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ON THE FIO},IOTOPY GROUPS OF THE AUTO]4ORPHTS}4

GROUP OF AF C'( - ALGEBRAS

INTRODUCTION

by

Vi-ctor NfSTOR

In  Lh is  paper  we study the homotopy groups of  .Ehe automorphism,

group of  an AF *  C*
A .

obta ined bv J .Dixmier  * r , . iBorr"dy [g ]  and K.Thomse"[ "a]  .  rn  whar  con-

cernes the computat ion of  the homotopy -groups our  resul ts  conta1n as

s p e c i a l  c a s e s  t h e s e  p r e v i o u s  r e s u l t s .

Our  method of  computat ion reduces complete ly  the computat ion of

the groups 1?-o (Aut  (A)  )  ,  k )0,  to  the computat  j_on of  the homotopy groups

o f  
' un i t a r i es  

(A  i s  an  AF  -  c *  a lgeb ra ,  Au t (A )  i s  t he  g roup  o f

*  -  automorphi -sms of  A endowed wi th  the point  norm toporogy) .  us ing

s tand 'a rd  resu l t s  conce rn ing7 ' k (u (n )  )  we  succeded  a  comp le te  compu ta -

t i on  fo tT f , -  (Au t (A )  )  f o r  a  l a rge  c lass  o f  AF  -  C*  a lgeb rasA .  I f  AK

;A s imple ,  AIK ( t .he a lgebra of  compact  operators on a separable Hi l -

b e r t  s p a c e )  t h e  r e s u l t s  a r e  a s  f o l l o w s ,  f k ( A u t ( A )  ) e H o m ( K o ( A )  / Z I L J ,
. r '  , - t  t  f rKo (A )  |  , ,  zk - ,  

(au t  (a )  )egnx t  (Ko  (A )  / z l r J ,  Ko  (A )  )  f o r  A  ,un i ra t  ( kz l )  and

Tt- ro (Aur  (A)  )aHom (Ko (A)  ,  Ko (A)  )  , rbo_,  (aut  (a)  1"*s)<1 (Ko (A)  ,  Ko (A)  )  i f  A

i s  no t  un i ta l  (1 {?1 ) .  No te  the  s im i l a r i t y  w i th  resu l t s  ob ta ined  by

J-  Cuntz in  [6 ]  ,  a1s0 there ex is ts  a few poi -nts  of  resemblence in  Lhe

techn iques  used  the re  by  J . cun tz  and  by  us .  r f  A  i s  no t  s imp le  the

resu l t s  a re  more  comp l i ca ted  depend ing  j -n  a  non t r i v i a l  way  on  the

idea l  s t ruc tu re  o f  A .  I n  o rde r  t o  hand le  these  s i t ua t i -ons  we  were

led to  in t roduce the gruoups Hom" and Ext .  which take in  account

the  res t r i c t i ons  i n t roduced  by  the  i dea ls  o f  Ko  (A )  .

T h e  m e t h o d  o f  p r o o f  i s  t h e  f o l l o w i n g .  F i r s t  w e  s t u d y ? i p ( n n a ( A )  ) ,

the hornotopy g l :oups of  the semigroup of  ar1 * -homomorphisms A-rA

endowed  w i th  the  po in tw ise  conve rgence .  I t  t u rns  ou t  t hen  tha t  t he
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natura l  embedd ing  Aut (A)  - - , ,  End(A)  induces .an  isomorph ism

tIU (Aut (a) ) - -+ n 'k (End (A) )  for  any kVl-  ,  and t l r is  is  the crux point  of
i - h a  n r n n f  m l a ^  ^ ^ h h , , J -  ^ L  - :  ̂ . .  \  ,L r t s  v r L r \ J r -  r i r €  c o m p u t a t i o n  o f  r f  

O  
( E n d  ( A )  )  r e q u i r e s  t h e  k n o w l e d g e  o f

l lO (u (A; )  )  (A;  is  Lhe commutant  o f  the f in i te  d j -mensional  C*-a lgebra

A '  i n  A )  .  Th i s  t ype  o f  ques t i ons  en te r  i n  wha t  i s  ca l l - ed  , ' nons tab le

K- theo ry ' l  ( see [ , t+ ]  , [ l t J  l ,  i n  t he  same o rde r  o f  j - deas  we  p rove  tha t

ce r ta in  C* -a lgeb ras  ob ta ined  f rom 1oca1 ly  t r i v i a l  f i e l ds  o f  AF . -C* -

a lgebras an spheres sat ls fy  the cancel l "a t ion propr ie ty  for  f in- i . te ly

genera ted  p ro jec t i ve  modu les ,  and  a l so  we  c l -ass i f y  t he  pos i t i ve  cone

o f  K o  o f  t h e s e  C * - a l g e b r a s .

.  The  f i r s t  sec t i on  con ta ins  genera l  resu l t s :  t he  j - somorph ism

1TU (Aut  (A)  )=+T O 
(End (a)  I  for  kVL and the reduct ion of  the comput .at ion

of  ] rk  (ena 1a)  I  to  T l -o  (u (n)  )  .  rn  the second sect ion we in t roduce the

c lass of  ordered groups wi th  large denominators and show that

t rk  (U (a i )  ) :xo (a i )  i f  Ko (A)  has large denomiators.  A lso we in t roduce

Hom" and Ext"  and develop br ie f ly  the i r  propr ie t ies,  showj-ng that

K o ( A ; ) a * H o m " ( K o ( A r r )  r  K o ( A )  ) .  N e x t  t o  a  k - l o o p  t  i n  A u t ( A )  w e  a s s o c i a -

te  as  usua l  a  l oca l l y  t r i v i a l  f i e l d  o f  AF-C* -a lgeb ras  on  Sk* I  anc l

s h o w  t h a t  f o r  k  o d d  t h i s  d e f i n e s  a n  e l e m e n t  i n  E x t " ( K o ( A )  , K o ( A )  )

wh ich  i s  t r i - v i a l  i f  and  on l y  i f  f  i s  i - nne r .  The  f i na r  resu l t  i s

t h e o r e m  2 . L 2 .

1 .  f n  t h i s  sec t i on  we  sha ' l l  n r c ) \26  same genera l  resu l_ t s  abou t

the homotopy groups of  the group of  automorphisms of  an AF-C*-a lqe-

b r a .

For  the basic  resul ts  concern ing AF-a lg 'ebras and

n i t i ons  no t  exp la ined ,  such  as  o rde red  g roup r idea l  o f

^ r n r 1 n  + L ^  . i  - .g r u u p ,  L r e  r l r t e r e s t e d  r e a d e r  m a v  c o n s r r l l  i l ]  o r  [ S ]

for t h e  d e f i -

ordered

I .1 .  Le t  us  i n t roduce  f i r s t  some no ta t i ons  and  f i x  some

convent i_ons to  be used f rom now on.



a)  K .  (A )  ,  i =0 r1  w i l l  deno te  the  K - theo ry  g roups  o f  a  c  -a1 -geb ra' l _

A t  [ s l  , l uJ  I  .  r f  A  i s  an  AF-c * -a tgeb ra  ]  w i r t  deno te  rhe  o rde r  on

K o ( A )  '  K o ( A )  +  w j - I l  d e n o t e  t h e  p o s i t i v e  c o n e  o f  K o ( A )  a n d  I ( A )  w i t l

d e n o t e  t h e  s c a l e  o f  K o  ( A )  t  [ a ]  , [ g  ]  )  .  r f  f : A  - p  B  i s  a  r - m o r p h l s m

o f  C * - a l g e b r a s  K i  ( f  ) : K .  ( A )  - *  K i  ( B )  d e n o t e s  t h e  n a t u r a l  g r o u p  m o r p h i s m

b)  I f  A  i s  a  C* -a lgeb ra  l . { (A )  i s  t he  mu l t i p l i e r  C* -a lgeb r :a  o f

A t [ , ts]  r .

c )  L e t  u s  f i x  a  b a s e  n n i n r  ^  - c k  r o r  k z r .  r f  ( X r x )  i s  a  p o i n t e d"  f O - -  !

topologic  space a k- Ioop in  x  j -s  a  cont inuous base point  preserv j -ng

i n ' n O ( X )  w i l l  b e  d e n o t e d  n V  [ f ] .

.  d )  Le t  A  be  a  C* -a lgeb ra ,A+  deno tes  the  a lgeb ra  A  w i th  ad jo in t

un i t rT r :A+ . - r  C  i s  t he  quo t i en t  map .  X  deno tes  A  i f  A  has  un i t  and

A+  e l se .u (A )  i s  t he  se t  o f  t hose  un i ta r i e "  r , ( *A*  such  tha t  T r ( r J )  = l

adr ,  (X)  =u x  u*  is  the inner  automorphism of  A induced by uc=U (A)  .

e )  I f  (X ,x )  i s  a  po in ted  topo log i ca l  space  Xo  deno tes  the

pa th  componen t  o f  t he  base  pd in t .

f )  T f  A  and  B  a re  C* -a lgeb ras  Honn(ArB)  w i l - l  deno te  the  se t  o f

a l - l  * -morph isms  f  :A  - -e  B .  i { e  sha l }  t opo log i se  th i s  se t  w i th  the  to -

p o l o g y  o f  n o r m - p o i n t w i s e  c o n v e r g e n c e .  l f  i : A  . +  B r  H o m  ( A , B r l )  i s  t h e

p o i n t e d  t o p o l o g i c a l  s p a c e  ( H o m  ( A , B )  , i )  .  n n d o  ( a )  d e n o t e s  ( H o m o  ( A , A )  ,

i d , -  )  .  i d  deno tes  va r ious  i den t i t . y  morph isms .

g )  I f  B c A  a r e  t w o  C * - ^ l . ' r - h r , . q  E ' d e n o t e s  t h e  r e l a t i v e  c o m m u t a n t

o f B i n A .

h )  Le t  Gr r r . r reN  be  abe l i an  g roups ,  ( f nm:G* - -+G '  r  i l ) r i  an  i nve rse

s j -s tem of  homomorphisms.  LetS r  TI  Gr^,*  W G.  g iven by
nc[J " nclN

5  ( ( x n ) r r e w ) =  ( X n  
f r r , r r n l ( X r r * t ) ) n c m .  

T r l e  s h a l l -  d e n o t e  b y  
* g t ( c n , F n m )

. l - h o  r . n l < o r n a l  n f  l -  l - r i  c  m n n r l -! r r v  v v r l u ! r r u r  u L  r n l S  r r L o p r n i s m .  o f  c o u r s e  
$ * t c r . r r ? a r * ) = k e r c ' .

r f  Y n . m ' x * * r f  ,  m ln  i s  an  i nve r : se  s i s tem o f  t opo log i ca l  spaces

j - h a  c r r h q n a n o  
(  ' '  t '  n F  f i  v  r +u r r e  D u v o r / q v E  t t X n , n  N ,  X r r = l ' r , n + I { X n * 1 ,  o I  i f _ _ ^ a r .  I c

n € N  
- '

l - im (X ,  d '  )  isn ' r n m -

h a s  t h e  i n d u c e d  p r o d u c t  t o p o l o g y "
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A=UA
n

Also

duced

w i  11

j-) From now an A wil l a.' l"ways denote an
( 1 )  - ( k r , )  ^ ( j )  L ^ . : * *a n d  A r r = A i ' ' O  *  A r ,  "  ,  ^ n  u E l r r v

we shal l  denote by q 
* r r r  

Ko (An)  + Ko (Am)

AF-C* -a lgeb ra ,

factors of  type 1o
' n l

the natura l  rnorphism in-

by  the  j -nc lus ion  i * r r rA . r . *  A* ,  f o r  m>n"  The  i nc lus ion  A_  - r  An

be  c leno ted  by  i ^  and  Homo(AnrA , in )  by  Homo(AdA)  .

j  )  O t h e r  n o t a t i o n s :  f = L  0 ,

s t a n d a r d  n  c e l ] ,  S n - I = D B' n

K ,  S A = C . ( R , A )  .  B n  i s  t h e

denote  by  gn  and { r , *  th "  mapp ing"  rJ : r :U(A)  - ->

, . | , l r r * :  H o m o ( A * , A )  - ; n  H o m o ( A n , A )  , * . r * ( f  ) = f  
l a r r .

Homo (Arr,

i l ,  r l <= fo , t ] *

k)  By "  j -deal - r rwe shat l  mean " c l o s e d  t w o s i d e d  i d e a l "

L . 2 .  L e t  u s

( U ( A )  , { / n ,  H o m o ( A n , A )  )  i s  a  l o c a l l y  t r i v i a l  p r i n c i p a l

u (A ; )  -  bund le  and  (Homo (Am,A)  , , i , '  , , * ,Homo 
(An ,A )  )  i s  a  f i b ra t i on .

P r o o f .  T h e  s e c o n d  a s s e r t i o n

c e a

lrtl

l oca l l y  t r i v i a l  bund le  has

)  we may l i f t  a  homotopy on

fo l l ows  f rom the  f i r s t . I ndeed  s in -

the homotopy l i f t ing proper ty  i  Fg]  ,
r\

Hom"  (A -  ,  A )  t o  U  (A )  f  i r s t  and  then

o) ,9n( l l , )  =.urr lo '

Lemma

descend  i t  on  Homo (AmrA)  .

Le t  us  p rove  now the  f i r s t  pa r t .  +  
"  

i s  obv ious  su r jec t i ve  and

t h e  f u n c t i o n  U  ( A ) * U  ( A ) . +  ( u ,  v ) u  Z ( u , v ) = u - I v e  U  ( A j  )  i s  c o n t i n u o u s  { w e  h a -. n '

v e  d e n o t e d ,  a s  u s u a l - ,  b y  U ( A )  * U ( A )  t h e  s e t  o f  t h o s e  p a i r s  ( u r v )  €

U ( A )  x  U ( A )  s u c h  t h a t  f  . , ( r ) = t J ; r , ( v )  ) .  A I s o  a ( u , .  )  a n d  e ( .  r v )  a r e  o n t o

fo r :  anv  f i xed  U  and  v .  Th i s  shows  tha t  (U (A)  , t r r rgo*o (AnrA)  i s  a  p r i n -

c i p a l  U ( A ; ) - b u n d l e .

Let  us show that  there ex is t  a  croos sect ion for  r f  '  def inec l  in

a  ne ighbourhood  o f  i n .  Le t  v  be  the  se t  o f  t hose  
f  €Homo(An ,A)  such

t h a t l i  . 1  - i n l l (  t  "  r f  e  a n d  f  a r e  t w o  s e l f a d j o i n t  p r o j e c t i o n s  s u c h

t h a t  f l e - f  i l  <  1  t h e n  f e  h a s  a  p o l a r  d e c o m p o s i t i o n  ( e f e . > , .  ( 1 - l l e - f [  ) e ) .

D e t r o t e  b y  O ( f  , e )  t h e  p a r : t i a 1  i s o m e t r y  a r i s i n g  i n  t h i s  p o l a r  d e c o m p o -
4  t ^

s i t i o n ,  t h u s  f e = o ( f  , e )  ( e f e l  |  /  z  
.  I t  f o l l o w s  t h a t  I  ( f  , e ) o  ( e r f  ) = f

a n d  O ( f  , e ) = O ( e r f ) * .  L e t  ( " f - . . )  b e  a  m a t : : j - x  u n i t  f o r  A -  T h e  r . i . ' 1 r i r o f l
L i '  - - n '
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k n  . p ^ t
cross secr ion is def ined as fot lows: u ty) = Xl f*Ulr ,  f  y f  ef  r)  ," l r -)  "1,J \ - I  I _ I

.  f  , 1(see  14  J  )  .  s ince  u  (a  ) '  ac ts  t rans i t l ve ly  on  Homo (An ,A)  a  l -oca l  c ross

s e c t l o n  e x j - s t s  i n  t h o  n o i r r \ f g u r h o o d  o f  e a c h  p o i n t .

1 . 3 ,  L e m m a "  n n d o ( a )  j - s h orn.eomorphic  to  the inverse 1 imi t

,  
f  n :  Endo (A)  - -+ Homo (An ,A)  then

o f  f  -  i s  con t i nuous  they  de f  j - ne  a
I  r !

c o n t l n u o u s  f u n c r i o n g = } i * f  
, r t n n d o ( A )  d  

* r ( H o m o ( A n , A )  , f  * r ) .

? 
1s obvious ly 'one- to-one and onto.  g  is  a  homeomorphism f rour  the

ve ry  de f  i n i t i on  o f  t he  Lopo logy  on  nndo  (a )  .

Lemma. L e t  K  b e  a  f  i n i f  p  c . o l  l  n r - r m r ; f s 3 ,  f  : K  - >  g n d o  ( a )  .

exis ts  a cont inuous funct ion g:  IK -*  nndo (A)  such that

a n d  g ( t , x ) € A u t ( A )  f o r  a n y  0 { t < 1  a n d  x e K .

P fo -o f  "  Deno te  by  B '  t he  s tanc la rd  n -ce r l ,  sn - l=  Bn .  By  i nduc t i on

on the number of  ce l ls  we reduce the problem to the fo l lowing:  g iven

f  : { 1 ! x  B n U  I } B r ,  - +  n n a o ( e )  a  c o n t i n u o u s  f u n c t i o n ,  t o  e x t e n d  t h i s  f u n c -

t i on  to  a  con t i nuous  func t i on  g  on  rB '  such  tha t  g , ( x )€Au to (A )  fo r

a n y  x e l B ; r . ( t 1 . 3  x  B n U  I ) B n )  .  B u t  s i n c e  r h e  p a i r  ( r B n , t t t  
"  

B n U  r ) B n )

i s  homeomorph ic  to  the  pa i r  ( rBn r [1J *  B r r )  i t  f o l l ows  tha t  we  may  su f r *

p o s e  t h a t  K  i t s e l f  i s  a  c e l I  , l < = b ^ ,

@* :  B r .  +  U  (A )  such  tha t

f i b ra t i on

O o  ( x )  = 1 "

\

mayUs ing  tha t  U (A ; )  i s  connec ted  and  B '

n  i s  con t rac t i b le  and  (U  (A )  , , f  , r ,Ho*o  
(An  rA )  )

t inuous f  unct ion O*:  f  Br ,  - *  U (A;)  such that  On ( t  rx)  =1 for  xCB'  r

=,om-l(x)  o* (x)  for

0 1  ( t  , x ) o 2  ( t , x )  .  .

9

m

F.r

- . ql r r  I

o

o r

I
f

Deno re  oo fn t f ) = f i a , .

a n y  n ( m .  s i n c e  e a c h

r . 4  .

Then there

_ E' l t l l x  K - '

S i n c e  B

t h e r e  e x i s t s

a s a

. Letr ( x ) l o  = d d o  t .  
I

I t n  C l *  r x )  
i

con t rac t i b le  we cnoose  a  con*

, t ]

r {1

r efl-1/

. O r r ( x r t )

t  e lo , l *1 /ml  and o*  ( r ,x )

S e t  a . s  t "  [ ! l  g  ( t , x ) = a i J

g  ( 1 , x ) = f  ( x )  .

( m +  1 )

for

, x€Bn , m).1.

{- ---=- dD.Cl
n + I

l : . :m (Homo (An,A) ,  9*r,)  .

Yrr='l'r,
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I r Ie  have to  prove the cont inu i ty  of  g( t 'x )  "  I t  is  enough to show i  i

I
t h a t  ( t , x )  - +  g ( t , x ) l a  i s  c o n t i n u o u s '  B u t  g ( t ' " ) l o . = t d e r  ( t , x ) . . o r ( a , { o - j

l - m  
l ' - m  - 1 '  I I t  " l ^ *

which is  obv ious ly  conLinuous s i -nce O-,  are cont inuous '

The natura l  inc lus ion  j :Au to  (a )  -+  sndo (e )  indu-

)  , f l r  (Auto (A) )  -"+ n u 
(endo (A) )  ,  k>L'

a short  exact sequence of  EP6luPs:

1 . 5 .  T h e o r e m  a )

ces  isomorPh isms n-o( j

b )  There  ex is ts

g.-t*i*t frfr+r (Homo (An,A) ) ,?Ik+, (f,.*) )'* ' iT-o (Auto (A) ) '+

( r . > r ) .

of  the automorPhisms of

P r o o f .  a )

b )

t h e o r e m  ( 4 .  B )  ,

The re  i s

ke rne l  o f  t h i s

i s  su r j ec t i ve

f o l l o w s  f r o m  l e m m a  I ' 4 '

f o l l ows  f rom a ) ,  I emma to

p a g . 4 3 3 .

an obvious morPhism Aut (A) ->

morph ism is  Auto  (A)  ( f2 .7  ,

by a theorem of El iot t  t  [no]

1 . 2  a n d  1 . 3  a n a  [ z + ]

A u t ( K o ( A ) , t ( A ) ) '  T h e

theorem 3. f  )  '  Th is  morPhism

) .  T h i s  P r o v e s  c )  '

rzQrr*) )  cTTt (aut

conta ined in  the

I . 6 .  R e m a r f 'l o

Let  us note that  a  nontr iv ia l  e lement  of  l t * t  
( - f i - ,  (Uom" (An'A)  )  '

( A ) ) ,  f o r  a  c e r t a i n  A F - C * - a l g e b r a

cons t ruc t . i on  o f  P ropos i t i on  5 ' l  o

Using the exact  sequence of  a  f ibrataon we L)r - , t -sr

a lgeb ra  o f  compac t  ope ra to rs  on  a  separab le  H i l be r t  space )T  r (Hom" (A" '

6 )  )  : : f g i  t o r  k l2  and1T ,  (Homo (An 'A )  ) : ; r " (Homo (A . r * l  'A \  \ ' ' v  7 "  t he  i i somor -

\

i

I

'

I
I

A i s

r [zl

imp l i c i t e lY

1 . 7  .  R e m a r k

f i b ra t i on  we  ob ta in i f  A = K  ( t h e

t:.m (nu (Homo (An,A) ) ,frk (fr*) ) '- '  o

c)Tio (Aut  (A)  )

t he  sca led  o rde r

i s  i somorPh ic  to

g roup  (Ko  (A )  'E (A )

the grouP

\

phism being j -nduced bY rz  (Yr , , r , *  t )



t '

r t  f o l r o w s  f r o m  t h e o r e m  1 ' 5 ' b )  t h a t  r f  , { A u L  
( K ) ) t : r  z

1 1  c ^  f n l  1 o w s  r r o m  [ 6 1f o r  k * 2 .  T h i s ' a l s o  f o l l o w s  f r o m  r e s u l t s

and \  
(Aut ( t<) )c ' f  03

2 . I n t h i s s e c t i o n w e s h a l l g o f u r t h e r i n t o t h e s t r u c t u r e o l

t h e h o m o t o p y g r o u p s o f a c e r t a i n c l a s s o f A F - C * - a l g i e b r a s , d C l a s s

which conta ins ,  for  example,  a l l  s imple r  t tor r  type r  AF-c*-argebras '

2 . l . W e s h a l l n e e d . t h e f o l l o w i n g r e s u l t s c o n c e r n i n g t h e h o m o -

t o p y  g r o u p s  o f  t h e  u n i t a r y  g r o u p  U ( n ) = u ( M n ( a )  ) . '

D e n o t e b y i a n d j t h e f o l l o w i n g f u n c t i o n S i , j : U ( n ) - + U ( m )

i ( u ) = u  t  f * - r r ,  j  ( u ) = u  @  " o q @  ' p  ( i  i s  d e f i n e d  f o r  m 7 n '  j  i s  d e f i n e d

fo r  p=m-n4>r0 ,  u  occu rs  / - t imes )  '

Prop-osit ion (V37 ) rrk ( j  )

k / 2 < n .  A I s o

and TiO ( j  )  is  an isomorPhism for

odd

kl 24\
even

=errk$l

l r k (u , " r= [o

2.  2.  Def , in . i t io .n .  Let  (G,G+) be an ordered

that  G has large denomj-nators i f  for  any a>0

bGG and meN such that  nb5a €.mb'

group.  We shal l  say

and neN there ex is ts

Suppose that  A is  s imple '  in f in i te  d ' imensio-

large denominators '

2.3 .  Propos i ! . i -gn  '

n a l ,  A I K  t h e n  K o ( A )  h a s

pr .go - [ . .  Le t  e lo  be  a  p ro jec t i on '  a= fe ]  '  r ep lac ing  A  by  eMn(A)e

for  some }arge n we may suppose that  t= [ f ]  '  Let  k€N'  Denote by

I i l  \  .  r  ^ * ^  l - r a t  t n  i d e a l  o f  A '

Jr. ,= @ or l ' to.r .  Then i*n($n)cJ* and hence Jr=gJrn is e

f niTr
S i n c e A i s s i m p l e i t f o l l o w s t h a t J = A o r . r = | 0 3 . B u t A / J h a s o n l y

f i n i t e  d imens iona r  i r reduc ib re  rep resen ta t i ons ,  t h i s  shows  tha t

J f , o \ i s p o s s i b l e o n l y i f A = K . I t ' f o l l o w s f r o m t h e a b o v e d i s c r ' r t i o n



B _

that  IeJ=A.  Choose n  such tha t  leJ - .  Le t  te f * )  be  a
n l- l

k ^  f i l  ( i )
r  - ^  ^ \ r '  w i t h  A \ r , |  f i n i t e  d i m e n s i o n a l  f a c t o r s .r-1 r",-nr.r- W ^n n

t - r

q : { - i q f r z  t h e  r A . r r l i r o m e n f s  o f  d e f i n i t i o n  2 . 2 .
D q u ! J ! J  ! u l s r r

matr ix uni t
k ^  r i  \

n= X"[ . i i ' ]
j = 1

fo r

w i  l 1

2 . .4 .  p rgp?s iF io l  "  suppose  Ko  (A )  has  l a rge  denomina to rs  "  Then :

a)  Ko (A;)  has large a. . ,o*#tors ,  m7L

b)  The  na tu ra l  morph isms  ' r t (U (A)  ) *  K l  (Ska )  a re  i somorph isms '

c)  The isomorphisms of  b)  g ive a commutat ive d iagram wi th

exact  rows:

0 * ' tr2k(t iomo (A.,*1, A) ) --+ Ko (A,1*1)-- Ko (A)-- ,  ozk_'  (uomo (A.r* I ,A) )*-+ o

I'U
i i
il I

I

{,

0-+ f iru (Homo (A,..,  rA) ) .--+ Ko (Ai) .----* Ko (A) *TZk-L(Homo (An,A) ) *--o 0
2 k

d)  l  iml r ro- ,  (Homo (An,A)  )  ,o2k-r  ( t r , ,n+r)  )=0 -
-

o ' n

Proo f .  a )  SuPPose  tha t A  i s  n o t  u n i t a l ,  l € M ( a ) : a -

is  isomorphic  to
k

being Cp (a @ (Dmao) =
I  k = l  

' "

Le t  t " f .  I  be  a  ma t r i x  un i t  f o r  An '  Deno te  by  
" r ,  

t he  un j - t  o f  An '
'  

l _ l

t = e e  [ 4 ]  t  s h o w s  t h a t  A ;

V V

ulrAuir  "  
the isomorPhism

An easy comPutat ion
k

(  l - en  )  A  ( ] -en  )  * .  d
I ! -  I

k *  
V  L  i  ,  - - r  r -  n  L - -  t 1 - . ^  \  g ^ F

=a.# f ,T"Tr.r . . f i  .  Let  Jo be the ideal  generated in A bv (*-"n) for

ra=r  
rJ  r !  -Lr  s  K*

k
k = 0  a n d  u v  

" t r  
f o r  k > 0 .  r t  f o r r o w s  t h a t  K o ( A ; ) *  K o ( J o )  * r 9 . ,  K o ( J k )

J S . _ I

V L
s i n c e  

" f f n . f r ( ( I - e r r ) a ( I - e r r )  
)  i s  a  f u l l  k o r n e r  i n  J o ( J o )  '  t o  p r o v e

t h i s , r " . [ S ]  "  S i n c e  K o ( J )  h a s  l a r g e  d e n o m i n a t o r s  f o r  a n y  i d e a l  J  o f  A

i t  fo l tows that  Ko (A;)  has large denomj-nators.

Fo r  A  un i ta l  t he  P roo f  i s  s im i l a r '

b )  we  sha l l  use  repe tede ly  p ropos i t i on  2 .1 .  The re  ex i s t s  d  co f t -

mu ta t i ve  d iag ram o f  i somorph j - sms  l im  -n *  (U (n )  ) - s '  K l  (SkC)
-  - - - - ->  

\  , _ , .  / ' *
" f io  (sK* r )  (see  psJ  )



For each A '  denote

9 *

D
hv e i t -s  un i t .  Let  ' I  >k/  2  and f  -  suchr J r  * n  -  ' O ' ' - '  -  

n

rhar {ofrrr ls[", . ,1{*[r ,r1 for some meo{- Repracing (Ar). ,e 
N bY a subseguen-

r :e  anr l  t t re  f  's  t  by same equiva lent  pro ject ions we may suppose that_ n
I I

f r r€A'+ l .  Replace again A '  by enArrn len-  r t  fo l lows that  or ro*r r*

. " . o  l 4 r - :  a n d  r l , "  " . , t J ?  l r r u 1 z .  T h e n ' f i - k ( u ( A n ) ) *  H l ( s K a n )  i s  a n  i s o -

J k
morphisir ancl we have isomorphisms ni (U (a) ) ':* ryq. 

(U (An) ) nr I inKI (S'-An)

I(
#  K r  ( S * A )

( r e c a l l  t h e  c o n v e n t i o n  m a d e  f o r  U ( A )  i n  1 . l d ) ) .

c)  This  fo l lows f rom the exact  sequences of  the f ibrat ion

(Note that tr2k*L

fo l l ows

U(A ; )  -+  U(A) .+  Homo(Ah ,A)  and  f rom the  commuta t i v i t y  o f  t he  d iag ram

u (A;+ r )  -* u 
1l)  

Homo (A,r*1 ,  A)

f l l  I
U(Ai) .-. .} U(A) --------b Homo (An,A)

( U  ( A )

form

I n-z

the

from

The previous lemma shows that i t  j-s important to know

and ,  i n  v iew  o f  t heo rem 1 .5  to  compu te  a l so  the  morph isms

.  1 1  / ^ r \  . F h e  f o l l o w i n g  d e f i n i t i o n  a n d  d e f i n i t i o n  2 . 9  a r e
' - - +  A O  , ^ t '  '  r l r s  ! v r r v Y Y r r r Y

to  g ive a sat is factory f ramework for  our  computat ions.

2 . 5  "  D e f  i n i t i o n .

ve morphism t  f  
:Hr-> H,

pa t i b le  w i th  i  i f  f o r

- m i  ( x ) s  
f  

( x ) < m j -  ( x )  .

w e  s h a l l  d e n o t e  b y  H o m " ( H l ' H 2 r i )  t h e  s e t  o f  m o r : p h i s m s  T  : H t +  i { ,

compa t ib le  w i th  i .  I n  t he  same sp i r i t  as  be fo re  Hom. (Ko(An)  'Ko (A)  '

Ko  ( i n )  )  w i l l  be  deno ted  by  Hom.  (Ko  (An )  ,Ko  (A )  )  and  I l omc  (G ,G ' i d )  by

E n d ^  ( G )  .

Ko (A) and %:.  
(u (a) ) . :< lo3 bY b) )

sur ject iv i ty of  T ' ro- t ({n,n+l)  as apparent

Ko (A;)

K o  ( A ; + r )

cLl I  Ct L Errr} /  L

t e t  H I ,H2  be  o rde red  g roups r  i :H r ' - rH ,  a  pos i t i -

a  group morphism. [ ' le  shal l  say that  Y 
i "  com-

every xeH'  x70 there ex is ts  meN such that

d )

c).
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Thj-s def in i t ion is suggested by the computaLion of  Ko (A;)

t h e  p r o o f  o f  p r o p o s i t i o n  2 . 4 . a |

" 2 . 6 .  
T h e  f o l l o w i n g  p r o p o s i t j - o n  g i v e s  t h e  b a s i c  p r o p r i e t i e s  o f

Hom. needed in  the computat ion of  r?"O (Aut  (A)  )  .

i l
-  I l

t n  l i
i I
i l

Srgpgs j -Hs l .  a )  Le t  HL ,H2  and  H :  be  o rde red  g roups ,  i l t

L r :H r *  H3  be  pos i t i ve  morph isms .  Then  the re  ex i s t s  na tu ra l

*
i i : H o m .  ( H 2 , H 3 , i - r |  . - >  H o m "  ( H l , H 3 r i r " i t )  a n d  i 2 o t H o m .  ( H l ' H 2 , i 1 )

*
H3  ,  i  2o  i  L )  

g i ven  by  i l  ( a ;  )  =  
f " i t  and  iZ *  (Y )  =L2o  <?  "

H n - +  H . o
t z

morphisms

b )  I f  H t r H 2  a n d  i t  a r e  a s  b e f o r e  a n d  H Z  i s  a

g r o u . p  a n d  i r ( x ) 1 0  f o r  x 2 0 ,  x f }  t h e n  H o m " ( H l ' H 2 , i I )

c )  Suppose  Hr r ,  neN and  H '  a re  o rde red  g roups '

pos i - t ive morphisms for  n{ rn and H=+iS(Hn,  j * r , )  .  AIso

o rde r  morph ism.  Deno te  by  i '  t he  compos i t i on  Hr ,  -+

. *
H o m "  ( H , H '  , i l 1  l i m  ( H o m "  ( H ; , H '  , i ^ )  '  i * r )  -

. ->  HOm (  H-
n ' l

s imple ordered

= H o m  ( H l , H 2  )  .

j*rrt Hr, * I lm are

le ' t  i  :  H--+ H'  be an

H :+ '  H '  then

P r o o f .  a ) Let  cpue Hom. (Hr  ,H, : - r l  ,  F4€ 
Flomc (HyH2 r i l )  we have to

p r o v e  t h a t  % o  
i l ,  , 2 , ' Y n € H o m c ( H l , H 3 r i r o i r ) .  L e t  x c l l l  ,  x > . 0  t h e n  i t ( x ) : '  0

C h o s e  m  s u c h  t h a t  - *  i 2 ( i r ( x )  ) ( f 4 ( i r ( x ) ) s m i 2  . r ( x )  ) .  T h i s  p r o v e s  t h e

€ . i e d r -  n : r r -  n h o s e  m  s u c h  t h a t  - * i l - ( x ) { g r ( x ) t m i r ( x ) ,  s i n o r i ,  p r e s e r v e s
l J - l > L  ! , c r r L .  v .

t he  i nequa l i t i es  we  ob ta in  the  des i red  conc lus j -on .

b )  s i n c e  H 2  i s  s i m p l e  a n d  i r ( x \ * 0 ,  i r ( x ) 1 0  f o r  x 1 0 , ,  x > }  i t  f o 1 -

' , ^ , ' ^  { -1 - ' - .F  i  I x )  i s  an  o rde r  un i t  f o r  H2 ,name ly  fo r  any  yeH,  the re
J - ( J W ; j  L I l c L L  r l  \

e x i s t s  . n  * * *  s u c h  L h a t  - * i l  ( x ) r <  y q r n i ,  ( x )  ( s e e  I g  ]  ) .  T h i s  c o n c l u d e s

the  p roo f .

c )  Deno te  by  j '  t f r e  pos i t i ve  morph ism I {6 -+  HrJn  de f i nes  a  mor -

. *
p h l s m  j i r H o r n .  ( H , ! 1 ' r i )  * *  H o m c  ( H n , H ' , i r ) .  S i n c e  j * '  j * n = j .  i t  f o l l o w s

rha r  : l = : i 5 : i  " "a  
hence  j i  . " rec t  t o  de f ine  a  morph ism f  : I {om"  (H ,H i i )

t(

. - * l . i 1 ( H o m "  ( H n , H '  , i n )  ,  j ; r r )  .  L e t  g e  H o m c  ( H , H '  , i )  "  r f  f  ( t p )  = 0  t h e n

g o  j n = 0  f o r  a n y  n  a n d  h e n c e  I  
= 0 .  L e t  

f  , ' 6  i { o m c ( H n , H ' , i n )  s u c h  t h a t

i i " t , p * ) = g r , .  T h i s  m e a n s  t h a ' t ? * " j * , , , = f . , .  D e f i n e ? t l f g  H r . - + H '  u s i r r g  t h e
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- '

I I

u n i v e r s a l -  p r o p e r t y  o f  t h e  i n d u c t i v e  ( d i r e c L )  l i m i t 3  p G  H o m ( H , H ' ) .
I

W e  n e e d  t o  c h e c k  t h a t g  i s  a c t u a l l y  i n  H o m " ( H r H '  , L l  .  L e t  x 6 H r x ? 0 .  T h e n

the re  ex i s t s  n  and  * r rGHa,  *n7 .0  such  tha t  ] . r r ( x r r )=x .  By  the  assu rnp t i on

tha t  
f  ne l {omc  

(HnrH ' r i - o i r r . )  i t  f o l l ows  tha t  Lhe re  ex j . s t s  mcN such  tha t

- tn i  ( i r ,  ( * r , )  ) s fn  ( x r r )d  m i  ( i  ( x r )  )  and  hence  -m i  ( x ) {  
f  

( x ) " rm i  ( x )  .

2.7 .  LeTry_a. Let

Ia rge  denominators .

a )  t h e r e  e x i s t s

A be  a  un i ta l  AF*C* -a lgeb ra

A lso  suppose  tha t  Ao=Cf .

isomorphisms 13*: K^ (Aj ) -.--+ Hom
/  n  o '  n '

q r r n h  { - h a l -  v  1 A )  h a S" o  t '

.  
( K o  ( A n )  , K o  ( A )  )  a n d

a commutative diaqram

P-K^ (A_1)
. /  o ' m

/ l
K^ (A)  - -  lK^  ( j

* "
Ko (A;)

'  Hom^ (K^  (A*  )
nI* "y'" "' I

m ( z , K ^  ( A )  )  I
{ . ( ,  I

4 o r \ *
)  

=  . t

l"Tv

, K o  ( A )  )
*

d *r,r l v m>n

Hom.  (Ko  (An )  ,Ko  (A )  )

( A )  )

( j r A ; - - * A ;  i s  t h e  n a t u r a l  i n c l u s i o n  a n d d p q  i s  a s  i n  1 . 1  j - )  ) .

b )  The re  ex i s t s  morph ism t  
l  

.TZy ( r l omo  (An ,A )  )  -+  Hom (Ko lA+ ; rKo

and f  , 'F2k- . ,  (Homo (An,A)  )  -+ Bxt  (Ko (An) /z ,Ko (A)  )  and a commutat ive

d iag ram w i th  exac t  rows :

0.o ?1, , -  (Homo (A1,A)  )*  oz, . - f  (u  (A; )  ) * - ' rqx-1 (U (A)  )  * '%, . - f  lHomo(Ar. ,A))  - - - *  0
ZI \  

i  
,

[ r  i t  [ ' v  _ ,  j -
0*Hom(Ko (An)  /Z,Ko(A)  )*eHorn(Ko(An)  ,Ko(A))** I rcrn(Z,Ko(A)  j ! 'Ext (Ko(An\ /Z,Ko(A)) -*  0

( 5 ' , i T - Z f - f  ( l . I ( A ' ) ) - + H o m ( K o ( A r r )  , K o ( A )  )  i s  t h e  c o m p o s i t i o n

' % r . _ 1  ( u  ( A ; )  ) * K o  ( a i ) - + H o m "  ( K o  ( A n ) , K o  ( A )  )  * >  H o m  ( K o  ( A r r ) ' K o  ( A )  )  2

Z tA 'e^4*"(rle,{ c4h ,n --5'ht4] )

P r o o f .  I t  f o l l o w s  f o r m  t h e  p r o o f  o f  p r o p o s i t i o n  2 . 4  a )  t h a t

K^  (A .1  )  i s  a  subgroup  o fo '  n '

k,k k
Ko (A)a tHom (z  ,  Ko  (A)  )  ' "2  l tom (Ko (Ar r )  ,  Ko  (A)  )  "

r t rho  nrar r i  o r rq  i somorph ism maps K^  (A j  )  on to  the  se t  o f  those morph isms. . . * r "  - .o  . - *n

K  ( A )  s u c h  t h a t
(J ?(["]'] ) b e l o n g s  t o  t h e  i d e a l  g e n e r a t e d
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in  Ko(A)  by  f  " t r ] ,  
namely  the  se t  o f  those *  Ko(A)  .such tha t  there

ex is ts  m€N such tha t  - * [ . l r l suS* f . l r l  .  rh is  shows tha t  Ko(A; )  i s  i so-

morphj-c to Hom. (Ko (An) ,  Ko (A) )  .

i {e  sha l l  p rove  tha t { ;#*= fnKo( j ) , ,  the  o ther  re la t ions  are  s i -

mi la r .  Le t  * \  *n=  
( .On)  the  mat - r i x  representa t ion  o f  the  morph ism

1t

d*o ,Ko  (An )  - -+  Ko  (A* )  ( l dp tk * ,  I € t * . } {n )  .  Le t  ( [ " ]  ,  0 , .  .  .  ,  o )aKo  (A ) ' ' ' '  n

H o m " ( K o ( A m )  ,  K o ( A )  )  i . e . [ e ] e x o ( t f ) -  ( 1 "  u s e  t h e  n o t a t i o n s  j - n t r o d u -
-  - ( tu j  

,0 ,  - ,0)  ,
ced in  the proof  o f  2 .4.a)  ) .  Suppobe*-r . - : * ' l { *T6presented in  Af  by

,p.rnt a 1

, ,=X_' . l r  fu i i  for  a  pro ject ion f  equiva lent  t " [ " ]  t " f ,  a  matr ix  un i t
r - I

o f  A * ) .  W e  w a n t  t o  f i n d  t h e  c l a s s  o f  t h i s  p r o j e c t i o n  i n  K o ( A ; ) .

Le t . t e fa )  be  a  ma t r i x  un i t  o f  A r r .  I r I e  may  suppose  tha t  t he  ma t r i x

uni ts  te f . t  and t " f r f  are compat ib le  in  the sense that  
" t .n  ? : .

" la  
is  a  sum of  some of  

" l i .  
To be more prec] -se in  such a ="T.%; t

appear  ao ,  p ro jec t i ons  f , rom . t ,  , u ! r , . . . , . f ; . . . ,  o * , -  
Le t  [ s l  u "  the

YmkYmk

, t h . o * p o n e n t  i n  K o ( A i )  o f  f l , t h i s  i s  t h e  t t h  c o m p o n e n t  o f  O i r r ( f " J ,

0 , " . . , 0 )  i - n  l l o m " ( K o ( A ; )  '  r ' . o ( A )  ) .

[ g1  i=  rep resen ted  by  Z - " | r -n  
" l=  

and  h  i s  a  p ro jec t i on  equ ] - va len t  t o
L - J  ^ - l

g.  r t  i s  c lear  now who is  h :  r i=e l r r re l r=  " l r f  
*1 ,  ,  u f r  te rms

' i i("ir

occur in the sum and hence[nl= [n] 
= 

"1, L?l = 
"rrfuJ'  

r t  for lows that

*  there ex is t  a  commutat i -ve d iagram

*
6 Ko (A)gllom (Ko (An)

l -

I a]^@ L

Ko(A;) -e Ko(Ar.,)
" 

€ Ko (A) *anom (Ko {An) ,Ko (A)**H1% (Ko (An) 'Ko (A) )

T h i s  d i a g : : a m  g i v e s  t h e

b )  L e t  f , s 2 k * r ,  p

,Ko (A) ) <- Hom ,Ko (A) )

d e s i r e d  c o n c l u s i o n .

o *  U ( A ; )  ' 1  b e  a  2 k - L  l o o P .

( A I'- Tn' c 
(Ko (An)

a#; I
nK (A ' )  -+

o '  i n

J o'gt

r ^ r a  . i  x n r r l - i  { : r r  c 2 k * l
f Y C  J u E I r u I ! - Y  r )
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*
t o  aBz ,o  .  Choose  g :B ro -+U(M2 (A )  )  an  ex tens ion  o f  f  @ f  t o  B rO.  ad@

d e f i n e s  a  m o r p h i s m  A r r - ? C ( B Z t  ,  M 2  ( A )  )  - ?  C ( B 2 k '  K  I  A ) .  S i n c e  f  t a -

kes va lues in  U 1ei )  ,  the range of  the prev ious morphisms is  actualy

i n  c ( B " r . / . o  ,  K @ A ) c r c ( S 2 k ,  K @ A )  .  D e n o t e  b y T f , A n * c ( s 2 k ,  K & A )
"o  d  o2k

the  prev ious  de f ined morph ism and by  t f r :Ar r ->  c (s2k ,  K  @ A)

embedd j -ng by constant  funct ions)  .  Us ing a Ki jnneth theorem t [3 ] ,1 ' tSJ I

o r  b t ' y  d i r e c t - c o m n u t a t i o n  K o ( c ( S 2 k ,  A )  ) . / K o ( A )  @  K o ( A )  ,  t h e  f i r s t  s u m -

mand being *o ( t )  (Ko (A)  )  and the second being the kernel  o f  the mor-

) v
p h i s m  K o ( e ) : K o ( C ( S z K , A )  ) - +  K o ( A )  i n d u c e d  b y  t h e  e v a l u a t i o n  a t  S 2 k - I /

.  ?k-- t  ^zk-L \  _
/ s ' ' -  

r  ( t he  po in t  ob ta ined  by  co l l aps ing  S - , '  *=  
dBzk  to  a  po in t ) .

r r  fo l lows thar  Ko (?f  )  -  xo t r f  )def  ines a morphj -sm Frr4= Ko t l r )  -

- x o t . f , / t  ,  K o ( A )  - r  k e r ( K o ( e ) )  c z  K o ( A ) .  T h i s  m o r p h i - s m  d e p e n d s  o n l y  o n

the  c lass  o f  f  i n  2k -L (U  
(A ; )  )  .  Th i s  shows  tha t  5  i s  a  we l l  de f i ned

func t i on .

Let  us show that  5  j -s  actual ly  a  morphism.

Denote by f  *  g  the operat j -on of  concatenat ion of  loops and by

d :  s2L .n  g2kvs2kc -  s2k /eq - ra to r  t he  obv ious  morph ism.  No te  tha t  t he re

exj -s ts  a homotopy commutat ive d iagram :

i

?h " (s  
2k  ,

"F.  (szk ,
z \^ ' / \ c ( s 2 k v s 2 k , A  

Q g
R ) /

7{**

r ' \  C n  ^ r ^ 2 k
n,  -+> \_  tD 8 K )

8 K )

A € r

A 6 t
, A

l t
t l
I t

AA - . * -"n c  ( s 2 k

The corresponding diagram of  Ko-groups looks as fo l lows:

01,8(9v Ko(A) @ Kote)qfr 
,^,r.,g2%(A)*%(A)K o ( A )  ( - - - -  

- .  , a ,  t -  , ^ , , I o ( A ) o K o ( A ) e K o

ll 
(^/,5(itDt Ko (A) 6 Ko ,u-t.iz 

I

il el ,r (rr.sr)) {
K o ( A )  '  Y - " -  '  ' * K . ( A ) O K . ( A )
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i . ,  (xrY) = (x,Y ,ol  ,  
. t r (x,z l= 

(x,0 ,z l ;
.>*--t  K o  ( a  )  ( x  , y , z l  =  ( x r y + z l  .

This  g i -ves the desi red conclus ion

N o t e  t h a t  5 t [ t ] f  t [ r ] ) = f , o t [ t ] f =  t h e  i n d e x  o f  t h e  l o o p  f  r e s a r -

ded  as  an  e lemen t  o f  K r  (S2k - to ) .  Hence  ,  L f  f  i s  homotop ic  to  the

consLant  loop po i r .  u  ta t  then f , t5 f  1)  f  actors  to  g ive a wel l  def  ined

rnorph ism Ko(An)  /z  . -+  Ko(A)  .  Th is  i sTr ( [ fJ  )  under  the  ident i f i ca t ion

Tzv(Homo (Arr,A) ) = ker ( 'eu-t (u (A;) )--2k-t (u (A) ) )  .
.  ) V - 1'  

L e t  u s  d e f i n e  n o w  t .  L e t  f  : S - "  , p o ' - >  U ( A )  r I  b e  a  2 k - l  l o o p .

) v - 1
:  f  de f i nes  a  un i ta l  morph ism Ar r - ->  C(S- "  - ,A )  .  Th i s  morph ism i s  t he

Busbv i -nvar iant  o f  an uni ta l  extens ion

,t 1) o -t s2ka -*> B -+ Arr--> o

Denote by 1 the uni ts  of  E and A^ as weI I .  Th is  g ives an exten-

s j -on of  groups

0 o Ko (A) __+, Ko{.E\ /Z * Ko {Anl /Z ---> 0

Lz ^/r 'e-a*!kJA") M ryz -t 'nD+l) .

The  c lass  o f  t h i s  ex tens ion  i n  Ex t  (Ko  (An )  / z  ,  Ko  (A )  )  w i l l  be

denoted by t_( f f l  ) .  We may show that  E is  a  group morphism as we d id

'  f o r  5  o r  as  we  sha l l  do  fo r  E  i n  t heo rem 2 .LL  .  However  we  sha l l

con f i ne  ou rse l ves  to  no te  tha t  t h i s  w i l l  f o l l ow  i f  we  sha l l  show

that  the d iaqram

trzt -t_ (u (A) ) *-+ Tzr-t (Homo (An,A) ) "----+ 0

{ v  f r
Hom (  z  ,Ko (a )  ) l r  -  Ex t  (Ko  (An )  / z  ,  Ko  (A ) ) ' -+  0

i s  commuta t i ve .  To  show th i s  obse rve  tha t  (1 )  becomes  a  t r i v i a l  ex -

tens . i on  a f te r  t enso r i -ng  Co  (B2k ,A )  by  K .  A  l i f t i ng  fo r  A r r *  C  f  S2k - | . * f  l
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) k - 1  ^ *
. -+  c (5z r ' - - - ' , 1 {2  (A ) )  t o  c (Bzk ,M2  (A ) }  i s  g i ven  by  a  l i f t i ng  o f  f  C I  f

Th i s  . sho l s  tha t  ou r  ex tens ion  o f  g roups  i s  i somorph ic  to

0 + Ko tdlK,rT* xo (s2ka) @ Katr-nl +tL t g )J {:4f 
Ko (Arr) z fr,* 

0

and hence i t  is  the i -mage of  the morphism Z - - 'pK^ (A)  which sends Io ' "

t o  - S  t f f l l  i n  E x t ( K  ( a  \  / Z  ,  K  ( A )  )  ( t h i s  a t s o  i r r s - t - . i ' t r j ^ n  l h a  5 n n ^
v g  L J '  o  n "  

- o '  r r e s  c n e  a p p e a -

r e n c e  o f  t h e  s i g n  - 1 ) .

ThC f i r s t  r  ow  i s  exac t  s j -nce  i t  i s  a  segmen t  o f  t he  l ong  exac t

sequence  o f  homotopy  g roups  o f  a  f i b ra t i on  tp+ l  f .  The  second  row  i s

r -  n€  the  Ex t -exac t  sequence  o f  homo log i ca l  a lgeb ra  tA , r J  ) .c t  b  E 9 r L t u r r  L  \ J  I

'  The fo l lowinq lemma shows how we can use the preceding ]e tnma

in the nonuni - ta l  case

*
2 . 8 .  L e m . q a .  L e t  A  b e  a  n o n u n i t a l  A F - C  - a l g e b r a .  T h e r e  e x i s t s  a n

e x a c t  s e q u e n c e

O* ' i i - . , - (Homo(A* ,A)  ) . -Hom^(K^(A: )  ,K^(A* ) ) *  Hom^ (z ,K^(a* )  ) *4 , - (Homo'^  n \  \  r  A
z r \  1 r  u  L /  l . L  LJ  t -  O '  ZR '  

\ r l t t rA i  , | +  u

Proo f  .  The re  ex i s t s  morph isu ts

f 1 : H o m c  
( K o  ( A * )  , K o  ( A + )  ) " - &  H o m ( z , z )  x 7  a n d

"  
9 r :  H o m  ( z  , K o ( A +  )  )  * +  H o m  ( z  t z ) ' Y  z

g iven by  z  - : *z f r ]cKo (A ; )  and Ko (A+)  *  Ko rc )  v f l .  r t  fo l - lows

t h a t  K o ( A ; ) c l K e r T I  a n d  K o ( A )  , : z k e r  
! 2  

a s  e a s e l y  s e e n  f r o m  t h e  p r o o f

o f  p ropos i t i on  2 .4 .a )  (we  have  an  a rgumen t  s j -m i l a r  t o  t ha t  g i ven  i n

the  f i r s t  pa rag raph  o f  t he  p roo f  o f  l emma 2 .7  .  )  .  The  res t  i s  an

a p p l i c a t i o n  o f  p r o p o s i t i o n  2 . 4 . c )  "

2 .9 .  Pg l -1 r r i ' L fg l .  Le t  H l ,H2  be  o rde rcd  g roups ,  i :H t - *  H2  an  o r -

de r  rno rph i sm.  An  exac t  sequencc  o f  g roups
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0 --'+ H^ + E -[- H" --+ 0
Z L

i n  wh ich  B  i s  an  o rde red  g roup .  ; r  i s  a  pos i t i ve  morph ism,  w i l l  be

-  ca l l ed  compa t fb le  w i th  i  i f

( a )  7 r  ( E ,  )  =  H . ,  ,r r r E -

( b )  I f  x , y 7 0 ,  x F H . ,  ,  y , z e B  a r e  s u c h  t h a t ' n ( y )  = w ( z l | Q  t h e n  z A 0  j - f

a n d  o n l y  i f  t h e r e  e x l s t s  m . > 0  s u c h  t h a t  - m i ( x ) ( z - y ( m ' i ( x )  i n  H r .

As in  the usual  case,  two compat ib le  extensions El  and E,  wi l l

be ca l led isomorphic  i f  there ex j -s ts  a pos i t ive group morphism

cg:  Er- - - )  E.  and a commutat ive d iagram
. ,  L  z

( 2 . e . 1 )

I t  f o l t r ows  tha t  
F  

i=  necessa r i l y  an  i somorph ism o f  o rde red

groups

The  se t  o f  i somorph ism c lasses  o f  ex tens ions  o f  H l  ny  HZ  ,  com-

p a t i b l e  w i t h  L ,  w i l l  b . e  d e n o t e d  b y  E x t " ( H I , H 2 , i ) .

An  ex tens ion  E  compa t ib le  w i th  i  i s  ca l l ed  t r i v i a l  i f  t he re

ex j - s t s  a  pos i t i ve  l i f t i ng  fo r ' JT - .  No te  tha t  i n  v iew  o f  ou r  de f i n j - -

*  t i o n  t w o  l i f t i n g s  d i f f e r  b y  a n  e l e m e n t  o f  H o m . ( H l , H 2 , i ) .

f t  i s  n o t  t r u e  t h a t  a  t r i v i a l  e x t e n s i o n  i n  E x t . ( H I , H 2 , i )  i s

i somorph ic  to  H t  @ H2  as  o rde red  g roups .

We wi l l  need only  the fo l towj-ng resul ts  about  th is  Ext"

2 . 1 0 .  g r o p o s i l i o n  a )  L e t  H I , H Z , H 3 , H 4  b e  ' o r d e r e d  g r o u p s ,

i * :H*  -+ ,  H ;  , .  JQ l t ,Z , l \  be  o rde r  morph isms .  Suppose  tha t  t he  i dea l
J J J+l[

g e n e r a t e d  t r  n j * ,  b y  t j  ( n j  )  i s  
" i * , i e f I , 2 , 3 3 ) .

Then there  ex is ts  func t ions

tnl

'  g --*H,

ll
o * H 2

E 1 *  H . l  *  0

fr ll
E 2 * H 1 *  0
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t(
i l : E x t "  ( H 2 , H 3 , i r )  - +  E x t .  ( H l , H 3 , i r o i t )

i 3 o  t E x t "  ( H 2 , H 3  , L r \ ' - r ' E x t "  ( H 2 , H 4 , r - r o i r l

. . . i  ! ! -  ! r ^ ^  
*  *

wr rn  rne  p rope r t y  t ha t  i r c r i 3n= i3no i l  as  func t i ons  f rom

E x t .  ( I f  
Z , H 3 , L 2 l  

t o  E x t "  ( H I , H 4  , i 3 o i 2 o  i l )

b )  L e t  E r r  E r e E x t " ( " I  ' L r z , L )  ,  ' , d : H t - - * " r  @  * L  d ( a ) = a  s  a ,

cr :  HZ @ HZ*H2ro(arb)=a+b then El  @ E2GExtc (HlSH2rH2SH2r id l i )  o  and

* r r
d . ( 5 * (  e ,  o  a ,  1 1 = { ( d  (  E I  @  E 2  ) € E x t " ( H t

s t r u c t u r e  o n  E x t " ( H I r H 2 )  w i t h  t h e  t r i v i a l

e lemen t .

c )  Le t  H r r raeN ,  H '  , i ,  j * r r r i '  and  H  be  as

there ex is ts  an exact  sequence of  groups

0-*l{ (Hom. (Hn,H' ,irr) , j}}nxt. (H,H' ,i) * 
*1(r"t. 

(Hn,H' .in) , j;) ---+' 0

l-e1= ,
_Pr.oof . a) Let 0 --+ H,

*  * -
D e f i n e  i .  ( f E l )  t o  b e  t h e

- L  V J

s i o n

, H 2 , i )  d e f i n e s  a  g r o u P

extension as a neutra l

i n  p ropos i t i on 2 . 6 . e )  t h e n

; r r' d  >E J t  H,  * - t  0  be  an  e lement  o f  Ex t "

c l a s s  i n  E x t .  ( H t ,  H 3  r  i . r o  i r )  o f  t h e

(Hz ,Hl  ,&]

exten-

0 --+ H3 * u *rr.

u  o r r n ,  =  f ( x , h r )

H, '*-+ Hr'^-* 0

l ' n " t=  i r  (h r )3

a n d  ( x , h r ) ? O  i f  a n d  o n l y  L f  x 7 0  a n d  h t 7 0 .

i " .  ( l - E 1 )  i s  t h e  c l a s s  i n  E x t .  ( H Z , H 4 r i r o i r )  o f  t h e  e x t e n s i o n
5 * L J

o .+H4 *  t r  @ H4lCi )o  i : (Ht )  
: ! - }  Hz*  o

T h e  o r d e r  o n  E r = E  @  H a  /  e r )  e  i . ( H . ,  h a s  a s  p o s i t i v e  c o n e  P l

t h e  s e t  o f  t h e  c l a s s e s  o f  e l e m e n t s  t " r f t n l ,  x e E ,  x 7 n 0 ,  h 4 e l { 4  s u c h  t h a t

the re  ex i s t s  m} .0  fo r  wh ich  *  -m i ro i ro f i ( x )6hn (m i3o i zo f i ( x )  "  Deno te

l j t ,Ed 11frqc



b y  t " , f . l )  t h e  c l a s s  o f  a n

1 B

e l -emen t  ( x rh4 )e t r  @ H4  in  E r .  We  sha l l

show that fn. , leFrf"  Gr2,r14, i ro i r ) .  Let  t f l i f  uEr"  Ttrere exisrs posir i -
L I I

ve  e l -emen ts  x , r x r€E  such  tha t  x=x2 -x7 . .  A l so ,  s ince  Lhe  i dea l  genera -

t e d  b y  i r o i ,  ( H r )  i n  H n  i s  t i r e  w h o l e  o f  H n ,  t h e r e  e x i s t s  x r > O  s u c h

t h a t  - i 3 ,  L r ( x 3 ) ( h ( i  
3 " i 2  

( * : )  "  I t  f o l l o w s  t h a ' 1 .  ( x o h )  =  ( x 2 + x 3  r h ) --/<
- ( x l * x 3 r 0 )  i s  t h e  d i f f e r e n c e  o f  t w o  p o s i t i v e  e l e m e n t s .  I f  ( x , h )  €

P., .  f l  ( -P-,)  therr  : i  t f i f  )  =J1-(x)€E*f i  ( -n. , -  )  (E+ is the posi t ive cone in
I '  J"'

E ) .  T h i s  s h o w s  t h a t  P t f l  ( - P f ) = L 0 3 .

z1 ;e ' -
Le t  ( x ,  ,  h1 )  ,  ( x ,  , l n r )en . ,  such  tha t  ( x ]  ,  h l  )  i s  pos i t i ve  and

I I

6=) f ( x1 ) ; )T - ( x r ) .  Suppose  tha t  ( x r , l n r )  i s  a l so  pos i t i ve .  Then  we  may

s u p p o s e  t h a t  x ' x r 2 0 ,  - m i 2  ( h ) ( x r - x r ( m i ,  ( h )  a n d  - m  i 3 " i Z  ( h ) ( h j " . <

m i - .o i2 (h )  fo r  some m€N and  je f t , 2 ! .  rhen  ( f i r l - t { i r l =
--'<---.-**

=  ( 0 , h t - h Z + i ,  ( x r - x ,  )  )  s a t i s f  i e s  - 3 m  i 3 o i 2  ( h ) € - h I - h 2 * i ,  ( x r - x ,  ) (

3m i 3o i2  ( h )  .  Conve rse l y ,  i f  -m  i 3o i2  t / r l < f . k *  , r r r r , n ,  . n . "  t f i r l , .
/\". 

-'A.

+  (0 ,  t i )  i s  pos i t i ve  f rom the  de f  i n i t l on .  s j -nce  i f r ( ( x ' h I )  )  = ' jT ' ( x1 )  ,

[  
(  ( x ' l n2 l  l  =  f i x2  )  i t  f o l ] - ows  tha t  (E l ,P I )  de f  i nes  an  e lemen t  o f

E x t .  ( H 2 , H 4 , L = a i - r ) .

N o t e  t h a t  i f  i n  ( 2 . 9 . L 1  w e  s u p p o s e  o n l y  t h a t  
T  

i s  a  g r o u p

m o r n h i q m  f h e n  i t  f O ] l O w s  t h a t  C 0  i s  a c t u a l l v  a  m o r n h i s m  o f  o r d e r e d' . , * ' T

c r r c l l r n s -  ' l ' h i s  s h o w s  t h a t  t h e  n a t u r a l  f u n c f  i o n  E x t  ( H -  ,y r v u y D .  r r r r p  s h o w s  t h a t  t h e  n a t u r a l  f u n c

E x t . ( H I , H 2 )  i s  i n j e c t i v e  a n d  h e n c e  t h a t  E x t "  ( H l , H 2 , i )  m a y  b e  i d e n -

t i f i e d  w i t h  a  s u b s e t  o f  E x t ( H l r H 2 ) .  T h i s  p r o v e s  t h e  r e s t  o f  a )  a n d

b )  .

Le t  E*  and  p *=  be  such  tha t  t he  d iag ramsn  l m n

0 -> H t----o E -_---.D H --*+ 0
i l  r l  t n
ll l('". I

0 *_->H t--*--> E --*-:> H ---> 0

are commutat  j -ve,  13. -^  pos iL ive,  t -hen' l t n n
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represents  an  e leme" t  In ]e  nx t "  (F I 'H '  r i )  such  tha t  l t s  image in

E x t "  ( H n , H ' ,  j r , )  i s  [ u " l  .  T h i s  g i v e s  t h e  s u r j e c t i v i t y  o f  E x t "  ( H n , H ' ,

j r , )  *  
s I  

(n* t "  ( l - ln , l {  
"  

J r r ) ,  j i n  )  .

L e t  0 - - > H t * + " 8 * - l , H * > 0  b e  a n  e x t e n s i o n  s u c h  t h a t  i f  j r r ,

: H r r . * > t {  i s  t h e  l i r n i t  m o r p h i s m  t h e n : l t t 4 )  i s  t r i v i a t . T h i s  m e a n s  t h a t

there ex is ts  pos i t ive l i f t ings Vr , rHr , - -> E such that  'T-"?,n=jn.  Let  us

observe that. ffir,+.ta j'.+t 
-.-%€Homc(llnfHf 

jr.) 
"ff we choose c'ther liftings ri then

l l r  r  r l r  l t r l  l r  u  f l

F-t  ^ i  - i / t=T . . - i  -v  1-(wt  -p \ * - i  I 'p t - 'v  \  T+ f^ l . Iows' that(Hn+1*r j r r+In*n+I"Jn* l rn ' tn  
i r * l *Jn+]rn 

-n ' t *h+]  * f t+ l ' "Jn+l rn t*n tn '6re !v+rv \wn+l . "J

- 8 , ) n € N  a t d  ( e i * r o  j . r n l  
, n  

e , 1 ) r . e N  d i f f e r  i n  
{ -  " o * .  

( H n ' H t i n )  b y  a n
n€.N

e l e m e n t  i n  t h e  r a n g e  o f  , S  ( s e e  1 " 1 . h )  ) .  T h i s  g i v e s  t h e  r e s t  o f  t h e

s ta temen t .

Let  us observe that  i f  H l  and H2 are unper forated then any or-

de red  g roup  rep resen t ;ng  an  e lemen t  i n  Ex t " (H t rH2r i )  i s  unper fo ra ted .

i ^ te  sha l l  deno te  by  Ex t "  (Ko  (A )  ,Ko  (A )  )  t he  g roup  Ex t .  (Ko  (A )  ,

K o  ( A )  , i d )  .

z . L I "  L e m m a .  L e t  f , s 2 k - 1  o A u t ( A )  b e  a  2 k - 1  l o o p  a n d  s u p p o s e
rk

t ha t  Ko (A)  has  l a . rge  denomina to rs "  Le t  E f  c  C (B2k ,A )  be  the  C  -a lge -

b ra  o f  t hose  func t j -on=  C /  r  B2k ' *  A  such  t . ha t  
9 ) ( x )= f  

( x )  (a )  f o r  some

a= ' tT " (g )  €  A  and  any  xeS2k - I .  Then  the  semig roup  v (A )  o f  p ro jec t i ve
I

€ i  n . i . r - n ' l  r r  n n n e ; 4 f g d  m O d U l e c  A l 7 a F  E r  l - ' : r  C a n C e } a t i O n .  I f  K -  ( B J ,  i Sl - I I t I L g I y  V E r l C r C l L - g u  r t l u u u I E D  v V E !  
" f  

J I @ J  v q r r v s l q L r v r r  -  - ' O . 7 *  - -

" t h e  p o s i t i v e  c o n e  o f  K o ( E r )  t h e n  X o ( n )  ( K o ( E f ) * ) = K o ( A )  *  ( f  i s  t h e

quo t ien t  map  E ,  - *A )  .  l 4o re  o f  t ha t ,  Ko (E f  )  rep resen ts  an  e lemet r t

i n ' E x t "  ( K o  ( A )  ,  K o  ( A )  )  .

p roo f .  We  re fe r  t he  reader  fo r  t he  no t i on  o f  t opo log i ca l  s tab le

r r c o r l  i n  # h i e  r  
r " ' " 1

L r r E u  r r r  u l r r o  P I O O t  t O  L l b J .

sequence

rank and for  the theorems

There  ex i s t s  an  exac t

o  -D  s2ko- * * " rLA*5  o



2 0

We denote  as  L" f f iq  by  t .s r (B)  the  'bopo log ica l  s ta .b le  rank  o f

x
a C -a1-gebra B.  I t  co i rnc io{es wi th  the Bass s tabl .e  ra.nk t [+ tJ t  .

We lcnovr  tha '1.  tsr  (SAn)$k+I  and hence tsr  ( l ; !g  sarr )5 lc+1"  Also

b s r  1 e 1  = 1  a n d  h e n c e  t s r  ( E 1 ) { f + t "  A n a l o g o u s l y  t s r  ( e E t e } < l < + 1  f o r  a n y

p r o j e c t i o n  e e E r .  L e t  u  _ , u 2  
b e  t w o  p r o j e c t i o n s  i n  K  &  E f  s u c h  t h a t

f . f ]  
= [ . 2 ]  "  Rep lac ing  A  by  some Mn(A)  we  Inay  suppose  tha t  n - (e i . \ r  ( e ,

GA"  S ince  c lose  p ro jec t i ons  genera te  bhe  same ' i dea l  and  T ' i - (e t )  and

r (e r )  a re .  equ iva len t  cons ide r  t he  i dea l  J  genera ted  by  r r1e l )  and

i r t e n f  i  f r z  r . -  a n d  . j  w i t h  f w o  f u n c l - i o n s  c p - ,  a n d  f ,  
i n  C ( B 2 k r J ) f i  E f  .

I u E r r u ! r J  
" I  

q r r s  
" 2

Then there ex is ts  a commutat ive d iagram

-  n L L ---> > L' *--9

.I

d
n z L n

--9 D ft --P

) v  2 k
Since  Ko  ( J )  -+  Ko  (A )  and  Ko  (S ' ^J )  ' *  Ko  (S ' ' 'A )  a re  i n jec t i ve  i t

f o l l o w s  t h a t  K o ( C  ( B 2 k , J ) n  E f  )  . + K o ( E r )  i s  i n j e c t i v e  a n d  h e r r c e f . f ]

a n d [ - e " l r e p r e s e n t  t h e  s a m e  c l a s s  i n  K o ( C ( B 2 k r J ) n  E t ) .  T h i s  s h o w s  t h a t
w  Z )  4 r \

we may  suppose  tha t  u l -  and  u2  a re  fu l l  p ro jec t i ons  i n  E t "

Let n=k+l .  Choose a fu l l  project ions e e A such that nfe]Sr 'of i r )  t f$

We may  suppose  tha t  eGAo fo r  some la rge  p .  A l so  i t  f o l l ows  f rom p ro -

p o s i t i o n  2 . 4 . b )  a n d  c )  a n d  f r o m  l e m m a  L . ?  t h a t  t h e r e  e x i s t s  a  l o o p

o f  un i ta r i es  g  such  tha t  f  1o^= -d91a^ .  
Le t  h  be  a  l i f t i ng  o f  g&g*  to

t /  t , a  n
A  ' n i r n r v  i n  c ( B Z k , M 2  ( A )  ) "  T h e n  a d " n (  

;  6  ) = " o  i s  a  p r o j e c t i o n  i n
q

M 2 ( E f )  s u c h  t h a t T f ( e o ) = e .  S i m i l a r i l y  w e  m a y  f i n d  a  p r o j e c t i o n

e 'eM,  (F f  )  ,  f o r  some la rge  r ,  such  tha t  
" [ " ]  

*  Ko ( f f )  ( [ e ' - ]  )= *o ( ' f f ' )  ( [ b f ]  )

W e  s h o w  n o w  t h a t  w e  m a y  r e p l a c e  e ^ @ e ' 9 y  S o m e  o t h e r  p r o j e c t i o n  e "- \, ,{rd,
such rhar  (1)  (n- t ) [ "J  * [ . " ]=Gr l  "  rna#x=[* i l  -  

" [ "J  
- [ .J*ootJ*a l  .

s ince  e  i s  f u l1  p=s  6 ' r i - (e ' , )  i s  a l so  fu l l  and  th i s  means  tha t  t he

m a p ' J ? r u - ,  ( U  ( p M s + I  ( A ) p )  )  - +  X o  { S n 2 k )  i s  s u r  j e c t i v e  ( u s e  p r o p o s i t i o n

2 , 4 . b )  )  .  L e t  I  b e  ( 2 k - 1 )  l o o p  i n  U  ( P M . . r r  ( A ) p )  r e p r e s e n t i n g  x  i n

Xo{S2kn)  .  Us ing  g  we  may  tw is t  eo  ( }  e '  such  tha t  t he  new p ro jec t - - i - on

C ( B " , - r J ) * J . . " . . . . -
,  

L t \  
I

t l
J g tv

E - . * - - . . - + , ! +- t



2 L

e , '  s a t i s f y  ( I )  "  I n d e e d ,  I e t  h  b e  a  l i f t i n g  o f  g  @  g #  t o  a  u n i t a r y

i n  c (B2k  , r 42x@\ ) ,N=adn (  f ,  !  f  "  r r  f o l t . ows  t ha t  ( n - l ) f uJ  -  [ qJ  =

f a= L e t J '

s ince  e  i s  f u l l  i n  A reo  i s  a l so  fu l l .  i n  * { ,  and  hence

-  n *  I

t " tJ*Io qE, e 1eH1)m and (erH.r)  { t r  (emg)m are isomorphj-c as r ight

f f i f  -  modules for  some r6N.  We may use now the l {ar f ie ld  can*cel la t ion

rheorem tf tgl  , i - l : r . l l  to conclude that (egr)t t- t  Gi qrf  and *tr f  are
L -  J  L  )  L

n - l

ac tua l l y . i somcrph ic .  The  same a rgumen t  sho rvs  tha t  u2E f  and  (e€ ) l  -  
@

ff r  oF are isomorphic  and hence we obta in that [e f  ana[urJ t t "  equiva lent
o  : * f  - r - - - -  -  v  l ,

1  p r o j e c t i o n s .

.  We  have  a l ready  p roved  tha t  any  p ro jec t i ons  i n  A  has  a  l i f L ing

in  E r .  Th i s  shows  tha t  Ko  (T )  (Ko  (E f  )  *  )  =Ko  (A )  + '  To  p rove  tha t

0 -* Ko (A) ---> Ko (Er) '-'* Ko (A) ---+' 0

i s  a n  e l e m e n t  i n  E x t . ( K o ( A )  , K o ( A )  )  w e  h a v e  t o  p r o v e  2 ' g ( b l  '

Let ey ereM, (8, ) such that Ko ( ' Ir) ( 
["rJ ) =Ko (n) ( [e;] ) =f"J '  rhen '

as  we  d id  be fo re ,  we  no te  tha t  
" l  

and  e ,  maY be  i den t i f i ed  w i th  func -

t i o n s  
f  , , Y r , B 2 k * +  

J , J  b e i n g  t h e  i d e a l  g e n e r a t e d  i n  A  b y  r r ( " t )  "

H e n c e  [ " r ] -  [ , " r ]  i .  a n  e ] e m e n t  o f  x o { s 2 k . l ) .  c Q n v e r s e r y  i f  x e K o ( E r )

i s  such  tha t  [ " f ]  
-  * f f i o  ( s2k , l ) ,  G ' .  Ko  ( s2ka )  t hen  we  may  f  i nd

+  a  2 k - l  l o o p  g  i n  U ( ' r , { e l ) M r ( A ) ' r r ( e r ) )  s u c h  t h a t f , t ; V ; l =  
"  

- f " f ] "  U s i n g

th i s  g  we  may  tw is t  e t  t o  ob ta in  a  new p ro jec t i on  e r&Mt  (E t )  such

tha t  f " rJ -  [ " rJ=x  
-  e I  .  Th is  conc ludes  the  proo f  .

N o t e  t h a t  E a  i s  a  l o c a l l y  t r i v i a l  f i e l d  o f  A F - C x - a l g e b r a s  '

2 . 1 2 .  T h e o r e m .  L e t  A  b e  a n  A F - C * - a l g e b r a  s u c h  t h a t  K o ( A )  h a s

large denominators.  Then there dx is ts  a contmutat ive d iagram

wi th  exac t  rows :



0 t%r. (Aut (A) ) *- End" (Ko (T) ) --o rrcxn (z ,Kot[1 l*u;o_, (Arrr 1o1 ;"1"*.. (Ko ffi .xo ti) i *o

[-m 
,{',, \ ,y. .r,.. \0-* Hom (Ko tF.l t ,,xo {'di } ** Hcm (Ko (i') , ro {il ) --n&' (Tt plotfit l:}n"i $o(X) ./z ,Kavr|.}//

Exr (Ko tfrlixo tz$ i5" o

* 2 2

P r o o f .  L e t  u s  s u p p o s e  f i r s t  t h a t  A  i s  u n i t a 1 .
.1)

End.  (Ko (A)  )  *p l {om ( I (o  (A)  ,xo {A)  )  and Ext"  (Ko (Al  ,Ko (X)  ) - - *Exr  (Ko (X}  ,

xo(A)  )  are the natura l -  maps.  FI  is  def ined analogouslV wi th  
Ur t r  

o f

l e m m a  2 . ' 1  . b )  . - g  a s s o c i a t e s  t o  * o ' r | . x _ t ( A u t ( a )  ) ,  * = f f  : l  ,  t h e  c l - a s s

in  Ex t .  (Ko  (A )  , xo  (a )  )  o f  t he  ex tens ion

0 *+ Ko (s2ka) *  Ko (Er)  - r  xo (A) ---r  0

constructed

Ko  (A )  w i th

a s  i n  l - e m m a  2 . L L .  ( r v f e  l d e n t i f y  u s i n g  B o t t  p e r i o d . i c i t y
) v

a ,  , ^ a r \ n  \  \^ o t -  A )  l .

Le t  1  deno te  the  un i t s  o f  t r ,  and  A  as  we l l .  The  ex tens lon  o f

9roups

) v
0 * Ko (S-"A) --+ Ko Eil /z [r l  -- Ko (A) /zlr1 "-"* a

w i l l  b e  d e n o t e d  b y  E . ,  ( x )  .

i , {e  prove now that  E and El  are group morphisms.

Denote by f  ;<-  g  the concatenat ion of  loops.  A lso le t  d :A**Ar} iA

d ( a ) = a  @  a  a n d  o - , s 2 k a  e  s 2 k a - + s 2 k a  r h e  n a p  i n d u c e d  b y  c o ( n 2 k )  e
.  2 k  ? k  ) v  ) 1 .

o  c  (R" " ) . i r c  (R ; " )  6  co  (R :^ )  -+  co  (R ' , t )  .  The re  ex i s t s  a  commuta t i veo .  o

d iag ram o f  ex tens lons :

o *r s2ka --+ r
t a tt n n---"t -t o

o -*r'{*2ka-,J' *--* X -ro
)v l! ,, ,{, &.{

0 + S'"nc'S-'"A -v t-lr+En "--+ AdA.-+g



* 2 i

S i n c e  K ^  ( s )  ( a , h , ) = a + b  a n d  K . _ d )  ( a ) = a  ( f l  a  w e  o b t a i nO  
'  - ' O  r " ' '  \ . ^ '

extens i -ons  e t l? -gJ t  and on( [ * .g ] i  a re  rhe  Baer  sums o f
. - , t  -  l .E ( L f J )  a n d  t r ( L g J )  a n d ,  r e s p e c t i v e l y ,  o f  t h e  e x r e n s i o n s

, l -  ' 1 .

E l  ( Ls l  )  .

that the:

the  ex tens ions

T r  r [ r J r  r r r A- l t [ - J t  q r L \ 4

, ' ,
,,,zk_L(rrxn) )-iFu

i

The commuL.aLiv i t -y  of  'bhe d iagrams fo l lows by the natura l i t .y

o f  t h e  d e f i n i t i o n s  ( c o m p a r e  w i t h  l e m m a  2 . 7  a n d  2 . 8 1 .

we harre to  prove the exactness of  the upper  row.  conside: :  the

commutat ive d iagram

0 0 0
, t [ t

o * 0 .* 
%r (Aur (A) ) *,II (, u (Homo (An,A) ) ,n2ktpr*t I _-_, o

'l' C
0 -r0 --aHom^ (K^ (A) ,Ko (A) )-,1$ (lr.cmc 

f 
xo ta,.,) ,Ko (A) ) , ofr) _* o

I  w , u

0 ' l r J I

l

:
;

' 1  
1 v v0*'H3 ,nn?%(:r.o(An) ,Ko(A) ),%nl*Extc(Ko(A) ,Ko(A)) * 

? 
"--+ 0

s 
-J-  

l ,
0 0 0

r n t h i s  d i a g r a m  t h e  f i r s t  r o w  i s  e x a c t  d u e  t o  t h e o r e m  1 . 5 . b  a n d

to  p ropos i t i on  2 "4 .d )  "  The  second  row  , i - s  exac t .  due  to  p ropos i . t i on

2 . 6 . c ) .  I t  f o l l o w s  a l s o  f r o m  t h e o r e m  1 . 5 . b )  t h a t  t h e  f # ? f .  r o w  i s

e x a c t :  T h e  f i f t h  r o w  i s  e x a c t  d u e  t o  p r o p o s i t i o n  2 . 1 0 . c ) .  T h i s  s h o w s

that  in  the prev ious d iagram al l  rows are exact .  We wa*t  to  show

"  tha t  t he  m idd le  co loumn i s  exac t .

Le t  us  f i r s t  obse rve  tha t  t he  compos i t i on

H o m  ( Z  , R o ( A )  ) - e ' i 2 l r _ 1  ( A u t  ( A )  ) * + E x t "  ( K o  ( A )  , K o  ( A )  )  i s  z e r o .  I n d e e d  i f

f  i s  a  2k - r  l oop  i n  Au t (A )  t hen  the re  ex i s t s  a  2k -L  l oop  g  i n  u tA )

such  tha t  f=edg  fo r  g  a  2k - I  l oop  i n  U (A) .  Le t  e  be  a  p ro jec t i on  i n

M n ( A ) -  c h o o s e  a  r i f t i n g  h  o f  g  6  g  @  $  g  s  g *  @  o g n  t o  a

c o n t i n u o u s  f u n c t j - o n  h : B r O + U ( U Z n ( A )  )  ( g  a p p e a r s  n - t i m e s  a n d  g *

a l s o  n  t i m e s ) ,  t h e n  z  ( l - e l ) =  a d n ( e )  c l e f i r r e s  a  p o s i t i v e  l i f t i p g  f o r

Kr(rr)  r  Ko (Er)  -+ Ko (A) .



Let us denot-e

c o l o u m n ,  j * q & , ? , 2 \

a n y  j - € t , " . . , s J .  r t

cohomology oroup of  the

e  wan t  t o  show tha t  H , (2 )
l_

( t )  { t )  f  
' l  

) . ^
Hi  * '  =H j  * ' -  H  j  - '= ,L05.  A l .so

L Z 3

/ i
l-rrr lT \ J

- t ,

i  p ( ir  * - L *

i -s  ob

2/ !

\'  the

r
t . . .  t J

v ious

i * r h

= Q  f o r

, , ( 3 )
t t l  : :

i * rh

i "  r r
tha1:

{ ? )
H . ] " t - i 0 t  b y  d i r e c t .  c o m p u t a t i o n  u s i n g  l . e m m a  2 " 7 .

Z r J "

The computat ion of  o ther  cohomology g i :o lUfs requi res the usc

o f  t he  1 j .m4  exac t  sequence  ( see  { rea l  ) .  ' r he re  ex i s t s  an  exac t  seguence

(we  omi t  t o  w r ih .e  the  morph is rns  de f i n ing  the  i nve rse  sys l - . ems) :
o

o * 
Atfqo 

(Horno (An,A) ) -' *lI 
Hor5 (Ko (An) ,Ko (A) ) ---e

*, 
HI 

ttcxr. (I! (An) ,Ko @J ) /ir-zk(rbmo (An,A) ,Lt*tqk (Homo (An,A) ) -->

*>Limlttomc(Ko(U,Ko(A) ) -+t-tmllrom"(Ko(\) ,Ko(A) ) lrrrO(Fromo(An,A) )--r 0.

l{e obtatn so that njt '* ran (5) and thar H 
(*)"= 

}i*l"o*" 
(Ko (Arr) ,

Ko  (A)  /ozu(Horno (An,A)  .

There  ex i s t s  a l so  a  l im l  exac t  seguence  ob ta ined .  f rom

sequence  0 -> l {om.  (Ko  (An )  ,Ko  (A )  |  / u  r , ,  
- -+Hom (Z ,Ko(a )  ) * ' rZ t<_ ,  ( t l om

'\rcl l l*"(Ar,nlJ

0 -"Hg Hom" (r5 (An) ,K9 @, t ti1k(sono (An,A) , 
*r Hom (z ,Ko(A) ) =*I1gr.*r (Homo (An,A) ) *+

1

$-lio*. 
(Ko (An) ,Ko (A) , ,.2u(Homo (An,A) ) 

* 0"

Thr- i -s  shows that  n j3)  is  isomorphic  to  the cokernel  o f  the map
J

I im  Hom.  (K , - . ,  (An ) ,Ko  (A )  )  - -p  l im  Hom^  (K^  (A* ) ,Ko  @) ) l r r ro  Homo (An ,A )  )  .  F rom
< _ -  c  o  n " _ o  c ' o ' n '

t he  p rev ious  l im-  exac t  sequence  th i s  coke rne l  i s  i somorph ic  to

ran(6)  and hence n, l t 'o" j ' '  s imi rar i iy  Hj t ) .=  
kgt  

(Hom" (Ko (An)  ,

x ^ ( e )  ) / ' n -  / r r ^ * o ( ^  n r r * " l r ) .t , ,  " 2 k t t l ( J l t r  t / \ n r A , ,  )

l {e  have to  show that  the prev ious isomorphisms are induced by

the connect ing homomorphisms in  the long exact  seguence of  cohomology

g r o u p s :

I l  t
T-T \ -'r -.|>

l + l -

the

o  (An
i

^ i
rA )  ) -+u : r

( r )  . . . ( 2 )  , . ( 3 ) 5 j
. ---9 n. -*-> n , ---j,

l l l
( 1 )  . . .  * s l l



/ : 3

Let us prove f i rst  that  ntnr;3- 
"Jt ,  

is  the connect ing mor.phism

i r r  ( 1 ) .  L e t  
" = ( x n ) n e i l * U _ * ' T T z t - r ( H o n o ( n n , A )  ) .  E a c h  x '  i s  r e p r e s e n *

t e d  b y  a n  y n e  l { o m ( Z , K o ( A )  } ,  n a m e l y  b y  a  ( 2 1 ( - t ) . - I o o p  o f  u n i t a . r i e s  f '

i n  u  (A)  ,  such tha t  ud f  
,  I  a  

= rd f  
lo  .  r t  fo l l -ows tha t  yn+ l *yn  conres* n + I l  ' - n  - n  
l . - n

f : : o m  a n  e l e m e n ' b .  , , - r * t u l * " ( K o ( A n )  , K o ( A )  ) "  T h e  c l a s s  o f  ( 2 y 2 2 t . . 6 .  r .

, z n n "  " .  )  I . n  
l l l * H o r n " ( K o ( A , . , ) , K o  @ ) l  / - r r r o ( H o m o ( A n , A )  c o i n c i d e s

w i l - h  t h e  i m a g e  o f  x  i n  l i m l H o m " ( K o ( A n )  , K o  @ l )  / f ^ .  ( H c  n  r r n r t s y
-  < * :  

- - - - . . c \ - - o \ - - r f , ,  
o .  . . , . t t 2 p ( H o m " ( A n r A )  

)  
* , , *

l - ' n +  1 -  ^ n m ^ n -  i  l -DuLr r  courpo: ; ru ions  
* l l r z r . - ,  

( l {omo (An,A)  )  * *  H j ' l *  
L*  

r rom"  (Ko (An)  ,Ko (A)  ) /

, . , rro(Homo (An,A) ,  
ancl 

{ i I  zk-r(rJomo (An,A) )- Hj '4t rJ 4\-ry- r im,Hom.(Kcr(AJ,

K ^  ( A l  )  / . t r  / T T ^ r . o  / n  ^ \  r  .  T h i s  s h o w s  t h a t  t h e  c o n n e c t i n g  m a p, ,  
zk ( i lomo 

(An,A)  )  
'

&' " 
j  31"* 

" j+ 
t  is '  an isomorPhism '

L e t  f  b e  a  2 k - I  l o o p  i n  U  ( A )  s u c h  t h a t  i t s  c l a s s  i n  r

| i nn- ru - r (uomo(An,A)  )  
i=  0 '  Then .d f  i s  in  

Ht t , I ro (Hon io(An,A)  )

and  i s  rep resen ted  by  the  fo l l ow ing

'  1 ^ ^ ^  +  ̂  u ( A j )  s u c h  t h a t  a o f ) l  
"

o -  r \ J \ J l ,  . ? ! n  J r l  L . - - n  
| , " n

.  
(Ko (Arr )  r  Ko (A)  )  have

and hence xnol  * r ,

in  Hom. ( I (o  (An)  ,  Ko (A)

r r r 1 r r a q n n n r l  cu v ! !  L : r ; . l v r r u o  t ' O  y n

and adf-\l -,  n t / \I n

e lemen t :  f o r

r oq r r  I  J -  i  nn  ] r r rmn ' l - nn rz

o , _i n  l l o m -  ( A - ^ , A )  .  D e n o t e
I I

t h e  p r o p e r t y  t h a t  x n + t  t [ f l l =

i s  : r - : i - r r : I l r z  i n  f h e  ' i  m a o o  O f

) .  f t  f o l l o w s  f r o m  t h e  d e f i n i t i o n
I

.  s ince (  *nnl  * r ,  ) " r **  repre-

each  n  the re  ex i s ; t s

ar le  homotopic  "

Also  u f f i io  and 
"d6)*  r  ln  a re  homotop ic "  The

l - ' n  - ' ' - l " n

{ : rnm .AA t  '  ' / - \  |r rom rg* r , l t la  and ad /xn \ la  de f ines  a  2k- Ioop* 
l "n 

"  l "n
the c lass of  th is  loop by yn.  Then the c la .ss of  aqf \  in  

Fgt" rk( r rcmo(An,. a

L*J
A)  )  has  as ' rep resen ta t j - ve  , [O" ]  ) r - re+1"  * . ,  de f . i - nes  an  e lemen t  o f

J \V_f  (u  (A; )  )  L  l {orn"  (Ko (An)  ,Ko (A)J such that  x '  and xn* t -  regai :ded as

elements of  l lom

ti- '1 r- 
-1

- r . t r 1 -  . ,  / r 1 r )- L l J -  ^ n  t L ' J
. *  O , -[Z t  ( ] l om-  (An ,A )  )

t ha t  x  xn + I  n

sents ("4f l Ia ),- ,errr e HI i{om. (Ko (An) ,Ko (A) ) in L]gt%o 
(Homo (An,A) )

l,-n

i t  fo ] lows that  we have a commutat ive d iaqra:n
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(

n j t )
" \ , / :

} { . {
l C r

i,im*fi;,- (tJom" (\,a) )
<(* 4L l r

This shows t -hat  the connect j .ng mor:phism S,  is  an isomorphism. The
J

nonun i ta l  case  i s  s im i l a r  requ ins  a l so  the  use  o f  l emma 2 "8  and  o f  t he

' i ^ ^ e ^ r h u l ^ h  ' ' t  t  
\  r z  / n \ \ r q r - l i - l  

+  ' h

i somo: :phism l*111.*  Homc (Ko (An)  oKo (A)  )  s  
l i ]1-  

( l {om. (Ko (A;)  ,Ko (A)  ) -

x

2 .13"  !g l " t . t g l y "  Le t  A  be  a  s imp le  AF-C  -a lgeb ra ,  A  i n f i n i t e

, r i m ^ , - ^ i n - ^ 1  A I K - T h e n - i f  A  i s  u n i t a lu f  i t

Tro_, ,  (Rut  (A)  )oExt  (Ko (A)  / ' ,z r l '7 ,  Ko (A)  )

Tfru (aut (A) ):rr.Hom (Ko (A) / zfL), Ko (A) )

a n d ,  i f  A  i s  n o t  u n j " t a l -

7". ,__. ,  (Aut  (A)  ) :v t rx t  (Ko (A)  ,Ko (A)  )
Z R - I  U  \ J

n-rO (Aut  (A)  ) ' : *Hom (Ko (A)  ,Ko (A)  )  ,  k>,1.

E J p o t .  U s e  t h e o r e m  2 . 1 2  a n d  p r o p o s i t i o n  2 - 3 "

2 " 1 4 "  R e m 1 f k "  a )  S u p p o s e  t h a t  A  i s  n o t  u n i t a l "  L e t  A  b e  a n

: *'  o  A F - C  - a l g e b r a  w i t h  K o  ( A )  w i t h  l a r g e  d e n o m i n a L o r s  "  L e t  e '  d e n o t e  t h e

r r  u n i t  o f  A r . l .  L e t  u s  s u p p o s e  a l s o  t h a t  l - " r ,  i s  a  f u l l -  p r o j e c t i o n  i n

A '  t h e n  i t  i s  e a s e l y  s e e n  t h a t  n - k ( U ( A ; ) ) - r n r O ( U ( A )  )  i s  s u r j e c t i v e

f o r  a n y  k l t  ( s e e  l e m m a  2 " 7 . a t \ .  T h i s  s h o w s  t h a t  E n d . . ( K o ( A )  ) - e  H o m ( Z '

Ko (A)  )  is  sur  j  ect  j -ve and hence ' t rzu- ,  (nut  (A)  )  e l  ExL. .  (Ko (A)  ,  Ko (A)  )  "

b )  I f  A  i s  un i ta l  t hen 'Yz l r_ . ,  (Au t (A )  )  can  be  i den t i f i ed  w i th

i somorph ism c lasses  o f  compa t ib le  ex tens j -ons  w i th  o rde : :  un i t

'r
(1 )  0  .+  Ko(A)  *+  (n , t4 )  * -+  (Ko(A) r f IJ  )  *&  0



i s  a l l  exac t  sequence  as  i n  de f i n i ' b . i on  2 "9  and  u  i s  a  pos i t i ve  e le *

m e t r t  i n  I l  s u c h  t h a t ' I f ( u ) = [ i ] "  T w o  s u c h  e x t e n s i o n s  { n . '  \  / r r  \
-  I ' * l )  t  \ L 1 t u 2 l

are isomorphic  i f  'Lhere ex is ts  a comlnutat i -ve d iacrram

0 '-+ Ko (A)*-* El *)-il 
fq

0 -** Ko (A) .--* EZ-*

K^ (A)"--"-& 0

l i
Ko (A)  **  0

c r r n l . r  + } a r +  / . n  i  d .  i  r  - i  
" , ^sucn  Ena t  ( |  . .  a  pos r t r ve  morph ism (and  hence  necessa r i l y  an  i so -

m o r p h i s m  o f  o r d e r e d  g r o u p s )  a n d  q | ( " f ) = r 2 .  T h e  e x t e n s i o n  i n  ( I )  i s

t r i v i a l  i f  t he re  ex i s t s  a  pos i t i ve  l i f t i ng  z  fo r  ' i r  such  tha t
, r _ 1  -z ( l 1 l  )  = u

f t  turns

We .assoc ia te  to  a  l oop  f  rep resen t i ng  XdEf ._ ,  (Au t  (A )  )  t he  c lass

o f  t h e  e x t e n s i o n  K o  ( E r )  w i t h  f f ] e x o  t u r l  a s  o r d e r  u n i t

out  thal  there exists a commutat ive diaqram :

Hom" (It (1,) ,Ko (a) ) *tlom (r,Tr(A) )-;qO_, (aut (A) )--pExtc (Ko (A) ,Ko (A) )* 0

i l i l I l t
Hom" (Ko (A) ,Ko (a) )-*r,<>m (z,Ro(a) )"+n<t| (% (A) ,% (A) ).* Exb." (Ko (A) ,Ko (A) )"-rb

J-ontde.,, ,
1 t

(ExtJKo(A) ,Ko(A))  the g-roup of  isomorphism c lasses of  extensions

as in  (1)  ,  ca l led cg lgqi [ iL ] .?-  Jrn i t l l .  e : tens ions)

The  morph ism i {om (z  ,Kc : (A )  ) * sEx* , ^o  (A )  ,Ko  (A )  )  sends  the  morph ism

r r  *> 'nu  to  the  c lass  o f  t he  t r i v i a l  ex tens ion

Q ---aKo (A) -*--5 E40" (A) *-? 0

w i th  o rde rec l  un i t  z (  [ t . ] i +u .  I t  f o l l ows  ease ly  tha t  t he  second  row

j - s  e x a c r  a n d  t r e n c e  ' f z * . _ t ( A u t ( A )  
) H  E x t T ( K o ( A )  , K o ( A )  )  f r o m  t h e  f i v e

lemma.
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