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An Introduction to BEM by Integrall Transforms

" The paper gives a new method for obtalnine;
the fundamental integral set‘bing used in BEM. The:
| method is based on 1ntegral’. transforms and can
L be applied to all linear dlfferentia]. equations

W ith constant coefflciento. '

 4.Introduction

The BEMproved to be amvery efficient tool ‘in sol ving
boundary-val’ue probl ens invo].*ved in englneerig. The key-—poino of
th~ method is the fundamental integral representation of the‘
sol ution u(® ) 1nside the domain D by means of the boundary
‘val ues u(x“_) and »~f the 'flux val ues' q(x ,;' By means of this
formul a the boundary 1ntegral equation of th% 1&{2\2 em is written.
Further on, the system of algebraic equationsty ‘discretization
of th in’cegrav.l.i equation is sol'ved. The solution at points inside
D is obtaine«l by u‘sing/th_e' fundamental integral ‘represe‘nt'a.tion.v
once. more. » » » v ‘ : |

We are pointin;g out tvo ways of obtaining the fundamental
ihtegral' formul ation f,or a g'ivenv partial differential equation.
The classical way i‘s based Aon-revoiproc-ity If.e].-!‘a‘l:iovmsh:i.ps
establ:n.shed for some differentlal operators.' The 'eecond method
was given by Brebbia /1/ and is justified by weighted residualv
: arguments._ This l‘atter method is more general and permits a
straightfomard ex'l:ension 'l;o more complwc differential equations.'

In this paper we give ‘a new method for obtalnlng the.

fundamental integral representatlon based on “ntegral’ transforms. ‘.



‘The integral vtransforms‘ are often used lby ellectrical engineers

(é.ri_d not only by them) to solve ordinary differential equations
and partiél’ differeritial'- equations for regular boundary domains:
Jthe hal‘fspace, the hal"fpl"ane,' the strip, etc. We shall show that

in the case of irregul ar bounda.ry domains the Fourier transform

vvstraightfozwa-rdly provides the integra].‘ reprersentation formul'a

"for the solution in terms of the boﬁn_dé,ry velluesl The adva.ntéges
of applying jl;his‘ approach to boundary-val'ue problems are the
_.simpl'icity of the me"l;l'iod‘ (especiall'y for the peoplle in the

el ectrical engineei'ing fielfd who are familliar with operational

methods) and its applioabil‘ity 'bo all linear partial differential
equations with constan'b coeffioien‘ts.

In what follows in order to show how our method operates the
presentation of three worked mcampl?ee is preferred to the generel"

"theoryi

2.The Fourier Transform in -'I\Jo'and Three Variables

The one-dimensional 'Fourier transform can be general’ised‘ to

the case of three independent variabl es by the rel ation
-
: .Qg_g_ i

‘fc%) Griggun& &\\9\(”@' | »»d*g?e ’ (2:1),.

=5

where ¥ = x1 + yJ + zk, ?t: k1i + kgj + k3k, a3k - & ay as and/
.g*x is the scalar product of ‘bhe 'b::o vectors.‘ If the fvnction'
D) compl ies with some Dirichlet-'type requirements in every’;
bounded domain and is absolutel.‘y in'begrable in the whol‘e space,'ll

- we also ha.ve the :mversion formula

': f(2;25



valid at all points where the function f(:?) is continuous. In

‘case er_ where 2 is a surface of dlscontinuity of the func‘t:x.on
f(i'f), the left-hand side of relation (2:2) must be replaced by
the Dirichlet sum ; o .
£(X+0) + £(F-0)

2

where f(fc'+0), £(X-0) are the two limit valucs of the function

f(x) at point x when approaching this point from different sides
of the surface of discontinuity. »

Nov let f(R) be zero outside the domain D, bounded by the

surfacez and differentiabl’e at every point in_gide D. We have

5131 - ket o2 - - st et
,—l—LQQ SSS%LgB 14(&3" ' oo eea(DL 3

By apppl'ying the divergence formul'a, we have,,

§alte chiyes Yradoe” Mo

’

Rel'ation (2.3) becomés ﬁi .
SAL - RS B e

By means of this rellation we can prove the folillow ing

formulae (nT = o k%

T iopad = ¢



g

-p :
Here V is a vector fiel'd vanishing outside D and bel'ong ing

to the -lass 0(1) in the domain,

Now let us define the convolution product
P { 3 2!
2 ZT-X>A*
feq = Y gt

It can be easil'y proved that we have

fllxey = F14Y Flgt (2:6)

Next we shall consider two exampl es.

1) Let k2 - k2 4 k2 4 k3 . We have

s A e

To cal cul'ate this integral we‘shal’l' use a spherical system of
coordinates with a polar axis in the direction Qf the vector ;c'

Therefore we have

Tc’*;c’=krcose, - 1‘2=x2+yz+z2
- 3 5
a3k = k2 nimo axaearw

and the above in‘beg;ral’ becomes

g ‘thgmp%»me}me 40 =

oy e o o W2 4

e S
e e
(xS 3T e ek

U.)

But we have
S ":L"’:”:‘EA
Finally we obtain A et ol :
i et ——*’"”'f : :
S’ X 9@'2- ‘\)\,)?) ﬂ\z\ : . (2071)
4i) As a second example we shall determine the inverse

Fourier transform (in two varlabl\es)i pf the function.

L



&(%h\ -
We have
+00
'g(i.‘és\ = (;—:‘:\?'_S,Q ok \ «Qq wh
The inner integral is
QQQ?_}- l\l('&') ‘_ kl >O

= R, )
i QQ‘H,QQ v e B 2/\’(—3&5 ) RL(O.

kﬂk

L

where h(x) is the Heaviside function. This equal ity can be
checked up directly by taking the Fourier transform of the
function in the right-hand side (or al'terna’civ_ely by using the

residue theorem) Furthe on, we have

2 5 LQQQ_
fersss ust Ne R T N ak, \Q/ Soia) oy

u{"’

| iy Q/\,Q’i.\ + 0 2
, i 'a!—.+wzS
Finally we obtain 5
-A
{g 1 % +Lh } 2,3\.-1: (2'58,

where z = x + iy is a complex variablie.

"3.Green's Formul a

We consider the Poisson equation = =
~ D NS = ?U}"‘\%\%\ \ gD ED (3:4)

where D is the domain bounded by the surfacez We can write

Tiawy= r“sL m%w& ‘r ke @’iwu\ +€
+§§’W i Q“i‘; & ol SMQ -rSZS'nwe |

= SS o

«ds*} »

The Fourier transform of équa‘b:‘ ons (F.3 )48
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T .
Hence i T&; QZ —-:, :
Ly s e e R LR 3¢
m%):@:-@(@ +JZ’ZL§_QWQ o ﬁ;‘%,\&m (3.2)

The inverse Fourier transform of the first term inAthe right-hand
-4
side of relation (3.2) is the convol'ution product ;9(55)*(411(;?]) i

We shall nov determine the 1nverse transforms of the_,other terms

méﬁ,,\ fg ; wgg R s s \gg@/—dik
"5 LQQ(, ’ge) 477
e e N

e 0 Aoy e
£

" ‘Phe last integral in this formula- is given by relation (2.6) and

therefore

o %\ AG! ,
Ny ('&\\2\\4.\ o A \a
Then we have PO | ! Lﬁ-'g’.‘.
LQ‘{‘?‘: % |

(R B = \\\

By changing the order of integration this rellation becomes

L L L )
APk = S 1&%\\ % Ad _x 2k
We can wrlte = Lh(_a:—&')

LQQ -%) & = =
(7.:03 SS% L'*‘ d%k ogz,nc& @-*33&8\

S gradCUTIZ R
But



; - o . 0 =
grad (1IZ - 2'1)71 = - grada (R -%F'1)!

~ and therefore : .
)ﬁ"(.’* *g\%\ e g\ »"qw k \% - ael)&(r

Finally, the inverse: Fourier 'I:ransform of rel'ati'on (3.2) is

ewilx, \3.‘&\ ~—-&&\ 90&3 dg' -

N

SS ’ML \3(—. ~%|

m%\w (= = i‘l) d“' ' e

Here c=1 for points inside D, If we have the point x EE ’
by the discussion in section 2, the left-hand side of relation
(3.3) must be

7D -
u(xo + 0) +ulx, - 0)

! (x,.)
- X :
2 ol

Hence constant c¢ equal's 1/2 for points on q. If point x is
outside D, we have c=0. '

Rela'l;ion (3 3) is just Green's formul'a of the three
potentials.. ’

4.A Vectorial Green Formul a

Let us now consider the system of equations

% -
div V =@ . _ e .
I | - (4:1)
rot V =4Jd in: D : : =
where SJ and J are given functions. This syst_em of equations

occurs in many probl ems ofv' 'Steadyf-state fiélﬁds in homogeneous and
isotropic media. »

By taklng the Fourier transform of the system (3.1), we
obtain . ' .



e

iy ah e e

T ks 3
g amaNe a8 = (3:2)

The sol'ution of this 'al“gebraic system can be obtained by
means of the vectorial identity

- N> 5 >, - 5 2Q>

1) (AE X T) = 1k@Gik * V) + KV

==

We obtain =% aik ke
A - B o e GRS
‘\7(%>="‘QQE§'§ %} - K—-a '—I:Z‘g
- - -
By using the Fourier transform pi'operties given in section

2, we obtain -

Ty
c\/(ew"‘)f‘““ %L,,L § 9,. =i ’,‘-%é\/ . \i’*(\“k
.0

(;as.) 221
§~\1>\ &\\ di HJLSS \ X -1

\ R -%

2 !

A% -

This formula was obtained bsr a different method by C.Jacob
/2/. It gives a representation of the vectoriall fiel'd ‘\? by means
of the divergence and ro:l:o'r‘.val'ues (% and —5 and al'so by vai'ues of
the normal! and tangential' components of .\-I’ on the surface . It
can be used to obtain the boundary integral' equations when the
normai‘- or the tangential' component of .\; is given.

5.Pompei's Formul'a

*

Nov let us consider the complex equation

3 (.1'\:;::3 . 3 : : g : ; ; :
e %c%‘w ‘ I Y

7z

where z =x + iy, 2 = x - iy, g(z,2) are giv._en functions and



By taking the Fourier transform of the"rel“'ation (§.1)

(assuming zero values for f outside the domain D), we obtain

Q}h 9@?_)9‘(.%,_\ QQ,_B + S(/_v\.g-t-u Moy %,g; 3) e —¢ (k. *dﬁg&;
= 'Z.b\.% (Qi A 9@,_

Here C is the boundary curve of the. domain D

(5.2)

er al so have

masiye 8 LoB sdmov b oo (R \—* :

N\.

Equation (4.2) gives

QY(QQ“‘QQD - ?z

A

—-L(.%«g‘ t km% )

X%(h\‘?e;} iy r Q&(z TIL

The inverse Fourier transform of the first term is g*(iflz)™ = The

other term gives —L (o +?Q2_\2) e . C.(;qka‘& QQQ.‘Q . Mﬁ
{g S(k-ukg& (}\%‘IX”-E-——-%\W

9x %%“**QQL‘@ Sl

Wd&ah
— g%(% % )6\% ———:g&\ .‘.L‘Qg

The last integral’ in the above rel ation can be obtained by means
of relation (2.7). Finallly we obtain

dem = AGEID dady ! x*‘* B

Formul'a (5.3) is just the integral formul'a obtained by DPompei

').Jlb

in 1912 /3/. For g(z,z)=0 the function £(z) ss hollomorphic in D



and the relation (5.3) reduces to Cauchy's integral formul a. This

formula was used in devel oping the CVBEM /L.
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An Interactive Programme for ‘Sol..ving Mixed BVP for the 2D-Lapl ace
. Bquation by CVBEM

D.Homentoovschi; D.Cocora, R.Magureanu

Pol ytochnile Inati‘tu‘l:é of Bucharest, ICPD Bucharest, Roumania

Abatract: MIXED is a programme for vaolving the

(BVP) for the Laplace equation in plane domains.
I+ is based on transforming the problem into a
modified Volterra BVP and next, on sol ving this
probl em by means of the ComplLex Variable
Boundary ELement Method (CVBEM). The programme
furninhes the ocompLete potential funoction. It
sl no incorporates an error estimating algorithm
whioh determines
houndery data.

“ha Statement of the Problem

Muny phyoioal problems aro modelled by the
Laplace equation.
atates of the electromagnetic fields and the
ctondy. vortex-free motions of incompressibl e
1 nicnm.
Methoed (BBEM)  proved to

be o very efficient tool
tor molving such problems /1/. Hovever, in the
onse of the 2D problems, tho complex variabl e
ihoory 1s & very oultuble mothod for approaching
the boundary value problems for harmonioc
funotions. A numerical treatment based on the
anmpl ax  vardablo theory,” known nn the Compl ox
Variabl o Roundary BLement Method, was devel oped
in /92/., 'the mathod given in /3; conptitutes a
numerionl treatment of the complex variabl e
approach for solving mixed BVP for the Laplace
aquation., The programmo MIXED that wb are

progenting here is a numerical impl ementation of

thio method.

Lat the boundary I of the simply-conneoted
domain £ be divided into 2}) aros by" the ?oints
2CIC1)), a(IC1)), .oy 8CICP)), 8(I(p
denotet

1 .Q’J aCIk)) 2¢30)), Ty =T =l

k=4

e mixed Diriohlet-Neumann DVP oconsists ":hi
determining the funotion u(x,y) which meets the
conditions :

Dulx,y) = 0 inQ (1)
ulx,y) = 9(s) onru. i 2:62)
du = : =
== (x,y) = V4(n) : onlv (3.
on

where 8 18 the curvil inecar abscissa on the

curve @/9dn is the derivative in the direction of
the external normal and §(s), V4(s) are two
ziven funotions. . S .

Let v(x,y) be the harmonio conjugat
Tfuriokion of u(x,y). The complex funotion

irichl et-Neumann Boundary-Val ue Probl em -

the error in matohing the

ere we mention the steady~

In the Last years, the Boundary ELement

)0 Ve

. This is a modified Vol terra BVP /5/.

£(z) = ﬁ(x,y) + dvix,y)

' 48 a hol omorphic function on the variable 2z 5 ox

+ 1y inside the domain. . "The function vix,y)
as well as the funotion f(z) have a definite
physical meaning in many problems /2/,/4%/. 8o,
in this ocase funotion u(x,y) is the
el eotroptatic potential , function v is the £l uc

funotion and f£(z) is the electromtatioc compl ex
- potential funotion,

(-f£'(z) is the compl ox
field intensity). In

conjugate of the electrio
u(x,y) is the .

the hydrodynamio problems,

potential function, f(z) is the compl ex
potential function, and v(x,y) is the stream

funotion.

Taking into account the Cauchy-Rieman

: conditions, equation (3) can be written as
= 5‘-;“- vy(s) on l"v
and hence
)
V(.ﬂ) = v(d(r)) +S 71(3'2‘(15' = v(J(r)) + v*(a)
: p(a(r)) (4)

on the arc 2(J(r)) a(I(xr+1)) (r = B 0

Relation (4) includes a gquadrature which
ghould bve (analytically or numerically)
performed before the programme starts. The
oonstantn v(J(r)). are unknown. Ao the function
v(x,y) i determined up to & real constant we
can put v(J(p)) = 0; the other constants should
‘be determined while solving the .problem. These
gonatants al wo have a definite ph sical meaning:
Tl uces on the arcs z(I(x)) z(J_(r)g in el ectrical
field problems, rates of flLosx in hydrodynamio

“problLems, eto. That is why in many probl ems

these constants are the main elements of
interest. 2

In this way we have to determine_ the
‘compl ex funotion f£(#), hol omorphic inside L2 and
whose real and imaginary parts comply with the
boundary oonditions (2) and (4)  respectively.

We consider a mesh on the curve  given by
the net of points w(1), ..., =z(N) whioch inoludes
points w(I(r)), #(I(r)), (r = 4, .y p)o The

boundary conditiony written in the menh pointe’

are: ; -
u(k) = 8(k) for ke [I(2),d(x ) (r=1, ..y p)
v(]c)'av(J_(r))*rv*(k_’) for k€ [3{r), 1(r+1 ) IR ok EE

where u(l) = u(zCi)),v(k) = v(a(e)d, K=Ez0K).



VR = vH(2Ck)), T(pe1) = Ne, a(N#t) = 2.(1();\
5 .)/

‘We have v(J(p)) = 0 and we al po denoted by [a,b
the 4integers betveen a and b (the extremites
being 4ncluded).

The programme is based on CVBEM and at the
beginning it determines the unknown values of
the functions u and v on the boundary, that is
the val ves

sy I
v(r) for re %[I(lc)ﬁ,‘J()c)]g,‘;_,)[f[(pﬂ), J(p)-1)
(4] ‘ ; . (6)
wls) for r€r27 Li(k)+1, I(k+1)=ﬂ
¢ 2

At every mesh point we have two rolations,
one for the roal part and tho other for the
imaginary part of the potential function £(z).
Tor determining the .values (6) we use only a
hal # of these relations; the other -half will be
conpidered for estimating the error in matohing
the boundary conditions. .

Ve obtain the values £(k) = u(k) + iv(k) of
the potential funotion at all mesh points.
Afterwards, Lthe approximation () of the
funotion £(z) inside is given by the formul a

. o 3
PCn) » E £CH) Tyln) - 7
whére :

\ oy ~5(3=1) , s-a(3)
-ij(ﬁ)ﬂ : z=3(} b z=2(}
o2 |s(e)-2Ci=-1) aCi)-a(3+1)
'/.fv.(J-l-U i v.-—;».(m-‘l)} (0
vl )=n(is1) n=n ()

he above rolations apply to alll regul ar
manh peints. At tho sinpgulnr points (ape  the
cornor poinbu of tho ounrve or tho pointu‘whoere
tho boundary ocondition ohangon Ltw type) the
funotion £(z) hag the following development:

£06 Tt CaL) 5y (B Y ¥ s M-I 5 (9)

whore ‘the exponont n equaln Tf/@k at &a ocorner
singul ardty, it equala 1/2 ol o polnt where we
have o ehange from Diriahlet to Noeumann (o
sonvornoly) Dboundary oconditiona, and eoqualn
/26, at o ocorner point wheve at the sume time
the boundary ocodition type changen. -8 denctes
the angle botwoen divectlonu %) 8yuqy - B)hlad
inside the domainfl.

In thin oase, ‘tho approximating funoti.no
on the boundary took into nccount the behaviour
(9) of the funotion £(z)
the singularity. We oonaldered a linear type
approximafion and alno & quadratic one. The
functions L.(z) corresponding to singul'ar nodes
are expreaaéd then by means of the funotlon

1
e %0
Fe) = S — - dt 10
pr Tl 7 . (o)
v 0

’I‘ha\ computations are performed fo:b rational
val'wes of tho index m(ue=m/n, where myn are two

intoger numbors).

in the neighbourhood of

The MIXED programme is written in FORTRAN=
%7 and it has been implem ited on a PDP-141/34
minicomputer running under an RSX-11M operating
gyetem. This programme consists of approximately
700 source statements contained in a main
programme and 13 subroutines (see Appendix A).
The flowochart in Figure 4 denotes thw
rel ationship of the MIXED main programme with
each of the subroutines. The extra-storage was
not used; the programme needs only 'a 64K
internal storage.

IMIXEDH

ol

v

«Q
=
of =
=
L4
=

Q
<
W

(o
=
=

=] o
==
End

V8

i

Pigure 1: The Hierarchsl Structure of the MIXED
Programme., .

Yhen the programme has been installed on
the system, ‘the user calle the MIXED p osgramme
by the command: : : :

SRUN MIXED,
The programme diasplays:

ENTER: TITLE 08 TUE PROBLEM

and ‘the upser must prompt the problem heading (up
to 72 characters). Let " be the boundary of ths
simply—-connected analysed domain which must be
broken up into a series of pilooces which must
join together in a sequence (a boundary piece is
del imited by two nodes). The numbering of the
nogeq 48 assumed to be in counter—clockwise
order. )

The nodes are represented in a OCartesian
co=ordinate sysbtem. A non-rvectangul ar domain ocan
be spoocified: node by node, by auvtomatic
rootil inear or circul ar engendeoring., The meximal
gumbseszy of nodes received by the MIXED programma

8 ° 3 £

This information is input in an interactive
mode from the keyboard as an answer te iths
following option: o ; £ s

NODE,X,¥ OR  NODE,R,ALPHA,INDEX =
wheret : ;

NODE = the noda nmber (iﬁ, a Boquential.
order, boginning by 1)

X,Y ~ the Cartesian co-ordinates of the
nodos ttho abooisne and ordinato) :

R,ALPHA =~ the DPolar oco-ordinates of the
nodes (the radius and the angle) _ : :



INDEX = O denotes the Cartesian system

: >0 denotes the center index in the
PolL ar co-oi1dinate system ; Jage:

Note: Automatic Generation: The end of the node
introduction (input) is indicated by NODE=0.

If Polar co-ordinates are used, the user
must indicate the Cartesian co-ordinates of all
the defined cen ers (by INDEX).

“he boundary conditions (BC) are given in

.~ cach aodo 1f the DirichLet or Noumann conditions

are variabLe from node to node, or from a node

I(p) to anothor J(p) if the DirichLet or Neumann
conditionn are uniform.

the type of BC is input as IBC = 1 fdr
uniform BC, oxr IBC = 2 for variable BC.

For IBC = 1, the umer must prompt the
folloving options:

NODE, Uo,Vo =

where NODE — the atart I(p) or final J(p) node
number for thetype of boundary

Uo - the DirichLet BC presmoribed val ue in
the NODE : :

Vo - the Neumann BC preseribed value in
Lho NODE

Noten:

(a) The first node number must be 1,
corresponding to the DirichlLet BC (Uo). The next
node number denotes the change of Dirichlet in
the Neumann BC, ete., In the Last changing node
;¢ must have Vo = v(J(p)) = 0.

(b) The point where the type of BC changes
miat bo a node of the mash.

(o) BeWwec. 1wo changing nodes there must
be no Less than two nodes of the mesh.

(d) Tho ond of the uniform BC input is
indicated by NODE=0. !

For IBC = 2 the user must p» mpt, for each
nodo of the mesh, the following options:

NODE i, KODE,Uo,Vo =
whoro: KODE = 1 — for given Uo and Vo (both)

= 0 - for given Uo or Vo - 3
Uo -~ the DirichLet RC prescribed value in
NODE 1

Vo - the Neumann BC prescribed value in
. NODE 4 :

Notes (a), (b) and (c) are common for IBC = 4
end IBC = 2. o

The boundary singularity can be a ocorner
point ¢ the ourve or a collision point (where
the BC changes #its type). To take into acocount
the funoction speoial bohaviour in- th»>
ncighbourhood of the boundary singul arity
points, it is necessary to indicate the
intoypol ation type (Lincar ox quadratie). The
user muat prompt the following options:

BNTER: TYPE OF INTERPOLATION (INT)

‘ outndf:

where: INT = 0 ~ fof a linear 1nter§6lation
{1 - for a quadratic interpol ation
NODE,M,N (MIU = M/N) =
where: NODE - the singul ar node numbexr

- tvo integer val ues which represent

M,N
RnM/N [see (9)).
ﬁotes:

(a) The singularity point must be a point
of the mesh. ; - !

(b) The end of the sinpgularity point input
is8 indicated by NODE - 0.

At its completion, the MIXED programme
executes an automatie error control. 'The error
output Listing contains only the relative error.,
The programme displays the option:

ENTER: ERROR CONTROL (ERC)
where: ERC = 0 — the user skips this option.

14 - the user accepts error
processing.

Note: If the value of the u or v funotion is
zero the rellative error equals 1.

A brief demcription of the resul ting

- Al the input data are written on the output
listing.

- The programme displays the values U and V for
all boundary nodes - the problem sol ution.

—~.The programme displayus the solutiona for ecach
internal: points of the analysed domain (when the
uger oaoks this) and promptns the co-ordinates of
these points - X,Y to the option:

X,Y,MX,MY,DX,DY =

1

whore: X,Y - an inilatial Cartesian co-ordinate

MX,MY - the interval numbers (in the X
and Y directions respectively)

DX,DY - the interval val'ues

Note: The end of the internal point co-ordinate
inputs i1s indicated Ly MX = O and MY = 0.

The problem graphically represents, on the
output Listing, the solutions for the internal
points of tle rectangul ar simply-connected
domain. In this ocase, the programme displ ays:

GRAPHIC: NX,NY =
for an_NX by NY grid to produce a plot of the
domain. .
Note: The matimal number of NX or NY is 100.

- Bngineers are often required to osolve a
mixed DBV problem with many sets of different
boundary conditiono, especially for design
purpose analyses. Care must be taken at this
sltage of the node singul arities,

As an example w. consider the domnin show n.

'_in‘Figure 2, and in Appendix B the input data

and the resulting output are presented.
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¢ +  MAIN PROGRAM: "MIXED®
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p

COMPLEX Z(S56)

REAL RM(56,56) ,RN(56,56), A(56 56)

REAL F(56),X(56) :

INTEGER IND(Sb) CR,MM(26),MN(26)

DIMENSION LI(SZ) LJ(S”) V(SS) u¢s6)

EQUIVALENCE (LT, MH) (lI()?) MN) QU IND)

G DEFINE STORAGE REQUIRMENTS:
. DATA NL,MP /56,52/
G ASSIGN DATA SET NUMBERS FOR
¢ INPUT (CR> AND OUTUT C(LP);:
DATA CR,LP /7 2, 1/ :
CALL 15C, IND, LJ
. JMM,MN,V, 7,

CVICLP,CR,N,NP,NL, INTER,
TPI)

TT1=SECNDS(0.0)
CALL CV2(LP,N,NP,NL,
J RM, RN, Z)

INFER,LJ, MM, HN,TPT,

TT2=SECNDSC0.0)
WRITECLE, 1. .4, T22-TT1
50 CALL CV3(LIL,LJ,U,V,N,NP,

CR,LP,MP)

TT3=SECNDS (0, 0)

CALL CVACLI,LJ,U,V,RM, RN,F,A,N,NP,NL)
TT4=SECNDS (0.0)

WRITECLP, 1) 2,TT4-TT3

IF (NP.LE.0) GO TO 50

CALL

CVSCLI,LJ,F,A,N,NP,NL;JS)

TT5=SECNDS (0.0)
CALL REZ0 (JS,NL,A,F,X)

TT6=SECNNDS(0,.0)
CALL CV6 (N,NP,LI,LJ,X,U,V)

WRITECLP, 1) 3,TT6-TTS
1 FORMATC'OTIME LOG,',[2,F13,2)
CALL

GY7 (N,GR,LP,Z,U,V,F;A)

ITF{ISC,NE,0)CALL CVB(N,LP, NL,RM RN, U V)
GOTo bO >
END

+ THE DATA GENERATION SUBPROGRAM WHICH

* DEFINES THE GEOMETRY OF STRUCTURAL OUTLINE
++++++++++++++++++++++++++++++++++++++++++++++++

acacaa

SUBROUTINE CV1iC(LP,CR,N, NP NL,INTER,ISC,
. IND,LJ, MM, HN,V,Z, TPI)

COMPLEX ZA,ZZ,72C1)

INTEGER INDC1),CR,MMC1) ,MNC ()
DIMENSION R(2),LJ(2),VC1)
EQUIVALENCE (2ZZ,R)

6 READ BASIC LNFORMATION:
TPI=ATANC1,) %8,
WRITE(CR, !12)

READ (CR,108) (V(I),I=
WRITEC(CR, 100) ;
READ (CR, 1) INTER . &
WRITE(CR, 105) -
READ (CR,1) ISC

WRITECLP,3)> NL,(V(I),I=1,

» 18)

18)

T O 0 o T 0 N U S B U A S o AR A N R O S P AR A S A

Qo

iy}

HRITECLP,S)

DG 30 I={,NL
INDCI) =1
WRITE CCR,7)

NUMBER OF COORDINATE POINTS DEFINING
THE 'STRUCTURAL OUTLINE

N =

c

31
32

a0

33

34

.36

35

37
38

39

75

76

W -0

« s s e

NP= THE TOTAL NUMBER OF CENTER
K=0

NP=0

GOTO 32
WRITE(CR,
WRITE(CR,101)

READ (CR,103) L,2%Z,J
IFCL.GT.NL,OR.L.LE.0) GOTO 33
N=L -

IF(NP.LT.J) NP=J

[F(K.EQ.0) N =1
IFCJ,LT.0.0R.K.GE,N) GOTO 31
K=N

WRITE(LP,104) N,2Z,J

ZCN)=22

1u2)

i'IND(N) =J

GOTO 32
1= ’ :
GENERATION OF NODAL COORDINATLS
po 35 J=2,N
IFCINDCJ) . LT.0)
K=d -1
IF(K,LE,
c=K
22=2(J)-2C1)

RC1)=RC1)/C

RC2)=R(2)/C

DO 34 K=I+1,J~

2CK)=Z(K-1)+22

INDCKY=INDCE)
IFCCINDCJI) . GT.0.AND,INDCI) EQ.0),0R,

G0TO 35

1) GOTO 36

CINDCJ),EQ.0.AND,INDCI),GT.0))
WRITECLP,106) I,J

I=d

CONTINUE

TRANSFORM. THE POLAR COORDINATES [N

CARTESIAN SYSTEH
IF(NP,LE.0) GOTO 39
po 38 I=1,NP
WRITE(CR, 107) I
READ (CR,2) ZA
DO 37 J=1,N
IFCINDCI) . NE. ) GOTO 37
272=2¢J)
C=R(2)%TPI/360,
D=RC 1)
RC1Yy=DxCOSCC)
RC2)=D¥SINCC)
2CIY =TV IA
CONTINUE
WRITECLP, 104) I,ZA
DEFINE THE
WRITECCR,G)
K=0 -
K=K+1
WRITECCR,4)
READ (CR, 1) LICK) ,MMCK),MNCK)
IF(LJC(K),LE.0)  GOTO 76
C=MM(K)
D=MNCK)
V(K)=0, ;
IF (MNCK).NE.0) V(K)>=C/D
GOTO 75
NP=K~1

SINGULARITIES NODES:

NP= THE NUMBER OF SINGULARITIES POINTS
IF (NP.LE.Q) [INTER=0
IFCINTER.EQ,0) WRITECLP,109)
IFCINTER,NE.O) WRITECLP,111)
IFC(NP.EQ.0) GOTO 79 :
WRITECLP, 110) CLJCJI),Ved),d=1
RETURN.

FORMAT(315) el
FORMAT(8F10.0) ;
FORMATC/' 1"MIXED" ~ AN INTERACTIVE PROGRAM °
'FOR SOLVING'/11X, 'MIXED BYP FOR 2D ".APLACE’
»' BQUATION DY CVBEM'/'OWRITTEN BYs D.HOWI'
, "NTCOVSCHI, D,.COCORA, R.MAGUREANU'/'ODATE'
,': DECEMBER 1985'/'ON.MAX=',[S/'0APPLICAT'

+NP)



OoOIR w o

101
102
103
104
105
106
i07

o8
109
110

111
{4

<, "ION : ',18A4//) : :
FORHAT('SNODE, M, N  (MIU=M/N) = ')
FORMATC'OINPUT DATA:'/' NODE', 12X, 'X/R*',9X
.,'Y/ALPHA' ,5X, "INDEX') : '
FORMAT(' =>ENTER; SINGULAR NODES')
FORMATC " =>ENTER: MESCH NODES:')

- FORMAT(' =>ENTER: TYPE OF INTERPOLATION () )

<o 'NT)'/68X,'0 ~FOR LINEAR'/8BX,'1 ~FOR QUADR'
L 'ATIC'/'SINT =') °

FORMAT('SNODE, X, Y OR NODE, R, ALPHA, 3
., 'NDEX=") :

FORMATC(' ERROR: NOT SEQUENTIAL NODE OR NE'
.,'GATIVE INDEX') ;
FORMAT(IS,2F10,0,15) ;
FORMATCIS,2F15,3,111)

FORMAT(® =>ENTER: ERROR CONTROL (ERC)'/8X, |
,'0 ~SKIP'/8X,'t —ERROR PROCESSING'/*®SERC =')
FORWATC<' ERROR: GENERATION FAILED DUE TO '

ey 'HRONG NODE INDEX=' 214)

FORMAT('$TIE CENTER NO,',13,' OF COORDIN'
., 'ATES=*)

FORMAT ( 18A4)

FORMATC 'OLINEAR INTERPOLATION')
FORMAT('OSINGULAR NODES:'/' NODE  MIU='
c, "M/N' /€IS, F11,3))

FORMAT( *OQUADRATIC {NTERPOLATION®)
FORMAT(' =>ENTER: TITLE OF THE PROBLEM')

END : =
L ko o R o o o O T S T T U A R TR SR S S W S A R S PR S

C=%

COMPUTE THE M AND N MATRIX

C +F#+#++++++++++++++++++F+++++++++++++++++++++¢++

¢

7574

74

78

79
81

S""BROUTINE CV2(LP.N,NP,NL,INTBR,LJ,MH,

. MN, TPT,RM,RN,2)

COMPLEX ZA,%D,%C,2D,%E,2F, 22, 2(NL), 2U,

‘ ZL,ZH,23,%4,FF

REAL RM(NL,NL) ,RNCNIL,NL) ,R(2)
DIMENSTON LJCNL),MM(NL),MNCNL)
EQUIVALENCE (ZZ,R) .

ZU=¢1.,,0.)

po 15 J=1,N

L=3

Js=1

IF(NP.LE.0) GOTO 81
G 77 I=1,NP
JS=LJCI1)

MS=MM(I)

NS=MN( L)

JM1=J8—1
IFCIM1,EQ.0) JMI=N
JP1=JS+1
IFCIS . BO.N) Jpi=t
JM2= M-

It ¢(JM2,EQ,0) JM2=N
JP2=JPi+1
IF(JP1.EQ.N) JP2=
IF (J.EQ.JM1) qdoTo 78 §=
IF (J.EQ.JS ) GOTO 74
- IP (J,EQ,'P1) GOTO 79
SCEONST 1 N-UE
GOTO 81

L=0

G0TO 81

L=1

GOTO 81

L=2

JP=J+1

JH=J-1

IF ¢J ,EQ.N) JP=1
IF (JM.EQ,0) JM=N o
ZD=Z2Cd3-2¢aM)
ZB=Z(J)=2(JP)
ZF=Z2C¢IM)-2¢JP)

Do 14 1=1,N

Ce=i,

IF (NP.LE.O) GOTO 84
ZH=Z2CIM1)~2¢Jd8)

i ZL=ZCIP1)-7(JIS)

23=ZC1)-2(J8)

24=23/7H

23=23/2L

IF (INTER.EQ.0) GOTO 68

68

84

64

68

68

.67

82

61

62

63

83

272=CLOG(ZH/ZL)

IFCR(2),LT.0,) R(“) R(2)+TPI

ZH=22

CmMS

D=N§

RC1)=C/D

RC2)=0,

ZH=CEXP(ZZXZH)

IFCL.EQ.0) GOTO 64

IF (L-2) 82,83,84

IF (I,EQ.J) .GOTO 10

IF (I.EQ.JP) GOTO 11

IF (I.EQ.JH) GOTO 12

ZA=ZC1)-Z(IM)

ZB=Z (1) ~2(J )

ZC=2C1)-ZCJP)

272=2A/%DXCLOGCZB/ZA)Y + ZC/ZENCLOG(ZC/ZB)
GOTO 13

IFCINTER (NE, O)Al—(LUlill)xlF(M.;.,N » 48—
(ZU+ZU/ZH)*FF(MS NS,Z3)+FF(2%NS,NS,23)/

/ ZH-ZHXFF(2%MS, NS, 24)

ZD=ZCJIM1)~ZCJP ;)
ZE=2¢CIJP1Y-2C¢IS)

ZF=Z2CIM1)-2C¢JS)

[FC(I,BQ,JM1) GOTO 66

IF (I,EQ.JS) GOTO 66

IF (I,EQ.JP1YGOTO 67

IFCINTER,.EQ,0) ZL=FF(MS,NS,Z24)~FF(MS,uS,

Fach)
ZZ=2L+CLOGCCZCI)~-2CIP1ID/(Z2CII=2CIM1)))
GOTO 13 B
IFCINTER,EQ.0) ZL=FF(MS,NS,ZU)-FF(MS,NS,

23)
ZZ=ZL+CLOG(ZD/ZF)
GOTO 13
RC1)=,5%D/C
R¢2)=0,

Z2L=C0..,.. 09
IFCINTRR,NE,0) 2L=22%(2H-2U/2ZH)
22=CLOGCZE/ZF)

IF (R(2),LT.0,) R(2)=R(2)+TPI
22=22+7L
GOTO 13

IFCINTER,EQ.0) ZL=FF(MS,NS,Z4)~FR(NS,NS,

Zu)

2Z=2L+CLOGC(-ZE/ZD)
60TO0 13
ZD=ZCIM2) =% CIM1)
ZE=2CIM1)-2CJIS ) :
IFCINTER.NE,0) ZL=ZU+(FF(HS,
FF(MS,NS,24) +ZHXFF(2%MS, NS, 24
FF(2%NS, NS, 23) 221> / (ZU- -ZH>
IFCI.EQ.JH2)  GOTO 61
IFCL,EQ,JM1)  GOTO &2
IF(1,EQ.JS )  GOTO 63
ZA=Z (1) =% (IN2)

ZB=2(1)~%CJH1)

IFCINTER.EQ.0) ZL=ZU~FE(MS,NS,%4)
22=2L~ZA/Z0XCLOGCLB/ZA)

GOTO 13

Z2=2U~FE(MS, NS, 724)

IF CINTER.NE.O0) Z2Z=7L

a),u))lyg‘“

. GOTO 13

ZZ=CLOGC(-Z2E/7%ZD)
IFCRC2) LT, .0) RC2I=R(2)+TP1
IFCINTER.EQ,0) ZL=7U-FF(MS,NS,Z2U)
2Z=%2+2L

GO0TO 13

ZL=ZU~FF(MS,NS,(0,,.0))
RC1)=,5%D/C

R¢2)=0,

IFCINTER.NE.O) ZL=CZU-~ZH)>/ZH%ZZ2+2U
ZF=Z(IN2)-2(¢JS)
Z2=ZL+ZF/ZD%CLOGCZE/ZF)

GOTO 13 : :
ZD=ZC(JP2)~2CJP1) : :
ZE=Z2CIP1)-2CJS ) :
IFCINTER.NE.O0) ZL=(ZHXFF(MS,6NS,674)~
FF(MS,NS, Z3)~ZIIXFF(2%MS, NS, z4)+
FF(zst;Ns,za)/zn)xzn/(zu—zu)-zu
IFCI.EQ,.JS ) GoTo 71 :
IFCI.EQ,JP1) GOoTO 72

IFCE . EQ.JP2) GOTo 73



71

72

73

O R R
+
Ao b bl

20
28

30

(3]

44

a4l

ZA=2C1)-2CJP2)

ZB=2CI)-ZCJP1)

IFCINTER.EQ.0)Y ZL=FF(MS,NS,643)-2U
27=2L-Z%A/ZDXCLOGC(ZA/ZB)

GoTO0 13

ZL=FF(MS,NS,(0.,.0))-2U

R(1)=.5%D/C : .
R¢2)=0.

IFCINTER.NE.0) ZL=(ZU-~Z2H)*xZ2~ZU
ZF=2(JP2)-2(IS)

22=ZL+ZF/ZDXCLOGCZE/ZE)

GOTO 13

22=CLOG(-ZD/ZE)

IFCRC2) .LT..0) RC2)=R(2)+TPI
IF(INTER.EQ,.0) ZL=FF(MS,NS,ZU)~2U
2Z=2L+2ZL ;

GOTO 13 -

722=TFF(MS,NS,23)~7%U

[ECINTER ,NE.O) 2Z=%L

GOTO 13

2Z=CLOG(ZE/ZD)

IF (R¢2).LT.0) R(2)=R(2)+TPI

GOTO 13

722=—72F/ZD*CLOGC(ZE/ZF)

GOTO 13

22= ZF/7ZEXCLOG(~ZF/ZD)
27Z=(0,,-0,159155)%%2

RMCI,J)=RC1)

RNCL,J)=RC2)

C 0. N-T 1 :N-UE

RETURN

END . 5
30TV WV P P T P P M S 1 P P W W 1 o L G SRR U U SR B
DEFINGE THE BOUNDARY CONDITTIONS
U 0V P P P S O 1 P O A L W T R A T AU M
SUBROUTINE CVICLI,LS,U,V,N,NC,CR, LD, HP)
DIMENSCON LLCHP) , LICMP) , UCND ,VEND

INTEGER CR . :

WRITECCR, 110)
READ C(CR,103)
TE LW, BA,0) : S0
WRITHECLE, 109)
WRITECOR, 114)
NPal)

o

¢ CIMLEQL 1)
WRITHCGR , 1 123)
Do 30 L=1,N
WRITECCR, 111D L

READ (CR,103) K,UCI) VCI)
IF (K.LQ.0) GOTO 28

IF (K.EQ.1) J==I
IF (J.GT.0) GOTO
NP=NP+

IF (NP.GT.MP)
LICNP)=I

GoTO 29

LJCNPY=1

IF (1.EQ.1) GOTO 93

IFC(K.EQ. 1) WRITECLP,112) [,UCI), V(I

IFCK. EQ,0.AND.J.GT.0) HWRITECLP, 104> I,VCI)
IF(K.EQ.0.AND,J.LT.0) WRITECLP,112) I,UCI)
CONTI NUE

GOTO 50
WRITEC(GR, 108)
READ (CR, 103)
J==1

IF (J.GT.0) GOTO 44

NP:=NP 4 | .
IF (NP..GT.MP) GOTO 94
LICNP)=L3

GO TO 43
LJ(NP)Y=L3
Li=H

L2=N

IF (L3.LE.0)
L2=13~1
IF(L3.EQ. 1) GOTO 47
IFCLY.GT.L2) '

DO 46 I=L1,L2
UCI)=ce

D220 K

GO Ty 42

\

2%

GOTO 94

.3,C,D

GOTO 45

GOTO 92

46

47

50

91
92

93

94

95
99

103
104
108
109

111
112
113

114

118
116
117
118
119
120

+
+

aaasa

21

22

23

VCI)=DD
WRITECLP, 112> K,CC,DD
CC=C
DD=D
K=L3
IFC(L3.NE,0) GOTO
NP=NP—1
IF (LIC1).NE,1) GOTO 91
LICNP#+1)=1 6
IFC(VCNP) .NE.O.) GOTO 95

- RETURN

WRITE C(CR,115)
GOTO 99

WRITE (CR,116)
GOTO 99

WRITE (CR, 117)
f0TO0 99 -
WRITE (CR,118)
GOTO 99

WRITE C(CR,119)
WRITE (LP,120)

ST 0P  'FATAL

FORMATCIS,2K10,0)

FORMAT(IS,F20.2)

FORMATC'SNODE, UO, VO  =')

FORMAT( ' OBOUNDARY CONDITIONS - PRESCRIB'

. ,'ED VALUES:',' NODE',8X,'U0',8K,'V0')

FORMAT(' =>ENTER: TYPE OF BOUNDARY CONDLT'
.,'ION CIBC)'/8X,'0 -STOP'/8X,'1 ~UNIFORM '
. 'DOUNDARY CONDITION'/8X,'2 -VARIABLE BOU'
.. 'NDAQY CONDITION'/'S$IBC =')
FORMAT('SNODE',I3,' KODE, UO,
FORMAT(IS5,2F10.2)

FORMAT(' CONVENTION: KODE=1|
.,' AND VO'/13X, 'KODE=0 FOR GIVEN
35
FORMATC '
., 'UBS )
FORMATC*
FORMAT ('
FORMAT ('

42

L1,L2
NP, MP

ERROR®

vo =')

FOR GIVEN UOQ'
Uuo OR VO

=>ENTER: BOUNDARY CONDITIONS VAL'

FIRST NODE MUST BE

WRONG ORDER:',214)

WRONG START').

FORMAT(' NO STORAGE:',214) :

FORMAT(' IN THE LAST NODE; V0=0.0')

FORMATC('OF ‘A T AL ERR OR'
END

AR

PP SIS VIO SR i 0 ST R AT S A S S80S U SR S A e S

ASSEMBLE CORFFICIENT MATRIX A AND

VECTOR F,

S PR AT N 1 T YO SR N S SO S SR S S A A

SUBROUTINE CVA(LI,LJ,U,V,RM,RN,F A,N,
NP,NL)

DIMENSION LICNL),LJCNL),RMCNL,NL), FC(NL)

,RN(NL,NL) ,ACNL,NL) ,UCNL), VCNL) ‘

po 70 L=1,NP

L1=LICL)

L2=LJ (L)

IF (L.EQ.NP) L2=L2-1

IF (L) JGEL L2D

DO 40 K=L1,L2 :
FCKO=RMCK, 1%V 1)

PO 40 I=1,NP

JS=LICI)

DO 21 J=LICI),JS
FCIO=FCK)+RNCK, 1) XUCT)
L3=LICI+1)

IF (I.BQ.NP) L3=N

D0 22 J=JS+1,L3

FCKIY=F(K) + RM(K,J)xV(J) "
PO 23 J=LICI)I+1,J5=1

c=0,

IF (K,EQ.J) c=1.

ACK,J)=C — RMCK,J)
L3=LICI+1)~1"
IF C1.EQ.NP)
IF (I,EQ.NP)
c=0.

IF (K.KEQ.JS) C=1,
DO 24 J=J5,1L3+1
C=C - RMCK,J)
ACK, J$)=C

DO 26 J=JSri,L3

GOTO 90

L3=N

GOTO 25



aaaGas

[+

26
40

a1

50

51

83

58

86
60
Ty
80
g0

ACK,J)= -RNCK,J)
CONTINUE
LisLICL+1)
C=A(L2,L2)
D=A(L1,L2)
F(L2)=F(L2)%C +
DO 41 J=1,N
ACL2,J)=CXACL2,d) + DXACL1,J)
Li=LJC(L) +1

L2=LICL+1)--1

IF (L.EQ,NP) L2=N

IF (L1.GT.L2)

DO 60 K=L1,L2
FCRY==RNCK, 1) %V 1)

DO 60 I=1,NP

JS=LJCI)

DO 50 J=LICI),JS

FCK)=ECK) ¢ RMCK, J)XUCH)
L3=LICI+1) :

IF (I.EQ.NP) L3=N

DO 51 J=JS+1,L3

FCRY=ECK) = RNCK, J) Ry )
L3=LICI+1)=1

IF ¢(I.EQ.NP) L3=N

DO 52 J=LICI)+1,J8—1
ACK,J)=RNCK, )
IF (I.EQ,NP)
c=0. :
DO 53 J=JS,L3+1
C=C + RN(K,J)
ACK,d8)=C

DO S6 J=JS+1,L3
¢=0.

IF (K.EQ.J) C=1,
ACK,J)=C — RMCK,J)
CONTINUE
CONTINUE
RETURN

NP=0

GOTO 80

END

FCLI)%D

GOTO 90

GOTR 55

PR P A s RS A LR R R X

REORDERING CORFFICIENT MATRIX A AND
VECTOR F.

[P AP O PRI E S S RS R S SRR R R R R

PRV PUPY PR G R TPSS U TT S YT S S o N O R RO R O R

+
&

SRR grara g g e e S R R R LR Y

SUBROUTINE CVSCLI,LJ, A, N,NP,NL,JS)
DIMENSION LICNL),LJCNL),FCNL), ACNL,NL)

Js=N

DO 93 Li=1,NP

D0 93 L2=1,2 \
IFC¢LY,NE,1.AND.L2,.EQ, 1) GOTO 93
IF (L2.EQ.1) L=LJCNPAI-L1)

IF (L2,.KQ,2) L=LICNPHI-L1)
JE=Js~1

DO 91 K=L,JS

FCKI=F K+ 1)

po 91 J=1,N -

ACK, ) =ACK+1,d) 5
DO 92 K=L,JS8

DO 92 J=i ,N

ACI,KI=ACT, (1)

GOSN TEL N-U B

RETURN

END

PERFORM THE COMPLITING OF TIE BOUNDARY
VALUES

SUBROUTINE CV6 (N,NP,LI,LJ,X,U,V)
DIMENSION LICN),LJCNY, XK(N), UCNY V(N

J=1
Ke=1

Leat

DO 5 I=1,N

IF (I,EQ.LIC(LY) GOTO 6
IF ¢(f{,NE.LJCL)) GOTO 1|
C=0,

I¥ C(L,GE.NP) GOTO 4

SaGaa

C=XC(K)
L=L+1
K=K +1
GOTO 7
6 IFCI,EQ,1) GOTO 4
b VCI)=vceId+C
GOTO 4
IF (J.GT.0) GOTO 2
VD) =X(K)
GOTO 3
UCI)=XC(K)
VD)=V CDD +C
K=K+1
GOTO 5
J= ~-J
CONTINUE
RETURN
END =

-

w

v >

[P T T TIPS U S SR P A S S N IR R A R R R R

SUBROUTINE GCV? (N,LT,LP,Z,U,V,DU,BV)

REAL UCN) ,VIN)
COMPLEX Z(N)

CALL CV71(N,LT,LP,
CALL CV72(N,LT,LP,
RETURN

2,0,V
Z,U,V,BU,BV)
¢ 3

END

L e T R T S S A 0 I S T S O 1 A P S P S S S S S S N S S M Pt O N I

c + RESULTS PRINTIN®

Lo T 0 L U S o S A S S S S 0 A 0 O S M SRR A S A O

i
; SUBROUTINE CV71 (N,LT,LP,Z,U,V)
3 ;
REAL UCNY,V(N) ,HC2)

COMPLEX Z(N),%C,ZD

EQUIVALENCE (ZD,W)
c THE BOUNDARY VALUES PRINTING;

WRITECLP, 1)
WRITECLP,2) (I,ZCI),UCI),VCI),I=1,N)
WRITECLP,3) :

DEFINE TUHE I[NNER POINTS:

Qaacoa

WRITE CLT,$)
4 WRITECLT, )

READ (LT,8) X,Y,NX,NY,DX,DY

IF (NX+NY.EQ.0) RETURNI

IF (DX.KQ.0,) NX=0

IF (DY.EQ.0.) NY=0

DO G MX=1,NK+1

W) =Xr (MK~ 1)xDX

DO 6 MY=1,NY+1

W)=Y+ (MY 1) KDY

CALL CV70 (N,2Z,U,V,%D,%C)

¢ VALUES AT INNER POINTS ARE PRINTED:
6 WRITECLP,9) 7ZD,%C
GOTO 4

1 FORMAT(/'OBOUNDARY RESULTS;'/' NODE '

K OTH,UKYLBX, Y 18X, 'UY, 14K, 'V )
FORMATCLS,2F9,3,4%,2615,5) 3
FORMATC'OINTERNAL RESULTS:'/13X,'X',8X,

®OY!LA8X, U, 14K, 'V ) ;
FORMAT(' =>ENTER: INTURNAL POTNTS TO!,

% ' OBTAIN RESULTS')
FORMATC'$X,Y,MX, MY, DX, DY=")
FORMAT(2F:0.0,215,2F10,0)

FORMAT (5X,2F9.3,4%,2F15,5)
END ;

wre

SO~ o

+ GRAPHICAL REPRESENTATION WITH AN ALPHA-
+ NUMERIC OUTPUT DEVIGE
SUBROUTINE CV72 (N,LT,LP,Z,U,V,BU,BV)

REAL UCN) , VMEMY tRex)

B e U o T L U o RS P S T S A S O S A A U

T T o T U U T N 0 M " U A TR YN S S S 0 1 i MY R i TS



13

17

18

14

19

20

21

WA -

ul

'|9l"

BYTE B(21),BUC100),BVC100,
COMPLEX ZAN),ZC,ZD

100) .

EQUIVALENCE (ZD,W) !
DATA NF,Q /21,1.NE+38/
DATA-B/ZY O = L !
|4I'l |'I50'I
l,l”!/

'020'l I'

1 ' ' (]
','6',’ I,'?' ¥

WRITECLT, 1)

READ CLT,2) NX,NY
IFCNX#NY.EQ,.0) RETURN
IF(NX.GT.100) NX=100
IPCNY,AT.100) NY=100

KMA=--Q

KMI= Q

YMA=-Q

YMI= Q

UMA=-Q /
UMI= Q

VHA=—Q

VHI= @

po 13 f=1,N
ZD=2C¢ 1)

IFCWC1) ,GT,XMA)
IFCHC1) LT XMD)
IFCHC2), 0T, YHA)
IF W¢2) LT, YMID)
IFCUCT), GT , UMA)
IFCUCT) LT UKD
LFCVCI).GT.VMA)
1FC(VCT) (LT, VMDD
CONTINUE
PASK=CXMA--XMI )/ CNK+1)
PASY=CYMA=YMI)/(NY+1)
HU = C(UMA=UMI)/ZC(NF~1)
HV = (VMA-VMI)/(NE-1)

XMA=HC1)
KMT=HCT)
YHA=WC2)
YMI=W(2)
UMA=UCL)
UMI=UCTD)
VMA=V(T)
VHI=V(I)

WRITE(LP,6)

DO 19 J=1,NY - i <
DO 14 I=1,NX
WCI)=XMI+TRPASK
W2 =YMA=d XPASY
CGALL GV?0 (N, %,U
ZD=%C

DG 15 L=1,NF-—1
IFCWCI)  LE, UMT+LXHU)
CONTINGE

L=NF

BUCIY=B(L)

DO 7 L=t , NP : !
[FCHC2) LE.VMI+LXHUY) GOTO 18
CONTINUE

L=N¥

BVCT,d)=RCL)

GONTINUE : .
WRITECLP,3) (BUCI) , I=1,NX)
WRITECLP,7)

Do 20 J=1,NY
WRITECLP,3) COVCE, 3, =1,
WRITECLP,8)

XKMA=UMI

YMA=VMI

DO 21 I=1,NF-1
XMI=UMI+Ix%HU
SMI=VMI+IxHY
WRITECLP,4) 1,XMA,XMI,YMA,YMI BCID)
KMA=XM I

YMA=YMI

WRITKCLP,9Y B(NF)

RETURN

AN AR

GoTo 16

NX)

FORMATC' SGRAPIIG ;
FORMAT(215)
FORMATC2X, 100A1)
FORMATCLS, 27 10,4, 5K

NX,NY= ')

LAF10,4,8%,A1)

FORMATC//72%, ' == UCX,¥) ',90C'='))
FORMATC//8X, "' == VC(X,Y)> ',90¢'~'))
FORMATC(//2X,100¢'="')/'0 NR.',7X,'UL1 =
,PUL2Y 17K, 'YL VL2, 5X, ' SYMBOL ')
FORMAT(7X, 'POINTS WHUERE THE FUNCTION IS'
,' NOT DEFINED',8X,A1)

END

c PTUTT TR e RS S SR LR S LR R SRR

c +

L\++++4++++++++4+¢+4++++++++++++++++++++r+++++++4+

¢
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COMPUTING RELATIVE ERRORS

SUBROUTINE ¢''8 (N,I" NL,RM,RN,U,V)
REAL RMCNL,NL), RN(NL NL) U(NL) V(NL)

WRITECLP,40)

DO 20
81=0,
s2=0,
$3=0,
$4=0.
.ho 10 J=1,N

Ud=udcd)

YJ=veds

A=RM (K, J)

§1=51+AxUJ

S2=52+AxVJ

A=RNCK, J)

83=83+AxUJ

S4=854+A%xVJ

Ui=81~S4

VI=52+853

UE=0,

VE=0,

IFCUJ.NE,0,) UE=CUJ- U(K))/UJ
IFCVI.NE,0.) VE=C(VI=VIK))/VJ
WRITECLP,30) K,UJ,VJ,UE,VE
RETURN

FORMAT ¢15,2F12.5,2(4KX,F8.5))

FORMAT (//2X 51('=')/'0TEST FOR MATCHIN'

,'G THE REMAINING BOUNDARY EQUATIONS'/
" NODE',11X,'U', 11X, 'V 8xX
)
14
END

POR SOLVING SYSTEMS OF LINEAR EGUATIONS:
A.X=B

PRI o s e B SRR R R TR R R R

SUBROUTINE REZO (N,NI,A,B,X)

DIMENSION  ACNL,NL),BCNL),X(NL)
NB=N-1

po 20 J=1,ND

L=J 41

Do 20 JJI=L,N

AM=ACIT,d)/ACT, D)

PO 10 I=J,N

ACII; 1)=ACIT, I)=ACJ, 1) %XM
BCJJI=BCII)-BCJ) xXM
K(NY=BCN)ZACN, N>

D0 40 J=1,NB

JJI=N=-J

L=JJ+1

SUM=0,

po 30 1=L,N
SUM=SUM+ACJJ, L) xXCI)
XCJI)=(BCJII-SUMI/ACIJ,JJ)
RETURN 3
END

THE FUNCTION DEFINED BY EQS, (10)

COMPLEX FUNCTION FF(M,N,Z)

COMPLEX 2, ZU 05 2R . 2M, 7C ZA,7%2Q,2P,ZE,28

REAL RC2)
EQUIVALENCE
ZU=C1,,0,0)
20=¢0.,0,0)
T !
H=N /1
IF (Z.EBQ.

70=7.0
202U
=8, XATANC!.)
K=M
IF(H~N)
FF=70

CZE,R)
200

GOTOo 3

1,2,8

,"RELATEIVE ERRO’
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G

IFCZ.NE.2U) FF=CLOGC(Z-ZUS/25%Z+ 20
Ai0TO 9

FF=2Q+2Px 2E
RETURN
1F(Z,.EQ.ZW) GOTO 4
R¢1)=1./N

RG2)=0,
ZR=CEXP(CLOG(Z)*ZE)
RC1)=RC1) %K
ZM=CEXP(CLOG(Z)¥ZE}
RC1)=0% g
2C=7107

DO%S =N
RC2Y=0XCJ~1)%K/N
ZA=CEXP(ZT)
RC2)=QMCS 1) /N
LS=ORXP (LR -
LC=RCAINYCLOGCCARY 25 ZUY /7 CARYTAY Y
RC1)=HN

RCIY=RECTY /K

RCPY=M,

VA A R Aol A

GoTO 8

A=D,

[=(N+1)/2

TRCE LR 1) - 6G0T0.7

DO 6 Jd=1,1--1

AsA+COBLANIXK/NIXALOGCSINCOXI/N/R, ) )

T=Qxi{/N/2.

RC1)=m2,%A~ALOG(2 ,%N)~Q/4,%COSCT)/SINCT) +H

R(2)=0,

GoTo 8

RC1)Y=sN i
RCIY=RCIY/H

R(2)=nN,

20=7F )
FF=ZE

IF (Z2,Ba,%20) GOTO 9
ZP= 2 !
K=M~N

GOTO |

END

HINgDe - AN INTERACTIVE PROGRAH '©i: 30LVING
HINRD BYP FOR 2D LAPLACE EQUATION BY CVDRH

URITTRN DYy D, MOMENTCOVSGHT, D,COGORA, R,HAGURRANU

N.HAX= 86
APPLICATION @ TEST

INPUT DATA4

HODE X/R Y/ALPHA INDEX
! 0,000 10,000 0
6 0,000 0,000 0
9 2,250 0,000 0
13 4,750 0,000 0
13 5,250 0,000 0
19 6,750 0.000 ]

21 7.750 0,000 0
25 9,250 0,000 0
20 11,750 0,000 0
32 13,250 0,000 0
k1] 15,000 0,000 0
a7 15,000 5,950 0
4 15,000 6,750 0
44 15,000 10,000 ]
50 4,750 10,000 0
54 = 2,750 10,000 0
58 1,000 10,000 0o

GUADKATIC INTRRPOLATION

SINGULAR HODESy
NODR HIU=H/N

i 0,500
17 0,500
123 0.500
30 0,500
39 0,500

52 0,500

{

| NODR

BOUKDARY CONDITIONS - PRESCRIBED VALUES:

f

6
i1
17
23
30
34
39
44
52

uo
20,00
20,00
100.00
100.00
50.00
50,00
6.00
0.00
80,00

. 80,00

Vo
0,00

BOUNDARY RESULTS:

NODE

0,000
0,000
0,000
0.000
0,000
0,000
6,750
1,500
2,250
2,875
3.500
4,125
4,750
5,000
§.250
5.625
6,000
6,375
6,750
7,250
7,750
8,125
8,500
8.87§
9.250
10,083
10,917
11,750
12,125
12,500
12,875
13,250
14,125
15,000
15,000
15,000
15,000
15,000
16,000
16,000
15,000
15,000
15,000
15,000
13,292
11,583
9,875
8,167
6,458
4,750
4,250
3,750
3,250
2,750
1,875
1.000

Y
10,000
8,000

. 6,000

4.000
2,000
0,000
0,000
0.000
0.000
0.000
0.000
0,000
0.000
0,000
0.000
0,000
0,000
0.000
0.000
0,000
0,000
0,000
0.000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0.000
0,000
0.000
0,000
1,750
3,500
5,250
5,625
6.000
6.375
6,750
7,833
8,017
10,000
10,000
10,000
10,000
10,000
10,000
10,000
10.000
10,000
10,000
10,000
1a,0n0
1, 000

U
20,00000
20,00000
20,00000

. 20.00000

20.00000
20,00000
30,74912
41,94506
54,68169
68,22363
100.00000
100, 00000
100.00000
100, 00000
100,00000
10000060
10000000
82.11998
75.01465
68.23475
62.61707
58, 56362
50,00000
50,00000
50,00000
50.00000
50,00900
50,00000
50,00000
50,00000
33,86088
26,59847
12,67508

000000

0.00000

0,20000

0.00000

0.00000

0.00000
23,70253
33,34259
52,27738.
66,6402
89,060000
80,00000

© 806,00000

80,00000
80,00000
80,00000
80,00000
80,00000
80.00000
61,29425
52,72536
41,03665
30, 04263

v

0,00000
-21.,54075
=40,62680
~59,36860
-81,30775

" -108,29551

~108,2955¢
~108,29551
~108,29561
-108,29551
~108,29551
~75,60375
~-61,22192
~55.99691 .

- -50.69382

-41,82255
-22,46557
-22,46557°
-22,46557
-22.46557
~22.46557
-22,46557
-22,46557
-28.16075
-30,16264
~31,04267
-28,87630
~22,90813
-17.69605
~3,45516
~3,45516
-3,45516
~3.45516
-3.45516
-27,97619
~51,19223
~§0,00158
-89.76748
=113,20819
~113,20849
-113,20849
-113,20849
~113,20849
~113,20849
-93,28308
~76.46927
~63,20080
-52,18712
-41,31853
~26,38626
-19.22114 -
0.00000
0.00000
0.00000

. 0,00000
0.00000



INTERNAL RESULTS: MR, ULl -uL2 - VLI -VL2 SYNBOL
X Ui v | 0.0000 5,0000 -113,2085 -107,5481 0
2,000 2,000 44.60169 -78,36338 2 5,0000 10,0000 -107,5481 -101,8876
2,000 4,000 39,05726 ~57.89440 3 10,0000 15,0000 -101.8876 -96,2272 |
2,000 6,000 37.78184 ~40,94693 4 15,0000 20,0000 -96,2272 -90,5668
2.000 8,000 40,02124 -22,92820 § 20.0000 25,0000 -90,5668 -84,9064 2
2,000 10,000 5 42,57481 -0,03137 6 25,0000 30,0000 -84,9064 -79,2459
2,000 12,000 -0,07540 - -0,23211 ‘ 7 30,0000 * 35,0000 -79.2459 -73,5855 3
4,000 2,000 65,16951 -64,87601 i 8 35,0000 40.0000 -73.5855 -67,9251
4,000 ° 4,000 53,75972 ~53.15664 } 9 40,0000 45,0000 -67.9251 -62,2647 4
4,000 6.000 52,14421 ~42,28172 10 45,0000 50,0000 ~-62.2647 -56,6042 :
4,000 8,000 58,00362 ~29,75783 f1 50,0000 55,0000 .~=56,6042 -50,9438 )
4,000 10,000 81,18230 ~12,42527 12 55.0000 60,0000 -50.9438 -45,2834
4,000 12,000 0.03750 . =0,38390 13 60,0000 65,0000 -45,2834 -39,6230 6
6,000 2,000 68,65618 -46,56705 14 65,0000 70.0000 ~39.6230 -33,9625 e
6.000 4,000 59,77675 ~47.97459 fv 70,0000 75,0000 -33.9625 -28,3021 7
6.000 6.000 59.77428 -45,16266 16  75.0000 80,0000 -28,3021 -22,6417
6,000 8.000 66,96272 -40,69760 17 80,0000 85.0000 -22.6417 -16,9813 8
6.000 10,000 80.67895 -37.80207 18 85,0000 90.0000 ~16.9813 ~11,3209
6.000 12.000 0.25118 -0.29965 "' 19 90,0000 95,0000 ~-11,3209 -5.6604 Q
8.000 2.000 59, 16332 -38,30350 20 95,0000 100.0000 ~5,6604 0.0000
g.00n 4,000 $7.46610 -46,13588 POINTS WHERE THE FUNCTION IS NOT DEFINRD #
8.000 6.000 60.48023 -49,82924
8.000 8.000 68,72451 ~-51,05667
8.000 10,000 80.46605 ~-51.23130
8.000 12,000 0.29321 -0.14531
e YR, Y) mmmmemm e e g L= V(XD v
2 3 4567 9988 77 66 555 44 33 22 1 0
2. 3545576717 : 7117717 99999999999 8 77 66 555 44 33 22 1 0
2= SRS 56T AT 77771177717717777177 999999999 88 77 666 585 44 #33.-22 1+ 0
2 3 4 °S 6 7M1 9 88 777 666 6555 447733 22 | O
2. ‘JUALTSII60 77717177177771717777 666 888 .77 666 8557 '444%:33:522 -1 0
2 3 4455 66 7777777 66666666 ' 88888888 777 666 58S 444 33 22 110
2 3344 S5 666 3 666666 888888888 7 666 555 444 33 2 110
2 .33 44 S5 6666 666666 $55 8888 7777 6666 555 444 33 22 110
2 33 44 55 6666 5 666666 §55555 7717 6666 5§55 444 33 22 :1 0
2 33 44 S5 66666 6666666 5555 7717777 6666 §555 444 333 2 10
2. 335447555 666666666666666666 5555 444 7777771777777 66666 5555 444 33 2210
.2 33 44 555 66666666666666666 $555 444 AT 666666 . ‘5885 444 333 22 1 0
2 33 44 5855 66666666666666 5555 444 33 6666666 65555 444 33 2. 1
2 33 44 555 666666666666 5§55 44 33 4 . 66666666 55555 444 33 22 1
2 33 44 555 666666556 585 44 33 2 666666666666666 55555 444 33 22
2 337445 7555 666665 655 44 33 21 66666666666666666666 55555 4444 33 2
2 - 338N 55555 666 5555444 3 2 666666666666666666 §5555 4444 33 22
2 33 44 585 &) 5555 a9 3321 55555 441 333
2 33 44 565 6556 44 33 21 5555555 444 333
2 33 44 555 5555 A4-533:2 4, 5595 - : ’ 555559 4444
2 33 a4 555 5555 44 33 2 10 §5555555555 5555555 44444
2 33 44 5555 5555 A9 332210 55555555555555 6555555 444
2- 33118 555 5555 444 33 22 10 §5555555 55555555
2 33 44 555 666 5555 44 3 2 10 555555 655555555
2 33 A4 555 66666 5558 44 33 2 10 44444 56555 666666 55555
2 3 44 S5 66666666 5555 44 33 2 10 44444444 55555 6666666666666
2 3 44 55 6666666666 $5557544- 33°°2. 10 444444 §555 6666666666666666666666666
2 3 4 S5 66666666666 5555 44 33 2 10 4444 555 6666666666666666666666666666
2 33 44 S5 6666 66666 6555 332 10 3333 4444 555 666666666666666666
2 33 44 55 666 6666 8595 = 5iar 33210 3333333 44 55 666666
2334 5 66 666 $555 44 J&E 2 150 3333 44 55 6666 777717
233445668 117717 66 5555 444 3 2 10 333 4 55 666 : 771727717777
R348 S 6T=27722017 . 666°E 555575440 - 3372, 1 0 222222 33 44 55 66 77777
2 3- 856 77 77 666 5555 a4 3322 10 222222 3 4 55 66 777 777717 88688
2344567 88888 77 66 5555 444 322 10 222 3 4 55 66 7777777777777777 88888888
234 567808 88 7 66 5558 14483 210 11191 2.3 4 556 7777777777777777 888
234567 99 87766 S$555 4443210 11111 2 30 56 777 717777777 88 9999
2 3%55:6: 299 99 77 66 555555 43210

1.3 561 77777777 - 8 99999999



THE REHAINING BOUNDARY EQUATIONS

T?ST1FQK HATCHING 28 . 49.87086  -22,90913  -0.0025% 0,00000
HoDE U ; v RELATIVE ERROR 29 49,77334  -17.69605  -0.00455 0.00000
I ° 19.91744: - -0,17839  -0.00414 1.00000 30 49,94025  -3.45517  ~-0,00120 0.00000
2. 19,79447. -21,54074 . -0.01038 0.00000 31 33,80088  -3,51014 0.00000 0,01566
3 19,71333  ~40.62680 -0,01454 0.00000 32 26,5984%7 -3,50095 0,00000 0,01308
4 19,73254  -59,36860  -0,01355 0.00000 33 12.67505  -3,40053 0.00000  -0,01607
5 . 19,95609 0 -81,30778 © -0,00220 0.00000 i 3 0.00330  -3.44918 1,00000  -0,00173
6 20.10583  -108,29549 0.00526 0.00000 1 35 . -0.20302  -27.97679 1.00000 0.00000
7 ..30.74912° -108,34933  0,00000 0.00050 6 -0.47590  -51.19223 1,00000 0.00000
8  41,94585 -100,33145 0,00000 0.00033 ‘ 37 0.47211  -80.00157 1.00000 0,00000
9 §4,68169 -108,29391 0.00000 ~0,00004 : 38 0.41476 -89,76748  1,00000 0,00000
10 68,22363 -107.95898 0,00000  -0,00312 i 39 0,15594 -113,20850 1.00000 0,00000
11 100,10712 -100.19942  0.00107  -0,00089 40 23.70254 ~-113.00134 0.00000  -0,00183
12 99,94548 -75.60376  -0,00055 0.00000 41 . 33,34259 ~-112,98363 - 0,00000  -0,00199
13:2000, 16474 - ~61.22193  .-0,00164 " 1000000 42 52,27738 -113.35757  0,00000  0.00132
$4 10010675  -55,99691 ° 0.00107 0,00000 43  66,82401 ~-113,28958 0,00000  0,00072
15 100,11144  -50,69381 0.00111 0.00000 44 79,97597  -113.21834  ~0,00030 0.00009
16 99,96812  -41,82256  -0,00032 0.00000 i 45 80.00208 -93,28308 0.00003 0.00000
17 100.02148  -22,46556 0.00021 0.00000 = 46 ° 8014967  -76.46927 0.00187 0.00000
18 - 82,11997  -22,60648 0.00000 0.00623 47 80.25003  ~63,20081 0,00312 0,00000
19 75,01466  -22,39296 0.00000  ~0.00324 48 00,32708  -52,18712 0.00408 0,00000
20 68,23475  -22.32936 0.00000 = -0.00610 49  80,43244  -41,31854 0.00538 0,00000
21 62.61707 -22,29892  0.00000  -0.00747 50 60.00861 -26.38627 0.00011 0,00000
22 58.56362 . -22,18642 0,00000 -0.01258 1 ° 80,16319  -19.22124 0,00204 0.00000
23 §0,25490 -22,22918 0.00507 -0,01063 52 80.29654 -0,37432 0,00369 1,00000
24 . 50,41075  ~28,16074 0.00815 0.00000 83 61,2942%  -0,54380 0.00000 1.00000
25 50,24052 -30.16264 0,00479 0,00000 54 §2,72537 -0.28890 0,00000 1.00000
26 50,08611 .~31,04286 0.00172 0,00000 S5 41,03665 -0,16027 0.00000 1,00000
a7 50,08867 -28,87631 0.00177 0.00000 56 30,84263 -0, 18571 0.02000 1,00000
A ne : w = 80
i 56 55 52 4
o«
L
e
=
“te
= 39 -
N
"
) % =
"
b=
& 9 11 {75y 2 R
“durdn=l u = 00 U/ n=D w o= S0 Bz
. Figure 2
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Abstract

The CVSEEM combines the complex variable gubic spl ines with
the boundary el ement method.This new procedure enjoys the same
.advantages as the CVBEM; moreover the good convergence of the
Appraximaté,poténtial‘function to the complex potential as well
as of the dérivétiverof the approximate compl ex potential
function to the complex velocity (or compl ex intensity fﬁnctionj

may be proved for CVSBEM.

1.Introduction

Of'late the bqundary'_element method (BEM) has proved to be
a very efficient fool for solving boundary value problems
invol ved in thé enéineéring anal ysis. It has Dbeen applied to
various engineering areas; and  represents the object of
numerous devel opments T11. b

Recently a complex variable variant of the BEM (referred to
as CVBEM) was given in [21 e Bl L R, s, 16T
this method is'appliéable to t&o—dimensional harmonic functions,
or, equivalently, to analytic complex functions. It is bqsed.on

the Cauchy integral formula and uses some piecewise pol ynomial



“type approximétions for the boundary val ues of the unknown
anal ytic function f£(z). An approximation for the function f(z) in
the domain . in terms of some el ementary fuunction. is obtained.
This approximation invol ves a number of complexbconstants which
are next obtained by coLlocation :

In thls yaper we suggest a nmthod for solving Dboundary-
~val ue probl ems for harmonic functions which combines the compl ex
cubic splines theory with the B;undary el ement method. Thg
b‘complex variable cubic splines were introduced in [73; they are
obtained by approximating the boundary val ues of the function
£03) in Cauchy's integral formula by means of a cubic spline in
variable % . The nes method can be considered as.a variaht.of
the CVBEM. However, it has a rqmarkable convergence ordef stated
by the theorem on section 2 and by.the numerical results as well.
That is why in what follows we shall refer to it as CVSBEM.

in section 2 we detérmined the complex cubic spline in the
domain L in a form suitable to sol ve boundary-val ue probl ems. A’
convergence theorem is al so enunciated. in sectioh 3 it is shown
how the CVSBEM wsrks f&r the Dirichlet boundary—valué
probl em with special “~reference to the conformal mapping problem.
In the next section we give some exampl es emphasising the
advantages of the nesr method versus other bOundafy el ement
methods.

As knovn,the main advantages of thé CVBEM against other BEN
procedures consist in giving a straightforward approximation to
the complefe compl ex potential function and al so the possibil ity
to estimate the error involved in matchihg~the boﬁndary

conditions and hence td provide an error feduction algorithm. The

nd



method.does not require any approximation of the domain or any
n. merical quadratu_re. Apart from these advantages of the CVYSBEM
there is a convergen‘ce‘ theorem. This theorem provides a good
convergence order of the approximating potential and 1its
derivative to the co’mpb.l.ex potential function and to its
®
derivative respectively (as the finesses of the mesh approaches
zero). Consequently, the CVSBEM yields good approximations_for

the compl ex potential function and also for the'comp].ex vel ocity

(or complex intensity function).

2.Comlp]. ex — variable cubic spl ines

Let I' be a rectifiable Jordan curve in the compl ex z-pl ane,
£l - the region interior to r ,-and =~ -let Z4yZ0yees 1Dy be
nodal points on T , ordered counterclockvise, separating the

curve  into boundary el ements I‘j(j=1,2,...,n) where T4y 1s the

/ arc from zjy_q to zy, (zg =2, Chted ),

FIG.1

*

Assume that the function f£(z) = ulx,y) + iv(x,y) is analytic
on the domain Q. and continuous in 0 =9Uur . In order ‘to
approximate this function inside (L. we shall wuse the Cauchy

integral formul a: _
1 £0%) :
£(z) = — |\ ay ‘ (1)
211 n "b‘—- z

The values f(% of the function on the curve T' are unknown. In

the case of the Dirichlet problem the only values we know are
those of the real part of f(b-); for other boundary-val ue probl ems

usually a combination of the real and imaginary part of f£(3) is

3



given. _

:Apart from this, once the values of thevfunction £(¥) are
determined web need al so a numerical procedure to estimate the
compl ex integral in rel ation Gl

To overcome all these difficul ties we shal 1 approx imate the

. g
boundary val ues f(})) by means of a cubic spline @
function which yis a cubic polLynom on -every el ement I‘j and
which has.(:ontinuous derivatives up to the second order on the

curve It . Let us start with the Hermite interpol ation form.la:

, - - :

(3 = e Oy o 0 160 ' (2)

F (3 ;faHa (3 «%:m;,ht;J (3 (2)
where fj=f(zj), mj=szj) and denote hy=z;-z;_4.Then, we have
the folloving expressions for the functions of the base:

e )2 :

¢ _(.}__Eﬂfi_’. 2(zs=3) + h for I
b G ¥&

(z,,4-3°

Ofas i+l a7 S :
HJ (5/-—< "";“‘"""3‘— 2(}"Zj)+hj+1 ) for }érj.,_:] (3

J+1 '

B 0 A y otherwise.

5 3 i afor B’erj
h s ;
J
(3= e .
i 328372 417 -
Hy (3)=¢ — ; for 3€ETy.q (%)
j+1 _
; 0 . 5 otherwise

( =t coein) ‘
"y substituting expresion (2) into Cauchy integraif formul a :

we get the approximating function (compl ex cubic spl ine) inside



'{the domain

' e o i ;iA: : B
F(z) = 2 £H,%0) + 2 mHy'(2) (33
where Sai
A V 1. (2=3 _1'  Z2-2 +/| Z2=2Z 5.4 Z=2 441 v
19y e & el R e >2}+
+ Hjo*(z) : - (6)
on 1 2 (Z'fZ-__ ) (Z"‘Z 17 N :
HyM(2) - —;—{- —(hythy,q) + = Sdzhi 75 banie s )
(ol st AT s Ry Bga '
A 1 zZ—2 éf2~u1r» Z=%
H,0%(z) = ———{c i VY P Pt iU P S
2“}' hj . hJ 2-2 5
o z=Zg, - 24,42 Z~%Zg.q
2Ol e, SRR Yol ...._1__.}_
hiiq s hyipq Z"?;] :
: (7
‘1 (z~2 YE gz Zezis —
gjq*(z) . { il
(z-z .1)2»242~ 2=Z34.1 ‘
o Slule W Ulpg 3‘11
ha+1 : hj+1 : Z“'Zj
In formulae (7) we chose the logarithm determination
. Z-7 il - R
e Ln\mi-- oy @
Z-‘-Zj_zl »Z—Zj__/l ‘ : .
defined in thé compl ex z~plane'with,the‘cut T'. and the val ue

given in figure 1.

For the time being we‘supposé

and we shalljgonsider the condition

the fuhctidn F(})' is. continuous

_follows the linéar'sysfem

Ul

e
j £
theiYaLPes‘fj as being kno~n,
that the second derivative of

at all nodal points. There



where : ; : :
Sl
hj+hj+1 | .
bl Py o £iiq~tf e -
33'=73A3'-1~-1~1 +’3-(1~Aj)-f§i17-1 : | (10)

‘The syatem (9} determines the quantities m'.J To sol ve such
systems a very efficient algorithm is available E8] We'shaLL
write thevsoLution’in the form s L
=0T . ‘ Tl 'ﬁ'_ (1)
By substituting the values my into relation (5) we obtain
‘the compl ex. cubic spLine for the function f£(z) (at the points of

the given mesh) in the form

A n (A n A : : : ‘

F(z) = 3¢ {H ey o ol e ®eiad oy
PR LIS 593? ,‘ ,

Let us nmi determine the nodal val ues of the function F(z),

We obtain: :

o - . . . :
Py . ;%;ijfj., Sty = S
whefe ; ,
A : ‘ ’ T e ey ; '
Fy = F(zy) e i ‘ | (14)
Hyy = Hjo*(Zk>.+ gé;HP1*<?k)‘dpd il liky g = 11“:{“ )

By using the matrix nbfation, the L ast rel ation can bé
written as: ‘

W = H“*‘+nﬂ* e ' o . : (1ﬁ5>

8



In obtaining the”matrix H we have to compute the function of
the base at alL nodal points. The Logdrithm function in relations

(7) can ,glve us some troubles; that is why we shall expllcita(n
it in the form : e
: : 1 ’ h.

A . ; : K : :z —1'“2-
Hjo*(zj"1) = —;—.(1»4. ___:1_)2‘(1 o J )-Ln J j+1
A . 1 - e
H 0*(Z-> = -:'-._Ln'k —g-—..ii:l.
.2“1 Z§=% 51 |
A : i hiq . h, Z sl o
R 0% y0) = meme 1+ D200 - 2oty 2L (a5)
o 7 By Egaes By
A ‘ 1 h.v Zat -7 :
H %z, 4) = - -—-‘(1 S O] ¥
J=1 et
A e o
1% N ; :
A ; ; 1 e e : 7 . ==
Rl e S s g Tl 5 el
J Sl S A j+1 :
2ni. h Zipq = By

The star in the second rel ation above indicates that we must
take that Logarithm' brénch \uhose. imaginary part lies in the
intefval [O,2ﬁ); all thg othef Logarithm determinations are the‘
principa. ones. ‘ ‘

We can explicitate the real and the imaginary part of the
intrqduced quéntities as ‘ | '

Hpy = Myg" o+ 1'Nkj*

HEE T e s o

c < ; : :
Bgee= g Levie ! e : T(16>

Forrula (13) gives

n 2 9
: * : ke
B j};f-ika cuy - 32—11\11(3 cvi



kaj .‘vj + Amkj /j " (U S st T

 Let us now take‘-f(‘z)!’l . We have F(z) =1 and hence rel ations

(17) give

nit’ n i ‘ '
ZMkJ* = 1 ’%Nkj* = 0 (‘., ( n = 1,;¢;’n ) 1 (18)
j=1 d= ; : 4 : :

o Consequ’ent).y", ‘relations (17) give

| e o |
U =im g = Ny (v = ) L] (19)
o™ = ey - 3 = kj 3 1 T

S ; : .
Vk-"V1 %Mkj = V1) + %Nkj*euj 9 (k’= 1,;;;,1‘1 )

Note that, ge""i'erall.y, k%fk (k = 1v,,;.,n) 80 Athat in fact,
the function F(z).‘_doés not interpol ate the given function f(z) :
Honevor, F(z, is a good approximation for 'l:he anal ytical function
f(z, (as the fineness of the underl ying mesh approaches zero) as
stated by the convergence theorem proved in L73.

We consider a sequen\,e of meshes on I! ‘

- A(m) ={zo(m>, z1(m)z;.,f Zr;,(m)} and denote

hy () o g (m) RPN CO RN C Yy e \'h;,(m)[

We shall e-wlso"‘w'rite F(z\ for £he compl ex spl ine function
‘corresponding {:o the mesh A ‘and function Tz

Theorem Let f£(z) be analytic on L. and of C(B) cl ass on

and let (m',be a sequencel of meshes on I' (a smooth curve).
where h(m) approaches zero as m --300 .and

o
i‘;‘zm 0 (o

If f }) satisfies a HOlder condition of .‘che order @ on



e 04@{1, then for z{fi, and for any (S' 0¢ P <@ we have:
PR () - £(P(a) - ‘__O [( n(m)y3+p ‘P} (p=0,1,2 )  (20)
On any c].osed subset of L. we have ‘

FA((P))<Z> - 200y - DL( h<m)>3+@} ket (201

The theorem states that we have a high convergence order of
'l:he compl ex syl ine approximation to the function f(z), beside
thigns the{de,g?,v_at‘&yg;swog“thsg‘_}qu_{n_ctiqn f(z) are ux:xifbrmly

approximated by derivativg_s ‘af t}}e‘:‘com‘p].’ex ‘cubic spl ine.

3. Solution of the Dirichlet problem by CVSBEN,

Appl ication to the conformal mapping Erobl em.

Let u(x,y) be a harmonic funotion in the domain L.

Aulx,y)=0 in Q : ’ % , : (21)
end let » & '> ' .
- ulx, ¥ (e, y)eD = u(s) =T (22)

‘be the Dirichlej_l:—typg boundary ’o‘on‘dit‘ion; By 'ﬁ'(s) we “have
denoted a given _func;ti»on». Let al so 'v(x,j) be the harmqnic'
conjﬁgate function of u(x-,:y); the function

‘ £(z)=ulx,yd+ivix,y) ‘

is a hol.omorphic function with respect to the compl ex variable
z = x+1iy in the domain.o.. We shall approrximate the fuhction f(z)
by means of tha compl ex cubic spl ine F(z) of the type (12). In

this formula the values fj ~are unknovn; in fact we known only
thog@egl pert Uy oy foll ows from the ‘b‘oimd’alry condition (22).
In order to obtain a. system of equations %o, determine, the.

vglues Vkx we can use the first or the second set of relations
(19) where Uy and Vy will be replaced by uy and vj respectively.

The second set of relations (19} has the advantage of giving a



better conditio“n'e_dv system of L inear equations; that is why next

we shal.L consider the.system of Linear equatioris

= V1 ZQMkj 0(Vj"V1, ZNkJ .u;‘ ,( k = 2 ) (23)

for obtaining the val.ues V=V (k = 2,...,n,.'1‘he imaginary ‘part
of the function v(x,y\ is determined up to a 1eal. ~constant 8o
that the v‘aL ue v1 can be . taken as ar“*itrary Hence, system (23)
provides all the unknqwn val ues, and relation (12) gives the
complLex spl ine F(z) whose reéL part approximates the solution of
the given Dirichl et borndary-val ue .probL em.

As a by—product“_"‘f\;:e can obtain al 8o an error ostimate. This

is given by the first” éet of relations (19)

£y T up - Uk ==‘_.u fmkj cuy + j%nkj*. (vy - vq) , (28)

' A : (k=1,...,n )
These rel ations can be used to devel op an error reduction
al gorithm by adding nev points to the boundary part where the
error is Large. ‘

‘Now, as an appl f'cation we consider the problem of
determining the function w = w(z) which conformingly maps fhe
bounded simpl.y-—conne‘.cted do‘main £l on to the unit disc \w\<1 in
thew - plane 1in such a. way that lthe particuLar : point
zOE_ﬂ_ correspondq to the center, w=0, of the disc. We can write

w o= (Z*Zo,Og(Z., : j ‘ (25)
where the compl e)'t-:function’g(z) has to be determined. We have

b e = i‘n(z--.y‘j.@) +7ln g(z) |
Taking vinto aqcount thi§ rel atioen on the boundary curve we

obtain a Dirichlet-type boundary condition
: ;



.ln\g(z)\=f—Ln\3- ?0\ ,%411 ; | . (26)
for defermining fhe anal ytic f_ﬁnc,tiqn vf(z)zln'g(z) : ’

By soliing this boundary-val ue 'lprob].em by- CSBEM the
approx imating conformal maping has the'fdrin _ ‘

w a (.z-zo)-exp{F(2)+1v1}'
Now, the arbitrary coﬁstant vy }represents the rotation angle
around z induced by fhe conformal mapping function. : .

Note that the mapping function obtained above can be
direcﬂy estimated at any comp].ei point of‘f)__, ¢ At doesi:not
require any additioné.l. numerical quadratui‘és_faé is the case with

other numerical conformal mapping methods based on the boundary

el eme.nt technique.

4, Numerical results

We have. appl ied the CVSBEM to solve some Dirichlet-type
boundafy-—value -probl ems, The first ‘bﬂp exampl es concern some
conforma;].l mapping test probl ems considéred'earl'ier in the
Litera’cure‘.‘ The third problem is an appl ication to compute the
magnetic field in a® brushl ess d.c. motor with ceramic permanent
magnets. .

Example 1. Let the curve T' be the ellipse

s oo o 22
p+y 1

as
- The nodal points of I aie
‘ Sl 20
zy = a cos—==] i v asiadet il dusi sl )
N e

Ny EM we also denote an estimate of the maximum .error of

the modulus of our mapping function

/1/{ i



EM = T?Xl\W(Zj+%7\—1\

A are

The intermediate points z.
i Ity
LAY ~
21 1 ' 21 1
23,4 = a.cos——(j + = )} ¥+ desin=—==(j + =), CJ=1,.0.,0)
% N 2 N 2

Let élso EA be an estimate of the maximum error of the argument
of thée determihed mapping function defined as max\?(x,y)l at the
mesh points.which Lie on the Symmefry axis of QL. . We faké zo=0,
§1=O.‘The results for N=32 and for vérious val ues of a are given

v,in Tables .

CVSBEM
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TABLE 1.
For comparétion, the résﬁlts bbtained fof'the same problem by
Cymm L9 by thg_hintegrél equation method are included in
table 1. Generally, the results given by CVSBEM are better by
an ordcr - of magnitude;‘ we get that - the same ,result-ié val id
for _gther number N of nodal points and arsp foi' other tested

domains.

Exampl e 2. We consider the domain ). as being the rectangle
=J{xdl, gy a. In this case we applied the error reduction
algorithm, starting with 8 nodal points (the vertices of +the

rectangl e and the points of symmetry of I' ) and adding new nodal

M9



‘péints to the part of T wherefthe val ues of Ek afg lLarger, In
table 2 we give the pbtainéd results (N is the final number of
mesh.points and EM is defined by taking the intérmediate points
zj+%; as midpoints,betwéen the nodes). We increased the number
of nodes until we reached the precision of the results obtained

by Symm tg] by using 128 nodal pqints.

I I Symm [91 I - OVSBEM . I
I ol I i
I - LoNeT o mho N (LN, I
I AT 1281 1.66-2 I 28 I 1.58-2 I
A I I I I
T e T 186 T 2.00=3 1 260 1.58-3 1
R I K I I
T .4 11281 4,B-41 281 4.B-41
I-——-TI O I i
I .811281 1.B=4 1 361 1.B-41
U I 3 i I
I1, 112871 4.B=41 321 1.B-41
B R, N R I
I 0. T1281 3,841 281 2.78-471
TABLE 2.

The obtained results indicate a sharp reduction of the number of
nodes (and correspondingly of the computation time) to obtain a
prescribed precision:

Example 3. As the Last example we consider the computation

of the magnetic field of a brushless d.c. motor with oeramic

permanent magnets. The domains are shosn in fig. 2 . The eoahar'
RIG.2

magnetic potential wu satisfles Lapl ace's equafion »inside‘
domain D (the air-gap of the machine) and the foll owing

Dirichl et—type boundary conditions

13



- I‘B &
u(r) = ——————— :UO for I‘B.s I‘\< Tps
I‘A. = rB 5

over AB portion,

u = Uy (constant),
over the arcs BCDEF,

(i
e & ; .
2p OP T
u(8) = - Ug . for —~£8& —
jl _‘gg 2 2p ==
2p 2

over fhe FG line, and
w=0 over GHA. .
Here r and é are polar coordinates with respect to the machiné
axis. The ‘parameters of interest are : the flux of the magnetic
- field betweén two points @pq=V(p)—V(q), and the intensity of the
magnetic field v
af(z)

H(z) = - —— z =x+iy , f = utiv.
dz + .-

The results for the magnetic induction in the air-gap of the
machine (al ong the dotted line in fig. 2), by using a 48-nodal -

point mesh are given in fig. 3. ( points 49 to 73 )z
Fi1G. 3

The obtained results compare favorably with those given in [107
(by using the classical BEM) as concerns the accuracy and also

the computation time.

o



5. Concl usion

The advantages of the‘CVSBEM égainst other BEM procedures
vare: - 5 ' .

4.Beiﬁg a jC‘VBV__EM'Mp:rocedure,b the CVSBEM yields an
'appiaximation for 'thek‘complete compl ex potential functibn_‘in
termns of some‘easily compﬁtable functions. Bes+d§1this, CVSBEM
»enabres usvto cbmpﬁte ,the derivatives vof€v£h§ comprex‘
pEberEA AL ik A f the complex field  funotion, with  high
accﬁracy. The vélues my =‘f'(zj) are given by relation (11)
and thg derivative‘ff(z) in other points is approximated by
Bila) ‘ ' . -

2.The méthod-dbés not fequire'anyvapproximation offthe
bduhdary cﬁrve'or.ény‘numerical quadrature. | .

3.There. is a&iqonvergence theoreme which states that the
method has a high c§nvergence order. _ ‘

4.1t 1is possiblé'fo obtain an error estimation 8k at all
.mesh pointsvand henoe‘to devel op an error reduction algorithm by
adding nev points -in tbe.neighbourhood of the no@es where the
error is 1arge;. ‘ : ‘ |

.The main shortdoming of the method'consisfs in the fact thaf

it can be applied only to the harmonic functions of two
independent variables (respectively to fhe compl ex analytic
funtions).
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An Analytic Solution to the Poisson Equatioh in Some Bl ane

Domains

The paper proposes a particular anal ytical sol ution to
the Poissoﬁ equation in case ,the denéity
function f(x,y) is analytic in its variables in the
‘Polygoné[-region D1, énd'vantsheé in D—51. By means of
this sol ution the numerical.evaluation of fhe domain

integrals in REM can bé avoided.

Introduction

Asdt dis WeLL—knéwn, ‘the sdurce-term in the right-hand side
of the Poisson equation gives us somé_troubLe due to the domain
integrals invol ved in Green's formula used in BEM. The numerical
eval vation of'the.dom;in integraLé neéds a discretisation of the
whol e domain into finite;elements.(ceLLs), which somehow affects
the simplicity of the boundary el ement methods. '

In case thé soﬁrce term is a harmonic function, the domain
integrit in Green's‘formuLé can be turned into a boundary
integrgi;eaomain discrétisation . being_lno longer necessary L4/
The second case in which the oqcurrencé of thé domain integralé
can be avoided is the case when we knbw g,particuLar soLution to
the Poisson equation.

in this paper we are giving'a"partiéular anal ytical sol ution
to the Poisson équatioh in case we have an analytical:
distribution of sources inside polygonét regibns included in the

domain D where we must sol ve the boundary-val ue probl em.



Fig.1

The Basic Formul a

Let Dy be' a ImLygonaL region inside the domain D, and 21;
‘ 70, “.; z, the vertices of the
pol ygon, numbered counterclockeise
with respect to the region D1. Ve

use the éompLex variabl es

7 mox 4 dve Bos pa- iy

The eluqlation of the zy_4z)
side of the polygon cawm' be written

in a complex form as

)

Z = mz + ny G4)
where

Ze 7 B
mk e e s et S o i)

B e Z
le— S -1
e 1 k_ k k (2)

Sl

(k &= 1’ LX) 1’1)

We have al so denoted zn+1‘¥ Z4es 1 BT 2B

We consider the complL ex differential operatofs‘/2/’

NETESRERGHER Y

A ¢ 0%
We have N
m
S r.é,\/ = -- '—\’/‘ L (%’—'
ETRY Sha BSE

and hence the Poisson equation can be written as

£ R
= —1(¢t 3D
e 8‘_ .



‘where
e L z4g 2B
f(x,y) = £f(-—-, ——=) = £(z,8)
: e o :
is the source density. We suppose the func+1on Pt be

analytic in its variables inside region D

Let us al so denote by

k= Yoo 1= Gamis

Uﬂ (A &)(fw\,v_:k + Ay ‘i:\
G YL & > BuEE ) (42,

Fee 2y = di A% %&55

the antiderivatives (indefinite integrals) of the ‘corresponding

functions..

Theorem. The function

. £ o : -k
\/(“g‘i) = %—FC}.‘i)— é‘;{“; E: c(tl,W\.{‘!:'\‘N\«AB QM }.-:Ed,t‘\- =

bl

LG iR e i Yl
a

zni\(’ LED GL‘%BXQ%{G& ENE-E)

is a2 particul ar °olut10n of the Poisson equation
'2..

\/v
A\/ = _._-——-- -?‘(4_}_\ iy
‘MJM: | : i A6
Nhere.’

%A‘{1 for -z 6 D,]
O.for z é:D - T,

R



™o determinations of the complex Logarithms in rel ation 5
zre the main ones.

Proof. The function V(z,Z) defined by the ret ation (5) is

continuous and dif im:entlthe outside the polygonal Line, and

hence in the domains D’l and D- 11.

Ye have
Lo 25 A ":"\“{
3:'1:“-.4, :[-. K—'

N
the angle \gv_e (—T\\'{\,\ being *outlined ’in Vig g @nd  therefore
this function is continuous in all compl ex plane but the side

[7,1,_,,, zk]. Let the point z*é'(zk_,l, zk).

Ve have
I- A o N
e, SL% ) __,___z:.u: wx}_ﬂ—"‘l&BQM, r‘g:—q—;(l\ls
- g s
2L e R \*"*
z S:-——— FUL i = *N\'Q Tty g“‘ : =
)\.\. A_L )
5‘4‘-\\ :

M.\, :

&(% CCx .3:> - ———' i__‘:(_}; WL?:'\"“-S‘QN\, r‘x;

'k“’?s é =A .
%'&'D"‘bc
; * .-'-L
== F (}- 'W\ }‘ st 3 Q/\N }’, i |
?S’\L 3
X*K,

Lo, 3%_ Q’W\iri:_‘\;ﬁwl

85‘\\.

Simil arly, we have

ST ST

T,SLG CAR T sl K”““"*"‘M“ X
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S, ¥

; )



L,W\, 1%(1 Q;._SQM. ._3 + G. QMX_*MA\QM. w-g

2% S"

%€§r“b

The rel ations above prove the continuity of the function

V(z,Z) in the whole complex plane.

We equally have

g edg,
% it + —. (}D}QNM__ =
%: ‘qdzgg‘ ) S,_O%zs e i
z Gy (%) - Gbuﬁb CGE - Tia) )S
8»» ST ii I -
Again, = thi functlon is+ continuous in .the compL&c pl ane., (The

functions in the Last sum have el iminable singul arities at the Ej
points:) By:s taking the derivative with respect to z we obtain the

rel ation (6%

Formul a~(5)*@an_be used to compute the val ues of the.

function_V(z,Z) at all complex points but the vertices of the

pelygon. At point z, (s T n) we shall use the formula

T, -k
NG b i_;u gk +~L3Q,W

Ry Lo = ;

: 8#%:&& e '

~N 5
%gﬁ‘ké
{2
L A o ma;,,mgh_____g;r
m :L;(S(G (L) 5 *s—* ¢ B, %44
{FK kA :

T 46,3 w»wwim—%m TV oy
‘Ks\\. a+
y*K

L e my B Bl b G ‘M@ Tl

XL T -Ep4
iyl &(%K—%K.«SQ?;K—%\‘-OX .

¢ denoted

ey a8 2w D



_An ILLusfrative Ex ampl e

As aﬁ appLicatien of the above theérenxwe'cuﬁéider the
domain D4 as being the square ‘with vertices zqg = 1.+ 1, 29 ='§1.+
+1,Z3--1-1,z4=1-i(mg2,,andwetakef(' =

' Therefore we have a uniform source
term in the region D1-and the
function_V is harmonic in»D—D1.

 The .rel ations (4 give
?((.%\1\ L ES d g(&'h\"*-

= Ern
%&\ ”": ;

Fig.2

Ve computed the val ues of the function V(x,y) in a grid of.
0.25 width. The results for fhe bottom right-hand-side corner of
- the square rounded by the dashed line in Fig.2 ar- given in TablL e .
1. To check the accuracy oﬁ_these resul ts we computed AV ﬁsing‘

the five-point formul a :

(L, 3y FANEGEV G g\ + N gy +\J(e- M),\ LV Q)
o

AV &) =

The results are given in Table 2.

Table 1



Table 2
It is to be noticed that the errors are within the limits of

the truncation error in formuLa C7)

Conclusions. The partioular soLution to the Poisson equation

given in this paper can be used to reduce the solving of a
-PoiSeon-type problem to a LapLaoe equation. Thue we can avoid the».
numerical evaluation of the domain inteﬁrais in REM, ? preservingL
the reduced dimensionality characteristic to the boundary eLement'"
methods. . '
o Mle method is usefui when thee functions F(z Z), G(E)‘can be
effectiveLy computed This' ie the case for example with the'
pol ynomial , exponentiaL trigonometric density functione. 
Drie -+ 004 iinearity; the method oanf'be used to obtain azi
particul ar sol ution to the Toisson equation in case the: densityxn

function is piecewise analyticaL
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AN ANALYTICAL SOLUTION FOR THE COUPLED STRIPLINE-LIKE HMICROSTRIP

LINES PROBLEM

by Dorel Homentcovschi, ‘Anton Manol escu, Anca Hanuel'a Manolescu

and Liviu Kreindler

Abstract - An analytical method for determining the Maxwell''s
capacitance matrix of multiconductor coupled -stripline-l ike
microstrip lines in an unhomogeneous medium is presented. The
method is based on conformal mapping and on the theory of
singular integral equations. The paper contains some

appl ications.
I. INTRODUCTION

In the last few years the study ‘of mul ticonductor coupled
stripl ine-l'ike microstrip llines‘ has been <;f great interest due to
the good high frequency properties of these lines, useful' for
devel oping éome new microwave integrated circuits such as
directional'! couplers, _paral‘].iel.' coupled filters and so on. In
contrast with the so-called '"microstripline" classical ha.fl.'i‘j
shiel ded structure, the full-shiel'ded structure named “‘stripl‘ineu
like microstrip" /1/~, offer.s the same phase velocities for both
odd and even modes and, as a consequence, a very good coupling
directivity and a well defined el'ectrical behaviour.

' For mul't;l.conduc'bor coupled structures with very tight
performances (interdigitatel directional couplers, high order
parallel coupled line filters) an accurate cal'cul'ation methéd is

required in order to estimate the inflluence of all the conducting



sfrips. A mul.*i;itude of methods to perform this analysis are
currently used; all of them are meant to sol ve the Lapl ace
~equation for the bidimensional electrostatic equival ent problem
for Lov-order, quasi-TEM modes. One can mention severaJ_. commonl y
used methods‘ such as: conformal mapping technique for éimp].’e
symmetrical cases /2/, numerical methods based on Lattice
approximations /3/, 'variational methods /4/, metlkods based on
sol ving the integral equations derived from Green functions /5/-
/7/ and so on. AlLthough some of the numerical methods are quite
general , none of the above mentioned methods could be thought as
suitable for analysis an>d especially for synthesis of all the
high performance structures.

The present paper presents a new analytical method of
determining M_axwel'l"s ca:pacitanc;e matrix of multiconductor
stripl ine-l ike microstrips with coupled conductors with arbitra.ry‘

widths and spacings and unhomogeneous media.

II. BASIC CONFIGURATIOW

The ana.l.ysed mul ticonductor system consists of n zero-
thickness conducting strips A}By, with arbitrary widths and‘
spaging;s, Located on a diel ectric substrate with thickness h. The
system is fully shiel\‘ded by érpund pl anes on all side‘s, as shown
in fig.1, and subject to the constraint that the shield spacing
L equals the substrate thickness h. How'evér, the relative
diel ectric constants &, and €, corresponding to the upper

and Lover diel ectric media may be different.

Fig.1 Full‘-—shie].cyl“ed mul ticonductor coupled striplines



The‘ el ectrostatic fiel'd ’-ﬁ(Ex,Ey) in the two dielectric
. media, inside the shielded box, can be written by means of the
el‘ectrdstatic potential"s as ' »
B D,y = -I¥0x ke
Ey(j)(x,y) W2y, Li=,2 (1)

- As ‘i’(j)(x,y) are harmonic functions we can introduce the

L}

harmonic = conjugate functions ‘{’(j)(x,y) — the field functionms.
Therefore, the compl ex potential functions :

f(j)(Z) = ‘?(J)(x y) + i Y(j)(x ) ;] 21,2 L (2)
are ho].‘omor‘phic of the compllex variablle z=x+i.y inside the two
diellectric media. ' |

On the shiel'ded box the potential' functions must vanish i.e.

V(1)(x,y) = 0 for y»O0 :

Y(z)(x,y’) = 0 for v¢ 0 ,. on the box . : (3)

On the other hand on the symmetry axis we must have 'bhg

physical‘ conditions

]

Dy(x,+0) - Dy(x,—O) ) ' _
E (x,+0) - B (x,-0) =0 , | (&)
where {(x) is the surface density of the ellectrical charges and

i

D(D L) ) the el'ectrica.l‘ ynduction. This induction can be

a:pressed by means of the potential and field functions
' )
W, 0) A1 (x,0)

Dy(x ’+0) & "‘81 ‘-——-:a—;—-—-—-— = —-£1-—--5-;-—--
212 (x,0) 2(2)(x,0)
D, (e, =0) = ~Epmmmman hige 50-Bpetnnnees (5)
oy ‘ X

and therefore relations (4) become



Dx,0 P2, 0) |
—8 4 }.‘.c..__-f_—_) + &2__~;;._f____ = g(x) o n L (6&)
P% ot nf (BB loek A
(1) 1) : \ o ,
ol AL
2x 9x s eids : ;

On the insul'ating segments B Ay ,q we must have {(x) = 0'; by
integrating the rel'ation (6a) we obtain : :

60,0 + €5 0@ ,0) = =gy, x €Bhyyq ()

| S el b besiEAcH 1

where qg are unkncnn constants.rRelation(6b) gives A3 (or0le;

Y, 0) = Y@ x,0) i ¥ o (8)

On the conducting strip AkBkwne must have L

- T0E 6) ¥ @)¢, 0) = Vi, k = 1,0i0,m , TEMgBy o (9D 1
where Vy is the ‘potential’ of the k-th eliectrode. Rel'ation (6&)_
determines in this case the function g(n), The total charge Q; on

the strip AkBk.is given by :

By -
Q = SS’(") & = - qpeq * Qg
Ay
Hence
Qe = Q + Qpyq = %Qg e 7 k=1,000,m D ' (10)

Finarry3 relations(?) and (8) are the boundary conditions on thn

insuvating rines and revations (9) are the boundary conditions on

the conducting strips.

III. DETERMINATION OF THE MAXWELL'S CAPACITANCE
MATRIX

In ordér to solve the above settlied boundary val'ue problem



We éonformally transform the domain filled by the two diel ecfric
materials.into a canonic domain. The uppér region may be
conformally mapped on the upper complex hal f-pl'ane Im {ZS) 0.
(If the studied domain is actﬁa;l.‘l‘y a recﬁbangul‘ar_ one, as in
fig.1, the mapping function 3z = w"1(Z) is gi%ren by the Schwarz-
Cristoffel formula and will be. expressed by the first kind
incomple'te elliptical functions). Let (-e0,bg5) U ( an+1,oo) be
the image of the upper side of the shlelded box and the segment
(aj,b)) the image of the strip ABy (k=1,2,...n), - ~ By symmetny
reaéons the lower région of j;@g.dom.’ainwinwiv"i».g’;‘lA _w.iljl.’“b.‘e‘

conformally mapped on the lLover hal'f-plane, fig.2.

Fig.2. The canoniec domain obtained by conformal mapping of

the domain in fig.1.

Thus the method can be used for more general geémetries of
the tvo diel ectric media. The only restriction is the symmetry of
'E;hé tvo diel ectric domains with respect to the el ectrode line.

In the sequel the actual shapé of the shielded boundary is
involved onlLy thr_ough the abscissae ak,bk on the real axis Y=0
Ain the 72 - plane, corresponding to the points Ak,Bk.

By conformal mapping the compliex potentialis fU)(z) "(2)(z)
become Hwo hol omorph-'ic functions in the upper and respectivel'y in
the " ower half-planes F(10(z), 7(2)(2) .

We can write

1 t) | - 1 (£
F(1)(Z) = “ﬁ"& ﬁt-—g- db F(Q’(Z) = - -:-S - dt (11)

a.gn ; ' > _w

i



where the real function 'J.( + ) must be determined by taking into

account the boundary conditions.

0 for x&(-90,by)U(a,q,%)

(D(x.0) = Y2, 0) = (12)
e, \‘J ks V. for xé(ak,bk),(k=1;---,n)
and
€8¢ ,0) - 82@(2?6:,0) = q for x € (by,2pq) (13)
\V('l)(x’o) =\Y(2)(X,0) e = 0545 vn

The val ues of functions F(”(Z) and F(g)(Z) on the real axis

can be obtained by using the Plemel'j —el'ations L8/ .

(o ]
: o P2
F(,])(x) = ¢(1)(x,0) 5 i:‘r('])(x,()) o IH(X) + ’ﬁ" —-;-——-—dt (‘1/+)
: s : e =
. - 00
+00 )
10 P
PO s 0,00+ e, = sy - 7 | e
=X

{ -0

where S stands for the Cauchy principal val ue of the integral .
Rel ations (11) - (13) give

L}

‘&(x )
PCx )

0 for x€(-00,bo) U (ap,q,00)

it

Vi oz x€(ay,by) kv elissain

+00

= qQy for xe(bk,ak+1), k=0;444 « 3,00 (15)

T\' t-x
-w :
The first two relations (15) determine the values of the
function tl(x) on the electrodes; the last relation (15) gives the

equation of the problem

aj+1 b
i (N H(t) O i 1k
T ‘dt = ————— - =\ —-——= dt
2 a

XE(bk,ak+1) ., e = O,’I,L;.'.,n (16)



This is a singul ar integral equafion; Its sollution is given in
Appendix. The existence of a bounded solution of the integral
equation is conditioned by compatibil ity conditions (A.6). In the

case of equation (16) these conditions become

2y : bs a =
2% a +H 11 ﬁ%v i 9 1Xk+1. it
Wik - dt':i% = dt =
k=0 €48, VP(f), =1 k=0, W Jod (£1-2) {[F(E)
Edh 4 SRR ] 17)
where

: +
p(2) = AT (2-ay) (20
J:

By using rel ations

a' [}
o k+1 tl"1 » (t')l"'1
k=0 W) . (t'=-t)\|P(t) \]P(t')
bk :
4
ak+1‘t]'—1
S ----- dt = 0
k=0 P(t
formula (17) becomes
a.k a0 : b 1, s
N g
----- pe A+ A SV e GEED 6
=0 &1'+52 P(t) : k§=% k (t) 4

L o= 1,888 n (18
If we substitute qy given by relation (10) in formul'a (18)

we obtain

a. b
L i o (19)
————— L omme—e dt + i v e dt = 0 19)
E1+€2 k=1 e j=0 P(t) c=1 i P(t)

0



Finally the conditions for the existence of bounded
sollutions of eqn. (16) become: :
n n : v i ‘
y e (Eq+&) 2 M Ve L =1,0m (20)

where we denoted

by

-1 : ' » .
e Y e at (21)
by = (<1) S Ho , '
_ =
ak+1_£l!._1 ‘ _ '
By = ( 1)1‘”8 ----- dt ' (22)
\’P(t)
by
and
‘ k-1 . ‘
My = Al‘k 3 N:uy *Z By sy, L=1,...yn : _(23)

Rel'ation (20) gives the Maxwell''s capacitanc‘e matrix €
= (2q+ &)1 -, = (24) .
where the matrices M , N are defined by relations (21) - 23
Let us denote nor by €y .. the Mexw ell capacitance matrix
corresponding to the homogeneous dieliectric medium (£1=€2=€0)';
Rel'ations (24) give :

e Crom . _ (24%)

Therefore, in »rder to obtain the Mexw ell capacitance matrix of

o

mul ticonductor system :Ln a stratified diel'ectric (as represen‘tea
in fig.1) i¥ is necessary to know only the Maxwel!l capacitance
matrix Cpon of the same mul'ticonductor structui‘e in free spacé;

In thiswaywe g,btained an anal'ytical sollution for the



Mamre].l's capacitance Vmatr:lx of the cons;.dered struc'bure in terms
of scaie hyperell-z.ptic integrals depend:.ng on the structure
geometry only by means of constan'i:s a1,...,an+1 ané: b1,...,bn+1.
These rel'ations are simil!a.r to those characterising the impedance

matrix of a resistive distributed structure /9/.

IV. APPLICATIONS

Let us now apply the ébove devel'oped method to some concrete :
structures. We consider'.'b:m kinds ‘of probllems. The first one
consists of simple structures with one or two coupled
s’cripl’»iﬁes;in this case rel'a't'ions (24) give anal'ytical formul@aé
for the capacitances in terms of gl*l‘iptical' functions. The other
type of appl'ica‘l:ions concern the general case of mul ticondnctor
coupl'ed structures for which simple anal'yticall expressions are no
longer avail’abl‘e, accordingl'y the determination of the
vcapacitance matrix requires thé use of the genersal formulae (24)'.

In mosi'; applications the domains__wgwi:m_'j.;{‘t‘er_es_‘t are the
‘rectanguliar box and the domain betweén tw o parallel ground
pl' anes. If the diel'ectric media fill the rectangle Bn+1<y<-An+"§
~-h{y<4{h , the conformal‘ mapping function is obbtained by means m“
ell'ipt:.cal‘ functions. The absclssae ak1bk of the poim:s on the X
axis corresponding to the electrode extremities are obtained in
terms of the Iacobi's sn function 7 ‘

X = sn (x-K/L,k), o : o5

where the modul'us k is the sol'ution of the equation
K(k) L ’
=== e =\/1-k2 sist @ » (26)
KCe") - ‘h o : _

9



Here K(k) is the compl ete e].*l iptlpal‘ 1n'tegral' o:f.‘ 'l:h~ first kind.
As the latera],‘ ides of ‘l:he rectangl‘e are approaching the
jnfinity (L ) the domain will‘ tend to the strip -h¢ y& h and
the abscissae ak,bk will be given _by formul'a
lIX
X = tanh( — )
2h

in terms of coordinates x of the corresponding points in the

physicall pl'ane.

1. Singl'e stripline in a shiel‘ded box
In this case the conformal’ mapping provides four points on

the real axis (fig.3),

Fig.3. The geometry of the single stripline (a) and the

image in the Z pllane (b).

the abscissae a1,b1‘,a2,b2 being determined by rel'ations (25) in
terms of L, h, w and d. Rel'ation (24) gives :
€ 14

&+& : Nqq

where C stands for the:total capacitance of the microstrip and

(28)

Mqq,Nq4 are the integral's given by rel'ations €25y - (27). In the
_case of @ single séripliine these integral's can be expressed in
terms of complete el‘l‘ipfical‘ integral's of the first kind

' c K(s) S

2
T (29)

Here the modul'us s is related to the above mentloned a‘oscissae by

10



rel ation

R G ‘ -
= P A B0 g st g 4ia8 (30)

(by=bg)(ap-as)

The result given in rel'ations (29),(30) holds fcr any stripl'ine-

like structure shiel'ded in a box.

2. Single stripline between two parallell ground planes
If the length L of the shiel'ding box in fig.3a becomes
infinite, relation (27) will be appropriate and will give
Nw

tanh ( == ) . : (31) ‘
e :

b1="‘a1

.a2 = =bp =i
Rel ation (30) becomes now
2 Vtanh(ﬁ'w/(lth))
By + tanh(mv/(hh))

(32) -

S

By using some rel'ationships between the compl"etbe el'l‘ipticai‘
integral s of the first kind /10/, formul'a (29) can be written as
c K(k) ' '
_____ Rl i, - (359
‘where the modulus k .is given by rel'ation
W
X = tanh( — ) | (34
Lh = :
Fornala (33) was given previously by Cohn /11/. It is used in
appl'ications in the form ’
ZOv K,(k')

i =
0
45eff K(k)

where Zov= \"AO/EO = §76,7..0... is““bhe charaqte_r_is#ic_:_ i_'gl‘peda'nc;ev‘of

1



the free space and eeff = (£1+52)/2 is th‘e effective rel ative

diel ectric constant.

3. Two symmetrical ,coupl'ed stripllines inside _g._’shielﬂded box

If the configuracion 18 symmetrical with respect to a
ve;‘ticali axis (fig.4) the capacitances of the system can al'so be
expressed by means of'the compl ete elliptical in‘begr'als'. By
sjmmetry reasons the abscissae of the six points of interest are
+a, b, -i__—_c where the constants a,b,r, are obtained by using the

geometrical dimensions L,h,w,d in rell ations (25)‘,(26);

Fig.4. The geometry of the shiel'ded couple-strip (a) and

the image in the Z plane (b).

Rel'ations (20) give now
Ny1(Q1=Qp) = (B4+€Mq (V= V)

]

Consider two particul‘ar propagation modes: even (V1'=V2=V)
and odd (V1=-—V2=V); The capacitances corresponding to these two

modes are given by relation (35)°

+

Cev MQ1
EivEy Ny
and
(Blsor, M : '
odd 14 :
e ' (36)
E1+&  Nyy '

The integrals My4,.<sNp1 can be again expressed as complete

ellipticall integral's of the first kind.

We bobt ain



= (38)
£,46, Rlal)
where
: g 2 ) de
P 9 ' &=\[1 ~-Dp (39)
and :
C K(s) ‘
odd _ . (40)
E1+e2 K(S,) ;
The modulus s is now given by formula
¢2(b2-a") z e
s =|| —m—————— woal =1 =78 Dl (41)

bg(cz—ag)

The 4two relations (38),(40) give the capacitance of the

symmetrical two—conductor complete shiel'ded coupler.

4, Tvo symmetrical“ coupl ed .striplines bebreen o paral'l“el*

ground ‘pl anes.

When' the 'shiel'ding -box has .no Llateral walls ( L —— OO )

formulla (27) gives
Wa ¥ d+ow

=tanh(—-),'b=tanh(-—-——~—)',c=1- “(ae)
Lh Caesc 1

and therefore relations (38),(39) become

C LR
con g mee o R B (43)
E,+&  K(k,')
where the modulus k. is |
'ﬁw “ w+d

k. = tanh ( == ).tanh( ( —)) (44)
X e e % Se

13



We have al'so

Cond B(kg) | | '
SIS et e }1 iy o (45)

E¥E BBl or |

w+d

- : _
= ( tanh ( =— ) ) / ( tanh ( i )) ; ; (46)
4h h

Rel'aions (43) - (46) were also obtained by another method by
Cohn /12/. They are used in practice for the even and odd

c'ha.racteri stic impedances ‘

7 el )
Zoev = e - 47)
Eeff AK(ke)
“and .
A K(kn') :
o (47

7
00dd = \Iézf‘ 4K (k)

where Zo and E’eff are the same as above. o

5 'I\vo coupl‘ed stripl‘ r°s in a shiel*ded box

If the symmetry of the two coupl‘ed stripl'ines is given up no
analytical formul'ae in terms of elliptical functions are
avail'abl eL) Hovever, the cé.paoitaﬁce matrix can still! be expressed
by means of the hyperel'l'iptical‘ integrals (240, (22), These 'ca,n
be computed by using numericall methods. To check the formul'ae
(24) we computed thé sol'ution for W1/W2=1,LLL,1O and d/h=1,...,10

(fig.5).

Fig.5. The nonsymmetrically coupled transmission lines.
In the case B, = &, the obtained valiues agreé with those

14



obtairned by Linner /13/ by & method working only for homogeneous
diellectric media. Some of the results‘ thus c:b‘tainea were

communicated in /14/.

6.Mul ticonductor structures in shiel'ded box.

This is a general case which can be sol'ved by the devel oped
mefhod; The abscissae ak,bk are determined by rel ations (25),(26)
( in the case of the coupl{ed stripl ines between gx:ound pl anes we
shall use relation (27)). The Ma@@cw\ell ian capacitance matrix is
expressed by formulae (24) providing an analytical (exact)
sol ution of the problLem. Further on, the estimation of integralys
can be given only by numerical methods. 7

In order to estimate the‘accuracy of the méthcd W e
considered the case of a multistrip structure with a homogeneous
diel ectric medium bebveen two parallel ground planes, fig.6. This
case was studied by Kammler /5/. In fig.6 we al'so give the
abscissae ak',bk and the numerical results obtained for Maxwell's

capacitance matrix.

Fig.6. The geometry of the mul ticonductor stripline

considered inl § 6 é,nd numerical results.

Notice that the results thus obtained are identical within
the first five digits‘wit.h numerical' resulits given in /5/;

V. CONCLUSIONS
The new method, offered by this papér, is based on the

conformal mapping and on the singul ar integral equations theory.

40



The use of the conformal mapping enabl'e's its ‘appl“ication to lines
having the two diei'ectric media only if the media ’have' equal'
heights. |

This method provides an '.anal'yticali ex pression for the
Maxwell's capacitance matrix in terms of some hyperelliptic
integral's. The "ijnfl'uence of the structure geometry on these
formulae is expressed only by means of the images of the ends of
the conducting strips by conformal mapping.

The method 1s general"i It app''ies to structu:&es with an
arbitrary number of conducting stripé, with arbitrary widths and
spacing, pl\aced‘ in an unhomogeneous diel'elctric medium. Moreover.,
rel"at.ion (24') expresees the capacitance of the mul'tistrip system
in a stratified diel'ectric by means of the Maxwel'l''s ca}aoité.nce

matrix of the same system placed in free space.

16



APPENDIX

In this appendix we sol've the singuliar integral' equation

a341 o 9 =T : d

109 (t)
i ;:,& l'-\——---'d‘c = £(X) s XE€ A - (A1)
3=0 Il T ¢ : : o
by :

where we denoted by A .fhe reunion of interv.a.l!.s (bj,aj_m) y
(§m0: 1,0 ooyni)is : ‘

Let us consider the complex variable function

: n 1. +) ; : :
P(z) = 6,1 + 1Y, 1) = > --X fEday, wstnttngny
36t 54530 booriandeimlo Ui | \
This is a hol'omorphic function in the upper halif-pl'ane. (In fact
it is hol'omorphic in the whoﬂe compbex pl ane C except on
segments [ba,a3+{] (3=0,1,.:2,n) .
On the boundary we have

23+1

e \-\('b) ' =
F(X+10) = > -5\, ==——o dt for Xe€R - A
o §=0 il t-X ;
by
aas
n. o d+1 t&(t)
F(X+i0) = tl(x) Hi2t --% . =———dt for XE€A (A3)
i=0 il £t-X ’
b
d
Hence we can write
Q(X,O) =0 , for X&R Ekin
W(X,0) = = £(X) 7, for X6 A (A4)
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Thus, the function F(7) is the solution of & Volterra
. boundary-val ue probl em. The solution can be written in the form

/B/ /U I

F(Z) (A5

] :
=i =
= :
Pans
]
N/
e ;
M
t/’ o
(I}
+
e RN
Van Ve
ot ch
./ N7
kil
| | &
o -
N/

where

]

B(2) ﬁO(Z—aj)'(Z—bj) o il D e
Al .

The square root in relation (A5) has a (n+1)th order pole at the
infinity. In order that the function F(Z) be holiomorphic at the
infinity the sum in relation (A5) must have a (n+1)th-zero at

this point. But in the neighbourhood of thevinfinity‘we have

s : as
Il eyl g greay SJ+1f(t) at
7
b

PG -t PGy At
b - b
J |
a; :
1 03 ee) e
S e (1 4 =+ o5 F e gl (A7)
7 P(t) & 7
By

Hence,the condition, for' the hol omorphy of the function F(Z) at

+he infinity gives the rel ations

i
= \J+1f(t)-’cl“‘1

---------- B 0 el o S - (48)
S P _t E 3
j J \{ (t)

In these reLations we have
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1. Introduotion

In the last feu years permanent magnet 4 synchronous mo- :
-‘tors have been paid special ‘attention both by their designers and
their users. .This type of motor enjoys a number of advantages such:_.
_as simplicity of oonstruetion, high reliability, hig_h pcm.er—-'
.wei ht ratio,v and the absence oi‘ sl iding contacts. '

’ Some of the most important questions which arise in‘.‘
oonnection with these motors are hou to ocal cul ate the excitation__.
"magnetio field and the leakage ﬂux, and how to estimate the -
'inﬂuenoe of the de—magnetization m.m.f upon the excitation field.:

The geometric oonfiguration of the rotor may be widely
varied acoording to the type of magnet used. Thus oeramic magnets
require a short axial length and a 1arge surface ', while metall i¢
; agnet requirements are quite the opposite, thus results from the
magnetic characteristios of these material 8a s ‘ :

Computing the field and para.meters of these maohines is not
an easy task due to their compl jcated geometry, the nonl inearity ;
of magnetic material s and the winding distributions._

In this paper a linear model has been used beeause on the
one hand ceramic magnet exoitation does not allon the air-—gap

1 ux d‘ensity to exceed 0.5-—_0.6 T and on the other ,the max_imum %



: ,flux density in the machine teeth is under 1 0-1.2 T in order to’i
.keep do:m iron losses which occur at high operating frequencies‘j
| .as high as 200 - l!»OO Hz a.nd above.This makes it possible tof
consider the. iron magnetio permeability to ‘)e eoual tok;‘
infinity To simpl ify matters the relative permeabil ity of the
“ ceramic magnet )‘\R is taken to be equal to the a.ir permeabil ity
_1 0 On this assumption the magnetic field density whieh derives'
from a scalar magnetic potential satisi‘yins the Lapl ace equa.ticn-}
.: is computed “for: a tno dimensional. domain since,,_ the machine“
length is much greater than its ‘diameter The Laplaoe equation
;is integrated numerically uJing the boundary element method In
‘this way the excitation magnetic field, thek rotor leakage ﬂux.

and the steady state parameters are cal cul a.ted.

2 Cal cula.tion of the excitation mggnetic field

2.1 The integration domain and boudary conditions _'

; A rotor configuration widely used with " ceramioc permanent
: nagnet (PM\ synchronous mctors,_ is the one presented in Fig.1. The
magnets are placed along the rotor radi : and the ferromagnetic :

1aminations are mounted on a non-—magnetic sl eeve

D

In choosing the integration don‘lain,. tno.reauirements are_'
to be met at the same time First the geometrical configuration'
should be- as simple as possible and secondly it should oontain~
known boundary conditions The probl em is simpl ified if conditions:'»_
. of symetry are provided Thus in the case presented in this paper,.
. a domain covering one hal £ of a pol e~ itch has been ohosen for""‘m

"integration Its boundary is the ABCDEFGHJ.JA—I ine (see Fig 2,.



cnmo e v eamn onan oo

The boundary cpndi'tions‘ are stated :gs'ﬁ:nfg the following
simpl ying hypethéses:: _ et &

Aol a=e 00 ; , ‘, , . .
—~the air—gap segment AJ of the polar-axis is a flux 1ine.

Thus‘ referring to fig.2 the boundary conditions may be'

sritten as follows: f rooppw gibvest w0 SRS
: » A =0 1 v‘ (1)

Condition (1) states. that the scalar magnetic potential of
the stator is Zero; condition (2) is provided by the symmetry of

the rotor.

Considering .a 1inear variation for the scal ar magnetic

potential on segments EF and. JA , and a constant scal ar potential

U, on the. ferromagpetic armature, it follo.vs that'

(_.!L._ . 0.\ '
2p

o0 - '
(‘ZP Vi i >
R—R6' S SR R L
UJA- . Uo ; Rs<R ;: Rgs o B

U will be cal culated using the magnetic flu law, w_hieh

5 £
. e
is appl i.ed5 to a sur fac@ini‘hgl‘u didy the poLe fpizﬁbié yiel ding
j Has : " '
Bgv Sp'(r =Bm- Sm s . ‘ o (6) i
and the magnetic circuit 1av e o
%‘“’*5§ . 2H30 k o k‘ii ﬂliﬁi&lm : : é‘e& ‘.',»:»' @7{)‘%&
where: Sp = the pole piece facesis 9 ds
e - ouy B fotesy = gAT }



the magnet,fa¢e area,

the Cartef—factof;“

the saturation;faotor,

'the magnet height;

S
k
kg
h
T

the leakage'factor,'unkﬂown;

: Assuming that a'linear appraximation for the demagnetization-

curve can be used for ferrite magnets then.

: Br : - a5 o
B I, Mgl g ®
i | g ,
then using: : .B N L
R il e d e 1
3 ‘F?f g 3 , 3a e (. ?
togéthe:<with'equations (6, (7‘ and (B\ results in:
sl By ‘(-Hc e ?kc'ks'g'“" : L A
oy R SaL s 10
5o T L ' -
: p 0
Po === H,
- USRSNY G & 8

It will be noticed that the leakage factor is propor—

tdional to ths air=gap 1ength, and deereaees when Sp /'m

ratio increases.

o g

The 1eakage factor @ ocan also bes 6al cul ated' using its

dﬁfinitioﬁ: ' Cweibs S G liee
: : '4>u "’560" ' ?ﬁr“ +<Pt15,3' ‘ e e
0_ = ; ? : - ? 9. _< (11) .
where: : ' -
' . /2 A
, 751‘1\3 = 'l'j By (6-) R4 d0- gy
qbrAB = useful_flux,



Ry, _
R4 3

-
t

m A

=2 :
{

'1eakage ﬂuxc

The integrall‘s (12\ and (13‘ are cal culated after inte-
grating the LapJ. ace equation in pol ar coordinates on the
ARCDEFGHIJA domain. Thus 1n'every point of the domain s B
val ues ‘ofthe magne‘tic{h_flwc density are found.one radial and one
tangential . . l | ‘. P

From (10) and (14), two @ = 0“' (\U). curves ar'e.obtained.At
thelr cross—point (To and U,,,can be found and these are used

in the cal culation of the magnetic flux distribution throughout

the domain.

2.2. The i)oundary—el ement method: presentation

g = ANE. 0 e e r (14)
be the Laplace equation on domain D, and i

W= 1. on Cyqs q = “=—— ="q on Co» 15D
j ' ' ; on

its boundary conditions,Where C = ‘01002\-15 the boﬁndai-y of -ébmain_
D (see Fig.3.)s S

o s o s o e

. " Let C; be a discretization of boundary e (1— 1,2, 3,.. ol
N’l points are on C4, No points are on C2 , N = N1 s

~Let Dy be a discretization of domain D (Di = set of points
inside D\ and My & (Di U ¢y . ‘ :

The boundary-—el ement method is based on the num%x‘ical



calculation of the following relationships' ' _

<°(Mi‘) U (Mi" ) Cf Uq ds + qu ds & fq U *as + _{q ‘U*ds
el Bl S B R el
where: o(My = 1, if Mié': Dy % :

l : c(Mi, =1/2, 1f MiéCi,

¥ s the fundamental solution of equation (14\ associated with

po_int My,
R, o
o v
q e
= o dn o | e
AU* +J(Mi;;b,"' O

_where (,(Mi ) is the Dirac dist;ibution in point Mi

For bidimensional ‘domains, .
: : : ¥ m i deed 1 : ;
T (My) = ———==1n 9 o (18)
2Il T :

‘where is r = the distance from po;nt Mi to the current point on
the.:' 5oundary.

in equation (16), .U and 'q are considered constant on each’
el ement.U.and q are the values in the mid-—points‘ cf each ele-

ment.BFased on these conditior’xs' equ"ation (16), can be written as

fdlms ~ o 49 e =.u 5

c(Mi, UMy ) E f q ds + E Uj fq ds =
-Z- ay * f E ajy : ds (19)
=1 C']J fg = ‘.'N1+1 _ : ‘

After writing an equation like .(19) for each point:
M e Oy (ade 1,2,...,0), a system of N algebric linear

] : z
equations is - obtained . The unknown quantities are qj

€



(3=1, 2,.....,N1) andUJ (;l = N1 +1, N1+2,...,N,.‘ Integralst ds
andf:; ds are cal cul ated either analytically or numerically

When Uj,'-J - qj “and’ qj are a11 known, (19) is. appliedf
again to cal cul ate the magnetic potential at every point MiéDi
The boundary-el ement method results 4in the use . of 1ess computer
memory than in the case of - the finite element method Thie is‘;
,because points inside the domain do not need to be included inx
the computation, only the boundary is discretized..

s 3 Cal cul ation of the excitation magnetic field

and _o_i_‘_ the leakage f1 ux

For the integration of the I.apl ace—equat on appl ied to the

domain in Fig.2, the discretiza.tion in Fig 4 has been chosen.

s i s @50 G e e

Fig. &4
Considering the pol ar coordinates, g v ;
J’“,,. < Lo’ o e G

qQ ds = ———— d8 = ————— e - - ' - ds,

e S e e
° Vo o (20)

Uds = ——=- ¢ ln (——-) ds ,
21 - i T
CJ Cj :

where: Cy =circle arcs (see Fig. 5.a) or radius segments (see
Rig.S.b), r is calculated‘as:' : .
r = \/R2 i R2pj = 2*R<Rj « cos (0_.501)')' e ‘(2,1). ‘
The integrals in (202 are cal cul ated nunierically. For the

-boundary elements which contain singul arities the integrals were'-

done anal-iticahy. This e].iminates a tco fine discretisation

4

neces's.ary for other 'eomputationala_ met_hods when applied- to_



configurations with very na.rrcw a.ir gaps.
The air 5ap and 1ntérpol ar fl.ux.dis'.‘tr:l‘bu‘tion are preéen»t‘ed_

. ‘The teste have shwn 5ood asreement w:l.th the oomputer re-
su].ts. For example, for one model , the average nux denaity for}.
one pole, ‘obtained by measurins the no-l oad EM.F. was 0407 ,-T
while the caloulated Value was 0.415 T. ‘ _

. The maximum air-gap lragnetio 1nduction Biaiinsic ‘t’he aﬁerage
a.ir—gapmagnetic indnotion gmed' a.nd leakage coeﬂ‘icient have
been cal cul ated for different rotor configurations. The results
 are given in Fig.i7, 8, 9, 10, 14,

cenae ceems e emmen o o S

Fig. 7 Strontium ferr:lte, having B =0. 35 'r and H -250 kA/m,

——————— has been uaed in order to devel op at I.C.P.E. Bucharest

——————— permanent magnet synchronous motors with rotor geo-—

s, e e s o> e G

Fig. 9 metrical oonfiguration siven in fig 52 .

s covs e om0 € asen

e comts @ s v G

e con ewm wispe @ o eres

A

3. Calcul ation of the steadx-state parameters :

- The anal ysis of the motor and of its performance starts
with the cal culation of its ateady-state parametera, such as'
magnetization reactances, leakage reactances, phase—reaistance‘

eto. el : : e :
i Here, the'magnetization reactances along"the tuo‘ axes d-

 and q are cal onl ated" 'a;s_functions of the rotor geometi‘y for a

non-saturated magnetic circuit.Thus,

8



X.a= :
ad » _
' "8 Fad (22)
Ky kag
Xaq s e e e » =
R k
' q SQ.
" where: K, = the winding factor ., which de;ends on the number

of phases, number oi’ pol es and number of coils
v in " the stator winding, k
ksgr ksq = saturation factors on axes d and q
(kgg = kgq = 1.y when the magnetic circuit is not o
saturated\ . ' =
k.ad’kaq = form factors of the air-—gap f'lux :
d'ensity on the two ax.es, considering only the
stator field sources; :

BEy, R = rel uctances on the d and q a:ces,rgspectively‘

q
Rg and Rq' will be cal cul ated using the stator magnetio
field distribution,. for a symmetrical current-system 3-phase

shabar.

3.1, Cal cul ation of the parameters on axis d

P et

Eig .12, Consider the configuration in Fig° 12, The’

integration of the Laplace- equation is done on domain
ABCDEFGHIJKLNA, with the foll ov ing boundary conditions :

Upr = Ugg cos@;

R - Ry tntogagp

Ugre® Ups =By = Vo = B = Yom =l i

o]



R — REER o e .
MA Rﬁ - Rs g

The maximum air-gap M M F. is:

v ='--.E3‘.‘.. e (28)
Jo

the N.M.F. on axis d is: ’ ‘
. .Vd =V cosIB i . (25)‘
where ﬁ is the 1nfernal b.néle of the maof;ineichose_n ’l;‘5° : B& isg °
arbitrary 0.45 T . ‘

The scal ar magnetic potential at point A is ,

Ugg = Ug + Vgo ‘ . (26)

U, 1s cal culated using the magnetic 1w laﬂ, appl :l.ed to a

sﬁrface defined by the curve GHIJKLMNOPRSG s

4>1'_ . SbLMN ¥ 2’.75LM = anan : .k12 =,¢2' * -
5

Considering two values for UO (Ugq and an, and using

¢ Per =2:6p =k U . '(28);
NOPRSGHIJKL GHIJKL 29 0 :

(27) and (28 it follows that : :
¢11 . ﬂb1 ¢ 21 ﬂb \ 4

UO = U01 5 &= U01 : ’
c’l>‘12 cl>1 TR e ? 4)2 | =
U = U = U
g e . _ it 02

The val ue of U, on axis d is to be found at Elier Anberaes=
tion point of the two lines obtained by fbllowiﬁg,four,

ints:( . U R 4 / » ;
poin é i ), ( 75 and ( sﬁ ’ ( %5 an)‘,

Thus,



.(Sb__,' "),(;U‘ i Uﬁ }'_
ot Lad 5o M2 ol s v :«_,;<29)‘
o : (‘¢32 76 ‘¢22 '¢21 | '

}U od: given by (29\ is- used ag m previous case in cal cu-

1 :ting the field distribution in the domain which was considered

Fig.,.13. ~ The amp].'itod‘e of the fun_'d._ame‘nt'alf.'harmoixio of tho
e A ‘ air—gap magnetio'ﬂmc distribution’ is cal cul ated -

uesing the Fourier—-coefficients’ ;

i
: "2 » e
gd1 = ——; ' J 9(11‘ (ﬁ\ 008# dﬁ’ (30)
where: 2 : ‘0 : ; - :
: a U(r ﬁ‘)
S :

= Rs
The form factor of the air gap 'ﬂux distribution . :

(mentioned above) is defined as

- T EalEnta 6 2 i
Bedo - . = _
where for: Bgdflis defined by equation (30) 'and
B = Bgecos = the ampl itude of the fundamental
gdo' 3’ ﬁ’

harmonic of the air gap magnetio £1 ux
distribution for the ideal cyl :lnder rotor;
/3 the internal a.ngle of the maohine.A :
The magnetic cirouit reluctance on axis d is made up of :
“the rel uctance corresponding to the air—gap for a polar pitoh de"

~and of the rel uctance dea~ “riof the interpolar gap, occupied in’
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part by’ the magnet. o
The .air—gap rel uctance Rg'd defined for the first harmonic

: of the magnetomotive force and of the magnetic ﬂwc density is
the resul tant “of the rel uctance of the e1 ementary flux tubes
'spanning the whole 1engh1; of the machine corresponding to the

discretization of arc AB it
- e p-A 2

R q= : ————-
4 "IZ(_._L__’)-- 7 II-B}M"R(S'].

R e e e e
whereA 5(11‘ is the an;pl ifude of“ fh.e fundarﬁental of the magne‘como—_
+ive. force in the a:.r—-gap for d axis . . 4

_.The rel uctance dea betw een face LKIHG" of Uo pote'n:tial
and “the ‘face REF 'of zero potential' ig directly yielded by the
ra’tio of the magnetic potential difference between the two faces

U,q to the correspondlng mag,netic flwc }b

gimesr Al e
Taklng into acount the manner in which the magnetlc 1ines
of force close for a 2p pole machlne, the overall 'reluctance on
‘axis d is found from: b e
; ) 2p -1
Rg= 2°Rg,d + ———-———;-—a-.....RdPa

3.2. Cal culation of the pé.ra.mtaters on axis g

Consider .the configuration"wshown in‘[Fig. 14, the infegra-—
tion domain Tor the Laplace equation is ARCDEFGHIJKLMA, with

boundary conditions as foll ovs:



: UAB : = U sin '0’ »
e UBC’ UCD UDE = UEF "‘O ' i

X ‘ o ;
'fUFGf=7-------1 U} ’ ;3ti'fwff.715ff‘fﬁﬁj,gﬁﬂ}(34)ff

'Ueﬁ = Un '7 UIJ = UJK UKL= ULm= Uo i

,'jZfﬂs-Rsf{‘j*. - ~f._£*iﬂ:fgf?!. ﬁ«?375lf51{‘

. When appl ied to the pol ar armature, the flux law givee qu :
= 0 The scalar magnetic potential in point A :ls N g
Fig.45 . " For these conditions the flux distribution is‘f
~——-——4h;7' calculated .(see £1g.15 ) _;.~ f ! ,-;~¢AF,‘,~3jg
3 As 1n the case of axiS( d, the ampl itude of firet harmonic
-of the f].ux distribution in the air gap Asa et ' e

e

SR “ng1'=_k -7-l.-. f gqr (ﬂ) sinﬂ‘ d‘ﬁ‘ 2(36‘) ‘

where .

The 1 ux distribution form factor of the a;lr‘gai)

ot

k

aq ie defined in the same way as k_q;

2 k’a'.ql =‘-;---]—3_&_9-—,-'" 9 ., ol (3?) e
jhexe Pago 5 4 51“15 % T
The magnetic circuit reluctance on axis q, Rq consists of

 the reluctance corresponding _to_ the air gap for a pol ar pitch

13



R and the rel uctance qua of the interpol'ar _gap in wh;lch_l ies

%4
- the magnet.

The air gap rel uc'l:ance Rs_ defined for the first harmonic
of the ma{;netomotive force and of the magnetic fl.ux density is
the resultant of the reluc'hance of the elementary flux tubes
spanning the whole length of the machine corresponding to the

discretization of arc AB.

el R
'g’q_i(._l_-) R e
ol 3 L )

WHeze AU@qi is the ampl-itude of the fundamental of the_
magnetomotive force in the air -gap for g axis.
The reluctance qua : be'&ween the face LKIHG of 1inear
potential varying from Ug. . to Zero -and the face BEF 4is com-—
; puted as the ratio of the average magnetic potenfial .defference'

of the h»ro faces of the corresponding magnetio 1l ux ¢q .
b U

qpa = i . &
' 20, - (38"
Taking into consideration the, manner in which the magnetic
lines of force cl ose for a 2p pole machine ; the overall

reluctance of axis 4 is given'

2p-1 2 R, s
o= -0 —= aq qpa add ok Bomita
- P YouR.. v R
g 107
__________ Big . 1617, and 18 shor the variation of kadr

R ReeEEe S Kkpqy R gd Rapar R 2q7 qua o e

Big o A function of the pol ar cover-fa.ctor, whe?e Rgg 9/}4, () 1,

s e v e e s s e S

e '31 is pole pitch and 1 ia active length of the
Fig. 18 N : : 00 SHHGT

; 'llt“



4, Conclusions

The magnetic field and parameters of synchronous motor"-
with ceramic permanent magnets was' computed numerically using the
boundary element method . .This offers important advantages as
compared to the finite differenoe and finite element methods.‘:
’First there is a significant reduction of - the number of equa-—i-
tions to be solved and henoe a reduction in computer storage
necessary .Secondly, unliike the other methods ﬂux distribution_
on boudaries . defined as the derivatives of magnetic potentialu'
with respect to the normal to the boundary is obtained automati—-
’\;:;e.‘lly in the_ process of - ‘integration without other additional
computations. ‘ | ‘ | ‘ v -‘ :

On the basig of the computation carried out for this
configuration for ferrite synchrbnous motors it was found that the
rel uctance on axis d is higher than-on axis q and hence the
s&:,jnchronous reactance on axis d is 10uer than the synchronous

reactance on axis’ this is entirely ‘due to the presence of the
permanent magnet of 1cm permeabil itv in the magnetic circuit’ of
axis d.
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Pig.1 Full —shiel ded mul'ticonductor coupl ed stripl ines.

Fig.2 The canonic domain obtained by conformal mapping of the

domain in fig.1 ;j

Piz.3 The geometry of the singl e stripliné (a) and the image in

the Z plane (b).

Fig.4 The geometry of the shielded couple-strip (a) and. the

image in the Z plane (b).
Fig.5 The nonsymmetrycally coupled transmission lines.

Fig.b The'geometry of the muliticonductor stripline considered

in 6 and numerical results.
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