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n{  q t  i  nor r  i  qh  i  no  he t ' - . ' e ren  a  p rob le rn  and J . ts  lns tances ,  v re
u L r  v t L t J  u : v r ^ * . r :  , " *  

" ' .  
- : . .

reclef ine the perturbat ional  dual  p: :oblen corresponCing to an

unperturbat ional  dual  problem, by nlear ls of  expl lc i t  fcrn^rulas,

lns tead o f  " the  scheme"  o f  " fo rn ta l ' rep lacem.ents"  o f  lS ] '  We show

the reLat lons betvreen some r.aln perturbat ional  dual  probl 'ens ancl

the perturbat ional  dual  problems corresponding to scme maj-n un-

perturbat ional  dual  problents.

(^ rr . r 'nE^DUC-TIOi i
5 V r  4 a l r - \ v

In  the paper  t5 ]  we have constructed.  a  unl f led theory of

dual  opt in izat icn oroblerns,  which enccxnpassesr  &S par t icu lar

cases,  the knc i ' in  dual  proble:ns.  In  th is  theory,  ? ;e have def ineC

a genera l  concer : t  o f  a  Cuai  proble i ; r  and . then,  for  any "unper tur- '

ba t i ona l , '  i ua l  p rob len  ( i . € ! .  r  de f i neC v r t t hou t  assun ing  a  pe r tu r -

ba t i on  o f  t he  p r ima l  p rob lem) ,  we  have  de f i ned ,  v1a  a  ce r ta in

, tschei re"  o f  " formal  rep lacenents" ,  a  corresponCir :g  "per turba-

t l o n a l "  c r : a 1  p : : c : : e : : i ,  n s n l l o n a n g  ( s e e  [ 5 - ] ,  p . 9 6 )  t h a t  t h r s ' s c h e : n e

is  g lven "s i rn i lar ly  to  the ldea of  un iversal ly  c 'e f ined mul t l func-

t i ons  [4 ] " .  Th i s  ha .s  pe rm i t t ed  i : o  ob ta in ,  i n  i 5 ]  ,  new connec t j ' ons

betv leen - -he u; : rer lurbat icnal  au, i '  cer tUrbal ic i :a l ' ;ers ions of

Va r ious  knc . ;n  c lasse  s  c f  i . ua l  p ro i : i e ' i l s  (e .g .1  Lag rang ian  d 'ua l s ,

c r r l i r , - , r F ! o  r - ' ; r - i 5 ,  e ' i c .  )  ,$ b & * v i - . - -

Tne el irr of .Lhe pI€S€I-rt oaper is lC gLve Sc' l ig lrnprOverirents

anC cc . i n i : I enencs  :o  i ; : ese  ra r t s  o f  iS l .  I ns tead '  o { '  us lng  the  abc l ' e

nen t i cned  
, , scheme"  o f  " f o r i l a i  r ep lacenen ts " l  t r ' , ' e  sha11  Ce f lne  he re

' r i : i : ' :er : ru l ; :a{ : j -c l : i  iu"1 : rc l :1e: : i  cc ' : : resFcnCing eo an unner turba-



t ional  dual  problem, by means of  expl lc i t  formuLas, Thls new
def ln i t ion wi l l  not  only shed an addl t lonal  f . ight  on the. , ,schene,,

of  [5]  r  but  wi l l  a]so reveal  the necessi tv of  a certaj-n condi-
t ion  ( fo rmula  (2 , I4 )  be lo rv ) ,  v , ,h ich  was on ly  impf  fc f t f y  assurned.
ln  t5 l .  F ina l l y ,  we sha l l  show the  re la t lons  be tween some main
perturbat ional  .dual  problems (namely,  Laqrangian, surrogate and

. Tind*'! i?o1sey-type) and l-lre perturbational- dual problerns correspon{-
.lng to so.me maj-n unperturbatj-onal dual problems (namely,

Lagranglur,  surrogaLb, anC Tind-I^tro1sey-type, respect ivety)  .
I {h l le in our.prevj .ous papers,  in whlch'we have studied t .he

depend,ence of  opt imizat ion problems on thelr  parameters (see €.go

[5] ,  and, the references therein) ,  we have used. the saf i ]e term

"prebf .em"r  bo th  fo r  a  p rob lem and fo r  an  ins tance o f  'a  p rob lem,

ln the present oaper we shal l  f inC i t  important to dist inguish

betv reen these concepts  ( fo l lov r ing  g .9 .  [ t ] ,  127)  ,  s lnce  th is

pi1l  lead to a deeper understanCing of  Lhe p.arameters of  dual

op t im iza* - ion  orob lems.  A lsor  dD essent ia l  fea ture  o f  the  dua l
.p rob lems cons idered in  [S l  i "  tha t  the i r  cons t ra in t  se t  a i rd  ob-

. jective furiction (and hence thej-r value, etc. ) are "ggig#g]**
ge f j lgg"  in  the  sense o f  [4 ] ,  1 .e . . ,  the l r  a r .e 'de f lneC,  "by  the

same fo rmula" r '  fo r  a  who le  co l lec t l -on  o f  lns tances ,  where  each

lns tance is  cb t ,a ineC by  soec i fy ing  pe i r t i cu la r  va lues  fo r  aL I  the

prob lem parameters .  One o f  the  bas ic  methods  o f  t5 ]  has 'been to

discover  connect- ions betvreen d i f fe ient  instances of  the same

problenr or,  af  two di f ferent problens..  Rough. ly speaking, an

ins tance o f  the 'per tu rba t iona l  dua l  p rob lem (Ap)  cor respond ing

to an unperturbat ional  problem (Q) and to a perturbat ion p of

the 'pr imal problern,  j -s def ined. by means of  an instance ( invol-

v+ng p) of  t .he unperturbat, ional  dual  probler:r  (Q) .  .

tVe  sha l . l  denc te  b1 , '  Ens^ t i re  fan i i y  o f  a t l  se f :s .  For  any

GeEnsr  w€ sha l - l  denote  by  Ro the  se t  o f  a l l  func t ions  h :G-Fr

where E=[-*r*- ]  j -s .end.owed with the usual  "upper aCdit ion" +

a n d  " l o w e r  a o i , i t r - o n "  t  o f  l l o r e a u  ( s e e  € . g .  [ s l ,  p .  8 0 ) .  F o r  a n y

FrX.eEns, and xosXr w€ shal1 oenote the set_F,{ . {x" l5 lX* OO (Fnxo) t

ancl' r.re sirall use ttre canonical enbedding nrXR'tcR"'u^, gj-ven by

( v e n F ,  v / € F x o  y € F ,  x e x )  "  
( 0 . . 1 )



Fir ia l - ly ,  vre ment lon that for  GcEns and heEG, rve shal l  use the

no ta t i ons  1 r f  h  ( c )= ; : :  n  ( s )  r  sup  h  (G)= ; :E  h  (g )  .

$r . 
pllri,,iAl, Al{D DUAL plloBt,nr{s. so:"tn uNpEilrunBATrot{AL

DUAL FR.OBLEMS

For  our  purposes ,
' ' b e  t h e  " t a s k "  ( p G r h ) : f

vrhere 6*cegns ancl  h€E' ,

'  cf , , -  ,=inf  h (G) ,u r I I

cal led the " t 'a lue"  of  the instance (we shal l  not  be concerned here

tc i th  the re l "ated quest ions uqua]1y subsumed under  the same gener ic

n a m e l  € . g . 1  t h a t  o f  f i n c l i n g  t h e  " o p t i r a a l  s o l u t i o n s "  g o € G ,  e t c . ) .

An Lnf l r i -zat lgg_rugplen is  a  set .  J  o f .  instances of  an in f imizat ior r

p rob lem;  the  " cons t ra in t  se t "  G  and  the  "ob jec t i r re  func t i on "

h:G*F are ca1led the par-qmeters of  the in f imizat ion problem, and,

each lnstance is  
"btuf f id  

by* ;ec i fy ing par t icu lar  va lues.of  fhese

pararneters G arrd h.  Thus t

J= { ten ,n)  I  t c , r , )e  t r }  ,

w h e r e  f l  d e n o t e s . a  s e t  o f  o r d e r e d  p a i r s  ( G r h ) ,  w i t h  / t ' c e n n s , a n d.  
heR* e

An lLq"krlc.e:ot 1 sgp_q"eu!za$gj:.p:qb-l-e3 and. a W
v

g f : . b jS l  J  a re  de f i ned  s i rn i l a r l . , ' ;  r ep lac ing  i n f  by  sup  i n  (1 , I ) .

The ( instances of  )  in f i r " r izat ion and suprenizat ion problens

a re  ca l l ed  ( i ns tances  c f  )  oc t im . l za t i on  : r cb l -e rns .  :

I ' n  t h e  s e q u e l ,  i n s t e a d  o f  " p r o b l e m  ( L . 2 ) ,  w i t h  ( P . . r . )  o f  t h e
.  \ _ r  1 I t

f o n r r  ( 1 . 1 ) " ,  v / e  s h a l l  a l s o  u s e  t h e  t e r m  " p r o i i i e r r r -  o f  t h e  f o r n  ( 1 . 1 )  " ,
f .w tu@. l@€l r - .  - .+

9r r  b r - l e f l y  ( v ihen  th i s  w i t l  l ead  to  no  con fus ion )  ,  "p {g t i e tn  (1 .1 )  " r .
r * , 1  F ' - - ' l  

' !  
- . - a ^ ^ n . l  a . i  * . i  1  1 - ' l  . ,  F a r  r l r t \ r f , , F i . l r ! i  r . n  - , r , - n h  j  a . r q  f  n nC l l l L l  ! \ ' \ :  b r 1 c 1 - L , . 1 -  P ; \ J { - \ j L a \ - l  5 I j L r , J - . 4 ; * v  * J j -  : l * _ v J . . t i - . . - 4 c i v } U ^ J  - : / i L , r . L E : . t J  a  e u 9 .

Sgne*-Ll-. u) Thq above ci.efinit ion of a prinal infimization

problen is s i ig i rc ly c l i r ferenL. f ron that of  an "opt im:-zat ion crcble: :"

o i w n n  j n  i , j ,  F . l ,  i e : i n i t i o n  1 . 1 ;  i n i e e e ,  i n  c n e  i a : : e r ,  t h eL - J '  y .  - '  - . - t  

e  _ 1 :
r r a r a n l ' i F r - q  a r e  a  s e t  G  a r i d  a  f u n c t i c n  h : R "  ( n o t  i . ' )  ,  a n d  t h e

' n r o h 1  
e n  i S  . i - ^  . r i n r r '  :  r r ' l  r - h : . 1  l r r  r a n { - i r r ' 1  s l o ' i  r r f  j o n  o  e G  O f  ( 1 . 1 )

y ! U U a G i i l  + J  u v  ; : - I q  r {  >  
! v ! s 4 ! Y  

" - y  
u ! r . r q -  r e ' : u e 4 v r r  : O -

(wh ich ,  howeve i ' ,  need  r ro i  ex i s t ' )  .

.  b )  The  pa ramete rs  c  and  h  o f  p rob len  ( I . 2 )  a re  no t  l ndepen-

den t ,  s i nce  h  nn r , r s t  be  de f i ned  on  G ,  bu t ' n re  sha l l  no t  v r r i t e  h " .

an j.t* gsggg*sg-gl*+,*'r**i re!l*q* p:slJsI wi 1r
^ ^ n 1 ^ 1 r l - i  r r  €v v r i r y s u r l r \ _ j r  . , - o f  a  g i v e n  o r d e r e d  p a i r  ( G r h ) ,

the number

( I , I )

( 1  . 2 )



l ns tead o f  h ,  ln  o rder  to  s lmp l t fy  the  no ta t ions"  S i rn i l "a r lyo

i n  t he  scc i t t c l ,  ' , l hen  th i . s  r r i l - 1  I  cac l  t o  r l o  eon f r r s i cn ,  \ . / e  sha l l  cn r t
@#rtu# F,@.*-lk .**-'a@crL-aw*--.-.. **+i

some o f  t he  na ramete r . s ,  l eav inq  on l t '  t hose  on  wh ich  r ve  wan t  t o
!!,@@_++1.#|@dbG.&b@

c o n c e n t r a t e .

c )  O f ten  the  pa ra rne te rs  G ,  h  (o r ,  one  o f  t hen i )  a re  de f i ned

wj . th  the a id of  o ther  ob jects ,  vrh ich,  in  turn,  may be regarc lec l

as  pa ramete rs  o f .  p rob lem (L .2 )  .  No te  a l so  tha t  one  may  f i x  sone

.of  the paraneters of  a  g iven opLimizat ion proble:n and consic ler

on l y  the . i ns tances  ob ta ined  by  l e t t i ng  the  o the r  pa ramete rs  va ry .

Le t  us  g r i ve  nov r .a  de f i n i t i on  o f  dua l ' op t im iza t i on  p rob le rns .

D e f  i n  j . t i o r :  1 ; 1  ,  a )  B y  a  d u a l nrobl -ern to  a (pr imal )  in f imiza-

t j - on  p rob lem (L ,2 )  r  w€  sha1 l  n iean

the form

any supremizat ion problern of

F" ,  h,  S,  e="uP U ( l ' l  )  t

v r i re re  (Grh )€g  (w j , t h  f r  be lng  the  same as  i n  (L .2 ) ,  v , ' h i ch  we  sha l l

unders tand  th roughou t  t he  seque l ,  w i thou t  spec ia l  r ren t i on ) ,
l r  T ^ ?  , 1 , | r "  } . \

r ! < ( E n s \ l ) "  ,  Q l l ^ l = q ( G , h ) e  E n s ,  g :  ( G , h ) * [ " = B v ' \ u r " ' ( ( G , h ) e U )  a n d
-.rv

r r= fo  -  eE ' *  ( ' : . ; a  uS€  the  no ta t i on  (g r .  r -  i ns tead  o f  e (Grh ) ,  s i "nce  i n* . * G r i l ' "  \ . Y v  -  -  -  
r r r r

the sequel  rve sha11 consider the values (2/ .  r .  (vr)  ,  weW) ,  Ab lnslgn_ce'\ r r I I  :  @

o f  a  d u a l  p r o b l e m  ( r . . 3 )  i s  o b t a i n e d  b y  s p e c i f y i n g  p a r t i c u l - a r

va lues  fo r  a l l  t he  p rob lem pa rane te rs  G ,  h ,  t !  an i .  p .

b )  G l v e n  a  ( p r i r n a l )  i n f  i m i z a t i o n  p r o b l e m  ( L , 2 ) ,  f o r  e a c h

( f i x e d )  p a r a r n e t e r  e  a s  a b o v e ,  w . e  s h a l l  c a l l  ( 1 . 3 )

g <o-3ga,t,pg:!lgn;Lq..pIg!:S1 (1.2) . An *3*gg of a q-dual probien

(1 .3 )  i s  ob ta ined by  spec i fy ing  the  va lues  o f  the  pararoe t - -e rs  Gn. l t

and ( t .

c )  G i v e n  a  ( p r i m a l )  i n f i m i z a t i o n  p r o i : l e r n  ( 1 . 2 )  ,  f o r  e a c h '

( f i xed )  o rc le red  pa i r  o f  pa ra rne te rs  (0 rcp )  as  above , w e  s h a l l  c a l l

i n s t a n c e  o f  i h e(1 .  .3 )  the  ( t j - l , ,p )  *C l ,u i t l .  r ; rob ' l  em to  l - : : cb l -en  (  l .  2 )  ,  An

( 0 , r p ) - d u a 1 . p r o b l e m  ( 1 . 3 )  i s  o b t a i n e d  b y  s p e c i f y i n g  p a r t i c u l a r

va lues for  the problern parameters G and h;

lg5; f : j ; : .  u)  The para: : ' ,e+:ers G an ' l  h  c f  crcb len ( f  . : )  are

the sai; ie es for the prirnai probleia, while the para:neter (r is a

mu l t i - f unc t , i c i  ' , +h i c ; r ,  r - c  each  (Grh )e  f  ass igns  a  " i ua l "  cons t : : a " l r t .

se t "  i 1== 'S  (G  r  n )  r  a r :C  the  pa ra l i r e te r  g  i s  a  " vec to r  f  i e iC"  ,  v , ' h i cn ,  t o

e a c h  ( G , h ) < a  ,  a s s r - g n s  a  " d u a L  o b j e c t i v e  f u n c t i o n " ,  l t r = Q r .  r , ! W =t :  ,  I  I

= t ! (Grh ) *F  (where ,  by  remark  t "1  l : )  r  we  v r : : i t e  i r=e , :  h  l ns teac l  o ! .
L : 1  I l

( 1 . 3 )



] - .

, ,  
' = . . ,  

1  r ' o r  e a c h  l n s t a n c e  ( P ' - ,  o r )  o f .  ( I  , 2 )  ,  t h e r e  e x i s t s  a'  F ' r ,1  Y ' la  L  t . t ,  3
Y I  \ J g l . L g r t i  - .  L r -  r l l -

u n l q u e  l n s t a n c e  o f  ( 1 . 3 ) .  h a v i n g  t h e  s a m e  ( G t r h , ) e A  r  c d l l e d  s o m e -
t l m e s  ( s e e  e . g .  1 " 2 J ,  p . 7 B )  " a  d u a l  p r o b l e i n  t o  t l r e  g l v e n  i n s t a n c e
( 1 )  . |  l l  n  r m ^ ' l  * v
\ Y 7 r . 6 e l  I  I I c l J n e J y f

f  . .

9G, 
,h, ,  (. ,0 rp=suP P' ( ' t"I  t  ) | ( 1 . 4 )

where  w t=0 (G ' r l i ' )  ,  and  pe=Q6r  
r6 r  

'  Some genbra l  re la t i - ons  be tv reen

var ious proper t ies of  the para: r reters  0rrp and corresponding proper-

t , i e s  o f  i n s t a n c e s  o f  ( 1 . 3 )  ,  w i l l  b e  g i v e n  e l s e v r h e r e .

b)  fn  the sequel r  w€ shal l  usual ly  consider  dual  problems in-

vo l v i -ng  more  pa ramete rs  (hence ,  t hey  w i l l  be  subc lasses  o f  (1 .3 ) ) ,

e . g . ,  d u a l  p r o b l e i n s

9 " r o r n r U r g = = u P  u ( I { )  ' ( 1  . 5 )

r v h e r e  F e E n s ,  F ) G ,  6 . F F  i s  a n  e x t e n s i o n  o f  h  ( i . e . ,  E l " = h ) ,  a n d

I ^ l = 0 ( G r F r h )  r  u = ( p ( G r r r r h l  ;  a c c o r d i n q  t o  r e m a r k  r . 1 .  b ) ,  w e  s i m p l i f y

the notaLions far  these prcb ler : ls ,  vr r i t . ing (Cr f  rE)  instead.  o f

( G r h r F r E )  
"  N o t e  t h a t . ,  f o r  " c o n s t r a i n e d . "  o g t i n i z a t i o n ,  a  s e t  F  )  G

ancl  a  func i : -on F e f r f  ' , , . ; : - tn  El^ ,=h,  ap ica:  a l reaCy in  the formuLat ion

of__!Le-_pl{ry.gl_ery!, lel_lsee €,ge reniark 2.I  d,),  wlth in=Rn)r denoted,
l n  t h i s  c a s e o  b y  ( n " r r r 6 )  r - a l t h o u g h  i n  ( I . I )  o n l y  G  a n d

f ,= , f r l .  a re  u .se i ;  then,  o f  course ,  i t  i s  naLura l  to  de f ine  a  d 'ua1

proUiem,  to  such a  pr ina l  p rob lem,  by .  (1 .5 )  r  w i th  the  same F and

E as in the corre.sponcl ino instance of  the pr i r"nal  problern.  ?Ie shal i

: p roceed  in  th i s  way  i n  $2 ,  w i re re  we  sha r l  cons ide r  on l v  con -
s t ra j . ned  p r ima l  i n f im iza t i on  p rob lems  (p^  , ' '  ; )  . .  However ,( i t r ' r D

i'-'*.-- ----
j -n  th is  sec l ion we shaLl  ac lopt  the more genera l  po int  o f  v jevr ,  that

a set  F:G ancl  a  funct ion 6efrF t :eed not  appear  ln  any instance of

a pr in ta l  r r rc .c le i i t  (P. .  , . )  rer ren i f  we co; rs ice: :  a  CuaJ-  problern of  the
\ J  t  l l

f o r m  ( 1 . 5 ) ;  t h e n ,  j - n  s o m e  c a s e s ,  i t  m a y  b e  u s e f u l  t o  s e l e c t  f r o n i

( 1 . 5 )  t h e  c l a s s  o f  i n s L a n c e s  w i t h  F = G  a n d  E = h ,  r e d u c i n g  t h e : : e b y

(1 .5 )  t o  t he  o . r - l a l  p rob ie in  (1 .3 )  ( r ^ re  have  p roceede i '  i n  t h i s  way

ln l6  j ,  in  or ie :  to  exprcss sc i i€  r i , i r : * r ,a :< . r 'esu i ts  c f  cc i ;b in .a:c : :a1

op t i n j - za t . i on r  as  unper tu rba t i ona l  Laq rang ian  oua l - i t 7  t heo rens )  .

The  above  qenera l  concep t ,  c f  a  . i ua i  p rob ien  enccn inasses  i ' cLh

1 - - i ' r e  "unne l : t r r rba t i ona l . "  dua l  p . r c i : I e : i s  ( i .  e .  ,  t he  dua i  p robJ -ens
i -

de f ineC d i rec t l y ,  ' r r : - t hou t  ass r - : : : i i nE  any  pe r tu rba t i on  o f  t he  p r j - -

n , : , ' l  , \ ' . ^ h - 1  ̂ r : . )  a n C l  t l i e  t t l e 1 . t : L l 1 . b Z r t l C n a l - t t  C n e : . j  ( i . e . ,  t h O S e  d e f i n e d
l : t i l -  j -  ! / J .  \ i t ,  l - C : l .  I  .



wlrh

sha l l

b lems

dual

the aid of  a pertu: :bat j ,on of  the pr lmal problem)' .  Novr vre

reclef ine three main concepts of  unperturbat ional  dual  pro-
(consic lerecl  in [S]) ,  in a form shor. ' ing that  they are lndeecl

p rob lems j -n  the  $ense o f  de f  in i t ion  I  "  I  .

Def  i n i . t i on  L  "2 ,  a )  Bv  a r r  unper tu rba t i . ona . l ' l - ,agranqian dual  n : :o-
FFfu-@1.fu.'.@ewt( &rs

blgs to a (pr i rnal)  inf  imizat ion problem (I  ,2) r  w€ shal l  mean any

supremizat j -on problem of the form

where  FeEns,

wtr=sl  (Grr,E)
e x t e n s i o n  o f  h  ( i . e . ,  E l ^ = h ) ,

h \ t

s u b s e t  o f  R ' ,  s a t i s f y i n g

( 1 . 6 )

( r . 7 )

( 1 . 8 )

i n f  v r  (G)  <+ -

ge.ginr,llgt LJ. Bv an
to  a  (p r ima l )  i t r f im iza t io r r

gnLq{:gryg-t jj_131 suirojrate , dgll.-llllol-gn

p r o b l c r n  ( 7 . , ? . )  ,  w e ' s h a 1 }  m e a n  a n y  s u r l r e -

g* ru rE ,  
o^  r e r=sup  

p l (w l ) ,

* *Ir
FpG,  heR '  i s  an

is  a non-enpty

(we',ql) ,

and ul=col  -  *  aFt l  is  def  ined b.z
G r r ' r n

u l (v r )  =oA.F ,E(w)  =1nr {Etv ) ' i -w(y ) } t in t  w(c )  (v re t^ r t r )  .
, "  1 . r r  y € F

an - ig : !g :gg  s r  p rob len  (1 .6 )  -  (1 .8 )  i s  ob ta ined by  spec i fy ing  t l ie

values of  the para$eters G, T |  6 and .pI  (whence also l { t r ,  ,p l  and uf  )
i , r*r .  

"  
(pr imal)  inf fu.r izat ion problem (L.2) ,  for  eachb ) G

' 1

( f i x e d )  f u n c t i o n t ! ^  a s  a b o r r e ,  r . / e  s h a l l  c a l l -  ( 1 . 6 ) - ( 1 . S )  - g r g _ u - t p e r -

arr:iglffi;t
1

t h e  u n p e r t u r b a t i c n a l , J ; ^ - ' L a g r a n q i a n  d u a l  z : r o b l e i n  ( I  .  6 )  -  ( 1 .  8 )  i s

ob ta j -ned  b1 '  spec i f i r i ng  pa r t i cu la r  va lues  fg r  t he  pa rane te rs  G ,  F

.  and  E .

'  nam^rk :  l - r_3_ ,  a )  I n  t he  te rm ino logy  o f  de f i n i t i on  I . 1 ,  an  unper -f j::=::*** 
.l

t u rba t i ona l  Lag ranq ian  ( respec t i ve l y .  0^ -L -g rang ian )  Cua l  p : :ob1 -en
2 ,  x  ) .  1

i s  a  q o ' " * d u a l  ( r e s p e c t i v e l y ,  ( U " r 9 " ) * C u a l )  p r o i : l e n i ,  w i t h  ( p "  o f  .  ( I . 8 )

b )  i { he : r  F  i s  a  J - i nea r  ( respec t i ve i - v ,  a  topo lcg rca ]  l i nea r )  .

space ,  i f  one  takes  ( r I (C rF rE)= l ^ l l =F*  ( t u " l ruc t i ve l y ,  l l - ' i ,  t he  a lge -
' b r a i c  ( r e s p e c t i ' , r e l y ,  t o p o l - o g i c a l  l i n e a r )  d u a l  o f  F ,  t h e n  ( 1 . 7 )  i s

.  sa t i s f i ed .  Fo r  
' exann les  and  app l i ca t i o r r s  o f  so f i i e  o t l : . e r  nu l t i - f unc - '

i
, , / \  f e lt i ons  U" ,  see  e .g .  l _51  anC the  re fe rences  the re in

c )  T h e  L e t t e r  ) ,  s t a n C s  f o : : :  L a g r a n g i a n .



mizat ion problem of the form

^ 6  ^ 6
Pr r=F r :  l ,  E  , l , d  a  , ^c r=SU9  1 r f  { tVO) ,

a l  u t r  f r r t \ Y  , L } l t P  A

where FeEns,  F>G" FcHF,  f i lG=h,  f , fwo* ,J ta(Grr , f r )uEr ,  a  is  a  mulL i -
- f unc t i on  wh j - ch  ass lgns  to  each  t r i p le  . (G .F r rv )  (w .e  Wo) ,  w i th  G ,  F

and I ' lo as abo
: l '  

a  se t  On ,Or *€F ,  no t  depend ing  on  E ,  and

"o o *Ini l" 
is defined byt ra=Qc-rFr6,  A€R

' ( l . g )

An

the

and

u i ( r v )  =e [ rFo f r ,o  ( r+ )  = in f  E (Ac ,F ,w)

p r o b l e m  ( I . 9 )  ,  , { 1 . 1 0 1  i s

(welnlo) . ( 1 . r 0 )

obta ined by speci fy ing

and A (whence also InIo, ,go
**llsgqg or

t ions to  those of  rernark
{su r roga te t t .  F i x l -ng  one

va lues  o f  the  parameters  G,  F .  FrUo
'po) 

.

R e n a r k  L , 4 .  O n e  c a n m a k e .  f o r  d e f i n t i o n  I . 3 ,  s i m i l a r  o b s e r v a J

f .3  a )  ,  and  the  l e t t e r  o  s tands  now fo r

o r  bo th  o f  t he  pa ramete rs  0o rA ,  one  ob ta ins

By the _unperturb-ational
'u- iuai .  prob. l .em to a

rnean the supreniza-p r o b l e m  O , 2 )  r  w €  s h a l l

u.r (t^Ir) n ( r . . 1 r )

f1

a " tj.r"- surro-qqi:e 4r-rjrl " , a "A-ggr{gg.q!g_ {r_ql" , and. ",t-hg (SorA)*s}*[-

foggs,g q*lL*PIgl*99", respectively. As an exarnple of a A-surrcEate

dual  prc lb lenr,  take. oaru,v/={ysr I r . , r (y)Vtnf .  
' ,v(C) i  (vre l to)  ;  for  othe::

exar rp les ,  see  e .  g  .  [5 ]  .

D*e{it it i .gn *3.
(p r ima l )  in f  im iza t ion

t ion problenr

a !FG, r ,  E,  0t ,  .p"  
=ut"

"  where  FeEns,  Frc ,  EeHFo f i l ^=h ,  and where  v IT=ST(crnrE)<HF and
T T * I d T - - "

1 t  "=9Go 
F , f r€R"  a re  Ce f  i ned  by

wr=or tcrr  rE) ={vre EF l r . ;<E},
+

p . ' ( w )  = 9 j  ' '  ;  ( w )  = i n f  w  ( c )
( : ; r  1 l l

An instance ot  probie in  (  I  .  t  1)  *

va lues  o f  t he  pa rane ie rs  G ,  F '

( 1 . 1 3 )  i s  o b l a i n e d  b y  s p e c i f y i n g  L h e
.  -  ;  . ;  - - - t

a n c J  h  ( r , r h a n ( 1 F  a l - s o  0 t ,  i t t r g t  a n i  U " ) .\  r r . . v . . v v

Rg{AIk*L._-1.  One can also d.ef ine a ncre general  concept ot

unper tu iba t icna l  r -dua l "  p rob le r . r ,  rep lac in , l  Er ,  in  Q.12)  ,  by  a

s e t  i I ' = p  ( G , f  , E ) . H ' 1 ,  s u c h  t h a t  t , l T = , J T  ( G , F , 5 r p ) = { v ; e i . t ' i w < E } t Q  ( t h e n o

(vle I.i ') .

( r . 1 2 )

( 1 . 1 3 )



L L

U, '=e ;  . , , ,  T '  , - ,  ln  ( t . f  : )  ) ;  1n  fac t ,  the  par { : l cu la r  case when F  is  a
.  \ : r L  l L t l V

. l l nea r  space  cou ta inJ -ng  c ,  and  i { ' =F*  ( t he  a lgeb ra i c  d .ua l  o f  F ) ,

h a s  b e e n  c o r l s i c 1 e r e d  l n  [ 5 ] ,  r e m a r : k  2 . g  f  ) .  T h e  J e t t e r  r  i s  u s e t i

here to indi-cate- the connections r,vith the dual problems str.rdi.ed. by

T ind  and  V io l sey  L7 l  ( see  [5 j  ,  r emark .  3 .6  c )  )  .

q2. TltE PERTURBATTONAL DUAL

TO AN UhIPERTUITBATIONAL

I t  is  wel l -knor^rn that  each embed,d. ing .o f  ' (an 
instance-=of  )

a  p r ima l  i n f im iza t i on  p rob lem,  -  l n to  a  fam i l y  o f  ( j - ns tances

of)  "per turbecl "  in f imj -zat ion problerns,  perm, i ts  to  def ing (an ins-

tance  o f )  a  dua l  p rob len  to  the  g i ven  ( i ns tance  o f )  1> r ima l  p rob le r , r ,

wi th  respect  to  the g iven embedding.  Such a dual  problern has been

ca l l ed ,  i n  [ 5 ] ,  a  "pe r lu rba t i o t " ] a1 "  d ,ua1  p rob lemo s j -nce  i t .  i s

def ined v i i th  respect  to  a per turbat . icn of  the pr ina l  problem. Let

us  f i r s t  re ie f i - ne  th ree  i na in  ccncep ts  o f  pe r tu rba l i ona l  Cua l  p ro -

b lems,  showing that  they are lndeed dual  problems in  the sense of

d e f i n i t i o n  1 .  ] .

D e f i n i t i o n  2 . L .  L e t  e a c h

pr imal  in f imizat j -on pr :ob lem

PROBLEII COT'.RXSPONDTNG

DUAL PROBLEI"I

j - ns tance .  (PC,F ,  
E )  o f  a  ( cons t ra ined )

( s e e  r e n a r k  I . 2  b )  )  b e ,  " e m b e d C e C "
jnto a fami ly*  o f  lnstances

problenis

of  "per turbed"  in f imizat j ,on

t  t n [ , F , 6 i  l x e X ]  ,

vr i th  lP I ,o ,E)  be ing  the  task  o f  comput ing

( x e  x )  ,  { 2 . 2 t

r , r h n v a  v - w  F  ' i  c  A  q r f , t  ( o f  i l n e f  t U : : b a t i r r n , q r r  : < p X )  -  X  = * G ' F ' E g X  i SW r f ( ; t q ;  / ) , - J . G r p r i i  * o  q  - s e  \ v !  } J s r  e s i - r a L r v r i i -  r t c r \ /  ,  . . O  - . O

a "marked e l -eEent"  o f  X,  and y)=: . l  -sr " . l j1- :p  as a f r . rnct ion (ca l led
" *  i  . - G r F 1 i }  ' - ' ; " "  "  

: "

"perturbat ion funct l - 'on" )  ,  such that

( 2 . 1 )

( 2 . 3 )p  ( y  r x o )

frr
l=i
r

( y )  i f  y e G

co l f  ye F\G.

By

probl -en
k*€{

we sha l l

a  p : : l r : r r a ! : c n : 1  L a c r a n n i a a , J ' - r . : i  : r c l . l e n  t o

tt rr,, -*gt53:*"Jr*k: c"*-;-
nrean anv sr:prer. izat ion rrroblenl  of  the form



^Tf,A'  P  r?1
n  I a  h  r l r ' " ' "s  t  4  ,  r r  t  \ /

( 2 . 4 )

t  h / 1 r ! - 6 m n ' l - a turLrI /  u. l .

( 2 " 5 )

( 2  . 6 )

, e f t t r r X r x o r F

where ----*--:-_
' * Y

s u b s e t  o f  ' R " , sa t i s f i z i ng

w l  n 1
W ' " ' = U " : ( G r F d  h r X r x o  r p )  .  1 s

.  i ,  
.

' 
(weh'trl) 's  (xo)  <+ ' "

. nI n)"a n c l  P  : Q G r F r F - r x r x o r F.Ct*o is def ined by

l r * I  (w)  = .  I rL ,_-  {p  (y ,x) - i=w (x)  }1w (xo)  (we wnl l  .(Y, x) € rxx

A n  i n s t a n c e  o f  p r o b l e m  Q , A , )  -  ( 2 , 6 )  i s  o b t a i n e d by speci f lz ing the

values of  the parameters

B?ng.k- ?--LL. a) t r {hen X is a l inear (respect j . ' , re1y ,  a topologi ical

l i n e a r )  s p a c e ,  i f  o n e  t a k e s  $ t I ( c r F r E r X r x ^ r p ) = I { n t r = } l #  ( r e s p e c t i v e l v .
d p  v  

* f

X ^ ) ,  t h e n  ( 2 . 5 )  i s  s a t i s f i e d ,  f , o r  a n y  x ^ € X ;  f o r  o t h e r  . 0 ' " ' ' s ,  s e e
r  a 1e.g : . ,  [5 ]  and the  re fe rences  there in  '

b )  Of ten  X is .  ca l l .eC the  se t  o f  "para : r ,e te rs"  ( ins tead o f

"perturbat ions")  xeX, but vre shal l  not  use here th is terar,  s ince

l t ,  n. ight  le 'aC to confusion e.en with the sarne terr i , .  for  G and h of

p r o b l e l i l  ( 1 . 2 )  )  .
'  c ) . T h e  l e t t e r s  n ) .  s t a n d . ' f o r :  p e r t u r b a t i o n a l  L a g r a n g i a n ,

d)  An instance of  l inear  programming can be def inec i  (see e.g.
f  a  1  r ^  1

. l - 2 ) ,  p . . 5  a n d  [ 3 ]  ,  p . 3 0 I )  b y  t a k r n g

- n
G = { y e R " l y z O ,  u ( y ) . = 0 } ,  h = F l "  ,  ( 2 " 7 )

where u:Rtr-nRR is an af f  ine operator and h-:Rn*F. is a l inear funct ion"
=Rm

x € R m t  y v Q ,  u ( y ) = x
( 2 .  S )

vranLs bo
. l *
t l I  J V r , l g

sna l.  ies t,

..Tr.), z*nt I r
t ' /  -  l i (  I

Then ,  f o r  F : I . t ,  X=XG,F

f  E t v ) ,  f
P ( Y ' " ) =  1

L + *  o

'  w e  h a v e  ( 2 , 3 )  ,  r v i t h  x o

f ind  a  "bes t  represent

s e n s e  ,  a . 9 .  t  v i a  a n  ' { t

'  p o s s i b l e  m ' ,  i n  o r d e r

us m.ent . ion that ,  o fLen one

2 , 7 ) ' o f .  ( t h e  f i : i e ' j  s e ' - )  G ,
t  6  m t

(and u ' :R"* 'e . " '  )  w i th  the

n a  dua l  p rob lem f  o r .  v rh ich

and

r r z  D " ,

rwise

Let

= : <

, E

ob ta i

n r

the

- n

a t i

"G

t,o



has  the  s rea l l es t  d imens ion .  Fo r  va r ious  op t im iza t i on  p rob lem$,

the re  a re  a l so  o the r  c r i t e r l l a  f o r  choos i .ng  XnX^  and  p  ( see  e .g .o
L5J  and  the  re fe rences  the re in )  .

e )  F i x ing  the  pa ramet -e r  S t t t r ,  one  ob ta j -ns  " the  ne r tu r :ba t i ona l
_ @@

w 1

O'u 'u - I . , ag ranq ian  r i ua l  p : :ob Iem to  n rob l .en t  (L ,2 )
'  - - + L ' # . -  - + _ r -  * - r @ ' ^ * . @ 6 - t s -  !  6 @ - r ,  v r j - th  resnect  to

l v  * \  l l
\ / \ t a O t y ,  .

Def  i -n i t ion  2 ,2 ' .  Bv  a  per tu rha t iona l  X-sur rogate  Cua l  r : rob l .en
@  

4  * r + 1 _ , r . , . *  @ f f i < s t € -

tq*an_jlIr{i*iffi (}^ - r),1:li_!h_ rcspect to a rrerturbation

g1l:"r9 (X,xo,mi,ri?i;1;' ru;
mization problenr of the form

1 0

( 2 , 9 )

d l l ^ l f t o = q r t o ( a r F r E r x r X o r p ) s R X ,  X  i s

a  mu l t . i - f unc t i on  vh i ch  ass iEns ,  t o  each

(v le I ' lno;  ,  vr i th  FrxorX and wtrd as above,  a

not clepending on p. and u}"=o[lu1116rx,x

t r i p l e  (  ( F r x

s e t  i r " ,  v  \
,,rn*J 

f ^o'
= y l€K as

o r P

(wewnol .

i s  obta ined by

o ) ,  r x x rw )

,TXx, w ErXx,

def ined by

( 2 . 1 0 )

spec i fy ing

afr'Tv
G r F r E r * l ' u '

'  =sgP pnr 1i, inr) ,
, g f t T r X r x o r F

l ^  r  r ' \
\ 4  t  L  L  J

; !

r r  t r T  _ ; {
r . r I L  L - , 1 , ' L  L  / . / . r  F  h  1 /  v  - l r : ) "
f ' y  t | ( i r x  r t t l b ^ 2 / \ ^ t V , , = r \r.rlr a r o

t t ?
r - r l !  !

v  v  ^ a F "  a r e
: t  1 r - 6 1  L r

F*o=p*o rr 
=sup ulo{to'*o),- a  

G r F r E r s t o r x r e n d r X r X ^ r p

where

An il$L3ffg ot
the va lues of

**g*.3*i, orte
to  those of  renark 2,

na l  su r roga te .

ufotwl  = inf  p ( i ( ro*o) 
, f f i , . ru)

p r o b l e n  ( 2 , 9 )  r  ( 2 . 1 0 )

the  parameters .

Regt:j"rlis*U_i:. Bv the' gqS"E*lHL*!-99* r-9gql*:f9!JS**Lo*il
J-nf  - t r ; r i  zat t .on c : :cr le :  (  !^  -  - ) , ' . i r th  : :esrcct  tC a :e : ' turbr . t r  on t r : - r : Ie

@@.*,*,**.*-^; . i l : : ; ; ; ;  
' -G, 

Frh'r*s-q.rn.*@ .. . -a-*€.@**.***s:

( y . w  - n )  { . , : q  j . r .  c e f  i n i ' L j - o n  ; , L )  t  w e  s h a i l  i n e a n  + - i : e  s u 1 : 1 9 : - . i z a * : i  o n  '
t r r r r L O t r v /  \ s s

problem

can r f take,  again,  sone renarks correspondj r rg

1 ,  and  the  l e t t e rs  nd  sLand  fo r :  pe r tu rba t , i c -

-  t L L  t L L

and P =(Qi rr E.\ t ,  r  t  r . l
de f ined  by



I 1

wrr={wepx l "sp (y. ,  .  )  (ye F) }  n

unr (rv) --w (xo) (we wrrl ,

A n  * * * , * l 1 g g  o f  p r o b l e r n  ( 2 . 1 1 ) - ( Z . r g )  i s  o b t a i n e d  b y

the valu.es of  the parar,ret .ers.

9S**J"jtg:*;L" Assr:ne that
t - .(P^ - t ) is  e inbeCded in io  a fan. i lv'  ( J ' r | r h

p r o b l e n s ,  a s  i n  d e f  j - n i L l o n  2 , L  ,

n a l  d u a l  p r o b l e n  t o  ( l t r q ) ,  s u c h

t r i p l e  ( ; { r x o r p )  s a t i s f v  ( f o r  a L l

( 2 , t 2 )

t ^( 2 " 1 3 )

d n 6 ^ i  F r r i  n au l , v v 4 * J  & r r )

the (pr imal )  in f imizat ion problenr

( 2 , I )  o f  p e r t u r b e d .  o p t i n i z a t i  o n

; " n r l ' ' l  r = { -  ( l . q )  b e  a n  u n p e r t u r : b a t i o -\ J . !  J '

that  $=tp (C,  F ,6)  and the per turhat ion

SSL*!: - .?;1.  Simi larJ-y to remark 1.5,  one can also def ine a more
a t

general  concept of  per- turbat ional  r*dua] proi : lem" The case vihen H"
i s  r e p l a c e d ,  i n  ( 2 , I 2 )  t  b y  x *  ,  h a s  b e e . n  c o n s i c i e r e d  i n  [ S ] ,  r e m a r k

3 . 6  c )  "  T h e  l e t t e r s  r i r  s t a n C  f o r :  p e r t u r b a t i o n a l  r ( - d u a l ) .
'Let  us redef ine nov/ the concept of  " the perturbat lonal  dual

problem corresponding to an Llnperturbat ionatr  dual  problem" [SJ ,
usj .ng expl ic i t  formulas instead of  the "scherne" of  " forrnal  repla-

cements "  of  [5]  .

nVrr

( 0 r 0 ( { x o i r x r f  )  ) E 0 (  ( F r x o )  r F X X , p )  { s R o n x ) ,

r , r l r a r r s . f = F  - . v + f f  i c-  " ^  L a  h . . ,u f  r  t .
nction" (2 'L) t"ur, [ ' . j , ] r ]  '  x '  f  )s: i r  '

rFhan h . r  J -hn  re : : t r : : : t re t ionr l  c lua l  c rob le r .  to  (P^  _  r ) . ) -  tb  the  r )e r - .L t a v t t t  p  I-  E i r 4 r . r r { n . . 4 s - ! 5 - d  r u : * 4  @ E @ F w | d F - 4 : + {  F f d - t  q ' @  \ t t l  t l l '  
. { r y _ r . * @ G s , $ .

pJg_$S* (1.5) '  we shal l

c ,  F  and  h )

l 4 . L + l

t . ,  r  l i \
\ L . L J I

de f ined

( 2 . 1 6 )

( 2 ,  1 7  )

q,nr ' . ' :  i  f r r i  nc r  f  hg' : .

mean t i re  sup i 'enr iza t ion  prob le in

. ^Tt rr rr.
F ' -  n  n  = s u p  U " ( i ' 1 ' " ) t

G r F r h ,  U ' u r e ' u r x r x o r p

Hx an ' j '  p i l= ' r l ru r f i rXrxorF : i tn* f i  6as

bV
. , T T  F  \W ' " = 0 (  { x o i , X ,  f  )  ,

' TI , ,
u ' '  ( w )  = r 2 1 r .  

*  )  "  F . { : i . , ,  
( 0  r l r )  ( w e w n l  .

,  t . - o /  t  - , \ - ' t : ,

An *I i i * l lg of  probien (2.  15 )  -  (  2 .  1?) is cbtaine. l  by

vaLues o f  t l i e  p : t raneters .



T 2

SSng"lLJ*,l . Definitj.on 2"4 should be unclerstood
consider :  the pr : i - ' ra1 in f  l r i izaL ion problem ,n, r rxo)  

op I

i n f  p ( F r * o ) .

l i r e n ,  s i r : c e  ( t . 5 )  i s
t . ioned in  $0  ( i .  e .  r  rqe11

for drry Ze Ens ,  Z2(! ' rxo) r
the  ins tance

t h i s ,

PE=ut

,  
'  

, , , [ l_  r , , ,1 . '  E
v  - \ \ P  I

I t t t n { r r e r r q : ' l  l r z  r l o f i n a r l l t  i rq r r r  v  v !  p s {  r  y  g ( ; !  I l } g L a  1  L I L

def ined, ,  fo r  a } l  va lues  o f
e  v t z f  - l  I

P € l (  r  P i  1 p  r .  1 = P l r n  v  \  |  \ ^ / e
\ *  f  ^ n ,  1 t  g f t n l

v ( J

. , . . ' .

a s  f o l l o w s .
I

) r  t h ; i t  i s o
/ E  v  \
\ a  t  

i ! r - \ . t

t ^  r  o .( 2 . r u )

cne sense rnen*

Lhe parameters ) ,

may cons ider

8 ( ryr "o)  ,  z ,F,or1r=suP Fo ! i ' i  
' )

of  (1 '  5 )  r  v ihere  I . i t= i f  ( . (F rxo  )  , z  r f i )e?Z ,  U '=  g {nrxo)  
,Z  ,F : i . I ,+H,  

App ly ing

i r r  p a r t i c u l a r o  t o  z = F X X ,  F = p  a n d  ( 0 r l g n ) E L . f  r  ( s e e  { 2 , L 6 )  |  ( 2 . 1 4 ) ) ,

I  r r .  , w e  g e t  t h e  r i g h t  h a n d  s i d e s  o f  ( 2 , L 7 )  |  ( 2 . 1 5 )  .|  ( 0 r l ' I ' ' )

We siral l  g ive novr some relat ions l :etween the perturbat ional
dua l  p ro i : lems Cef ined in  the  f i rs t  par t  o f  th is  sec t ion  and the
perturbat ional  ouaL proble;ns correspond. ing to t l re unperturbat ional
d u a l  p r o b l e m s  o f  Q t . .

Thecr :en ?, t r ,  Assurne t ] rg t_! ! r -e  pr i -m.a!  j -n f j -n izat . ton probrem (p_ - \
@gtts# .@\F Gr f  € .8&.es .@+,@@.s/ * r * .coew?,e i , ,d rF+.@8,&.uk4& 

f r } l8 ,

i s  enbedc led  i n t c  a  fa . :n i l - y  ( " . t 1  o f  pe r tu rbed  j . i f j . i l i z l t i cn  n rob lens "
.@wwEv;syr_? :s faG* j ,sE1sF 'kkc4  @-F;<1V_,H@S|GW.&@4&M€1*6.Oe@g$' ryW*- t

a s  i n  d e f i n r t i o n  2 0 J . ,
i@.9@cd,srat*t,.!@}

*  \  - r  / :  . t .  .  o . t  r ) . ,  ! i  . i "s  a  i : lu l - t i - funcr ; : , cn  ' . :h ich  ass . : -c In i j ,  to  each t . r io le
d* Kt:.ts4fu 6Yla;iF'-G*&4-c*r!.6s"&6 gq,li€$|w.,ri€*.F8r.y..@-6&e.---:

(c r r r f r )  gs_ i !  (2 . I )  r  .g* lS l_ -_e i . l? ty_  se t  w" "=r ! ' " ( * rFrE)€H! ' r .  sa t i s f l z ! . : rg
, |@ - 

ffi9(Ekeqlss+j*-.le 3l@emsd/5

(  1  . 7  )  ; r n < l  ( 2  , ' I 4 )  ,  t h e n  ,  c h o o s i n g
@ ffi6!@,.&

( 2 ,  1 9 )

(2 "  2a)

{ ' ,  c \

( 2  , 2 L )

' r 'hrr  c LL n x6"21-ir : :ba i i  C::a i  dU:.  l '_ orO1^lr ,-n tO ( P^ _ _) . ' r f  : -  th resceCt. t .O|  " - ^
| | | i8:, l, ' ! ' ' | l |ro:J9|..@ffin!*;h.9-,&* @.- *o bffer,-rs 

Jr: 
t}|I '  

, G.s4--8.4rGrar&erslo*€-e

f  Y  -  w  , : : )  - , \ T - - ? S : C L : : r l  t O  a n  r i n e e  : : 1 : : i : t b a t l C n : l  i a c l r e r a i  a n  d i : a i  r r o -\ t \ t ^ ^ l l , J t ,  u . i . .'  
U ' -  r r  e - 6 y . - f t  * - r G . s d . * r ' q i s : u e  . r r { C { a } d - . * * o d . d u ' $ i l @ * . 8 1 6 c . . s '

a u a l  r : r c j : l . e : i  : c  (  1 .  2  )  ,  ' n l i  r a  t : c . s : e c :  r - o  ( X r : c ^ ,  n )  .
.*r#rrda@

b)  In  n ; r t j - cu l . a r ,  i f  F  anc l  X  e re  l i nea r  sneces  .1 r rd  x  =Q,  a r : i  
' i f

o"qarc@djsrMr B&*- *s:&$Irl:{ry-a.d'*qe4r&-.affiGsl O 
' 

-*aF.@

,o l * , , , I  l . :  te  i l t  =n$ , . 'n ) " - , , , t t ) "  r , .  c ,  E  v  n  ^ r  - . r *  t  -  - .  !  .r ' {  : V  \ \ r r : r l } / = -  o  } ' r  - { . 1 '  \ r : y r r , i } r , \ r u r l ) / : . \ ?  ( g : " : J * g , S i 1 i ; k i  1 . 3  b )  : : 9

b l e n  t o  ( 1 . : )  ( s : : - i - s ' l ' . ' : i . :  ( 2 . 1 . 1 ) ) ,  : - s  , 1  n c r t u y : b ; r . t i c n . a 1  i , & c r r o : : ' r ' l a i 1
gwr$r4lre Bffi'$*'*ri l.r!*-@f-est&i-GB@s,M@@e*t$gA4qc.6-



1.3
, : '

)  1  a l  I  J - h r : n  v / e  h a v e  ( 1 " 7 ) ,  ( 2 , I 4 )  a n d  ( 2 , 2 0 )  ,  w h e n c e  a l s o  ( 2 , 2 I )  
"b r .  s I  L

B @ ' @  F ' s ' t

g5ggg. By cle. f in i t , ion 2,4 (wi th qL'=Str ,  I ' l= l ' i t r )  0 (2,20) and def ln i*

t i o n  2 " J . e  w e  h a v e

'  1  1 n  -  r r l  
' '  

*  r t l
( w ^ ) ' t =  ( , ! ^ ) ' t ( G r F r E r X r x o r p )  = , l r ' u ' u ( G r F r E r X ; x o r p )  = t r _ n l ' " u  t  ( 2 . 2 2 )

1 1'  
whence ,  by  (2 ,16 )  anC (2 ,L t t )  ( v i t h  0= { ' u ,  V { - l n I " )  r  w@ ob ta in

.
( o r r ^ l t r l ; = ( 0 ,  ( u r ) n ) = ( 0 r r . l r r C t * o ) r 4 r f  )  ) s , l r (  ( F r x o ) ,  F X x o p )  .  ( 2 , 2 3 )

.Hence ,  s ince  (1 .? )  i s  assumed to  ho ld  fo r  a l l  G rF rE  and
.  w l= t t r l (GrFrE)  ,  ap$fy ing  i t  to  c rF f l  and v l l  rep l .aced,  respec t i ' , re ly r

by  (F rxo )  1  rXx rp  and  . ( l j l { (F rxo )  r  FXx rP)  r  and  tak ing  i n to  accoun t

that  (by ( .0.  r  )  )

l n f  ( 0  r w )  ( F ,  x o )  = w  ( x o ) (weRx ) ,

w e  o b t a i n  ( 2 . 5 ) .

Fur thermore ,  fo r  each v re  ( t ' i t r )n -o 'n l '  ' r le  haver .by  (2 ,L7) ,  ( l .B)  r
( 0 , f ) . a n d  ( 2 , 6 ) e

'  
( u r ) * ( * ) = * t " , x o ) , F X x r n ( o r w ) =  .

=  i n f  { p ( y r x ) i -  ( 0 o w )  ( y r x )  } f r n f  ( 0 r w )  ( F r x o ) =
(Yrx )e  r l x

.  r r l
i n f  .  { p ( y r x ) i - v r ( x )  } t w ( x o ) = u ' t ^ ( v r ) .  ( 2 , 2 5 J

(Y rx )€ rxx

F i n a l l y ,  f r o m  ( 2 , 2 2 )  a n d  ( 2 , 2 5 )  |  w e  o b t a i n

)  t r  ) t .  n  ,  . -  l .  n .  n l .  , - -Tt l .  ^n) ,
,  

'  (P^ )  ' t =sup  (u 'u )  ' '  (  ( I , l " )  ' ' )  - sup  l t , ' " ' (w ' " " )  =F ' " ' -  t

b )  U n d e r  t h e  a s s u m p t i o n s  o f  b ) ,  t h e r e  h o l d s ,  c l e a r l y  ( 1 . 7 ) .

A I s o ,  b y  ( 0 . r )  r  w €  h a v e

( 0 r e l ( i 0 )  f X r f )  )  = ( 0 r x + ) s  ( q X x ) F  = U l (  ( F ,  0 ) , f i x r p ) ,

t l r a t  i s ,  ( 2 . 1 . i ) ,  F i - n a l 1 y ,  f r o n  i e f ; - i i i t : o n  2 , I  a n d  ( 2 , L 6 ) ,  v ; e  o b t a i n

. . t * t r  ( c rF r Iox ,  0  rp )  =wn l -x *  =q r l (  {  0  i  r x l  f  )  =

= ( , ! l )  *  (c ,  F ,  f r ,  : t  n  o  ,  p  )  r

i . e , ,  Q , ? . a )  t  w h e n c e  a l s o  ( 2 , 2 r )  ( b y  p a r t  a )  a b o v e ) . .

.  ( 2  
" 2 4 )

( 2 , 2 6 )
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I
i
!

j

J
.,1
I
j

if*u-*n' 
rn the sir*ati.' or

* *-r:i*io*f;',"**J,*o*o n then rori-p=p"r;,;,r,ffi-;nn 
T;
*1..:"t*" 2' l b) r rf x=p anc

( t ,
p  (y r * t  =  J  

h  (Y )  l f  ye  G+x

I ' t *  i f  y c r n \ ( e + x )  p  
:  '

w e  h a v e  ( s e e  e " g u  [ 5 J o  

. . ' - . - \ t p  
,

cor :o l la ry  3 .  B)
( , n t r - 0 l , W l I ^ , = 1 4 l , u n l = l , l , u - ^ = o ^ ' .

s o  t h e  p e r t u r h r & . i  ^ - _  |

;ffi:',; .itr"T::i:ifrilTjprob,en (,nrj, 12,28)
(not. nn**.*oefini* '"rt- i .  r.  l . Iore n*rr*.. 'n*rturbat'onu'n 

respect to t i :e

pecr to uo*lt ' 'y 
tsg;a"nt"*r per!u.r.b*u"o' 

ort"n i t  "un"angian cual

eomputatior,,l concrete perturrati#,tx t,t"t-: t".i ;ntff, iiiiitr-n-
duar p.rorr* 

I  P does not oec".; ; ; ; t ' j , 'xo'n) (sucir that art*t  *r*

r" .,; ;;;];.:T,T;;#T :,,.;'*;ii:::; ; *'o.".'i..,""*,
r*s::*rsss:r dr1 ur-,rlertrl 

r i '€'r as the oo"urJoij ' j f ,tot** (z"28)
pu"ti"ffiinrrurbational rbationar rJ;;;;;;T;3" tirat, &I
pecb to a 

"u,-.oor* o-.l.;ro:::*_tty.l".l *:1 probr.ern-,f'oorem is a
a lso  va l . id  fc
s u r r o g a t e u . , * | o t h e r u n o " ' . . ] - . . : , . i , \ ' X o , r 1 ) ) . S u c h ; ; - * . * . ' w 1 t h r e s .

derinec, initi :::' 
f'r ; ;;;T;:.;::::::,5i"or"*;.i:;. :.::;""

;:ffi*1:: :#$,H;* ;:" :*t;ij..* Jil;'#.:,*.ve,' ba t iona l  
fo :  

r '  - - -  uq ! r ' i c r t1or8 '1  
ones i  bu t  ba{n- - - : ' : :  

u 'c ( r r l  and  thus

i n  the  case 
t  

:u t t 'ab ' le  p ,  wh ich  does  , - r l t  
o* tno  essent la l l y  

p " r tu r *

" lu*, 
p'o,,in*;:;Ti: 

i;;tranmins 
ouu," 

atrr?ear expricitlv ;;:;, .-
" fo, intr.oeucir:gr perturbat 

tvp" n""" 
ity) ; actuai-l

icnai cuar;;;ff*;#::;fjJJJii 
i:f"fskr,.,xJ+_? . j.fu.ss;s .J n. +. {:**'-93!-l*x:i:.11=t=tJJil lr";"J::Igl-:s*si'L*-?fJ*,*rs*Ax: g;oggg ,u",ro , /ob*ffi*f- e,il- 

;- 
-*" \ z' r ) s*;si}*rxi J;*jfll',r*{ijlJrs"!;s*,e., 

i
i?i;tl r=; iI[ ;;;;i;;ii:]:s;qsh i
(c, r', w) T;1rr 

***i"''ii-ql*tJ-:i:*{:L..0," 
iil;n"l_1;f_ifr..**!,_f*F;._.jr.*t#,?Js 

i
*no=(,.f,o) *', 

**t ot,',,r'n'-**ili**i#;*a 
:o ,ll"f*};;-* 

i
i , n r * o )  

r r X x r r u = a 1 1 - , , * o )  
r I 1 \ X ,  ( c r , n r )  ( g g ( x )

( 2  , 2 9 )

9 2 .  3 0 )
(welils; n; 

,



I 5

gJ',q*-I*l#:.il ot*o, un" S:S. as in  de f j .n j . t . ion  2"Z i  ie  have 
'

&.& 'a t t ;kor4 .Sr&€r&,M!  ed .ac  .  
e -OE4t tu .F

'  
(  r t f f t  T[_nTrd
r , F r , /  = p ? Y  e  ( 2 " 3 f )

4J t-I

Tlrrr l l  -  11rr:  , . -* j . . - r , ,1-_].rr i t - j -o-;ra. l  c lual .  r : roblclrn tr :  (  ?^ -  ' . )  .  r , r i t -h resnc;ct toldtt4ibdl.reIs_sfr 31 fi t G* t.. Ir tnl._ lq:al ruer g,,f,r s -erB sr*..J4 fr t{t gi sJ. 4-rrrt e4

1 \ r  v  n \  

t ' l ' ' f  ' n ' / s ' 4 ' n e @ - " " k # e ( ' ; s ' $ ' * a '( 2i I xo I F / r -y.9"r"5ff;?s*sr*Jig*t-g*.*"'1*J,lJt*r*J****F"*fr"**f*rJ:-?-gs*s-Sy***F-gg-
h.kt*tg (1'2) ("*:I"*;:**i]9. (2.14)), *:**r-pgr*.gr*r*--".:.-.'s"L.i.Hr-*q-g*
dUa l -  n fO i : ] -Cm * .n  l 1  ? \  . , , i  * : 1 :  j : es l r r :C t  tO  f  v  w  n \
c + 5 ! 6 ' 4 * r : ' a f f i . * * - * " I ;  

\  4 '  i ' ' l  t  # t ' " : * , * * s " s $ & r e b - @  
r ' r 1  : ' O r 9 / '

b)  Tn_n.a: : t j .c ' . r j .arn i f  F  and x are l . j -near :  snaces and x =0,  and@xFJrrfd;i"rr.sa:a?wv*,d.&m rFfr.s, s1F@-@@S.&{i*&.&,*.*e[,* 
--6 - 

t 
;.:.;

,  *  , , - .6_ , r ,6  ,  n  -  T r  _ - t  , . ,T ICt_ . , .T t rY  t
A [  t {  = ( J  t G r F . n ) = F t ' r  I { ' " " = r g ' ' " ( G r F r h r X r 0 r p ) = y t r ,  t h e n  r o , e - _  h a v e  ( 2 . 1 4 )

' c g , w q r c

a n d  { 2 " 2 9 ) ,  . t ' ; h e n c e  a - L s o  ( 2 . . 3 1 )  
"@ @  

' @ g . t - E : t . . - * - v . i 6 .

11 at

fggg f i ;  a )  By  de f in i t ion  2 ,4  (w i th  r l . ,=0"0  W=W")  e  (2"29)  and
r l a { : { n i  l ' i n nu c J . . L J r r r - r r J l r  . o l l  V . t e  n a v e

(wo1n=  ( ( . , o )  t r  (Gr l ' rE ,  x r  x . rp )  =0no  ( c r r  o I ,  X l  xo rp )  = rn r ro .

Fu r the rn to re  ,  f o r  each  v re  (Wo) [=Wro  v re  have ,  by  (2 " t71  o
( 2 , 3 A )  a n d  ( 2 , L 0 ) ,

t r r [ l  *  (w)  =co[ r ,  
xo ) ,  F , \ (X,  p ,  a  

(  0 ,  r , , )  =1ng 
. r ,  

(  o  ( " ,  *o) , fXx,  (  0 ,  w)  )  =

p ?
IJ

d w r - (

(W") ' ' ,=lnF'" ', e uf,tn-pf;d ,

= {  n f  n  / f ;  \  - . , T O  f- * r r !  t /  ( a 1 8 ,  v  )  , f X X o w )  
= U 6 "  ( l f  )  .

,  f  ^ O

f  r o r n  ( ? .  , 3 2  )  a n d  ( 2  , 3 3  )  r v e  o b t a i n

tu[l " ( (t'ro) *) =*up ufio irvno) =13.]"

b)  The  p roo f  o f  b )  j - s  s i rn i l a r  t o  t ha t  o f  t i i eo rem 2 .L  b )  ( re *

p l a c i n g  I  b y  o ) .

Theo : :e i l  ? . " j ,  Assu : l e  tha t  t -he  n r . i - x .a1  i n f i l r za t i on  n rob len  (9^  - . )
effi{taw,s'@ @aRd.rt};&ffi:@srr $"-!&,6.,@,@r"es'+$\q&&w,f G?,'ft/"&e*{di&ffi.@ lr)t , n

l s  ent -he:c iae r i  i . r : to  a ra: i i i r '  (  2 .  t  )  o f  cer tur l rec i  i .n f  i .nr  za.Ltan n: :c i : ie ins,
Gtugw,'*?,-34rs43 r r*er f* arsrb€4q_w.qa&|&@\ &A.s*se"& aese,sffi,_@r/ 6eavq,es-st:9Jj* Glds g<*'is^e.

a . s  i : :  r - . : , , f  - i - : - - . ' 1  * : i c :  2 . , ' . .  T l l l n ,  t h i  r . : L i l l i - f ' - : : : : 1 - 1 s n  U - ;  c c f  r n e i  i r r r  ( 1 . 1 2 )
@;,K?. .<*$ . -s  G9F*? .  & !Gi :€# , - -4 . r f t_ . tu rB* . * "44r@r{ la  a4sr , {wr@"g.  e&&a:* .g {s f r r_ -

sa!i-s,f;es (2.1..1)r -qg:l .{pr vttt, I ' I*t, *ttt *I3 g*tg*j3*S#jl*,l igl
.es'Sct.W5_-qrrr

2 r3 n v:e l ' larre

( ,1,r)  n=, i ,* t ,  ( l { r )n-*ntn (ut)  *-u*t ,  (gr)*=Strr  .

T h r i s ,  e a c h  = : - . r i . ' t : : b l t i c r a i  t * c l u a l  r r : : o b 1 e n  t c  ( p ^ - - ) . ' i . " : - t ' h  r e s 5 e r i i  t o
aryt:.;:rly:.'q; r-.*6 *d

( X , : <  , ! )  ,  ' :  * r r ; L i - n r r  e . l . - i :  c  t h a n  t l - I  l ; * : l . l : : . ' : : ' L t - r c i ' . i - 1  : l . t : a i  c r o i : i c : t t  : c
O 

' - t Es*,aA.-sp.-** &F s$nb Bs &.s€ s s& S1b sn&:- i"@ c?a Gr#m.qi.l\&{*s? 9:} t t-$ a, 9l*6_*+ } 4-b!*_ !.ry-

( P ^  . ,  r )  ,  w i r - - h  1 ; 1 ; : t r , 1  ' . : f .  t c  ( X r x ^  r n )  ,  c o r l : s * l o n , l i n c 1  t o  t h e  u n n e r t u r -'  
Grf  rn '  

'  w.f4 '@*ns@ff i .a@ O'--  @sff i lsM*r iwww*dsslr-@

b a t i c n : r l  r * d ' : a l  r : r o b L . c , n  t o  ( P ^  . , l  i i ) r
@rr#A.R.trr$rr^r -s.rqLar\5*..wrr^rr?r.*f,*rst:* u r 

i 
r lr

f i n a l l y r .

(S[) n=sun

( 2  , 3 2 )

( I , 1 0 ) ,

( ? . , : s )

( 2 . 3 4 )

j

I



- - A  l A  r \  * . h ( f
s l l u  \ v ! ! i f  ,  

t - .

w c , | , T ( { , . } , X , f ) + + w S f e + v l ( x ) 3 i n f p ( y , x ) ( x e x )
'  " s Y r  t t " ' C ) .  " t ^ ' - - * - . ' l  r \ J t ' . ' /  \ J r r r ! '

y c r

e + ( 0 e r v )  ( Y r x ) ( p ( y r x )  ( y e r r x e  X )  + +  ( 0 . v r ) < p '

€=) ( o uvr) e tlr ( (r u xo) ,9(x n p) o

so  0 t  sa t is f ies  (2 ,L4)  ,  A lso ,  by  de f in i t i -on  2 .4  ( l v i t ,h  ( ,= ( rT ,  I ^ I=Tf r ) ,
( 2 .  t 6 1  ,  ( 1 ' . 1 2 )  - a n C  ( 2 " L 2 )  |  w e  o b t a i n

€  1 6

'  P r o o 1 l "  F o r  a n y  w e l i ^  v r e  h a v e o  b y  ( I " 1 2 )  r  ( 2 " 2 )
@Fsr}

r - . n r r  {  r r l  1  o s  r . n  c
k Y q +  v  q & u r f  v e ' d

( t , l t )  n=  ( , . l rT )  n  (Cr f 'oE,  X ,  xorp)  = ,1 , r  (  {xo}  nX,  f ;  = { rveRX I  w<f  }=

-  * X  - T r - r .= { w e H o l u r < p  ( y ,  .  )  ( y e r ) '  } = , ] r r r ( c r n r E r x l x o r p )  = t d f t r  o

Fur ther : rner .e,  for  each rue( t ' lT) [=I^ IET t ' , 'e  have. ,  by (2, I7)  t
( 0 . 1 )  a n d  { 2 , L 3 ) ,

I

t t  (* )  =uln,  
*o)  n FXx, n 

(  o ' rv)  =

= i n f  (  0  , w )  ( F ,  x o ) = w  { x o  )  = ] r n r  ( v ; )  .

I ' ' i  n e  I  ' ' l  v  .  f  r n n  ( 2 , 3 5 )  a n d  ( 2 .  3 6  )  r  w e  o b t a i n&  + . r * r * J

(p t ) t '= ru i ,  (u r )  *  (  ( l ' ; t )n )  =sup r . rn r  ( l ' i n r ) :F* t  
"

*g*gfb*3*. .  Other dual  prol : lens,  e.gr"r  of  Lsl  r  
'can be

s imi la r ly  "

I r l

t 4 l

l ? l

( 2  -  3 5 )

( 1 . . 1 3 )  ,

( 2 . 3 6 )

t r e a t e d '

L J J

f , l t
L T J

L)J
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A. .GqI]IRAL pu_Al,.rry*AppBoA.gr1._rg l,lLN:],lA{ .RrlS ur,rs rN

COi4BINATOITIAL OPTTMIZATTON,  VIA COUPLI I IG

'  FUNCTlONS. I I  :  FURTIt t rR RESULTS

Ivan  S inqe r

Depar tmen t  o f  l 4a the rna t i cs ,  INCREST,  Bd"  p5c i i  220  |
79622  Buchares t  anc l  I ns t i LuLe  o f  Ma themat i cs ,  s t r .
A c a d e m i e i  1 4 ,  7 0 1 0 9  B u c h a : : e s t ,  R o m a n i a

I ' I e  app ly  the  dua r l i t y  app roach  o f  La ] ,  v i a  coup l i ng  func t i ons ,

to  some comb ina to r i a ]  m in -max  equa l i t i es  wh ich  a re  no t .o f  t he

(  "  a l l -car :d ina l i t .y  cover i -ng-pack i -ng"  )  type s tudied in  Ln) ,  namely ,

t o  m i n - m a x  e q u a l i t i e s  f o r  " B - c o l o u r i n g s " ,  " A - c o v e r  p a c k i n g s " ,

"we lgh ted  B -pack ings "  and  "we- igh ted  A -cove rs "  i n  i nc idence  t r i pJ -es

( A r B r Q ) ,  n o n - b i p a r t i t e  m a t c h i n g s ,  f l o w s  i n  n e t w o r k s  a n d  m a t r o i d)

i n t e r s e c t i o n s .

$ O.  r l t -qoducL ion
l - n

f u  L4J  we  have  p roposed  to  s tudy  m in -max  equa l i t i es  i n  comb i -

n a t o r i a l  o p t i m i z a t i o n ,  i . € . ,  e q u a l i t i e s  o f  t h e  f o r m

min  h  (G)=max  p  (1 ' I )  ,

whe : :e  G  and  t r {  a re  (non -empty )  f  i n i t e  se ts  and  h :G*>R= ( -q r r+o : )  ,

i a n  d u a l i t y  e q u a l i - t i e s "

m i n h ( G ) = m a x n i n  $ ( c J , w ) ,  ( 0 . 2 )
wew g€G

where  < f  :  CXVI - l t t  i s  a  func t . i on ,  ca l l c rd  " coup l i ng  func t i on "  ,  sa t i s -

f v i  no  the  "bounc l i nq "  and  "c lua l .  i r ounc i i ng "  i . ncqua l i t i es

( 0 . 1 )



h  ( g \ 2 { { S  , v , r ) }  p  ( w ) ( g e  G ,  w c w )  , ( 0 . 3 )

and  we  have  g i ven  some ap i : l i ca t i ons  to  ' , . r l l - ca : :d ina l i t y "  
m in * inax

e q u a l i t - i e s  t 0 . 1  )  " o f  c o v e r i n g * p a c k i n g  t y p e "  ( i . e .  ,  i n  w h i c h  b o t h

i r  and p are the card inal i ty  funct ion and the e lements g of  G ancl  vr

o f  w  a r e  " c o v e r i n 9 s " ,  a n d ,  r e s p e c b i v e r y ,  " p a c k i n g s " ,  i n  s o r n e  s e n s e )

In  o rde r  t o  g i ve  a  un j . f i ed  f ramework  fo r  aop l i ca t i ons r  w€  have  i n -

# r n r l r r n r . r l  i n  f  1 1  € n r  a ' 1  , '  " i n c j - d e n c e  t r j - p l e "  ( A r B r Q )  ( i . e . ,  a n yL , J ,  
! v !  c r r r /  

. ) .

t r i p l e  cons i s t i ng  o f  two  non -empty  f i - n i t e  se ts  A ,  B  and  a  b ina ry

" i n c i d e n c e "  r e l a t i o n  q g A X B )  ,  t h e  c o n c e p t s  o f  
: "  " A - c o v e r "  ( f o r  B )

a n d  a  " B - p a c k i n g "  ( f o r  A ) ;  n a m e l y ,  a  s u b s e t  g  o f  A  i s  c a r r e d  a n

A - c o v e r  ( f o r  B )  ,  i f  f o r  e a c h  b € B  t h e r e  e x i s t s  a € g  s u c h  t - h a t  u q b ,

a n d  a  s u b s e t  w  o f  B  i s  c a l l e d  a  B - p g g k i n g  ( f o r  A ) ,  i f  f o r  e a c h  a e A

t h e - r e  e x i s t s  a t  m o s t  o n e  b e w  s u c h  t h a t  - q b .  r n  t h e s e  t e r m s ,  t h e

min -max  equa l i t i es  "o f  cove r ing -pachng  t ype"  a re  the  equa l i t i es

( 0 .  1  )  w i t h

A lso ,  i n  L . l  ]  we  have  i n t roc luced ,  f o r  any  i nc idence  t r i p le

( A r B r Q ) ,  f o u r  c o u p l i n q  f u n c t i o n s  ? * : Z A X  2 8 - - Z _  ( i = 1 r  2 , 3 t 4 )  ,  o f  w h i c h
) - 1 +

F

the  most  impor tan t  one has  been f .  (wh ich  we sha lL  use  a l -so  here) ,

c l e f  i n e c l  ( o n  z o ) < z o  ,  w h i c h  i s  r r r g J r  t h a n  c X t v  ,  f o r  r e a s o n s .  e x p r a i n c d

r n  l 4 l )  b v
L . J

f ,  ( v , w ) , b ) € y f , w l a S n r L l Qe2A,  w€28)  ,

G = t h e  c o l l e c t i o n  o f  a t l  A - c o v e r s  9 ,

W=the  co l l ec t i on  o f  a I1  B -pack ings  w .

where ,  f o r  any  ( f  i n i t c )  se t  I r { ,  2 ' ' i  deno tes  the

s u b s e t s  o f  i 4 ,  a n d  l : ' t l  d c n o t e s  t h e  c a r d i n a l i t y

d e n o t e s  t h e  s c t  o f  a  I 1  n o n * n e g a t  i . v e  i  n t e g e r s  .

|  ( ,=  I  i ( a

( 0 .  4  )

( 0 . s )

( 0 . 6  )

c o L l e c t i o n  o f  a I 1

o f  M ,  a n d  w h e t e  Z *



r u  t h e  p : : e s e n t  p o p " r  ( a n n o u n c r - r i l  a l s o  i n  L q 7 , t O ) ,  w e  s h a l l  a p p l y

t h r '  , - ' l r i :  I  i  1 - r r  n t t r t r ^oac l r  o f  [ a  I  l - r ' r  o i - h r - r  m i  n -n r . r . e  r : r r r r r ]  . i  tL . . u ( :  \ , r . r - r . c r . L r L y  ( r p l r r - u c r u t r  u . t -  L + l  - - i e s  ( 0 . 1 ) ,  w l r . i c h

are  no t :  o f  "a I l -  ca rd ina i - l i t y  cove r . i ng -oack ing  t ype" ,  i n t roduc ing  o t i t e r

couo l j . ng  f  unc t i ons  "

I n  $ t  w e  s h a l l  i n 1 - r o d u c e  " B * c o l o u r i n g s " ,  f o r  a n  a r b i t r a r y  i n *

c j . d e n c e  t r i p l e  ( A , B r p ) ,  a n d  w e  s h a t l  s t u d y  a n  a l l . - c a : : c l i n a l i t y  m i n -
\ -

- m a x  e q u a l i t y  ( 0 . 1 )  f o r  m i n i m u m  c a r d i n a l i t y  R - g o l o u r i n g s ,  w h i c h  i s

no t  o f  cove r inq -pack ing  t ype  ( i . e . ,  i . n  wh ich  G  and  In I  a re  no t  t hose

o f  ( 0 . 4 ) '  ( 0 " 5 ) ) .  T o  t h i - s  e n d ,  w e  s h a l l  c o n s t r u c t  a  n e w  i n c i c l e n c e

t r i p l e  ( A ' r B ' r Q ' )  a n d  s e t s  G ' r l , l '  w i t h  G q G r ,  I { € W ' ,  s u c h  t h a t  t h e

i  n ' i  f - i  = r  a n , , i r  i t i e s  ( 0 "  1  )  ,  ( 0 , 2 )  ,  w i l ]  b e c o m e  , ' e g u i v a l e n t "  t c  a n  a 1 - 1 -

- r - , a r r l - i  n : ,  l i l t t  r r ; t a r i n n - n r a l z j p 6  . { - v n o  r t i n - I T r  . n L  e a r t . t r r l  i f r z  : n r l  r p < : r . r r - , n . 1 - . i r z a - l r rL L e J  v v v L ! - L r r Y  I / q v A r r l Y  \ - J I , L -  r r l l t l  i t t c l ^  C V L T d I _ L L - y  a t r u ,  t E : J F / c : L . L L ,  - - 1  1

t o  t he  Lag rang ian  Cua l i t y  cq r - ra l i t l z  f o r  t h i s  nev j  sys te rn ,  w i th  the  cou -

p l i n g  f r . r n c t - i o n  { r .  o f  ( 0 . 6 )  ( f o r  A ' r } 3 ' r O , ) ) ,  t o  w h i c h  w e  s h a l ]  t h e n' J  
\

app ly  the  resu l t s  o f  La ] .  We  sha l l .  e r l so  g . i ve  some app l i ca t i ons  to

K o n i g ' s  e d g e  c o l o u r i n g  t h e o r c m  i n  b i p a r t i L e  g r a p h s .

In  52  we  s l - ra l l  i n t roc luce  "A -cove r  pack ings " ,  f o r :  an  a rb i t ra r : v

i n c i d c n c e  t r i p l e  ( A r B r p  )  ,  a n d  w e  s h a l l  s t u d y  a n  a l l - c a r d i n a l i t y
)

m i n - n r : v  d r r r i l  i  { - - '  1 n  1 1  € n r  m a X i - m l U l  C a f d i f f a l  i t V  A - C O V o r  n a r : k " i  n o q  _\ v .  |  /  l l l q ^ I l l l L u : l  V G ! U l r r u M j  r \  U V V L !  
t / q v i ! l f y J t

w h i c h  i s  n o l -  o f  c o v e r i n g - p a c k i n g  t i / p e .  T o  t h i s  e n d ,  w e  s h a l l  u s e  a

s im i l a r  me thoc l  t o  t , ha t  o f  S1 ,  wh j - c l :  w i11  be  somewha t  sJ -mp lc r ,  s i . nce

we  sha l - l  no t  need  to  change  the  se t  W.  We sha l l  a l so  g i ve  some app l i *

c a L j . o n s  t o  a  t h c o r e m  o f  G u p t a  o n  e C q e - c o v e r  p a c k i n g s  i n  b i p a r : t i t e

graphs

fn  S :  v , ' e  sh .e l1  cons ide r  "we iqh ted  B -p . r ck ings " ,  f o r  an  a rb iL ra ry

j . n c i d e n c e  t r i p l e  ( A , B , Q  )  ,  a n c l  w e  s i r a l l  s t u d l z  a  n i n * m a x  e q u a l i t y  ( 0 . 1 )

fo : :  max imu in  we ig l : L  B -pack ings ,  j o in t l y  w i th  the  Lag rang ian  c lua l i t y

A P , A
e q L r a l i l - y  ( 0 . 2 )  w i t . h  a  s u i t a b l e  f = { p . t ( 2 , ) " X 2 " ' - - - > Z + ,  w h e r e  ( Z r )  d e -

) J '

n o t e s  t h e  c o l l e c t j - o n  o f  a - l  I  f u n c t j - o n s  g : A + 2 , .  W e  s h a l l  a l s o  g i v e
+

so inc  app l  j  ca t i ons  to  Ogc ' r vd ry ' s  r . re igh tcd  ma l - ch i .ng  thco : : c rn  i n  b i6 :a r -



. i

i

J

I
I
I
I t i t c  g r :ap i i . s .

f t r  $ q  w o  c h - 1 r

inc ic ience *  

u  sha ' l  ' " " " : t ; :  

:^ - : : : : :  

A-covsx." , , ,  
f ,or  an arb. i r re i r .y

f o r  r n i ' . i * r o t ' o t "  

( A u B ' q ) '  
a n d  w e  s ' a l

we_ ish t  A*cove , : " ' *_^ :  : | , " t t  
s tudv  a  n i r

su-itabre E=y,ar2A x rr, ,  n- 
t t" '  ic-r i ' t fY with t fe .n.,"tr- i .r l  ;" ; i  , ;r l t ;  

t

E g e r v ; i l y r u  r - ^ t  . ' u t o + t  
* z n "  w e  s h a l J -  a l - s o  g i v e  s o lveigr i r tecr cover ing theorem in nr^]1," : .  

"" ,n* appr. : rcat i -ons 
to

or le  can apprv  rhe  ru"ur . " l r ; : , t :  
in  b ipar t i te  

s rap ] rs "  Note  t r ra t
a . s  i v e r r -  

' s > u r . S  o f  s s l - 4  t o  o t h e r  i n c i d e n c e  t : : i p l e s  ( A r I J r p ;
rn ss v/, 

)
s  s h a l l  s t u d y  E d m o n d s  ,  ( n o n _ n i ^ s . - r :  ,(0 '  1) '  wi th sui tab.e (c,h , t t r , t t )  ,  r"r ; ; ; ; ; f f i : " :* : . rchj-ns 

rheorem
e g u a J . i t y  ( A  . 2

rv i r r  be  d i f fe  

)  w i th  tP= 'P3 o f  (0 '6 ) .  wher :e  . " . ^  , ; : ; : r t t . t " ian  
duar i fv

ren t  r ro rn  the  one used in  t_a l  ro r  na tc . : : : ' : . : r :  
(A ,B, t )

t e  g r a p h s  - L t I  
r - n g s  i n  b j - p a : : t i _

f n  S0  we  sha l l  s tudy  i l r c  max  f l o

; ;;".:,. T;::,Ji'j,, jl.:;egua l i t y  (0  '  2 )  w i th  a  coup l ing  func t ion  
v= .v7  r2u  X(R*  )  u_Rn=[0r+oo) , r , rherg

;nj:: ff.:l'j:J ; .::il::T,1:, *.,0, and r,rere n.
r . j . 'a l ry,  in 57 rve shal l  s ive s imiJ,  , :1."  r rrr Ednronds , na*

t ro id  i n te rsec t i on  
theo rem,  w i th  a  couo l i ng  func t i _o l*?Z*,, - .--- -*wrre::e s denores the ."; i :T*:. : : :r t"n 

r= es, (zrxrr)xrr-
t r o i ' d s  a n d  w r r e : : e ,  a g a i n r  , o , " . r : ^ " ^ : " : " t ' g r o u n d  

s e t  o f  t h e  t w o  n a -  l
n i t : - o '  o f  fB .  

'  . ^YL {a r r r  l l o  i nc idence  t r i p le  i s  used  i n  the  de f i ^  I
Le t  us  mc-:ntj-on rlov/ some

n {  l , r\ J r  L ' l )  ,  wh i ch \ ,ee shal l  need
For  an  i nc j . c l ence  t r i p le

complements
to  the  no ta t i

i  n  + r - ^  
o l l s  a n d  r e s u L t s

L r r c j  S e q U e  1 .

( A ,  t s ,  
t  )  ,  d e n o t  i n g ,  a s  1 n  L q )  ,

( a e A )  ,

S ( o ) = { t e n f a g n }

q - i  t t r ) = {ae -a i " gb }

us nc; tc  t "5at  g€2A

( 0 . 7 )

1 e . s )
( b e  n ;  ,

a n d  o n l y  i f

I

I ,
,, 1

I r
i ;
I ,
i
i
I

l e t
:'- s an A-cove: :  ( for  B)  :L f



sng ,  b) /Q,
rn  orc lc t r  to  e

La l  ,  t ha t  

nsu re  thc r  ex i s tence  o f  A*cove r . s ,

3  
' ( b ) t @

( b e  B )  ;  ( 0 .  g

w e  s h a l l  a s s u m e ,  a i

( 0  . 1 2 )

support,' of f ., j. e

_  - : ,  
- L l t c i C

j 3

!

rru:: the 
(be n) -  (0. 1 or l no re ,  no t .e  th * t_  , . , - ->B

i f

q , (b1 ) n g_, trr) =,p
( b r b r e w ,  

b 1 l b 2 )  .  ( 0 . 1 1 )Qgf+n_ i , t . ion  0 . "1 .  Le t  (a ,8 ,  q )  be  anwe sha lL  ca l t -  the  number  rp (u l r t ' - ; ^=  ; : '  

rnc idence t r ip le -  For  any  a{beB we sha' t  . ; ; ;  l ' r i - , ,  
I3(a) l  tho-d'-er.e.*si  

a.  s inr i larry,  ror any
For any subset 14 of a 5k=-"J 

b"
i  set  S,  v, /e shter is t i c  func t ion  (car i .ed  ur . .  ; : ^ - : . sha- l -L  

denote  ny  rM rhe  charac_
vec tor , , )  o f  M,  de f i -ned by  

a l -so  " inc ic lence func t i -On, , ,  , , inc ic lence
l r

. 1
!

'I

I

X s ( s ) =  {  
t

L o

i f  s e l l

r  r  se S\ I ,1 .

. fJ , , "  so[Pot  
any funct iOn f  :s-+pr  w€ shar , l  . r , . -^*^  ,

s u p o  f = I o  - o t  - ,  

'  " u  r ' r t a l t  d e n o t e  b y  , u p p  f  t h e , ls u p p  f = { " e s f  r ( s ) y 6 r r
F o r  t r y o  f u n c t i o n s  

f -  ( 0 . 1 3 )

- fo r  a r l  s  e  s .  

-  "av r r '  t ' t  ' f  2 :  s  - f t  r  we  sha l -L  wr j - t e  f
l < f  z  i f  f ,  ( s ) * < f ,  ( s

:r_. 
.ff ,:rlTJi"ffi,,',".tt:^":: sorne resurts or [a] (we use here

[a]  I  in a s l ishr ly , ; ; " :  ; ; ; : " t  

or  the term , ,opt imar 
e.r .ement, ,  or

! g !  ( A , B , o )  b o  > h

,  rur ther i^ - : *  
rn= ldcnqe-  t t lpro un. , - * , " .

! e _  * l  i n c f c i c n c e  t r i n r ^-_  - - : I , r c  and le t  G , l .V" J!{!!grmor,e, assumc *r.- 
_-% G'i\ i

r  (g)  = 1oy ,^. . ,  
- t """u*"  tn 'ot  - t -nu-.*r-n**ou 

."nua1i  tvh ( g ) = l q l  ( . ' s r  t  
- r u

, : l ! u /  r  $ ( W ) = l W l  ( w c t ^ t t  .
, l l. t  ,  

r , , L r y , f  ,  l . e : _ r  t h a t -

T h ^ ^ - ^ - -j r l ( j c : rOn  
_0 . *1  .

a s  + n  1 6 . a ) ,  ( 0 . 5 )
( 0 .  t  t  h n r , : r . -jlYi-Ys., vrith

I
l
I
f

be I'

f
i
f
f
i

t
f.
h
t.' f ,

&

;;s In,=#:#
( 0 . 1 4 )

Ivr l  ,



and l -e t tpu: G Xtt -*n l:9_ jifg*99yp}ll-9":LUfqliel (0 " 6 ) . '1. 'nen

a ) Ee, -!g.Yg"-LIg -!gg:'t'lE-i-l! gu"L-i-t.y- cg.'a U,!y

m i t r  l a l  = r n ; i v  r n i n  ( )  i r r - t n r )r r r J - r r  l Y t  
- r ( r c L ^  r r r r - f  r  l ?  \ y  r  r v  o

g € G  w ( i \ }  g c G

b)  IgJ  l "V  (9o ,wo)€GXIV,  t l ' e  lg - :L low. i lg  "sea . Ig t ! - '

1  o .  c r  c  G  i s  a n  o i : t " i r t t a l  s o l - u t j . o u  o f  t h e  ( p r  j . m a l - )  m i n i m . i , z a t i o n
J n - - : ; - . - - - r . - J r - - ' . . - _ - -

( 0 " 1 5 )

( 0 . 1 6 )

rob l  em

P{9T1ST

( P )

and w^el{
U

( 0 )

m i n  l g l  '
6 r C

i s  an  op t lma l so lu t i on  o f  t he  (dua l )  max im iza t  j - on

b e w

max lw l  .
w e W

2o .  t rach  a€c {  i s  i nc iden t  w i t l - r  exac t l l t  one  bew-o .-_*-

( 0 . 1 7 )

and  fo r  each
o

such  tha t  a  and are - inc iderr tg:glg_g" i t t= . I " . th '  o iq a(wo

3 o .  T h e  n u m b e r  o f  i n c i d e n c e s

9, (vo rv, 'o ) = lsol = lvro l  "

Proof  .  \ {e  have a}

b)  The  imp l i ca t i on

i  m r r ]  i  r : a  |  ' i  on  ? .o  ' ; : )  Jo

i  mn1 i  ca t - ' i  on 3 o -* - )  1  o

d)  (no t "e  a l so  tha t

,  the- :orem 2 .1  )

I ' i n a l . I y ,  f  o r L l , - ^

i n

be tween q  a n d w
o

( 0 . 1 8 )

b y  [ , 1 ] ,  t h e o r e m  1 : 2  a )  .

1 o  = +  2 o  h o l d s  b y  l q ] '  t h e o r e r n  2 . 2 ,  a n d

j , s  o b v i o u s  ( s e e  L a ] ,  r e m a r k  2 . 4  b ) )  .  l ' i n a l I y ,

( e v e n  l s o l  =  I t o l  = + 1 o )  h o r c l s  b y  t n ] '  t h e o r e m

t he  imp l i ca t i on  1  o  = )  3o  has  been  g i ven  i n

f  s o m e  a p p l i c a t i o n s ,  b Y  a  " g r a D h "

s i m p l e  g r a p h ,  w i t h o u t  i s o l - a t e d

b e  a n  i n c i t l e n c e  t r i P l e -  W e  s h a l l

a  c o l o u r  t o  e a c h  b e B ,  s u c h  t h a t

- 1

q - '  ( b z \ i t T ,  h a v e  < l i . f f e r e n t  c o l o u r s '

' l q

J - l ^ ^

+ 1-^
u l t s

l . z

l , r  I
l ' r  I

. ' - : h ^ f  i ^ i . l - . r  n
J - L r t t L / r - ! u r  L J  v

l a l ,  a  l t n I c ew e  s h a l l  m e a n r  d s

ver t ices .

S1 .  P:coloq:: ing:

Lgji111lf 9': .1 ..,1 . Let (A, B i g )

ca l l  B *co lou { ing  an  ass i .gn tnen t  o f

a n v  b ^  , b ^ e  B  w i t h  b " l . b . ,  Q - 1  ( n ,  ) n- ' l  '  I  t  z '  \  |



J!gr-iqr '1i. , !-J-. r lrc R*coIor*t:: j ' .nc-Is; Ca]] be ic] 'crrt i f  icc] wii- lr  t ]rc pat:L;|-

t -  j .o 's ;  o f  l ]  : i .n{ : r :  I . l - .pack i  ngs; .  l .nc l t :cc1 ,  by thc;  chat :erc ter i 'zat t ' ion (0 '  1  1 )

Of  B- .J- rerc l i : i . r tgs: ;  r  fo i :  car :h  co.Lour  c  of  a  D-color i 'uc; ,  the s ' ;cL fUcn I  n  i r&s

co1.orr r  c  J .  
j : ;  a  I ) -parc) i . i -ng,  s . ;o  each D*c:o. l -ou: : i .nc;  is  e i  pa: :L i t  j -on of  13

i l r t - .o  )3-parc i l ings; ;  and,  con\re l . -se1.y ,  j - f  for  each B-packinq a bel 'onqi -ng-

. to  a pai : t i1-1o '  o f  R j .n to t1 ' -pac i< i -ngs i  /  v /e  ass1gn the same colour  *o to*

a l l } l e r : ' r w i t h c . . r f c u u ( a ' f c r " ) , ' b J r e n t ' r e o l : t a i n a B - c o l o u r i n g '

l {e  shar l l -  denoLe

G = t h e  c o l l e c t i o n  o f  a l I  p a r t i l - i o n s  g  o f

W =  { p ( a ) l  a e A t .' )

B  i n t . o  B - p a c k i t r 9 s ,  ( i  . 1  )

( 1  . 2 )

, . t -  \  1 - . . - r -  + h

9 ( a 2 ) ,  
b u c  t n r s

we  can  f i x

39IgiI--L-1. rt tnal '  happetr thal- ar/a, anci- 
9(a' '  

)  =

t v i l l c a u s e l ] o c o n f u s j . o n i n | 1 . 2 } t s i n c e f o r e a c h w e l . I

( a r b i t r a r : i 1 . y )  3 n  e l e m e t - r t  a ( A  s u c h  t h a t  t o r =  q ( a ) '

! {c ' -  shal . l  co l ls ide: :  the min-max equal i l -y

min  l s !  =  . *3 * ._  l q t " t l  .
g e c  q ( a ) e  l v

5 lt l

Th is  - i - s  an  "a l . l - - ca : :d ina l i Ly "  m i .n *max  equa l - i t y  ( - i . e .  ,  i n  v rh i ch

i rot l i  the pr i -na l  anc l  the c lua l  ob ject ive funct ions are the card ina} i - t i r

f - unc1 - ion ' s )  ,  bu i - ,  i n  con t - ras t  w i th  the  s i t . ua t i on  o f  L4 ]  ,  t he  e lenen ts

A l :  l he  cons t : : a j . n t  se ts  G  and  l ' i  o f  (1 .3 )  a re  no t  A -cove rs  anc l  B -pac l i -

i . ' ngs .  The r .e fo re ,  - i - n  o : : c l c : :  t o  a r r i ve  a l *  t i r c  s i t ua t - i on  o f  I a ] ,  we

Sha l I  cons t . i : r t c l - .  no \ ^ l  a  l " I e \ ^ /  i nc - i -dencc  t r i p le  (A '  ,B ' r  3 ' )  
and  seLs  G '

an r l  1 , { ' ,  p l : csc r : v i -ng  the  cx t r cma  o f  t } re  ca rc l i na l i t y  f unc t i ons  and  the

apt i lna l  s ;o l .u t ions

1- r> l :

A r = t h e  c o l l e c t i o n  o f  a l l  n o n ' - e m p t y  B - 1 > a c k i n g s  a ' ( f o r  A )  ,

R f  = I J  ,

a t  p ' b  1 = l  b C a ' .
)

( 1 . 4 )

( 1 . 5 )

( 1 . 6 )

l g , l l : 1 : - l - . : .  i r )  i ^ , r c  h a v c  A ' c  2 8  a t t c l  a ' / ' ( b  ( a ' ( A ' ) '  
H * ' i " . 8 '  

s o '



.,i
j
i

I ,

1
I
I

(B rA ' )  . i - s  a  hype rc r raph  and
t l ra t  o f  [+ ]  ,  exan rp te  2 .3  .

m a x  1 0 1 6 1 1  =  m a x  l * , J  .
9 ( u ) a w ' t  w , € l . I ,

L e t  u s  a l s o  c o n s i d e r r  d s  i n
( 1 . 6 )  )  t h e  c o u p l j - n g  f u n c t i o n  

? 3 ,

,  moreover ,  Ure i r " rc i .c lence
q '  o f  ( 1 " 6 )  i s

b )  g , e 2 A '  i q  * !  A , _ c cr-rss.irse,,.,;:;ffifr:fry*:*ffffi":,
s e l y r  e v e r !  A r - c o v e r  g '  g e n e r a t e s ,  ' n  t h e  u s u a l  w a y ,  a n  e l e m e n t  q e cs t l c h  t h a t  l g i ( l g , l  ( r f  9 , = { M . . , . . , r  ̂ 4  1
f r o m  { y ^ , 1 4  \ l , l . , y  \  / *  , , . o  ,  

1 " 1  ' - ^ ' 2 r l a 3 r " ' - l r  d e f i n e  g  b y  e } l m i n a t i n g
L r . , . l  , . ' r 2 \ r41  , I 43 \$ l r v t " t r )  , . . .  ]  t f . *  e rnp ty  se ts ) .  Thus ,  i f

G ' = t h e  c o l l e c t i o n  o f  a l L  A , _ c o v e r s  g , ,
t h e n  G q . c ,  a n d  

( 1  . 7 1

m11 ls l  =  
T i t r  lg ' l  ,

.  9 € G  g ' 6 G ' ' -

:j, :' '^',"^,= f -esblu-rer 
a, rL,-e.r+,e_rsk_tiojrs a,€A,,

ao€A gggo-lgg rv'e q(ao). Hence, .r. i '  l*-re 
-e-xl9qg

and, col1versely, every 
"_J";;r;:':",t,;]-:" 

t:";..;::;-;r":: 
;

g ( a , r ) e w  ( v r h e n c e  l w ' l  <  l g ( a o l f  t .  T i r u s ,  i f

W , = L h e  c o l l . e c t i o n  o f

={,,  u2" Ir3o.n, , , l r ;L:; :"* '"es 
w' ro1 A'=

then l {e  W'  and
{ 1 . e )

( 1 . 1 0 )

l - q | ,  e x a m p l e  2 . 3  ( u s i n g  n
" A , . . ,  

^ B  

q ' J  \ u r a r l g  n o w  
( t  o f

4  l \  z  ->R  de f i ned  by

9 :  ( g , w ) = l {  f  . '  , b )  € s  X w  f  t e  a , }  f ( g e z A '  ,  w e  2 B ) ,  , .  1 1 )
r:gP*gsiliga_Ll. Ig: G , l{, G' ,,"t, un{ ?-, as abo-ysr__!_e have
m i n  9 .  ( g r w ; =  m i n
g € G  "  g ' G G ,

I
t.

Yi  (g '  , " ) ( w e  2 B )  , ( 1  .  1 2 )



9 -

m a x  ] n i n  9 " ( 9 ,  ? ( a ) ) =  m a x  n j - n  %  ( g '  , w ' )  "  ( 1 . 1 3 )
.  a ( a ) e v l  g c c  J  \  w r e w t g r c i G r  r

) -

m i n  9 2 ( g , r ' t ) y  n j . n  9 e ( g ' r w )
g € G  

-  
g t 6 G t  

J

Proof  .  I3y  GgG'  ,  vJe  harve

9 ,  ( s '  , w '  )  =

s

( v r e 2 B 1  " ( 1 . i 4 )

O n  t h e  o t h e r  h a n d ,  f o r  e a c h  n ' = t . i  r a l , a j , " . . ) € G ' ,  t h e  p a r t i t i o n

g e G  o f  r e m a r k  1 " 3  b )  s a t i s f i e s  a j \ a j e a ) ,  a i \ ( a ] U a r ) e a i , . . . ,  w h e n c e

?  ? U ( S , w ) =  l { t " ' , b ) e  g { v r l b e a ' } l <

<  l { t d '  , b )  e  s ' X w l u e  a ' }  I  =  f ,  ( 9 '  , w )  ( w e  z B )  ( 1 "  1 5 )

w h e n c e  w e  o b t a i n  t h e  o p p o s i t e  i n e q u a l i t y  t o  { 1 . 1 4 1  ,  a n d  t h u s  t h e

e q u a l i t y  ( 1 . 1 2 ) .

Furthermore, by l , i lSl ' l t  ,  we have

m a x  m i n  %  ( g '  ,  q ( a )  ) <  m a x  m i n  9 "  ( g '  , w ' ) .  ( 1 . 1 6 )
q ( a ) e  t v  g '  € G  I  r  '  w ' € I ' f  '  

9 '  € G '  "

O n  t h e  o t h e r  h a n d ,  b y  ( 1 . 9 ) ,  e a c h  w t € W '  i s  a  s u b s e t  o f  s o m e

q(e r5 )e  t v  (where  aoeA)  ,  whence

{ . ( . ' , b ) €  g '  X w '  I  r r e a ' } f  <

{ { r ' , b ) e  s ' X  9 ( a o ) l b € a ' i l  
= f ,  ( s ' , q ( a o ) )  ( g ' e  G ' } .  ( 1 . 1 7 )

.  T h u s ,  f o r  e a c h  w ' € W r  t h e r e  e x i s t s q ( a o ) € w  s u c h  t h a t

T i l .  
q 3  ( g '  , w '  )  (  T i l .  9 z ( g '  ,  3  ( a o )  )

g t e c r  
J  

g t € G t  
-

w h e n c e  w e  o b t a i n  t h e  o p p o s i t e  i n e q u a l i t y  t o  ( 1 . 1 6 ) ,  a n d  h e n c e  t h e

equa l i t y

m a x  m j - n  g .  ( g ' ,  q r ( a )  ) =  m a x  m i n  f r  ( g '  , w ' )  ,  ( 1 . 1 9 )

t ( a ) € w  
g ' e c t  J  )  w ' € w ' g ' e c '  "

w l r i c h ,  t o g e t h e r  w i t h  ( 1  . 1 2  )  ( f o r  w =  q ( a ) e  l , i )  ,  y i e l d s  ( 1  . 1 3 )  .

By  the  above ,  t he  m in -max  equa1 . - i - t y  anc l  t he  Lag rang ian  dua l i t y

e q u a l i t y  f o r  G ' ,  W '  o f  ( 1 . 2 ) ,  ( 1 . 9 ) ,  i . e . ,  t h e  e q u a l i t i e s

( 1 . 1 8 )



1 0

m j - n  I  g ' l  =  ' m a x  
l w '  |  ,

g ' r ' ,  G r  \ , i ' e l , r i '
( 1 . 2 0 )

m j . r ' r  l g ' l  =  m a x  m - i  n  , f .  ( g '  , w ' )  |  ( 1  . 2 1 \
g t e  G '  

'  
w ' e  W '  g ' €  G '

b e c o m e  n o w ,  r e s p c l c t i v e l y ,  ( i " 3 )  a n d

m i n  l g l  =  m a x  m i n  9 .  ( 0 ,  q ( a )  )  ( 1  " 2 2 1
g e c  Q ( a ) e  t t  g c c  J  l

\ *

"  
H e n c e ,  s i n c e  t h e  b o u n d i n g  a n d  d u a l  b o u n d i n g  i n e q u a l i t i e s  ( 0 . 3 ) .

h o l d  f o r  G ' ,  W ' ,  9 3 ,  a n d  s i n c e  G g G '  I  w g v l t  I  f r o m  t h e o r e m  0 . l  w e  o b " -

"  t a i n

rheole.$. _.J -1. +qnq*e_Jl''.e.! -the__:lt@ (1 . 3 ) L""]9p ..e+{

I e t  9 .  b e  t h e  c o u p l i n g - f u n g t : i g n  ( 1 . 1 1 )  .  T h e l

a )  T h e  L a g r a n g i a n  d u a l i . t y  e q u a l i t y  ( 1  . 2 2 )  h o t d s .

b) F_o_f -any (so, q (ao) )e GXtv, !t.'Lf_g-l_l.9yg.g-*9!C!glentg .gle* gggye-

l e n t :

1o. 9o i_s. g T.inir-nu.n c"ardin"ali-ty._PatLi.llog ol B i-n-t.g- e.PggIfAgg

and a^eA j -s  an e lement  of  mar. im\ tm Qe_greg.o

2o .  Egg-b  B -p .agb ln *q  u '€9o  S .o l ! . *1 r r s  ex -ac . l I y  gne .e lemqn t  be  
3 (ao )

qn{  Sgch b e g(ao)  be}_ggs_s_!o .  exgct }y ._g!g n-pggl l ry  u '6  9o.

3o.  The nr{mbgr of  inc ic leqqes bglvre. -e l  9o uS ( ( .o)  is .

.  g ,  ( v o ,  
3 ( r o )  )  =  l e o l =  l q t a o t  1  . ( 1 . 2 3 )

gelo- l : ,e, :y._- l - ,  1.ar=f ,ngJ- l lut  ! ,1] .9_ .  qr le (1.3) t - tg lag"r .h.-3

a)  c iven  an tz  T in im\ r .m-*cg$- ina l * i l y - -Arg l i !1 -o :  9o={a i , . . .  ,a i !  o f  B

llrt_o- B*pgcki.Irqg, !r.o.L*ga,g.h e-pgckiLg uj-.9o gg-can sglgg! qn. glgIl-enl

b .€a . l  ,  ] l l _gug l l  : r - -y - ty -g rg t -  1b . , , . . . ,b . ,1 '=q(a^)  ,  Ie l -s -eme a  €A o f  max j - -
r  r .  -  -  * : '  : :  ' : : J - : ^ ' * - * -  L  l '  q ,  ) '  O '  O

ntur , t  deqree.

b) Gi.vcn -an-y ao€A of  rnqx-LLum Sieqr:ee, - fo!-sragl l  b i  € 
9(uo) 

={O1 , ' "  ,Onr '

one__can st:l.c-ct--a ll*p.rc-\i.n-cl. a I €A' , g-g11!-g111*n-1 bi, !n .luc-h -a -w.+-Y. t.ha!

q ^ = { a j  , . . . , a l }  i s - r . m . i n i - r \ g m  c a l c i j n a l i t y .  i r g l F L t i g ! - q !  u  i " t g  B - P g g b L n g l
L  I  q "



1 1

l l o o f . .  a , )  B y  | - 4 ] ,  c o r o l l a r y  2 . 2  a )  ,  f r o m  e a c h  t i e  9 o = { u i  , " . . . ;  }

( e G g , . C ' )  o n e  c a l t  s e . l - c c t  a n  e l e m e n t  b r e a r j ,  i - n  s u c h  a .  w i l y  L h a t  t ' = t b  , . . .

-  -  . h  l .  ' i  s r  a  m a > l i m n m  c a i : c l i n a - L i - t y  e l c r m e u t  . o f  W t .  B r . r t ,  b y  ( 1 . 9 )  ,  e v e l : y.  " .  t " O . )  _ "

-  t  ^  c  r - r  fnia-x i inum carc l i .na l j - t -y  c ; Ie tnent  w '  o f  i^ I '  j -s  o f  'Lhe fo : : 'm g(ao) ,  for  some

ao€A o f  max i tnu tn  deg rc :e .

.  b )  B y  L A l  ,  c o r o l l a r y  2 . 2  b )  ,  f o r  e e r c h  b i u ( ( . o ) = t b l  , .  - . , O n l

( e i t e W ' 1  o n e  
: o t  

s e l e c t  a  B - p a c ) < i n g  c ! e A t ,  c o n t a i n i n g  b . ,  i n  s u c h  a

. w a y  t h a t  9 o = { c i  , . . .  r c n }  i s  a  m i n i m u i n  c a r d j - n a t i t y  e l e m e n t  o f  G ' .  T h e n ,

s i . n c e  c i e R ,  ( i . € .  r  c j  i s  a  B - p a c k i n g  f o r  A )  r  w €  h a v e  l " i n q ( a o ) l <  t ,
'l

w h e n c e ,  s i n c e  b . e c ! A R ( u o )  ( i = 1 , . . . , g ) ,  w e  o b t a i n

b - , d c . l  { t f , . i ) r j - € 1 1  ' - - . t q } ) .  ( 1 ' 2 4 1
l '  a

H e n c c ,  f o r  9 o = { a l  , .  . ' , a q } ( G ,  w h e r e  a j = c i  ,  u ) = " ; \ . j '  a i = c i \

'  
\ ( c j  U c i )  , .  " .  ( s e e  r e m a r . r k  1 . 3  b ) )  '  w e  l r a v e

b , e a i f 6  ( i - = 1 , " . . , 9 ) .  { 1  . 2 5 ' )
a l

p r o p o s i t i o n  1 . 1  a n d  t h e o r e m  1 . 1  a )  c a n  b e  s t r e n g t h e u e c l  a s  f o l l - o w s .

u e g r g r _ ! - ? .  I g I  G ,  G t  a l g  ' , ? 3  9 i  ( 1 . 1 )  ,  ( 1  . 7 )  g g  ( 1 . 1 1 )  ( w i t h

A r  o f  ( 1 . 4 ) ) '  v / e  h a , v e

9 3  ( s , v r ) =  i * i =  T l l  ,  9 z ( g '  , w )  (  9 € G ,  r v e  2 8 1  .  ( . 2 6 ' )
g ' €  G

I r g g . f , .  L e t  q = { " j  , . . . , a ' }  f r "  a n y  p a r t i t i o n  o f  B  l n t o  s u b s e t s

( n o t  n e c e s s a r i l y  e * p a c t i n g s ) -  a n d  l e t  r v e  2 8 .  T h e n ,  b Y  ( 1 . 1 i  )  |  w e  h a v e

9 3  ( s , w )  = l v r n a j  |  + .  .  . +  f w A  a '  l =  f w l  .

F i n a } l . y ,  s i n c e  f o r  e a c h  b € B  w e  h a v e  { n } e  n '  ( s e e  L n ] ,  r e n i a r k

2 . 2  b )  )  ,  f r o i n  L + ] ,  t h e o r e m  2 . 4 ,  w e  o b t a i n  t h e  s e c o n d  e c l u a l i t y  i n

( 1  . 2 6 )  .

3gpa lL .1  ._ .4 .  The  f  i r : s t  eguer l i t y  o  f .  ( 1  .26 )  sho rvs  tha t  Q^  l ^ . - r ' . '  i s' J l \ : / \ r r

t h e ' , t r j - v i a l "  c o u p l . i n q  f u n c t i o n  o f  L A ] ,  f o r m u l a  ( 1 . 3 7 ) .

Onc can arpply  t . l ie  a | :ovc:  resul - t  s ;  to  varr : - ious inc j -dct rcc t . r ipJ-e: ;



1 2

( A , I 3 , q ) .  I n  o r d e : :  t o  g i v e  a n  e x a m p l o ,  I e L  u s

theorern 3 )

r a r , r l ' l  f  c , : r r : :  6 . f  f  f l. L E v a t r I  \ ' f u \ -  u . Y .  
L " l  t

" Kcjni !r' s ed-cJc_ cglqq1Uilt]1eglgl" " .lq.*g*L+L:g1rl.!S: -.g5gPI 
dJ- (!=V'uV",n),

-.*.*.,*

t l re  mj-n imurr t  number of  co lours r reeded to co lour  the e<1qes of -  *  so that

min imum card inal i ty  o l  a  par t i t i .on of  E inLo mal-ch1.n-q i l  is_eqgal jo

the maximum c1e_g_r.cg-_o-f $, **gr, -!e m.rx l<Stvll , whq r q  ' E 1 v 1 =  { e e  n  l v e  e }
V € V

t - ^ ^ -  ^ ] ^ ^ ^ - t , ^ i  '  r  ' a  ' ^
r )ec r r  uub t : r  v  eu  In  La_ l  ,  S  J  r

\ 7
A = v ,  B = E c 2 ' \ 0 ,  t g b t a a € b ,  1 1  , 2 7 ' )

t he  B -pack - i -ngs  co inc ide  w i th  the  ma tch ings  o f  3 ;  a I so ,  cJ -ea r l y ,

p  ( v ) =  E ( . r )  ( v e  V )  .  l l e n c e  ,  f o r  c , l {  o f  ( 1  . 1  )  ,  ( 1  . 2 )  ,  t h e  m i n - t n a x  e q u a l i . t y
)

( 1 . 3 )  i s  n o w  K o n i g ' s  e d g e - c o l o u r i n q  t h e o r e n ,  a n d  t h u s ,  f r o m  t h e o r e r n

1 . 1  a n d  c o r o l l a r y  1 . 1  \ , / e  o b t a i n

Theor:em 1 . 3 . a ) rye_heyS_ :!S__!gqlg+ngfjr.n.- {u.?}}ty_*.egue r:!g

( v e V )  .

n ^  L * ^
f l .b  r rc lD

de f ined  by

l e n t :

. t O
l r

and v eV
o

2 0 .

-  c ,
e d g c  e €  o (

3 " .

f o r  t he  j -nc i c lence  t r i p l -e  (A ,  B ,  !  i

m i n  l E f  =  ̂  m a x  m i n  9 .  ( g ,  E ( n )  )
g e c  b ( v ) e  l {  g c c

b)  Ig I - -e ly  (9^ ,  b(v^)  )€GXi \7 ,
\J L-'

( 1  . 2 8 )

ecluiva*t h e  f o l l o v t i n q  s t - a t e n e n t s  a l : e

c r  6 G  i s  a  m i n i m u m  c a r d i . n a l - j . t v  p a r t j - t i o n  o f  E . l  * r ^  * ^ r - ^ 1 - i  - ^I n c o  m a L c n J - J I g s  t

i s  e r  ve r tex  o f  max j -mum deqree .

E a c h  m a t c h i n q  a e q  c o n t a i n s  e x a c t l . . y  o n e  e d g e  u e  $ ( , t ^ )-'o ---_-_:-- L.,

v - )  b e l o n c y s  t o  e x a c t l y  o n c  m a t c h i n q  a ' € g' O '  
; ' * ' : - ; - - - r -  - -  . . - : - - - -  -  t r  *  O

The nr .mber  o f  inc idenccs i  bc t -ween
.  ( ,

c r  ano  d (v  )  r s-o  - - .  o '

f ,  ( o o ,  E ( t o )  I  =  l g o l  =  l E  ( t o ) l  .

a n d  e a c h

1 1  . 2 e l

no  two  in te rscc t i nq  ec l c ;es  have  the  same co lou r  (o : : ,  equ . i . r ra l cn t l y ,  t i t e

_Qg:gl-]ary*l- 3. a) gillqt_gnv l1lgll$l- g*Liljar ILLPellr.lIpI-. +----;



D e f  i n i t i o n  2 . 1 '  L e t

ca l l .  A -bovg r .  -Pa .qkUng  a

a  co l l ec t i on  o f  Pa i rw ise

i {e shal l  d 'enote

. = { q  l t u t l b € B } ,

W=the  co l l ec t i on

R e m a r k  2 . 1 .  S i m i l a r l Y  t o

u - - q - 1  t u )  o f  B  o n t o  G  i s  n o t

( 2 . 1 ) ,  s i n c e  f , o r  e a c h  g € G  w e

1 ( n )  .such that  g=q

1 3

eo= {.a,., , . . . *n } g€ n }I!9*ielglll$n-',--[rq* sSgh*[g!9'-!]'119- ult eo g'tgJl-*-U

q.qlegl-g.t--eslqe erca'r, ln.!Jl9!.*e*ygJ*q!e: t"r " " " '"ol=E(tto) ' tor""9-9ilg

vo ev qj_ma5giq1i;] clr Lgq

b) gi:sl-j}j voeV 9I*Ig*IPT--rlgg-.19-9*-I9l**g! 
e ' e 5(vo) ={e',' 

"'' 'oq}

ale A" 99I!'*131s9' ei' :l-ggqlf*q 'g"v*t*'e!'

;;t , . . . , a,n) le_o a,,.Ir\ys_s*rti331l i!-v__r:glr* l9n -ol r,r 1J*1''r9 melg]u!'rue'

S 2 . A-PV-eI-PegI:!gs.

( A , 8 , 3 )  b e  a n  i n c i d e n c e

pac lc ing  o f  A -cove rs  ( f o r

d i s j o i n t  A - c o v e r s '

o f  a l t  A -cove r  Pack ings  w '

. t -  r i  n ' l  a
L ! ! V J - v .

B) in to

s h a l l

i .  e .

InJ a

a n
Z t

t 2 . 1 )

t 2 . 2 \

r e m a r k  1 . 2 ,  t h e  f a c t '

o n e - t o - o n e ,  w i l l  c a u s e

c a n  f i x  ( a r b i t r a r i l Y )

that  the maPping

no  con fus ion  i n

an  e lemenL  beB

, * 1  '

mj -n  l q  
' t n ) l  = ^ ' t *  l * l

- 1  w € W
|  , !  \  ,  ^

o  
' ( b ) € G

\

Th i s  i s  an  "a l l  ca rd ina l i t y "  r t t i n -max  equa l i ' t y '  bu t  t he  e lemen ts

o f t h e c o n s t r a j . n t s e t s G a n d l , i a r e n o t A _ c o v e r s a n c l B - p a c k i n g s .

T i r e r e { : O r e ,  w c r  s h a l l  c o n s t r u c t  l l o w  a  l l e $ /  ' n c i ' c l e n c e  t r i p l e  ( A ' ' B ' '  t ' )

anc l  a  new se t r  G '  ,  p rese l l v i ng  the  m in imum o f  t he  ca rd ina l i t y  f  unc t i on

a n c l t h e o p t J m a l s o l u t - t o n s ( w e s h a l l n o t n e e d t o c h a n g e W ) .

We shal l  consider  the min-max equal j - ty

Let

A i = A ,

( 2 . 3 )

( 2 . 4 1



l ' t

B r = t h e  c o l . l . e c t . i o t " I  o f  a l l  A - c o v c r s  b '  ( f o r  B )  ,

a  ( . ' l  b '  , . " ' , r  a i e  b t  .
\

( 2 . s )

( 2 " 6 )

3g1-?g, : j : .2 - .  a )  we have B 'czA and b ' l ( ;  (b 'e  B ' ) r "LJ ,b '=Areo (h ,d )  ts  a
b'e$

h r r n o r c r r ; r n h  ; r n d  n r . J r e ' r ) \ / r i r  .  t - h c  i n c i d e n c e  f :  o f  Q . 6 )  i ' '  ! 1 - ^ f  " E  l ' ' r  I
r r J y c j r Y l c r y . t J .  c l l l ( l  t  ] { t t - r i - r : \ J V U L  ,  t - I I ( i  I I I U I - ( . I t r : I I U C  

)  
i >  L I I a L  u L  

L ' t . j  ,

e x a . m p 1 . e  2  " 2 .

b )  o . ' € 2 t \  i s ;  a n  A - c o v e r  f o r  B '  ( i . e " ,  f o r  e a c h  b ' e B '  t - . h c : : e  e z i s t s

a€g '  such  tha t  a€b r t  : l _C"d -  o l l y  i f .  t hgne*eL lP l s -  boe  B  such .  t ha ! .

q - 1  { n o ) e  S '  ( i n c l e c d ,  L f  s u c h  a n  e l e t n c t r t  b o  e x i s t s  a n c l  i f  b ' € B ' ,  t l i e n ,  I
t

b y  ( 0 . 9 ) ,  b , A q - 1  ( b , ^ , \ l A ,  a n d  a n y  a e  b ' n { 1  t n o t  s a t i s f i e s  a € g ' r  s o  g '  J
\ O - ) 1 ,  I

i s  a n  A - c o v e r  f o r  B ' i  o n  t h e  o t h e r  h a n d ,  i f  n o  s u c h  b o  e x i s t s ,  i . e .

i f  f o r  c a c h  b e B  1 - h e r e  e x i s t s  a n  e l e m c n t  a . , - € Q  1 ( b ) \ g ' ,  t h e n  f o r  b ' =
D ) -

= { a - f  i r e  e }  € 2 "  w e  h a v e  b ' < t s 1  a n d  a ,  d q '  f o t  a . l l  a ' € b ' ,  s o  g '  i s  n o 1 -  a n
L - - b r  -  r  -  o ' "  r r

A * c o v e r  f o r  B ' ) .  I l e n c e r  e v e r y  q - 1  ( f r ) e  G  i s  a n  A - c o v e r  f o r  R ' ,  a n d ,  c o n *
)

v e r s e l 1 z ,  e v e r y  A - c o v e r  g '  f o r  B '  c o n t a i n s  s o m e  g - 1  t n o ) n "  ( t v h e n c e

I

l c ,  
' ( b ^ ) l <  

l g ' l  ) .  T h u s ,  i f
, )  L , ,

G '  = L h e  c o l - l e c t i o n  o f  a l l  ,  A - c o v e r s  g t  f  o r  B '  =

= { g '  , z A l 3 b o 6 B ,  q  
1  

{ n o )  a 9 ' 1 , ( 2 . 7 1

t " hen  G  qG '  and

r n i n  l q - ' ( n ) l =  n t i n  l g ' l  .  ( 2 ' 8 \
* 1  .  g t € G '

q  
'  ( b ) e '  G

c )  v r ' e 2 B '  j - =  u  B ' - . P g g L T g  ( - i . e . ,  b l n t  ) = g  f o r  a l ' l .  b i  , b i e w ' ,  b i / b ) )

-{--el4- otry-Li-l!--::-qn a-geyet -e3s]t1lq.:--TilluS!-hy 12' 2)'

W = t h e  c o l l e c t i o n  o f  a l l  B ' - p a c k i n g s .  ( 2 ' 9 \

I . ,e t  us  a l -so  cons ic le r ,  ds  in  l -q ' )  ,  example  2 .2  (us ing  no ld  q '  o f

(2 .6 \  \  ,  the  coup l ing  f  r - tnc t ion  f r :  zAn 28 ' - *R < le f  inec i  l : y

q 3 { g , w ) = l { t a , n ' ) e g X w l  a c b ' } l  ( g . 2 A r  w € 2 8 ' } .  ( 2 . 1 0 )

Pr. :oposi i - jon 2. .1 .  I ; 'or  G,  G'  ,  B '  anp 9.  gs ab,ovq,LJd-e-have. J



Y n i  n
r r l t t l

q l

O  
' / h l - n

\  
t " i r : t t

.  - 1
I  a  |  / r  rt \  ( D , , w ) =  m r ' - n

d t 1 ( : . 1
Y  L v

, 5

c)' 3
? 3  ( 9 '  , w ; ( r , v e  2 8 ' ;  . { 2  . 1 1

( 2  " 1 3 ] .

g{gpj " By G e G t r  w €  h a v e

min  ? :  ( g -1 ( t  )  , r ) >  m in  g .  ( o ,  - r ^ , r
g - l t n t u c ' 3 ' \  

\ r - r r r w J t n T J l , ? 3 ( 9 ' , w )  
( w e 2 B ' ; .  

e . 1 z j

o n  t h e  o t h e r  h a n d  ,  b y  ( 2 . 7 ) ,  e a c h  g , € G ,  c o n t a i n ^  _ 1
(where  boe  B )  ,  v , rhence  

vv r rLc r r -ns  so ine  
t  

- '  
( bo )6c

q 3 ( g  '  , w )  =  I  { f  " , b , )  e  g , X w J a e  b ,  } l >

> l I ( d , b , ) u g - r , o o f  X r " / a e b , ] r  _ 1

w h e n c e  w e  o b . i  

t ' - ' o f A w l a . t r ' J l = f : ( g - ' { b o ) , t )  
( w e 2 B ' 1 ,

:a in  the  oppos i te  i negua l i l
e g u a l i _ t y  ( Z  . 1 1 )  .

Ry the above,  the m j .n' :max  egua l i t y  and  t i r e  Lag rang ian  dua l i t ye g u a l i t y  f o r  G , ,  W  o f  ( 2 . 7 ) ,  ( 2 . 2 ) ,  i . e . ,  t h e . e q u a l i t i e s

m i n  l e , f  = p 6 *  l w l  ,g t € G ' -  v l e w

oTi | ,  re ' l  =#: i l  
nTj l  ,ez(e,  ,w) ,

b e c o m e  n o w ,  r e s p e c t i v e l y ,  
e . 3 )  a n < l

* i l  l g | = m a x  m i n  o  ,  - 1  . -
eec  ' Jw  

q  l ' i ; , . " * r ' q  
' (b ) , , ' u )  .

Hence ,  s ince  the  bound ing  and  dua . l
h o l d  f o r  G ' r l . / ,  f 3 ,  a n d  s i n c e  G g G ,  ,  f r o n r

Theorgn 2 J .  
12 .3)  hot.ds aTlIg!  f3 lS_J_lS*co_gpl ing fu{rct_iol  (2.10).  

Tr:p.*a) grg-lege*'rr '*-g=ur,ir)' -eggg*ly Q .16) rgr{:.b) For a3v rq-1 tro),r.,o)e c\l{, the_*{o*]Jor.ving__g:gr%
-vlle_!t:

i
tr
t l
ir

I
i.
i:

t
L

I
ft
fs

f
s
t

I

( 2 . 1 4 )

( 2 . 1 s )
;

j

i

( 2 . 1 6  j

f
fb o u n c l i n g  i n e q u a l l t j " e s  ( 0 . 3 )  I

l - l r o n ' - ^ *    a  Iu r r u v r r r l . r  u .  I  w e  o b t a i n  
i

J
i
t
t

r

t
I
t .
t

P :
i i
t
i
T
L



1 6

1 o  t r , r : n  j , s  a n  e l e m c n t  O f  m i n j m 1 r m  d e g r e e ,  a n d  w ^  i s  a  m a x j - m u m
I  a  V  ' ! U- o -

ca r ( l i na1 - i t y  A -covc : r :  pack  i ng "
-**-_-*-.-_--_.+!

4

?o. .I jgg_lf ocq ' (bo) lSlglfff- lg-9leg!1v-*t:ns A-gsv-er b'(wo and each
- 1

A - c o v e r  b ' e w  c o n t a j . t l s  e x a c t . l y  o n e  e l c m e n t  a € C I  '  ( b ^ ) .
o _ _ . _ _ -  )  L ,

- 1

3o. It q-n.u*ber*ef-lng-@ I 
' (b^) qg* w.., i9\ U \ . , . - _

? :  ( 1 -1  ( bo )  ,wo )  =  l g - t  , oo )  |  =  lwo l  -

gglgI.Iqly_*?_j-l. assumg. tlr.at..the_r.oin:max .gqua!.l l l  (2.3) h.o-1d9" I!""
- 4

- \  / ' \ l r r a n  a n v  b  € ] 3  o f  r n i n i m u m  c l e q r e e ,  f o r  e a c h  d . 6 e  
'  ( b ^ ) =a  I  \ r r  v  E l l. *# O I ) (J

( t= I o n  t . . .  t a _  |  o n e  c a n  s e l e c t  a n  A - c o v e r  b l e B ' ,  c o n t a i n i n g  a - ,  r  i n  s u c h
u  i  q /

a  w a y  t h a l -  w  = { b ) , . . .  ^ b l  }  i s  a  m a x i m u m  c a r d i n a l i t y  A - c o v e r  p a c k i l , g .
o  r  I  q ,

b) 9i : fg l_ A-.c.over packing *. . ,={nj  , . . . ,b}} ,
v - r Y

f rom.eqc f  A-g_ovg!  b lewo one can*ss ]_ec- t j ln_*e_IemgryL  areb i ,  in  suc_h a
- 1

w a v  t h a t  { a , , . . . , a . 1 ' = Q  
' ( b -  

) ,  f , o r  s o n e  b - € B  o f  m i n i m " -  A a n r a a

P r : o o f  .  P a r : t  a )  f o l l o w s  f r o m  G c G '  a n d  [ a ] ,  c o r o l l a r y  2 . 2  a ) .

h l  F , r z  I a l  . . o r . ) ' l  
' l  

a r r r  2 . 2  b )  ,  f r o m  e a c h  b : € w ^ = { b t  r ^ r  1  t - \ ^ 1 )
D l  b y  L q ) r  u u r u J - I c r r y  z . z  D l r  l t ( J . t t t  

I  O  "  1 r . ' . r u e J  
t > "

:
o n e  c a n  s e l e c t  a n  e l - e m e n t  a . e  b j ,  i n  s u c h  a  w a y  t h a t  g ' = { a  

1 , : . , , . n }

i s  a  m j -n j .mum ca rc l i t r a l i t y  e lemen t  o f  G '  .  Bu t ,  by  (2 .71 ,  eve ry  m j -n imum

card ina l i t l z  e len te t r t  g ;  o f  G '  i s  o f  t he  f , o rm q  
l  

tUo t  ,  f o t  some boeB

o f  n t i n i t num degree .

S j - n c e  b y  ( 0 . 1 0 )  w e  h a v e  A € B t  ( s e e  L q J ,  r e m a r k  2 . 2  a )  )  ,  f r : o m  [ a - - i  '

t h e o r e m  2 . 3 ,  w e  o b t a i n

I 4Sg fg*_?_ .2 .  I " . {  w  . . t ' a  q3  o f  (2 .2 ) ,  (2 .  10 ) ,  ye -U*gg

( y e  z A ) .

(z . tr)

l y l  -m . r *  9 . ,  ( y ,w)
we I {

R e n r a r k  2 " 3 .  C o r r e s p o n d i n g  t o  t h e  f i r s t  e q u a l i t y  i n  ( 1  . 2 6 )  ,  w e

( 2 . 1 8 )

have now

q

f ,  ( v , w )  =  l y l  ( v r = { b  i , .  . - , o ; } : * ,  v e  L / b i )  .  ( 2 ' 1 9 }



I n d e e c l ,  i f  * =  { i l  )  ,  ,  .  . ,  b :  }L  1 '  q ' ,

s u b s e t s  o f  A  ( n o t  n e c e s s a r : i I Y

= l y n b i l - . . . + l y n b n l

1 7

is  any  co l l - ec t - - i on  o f  pa i rw i - se  d i ' s j o in t
q

A*cove rs  )  and  ye  \ Jb . i  '  t he  n ,  by  (2  .  1  0  )

=  l Y l  .

va r ious  i nc idence  t r iP les

l - e 1 -  u s  r : e c a l l  ( s e e  e . 9 .  [ : - J  ,

apply  l -he above resul ts  to

orc ler  to  g ive an examPl-e,

a )  )

"gup.!a' gj!*eIgI" . It .+. -FipgflfEg*gr.?pq $= 1v=V'uV" ,If ) ' !}"-gall-

mum cq{g::fl.ity or ..a cor L lg,iq! -9qse-oY9rs--'is

. ' c n r a l  t o  t h e  m j n i m u q - d g g - r e 9 - . g : [ 9 ,  j . . e ' - , , - t 9  m i n  1 ) t v l l '_---  
vev

A s  h a s  b c e n  o b s e r v e d  i n  [ ^ ] '  5 4 ,  f o r  t h e  i n c i d e n c e  t r i p l - e

( A , 8 , 3 )  d e f i n e d  b Y

g ^  ( v ,  w ). J

One can

i A , g , o  ) .  r n
\

coro l la ry  3

concl i t  ion

-cove rs  o f

1 2 . 1 ' '  ,  ( 2  ,

t h u s ,  f r o m

\ 7
a - r r r ? " \ r i  R = V ,  e p V e +  V e e ,n * ! ! 4  \ P ,  \

( 0 . 1 0 )  i s  s a t i s f i e d '  a n d  t h e  A - c o v e r s  c o i n c i d e

l l  t  a l s o ,  c l e a r l y ,  Q - 1  ( , r ) = 3 ( t ' 1  ( v e v )  '  I l e n c e '
\

2 )  ,  t h e  m i n * m a x  e q u a l i t y  ( 2 . 3 \  j - s  n o w  G u p t a ' s

t h e o : : e m  2 . 1  a n d  c o r o l l a r y  2 ' 1  w e  o b t a i n

( 2 . 2 0 )

wi th  the ec lge-

f o r  G r ' w  o f

theorem, and

' lheorem 2,3.  a)  V ie have t l lg  l ' -a lgranqi . l t - *qa. I i t

m i n  1 $ 1 v ) l = n u *  ̂m i n  9 ? ( 3 ( v ) , v ' r )  
( 2 ' 2 1 \

E ( v ) e c  w e W  ) ( v ) e G

b) Ior-gly,  (  5(vo) , to)e cXlv,  the f -o l '1.9y- i l9 j : t ; i te j lent-s-ge-Sq-qfyg-

l e t r t :

10  '  c \ I  i  c  a  Ve f  t - - eX  O f  n i . n i n iUn t
I  r  V  C v  

- -  
: - - -- o - de_gree,__and woe W ia*a TS.x imgI

g a.4 i n a l- i tIS q g-g--gglgl-P 
"-.j 

i.n s'

2o .  I lagh  eggc  ec ' \ (vo)  !e . l9ng*  
b -cwo '

q::A-gggl*Sggs-gg-Yer b'ewo con-tajrts c>:.a.ctl 'Y ?nq-eclge ee 5(vo) '

3o. rfie ryUml:gL ol-*l1gfq9.i1g9!-.-U9Jy9e! 6(vo) anSl uoo ig



9.-o:g$uY-&?.'

" r e 6 ( r o )  
= { . " t ,  .  .  " , . n }

in  such ; r  v /ay that  w

pegk:qq.

f r o m  e a c h  e c l g e  c Q v e r

a ) 9ile" _ggY vo€V

o n e  c a n  s e l e c t  a n

( 2 . 2 2 r ,

o f  m i n i m u m  d e q r e e ,  f o r  e a c h

a r 1  n a  ^ ^ \ / 6 r  h l  r r ' l l  n r r n l - a i n i  r rC U L r C  U \ / V 9 J -  P ,  L , t  v v l r - * t . . * , . 9  e l  t
I I

w a y  t h a i -  { e .  , .  .  .  , e - ! =  6 1 v ^
9 -  L J

, b : l -  i s  a
I '

max imum c ard in+ I -l,Ly_ sqgg__ggyg :

one can jqg l -ec t .  an-  e$qs  ere  b i  ,  in  s r+ch a

,  f o r  s o m e  v  -  € V  o f  m j . n i m u t n  d e g r e e .
o

b) Given any l l t ; fx c a r d  j  n a I  j  t v  e c l c { c l  c o v e r  p a c k i n q  w ^ = { t  ' " , .  . . , b i  }  ,
\ /  r  I  v *

( ,  I

^ -  f  r J  1  |  o  .  .
L J V I

.i-mum

b ' .  € w
l- o

)

!e f  i n i t i on .  3  . -1 .  .  Le t  (A  '  B ,  3  )

" w e i g h l -  f , u n c t i o n "  o n  B . ' v f e  s h a l l

53 . t^ieishteq s-Peghlggg

A - c o v e r  ( f o r  B )  v r i t h  r e s P e c t  t o

be  an  i nc idence

J - L - . !  ^ . l r r , )
b ( 1 y  L I l c l L  Y  "  

\ .  
_

v  A r  
' l ^ r r i r - f ' l r

- - ,  ' * - 1  t

) -  * s ( a ) 7 r ( b )
- 1

a € q  ' ( b )

l {e  shal . l -  c ienote

G"= the  co l l ec t i on  o f  a l - l  v -A -cove rs  91 .

Rerna rk  3 .  1  . a \  . F h o  q p f  G  . i c  i n f i n i t e -  S i n C Cc a  I  I  l l u  J g  u  - y  I O  r l r !  r r r r  u v  ,

( g e  ( z * ) n ,  g ) g , )  i
l

a n d  G u c ( Z * 1 " ,  w G  h a v e

A
( s . , e  c ,  , 9 2 € Q , )  ,  n e z * \ { o l r  )  '

n r r . { - . i  n r r l  : } -  \ r 7 t - i i  n l r l -  f r r r r n t - i  n n
t J C t !  L a U U I A !  w L I L J T I L  ! U r r u u r v r r

t r i p l e  and  v€ZB a

A  
i s  a  g c n e r g l - i z e d

a  v - A - c o v e r  ( f o r  B )

( b € B )  . ( 3 . 1 )

( 3 . 2 1

( 3 . 3 )

( 3 . 4 )

( 3 . 5 )

A  s a L i s f i e s

a n d  ( 0 .  B )  '

i f

l-n

g t € G y : +  9 € G y

p a r t i . c u l a r ,  b y  ( 3 .  3  )

n 9 1  * 9 2 c  G

b)  Fo r  t he

r o ( b ) = 1

1 - h e  c h a r a c L e r i s t i c  f  u n c t i o n  g = I v (  { O  ,  t r t o

l ^^€G,  i . f .  g rd  9n1.y  i f  M is  an  A-go.Yt I ;
' - l ' t  - O

cond i t i on  (3  .  1  )  ( f  o r  v=  ) /o )  becomcs

4

a € e  
' ( l - l ) n l , 1

)

'  ( b e B ) ,

o f a s u b s e t M o f

i n d e e d ,  b Y  ( 0 .  1  2 )

x_:-_*-t = l { a e r , r l a q n } ! z l ( b 6 B )



c )  F o r  7 o  o f  ( 3 . 5 )  a n c l  a n y  g

neGvo €=? Asupp guGyo (:) supp

X"r rpp  g<g '

A
e  ( Z  

* ) "  ,  w e  h a v e

g is  an A*cove: :

jqY*ry1$f$qFlllri

( 3 . 6 )

{ 3 . 7 )

( 3 . 8 )

g  s a t i s f i e s  ( 3 . 1 )  w i t h

b )  a l : ove ,  vJe  ob ta in

imp l i ca t i on

( 3 . e )

,  r . lh ich ,

( 3 . 1 0 )

( 3 . 1 1 )

( 3 .1 2 )

( 3 . 1 3 )

t 3 . 1 4 )

1 9

T n d o a A  f n *
,  L V L

y  / = l  -
, tsupp g \ . ' ,  

-

w h i c h  i m p l i e s  ( f .

)  =7^  i f  and  on l y
U

( 3 . 6 ) .

A
g  e  ( Z  

n  ) ' "  w e  h a v e

i f  g ( a l > 1

i f  g ( a ) = 0  ,

and  wh ich  a l so  shows  tha t

s o  d o e s  x  ̂ . , * *  _ . ,  h e n c e ,  b yz u s u P P  g '  ' - - r

any

( 1
I

l o

7 l

i f

d )  F o r  a n y  w e i g h t  f u n c t i o n  v e ( Z n \ i 0 l  )  
B ,  w e  h a v e  t h e

g e G v : '  s u p p  g  i s  a n  A - c o v e r .

rnc leed . ,  f o r  any  v€ (z " \ . {o } )B  we  have  vo ( / ,  whence  G

b y  ( 3 . 6 ) ,  y i e l d s  ( 3 . 9 )

N o w ,  f o r  a n  a r b i t r a r ) ,  v / e i g h t  f u n c t i o n  y € Z B r  w €  s h a l l  c o n s i d e r

the  p r ima l  op t i -m iza t . i on  p rob lem

m i n  h ( G n ) ,

r v h e r e  G ,  i s  t h e  s e t  ( 3 . 2 )

t " r o

h  ( s ) = X g  ( a )
a e A

t he  c iua l  op t im iza t i on  p rob lem

max v(tr^I) ,

where l I  is  the set  (  0  .  S )  and yzW -> Z

y ( w ) = 7 1 _ > ( b )
b c w

the  m in -max  equa l i t y

m in  h  (Gv  )  =ma> l  y ( t / )  ,

and  the  Lag rang ian  dua l i Ly  equa l i t y

m 1 n  h ( G y l = 1 n 1 : :  * i l  ? r ( s , w )  ,
wct r {  gcG>,

a n d  h : G . . - + 2 .  i s  d e f i n e d  b yy +

( q e G r l  ,

i s  de f i ned  by

( w e w ) ,

( 3 . 1 s )



; 2 0

Z \ I ]
w h e r e  Q - :  ( Z . 1 " \ 2 "  * * 2 ,  i s  t h e  c o u p l i n g  f u n c t i o n  d s f i n o . r  h r r

: )  ?  / \ - '  ' - - l

9^ (g ,*)  =X
-  b € w

g ( a )  ( g e ( r n ) A r  w € z B ) .

have the bounding and dual  bounding inequal i t ies

h ( g )  = T n  t a ) > I  - ;  g  ( a ) =  e s  (  e , w l 7
a € A  b e w  , . g - 1  t U )

>--
* 1

. € q  ' ( b )

( a e a )  .

( 3 . 1 6 )

( 3 . 2 0 )

R e m a r k  3 . 2 .  a )  B y  ( 3 . 1 1 ) '  ( 0 . 1 1 ) '  ( 3 . 1 6 ) ,  ( 3 . 1 )  a n d  ( 3 . 1 3 ) ,  w e

,Z> ' ' ( b )  =  Y1 t1
bew

( g € G y ,  w e W ) . ( 3 . 1 7 )

b )  B y  ( 3 . 1 6 ) ,  ( 0 . i 2 )  a n d  ( 0 . 6 )  w e  h a v e

\-' -<€
9s (Iuopp g,*) =(= 2--r*-xsupp o 

(a) =
r J e w  

a e  q  
' ( b )

= [ { t . ,u)€.(supp g) Xwl.3u}l=f:  (supp s,w) 1se (znlA, we2B; .  { ] .  18 )

)  F o r  ) = r o  ( o f  ( 3 . 5 ) ) r v  o f  ( 3 . 1 3 )  b e c o m e s  t h e  c a r d j - n a l i t y  f u n c -

t i on  r . , (w )  =  lw l  (we  W)  ,  cons ide red .  i n  L+ ]  .

p r o D o s i t i o n  3 . 1 .  a )  g e ( Z - ) o  ! E  u  y - A - s q Y e r  ( i . e . ,  7 € G u )  i . f . e n d
+ - - _

o n l y  i f

g * ( s ,  t n i l z v ( b )  ( b e B ) .  ( 3 . 1 e )

,; we|B is a B-packl.nq (i,-r"-., welv) if. end o-qlv.-j! i [

9s (f,1"1 , w) < 1

R__
p { g o f  .  a )  B y  ( 3 . 1 6 )  ,  w e  h a v e  ' P *  ( 9 ,  i b ]  )  = Z * - * g ( a )  ,  s o  ( 3 . 1 9 )

f  - '  
- 1

a € o  
' ( b )

c o i n c i d e s  v r i t h  ( 3 . 1 ) .  t

u ( g ) = { * ,  ( g ,  { b t }  ) , .  . . , ? r ( s ,  t b m } ) }

w e  c a n  a l s o  w r i t e  ( 3 . 1 9 )  i n  t h e  f o r m '

u ( g ) ,  { u t b 1 ) ,  .  . . ,  Y ( b m ) }

b )  T h i s  f o l l o w s  f r o m  ( 3 . 1 8 )  ( a p p l i e d  t o  9 = X , r , r  )  -, -  1oJ

R e m a r L - 3 . J .  r f  B = { b 1 , . . . , 0 * } ,  t h e n ,  d e f i n i n g  u : ( Z * ) A - , ( z * ) m  b Y

( g e ( z * ) A )  ,  ( 3 . 2 1 ' t

( g e ( z * ) A )  ;  ( 3 - 2 2 1



) 1

i n  c o n n e c t i o n  w i t h  ( 3 . a 1 ,  n o t e  a l s o  t h a t

u  ( 9 1  + 9 2 ) = u  ( S . ,  )  + u  ( U r )
A

1 9 r , 9 2 E { 2 . . ) " } ' ( 3 " 2 3 )

Thcoren 3. 1 . Assume that t!-l..T.H:Be5*er-993fi!Y \3 ' 14 ) !g19S-g:1

Lgt 9s !-e-91* -goBp-liry- !.r]nctign (3 " 1 6 ) ' gh.e3

a) rhe lss-f glgLel- 9.qa-rltv. eqr].gLi!y. (3 ' 1s ) ho19.s '

al:e e u i v a l e n t :

t i v e l y .

2 o ,  W e  h a v e

b) {Sr_r_-?ny (9o,wo)e GvX w, the-forLov/i}g- sta}.9l19}!g

1 o ^  c r  a n c l  w  A r r .  o n t i m a l  s o l u t j - o n s  o f  ( 3 . 1 0 )  a n d|  '  Y o : 1 :
( 3 . 1 2 ) r a c ] 1 a a r -

supp so s \-/ 3-1 tut
b e wo

( b e w o )

1 . 2  a )  .

( 3 . 2 4 1

( 3 . 2 5 )

( 3 . 2 6 )

-  ;  -  9 o  ( a ) =  v ( b )

a ig- ' tu)

P r o o f .  a )  T h i s  f o l l o v r s  f r o m  I A ] ,  t h e o r e m

1 o  i f  a n d i
b )  B y  f - q l  ,  t h e o r e m  l  , 2  d )  ,  ( 9 o , w o ) e  c r X  w  s a t i s f  i e s

o n l y  i f

h  ( 9 . , )  = ' ? 5 ( g o , v i o )  =  v ( w o )  r

t h a t  i s ,  i f  a n d  o n l Y  i f

_5_-'='-
L g  ^ ( a )  - z *  9 , - . ,  ( a  7  =  /  -  v ( b )
a € A  "  b c w o  u a g - 1  t n )  

-  b € w o

N o w ,  b y  ( 0 . 1 1 )  ( f o r  w = w o e W ) ,  t h e  f i r s t

i f  a n d  o n l y  i f  w e  h a v e  ( 3 . 2 4 \ ,  F i n a } l y ,  b y

s e c o n d  e q u a r l i t y  i - n  ( 3 . 2 1 )  h o l d s  L f  a n d  o n l y

frrgg:g1*-f.-2. aggrlmg tlrat th.e -mj-l-.mgx -Pgqal-i.!v ( 3 ' 1 4 ) ho'19s 'f or

v -11  o f  (3 .5 ) .  Then,  fo r  any  9^€G. ,  ,  t iE :  f -o l low i "n i l ' - -s ta tcmsL la-q lg -Sggf -
'  -o  -_ u .o

v a l e n t :

1 0 s -  i s  a n  o p t . L m a l  s o l u t i o n  - o f  ( 3  '  1  0  )  ( w i  t h  u = ' o )
YO - a ---- ::----- ..-_-.-.-.--

( 3 . 2 7  |

e c r r A l ' i  t v  i n  ( 3 . 2 7 )  h o l . d s

( 3 . 1 )  ( f o r  g = g - € G - . ) ,  t h e '
" o  y '

i f .  v , ' e  h a v e  ( 3 . 2 5 )  .

^o ' (n n1A ar,d supp go ls q-Ti:nimgm. cal:glla:l- i ly.
Z  .  9 O C  1 v  I  t . 1  c L r l u  ' r u y y  ) O  : *  

*  ' - ' : - - : - - - -  - A - c o v e r .



) l  n o t u t = [ , l s u p p  n o ( . 1 = l s r - r p P  
g o l < ] = t ' p p  g l =

T
a € A

Xsupp g ( a l < I g  ( a )

One can

( A , R , q  )  .  I n

p .  4 5 0 )

; r n n l v  f h r a  a l r o v €

o: :der  to  g ive an

a z l
a t n

r e s  u I  t s

examplo ,

(gcc , ,  )  .'o

t o  v a r i o u s  i n c i d e n c e  t r i P l e s

l e t  L 1 s  r e c a l l  (  s e e  e .  g .  I  : l

( 3 . 1 0 ) .  T h u s

any op1: imal  so lu-

T.**

z z

Sroq€.

e x i , s t s  a ^ e A
(J

o  t h e n ,  s i n c e

f o r  U j e ( r * . l A

G -  c ( 2 , ) "  r,o

u ( ; r . L r r L - u  v I

there

{ 3 . 2 8 )

1 o  = + ' 2 o .  r f  g o € G r \ t o r r l o

such  t l r a t  go (ao \ : i  2  .  T 'hen ,

( 1
I

9 j  ( a )  =
v  

I  q - ( a )
L ' o

9 i  ( a ) =

i f c-L- ct o

aea\{ao} ,i f

a n d  f o r  a n y  b e B  r v e  h a v c ,  b y  ( 3 . 1 )  ( w j - t h  9 = 9 o  I ) ,

i f

) / -  1 2o

\-*"._

4

. . q  '  ( b )

9 o ( a )  n g o ( a o ) > 1
4

. n g  ' ( b ) \ { a o 1

v o ( a ) 7 t

. e  q - '  { n )

- 1

"o€  t  
'  (b )

.  - 1

i f  a - d p  '  ( b )  ,, o ' )

\-"
r r  ( g ^ )  = /  s : ( a \ <

v
a€. f \

s o  9 . l . G r r ^  A I s o ,  b y  g o ( a ) > . 2  a n d  ( 3 . 2 8 )  ,  w e  h a v e
v .'o

. X g . ( a ) = h ( 9 o )  ,  s o  g o  i s  n o t  a n  o p t i m a l  s o l u t i o n
:7; (r
c1(: n

1 o =t  go€ {0 ,  1  }A,  whence go=f ,ur rpp go.  Now, le t  woe w

t i o n  o f  ( 3 . 1 2 ) .  T h e n ,  b Y  1 o  a n d  ( 3 . 2 1 ) ,  ( 3 . 5 ) ,

l r rpp  n " l  =X  / , - . . ^ ^  f t  t . t= [so  (a )  =>-  1=  Jwo l  ,)' 6?i"=tPP 9., AZE - 6Z% v'

o f

be

w h e n c e ,  b y  ( 3 . 6 )  a n d  [ a ] ,  t h e o r c m  1 . 2  d ) ,  s u p p  g o  i s  a  m i n i m u m  c a r d i -

na l i t y  A -cove r

2 o  = = 4  1 " .  I f  2 "  h o l c l s ,  , t h e n ,  b y  9 o = f , " . r p p  9 o ,  
( 3 . 6 )  a n d  ( 3 . 7 ) ,



2 3

"Eger,y.er11' s_rgsiqht_ec1_fnatc.hinL.t_h.eo.f eq" . Glygn *t*!ip3g!flg-_g_1gpb
. h

$=  1y=V 'uV"  , JJ )  an r l  a  we i . c ih t  f unc l -  j - on  ) re .  Z I ' ,  t he  max imum wc i . c ; l r t -  o f  a-*_:----
\---1 \7

3g!Sl111S_5* squgl-*t_o the mj.nimum of 7/. ,V ft) , !gk._rt* o_re-r-glf g e(Z r) 
'

-  
V € V

^ - t . i  ^ { : " - l  * ^e9-9l?_lXlrlg

c r  f r z r )  + g  ( v " )  V r ( e 1  ( e =  ( v '  , v "  ) c E )  .  ( 3 . 2 9 )Y  \ "

W e  c a n  w r i - t e  t h j - s  t h e o r e m  i n  t h e  f o r m  ( 3 . 1 . 4 ) ,  b y  c h o o s i n g

A=V,  B=nc2V\0  ,  aqb <=1 ac-  b ,  (  3  .  30  )\
' G - "  

a s  i n  ( 3 . 2 ) ,  a n d  W  t o  b e  t h e  c o l - l e c t i o n  o f  a l l  m a t c h i n g s  w ;  i n d e e d ,v

s i - n c e  p  ' ( e ) = { v ' r v " }  f o r  a l l  e =  ( v ' r v " ) € E ,  c o n d i t i o n  ( 3 . 1 )  b e c o m e s
)

( 3 . 2 9 ) .  T h u s ,  s i n c e  t h e  m i n - m a x  e q u a l i t y  ( 3 . 1 4 )  i s  n o w  E g e r v A r y ' s

we igh ted  ma tch ing  theo : :em,  f rom theo r :em 3 .1  we  ob ta in

T h e o r e m  3 . 3 .  a )  W e  h a v e .  t _ 1 "  ( 3 . i 5 ) .

b )  F o r  _ a n y  ( g ^ , w . . ) 6 G r r X  W ,  ! h g  J l o l l o w i t g  s t a . t e r r r e n l - s  a r e , .  e q u  j . . ' ; a -
\J (J

. l en t :

1 o .  g ^  a n d  w ^  a r e  o p t i . m a l  s o l - u t i o n s  o f  ( 3 . 1 0 )  a n d  ( 3 . 1 2 ) ,  r e s -

les!]vs-lv
Z-  .  l " l e  naVC

( 3 . 3 1 )

g o  ( v '  )  + 9 o  ( v "  )  = v ( e )  ( e =  ( v '  , v "  ) e w o )  ( 3 .  3 2  )

T h e  i n i l u s i o n  j - n  ( 3 . 3 1 )  ( a n d  h e n c e  i n  ( 3 . 2 4 J ' )  m a y  b e  s t r i c t r  d s

shown by

E 4 e r l p - l e  3 . _ 1  .  L e t  v ' = { v j } ,  v " = { v i ' } ,  n = t " 1 = ( r i  , " i } . . r f  ( s i n g l c t o n s )  ,

* = ( v ' U V " r E ) ,  > , ( * 1 ) = r o ( e 1 ) = 1 ,  g o ( v j ) = i ,  9 o ( v i ) = 0 ,  * o = { " 1 } .  T h e n  w e

h a v e  1 o  a n c l  2 o  o f  t h e o r e m  3 . 3  b )  ,  w i t h  s t r i c t  i n c l u s j . o n  i n  ( 3 . 3 1 )

( s i n c e  v i ' { . s u n n  9 o )  .

C o r r e s p o n d i n g  t o  t h c o r e m  1  . 2 ,  L h e r e  h o l d s  n o w  o n l y  t h e  f o l l o w i n g

r e s u l t :



. . . i
. :1

,i
I
I

!;
j
]

' I,i
1
I

2 4

), -$c1 fS gI
a n d  ( ?

l J .

r ?  ? r

3!99rgllL*{. fog c
13.30) ,  yg**bg le

y(w) =nr in
gaGv 

9s  (g  ' * )

1 c rt  e  J  t  w : . . t l  1 4 ,  B ,  
Q

( w e w ) .

) o t

( 3 .  3

since g= (V,uV, ,J
t  > r tt v 1 t . . . r v l  

" v l  
a .

v y

wi th  2p  u r r knn , . , ^  
( i = l  , .  .  .  , p )  ,

t h e r e . * , ' l i : " : " "  
v o f t i ) '  e o ( v ] ' ) , - . . , e . . , ( v j ) ,  

. ,  (  
3 ' 3 4 )

ists noul,  sar isryins 
,r .  rn, ' : "J j ]  

'  
,no(vo),  

j -s compatj .ble,  
so* r r u r r ,  D Y  ( 3 . 2 ) a n d  ( 3  .  2 9 ) ,

v ( w )  = ' -  r ( e r )  = *  ( g o  ( , r : , + e o  ( v r )  )  = ? s  ( e o , w ) E

h

* f  ( q  f u ' )  + ^  / - - r r  r  .
, i  

,n (vj  )  +e (vi  )  )  =vs (s ,*)
w h i c h  p r : o v  

( g c G > )  
'  

1 3 .  3 5  )e s  ( 3 . 3 3 )  ( w i t h  t h e  m i n  a t t a i n e r r  + ^ *  

' - ' " ,  ' .  

, ,r '  pa l1 i cu . r -a r ,  
f r o r  

t a i ' e< l  f o r  q=go) .  
;( 3 '  1 8 )  a n d  1 3 . 6 ) ,  

o  1 3 ' : 5 )  f o r  ' = ' o  o f  ( 3 . 5 )  , f e  o b t a ' n ,  b v  i

:wl = ?3 (supp 
9o,w)  =n l ; r ;  

f3  (supp 
e ,w)  (we w;  .

s i n c e  i  -  - -  
( 3 ' 3 6 )

a r r ,  r ve2 r i ,  , r ' u . ,  l ' ^ ^ t l  
" " t  [ nJ ,  t heo rem 3 .2 ,  we  have  (a  . . \7 . 2 ,  w e  h a v e  1 3 . 3 6 )  e v e n  f o r  

ia l - r  t te2, .  Th 

' 's  naturaL to  a 'sk  whether  (3 .33r  ur ror . ]e ansl^ /er  is  negat ive,  
as shown by 

renaj 'ns va l ic l  for  I
jExa.nrple 

! . f1. Let v,=fv. j  rvi  l  ,  v, ,=r, , : :" .  :"  i  :' : = ( ' i , v i ' ) ,  . 4=  f t ) ,uy  ] ,  g=  i ; : t  , , , , ] ,= l : i , ' u | j ,  E={ " r= ( r i  , v i ) , .2= ( , i  , r i , , , f  jn ,  
,  r )  ,  w=Ee  2 ' \ rg r  o . ,d  l e t  

\  v  \ r v  '  E )  (= t i r e  comp le te  b ipa r t i t e  g r :aph  i  .

> ( e r )  - v ( e ,  
= y ( e r ) = j ,

T h e n .  t h e  e g u a t i o n s  ( 3 .

p roo { .  
Le t

biparti te 
",. 

"Jr:":" 
:t ;J, j  

' ,^.^_:= (vu,vo)] e w. rhen,
disr inct.  Hence, the _""*J:o; 

,  l ; "  

verr ices vj

9 o ( v r r + 9 o ( v i ) = y ( e . , )  
'  * + r r L - c r r  e g u a t i o n s

crJ--L

) ' ( e . l = l
/ t '
a

? l  \ra  |  .Decome

I
I
'

{ . r . : z ;  '

i
I



9 o ( v j  ) { 9 o ( v i j ) = 1 '

c {  ( v . i  )  + q ^  ( v } 1 ) = 1 ' ,

g o  ( t i ) * g o  ( v i ' ) = 1  ,

q  ( v l ) + q _ ( v l , ) = 2 ,
2 '  t '

a  l i nea r  sys tem o f  f ou r  equa t i ons  w i th  on l y  f ou r  unknowns .  Bu t ,

3 S )  a n d  ( 3 . 3 9 ) ,  w e  h a v e  9 o ( v i t ) " - 9 o ( v ) ) = 0 ,  w h i l e  ( 3 . 4 0 )  a n d  ( 3 . 4 1 )

9o  ( v i '  )  - go  ( v )  )  = -  1  ,  so  the  sys tem o f  equa t i ons  i s  i ncompa t ib le .

b 1 z  { 3 . 2 9 )  a n d  ( 3 . 1 6 ) '

2 q

i " e . ,

b v  ( 3 .

r z i a l d

Hence ,

( 3 . 3 8 )

( 3 . 3 e )

( 3 . 4 0 )

( 3 . 4 1 )

( 3  -  4 2 )

we  ob ta in

( 3 . 4 3 )

( 4 . 1 )

( 4 . 2 1

( 9 e G u ) ,

w h e n c e  ( a l t h o u g h  G ,  i s  i n f  i n i t e ) ,  s i n c e  ? ,  ( S  ,  w ) e  Z +  ( g e G r ) ,

t he  s l : r i c t  i nequa l i tY

y ( w ) < m i n  9 "  ( 9 , w )  .
g € G

* 3 - 2
>,(w)=Ev(e i )  =5< rH(g (v iy rg(v i )  )=r , (g ,w)

S 4 . w"_:gb_!SgA. .  ra r ) \ /O f  q

A

!g{ ] l i ! !g l*-{--1-.  Let  (A,B,()  be an j -ncidence tr ip}e and '€Z" a
, o

, t w o i  o h t  f r r n e t i o n "  o n  A .  t r ^ l e  s h a l l  s a y  t h a t  w e  ( Z * ) "  i s  a  g e q . g j a l i z e 9
! r v + Y r r

B-pack incg  ( fo_ r  A )  v , , i t h  respe ,c t  Jo  ! ,  o r ,  b r l . e f  l y ,  a  v -B -P39 ! i I 9

( f o [  A ) . ,  i f

\--
( a e A ) .( 0 < ) 2 * r v ( b ) <  Y ( a )

b e  p ( a )
)

We sha l1  deno te

W r = t h e  c o l l e c t i o n  o f  a l l  r - B - p a c k i n g s  w '

Remar : I l  4 .1 .  a )  l ve  have

w ' € W r ' = + w c l 1 y  ( w e ( z n ) o ,  w < w ' ) ;  ( 4 ' 3 )

ho rveve r ,  i n  con t ras t  w i th  the  s i t ua t i on  o f  remark  3 .1  a )  ,  t i r e  se t  w

i s  f i n i t c  ( b y  ( 4 . 1 )  a n d  s i n c e  A  a u d  t l  a r e  f i n i t e ) .

b )  I f  a  r - B - p a c k i n g  e x i s t s  ( i . e . ,  i f  w v l f i l  ,  t h e n ,  b y  ! L . ( z * \ o
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a n d  ( 4 . 1 )  ,  w e  m u s t  h a v e  Y V j ,  v l h e n c e

? € ( 2 , ) " '  i
f_

a l s o ,  b y  ( 3 . 7 )  ( a P 1 : l i e c i  t o w 6  1 z * ) B )  a n d  ( 4 . 3 )  ,  w € .  h a v e

we wv 44 xsupp uruwu

r - \  F o r  f  h o  n a r t i c u l a r  w e i g h ' l -  f u n c t i o n
v I

2 . ,  ( a )  = 1

the cha: :acter is t ic  funct ion w = x . N e { o , t } B

XNrwrn if*-q.n4. qlr.Y- tI N rs a B-peckilg;

c o n d i t i o n  ( 4 . 1 )  ( f o r  v = v 1 )  b e c o m e s

> ; r =  l { n c n l a g r } l < r
U e  q ( a ) n N

c l )  B y  ( 4 . 6 )  a n d  ( 4 . 1 ) ,  f o r  e a c h  t n u * r . ,

w e ( z * ) " ,  w e  o b t a i n  w e  { o , t } 8 .  T h u s ,

( a e A )  ,

o f a s u b s e t N o f

i n d e e d ,  b y  ( 0 . 1 2 )

( 4 . 4 )

( 4 . 5 )

( 4 . 6 )

n  ^ ^ l - . i  ^ g . l  ^ -
I )  > C T  L I -  I  I E ; )

a n d  ( 0 . 7 ) ,

( a e A )  .

we  have  0 (wg1  ' whence ,  by

*r.,

z
c {o ' , r }B  , ( 4 . 7  |

( 4 . 8 )

( 4 . e )

( 4 . 1 0 )

w (b) =>: I = r r p p  w ( b ) = l s u P P  
w l ( w e W . .  )  ,'1

b € B

a n d ,  b y  c )

b ( B

a b o v e ,

N o t e  a l s o  t h a t  f o r

v lheucc  l ^ lv  cW, ,' 1

any  we  j -gh t  f  unc t i on  ve  ( z  * \ {0 }  )  
A  t "  have  v r4v  t

o ,  we  sha l l  cons i c le r

*n t r1  € -gxsupp *noor1  e  supp w is  a  B-pack ing '

Now,  fo r  an  a rb i ' t - f a ry  we igh t  f unc t i on  ve (Z* )

the  p r ima l  oP t im iza t i on  P rob lem

m i n  Y ( G )  ,

r v h e r e  G  1 s  t l - r e  s e t  ( 0 . 4 )  a n d  > z G - > z *  i s  d e f i n e d  b y

v G )  = L . v ( a )  ( g € G )  '
a € g

the  < lua l  oP t im iza t i on  P rob l -em

( 4 . 1  1 )
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ma.x

r^7h13r .3  Id
r r ) ,

t t  (w)

t L  ( v lu )  ,

i s  t he  se t  t 4  "  2 )  and  WzW ->  'Z  
n  i s  de f  i ned  i : y

=["rv (b ) (w€Wr, ) ,
b e B

( g u 2 L ,  w € ( z * ) B )  .

( 4  "  1 2 l ,

( . 4 . 1 3 )

( 4 . 1  4 ' )

( 4 . 1 s )

the min-nterx equal i tY

min  y (G)  = rna .x  p  (Wr )  ,

a i rd  the Lagrangi .an dual i ty  eq i ta l i ty

m i n  r ( G 1 = P a "  m i n  < r r n  ( 9 , w )  ,
wetrVy gcG

A  . R
w h e r e  g ^ z 2 &  X Q * \ o - Z n  i s  t h e  c o u p l i n g  f u n c t i o n  d e f i n e d  b y

o

wu(s,* \  =2-  2*w (b)
"  a e g  b e q ( a )

B e - . T a . f \ * ! * . - ? . a )  B y  ( 4 . 1 1 ) ,  ( 4 . 1 ) ,  ( 4 ' 1 6 ) ,  ( 0 '

have the  bound ing  and dua l  bound- i -ng  inequa l j l - j .es

( 4 . 1 6 )

9 )  a n d  ( 4 . 1 3 ) ,  w e

( 4  . 1 7  )

n R
( g 4 2 n ,  w e ( Z * ) " )  .  ( 4 . 1 8 )

the  ca rd ina l i t i r  f unc -

( i . g "  ,  9 € G )  i { - - . a n 9  o n t y  i f

( h ' e e )  . ( 4  . 1 e )

\ *  - _ |
y(g)  = )  , (  u )>  Z-  7  ,  * ,w  (b )  = ' f6

a e . g  a e g  D € q ( ; i ,

, F d ' ( b ) = u  ( w )

b )  B y  ( 4 . 1 6 ) ,  ( 0 . 1 2 )  a n d  ( 0 . 6 ) ,  w €  h a v e

q6G, xsupp ,",=il ffi 
xsupp ' (b) =

=  l { t a , b ) e  g X s u p p  w l a g n i l = ? r G ,  s u p p  w )

c )  F o r  r r = v . ,  ( o f  ( 4 . 6 ) ) , v  o f  ( 4 ' 1 1 )  b e c o m e s

t i o n  v ( g )  =  l S  I  l g e G )  ,  c o r l s i d e r e c l  i u  i + ]  '

( g , w ) > ,

( g € G ,  r v e  W ,  )

Proposiql-on*1!-r-!. a) ge2A Ls 3l A-

Q -  ( q , ' {  , .  . ) > , 1' b ' - ' l t t D J

l : )  w e ( z t . t  
B  

- i ! a v-B*paglil lg (i.9., w€wy) -lf*gg!-9"Iy-19

9 o  ( { a } , w ) <  > ( a ) ( a e  A )  . ( 4 " 2 0 )



') t\

t r ro r : :F .  a )  ' . l l h j s ;  f o l l . ows  f ron i  i 4 ' 18 )  (a r :p l j ' e r l  t o

b) 13Y

w l t h  ( 4 " 1 ) .

we  can  a l . so

u '  ( w ) {

Bgjl3ll:-gj i. I f A= ta1

f ^

u '  ( w )  = t , P u  ( { " 1 }  , w )  ,  .  .

, .  . .  t u r r ) ,  t

.  , V  6  
(  { a r r }  , w

in the form

- * ( z * ) n  b y

.  ( 4 . 2 1 1

( 4 . 1 6 ) ,  w e  h a v e  f 6 ( { a } , u t ) " f t - f # t t ( u )  ,  s o  { 4 ' 2 0 )  c o j t r c j - c c s
i

ii

l i

ii
i;

]t
h c n ,  c l e f  i n i n g  u '  :  ( Z  r ) "

) l  t u e L , ) B ) ,
J

wr i te

{ r ( a . '  )

\ 4  . 2 0 1

- r  1 -
|  .  .  .  I  Y  \ a

r l
n ' J

( w  e  Q , n ) " )  . ( 4 . 2 2 \

Tlreo::en 4 . 1 . Assume that the .-m!n-r.n-arx-..9,qgal'j"t)'
(4 .14) holds a!q- l3!

e .  be  the  coup l i r rq  .Lqr rg l fg l  (4 '16) '  I l fg l
! t) *.,.-.-_

a) .Tl9--Legrugr.qlgger i-t.y*Ssuerlly- ( 4' 1 5 ) h.orcls-'

b) J:g:_11y. (so,wo)e Gxvry , lbe ..fgr.Lgwi-s*9!9!9T.enq-9-*e5.?*sgg:ygl9l!:

1 o  6  a n d .  w  a l : e  o p t : r l n a l  s o l u t j o n s  o l  ( 4 ' 1 0 )  3 n d  ( 4 ' 1 2 )  '  l : 9 : t " 9 s -
| . 9C, o 

O _. ^._ :.-:'--:_-*-:---------.*-* \ --

t i v . e J y .
i

i 1

2" . We b.qvg

supp woe{nes

T:w. . . , (b)=
b e  q  ( a )

t . \

I  l q ^ n q  
'  ( b ) l  = 1 1  ,r ' - O  )

y (  a )

16y= [ *

( a e g o ) .

" 2  a )  .

a re  op t ima l

I T

( 4 . 2 3 )

( 4 . 2 4 1

s o l u t i o n s

( 4  " 2 s l

( 4 . 2 6 1

ho lds  i f

( 4  . 2 7  )

P r o o f .  a )  T h i s  f o l l o w s  f r o m  L A ] ,  t h e o r e m  1

b )  B y  l a l  '  t h e o r e n  1 . 2  d )  ,  9 o € G  a n d  w o e l t l u

o f  ( 4 . 1 0 )  a r r i l  ( 4 . 1 2 )  r e s p e c L i v c l y ,  i f  
" l U  

o n l y

v ( 9 o )  - ' V 6 ( 9 o , w o )  = P L  { w o )  '

t ha t  : l s ,  i f  and  on IY  j . f

) -  r , (o)=) : i l * . .
6"q e?% bcg(a)

N o w ,  b Y  ( 4 .  1  )  ( f o r  w = w o )  ,

a n c l  o r r l y  i f  w e  h ; r v e  ( 4 . 2 4 )  -

! 'ur thcrrnore '  s  ince goe G,

b e B

the

( b )
o

f i r s t  e q u a l l t Y

s = L /  q ( a ) ,
ercgo ' .

we have

i n  ( 4 . 2 6 )



z \1

and hencc the:
eJ*4i1

)_.* l,9., A
b cl l

w h i c h ,  b y  ( 0 .

s c-rconcl
4

p  '  ( b ) l  r v
\  

'  ' l

9 )  ( f o r

&gB$,__ !_. +_. Cot:resPr:nditrcJ to
n €  l A  ( \  a n r l  f a r  a h \ /  r r r  c I i lv . L  \  

- I  .  w  ,  q r l u  t v !  
.  

c ( r r J _  " ' o .  t ' y  I
1

I

i n  ( 4 . 2 6 )  h o l d s  i - f  a n d  o n l f  i . f

w  ( b ) ,
o '

v r o  e  (  ,  * ) " ,  i s  e q u i v a l e n t  t o  ( 4  . 2 3 1  .

f  horr r r . rn  a-)  -  we have t rovr  that  fo t :

t l ' re fol lowing s;tat-ements are 
"nlt,r.*

( 4  . z e l

a ^ r r i ) l  i  l - r r

, r \ t l )  
= /  

_ ,-  
b c B

c{=q )  an

( 4 . 2 8 )

( 4 . 3 0 )

Y : v 1

l e n t :

1 o .  w  i s  a n ' o t > t i r n a l  s o l u t i o n  o f  ( 4 " 1 2 )  ( w i t h  v = / 1  ) i- - _ : - |

2o .  supp v/^  is  a  maximutn ca: :d ina l i ty -  e-Pggkln-g._--_]-_

I n d e e c l ,  t h i s  j  s  a n  l m m e d i a t e  c o n s e g u e n c e  o f  ( 4  . 1  3 )  a n d  ( 4 . 1 ) ' *  ( 4  . 9 )

One  can  app ly  the  above  resu l t s  Lo  va r ious  i nc ideuce  t r i p les

( A r B , Q ) .  I n  o r c l e r  t o  g i v e  a n  e x a m p 3 - e ,  - l e t  u s  r e c a 1 l  ( s e e  e . g .  L : ] ,

p .  4 5 0 )

, ' l rnr.rrr ir^y's v,,ei.g_htecl _covering theorel" .  Gi.veq a . b_j.pifqi!S__g!1?!
:::-*:-"-::J--:--i:--:: :.:' " - * ---:-:- - - --:i-r--:: --- 

n

f i=1y=V,uV",E) an+ a_ ygrg!_L*igrf9! j-91 y(.Zt ' ,  the miniJnum wej-ght of-3n_ggqe

-ggy-er ]s.-eg!g} to ttie ma:<ir,run o! Zw (.) , lgl:91--ql9g-if! * e (Z +) :at-.]g-

lvj,'g 
e€E

( 0 < ) v r  ( v ' )  + w  ( v "  ) S  v ( e )  ( e =  ( v '  , V "  )  ( n )  .

W e  c a t r  v r r i t e  t h i s  t h e o r e n  i n  t h e  f o r m  ( 4 . 1 4 )  t  b y  c l i o o s i n g

A=E C  2  " \0 ,  B=V,  oRb  e -+  be  a  ,

W '  a s  i n  \ 4 . 2 )  a n d  G  t o  b e  t h e  c o l l - e c t i o n  o f  a l - l  e d g e  c o v e r s  9 ;  i t l i e e d ,

'  '  r  i - - ' , v " l  f o r  a l . l  e = ( v ' , v " ) € r l ,  c o n d i t . i o n  ( 4 . 1 )  b g q q g g g -  t 4 . 2 9 ) -S . I n C e  Q t e r = t v  )  
e = t v  , v  l i t - t

T h u s ,  r i . " .  t h e  m i n - r n a x  e q u a l i t y  { 4 . 1 4 )  i s  n o w  E g e r v d r y ' s  w e i g h t e d  c o -

v e r i n g  t h e o r e m ,  f r o n  t h e o r e n i  4 - i  w e  o b t a i n

r n l - - - . a r n n  A  )  ^  \  r . i n  l r - r r n  f  l r a  T . ' e a f  r , a n o i  a n' l J l e L ) I e l i t  ' I  . z .  d t  v l t :  l l q v u _ u l r q  - * Y - - _ : : : : _ t : = d u a l i t v  e q u a l i t v  ( 4 . 1 5 ) .

b) .{gL ?"y (g,-,,vr,-.,)e G X W,, , the- fo.!!o-y1ng
U V

s t a t e m e n t s  a r e  e q u i r z : t l e n t . :

' l  o .  s  a n c l  v r _  ; t l : e  o p t i m a l  s o l u t i o n s  g f  { 4 . 1 0 )  g n c i  ( 4 . 1 2
- / o - _ o . - - _ i _ -

t i v e l v .
-#

2 o .  w e  h a v e

)  r e s c e c -

suPP to  e  i vcV 1

w o  ( v  |  )  + w o  ( v "  ) =

T h e  i n c l u s i o n

shown by

l e e g o

; r (e  )

i n  t . 1  .

u n r . q u e ,

( e =  ( v t  , v ' n  )  a  g o )  .

3 i  )  ( a n d  h e n c e  r - n  ( 4 . 2 3 )  )  m a y  b e  s t r i c t

v e e ] ,such  t i r a t ( 4 . 3 1 )

( 4 . 3 2 )

-1 C
t  s u

g l f l ng ]g  -4_ .  1 .  T ,e t  9=  (V ru iV " ,E )  and v  i : e  a s  i n  e x a m p } . e  3 . 1  ,  9 o = { e 1 } ,



3 0

w ^  ( v  ) )  - 1  ,  w - -  ( v l ' )  - 0 .  T h r : n  l t e
( J t  o l

j - n c l u s ; j . o n  j . n  ( 4  "  3 1  )  ( s i n c e

' i lheor:cru 3. 4 al:ove and

wheth.er  for  W and q-  of  (4

we  have  
Y  ' b

; r ( g ) = m a x  9 .  ( g  r w )
. wc trrl.. 

o

The ansv/er  is  negat ive,  as shown by

g I5g !_ ] rg_LJ . ' Le t  : $=  (V 'uV" ,E )  and  y  be  as  i n  examp le  3 .2 ,  anc l  l . e t

g o = E e c ,  s o  y ( g o ) = 2 ] r ( e ) = 5 .  T h e n  t h e  s y s t e m  o f  f o u r  l i n e a r  e q u a t i o n s

"6  
9o

w o ( v i ) n r o ( v i ) = 1  ,  ( 4 . 3 4 )

w o ( v j ) * * o f t ) ) = 1  ,  ( 4 . 3 5 )

w o ( v | )  + w o  ( v i  ) = 1  ,  { 4 . 3 6 )

( 4 . 3 7  |v io  (v )  )  +wo f t ) )  =2  ,

j . s  i n c o n i p a t i b l e  ( s e e  e x a m p l e  3 . 2 L  w h e n c e  ,  b Y  ( 4 . 1 6 )  ( f o r  9 = 9 o )  a n d

( 4 . 2 9 )  ,

ha ' . re  1o  anc l  2o

v, '  /sutrp v,zo) .

[ . a J ,  t i r e o : : e m  4 .

. 2 )  a n d  ( 4 . 1 6 ) ,

o f  t h e o r e m  4 . 2 ,  v r i i : h  s ; L r i c t

' )  
-  r -  { - l ^ a  { -  - i  a , ^

L  t  J L r l t V L : J \ -  L I t u  Y L r ( : ) L , J \ . ' I I I

w i t h  ( A , B , p )  o f  ( 4 " 3 0 ) ,
)

iT gu (vo,'u)=.T1: tr E { * (t i) +rv (vl )rr < 5= ))(so) ;
v t < v l y  v / e w P  1 = l  l = l

a c t u a l l y ,  a  d i r e c t  l n s p e c t i o n  s h o r v s  t h a t  m a x  r f a  ( 9 o r w ) = 2 .  N o t e  a l s o
' w€IV,

t h a t ,  i n  t h i s  e x a m p l - e  ,  v ( 9 o )  = m i n  
" ( " )  

= ; : e  

A  
7 , ( s )  = 2  ( a t t a i n e d  f o r

g ' = t u 2  ,  " 3 1  
e G )  .

( s e  c ) ( 4 . 3 3 )

p .  2 4 1 ' )  ,  f o r

An oc ld-set

e l e n e n b s )  i s

3 .  ( 5 .  1  )

v e r t i c c s  i s  s a i d  b o  b e  a n

t  l e a s L  o n e  N i o g .

S5 .  Non-b ipa . r t i t e  na !_ch ingg

Le t  \ l s  f  i r s t  r : eca f  1  some c le f  i n i t l ons  ( see  e .  g .  l t ]  '

a  r l a i  . t -  1 ^ : , 1 - \ 7  (  n n i -  n n r - g ' q q a r i  I  r z  l - l i  n a r t  i  t c  )  q r : a p h  j =  1 V ,  n  )  .c l l l  c l ,  l " I J r L - l - G ! J  \ r l v L  r l s v q : . ) J q ! r J - r

N E V  ( i . e . ,  a  s e t  o f  v e r ' l - i c e s  c o n t a i n i n g  a n  o d d  n u m b e r  o f

s a i d  t o  c o v e l :  a n  e d g e  e € E r  i f

f  e  i r a s  o n e  v e r t e x  i n  N ,  v ; h e n  l N l = 1  ,
{
l e  h a s  b o t h  v e r t i c e s  i n  N ,  w h e n  l N l Z

A  f a r n i l y  g = - { - N  
1 ' . .  

. , u . i }  o f  o d c l - s e l - s  o f

c t  c o v c r : ,  i f  e a c h  e t i i  i s  c o v c r e d  b Y  aoc1t1- s

The  ca r>ac i t l z  o f  an  oc l c l * sc t  N_cV  i s ,  by  de f i n i t i on ,  t he  number
- * * +  

- ,  -  ' _ - - - -



? 1

( 5  "  2 )

a h / : l  l - 1 - n  / \ 1 r ' \ a ^  i  1 - \ /C l l I n  L . L I t :  \ - ( . 1 l J u \ . : ! - /
f - - .g_rr_g rjrnljy g=1r.\1 ' of  oc1cl . -sets  of  ver t : i "ces i .s ;' *qJ

( s . 3 )

c (N)=max, lJf i , ,  ,= ,{dprt tr ,  ' l : ; ;  
, ,

t L

r l  a  { : ' i  r '  ad  h- . r

, ( - -  
q

c  ( g )  = c  ( t N  1 ,  "  .  . , * n ) )  = X c  ( I l r )  .
t - t

N o w  w e  9 o r  r e c a l l  ( s e e  e . g .  [ t ]  ,  t h e o r e m  7 . 1 1

"!:--g{sp! S= (V,E) , Iba.'1geIlpgl

-car:{ jn-a}. l ty of- e SalchiI lg i :_gqu-a1 t9-!be min-irnu}r caPactiy*-of- qln. odd

s e t  c o v e r .

I .^ t re can wri te th is theorem in

m i n  c  ( G ) = m a x  l w l  ,
w € W .

the form of  a  min*max equal i tY

where

G = t h e  c o l l e c t i o n  o f  a I I  o d d - s e t  c o v e r s  I  r

W=the  co l l . c - : c t i on  o f  a l -1  ma tch ings  \ ' r .

Le t

A = t h e  c o l l c c t i o n  o l l  a l l  o d d - s e t s  o f  v e r t i c e s ,

B = E  r

Nq e <=+ N covers e ( N e A ,  e e E ) ,

n s l g f b _ : - l - .  a )  T h e  i n c i d e n c e  t r i p l e  ( A , B , g )  d e f i n e d  b y  ( 5 . 7 ) - ( 5 . 9 )

i s  a n  " e x t e n s i o n "  o f  t h e  i n c i d e n c e  t r i p l e  ( V r I I ,  E  )  c o n s i d e r e d  i n  L A )  ,  S 3 ,

s i n c e  V c A  ( i f  w e  i d e n t i f y  e a c h  v e V  w i t h  t h e  s i n g l e t o n  { v } e a ) ,  B = L l  a n d

v e e ( : ) v € e  ( w h e r e  w e  i c l e n t i f y  e a c h  e d g e  w i t h  t h e  s e t  o f  i t s  t w o  e n d p o i n t s )
) t l a - i

M o r e o v e r ,  w e  h a v e  B c 2 v c 2 n  a n d ,  b f \  ( b e e )  t r ^ ' r !  \  J r - r ^  s o  ( A r B )  i s  a  s e tt  L )uL  
b \ , / r ) p r ' . \ l

s y s t - . e n i  ( w l t h  g r o u n d  s e t  A )  ,  w h j " c h  i s  r r o t  a  h y p e r g r a p h ;  a l s o ,  t h e  i n c i -

d c , r ' r r - r -  o  o f  t ' . , . 9 )  c l o e s  n o t  c o i n c i d e  l v i t h  t h e  i n c i d e n c e  e  u s e d  ( f o r  a
\  

\ v

h y p e r g : : a p h  ( A , B )  )  i n -  l - 4 . i  ,  e x a m p l e  2 . 2 .

b ) Clear Iy, ge 2L\ i:*.:l A*covel-LI*gnc1-Sl L-y--:l*i!-ig*31-o*1- qet"

c o v e r ,  s o  t h e  s e t  G  o f  ( 5 . 5 )  c o i n c i d e s  w j - t h  t h e  s e t  o f  a l l  A - c o v e r s .

c)  w{2r i  }s  I  B-pac\ ing r - f .  and only  i i - - i t  is  g i$rer  !4q--Pl tp . t 'v*sg! ,

@, gI_g_.s ing]Sigrr  {br , ,  y ] r -e_{g be n.  l .nc iee<1,  t } re  " i f  ' r  par : t  has bcen ob*

se r : vec l  i n  IA i  ,  : : cmark  2 .2  i : )  ,  and  the  "on lV  i f  "  pa r t  i s  obv io l l s  v rhen

l V l < 2 .  I r l n a l l v ,  i - f  l V l > : ,  L h e n  n o  e d q c  s e t -  w e T u  w . i t h  l w l > 2  i s  a

l3 -pack j .ng  ( fo r  A )  ,  s  j . nce  fo r  1 - i - re  oc l c l - se t  N=V (when  lV l  i s  odd )  ,  r es - .

n o r - r  i  r z o t  v .  r ' , 1 = V \ i v _  1 ,  r + h e r e  v ^ e V  i s  a r b i t r a r y  ( w h c n  l V i  i s  e v c n )  ,  a n c i
f v l , 4 . J ' r l ' \ t " o J * . o .

f O r  a l t y  C n  , G . c w ,  C n  l e . ,  w e  h a v e  N Q e . ,  ( t = 1  , 2 \  .  T h u s ,  a l t i r O u g h  * e v e r y'  l '  z  l '  / . '  \  r

( 5 . 4 )

( s . s  )
( s . 6 )

( s . 7 )
( 5 . 8 )

( s . e )



3 2

B - p a c l c i n g  i s  a  m a t c h i . n q ,  t h c  s e t  W  o f  ( 5 . 6 )  i s  c o n s i d e r a b l y  l a r g e r :

rh ; ; ; ; ; ; ; ;  ; ,  i  ; - ;ac,< inss.

L e t  u s  a l s ; o  c o l l s i d e r  t h e  L a g r a n g i a n  c l u a l i t y  e q u a l i t y
'  m i n  c  ( G ) = l n . l x  m i r r  ? .  ( g r w )  ,

v r e W  g € G

v r h e r : e ,  b y  ( 0 . 6 )  ( f o r  1 - h e  i n c - i - d e u c e  t r i p l e  ( A , B ' Q )  o f

Y r G , w )  =  I  { t ^ , e ) e  s a w l  r ' r g e }  |

( 5 . 1 0 )

( 5 . 7 ) * ( s . e ) ) '

, w e  z B y  "  ( 5 . 1  1  )( g e  2 A

Remark  5 .2 .  We have  the  bound ing and  dua ]  bound ing  i nequa l i l - i es

c ( g ) > Q Z ( g , w ) 2 l w l ( g e  G ,  w e i V )  . ( s . 1 2 )

I n d e e d ,  b y  ( 5 . 1 1 ) ,  ( 5 . 9 ) ,  ( 5 . 1 )  a u d  ( 5 . 2 )  ,  f o r  a n y  o d d * s e t  N s V

and  any  ma tcL inq  w€W we  have

g 3 ( r . r , w ) = l { e e w l N  c o v e r : s  
" } l < " ( t ' l ) ,  

( 5 . 1 3 )

w h e n c e ,  b y  ( 5 . 1  1  )  a n d  ( 5 . 3 )

9 , ( s , t l = [  t f s ( n . , * l < [ c ( N i ) = c ( g )  ( s = { w . ,  , " ' , N n } e 2 A ,  w e w )  ,  ( 5 ' 1 4 )
r r i c  Y  

i ' J

and ,  on  t i r e  o t -he r  hand ,  by  the  de f  i n i t i on  o f  odd -se t  cove rs  ,

; w l g f a  ( 9 ,  w ) ( g e  G r  w € z E ) . ( s . 1 s )

T4s:orern 5.  1 .  a)  Ug_!eyg- thg.-Larg-ngi . rL -dual-r ! .y egt:al  j - t_y (5.  10) .

b)  I 'or  any_ (go,wo)€GXv{,  t l le. fo l lov; ing s!*atemggts._gls_gggiyg}.gl t :

1 " .  c t  = { N ,  r . . .  , N  } e G  i s  a n  o p t j . m a l  s o l u t i o n  o f- O  L  1  q ,

i  .  e .  ,  a  m in - ' i .mum caoac  i t l z  odc l - se t  cove r ,  and

]-r!v- gg!gE"g.

2".  Igf_gggl  i€{1 ,  Q] w9 have

l { . o r -  l N i e  e }  |  
= 1  ,  i f  f  N r l  = 1  ,

l L  o ,

f { e e w o l , o . r e } l = l * ; '  
' '  ,  L r  l N r l  2 3 ,

and  l -he re  ho lds

t i l  N i 6 e o ,  l x i l  = 1 i l  -

a )  Th is  f  o l  l .o lvs

( s . 1 6 )

\ , , /  €W is  a maximu.m card ina-

( s .  1 7  )

( s . 1 8 )

m i n  c  ( G )  ,

l N i l  - 1

- r n i \ .  ^ f t r r A I i + r z  ( 5 . 4 )  i s  n o w

b )  B y  
' L 4 )  

,  t h e o r e m ' 1 - 2

g  ( 9 o )  = f :  ( g o , t o )  =  l w o  I  .

F - n m  l , t l  { - r -r  r o r n  L q  )  ,  r n e o r e m

I l d m o n d s '  m a t c h i n g

^ l  l n  r . r  t " G X l r lv t  t  \ y O r Y r O r r

( s " 1 e )

1 . 2  a )  ,  s i n c e  t h e  m i n -

thco rem "

s a t i s f i e s  1 o  j . f  a n d  o n l Y

( 5 . 2 0 )

I rol  =

P r o o f

N i ' 9 o ' l N i l  > 3

i f



N o w ,  b y  ( 5 . 1 3 )  a n d

f o r  g o =  t t t . ,  t .  .  .  , N n l e  c  i f

c  ( I { r ,  =  Q Z  ( N , , w o )

w h i c h ,  b y  ( 5 . 2 ) ,  ( 5 . 1 3 )

F i n a l l y ,  b y  ( 5 . 3 ) ,  ( 5 , 2 j

a n d  o n l y  i f  w e  h a v e  ( 5 . 1

T h e o : : e m  5 . 2 .  F o r  G

''
1 4 l ,  ,  t h e  f i r : s t  e q u a l j . t y  i n  ( 5 . 2 0 )  h o l d s

on l -v  i . f

/ 6

a n d

' P 3  9 g  ( s . 5 ) , ( 5 . 1 1 )  |  w e  h a v e

l w l  = m i n  f ,  ( g , w 1
g € G

! loo f . .  I f  lV l=2n -1  fo r  some n ) .1  ,  t hen  fo r

f ,  ( so ,w )  =  lw  I

w h . i c h ,  t o g e t h e r  w i t h  ( 5 . 1 5 ) ,  y i e l d s  { 5 . 2 2 ) .  O n
l V l = Z r r  f o r  s o m e  n ) 1  ,  s a f  V = { r . ,  , . . . , r 2 r } ,  I e t

N 1  = { v 1  t .  .  .  ' u z n - l l  ,  N r = { t 2 , r }  ,

ancl ,  for  any w6 zEr. ,O, let

( i = 1  r . . .  r Q )  ,  $ . 2 1

e c { u j - v a l e n t  t o  ( 5 . 1 7 ) t  ( 5 . 1 S ) .

l r v o  l = c  ( 9 o )  i n  ( 5 . 2 0 )  h o t d s  i f

( w e  z E )  .  ( 5 . 2 2 , 1

9o={v }  we  have  go€G and

l w e 2 B ) ,  ( 5 . 2 3 )

the  o the r  hand ,  i f

a n d  ( 5 . 1 ) , . i s

,  the equal - i ty

e ) "
a n d

v r1={eew lNr ! " } ,  - - * - - - - -  * z= { "ewJur3" } ,

s o  w = w r U w r .  r f  n = 1  ,  t h e n  N . ,  =  { v 1 }  ,  N 2 =  { r 2  } , ,  a n d ,  c h o o s i n g  9 o =
h a v e  g o 6 c  a n d  ( 5 . 2 3 )  ( s l n c e  E  c o n s i s t s  o f  t h e  s i n g l e  e d g e  e -
w h i c h ,  t o g e t h e r  w i t h  ( 5 . j 5 ) ,  y i e l d s  ( 5 . 2 2 ) .  F i n a l l y ,  i f  n V 2 r
t h e n  f o r  a n y  w e Z E l O  w e  h a v e ,  b y  ( 5  . 2 5 )  ,  ( 5  .  9  )  a n c t  ( 5 .  1  )  ,

w . , =  { e f  *  l .  h a s  b o t h  v e r t i c e s  i n  * t  }  ,

w 2 = { e 6 w l e  h a s  o n e  v e r t e x  i n  N 1  a n d  o n e  i n  N 2 } ,

w h e n c e  w a r : , w 2 = Q t  l w l = 1 w . ,  l + l * z l .  H e n c e ,  c h o o s i - n g

q ={1g- , r,,r }t O  ( " 1 '  " 2 J  t

w e  o b t a i n  g o ( G  a n d

r ^  t ^  . . \  -  r n  r  ^ -  \  ^  '

f 3  ( s o , w )  =  g r ( v o , w . ,  )  +  f ,  ( s o , * z )  = l 1 1  I  *  l w r t  =  l w l ,
w l r i c h  ,  t - o g e t h e r  w i t h  ( 5  .  1  5  )  ,  y i e l d s  ( S  . 2 2 , )  .

SggI I - :1 . .  The "unj -versal "  ( i .  e .  ,  independent  on w)
o f  ( 5 . 2 8 )  n e e d  n o t  b e  a n  o p t i m a l  s o l u t i o n  o f  p r o b l e m  ( 5 . 1
e .  g .  b y . 9 = t h e  u n j - o n  o f  t w o  d  i  s i o i  n 1 -  1 .  r i  6 p q l s s ,  s i n c e  t h e n
= m i n  c  ( G )  .

( 5 .  2 s  )

{ N 1 }  r  w €

{ v , , v r ) ) ,
so  f  n . , l  Z :  ,

( s .  2 6  )

( 5  . 2 7 ' , )

{ 5  . 2 4 )

( 5 . 2 8 )

e lemen t  906G
6 l  ,  as  shown

g  ( 9 o l  = 3 > 2 =

S o  '

Let

net.worJ<

F l ,o l s  i n  ne tworks

us  f i r s t  reca l l  some

i .s  a c1 i : :ected gr :aph S=

de f  i n i t i ons  ( see  e .  g .  I  t ]  ,  l _sJ  ,  l z l  I  .
( V , L l )  ,  t o g c t h e r  w i t h  a  f u n c { : i o n  c : U - r R

7\

?



5 t *

' w : U * R r .  ( w ( u )  . i s  c a l l e d  " t h e f l o w  i n  n " ,  f o r  e a c h  a r c  u e l l )  ,  s u c h  t " h a t

( c  ( u )  j - s  c a l l e d  " t h e  c a 1 : a c i t y  o f  l l "  ,  f o r

and a "sir-I l i"  se V. A f lov, '  in a ne'bworl i  . t ' f=

( 0 <  ) w  ( u ) <  c  ( u )

w ( u ) = g

v,  ev\e ) ,

i s  the number

1 1 3 t  t h e o r e m  2 . 3 )  t h e

-+--E--->

c u t s  g = P  r \ r \ P ,

f l ows  w .

T  r r r r = n n j  : , -  . l t t a ' l  i  i - r , r  3 . : a f l r : ' l  i  f r rl c r v r  c { i r Y  - L c l r I  u q q r r  u J  e L l q q r r  u J

c o u p l i n g  f u n c t i o n  d e f i n e d  b y

( g u 2 L J ,  w € ( R + ) u ) .

c a n  a l s o  d e f i n e  a n  i n c i d e n c e  r e l a t i o n
I ]

w € ( R * ) - ,  b y

( 6 . 5 )

( 6 . 6 )

( 6 . 7 1

( 6 . e )

( 6 . 1 0 )

q)
l ?

I
( g , w )

Renrark

-Z,w (u)
u ( 9

6 . 1 .  a )  O n e

X * w ( u ) = . t w ( u )
u e  5 "  ( v )  u e  5 *  ( v )

. ,  e  { ' ,  .  c - ,w h e r e  b  ( v )  ( r e s p e c t i v e l y ,  d  ( v )  )  d e n o t e s  t h e  s e t  o f  a l l  a r c s  l e a v i n g

( r e s p c c t l . v e I y ,  h a v i n g  a s  " p o s i t i v e "  e n d p o i n t )  t h e  v e r t e x  v .

The  f za l . -u .g  o f  a  func t i on  w€(R* )U  i s  t he  number
.".<--

[  ( w )  = t = J - -  w  ( u )  (  6 . 4 1
u e  5 '  ( r )

A  c u t  i n  a  n e t w o r k  J f =  ( $ =  ( V r U )  ,  c , r , s )  i s  a n  " r - s - c u t " ' o f  t h e  d i -

rec ted  g raph  $=  {V ,U)  ,  i n  t he
____>

arcs  9=P rV \P  o f  t he  fo rm

/ - t
g = I ,  r V \ P =  J  u = v .  v *  6 U I  v .  e P ,

L f ] I

where

r € P c V ,  s  e V \ P .

s e n s e  u s e d .  i n  L a J ,  5 7 ,  i . e . ,  a  s e t  o f

The capacf!y--g.€--g- se.t*g{ a::cs q(zu

c  ( g ) = [ c  ( u )
u c g

N o w  w e  c a n  r e c a l l  ( s e e  e .  g .  l  t  I  ,  p "

" i " Iax f  ]ow-m.in _qg!_j l_eglgg".  In aqy*gelyo{k J ' f= ($= (V,Ul ,c,r ,s)  ,
ma{imru valrue of- a,.j: l-ovi i.n gqu.el _to t_he .Tinimym .gap-acity sljr__cg!..

the

We can wr i te  th is  theorem in the form of  a  min-max equal i ty

m j - t r  c ( G ) = n a x  P ( I { )  ;  ( 6 . 8 )

where

G=the  co l l ec t - i on  o f  a l l

W = t h e  c o l l e c t i o n  o f  a l l

Le t  us  a l - so  cons lde r  t he

m i n  c  ( G ) = m A X  m i n  f ,  ( g , w )
w e W  g € G

T 1  1 1^ t J  \ /w h e r e  f r : 2 " X { n * ) " - - , l t *  j - s .  t h e

r r ; r n l r  . i r r r  r r r T I )  ,  d ,  
t t s o u r c e t t  

r e " V

( f i = ( V , U )  , c r f r s )  i s  a  f u n c t j . o n

, ( u e U )  ,  ( 6 . t )

( u e 5 -  ( r ) u E * '  ( r )  ) ,  ( 6 .  z ;

( v e  v \ { r , s } ) ,  ( 6 . 3 )

( 6 . 1 1 )

( 6  .  1 2 )

o between l
) j

arcs  ueL I  and  func t i ous
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t l g w ( : - + u ( s u p p  h r ,  ( 6 . 1 3 )

,  l . - l  . - : , . - ( : . : - . :  r . i ^ " -  . )  1 \  - . * , J - . ^ - , , - l  . t L  ! , -  i , - ^ - : ra n d  ( u s : L n g  l 4 j ,  c t c r l - r n r t - r o n  2 . 1 )  o n e  c a n  e x l - e n d  i t  t o  a n  i n c i d c n c e  r e l . a * .

t i on  l - re l -wcen  se ts  o f  a rcs  g€2 ,U  e rnd  func t i ons  r vc (R , - )U ,  by

( 6 " 1 4 )!)(vJ (-'), 9/1 su1:P r.vl6d

Thc r r ,  s i ncc r  f o : :  c rny  g€z .U  and  w€(1 t - )U  u , l n  i r ave

Q . ,  ( c r , T  .  ^ . -  ,  " )  
= > : ,  I  ̂ , , . . ^  . .  ( u ) =  l s n s u p p  w  l  ,  ( 6 . 1 5 )^ . c ; 1 i p p  t u '  ' ; ; d  , ' s u p p  w '  '  I  r

w e  o b i - a i n

g Q l { ( : : ; } t g i  ( a  v  t l 0 .  ( 6 . 1 6 ). \  , 7 r y , / v s t t p p  V l  , ,

l l n r ^ r r : r r o r  h o r n  y 7 g  s h a l ]  u s e  o p l y  l _ 4 - l  ,  S 1  ( n o t  j n v o l v i n g  i n c i d e n c e )  .r l v Y Y \ - v  v !  ,

b )  c t  r ( 1  a n d  l r  s a t i s f y  t h e  b o u n d i n g  a n d  d u a l  b o u n d - i n g  i n e q u a l i t i e s .

I n d e e d ,  b y  ( 6 . 1 ) ,  ( 6 . 1  )  a n d  ( 6 . 1 2 )  ,  w e  h a v e

\._ TI
c  ( g )  = , L _ c  ( u ) >  Z ^ *  ( u )  =  . f 7  ( g , w )  (  g € 2 " , w € W )  ,  ( 6  . 1 7  )

u € g  u € g  '

a n d ,  o n  t h e  o l h e r  l - r a n c l ,  f r o i n  W c ( I t ,  ) U  a n d  t h e  w e l l - k r r o w n  f o r t n u l a  ( s e e
T

l - a

e . g .  L 5 J ,  p . 3 2 6 )

=-----.- --- -..-".."'-\ -\
Z - * - * - , w ( u ) = u ( v r ) + Z - w ( u )  ( g = p , V { F e C ,  w e \ { )  |  ( 6 . 1 8 )
u e g = P - i " P  u € V \ P ' P

i t  f  o l  lor ,vs that

g 7  ( o " , ' , v )  = f  v . ,  ( u ) >  t r  ( v r )  ( g e  C , w e W )  .  ( 6  .  1 9 )
u c g

Theor._e_ry-_6_._!. a ) vlg--bev9_!Ie_.Ijaqrengia.n- dggt j.!y__9gyal_Uy. ( 6 . 1 1 ).
b) Igl_glly (_qo,\{o)e cXw, l l1e_qgllgyllg sl-qter1gl.t,s ar.e egu j..vql e,nt:

'  _______+.

1 " .  g ^ = P ^ , V \ P . . e  G  i . s  a n  o p t i m a . J -  s o l u t  j o n  o f
- . \,/ t, L./

m i n  c ( c )  ,  .  
( 6 . 2 0 )

j .e .  a  mrnr j lurn cg lsg l l l l_gu! ,  and woeW rs g

p ( l { )  ,  ( 6 . 2 1 )

1--?*,*-e*lgllln!ll v et -l,r,re f Lqil.
2o . Ug--l:3yg

w  ( r " r ) = = c  ( u )  ( u e  g o )  ,  .  ( 6  " 2 2 1v

w ^ ( u ) = o  ( u e v r i i , { f  .  ( 6 . 2 3 )
o '

I tgg l .  a )  Th is  fo l lows f ro rn  LqJ  ,  Lhcorem 1 .2  a )  ,  s ince  the  mi -n -ma:<

equa l i t y  (6 .B)  i s  nor {  the  nax  f  l -o r .v*mj .n  cu t  theorem.
t .b )  B y  1 , 4 J ,  t h c o r c m  l . 2  d ) ,  ( g o , r d o ) c G X t ^ l  s a t i s f i e s  1 o  i f  a n d  o n l y  i f

,  c ( g , r ) = , i ' 7 ( t t o r v r o ) = ; L ( r , u ' o ) .  ( 6 . 2 4 \
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Now, ]:y

holds :L f  and

t i i c ( R + ) u ,  t b e :

( 6 . 2 3 ) .

( 6 . 1 2 ] '  ,  ( 6 . 1 )  a n d  ( 6 " 7 ) r  t h e  f j - : : s t  e c l u a l i - t y  j . n  1 6 . 2 4 )

o n l v  i f  v . , o  h a v c  ( 6 . 2 2 1  .  F i n a l . ] y ,  b y  r c . 1 2 ) ,  ( f i . 1 t i )  a n d

sccond  cc iu ; r I i . t - y  i n  (6 .24  )  ] r o lds  i - f  and  o r r l y  i f  wc  ha r r re

Sgl lLE_9.2._.  a)  ' Ihe main par t  o f  t i reoretn 6.

k n o w n  ( s e e  e . g .  [ S ] ,  p . 3 2 6 ,  c o r o l l a r y  2  a ) .

b )  As  j . n  t l i e  co r r csponc l i ng  resu l l - s  o f  t he

i , t r v o l . v i n g  f  u n c t  i o n s  ,  c o n d i t i o n s  ( 6  . 2 2 )  ,  ( 6  . 2 3 l '

i n  t e rms  o f  suppor t s ,  name ly ,

s u p p  ( c - w o ) e U t g o  ,

supp woe U\ f ,o ,V\F l  .

T h e o r e m  6 . 2 .  F o r  G ,  W  a n d ? ,  o f  ( 6 . 9 ) ,  ( 6 . 1 0 )  a n d  ( 6 .

(weIt t)  .

1  1 ^ \  . . i , -  . r - . i - ' r l , ,
I  v l  I 5  t i i l i ) t : l I L l . c t - | " . I ) '

pr :eced  j -ng  sec t i on ,

can  be  a l - so  exp ressed

( 6 . 2 s  j

(  6  . 2 6 )

1 )  \  r rTo  l . r  r r ro
t a t ,

( 6  . 2 7 ' , )lw l  =m in  e ,  (g , r , t )
g < G

P r o o f .  L e t

so= Gtv\T4= 3* (t)

Then go€c (s  ince r  e  { r }  ,  s  ev\ { r }  )  and ,  by ( 6 . 1 2 )  a n d  ( 6 . 4 r ,

( w €  ( R . ,  )  
u )  

,

1 6 . 2 B l

we have

t 6 . 2 e )

( 6 " 3 0 )

w h i c h ,  t o g e t h e r  v r i t h  ( 6  .  1 9 )  ,  y i e l d s  ( 6  . 2 7  )  .

l g13 ! .  ! 1 .  a )  The  "un i ve rsa l "  ( i . e .  ,  i ndependen t  on  w)  cu t  g^€G- o

o f  ( 6 . 2 8 )  n e e d  n o t  b e  a  m ' i  n i n u m  c a p a c i t y  c u t .

b )  Concorn - inc_ r  t he  p rob l cm o f  f i nd ing  o the r  poss ib l -e  coup l . i . nE

f u n c t i o n s  g : G X ! f - , R r  n o t e  t h a t  f o r  t - h e  " n a t u r a l l y  d e f i n e c l "  c o u p l i . n g

func t i on

f )  (g ,w)=Z ]w
u € g

t " l -E IJ  t " l  ( s=n lV \Fe  c ,  w€(R+)u )
r r E \ 7 \  l )  Dq !  v  \ i  t r

w e  h a v e ,  b y  ( 6 .  1  8 )  ,

r t )  { 5 , ! I ) = U  ( r ^ ' )  ( g ( G ,  w e  W )  ,  ( 6 .  3 1  )

so  g j  l .  *  u ,  co inc i c les  w i th  the  " t r i v i a l "  coup l i ng  f r . rnc t i on  o f  [O ]  ,/ l b , / \ t {

f o r m u l a  ( 1 . 3 7 ) .

E 7  I V I  a f r o i , J  i n L e r s e c t i o n sa t , .  r

L e t  u s  f  i r s t  r c + c a l l  ( s c c  e .  g .  l : ]  ,  t h e o r c m  2 4 )

"E4mgn_c1s '  rn ; r t ro id  in te r :?ec t lon  theorcn l " .  !e !  & ,  =  (S ,  J r l  au l
t l

. l1 r= (S,  Jz) !g_.-L!L.l__l1gtrry_fqg (_on the s_ilLg__g.r:er.rnd set S, wj,th S:_ollac:EiS'ns
of._irxlr-.i1g1l_c11-! s;g*L_:1, l5il?jl(:jr_v_l}_y) , rvitl'r ran[ junc!ion-s r1J" ancl ;1  ̂

| ---- z
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and u^  resDcct j -ve l -y .  Then LJrc  max j - tnunt c ; r r d i n a l i t y  o f  a  s e t  i n J. rt J., i-s
t /

g.q.\f*lJq

m i n  { r , ,  ( S '  ) + r z ( s \ s '  )  }
S ' E S  

U  I

Vie carn w: : i te  th is  theorem i .n

tn in  i r  (G)  =max  I t i  ,
wel {

where

( 7 .  1  )

the fornt  o f  a  min-nax equal i ty

G=i -he  co l lecL ic ; r r  o f  a l - I

.  h  ( e ) = r "  ( s '  )  + r .  ( s "  )
l - z

W = J "  A J  - ,
l z

Le t  us  a l so  cons ide r  t he

m i u  h ( G ) = m a x  m . i n  v o ( 9 , w )
w e W  g e  G

q ,  q  q

w h e r e  f o :  ( 2 " X 2 " j X 2 " - ' + Z *  i =
t'

v B  ( g , i v )  = l  * n  s '  I  * r ,  ( S "  )

I n d e c d ,  i f ,  w € J ,

h  ( q )  = r . ,  ( s  '  )

We  have  i * l i e  bound ing  and  dua l  bo r " rnd ing  i nequa l i t i es  "

,  t hen  v r  A  s  '  e  J . , ,  ( s  ' e  2s  )  ,  whence

+ r r ( S "  ) 2 r . ,  ( w n S  t ' )  + r 2 ( S "  ) =  [ w n s  
' | ' r r Z ( S " )  =  9 U  ( g r w )

q q
( g = ( S ' r S , ' l e 2 o X 2 " ,  w e J , \ ,  ( 7 . 8 )

A rr  r '1 i  { - rz cr . r r l  ; . r  
' l  ' i  1-r r

(7 . A', l

f unc t i on  de f i ned  by

, s "  ) c  2 s  X 2 s  ,  r e  2 s )  .  ( 7  . 1 1

( .7 .  e  )

p a i r s  9 =  ( S '  ,

( 9 =  ( s '
S \ S ' )  ,  w h e r e  S  r G S  '

q q

, s " ) € 2 " x 2 " ) ,

( 7 . 2 j

( 7 " 3 )

( 7  . 4 1

( 7 " 5 )

( 7 . 1 0 )

T . : a r a n n ' i  = r nl s Y  4

I

t he  coup l i ng

( 9 =  ( s '

R e n r a r k  7  . 1  .

and,  on  'Lhe o t l ie r  hand I

f g  ( g , w ) > .  I w A S  r l  * Y z ( w n ( s \ s '  )  )  =  l w n S '  |  +

+ l w A ( S \ S ' ) l = l w l  ( g = ( s " s \ s ' ) € G ,  w € J r ) .

ggg:Sg.J_r_l. a) I49 havllthe Lagre.n-gian-9u3li!:z qqualLtv (7. 6 ) .

b)  I 'or .  any_ (go,tro)e GXw, the foI lo\diq_g s_Lg!sg9l t_e* are erqu]"valsn_t:

1 o .  s  = ( S  , S \ S  ) e G  i s  a n  o p t i m a l  s o l - u t i o n  o f'  o '  o '

. , .m- i -n  h (G)  ,

a n d  W  C I {  i S  a  n r a X i m u m  c a r d i  n : ) ' i  . | -  r z  q n f  i  h  ' " f  n ^ f
r j  

I l l q - - L J - L y - J U u _ . *  
" 1 " " 2 ,

; '  .  I \ 'e  have

r . ,  ( s o )  = r . ,  ( w o A  s o )  ,  ( 7 .  1  1  )

r ,  ( s \ S o  |  = r  
z ( w o f l  

( s \ S o )  )  "  
( 7  '  1 2 1

q l o o f  .  a )  T h i s  f o l l o r v s  f r o m  [ a ] ,  t h e o r e m  1 . 2  a )  ,  s i n c e  t h e  m j - n - m a x

e q u a l i t y  1 7 . 2 )  i s  n o l v  t h e  m a t r o i d  i n t e r s e c t i o n  t - h e o r e m .

b )  B y  [ 1 1 J ,  t h e o r e m  1 . 2  d ) ,  ( g o , w o ) e G X W  s a t i s f i e s  1 o  i f  a u d  o n l y

i f
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h.  (go)  = vo (oo,wo)  = |  rvo I

Now,  by  (7  .  5  )  anc l  (7

a n d  o n l - y  i f  w e  h a v e  ( 7  " 1 1
s e c r > n d  e q u a l i i - y  i n  ( 7 .  1  3  )

( 7 . 1 3 )

8 )  ,  t h c  f  i r s t  e q u a l j - t y  i n  ( 7 . 1 3 )  h o L d s  j . f

.  I , ' i . r r a l l y ,  b y  ( 1  . 7 . . ,  ( 7 . 5 )  a t r d  ( 7 . 9 )  ,  t h e

h o l d s  i f  ; r n d  o n l y  i f  w c  h a v e  ( 7 . 1 2 1  .

q n  o f  ( 7 . 3 )  a n d  ( 7 . 7 1
o - *

r r l n  h : r r r .

(w e .J r \  .

c ql9

I

a

lhee-l:rtJ--?- 19:
l l

I w I - v 6 1 n ,  f n  ( g r w )
g € G

P r o o f .  L e t

9 o =  ( s , @ \ e z s X z s  ,

f h e n  g o € c  ( s i n c e  0 = S \ S )  a n d ,  b y  ( 7 . 7 J ,  w €  h a v e

q B ( g o , w ) = l w n s l +  r r ( Q )  = l w l  ( w e J r l  ,

w h i c h ,  t o g e t h e r  w i t h  ( l  . g ) ,  y i e l d s  ( 7 . 1 4 l  .

( g = ( s f  , s 1 s t ) e G ,  w e t r ' t )  ,

( 7  . 1  A ' , )

( 7 . i s )

( 7  . 1 6 1

( 7 , 1 8 )

Re Ina . rE  7J . .  a )  The  un i ve rsa l  pa i r  go  o f  (7 .15  )  need  no t  be  an

o p t i m a l  s o l u t i o n  o f  p r o b l e m  ( 7 . 1  0 )  .

b )  C o n c e r n i n g  t h e  p r o b l e m  o f  f i n d i n g  o t h e r  p o s s i b l e  c o u p l i n g

func t i ons  ! ' :G ) ( t r { * rn ,  no te  tha t  f o r  t he  "na tu ra } } y  c le f  i ned"  coup l i ng

funct  ion

e i  ( V , w )  = r . ,  ( w n S ' ) '  + r Z  ( w n  ( s \ S '  )  )

w e  h a v e ,  b y  ( 7 . 5 i ,  t h e  e q u a l i t i e s

, p d  ( g , w )  =  l i v f l S  
t  |  + l  w n ( S \ S '  ) l  =  l w  I

( g =  ( S ' , S \ S ' ) e  G ,  w e  2 5 ;  , ( 7 . 1 7 )

so  q :  co inc idcs  w i th  the  " t r i v j . a l "  coup l i ng  func t i on  o f  l - 4 )  '  f o rmu la
o

( 1  . 3 7 )  .  F u r t h e r m o r e ,  f o r  t h e  . - - -

V [  t V , r ' v ) = r . ,  ( w A S ' ) ( g = ( S ' r S \ S ' ) e G ,  w ( 2 5 ) ,  ( 7 . 1 g )

v , i i  does  no t  sa t i " s f y  t he  "dua l  bound-we  have  c " ; ,  ( q  ' r , v )<  lw lo -
i  n r r  i  n o c r r r ; l l  i  1 - i e s t t .4 r r y

(gcG,  we25) ,  a r rd

R e f e r e n c e s

Lrl

[  ^ ' l
L z )

E . L .  L a w l e r ,  C o m b i n a t o r i a l/ ,
H o l t ,  R i t : e h a r : t  a n d  I , V i n s t o t r

c - H -  P a n a d i m i t r i o u  a n d  K .

: ' l  nn r  i  J - l r r nq  : r r r r l  nc rmn ' l  r r r l i  ' l - r z
q r Y v r  . L  u r r r r r J  s r r s  \ / v r t . t / r - u r \

r r n f  i  m i  v . a . | -  i o n :  n e t - w o r k S  a n d  m a t r O i d s .v v  9 ! 1 r ( !

,  N e w  Y o r k ,  1 9 7 6 .

S t e i g l i t z ,  C o m b i n a t o r i a l  o p t i m i z a t i o n :

P r e n t i c e  H a I l ,  E n g l e w o o d  C l i  f f s  '  N e w

J e r s e y  ,  1 9 8 2 .

I f l  A -  S c j r r i i r r r . r  .  1 4 i  r r - n r a x  r e s u ] - t s  i n  c o r n b i n a l o r i a l  o p t i m i z a t i o n .  I n :
l J l  n .  u v f r r  - I  - - -  -

Mathemat l ca l -  p t :og ramn ing r  t he  s ta te  o f  t he  a r t ,  Bon t :  1982  (a '

Bachcm,  11 .  Gro ' . . schc :1 .  anc l  l J .  l ( c l r t : e  ,  eds i .  )  r  235* i , 51  .  Sp r inqe : : * 'Ve r Iag

T)ar l  i  n - - l .Tn i  d r . ' ' i  ] rn r - r r - \ . ln r^ r  \znr ' k . - ' f r r t l . : r lo  -  1  c rB? -
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I n] I  "  S inge r ,  A  eenera l  c l ua l i t y  app roach  to  m in -max  resu l " ' bs  i n  con r *
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