (g * 1i(*)) (t .  + i(y).+i(x)))$i(xv) =

= (((18 + r(x))Fr(f)  + r(y)) (ro + i(x)+ro(y)) (r{(g) * 1i(*)) (r" + i1o;* i(x)))4i(x) i(v) =

= (((tu + I(x))H(f) * 1i{y;) ( io + i(x)+>i(y)) ((ro + I(y))t I(g) * 1i(*)) (ro + i1o1*itxl l#(v)+i(x) -

= ((ru * r(x))H(f) (((ro + i(x)oi(y)) ((ro + r(vi)n(e) * ii(*)) (r^'l i i(y" i(x)))fi(v)1,ti(x) =

= ((1a + r(x))H(f) ({ !1t,  * r(y))rr(s))+ttol  *.111*y))f i (*) =

= ((ru + I(x))rt( f)) '1i(xI.  ((ro + r(v))n(g)) ' t ' i ( i I= ( l ,H)f(x,f)  -  1I,n)f(v,s).

I f  (x,f)eFl",r(a,b) and (y,g)ent",g(e,d) i l ren

(I,H)f((x,f) + (y,g)) =

= ((1ae + I(xy)) IJ((la + eeno(x) r ' lo(y)) (f + g) (10 + i(x)+rc + r,,u,)))4.i(xv) *

= ( ( r u + c < + i ( x ) * l i { y ; ) ( ( r u + r ( x ) ) r { ( f ) n ( 1 * o I ( V ) ) H ( g ) ) ( 1 0 + i ( y ) < + d + 1 i ( y ) ) ) 4 + ( V ) ' 1 i ( x ) -

= ((1a + e<+i(x)) ((ru + r(x))H(f) o((1c * r(y))l l(g)),f-i(v)) (1u + i(x)<+d))+i(x) =

= ((1a + I(x))t{(f))4'i(x) * ((r. + I(y))H(g))ti(v) = (t,H)f(x,f) + (I,t l)f(y,g).

I f  (x, f )€ Fl" , r (ab,ac) then

(t,H)f(4a(x,f)) = ((1u + I(x))i-r(44t1;'1i(x) = fa{{iuo + I(x))H(f))4i(x) ='1"a(t,n)f(x,f).

If fe B(a,b) then

(I,H)f :  Fi*,u-* B'

and Eo( I ,H) f  = H.

exists and has the above propert ies, we de<1uee from proposit ion



€
( I ,H) ' ( r iB( f ) )  =

therefore ( I , l l ) ' ( l  
&)  

=

l f  x€X  then

( I ,F i ) ' (8" (x) )  =
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((tu r- l(€ ))Fl(f)) ' i ' i(t) - FI(f) ,

1.u ancl (t,lt)f(aq+b) = aerb.

((1i(*) + I(x)) i(x)<+o(x))f 
i(*) = 111*;*oi(xXl(x) * 1i(*)))f i(x) = l(x). trF4

k#

2.e.  Tt {E FUNCTOR F'1.  The pai r  o f  monoid morphisms i :  X+M and o:  X-}M

may be replaeed by only  one rnonoid nrorphism h:  X+Mxl \4 def ined by h(x)  = ( i (x) ,o(x) )

fo r  eve ry  x€X .

The usual definit ion of the eategory Mon/lVIx M is:

a) the objeets are al l  the pairs (X,h) where X is a monoid and h : X-rMx IVI is a

monoid morphisnr ;

b)  m:  (X,h)+(Y,g)  is  a  morphism in  Mon/ l \4XIVI  i f  and only  i f  m:  X+Y is  a

monoid morphism srreh that rng = t1'

e) the eomposit ion is performed as in Mon.

The funetor

Ft : (Mon/i l{  x Nt) x FtM+Ftnn

is defined for every morphism m : (X,h)+(Y,g) in Mon/l\{ x l \4 and for every M-flow

morpisrr IJ : B+B! [y

,1* , "  = (mEy, I I I lB, ) f  .

Not ice that  i f  (x , f )e  F l " , r (a ,b)  thenn us ing Proposi t ion 2.b,4,  we deduce that

F i* ,g(* , f )  =  (m(x) ,H( f ) ) .

APPENDIX. SONlE AXIOMATIC QUESTIONS

In this appendix we prove that, via a natural bi jeetion between feedbaeks and
*iterations, 

the axiorns used for feedbaek in a f lolv are the translations of those used for

i terat ion in  an a igebra ic  theory wi th  i terate.  This  proves in  par t icu iar  Theorem 1.S.

Let T be an alg'ebraic M-theory eonsidered as a sehematie M-birel as in the

comments fo l iorv ing theorem 1.9.  We.reeal i  the notat ion:0"  is  the unique morpism in

T( l  ,a) and aVa = (1u,1") for a€ M (eomputing rules for ava may bg found in [5]).

I{e now define to applieations it :  Fd-+It and fd : I t-+Fd, where F'd is the set of

left feedbaclcs defined in T and It is the set of i terations defined in T. The iteratiort
f  =  i t ( t )  is  g iven.by

f t  = , la(ava .  f ) ,  for  feT(a,ab) ;

the left feedbaek f = fC(t) is given by
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4 a t = ( n  +, -a lbxf  "  ( tn  + 0o + lc) ) t ,  fo l  f  €T"(ab,ac) '

Before the promised t rans lat ion we repeat  the ax ioms.  The ax io lns requi red fo :

i teration in a theory with i terate are:

IS. (f( la + g))i-= f-f  g, for f  €l '(a,ab) and g€'f(b,c);

I 1 .  f  <  f t , l b )=  f - l , f o r f  T (a ,ab ) ;

12"  ( f (<1a,1a> - r  1u)) f  
;  

t * * ,  for  f  €T(a,aabh

I3" e(f(g + 1c))r = (gf)r, for f  €T(a,be) and g€T(b,a).

The axioms required for feedbaek in a f low (over an aigebraie theory) are:

Ao. , l .a(r(ta + g)) = ( 4.af) - g, for f  €B(ab,ae) and ge B(e,d),

era.  fa( f  +  1o)  = 4af  + 10,  for  f  eB(ab,ac) ,

.A1b. tBa+ra = 1",

Az. tubf = +b( tar), for f  €B(abe,abd)f .

A3a"  fu{ { tu  *  gX)  = g "  fa f ,  for  f€B(ab,ae)  and g€B(d,b) ,

Agb.  4a((g + 1cX) = fb( f (g  + tO)) ,  for  f  €B(be,ad)  a 'd  g€B(a,b) .

Note the change of  notat ion (A0 = F lat r  ALa = F2a-weakr ,  ALb = F6t ,  42 = F3a' ,

A3a = F1b'and ASb i  F4r in  Proposi t ion 1.6) ,  the absence of  F5 which is  super f iuous i f  T

is  an a lgebra ie theorv (  , la tu = 1 l  ,  the unique morphism of  T(  ) . , t r ) )  and the use of  F4r

(we have f C g for every f and g in an algebraie theory).

THEOI{EM (equivaience of axiomatie svstems for i teration in theories with

iterate and feedback in f lows). Let T be an algebraie theory. The above eorrespondence

(fd,it) satisfies:

Part 1. I f  4 fulf i ls A3a and A3b then fd(it(t)) = t and if  f  fulf i l ,  I3 then

-it(fd(t))= 
f.

Par t  2"  a)  I3eA3a + A3b;

b )  13  +  I0€A3a  +  A3b  +  A0 i
' e )  

1 3 ' r - 1 0  +  I 2 < + A 3 a  +  A 3 b  +  A 0  +  A 2 ;

d )  13  +  I0  +  12  +  11c+A3a  +  A3b  +  A0  +  A2  +  A1a  +  ALbn

where x<+Y means: " i f  
t  fuif i ts x then tro(t) fut i i is Y and if  t  fulf i ls Y then it( f  )

fulf i is X".

COM&{EN'I ' ' .  This theorem reinforee our belief that feedbaek is more natural than

iteration. 1\/ iore preisel.Sz, the passing from sealar to vectorial i teration is expressed in

Pudx\?(\
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terms of  i terat ion bv the "pai r ing"  ax iom [?010] ,

F.  ( f ,g) t  =  <f t<(g<f t ,1 t r " ) ) fo  L") , (g( f t , toor) t ,  for  f .€T(a,abe) ,  and g€T(b,abc) ,

s impl i f ied in  [12]  to  I2  and 13.  The coruesponding ax iom wr i t ten in  terms of  feedback is

4ob f  = fb ( fo r )  f o r  f €T (abe ,abd )

whiel i  clearly is t luch more readable and usable then the above one. In addit ion, the
axioms corresponding to the Elgot f ixpoint equation

ft = f .(f ' f ,1b)

are

f a(f * tO) = faf + 1O and , laa<+a = 1,

also mueh easier to verify and use. This seems to be the f irst signif ieant simplif ieation
of  the Elgot  f ixpoint  equat ion ( in  6s ik 's  ax iomat izat ion of  i te la t ion theor ies [10]  th is
equat ion appears in .an involved way in  the pai r ing ax iom, whi le  in  Arb ib and Manes [2 ]
i t  is  unneeessary s ince the i terat ion is  eomputed by an in f in i te  sum).  f f i

Praof of Theorem. Pant l .  Using axioms 13, A3a and A3b we prove that the
eorrespondenee between le f t  feedbaeks and i terat ions is  b i jeet ive.

Suppose the iteration fulf i ls 13. The new iteration fa(aVaf) of feT(a,ab) is equal
.Lto the]iffi: 
=,:1"-i ) (nve.r(1 + n {. 1 \\r -'  a  - " )  ( a V a ' f ( l a  *  0 u  {  ' 5 i t

= (0u + 1u) aVa ( f (1" + 0a + lbXaVa + 1n)) t  = f t .

Suppose the feedbael< fulf i ls axioms A3a and A3b. The new feedbael<
(0" + 1O;11(tu + 0O * 1c))f of f € T(ab,ac) is equal to the old one faf. Indeed

(0" + r0111(1u * 0b * 1e)) f  = (0" + lbxf  ub(uovub. f (1a + 0b t")))  =
F

$= 4aD{{tuo * 0u * 1o) " abVab . f(i.a * 0b 1")) = \

-^ = fo{{tu * 0b 1bxlab * 0" * 1o) abVab " f) = faf.
Fant 2" a) Suppose the iteration fuif i ls 13. The proof of A3a is

4"{{ tu *  BX) = (0a + 1d) ((r"  + gy( la {-  0d 1.)) t  =

=  (0u  t  ldx1a +  g)  ( f (1a  +  0d  +  1ex la  *  g*  r " ) ) t  =

=  g(oa  +  1b)  ( f (1a  *  0b  1o) ) t  =  e .  ta f .

The proof of  A3b is

f  
u ( (g  +  1c) f )  =  (0u  +  t " )  ( ( f  +  le ) f ( lu  *  0 " -u  ld ) ) t  =

-  = ( O u +  t " X $ +  l e ) ( f ( 1 a n  0 " *  1 . O X f  +  1 " *  1 O ) ) t =
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=  ( 0 0 +  1 " )  ( f ( g +  l o X 1 n  *  0 .  *  1 d ) ) t  =  4 * ( r ( g +  1 d ) ) '  .
Suppose the feedbael< fulf i ls A3a atrd A3b" The proof of 13 is

(s'f)t = fb(nvu " Bf) = tb((s + g). aVa . f) =

= g" +b((S + La).  aVa -  f )  = g "  Sa(ava. f (g + 1o))  = g(f(S + lc)) t .

b) If I0 holds, we prove A0:

4 
u{r{r ,  + g))  = (0,  + 1o;11(t  u 

+ 0o + g)) t  =

= ( 0 " +  l b x f ( l a +  o b  t " ) ) r t r =  ( f a t ) g .

If A0 holds we prove I0:

(f(r, + g))t = ta(avu " f(1a + g)) = 4u(uvu . f)g = 1tu.

Henee we have the equivalence I3 + I0<+A3a + A3b + A0.

e) ltre prove that the adding of 12 is equivalent to the adding of. A2.

Using in turn 13, I0 and i2 we prove A2:

f  
b f  t t =  ( 0 0 +  1 e )  ( ( 0 a +  l b c x f ( l a  *  0 b .  *  1 o c ) l t ( l n o  0 "  o  1 6 ) ) t  =

= (0ab + ie) ((f(la * Obo n lu,i))t (ttu + 1o * 0. * ld))t =

= (Oub + 1c) ( f (1a *  Ob"a * 1b 0" *  1O))t t  =

= (0ab + le)  ( f (1a *  0b"u o 1b, 0e * 1oX<tabe, labe) + lo)) t  =

= (0ub + 1e) ( f ( tab + 0e + 1c))r  = fuof  .

Using in turn A3b, A2 and A3a we prove I2:

(f(<1a,1a> + 1b))t = fa(ava . f " (aVa + 1o)) =

=Suu( (avu  +  1a) '  ava  "  f )  =  fa { t { { tu  n  aVa) '  ava '  f )  =

. 
-= 

4a(ava - fa(ava' f)) = 1tt.

I- lenee we have the equivalence 13 + I0 + 12@A3a + A3b'{- A0 + 42.

d)  We prove that  the adding of  11 is  equiva lent  to  the adding of  A1a and Alb.

Using in turn 11, 13, agai.n 11 and I0 we prove A1-a:

4u( r *  to )  =  (ou+  lbdx ( f  +  1dx1a  *  Obd  *  1 "0 ) ) t  =  
,

= (0u + lbdxf ' t -  1dx1a n Obd * 1.d) < ((f  + 1dx1a n Obd * led))r,  1"d) =

= (0 " ' *  l bdx f ( l a *  0b  1e )+  1d ) (  ( l uu+  0dx ( f  +  1dx1an  Obd*  l "d ) ) t ,  1e . r )  =

=(0u+ lbd )< f (1a  *  0b  1o )  +  061  0abe  *  1d>  < ( (1ab  +  Odx f+  1dx1a  *  0b  t . o ) ) t , 1 .0>  =

= (0"  + 1bd)  <( f ( la  n 0b 1e)  + 0d)<( f ( tu  + 0b 'u 1c)  + 0d) t ,1ed) ,  0 .  + 1o)  =
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= (0o + 1bd) <(f( la + 0b + 1.)  + 0o)t ,  0.  n I  d)  
-

= (0u + lbd) <(f( la + 0b t . " ) ) t  + OO, 0c + 1d) . -

=  (0u  +  lbx f ( ia  +  0b  1" ) ) t  +  ld  =  f " f  o  ld

Using in turn 11, I3 and aain Il we prove A1"b:

t  aa< ia  =  (0a  +  luXaea (1u  +  0a  *  1a) ) t  =

=  (0u  +  1" )  a<+a (1"  +  0a  +  la )  ( (a+*a  (1u  +  0u  o  1u) ) t ,1u)  =

= (1u  n  0a)  <( i .a .F  oaXa+a ( l - " - r -0 "  *  1 " ) )1 ,1u)  =

= ((1" + 0u)ao") t  = (0" n- tn) t  = (0" + 1a) <(0a + 1a)f ,1a) = la.

For the eonverse, using in turn A3b, A2, A0, A1a, again A0 and A1b we prove

A4. 4"(oV".  f )  = fa(( f  + laxja *  b+)aXaVa + 1b)) ,  for  f6T(a,ab).

Indeed,

f  u(( f  + laxta + b+>aXaVa + 1b))  = tau((uv" + laxf  + 1ax1a + b<+a)) =

= faf  u((" \ ru .  f  + 1ax1a + b+a))  = fu((4 'u(ava "  f )  + la)  b++a) =

=,1a(a+ra  (1*  +  ta (aVa "  f ) ) )  =  (  faaea)  " [a (ava ' f )  
= ' | ta (ava ' f ) .

f inat'ty, using in turn A4, A1a, A3a and A0 we prove I1":

+
f < ft, l ,r> = f (fu(uvu - f) + 1b) bvb =

= f  ( f  a ( ( t  +  1ax la  +  boaXaVa +  1b) )  +  1b)  bVb =

= fa((la + fxf + 1ab)(1a + b<ia + loXava + l.ooXt, + uVb)) =

= f a((f + f) abVab) = 4a(an/a " f) = ft.
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