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T h e p a p e r g l v e s a n e w r n e t h o d f o r o b t a l n l n g

the funclamental . lntegrat settlng qsed ln BEtrl. The

methocl is based on Lntegrall transforms and oan
4 . v .  Y - -  Y  E

be ap$L,lerl to all l  lnear dlf f erentlal equatLono

w lth consta,nt coef f lctents'
. t  :

J:Int .qodui t lon :

T h e  B E I I I  p r o v e c l  t o  b e  a  v e r y  e f  f  l c l e n t  t o o l i  l n  s o [ ' v i n 6

boundary-val'ue probl,ems lnvolvecl ln engineerig. The key-poln'L of

th^ methoct ls the funclamental' lntegral' representatlon of the

. t
solutlon u(i ) inslde the dopain D by means of the boundary

-  z  I  f  -  a  - !  r L -  l . r r l  - - -  . . - 1  . , ^ - l  ^
val ues u\x I and nf the rfl r.oc val uest q(xt ): By means of thls

formula the boundarv intesral equatlon 
"t 

*,l1rt3ii|f,m is wrltten'

aL g ebraic equatioriFvby*discret l"zatLon

of th. integral' equatlon is sol'ved. The sol'ution at points lnstdq

a f  r rn. : lamantnl  nesentat ionD ls obtaj.nerl by using, thg fundamental lntegral' rep:

once more.

I,le &re polnting out tv o w ays of obtalning the funtla.urental'

t cl if f erential ' equation'integral fornul'ation f ,or a glven partlal' alif'ferentla

T h e  o L , a s s l c a l  w  a y  1 s  b a s e d .  o n  r e c t p r o c i t y  1 e l  a t ! ' o n s h l p s

establ ished. for some rlLfferentlal operators. The second nethod

was given by Brebbia /1/ a,nct ls justlf led. by welghtetl resldual
. , ' '

arguments. Thls latter ,method ls more general and permLts a

stralghtforward extenslon to more coqd.'ec cttfferentlal ' eolatlons.

I n  t h i s  p a p e r  ! f  e  g l v e  a  n e " , r  m e t h o c l  f  o r  o b t a i n l n g  t h e
l

funclamental, integraJ. representation based. on {ntegrat' tra^nsforms'



The, lntegral' transforms are often used by electrical englneerd

(and not onl'y by them) to solve ordinary d.lfferenttalr equations

ancl partla| diff erentlal equatlons f or regul ar boundary .domalns I

the hal,fspaoe, the hal'fpl 'ane, the strlp, etc. We shall shor that

ln the oase of lrregulrar boundary clomains the Fourier transform

stralghtfon*ardly provldes the lntegral' representation formulia

for the sol'utlon tn terms of the boundary valiues. The ad'uantages

of applylng thls approach to bound.ary-val:ue probl'ems are the

s i m p ! l c i t y  o f  t h e  m e t h o d  ( e s p e c l a l \ l  y  f o r  t h e  p e o p l l e  l n  t h e

etectrlcal" engineering flelrd. who are fam{Ular wlth operatfona}
i

methocls) and tts apptloabll ' l ty to al ' l '  l l lnear partlal ' ctifferentlal-

e q u a t 1 o n s w 1 t h o o n s t a n t c o e f f l c 1 e n t s . :

In what foll'qrils J.n orcler to sholr ho,'r our nethocl operates the

presentatlon of three worked. eocarnli l ies ls preferred to the general'

theory.

t TJoe Transform ln ltro and Three VariabltesFourter

The

ase

/t

{,I

one-dlmenstqnal 'Fourler tra^nsform gan

of three lncl"enendentr,varl?O#"i by the

)=f ttratl = \\\ \,4' d' n* " *'a

be generall lsed

rel ation

( 2 : 1  )

to

the c

- + r f , . . . . r + D
w h e r e ?  = * ? + v T  * u i , ,  f t = k t r + k 2 J  +  k 3 I ,  d &  =  f l s ' d . y  c l z  a n d ,
. r D r t

**1c ,  ls  the scalar product:  of  the t to veotorE.,  I f  the funot lon

f (i) comtrrl'les w lth sq1ne . Dtrlclil et-t--- requlrements ln 
"ou"":  

' ,  t  '

bouncled. domaln and ls absol'utel'y lntegrabl'e tn the whoile sBaoe,
: '

we also have tl^e lnverston forrnul'a

( 2 | 2 )



' ralld at alrl polnts where the functLon f (*) ls

oase *€ L where I -  f "  a surface of  d lscont lnul ty
. ' . . .

f (f ), the l eft-hand sLd.e of rel ation (Z:Z> must
l

the Dirlctrl et sum "

f( i+o) + r(f-o)

2

where f(i+O)r f(i-0) are the fiuo l lmtt valiucs of the functlon

fG) at poX.nt ? when approaohing this polnt frcm d.lfferent sldes

of the surface of dlscontlnulty:

Nor lret f(i) be zero outslde the clomaln D, bound.ed by the
F

surface), anrl d.iffgrentlable at every point 1n51^de D. Iile have

r#1 =!! \$e'r t r  t 'a = $ &t4c{,  n i r i )#d t
P }

-F tq., I\l \tar d'h e & a (2;3)

apppl'yitlg the d.ivergenee

\ \8at+e.h t)  r ;
s

\ '
becomes

i?R, gte,\

fornular  we have f  +

= \\ 
^,o* {ctt e-' 

*'' 
do

u

continuous. In

of  the funct ion

be reglaoed by

dc
( 2 . 4 )

ove the  f  o } I toq  lng
t

,ts
. d a

c

tr

By

+
n " t

* \\*n { tet di 
n"*

r(r'
fr

Rel ia t lon (2:3)

srs\=
B y  m e a n s o f  t h l s  r e l i

5 n

{-\ = t ln . t- I J  
, \ l

\ =  i t ' ' V  +
? 4

I  = L h x V  +

a t i o n o a n  p r

.  ^ i f i
La) o
-i fi.a

U r
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L ,

H"t" ? is a vector ftel 'd vanishing outsid; D and' be!'orulrrg

/ t \

to the :l ass gUt / ln the domatn'

'od'uct
Nov l 'et us deflne the convoliutlon pr

=fi,

of
-r,
X ;

It can be easjJ.iy provecl that we have

$l \x t \  =  s l t \  s l t \  (2 :6)
Nenct we shal l '  consider tno examfles'

i) ret L2 * k1 * kz? * k32. ttre have

a'€ i f[s''lf l= i,.r"\\ t'
To cal' cul'ate thls lntegra} w e . shal'I use a opherlcal system

coord.lnates with a poliar aucls fn the ctl:reotLon of the vector

Therefore we have

s d = k r c o s o ,  t 2  = * 2 + Y 2 * u 2

d3il = &2 $rue ataeaq

ancl the above lntegral '  lecomes

g'' I b\ 
=.**1dh\*1' 1iht*^e] ]il e do =

. 0 - ^
@ ; * ' r '  - 0 Y { " /  q  i l

, t  (  Qv r *o -o  rQ^  1  (  
$aqF F - - - - r r  \ '  - "  ' d ( A  =  +  \  - 0 ^ - * K-(;nT 

) ikt '''5i3't, J rR
\ L ' s l  

o  , , o

Ae
But rv e have

&
C hi,\!b

\ -5

I €
I lna l lq  wu 

'obt" t t t

c -^ \  a  1' r  t  E r \ =
1 1 )  A s  a  s e c o n d

Fourier t ransform (1n

, i

I  ; :

r 4 -

f f i ? , f f i \
e x a m p l ' e  w e  s h a t l

I

t qo  va r iah les )  o f

( 2 :7 ' )

c l . e t e r m i n e  t h e  l n v e r s e

the functlon



n'{(a,t\

lnner

+ao

r (
?ic l

, +? .0 T e,&F
l- 

'C 
aih'1 rH \ ? ; dh.

(*)t-L' " o*t-)- &^+t k"
lntegral is

Q"\*

66
w h e r e  h ( x )  l s  t h e  H e a v l s l d e  f u n c t l o n .  T h i s  e q u a l l t y  c a n  b e

c h e c k e d .  u p  d  l r e c t l ' y  b y  t a k l n g  t h e  F o u r t e r  t r a n g f  o r m  o f  t h e

functlon ln the right-hand slde (or alternatlvely by using the

res id.ue theorem,\ .  Jur theq onr  w€ have,

1...*r = *l ( #"* eih"5 Q,1cr,\ dhr-'l 
/._ !,"r*r n Q'" c-T)
25t e'+utro

Flnal ly we obtaln
ftt-L\ ,{, 1 = :--' t  

t6;E;J z-nt
where ?,,= 7< + ly ls a comfl 'ecc variabl 'e.

-  
3 i  Green I  s Formuli a

A

{'t&,. L,\ = I -
&^*t k.

The

I'Ie have

- o .

( L

dh*= {
t - r

Oht* [uc*r ]

t*'* fu c *r
h .  t o

,  
nora o

? k"* iha\
- \d'- Q.' 

--o,l*l-"> 
dha \

,  f  ^ ' 6 \t - )  x l
\ s o v /

We consld.er the Poisson equat ion

-  A l rC?e,\r t \  = 3(2t, \ r?\ . ,  
(ee' \ , t )€ 5 (3:1 )

where D J.s the domaln bounded by the 
XurfaceS. 

We can wrlte'

$[nul = S1a'"Xr.^J- u \ = t6"'g\1.oa*\ r

+\1fi,.garw ;Ju'-q{" = i6'tr('& -ff fr,rrn'friao!
6 " 

,,. .* ol;6.O ro Z
+ )} {nv"

T
The  Four le r  t rans fo rm o f  equa t j on  ( l . t )  f s



- t [ .a. r(  xrr"
a . ' 4 .

Ia  - ; [  ' \ \a  Dva dr  "  
]6

7 - e

l l e n c e  r l ' t't.-i, 
= hfc{, * b\H'ih 

14o -r ..I" o

- ;[ (\fi,odo*do'  iA 9 o.z>

? - q
-; {A,?( , ^
a- ds' c' g

The j-nverse Fourier transform of the first term ln the rlsht-hand

slde of  re lat ton e:D is the convol 'ut ion procluct  9( f  ) ' r (+nl i l )  ;

We shalif no{ determine the inverqe transforms of theOother terms

J;.;{,'\ = gt^I h[ * u'n oou' \ = (ir\$ # d[ "
r f, -rr L , 

" ^;Te-L&-i') ,jilr . .Or  ^ - 'Y* 'L  r  ,  " .ydA,  A. \ \ \  
e*6k

" \ i ln  d6 =\a*  
(zsy, , , ,  tRu x

"The last integral in thls formula is given by reilatlon (2:6) ancl

trrererorertr.u,a\= 
* \ H #aac

6,-' \ru 'i rr

Then we hove .  ,  ? . i l  a - iq.-a ' ,  ,

^,9to,\,t\ = &s\ h n'o 
-f[ 

g" $(4')s ' dc'

By changing the order of lntegration thi.s rel'ation becomes

,,f,c*,\,r\- S! n' ui da. *+\\ *.u 
(a -o'y[

,k lii qi* c? -i', ji = ; r,g1ffi a'{
(Zr.F .rrt T 

o -.; (2[1r "''

= gr,d ( t{itl8 -t' I f 1
But



gsad ( l?

therefore

-  i ' t  ) -1 = -  gract '  (  t f  -  ? ' t  ) -1

and

d}'t*,1,*\ =

Fhallry, the'lnverse,Fourier transform of reLlatt:on (3:2) ts

c \!(t ,5,L\ = k\\\ J''*J' 6f- !B\ 6s 4'

-iE$dS('ffii)&"'

. 4 (( t\r,-fuUffifudc'-

#\nk'tfu) ao'
Here c=1 for por#s lnside D: If we have

by the cllscusslon ln sectj.on 2, the f eft-hand.

(3:3) must be l

" ( ; t o + o ) * o ( 4 - o )
2 :

Henca constant c equals

outslc le D, we have c=0.

isotroplc necl la.

By takiry the

obtaln '

Cr. al

a
the polnt f" gE '

slde of rel latLon

If point x ls

1

1 'u (xo )

1/2  fo r poLnts on q.

R e l i a t l o n  ( f : f  )  r s ,  J u s t  G r e e n r s  f  o r m u l a  o f  t h e  t h r e s -

potenttal s t
' . . t

4.A Vectorial ' Green Forqlrla

' | :

Let us nor constcler the system of
: '

, - ,
l a r v v = 9(
) -r -'t

t r o t  V  =  J  l n  D
-+

where I anit J a,re given : frrnctlons; '
J ,  : , .

occurs tn many probl eqs of steacly-state

equatlons

' l - , ] :

. :

FourLer. . transform

( 4 : 1  )  :
.  , ,  , .

l

, '
Thts systen of ,equatlons

.

fleilds ln honogeneous and

" :  l l  
" '. , ,  t  .  :  .

o f  . t h e  s y e t e m ' ( 3 : 1 ) ,  w e

:  ' r '  ' 1 ' , . , , '  "  '  ' l : l  '



means of the. vectorlal lt lentity
-t * ^ -1- o6itx citx Tl = r?(iE * ?) * r.zfl

. t i r t

We obtaln -+, ^-rk 'A , )
^  - . f ,  r  - A  

\ \ A , \  e  d a ' t +
? +? t E >  =  - i h  

f u I 9  L  - +  ̂ , i  c ( i  ? , : t f . { , - r
; iRxbt r - \axva  dc1

'  By using the Founler transform properttes gtven ln sectlon

2,  we ob ta ln
- 

"i,a-d' I I\( .9c") ,fa' -:\\i"a' -4+., 1 *
c V C 4 ) =  - t *  t 5  u  r ' - g r  

- G  
i  

y - ' -  
\ e - A , l  l

, ( ,r-(tt 3*a?,,d3a, i\\fi,xV',* t+ \o t  l :( q I r ) ) t i - i , , \ -  , r i t ?  \ * - c ' t1 4  L

( 3 : 2 )

The solutlon of thls aligebraic system can be obtalned by

Thls formul'a, was obtatned by a di.fferent nethocl by C.Jacob
4

/2/: It gtves a iepresentatlon of the vectorlalt f lel 'd. V by means

of the d.lvergence and rotor'values f ancl J ancl atso by val'ues of
-

the nornail ancl tangentlal' components of V on the surf ace E : .'' It

oan be used to obtaln the boundary tntegral' equatlons when the

normal: or the tangenttaU component of il ls glven.

5.  Ponpelr  s Formulla

Ncv llet us consider the compl'ex equatlon

?ca, € ) l n  D  ( 5 : 1 )

glven functtons &$dw h e r e  z  =  x  +  l y ,  d  =  x  -  i y ,  g ( z r E )  a r e

I { ca,al 
='

% r : -

X E

C)



) t  1 - ) r  ) r .- - = - ( - - + 1 - - )
l z  z  

' ) x  
) v

B y  t a k l n g  t h e  F o u r l e r

(assunl"ng zero val'ues for f

t r a n s f  o r m  o f  t h e ' r e l  a t l o n  ( 6 . 1  )
:

outsLde the donal ,n-  D),  we obtatn
, 0  0  . r

(ih,-h"l{tu". h") - 
:*+iet) h"t> :;Iil"t 

(5;2)
= ZnX

Here C ls the boundary ourve of the'. donain D.

Ife aL go have
I

- d1t
/Y\ +t 4f\.. = - -

{ dr"tlv

Dquat ton  (4 :2 ) glves

$rh^,h"\ = #*t,or .,' dm"T,r',+' 
) ds^*nh"* \t

,[ h^(*-e) .h"lt$ d,h n dh

The inverse FourLer transform of the flrst term ls 6n(f$u)-1i The

C

The l ast integral, !n the above rel atlon can be obtalnecl by means

of relat lon (2:?).  Ftnal l rY we obtaln

d$j

0 - . ^=q tce,ti) A*,J,A\ * 4.\ bP d.' (5:3)c { c t , € )  =  t  }  T .  
a o 5  *  

; i ) ,  
" _ *

Form'l,a (5.3) ls Just the tntegral formulra obtatned, by D.Ponpei

l n  1912  /3 / :  Fo r  g (21? )=0  the  func t i on  e (z ) ' Js :  ho lomorph lc  tn  D



and the 1eLat ion (5:3)
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An rnf,oraotlvo Pr.oSrammo f.o:l soL vlnG M$Ced }3VP f or. t}ro ,)I)-I,npI ncc

Dquatlon bY CVBIII{

D.Homentoovooh l l  D 'Cocora ,  R 'Magureanu

P o l y ' b o o h n l o l n r r t t t u . t g o f B u c h a n c t l t ' I c P n B r r o h a r : o o t , l l o r r n t n n l r r

a Abstrnot: IIIXDD ts a pro8ranrne f o-r .sol vln8 - the
iffiffif-rf otlet-y"urnrnir Boundirry-V-al uo Probl en

tffipi i"t-{rtJ l,"praJs iquatton lir pLano ilomalne'
i l  r l uanoa on trnnsfolir lns the prob!.om lnto a
iJaifrri''i"rtirrC-bvi and noctp on aol-vln5- tltltt
n rob I  em by  to tns  o f  t t r o  Cdpp ta r  Va r l ab l  e
fi;;;;;il iii."""t t{otho<l (OvBEu)' Tho prosramme
Ii;;;;; i ' ;" 

-lho 
oonpt eto potontlal . funotlon' rt

lf *o- fnoo"poratoo 
-an 

urr'or ostlmatln6 algorlthm
v r h J . o h  d . o t o r n l n e o  J f t i  o r r o t  I n  m a f , o h l n g ' t h e
r : t iunr lcnY data.

qi.o statonr-qnt !t $!C Pro.bl en

Muny phyolorrt problomo aro. modollod by tho
lanraoo 

'"eq'uitton. 
ff"ri-w" montLon . t-hs 6teatly-

;ffi;;" ol'-trt" 
--"i 

ooironagnetto - f leL lla and !tt"
;*;#;. 

- 

"u"{""-ires 

- 
tnotrl"o of lnoonprg.sslt'L ?

;;; i l ;. r" 'tttt r ast- yeare, thc Boundary sl enent'
ii;,;l'il' (;iui';r;;;d io uo' .l Yerll orrtolsnt toor
ri""i"f iine' 

"i,oh 
probr orns /1 /" ilo'r evor I rl !lt"

,,r,r* 
- 

of 
' 

{fr'o 2D niott[ ettr , tlig -no-mpl oc variabl o
l;ira$r,y ls rr vol'y 

"tirtr,trt 
ti nrothotl for: appronohLry3

i , i ' r " - i r oJ " , i a r y  
- va l  

uo  ; r r o l t l  o l nu .  l ' o r  ha rmon lo
Lir.ntfn"u. A 

-nunsrloa! - 
troatmont basod on the

;,;;; i l ;;";,,"inti io 
-itt." ' ,v, ' 

knru n trn tts comnl or
v; , ; : i ; , i ; i " ' i r . t t in i i " tw t lLerrnont  Moth ' r l t  wAd' lovolonod
;'r;""| i- i: 'hi;-i inl i '" l 61v9n rn hl oonstltuten a
iu*,ir:io* irsatmsnt 

'-' 
of tho -,-oornJrl ex vtllialtl a

;i i l i l ; t- ror 
-uJ"rnrE 

mi:<od nvP--{o1.th,o LapLooo
o 'q ' u t t f on .  T l , o  p ro [ r ' amnro  ! l . I l . l lD .  t hD t  wb  a ro
;;"t;; i i i l  rttro fo a-nunorroat lmpLemontatLon of
thlo rnothod.

f ( z ) = u ( x , y ) + t v ( x , y )

ls a hol omorp]r lo l ' t rnot lon on t]ro vltr l  r lbl  o 2J R x
i -  r i  

- r t iJa" ' t t ' "  
d; ; i ; ;  . ' -T no funot lon- y(" rY)

a" 
- i t"rr -  

"u 
t t t"  funotlon f (z) have, p .de.f rn|to

i i""ro"f 
'moanln6 

tn manv problens /2( ' /4/ '  .9o'
f ; - i h i r - - o " o J  t u t o i r b n  u ( x r v )  l . s  ! . l t o
eLoot roo ta t to  poUcnt la l ' ,  funo t lon  v  l s  the  f lux
i l ; ; ; i ; ; - ; ; t  f<u l  t "  t i re  o l , .eo t roEtT t lo  oompl  cx

" o i u " I r " r  
f u n o t l o n ,  ( - f ' ( s )  t n  t h o  c o r n p L o x

ionlugate of tho e[ ectr l  o f  l<:[  cl  tnten{t l tV-J'  - . l l
i r r o  i i v a r o d y n a m l o  p r o b L - e m a r  u ( x - t y )  l a  t h o
i i i o " l r " r  

- f  
u n o t l o i ,  f  ( z )  

' t - B  
t h o .  o o m . p !  e x

-potentrat 
functlon, antl  v(x ry) ls tho Btroaln

funot lon .

f a k l n g  l n t o  a o o o u n t  t h e  0 a u o l r y - R l e n a n n
oon i l l t lona , - -oquat lon  (3 )  oan be  wr l t ten  as

, .  ov :
1- - v1 (e) . ,n l ' , , ,
olo

and  hence
tt

v ( r , )  -  . 7 ( . r ( r ) )  * J  ; r ( e r r ) d s r  *  v ( , r ( r ) )  *  v * ( n )

n ( i r ( r ' ) )  ( t r )

o n  t h o  a r o  s ( i t ( r ) )  z ( r ( r ' r ' t ) )  ( r ' 1 '  p ) '

f to [  a t ton  (4 )  lno l  udes  a  
'q t ra t l ra tu re  

whto l3
s t t o u t ' i ' " i ; ; - ' t " i t " t  v { r . " i .  I  v  o ! '  n u m e ' l o a L  ! . v )
n e r f o : : m o d  b o f o r e  t h o  p r o 6 r a m m e  a t r l r t a . ' l ' n s
;; ; ; t" ; i l ;  

. ."4. i(  
r)) ^i 'o 

"t  
ktt* tr .  Atr Llrtr  f  r tno t l  r : t i

"G.v) 
LB dot.rmllrot l  up ta a rgrrt  oonstant we

oin' i i , t-"t .1(p)) - o; t i ' ro othar oonst-ants shout<l
t l"  al i l . t i ' in, i f , ' " t tr t  e'  ool vlns the prob[ em' Those
oonotanto a[ so lr,:rvo r'r dof f nl{1c - It{Bt crrl nennlrut :
i i uceo on  the  nros  s ( I ( r ) )  z ( . t ( r ) )  ln  e loo t r ' {oa l
ii;id- rrtLtrf 

"*u, 
rates- of ft o,l ln hydrodyrrtmlo

; ; ;b t  dms .  e to ' .  That  t  o  w t rv  ln  nany  prob l  ons

[ h ; ; ; - o o h a t a n t s  n r e  t h s  m a ! n  o l e m s n t s  o f
ln to res t . .

I n  t h t s  r a y  t { €  h a v o .  t o  d e t o r n l n e ^  t h e
oomoloc funotlon f(s) '  hotomorphlo lnel ' leJ& 6n' l
Jftd,ii-r""t ana rmasidarv parts- oonrplv wlth ths
boundarv oorial l t lons (2) antl  (4) .reapeotlvety'
Thls ig a nroi l l f tei l  Volterra WP /51,

We oonslr lsr a rnonh on the- -o-urve 8lven.by
'L t ro  no t  o f  po ln te  n (1) . , .  . . . - ,  a (N)  whtoh  l t t -o t  udeo
; i " ; ;  

- " ( iC i l ) '  
s ( . t ( r ) ) ,  ( r  = '  l ' 1  . "  r  I r ) '  Tho

i irrrrrt , l r ,r 'y oottdLtl .ott t t  tr l l  Ll ;ctt  Jn thc l$cnh ;tolnt$
dfe ! '  .

u ( k )  '  f i ( k )  f  o r  t e  [ r ( r ) , . T ( r ) . 1 , ( 1 * 1  ,  . . . ,  F )

v( tc) .v( i I ( r )  1+vi  ( lc)  f  or  k€ [ i ( r ) ,  r ( r+1 ) ] ,  noi  . . : ,  l ,

whe rs  u (k )  .  u ( z ( k ) ) , v ( k )  -  v ( s ( t c ) ) , t i ( k ) ; f r ( r ( k ) ) .

L.r l ,  tho l roundnry F of  t l rs  t l lmPLy-oohnoo' l 'od

.- *?'ii',;;+, ;l,yifSil ::l: :r' 6ii,o';flfo fi:s:
r lonote I

" . .  
- { ,  ra ( r (k ) )  u ( r (k ) ) ,  l ' u  -  F  -F , ,

r u  
k o 1

Tho nrlxod DtrtohLot-Nounarn l lVP ^ oonalsta
a;;t;il ittc tr,"-runoilon u(x,v) whloh rnecta
conil  l t lons

w h e r o  a  l a  t h o  o u r v l L  l n e a r  a t i s o i s s a  o n  t h o

#i* igx i: J li'" 1* l ;xli" "ol:, 1 ̂$' t s' Ti: "# i
6lvo1 funot lono.

L e t  v ( x . v )  b e  t h e  h a r m o n l o  o o n t u g a t s
function of 

-u('x,y). 
The oomploc funotlon

1n
th6

Au(x ,Y)  '  0

u(x ,v )  .  f r (a )

( x r y )  '  f .  1 " ;

l n j t  ( r )

on l' ,,
( a )

on f  , ,  (3)0u
a;



un( lo )  '  v * ( z ( t ) ) ,  r ( n+ l  )  r  N+1 r  1 ( f r l * l '  
=  

" t i ; ,

l lo have v(J(rr)) '  0 and we nl co ttcnotetl l lv f l l l l
i i""ft it.g.i*t ' ' '  

' t"u, 

""n 
a andl b (tho octnenlteg

trclng {nc[ udod ).

The progra,mms ls bae.eil on .Cl!-f-|rl anil at ths
be6lnnin6'r1" aotel'mtnes- ltre unknorn values of,
tr,6-futto*tfono u and v on tho bounilaryt'rthat ls
the val udE

I'ho Usor.rF- -Gu&

,Iho l,lIXDD progrnmnro ls ivrlttsn tn FORtflAN-

ll aii'-ti'-ita" i,u"i'ffinr"it rtsa--on- -a- PDP-11/34
'i'in ii Jrnui "i. 

-' 
rtrnn tru:l 

-t*a 
or .q n s{-1 1.11. o porat lnc

svEtom. fhlo pro5roiirno oonotsto of [ppr.oxlntatoly
;b t " - ; ; * i l ;  ; t ; t e i l ; ; t J  oon ta tne i l  l n  a  ma ln

frroarammo an.l 13 
"l l i i"t ir"Ji- 

-(*; 
- Appendlx .A)'

t r rJ  f l  ow char t  r i - ' -q1-g;ro . ' i  denbtes t l tp

;;i"rti;";tip--il tt'J urxEu mnrn .prosramne wlth
ffit-;-f'-iilt subrouttnea' The octra-storag€ was
i iT'  , iJoai--  t t t "  pr- fr t"mmt noe dla onlv a 64K
tfltorna[ Etora.lro.u-1

v( r )  f  o r  16  { i  [ r t t )+ r  ,  ,T (k I \ ] - rF(n+1) ,
It "'l

n
u ( r )  f o r .  r s d , '  [ , l t t r ) + t ,  I ( k + l ) - {

k * 1

a-a (J  )
------------ +
n 1 r ) - s ( J + 1 )

( B )

( 1  0 )

At overv moeh Dolrt wo havo tv.o rolattone,
ono  r l " r  ' bh ; " " ; ; t ' -  p? r t  an t t  t ho  o tho r  f  o r  t h .o
i i l " i l i t * 'v""p; t f  

' " - r ' tho 
potont- lq [ ' funot lon f (z) '

$sr-" do+drnrinrne 'uhs vaf uoE (6)- wo . ".r 'o only - a
i ii r 

"-,f 

-{iieiiJ 
ior atronsi tho 

.olhor .hat f w tt L bo
ii l ir i tt. i i t., i--ioo 

-"s[im"tl;6 
tho orror l 'n rnntohln63

tlrs bountlary oondltlono.

l lb  obta ln tho: ,  vo luse f ( tc)  '  u(k)  + tv(k)  of
t t r "  n ' n t i i t T " r  

- f u n o t t o n  
a t  a L I  t n g 9 h . p o l n t a '

n l t n * a r A s ,  ' L h e  a S r l r r o x l n a t l o n  l ' ( s )  o f  . t h o
funot!.on f(z') tnortls lB glvon t 'y ths rotrmuta

Ir ( ra)  " F p 1 x 1 . f , r ( a ) ( ? )

vl here

^  1  (  a - a ( l - l ) ,
i5(a) ' ,rT; t;ffi:;iil;'n
-:::!*11--rn
a ( l ) * n ( l ' r l )

Irtsurs 1r The lttororohal gtluoture of tho lilIX0D
Pro6ramme.

' 
llhcn the pro6ranmo hag beo-T--.$etal' I efl on

tho systomr th; uior onl,[n tho IIIXDD p tcretntmo
by tho oonrlrond i

>IIUN I,tIXDD.

{ho pr,o6narnttto dlupl nYo t

lll{T$ll: 'l'ITI,ll 0$ TltS I'llOlllllM

anil tho uoof nuot DronUlU tho probtorn houdlnoi (u}

to fa oharaotore).- Lob- F bo fhe boundory of^ the
almnlrv-oonnootsd ana['yootl domaln vthloh muat be
t,; ; i i ; ;  un into n norroo o,f ploooo w trtoh mttst
i:ii"-rio^6tttui; 

- 
in it soquenoo (a- bountlary tti'o-os. ls

tlot lnttiit by tlrr o nodoE)l The numbortng of the
n o U e s  1 s  a i g u r n o r l  ' [ ' o  b o  l n  o o u n t e r - o l  o o t t w  l s o
or t lo r .

Tho noi loo aro roprogentcd dn o 0artoaian
oo-ordlnato oyotorni A noh-rootangu! ar domrln oan
b e  s p o o t f l e h l  n o d e  b y  n o i l s ,  b y  a u t o m a t l o
rootl i lnoar ot olrcular oncondoilns' fho moclnel
numbor of noiloE rsoEivscl by the MIXDD pro8:ramna
ts  561

ThLs lnf,ornatlon ls lnput ln on tntonaot!.ve
moi le f  lorn the keyboar i l  aa an answ er  to the
follortng optlont

, -s ( t r r . ' l )

r -n (  J  )

'l 'ho abov o r:ol at Lon n rrppl y f;o nI l. Iqg u\ 3rr
nonlr nalntr i  Atr t l ro f l ! .n/ lr t l  nr Dolnts (o.f i . .  tho
onr :nur :  r i J f  n iu  o l i  t l rq  ourvo  or .  t l ro  po ! .nbu 'y l tg lg
tho bodntlErrv oondl 'bton ohr'rry.gon l{,$ typo) t lro
f r rno t lon  f (z )  hau tho  fo lLo l ln6  dovo l 'opmont t

f  (b )  d f  (6k)  +  q  (s*&k l t r  +  6a( r { -Ek)?}c i l i ( 9 )

vrhoro tho ecponont .;r oggal u [/et at rt oornor
111n6rr lar l ty ,  

- l t  
oqur i l  n  1/? t t ' l i  nr  f io l t r t  whors.wo

i l ; f f  
" r ; - ; i " , ' hn " " rnb ;  i i t r i . o l ' L  o t  t b  No t tmnnn  (on

oonvoraoly)  
- ioundtry 

oont l l t ! .ono;  ant l  oqual  o
ll /2@t at a oornor poln't rv hoto trt tho urmo 'lit nto

th'o b'bundnry oodl{rton typ.tr ol,ary1oo. Og clcnotoe
the ^ -nn6l o .bot't.oorr , dluootlonn P.181+1 ;" El(ttlcrl
lns ld lo tho domatnJl .

In {ihln onno, ' lho rrpprorlmattn6 funotl ' ' tns
on the bountlary took lnto nooount the bohavlour
(g) or ths funotton f(z) [n the nslEhbourhooil of
tho olngularl*y. l{e oonali lsrod a l lnoar , t-yre
a n D r o x  l m a - t l o n  o n d  r r l  o o  q  q u a d r a t t o  o n s .  T h o
furicttons 

't l .(s) 
oorrospondlnA to nln6ul'er nodoo

{tro qxnrogsdrl thon by monns ol' t lro funotlon .
NoDE,l(, Y 0R

w h o r o l .

![oDD,R r iLPIIAIINDSX .

rn (a)  '
N0n$ - t l ro podo n'rnt l ior (tn. o ioqusntlci l

o r t l o r ,  b o d l n n L n 8 . b y  t )  ,  . '  ,

X .Y  -  tho  Onr ton lan  oo-ord lnn tos  o f '  tho
rrodoo (bh+r absolurro urrd crrr l lnnto)

n.A!I 'HA - the lolor oo-ordlnatta oi the
nodos (tho radlus and the angJ;,c)

1
r trl
\ - -  d tr t-a
0

Tho oonJrutat lons aro. porformod f,or rat lonal l
v+r! 'uoo ol tho ln$ot j(p.m/n' rvhoro mln aro two
dntoBor. numborsJi



INDEX - 0 donotes the Cartoglan ayatom

Po[ ar oo-or i lnate syatem

Nots t  A \ r tomat lo  Genora t lon :  Tho end o f  tho  node
lntroduotlon (rnput) la lndlcated by N0DD'0'

I f  Polar co-ordlnates aro u6oal, the uoor
lnuet lndloate the Cartoslan o.o-ordlnatog of .&l l
lhe i leftnorl  oen era (bY INDEX).

' '  he boundary ooncl l t lons (BC) aro 6lvon ln
.  c ro l t  , rodr t  l f  thc  Dtn io l r lo t  o r  Noumann oont l l tLons

n::<l vartahlo from nodo to nodo, or from a notle
I (n )  t ;o  unothor  J (p)  r f  tho  l ) l r t ch le t  o r  Neumonn
oond l t lon t t  a ro  un l fo rm

r ' h o  t y p o  o f  I l 0  t o  l n p u t  a o  I B C  '  1 f o r
un l fo rm BC,  o r  IDC =  2  fo r  var lab lo  B0 '

F o r  I I l 0  .  ' l  
r  t h e  r r n < i r  m u o t  p r o n p t  t h e r

f  o [L  o , r ln6  uPt lons

NODIN, l lo ,  Vo

v t l re ro  NODf t  -  tho  a ta r t  I ( f r )  o r  f lnnL  i l (p )  no i lo
number for the tYPo of boundarY

l fo  -  tho  l ) l r lo l t fo t  I IC  proror l 'bod  va luo  ln
1 :ho  N0DD

Vo - tho Neumann BC preocrlbei l  vaL uo tn
l; l ,o l l0l) l l

No tcn  :

( a )  T h e  f  l r e t  n o d o  n u n b e r -  n - u g t  b e  1 t
corlooponrl! .ng to tho Dtrtoht et l l0 (Uo). i lhe loct
:rorlo nunber-denotea the ohango of Dlr lohlet ln
t l ' re  I ' l eumann 'BC.  e to .  . In  the  laa t  chan6 ln6  nodo
, :  f lugt havo V6 - v( i I(P)) = O.

(b) Ttre polnt whoro the tvJro of BC ohangee
lurtr l ;  ho r l  nodo of tho rnonh.

(o) l loQleo. 1ro ohnryt lnf i  nodos thsro must
bo  no  losg  than bro  nodon o f  tho  nosh '

( a ) ' t ' n o  o n r l  o f  t l r o  r r n l l l o r m  R O  l n 1 i u t  1 . o
lndloated bY NOI)I i 'O.

For IBC .o 2 tho uEor mugt pl rnDt, for oaoh
norlo of tho moah r tho fol L or ln0! olt t lono t

N0DD t r  l (ODE, l Io ,Vo

*i,or.u: KODIT - 1 - for gl.von l fo lmrl Vo (trottr)

-  O -  fo r  6 lvon  t lo  o r  Vo .

l lo - tho Dlr ' tohL ct l l0 prosorlbod val uo ln
N0lln 1

Vo - tho Noumlnn DC pnoooribod val uo i .n
N0Ila 1

Notos  (a ) ,  (b )  ana (o )  a ro  oommon fo r  IBC -  1
oad IBC . 2. _.r

' T.ho boundary slngularlty csri bo a oornor
porn t  i l  t t rJ  ourvo  or -a^oot ! lo ton  po ln t  (whoro
i; t ' tu t l0 ohnn6oo l . to typo). To talto lnto aoooun'b
t h o  f  u n o t i o n  o p o o t t l t  b o h a v l o u r  l n  t l r :
n o 1 6 h b o u r h o o r l  o f  t h o  b o u n d n r y  o l " n S u l  r r 1 ! V
p o l n t o ,  1 t  1 s  n o q e a a . r r y  t o  l - n d l o a t - o  t h o
in to lpo in t lon  tyno  ( [ r t ton t '  o l  quadrn t lo ) .  Tho
rruor 

'nru6 
U prontlrt 'blro f ol I o,, lru, optlono't

DNTlsll: TYPD 0F INT$RI0LITION (INT)

rhore i  INT .  0  -  fo l  a  l lnear  ln to rpo la t ton

1 - for a qusdrotlo lntelpol at lon

NODE'M,N (!t IU = M,/N) = ,

whoro :  NOI ) I I  -  t l r c  o lnSu lar  nor lo  nun lbor

!t .N - bro lnteger valuos whloh lepresent
p-ulu [sbe (9)l:
\
N o t e s :

(a)  The s lnaular l ty ,  polnt  rnugt  .be a polnt

of  tho moshi

(b)  Tho end of  tho oln6ul  ar l ty  potnt  Lnput
ls lndl"oatoal  bY NODfI  - -  O:

'  A t  l t s  o o m p l ' e t l o n ,  t l r o  M I X I I D  p r o g r a m m o
ocooutos gln automat lc orror  contro l .  Tho error
ou tp r r t  t 1e t t n6  con to l ns  onLy  t ho  re l n t l ve  o r l t o r '
The pro6rarntno c lLoJr lays thc ol lb lon:

DNTEII : rrRROll co}Itltol ( Dnc )

whor .e :  D l tC =  0  -  tho  r rner  o lc ipo  th lo  op t lon i

1  -  t h o  u B e r  a o o o P t B  o r r o r
prooooo ln6 .

N o t e l  I f  t h o  v a l u o  o f  t h o  u  o r  v  f u n 6 t L o n  l e
zoro  the  ro la t l vo  o r ro r  oqua ls  1 .

A  b r : l o f  r l e n o l i n t l o n  9 f  t h o  l o o u [  t l n &
outpu t :

- ALt the lnput data aro wrltten on the output
I  l s t ins .

- Tho pro6ramno allspl'aya the val ues U anil V for
all boundary nodes - the probl em 8ol utl-on.

-.  l l 'ho pro6rannrc dlop[ 'rryu t l to ool t t t lorro f  or oaoh
lntorn6l '  iolnts of dhe-anal.ysod dlornain (when tho
uoor: nolrs tht.o) nnd pronpto tho oo*ordlnntec of
theoo-po l r r ts  -  XrY to  tho  op tLon

x , Y ; 1 0 r . , ! , l y , D x , D Y  =

whoro :  XrY - .nn  ln ln t l t r l  Corboa inn  oo-ordL t i . : r to

MXrMY - the lntorverl  numbers (tn the X
antl  Y tt l r6otlons rospeottvoly)

DX'DY - the {ntorvol val 'uss

Noto: ' l tho cnd of tho LnUo::nnl polnt co-ort lLna*o
lnputo 1g Indloatod by MX - 0 arnd [ lY '  0.

Tho pqohl 'om 6raphloat.Ly loprooonto, on tho
output I tot.1n6r ths nolrt t tonB for tho lntornat
D o l - n t s  o f  t ! : e  r s b t a n 6 u l  a r  o L l n p l  y - o o n n s c t e d
itornalnl In thls oase, tho Drogrenmo dlaplays:

G R A P I I I C :  N X , N Y .
: '' ':.

for an NX by NY grtd to procluoo a $L ot of the
domaln.

Note: Tho tnaxlmal nurnbor of NX or NY ts 100.

i  
Bnglnooro nr:o- oft .cn roclulrot l  tg oot vc at

mlxod LIV probl on rr l"th mnny ooto of tllf f oront
b o u n d o r : y  c o n d l t l o n o ,  o o p ' o c l a l ' . l ' y  f  o r :  d o o l 6 n
purpoae analyoeo. Caro must bo taken at thls
ota6o of t l rc norlc nLrylrrf  nr:J.t l ,os.

:
.  As an o<amplo w.- oonoL<lorths dontnln ohovn'
.1n Flguro 2, and ln Appendlx D the tnput data
and the rosult lnai output are pregented.
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' !  } { A I N . l ' R O G l t A l { :  o l l I X E D t r
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c o l l P l D x  Z ( 5 6 )
R E A L  l t l l ( 5 6 , 5 6 ) , n N ( 5 6 , 5 6 ) , A ( 5 6 r 5 6 )
R E A L  F ( 5 6 ) , X ( 5 6 )
I N T E G E R  I N D (  5 6 ) ,  C R ,  M l ' t ( 2 6 ) , H N ( 2 6 )
D I I t E N S I 0 N  L I  (  5 2 ) ,  L J (  5 2 ) , V ( 5 6 ) ,  U ( 5 6 )
t ; 0 u I V A I , t i N c E  ( L I , t l l , l ) ,  < l , r < 2 7 ) , H N ) ,  ( U ,  I N D )

D E F I N B  S T O R A C E  R E A U I R M E N T S  I
,  D A l ' , A  N L  ,  u P  /  5 6 ,  5 2 /

A S S  I G N  D A T A  S E T  N U I , I B E R S  F O R
I  N P U T  (  C R  )  A N D  O U T I J T  (  L P  )  :

D A T A  C R , L P  /  2 ,  l /

t , ' A t . l ,  c v  |  (  l . P . c l t , N , N P , N t . ,  t N l ' t . : l l ,  l 5 c ?  l N D ,  t , . t
l , t t t ,  H N ,  v  , z  , ' l P  L

T ' f l = S E c N D S ( 0 . 0 )
c ^ f . l .  c v z ( t . t " i Y ,  N P ,  N t , ,  I N ' f l l l l ,  r . . l , l l H , l l N , T P I ,

.  R l l  , R N , Z )

T T 2 = S E C N 0 S ( 0 . 0 )
g R I T l i (  l . P ,  I  )  1 , 1 " 1 ' 2 - 1 " f  I

5 0  c A l . l .  c v 3 ( 1 . [ , L J , u , v , N , N P , c n , l . l " l , l P )

'  T T 3 - t l I i C N D S  (  0 .  0  )

c A L l ,  c v 4 (  L I ,  t  J ,  U ,  V ,  R t ' t ,  l t N ,  F , A ,  N , N P , N L )
T T 4 = S E C N D S ( 0 . 0 )
l , tR ITE(1 ,P ,  |  )  2 , l ' , T4 - ' r ' , l ' 3
r  r  (  N P  . 1 . 8 . 0  )  0 0  ' l ' 0  s 0  .

C A f . t ,  C t r  S  (  L I  ,  L . t  , I t ,  A ,  N  '  N P  r  N L  r  J S  )

T T 5 = S E C N D I i ( 0 . 0 )

c A l . L  R E Z o  ( , r g , N L , A , F , X )

T T 6 . = 5 E C N D $ ( 0 . 0 )
c A L L  C V 6  ( N , N P , L I , L J , X , U r V )

g R I ' l ' E ( L P ,  t . )  3 , T T 6 - T T 5
t .  F o R H A l ' (  ' 0 T I i l n  t " 0 o .  | , I 2 , F t 3 . 2 )

c ^ t . l ,  0 v ?  (  N ,  r ; R ,  t , t '  , ' t  , u  ,  v  ,  r r ,  A  )

I  F .  r  S C .  N E .  O  )  C A t , l ,  C V r ] (  N ,  t . P ,  N t , ,  R H ,  l l N , U ,  V  )

0 0 1 ' o  5 0
I{N D

+  +  +  +  +  l ++  +  +  +  +  +  ++  +  +  +  +  +  + .1  ++  +  +  +  +  ++  +  +  +  +  +  + . !  +  + ' f  ++  +  i  +++  +
r  T H B  n A T A  G r i I n R A T I 0 N  S t ' n P n 0 ( I R A H  l r l l l c H
f  D g F I I I E S  T T I t s  O E O i l E T R Y  O F  S T R U C T U R A L  O U T L I N I i
+ + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + 1 . + + + + + + + +

S U B R 0 U T I N A  C V I  (  l " P , C R ,  N , N P , N L ,  I N T E R ,  I S C ,
.  l N D . L J , l l f i , l l l l  , v , z , r P l >

c o H P L E X  ? , A t Z Z , ? . (  l )
l i l T E 0 E R  I N D (  |  ) , C R , f l H (  |  ) , f , l l i t (  |  )
D I H E N S I o N  R ( 2 ) , L J ( 2 ) , V (  l  )
B 0 U I v A L E N 6 E  < 2 7 , , R '

R E A D  B A S I C  t . N F 0 R l { A T I 0 N r
T P I = A T A N ( 1 . ) r 8 .
l t R  t r E  (  c R ,  !  t 2  )
R E A D  ( C R ,  1 0 8 )  ( V (  I  ) ,  I =  t ,  l 8 )
t f R I T E ( C R , l O 0 )
n E A b  ( C R , 1 )  I f l ' t E R  : - ' 1

! f  R I T E ( C R ,  t 0 5 )
R E A D  ( C n , r )  t S C
t , R I T E ( L P , 3 )  N L ,  ( V (  I  ) , I =  l , l 6 )
I J R I T E ( L P , 5 )

0 0  3 0  I = l r N L
3 0  l N 0 (  I ) e - l'  g n  l  r B  (  o t t , ' /  t

N  =  I I U H B E R  0 F  C 0 0 R D T N A T E  P 0 I N T S  D E F I N I N $
T H E  S T R U C T U R A L  O U T l . T N B

3 t
3 2

l {P=  THE T0TAL  NUHBER 0F  CENTER

K = 0
i lP=0
c o T 0  3 2
U R I T E ( C R , l t J 2 )
t f R I T E ( C R ,  l o l )
R E A D  (  C R  ,  1 0 3 >  l .  . z z  '  J

I F ( L . G T . N L . O R . L . L E . O )  G O T O  3 3

t {=L
I  F (  t { P .  L T .  J  )  t { P = J
I F ( K . 8 0 . 0 )  N  = l

I F ( J . L T . O . o R . K . e E . i l )  G 0 T 0  3 l

K = N
g R I T E ( L P '  1 0 4 )  N , Z Z ' , J
Z ( N r = Z Z
I N D ( t { ) = J
G 0 T 0  3 2

3 3  l - l
c
C  G H N T N A T T O N  O I I  N O D A I ,  G O O R f ' I N A ' T I ' S

D 0  3 5  J = 2 , N
I F (  I N O ( J ) . r , T . 0 )  G 0 ' r 0  3 5
I t=J -  t
I F ( K . L E .  I )  G O T O  3 6
G = K
Z Z = Z ( J ) - Z < 1 ,
R ( l ) = l t ( l ) / C
R ( 2 ) . R ( 2 ) / C
D 0  3 4  K = I + l , J _ l
Z ( R >  a 7 . ( K ' l  )  + Z z

3 4  I N D ( l { ) = l N D (  I  )
I F (  (  r f i D ( J ) . G T . O . A N D .  t N D (  I  ) . 8 0 . 0 ) . 0 R '

.  ( I N D ( J ) . E 0 . 0 . A N D . I N 0 ( I ) . C T . 0 ) )
t I R I T E ( L P , l 0 6 )  I , J

3 6  I = J
35  co i l ' t  INU t i

c
C  TTTA I ISFORI ' I  T t IT i  POLAR COORD I  NATUS I  N
C  C A R T E S  t ^ N  S Y 5 T E I I

I F ( N P . L g . 0 )  c 0 ' r 0  3 9  :

D 0  3 8  I = l , N P
g n I T E ( C n ,  l 0 7 )  I
R E A D  ( C R , 2 )  Z A

.  D 0  3 ?  J = l , N
T T ( I N D ( J ) . N E .  T )  O O T O  3 ?
Z Z = Z (  J  )
C = R ( 2 ) x T P I / 3 t i 0 . '
D = R (  l )
t t (  |  ) = D x C O S ( C )
R ( 2 ) = 0 x S I N ( C )
7 , ( J l = 7 , 7 . t 7 , 4

3 ?  C O N  I  N U E
3 8  ! { R I ' f R ( L P , 1 0 4 >  l , z i

c
c  D r i F I N n  T i l l i  s t N $ l r t , A R t ? I B s  N o D E S T

3 9  g R l r n ( c R , 6 )
K = 0

15  K= l {  +  |
t { R  T T E ( C R . 4 )
R U A D  ( C R ,  |  )  l . J ( K ) , l | i l ( l { ) , H ! { ( K )
I F ( L J ( K ) . t  E . 0 )  0 0 T 0  ? 6
C=HH (  l (  )
D-lll{ ( K )
V ( K ) = 0 .
I F  ( l { N ( K ) ; N E . 0 )  V ( K ) s C l D
0 0 T 0  ? 5

' 76  NP .K -  |
c
C  N P =  T H E  t { U l l B E R  O F  S I N G U L A R I T I E S  P O l t { T s

I F  ( t { P . L E . O )  t i l T E R = O
I F (  T N T E R .  8 0 . 0 )  U R I T E (  L P ,  t 0 9 )
I F (  I N T E n . N E . O )  t { R r T E f l . P ,  |  |  |  )
I F ( N P . S A , 0 )  0 0 T 0  ? 9  :
t f R l T E ( t  P ,  1  l O )  ( L J ( J ) , V ( J ) , J E I  f  l ' l P )

7 9  N E T U R N
I  FoR l tAT  (  3 I  5  )
P  F O ' , R I I A T ( 8 1 ' | 0 . O )  i  

, . ,  ,
3  F O R I I A T ( / '  l i ' t l l x B D t  -  A N  T T | ' T B R A C T M  P n . O G R A H  i

, , F 0 R  S 0 L V I N G ' / t  t X , ' f i I X B D  B V p  F O R  2 D  . . A p ! . A C E '

. , r  t i 0 U A T t O N  l l Y  C V l l n l l ' / r 0 l r f , I T T l i i l  D Y r  D . l l l h . i '
,  '  N T C 0 V S C H t  ,  D .  C O C O R A ,  R .  f l A 0 U n B A N U  '  r '  '  0 D A T E ,

. ,  l  :  D E O B l l D [ R  l 9 B 5 r / r 0 N . l t A X = t , l S /  t 0 A P P L I C A T T

(;

(;

c



. . r ' I 0 l {  s  t . l 8 A 4 / / . >
4  f 0R fAT (  '  t l lO0g ,  l l ,  f {  ( l l IU - l l /N )  .  |  }
5  F 0 R f l A T ( r O l I { P U T  D A T A r ' / '  l { 0 D B t , l 2 r ( , ' r ( / n ' , 9 X

.  ) t Y / A L P H A i  r S X ,  t  I N D B X T  )
6  F0R l tAT (  |  . )E I {TBRr  S I I { 8ULAR t {ODES t  )
? FOR!|AT( r '  * )81{TER r  l lBSCl l  I {0DBS: '  )

100  FOn , i lAT ( '  o lB l fTBRr  TYPB 0F  INTERP0L&T [0 t t |  (  t  '

. , , i f T l t / 6 x , ] 0  - r o R  L I N E A n t / B x , t  |  - F o R  o u A D R '

. r ' A T I C T - . / r E l l { T  c t )
l 0 l  F 0 R l l A T ( , l $ t o D E ,  x ,  Y  0 n  i l 0 D 8 ,  ! ,  A L p H A ,  I  '

.  ,  r I { D E X ' '  )
F 0 R H A T ( '  B R R 0 R T  l { 0 T  S E O U E N T I A T  l l O D E  0 R  l { B l

. ,  r 0 A T M  I I { D E N t  )
F o n r a T (  I 5 , 2 F t 0 , 0 ,  I 5 )
F o R | { A T (  I 5 ,  2 F 1 5 , 3 ,  I  |  |  )
F0Rt tAT(  |  a ) f , l tTERr  ERR0R C0 l lTR0L-  (  ERC)  '  /8X,

.  r O  - N I P '  / 8 X , t  |  - S R R 0 R  P R O C E S S T N C ' / ' $ B R C  = '
F O R l t t T (  '  E R R 0 R :  G E I { E R A T  t  0 N  l t A  t  L f , D  D t r E  T 0 '  '

. ,  ' 9 l l 0 N { ;  N O D I i  ' l l l D l i X e t  
, ? . 1 4 ,

t 0 7  F o B l l A T (  ' $ T l t [  c E N T E R  N 0 .  |  , I 3 ,  I  O F  C 0 O R 0 l N r
' , r A T E S = t )

r  0 8  F 0 R l t A T (  t s A 4  )
1 0 9  F o R H A T (  ' O t . I t { r A R  t N T n R p O t . A ' , r I 0 N '  )
I  l 0  F O R I i A T (  ' O S I N S U L A R  N 0 D B 5 r  r / '  N O D B  l l I U = l

. ) t n / $ , / ( l 5 . F t t . 3 ) )
I  I  T  F O R I { A T ( ' O A U A D R A T I C  T N T B R P O L A T i O N '  )
I  l 2  F 0 R l , l A T ( r  - ) E N T B R T  T l T l , B  0 F  T l { n  P R 0 B L E l t r  )

E N D
(,: + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +
c  { .  coa tpuTn  T i lE  I  A l {D  t {  I |ATR IX
c  + | + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +
l:

s r r B R 0 u T I N B  C V 2 ( L p , i l , N p ,  l { L ,  I i l T B n , L J , l l l l ,

L i  
.  ] l l { , T P , l  , R N , R I { , Z )

c 0 l . l p t  r x  z A  r 7 , D , Z c  . Z D , Z E , r l t  r 2 2 , 2 , < N l . '  , Z V .

Z Z = C L 0 6  (  Z t l / , l t , ,
i ; ( R i i t .  i i . o .  r  R ( ? ) = R ( E ) + r P r
Zl l*22
Cul{S
D = N S
R (  |  ) = C . / D
R ( P ) = 0 .
zH.cExP( zzxzl l ,
, I F ( L . E 0 - 0 )  0 0 T 0  6 4
I  F  (  L - 2  )  B A ,  8 3 ,  r J 4
I F  ( I . n 0 . J )  G 0 ' r 0  t o
I F  ( I . E O . J P )  G O T O  I I
I F  ( l . B 0 . J l t )  0 0 T 0  l t
Z A = Z < I ) - Z ( J l l )
Z 8 = Z < I r - Z ( J  )
L C = Z ( l ) - Z ( J P )
zz - z  A  /  zD  *  c l . o  $  <  zB  /  z  A )  +  zc  /  ? ,Ex  cLaa  (  7 . c  /  zB ,
0 0 T 0  |  3
i F ( t N'l'l i R .t'l u . o ) z t,= ( z u +zil ) x I F ( r.t s , l{$ , 

'l 4 ) -
<zu+ ' r u  / zH ,  x  FF  (  l , t s  ,  Ns ,  z3  )  +F$  (  2 | r l l s  ,Ns ,  z3  )  /
z H - z H r . F F (  2 r H S ,  N S ,  Z 4  )

Z D = Z < J n l ) - Z ( J F i r
I . i i , , . ' t  ( , t  t ,  |  )  -z  (  J  s )
Z F = z < J H 1 ) - Z ( J S )
I F ( I , t i o . J l { r )  G 0 T 0  6 5
I F  ( I . n 0 . J S )  6 0 T 0  6 6
I F  ( t , [ 0 . J P t ) ( ; 0 T 0  6 7
I  F (  I  H T B R .  t ; 0 .  0  )  Z L = t ; F (  ! , t S ,  N S ,  Z 4  ) - F F ( H S ,  r t S ,

1 3 )
Z Z = 7 , t  + C L O G (  < 2 <  |  >  - Z < J P  I  )  )  /  (  Z  (  I  ) - Z (  J H  |  )  )  )
6 0 T 0  t 3  "
I F (  t N T f i R .  E o .  0 )  Z l , = F F ( M S ,  N S , Z U ) - F F (  l l S ,  N S ,

,  23 '
2 Z = Z l . r C l , O A ( ' I D / 7 F  )
0 0 T 0  |  3
R ( l ) = . 5 r D / C
R ( 2 ) = 0 .
Z L = ( 0 . r . O )
I  F (  I N 1 ' l l l t ,  N u .  n ) ' 1 1 . = Z Z x ( T t l - L r J  / 2 l l I
Z Z - C L 0 0 ( ' l E t Z F )
I F  ( R ( 2 ) . 1 T . 0 . )  R ( 2 ) = n ( 2 ) + T P t r
2 2 = Z Z + Z l ,
0 0 T 0  t 3
I F (  I N T [ R .  8 0 . 0 )  Z L ' F F ( t t s , N s , U 4 ) - f F ( H S , N S  Izu,
Z Z = Z L + C L O C <  - Z E / Z D ,
0 0 ' f 0  t 3
ZD=-Z ( Jtt? ) - Z ( J tt | )
Z E = Z ( J l l l ) - Z ( J S  )  ,
I  F  (  I  NT  l iR  .  N  E .  0  )  7 . 1 ,=Z l l  +  (  F  F  (  t {S ,  S iS ,  ?  3  ) . 1  .  f i  -
FF  (  l {S  ,  NS  ,  Z4  )  +Z l l  xFF  (  2x l l s  ,  f {S  ,  . r ^1  }  -
F F (  2 * i l S ,  N S .  Z 3 )  / Z | 1 ,  /  ( Z U - 2 1 {  }
I F ( I . E O . J H 2 )  6 0 T 0  6 t
r F ( l . E Q . J H t )  0 0 T 0  6 t
I F ( t . B 0 . J S  )  r ; 0 1 ' 0  6 3
zA- ,2 (  I  > -7 ,< . t | ^ | t 2  )
Z B = Z < l  ) - Z ( J I . l l  )
l F (  I N T I { R .  r O . 0 )  Z t . " " z u - F F ( u s , N s ,  z 4  )
7,2=7.1,  -?,  A /  2 D,(  C t ,O U ( ' l  t t  /  Z i ,
6 0 T 0  I  3
z z = z t , - F t r ( u s , N s , z 4 )
I F  ( l N T E R . N E . o )  Z Z r Z L
d0' t '0  |  3
Z Z = C L 0 0  < - L t t / ? , 1 ) ,
I F ( R ( 2 ) .  L ' I .  .  0 )  R ( i l ) = l t ( 2 ) + T p I
I F (  I N T E n . B 0 . 0 )  Z L = 7 U - F F ( H S , t t J S , Z U )
2'L '=:z7,+2L
d o T 0  t 3
Z L = Z U - F F ( H S , l i l s ,  ( 0 .  , . 0 )  )
R (  |  ) = . 5 x D / C
R ( 2 ) = 0
I  F (  I N T U I I .  N S .  0 )  ? L ' < ? U - Z U ,  / Z n x Z Z + Z t J
Z F = Z ( J t t ? ) - Z ( J s >
ZZ=?LaZF  /ZD  ' (  CL0c  (  Z  E /Z  F  )
G 0 T 0  1 3
Z O = Z < J P ? r - Z < J P t ,
Z B - Z ( J P l ) - Z ( J S  )
I F (  I N T I ; R .  N E .  0 )  Z L : : (  Z H x F F ( H S , l { S ,  Z 4 ) -
F F (  t i s ,  N s ,  z 3 ) - z l l r t . ! . (  a * i l s ,  N s ,  z 4  )  +
I lF (  2 xt f  S;  NS, 23'  /? i l r ,1?. l t /  <, Iu-z l l )  - , t tJ
t F ( I . E 0 . J S  )  c 0 T 0  ? t
I  F (  I  . 8 0 .  J P  |  )  c 0 ' r . 0  ? 2
I F ( t . F : 0 . J P i ? )  ( t o l ' o  . / 3

68

B 4
1 0 2

t 0 3
t 0cl
r 0 5

t 0 6
64

;

66

6 5

a:l

-- 
?1

? 4

7 6

7 9
8 t

,  z L  , 7 , 1 1  , 7 , 3  , ' 1 4  , l ;  F
R E A L  n i l ( N l . , l { t , ) , R t r f ( t { t . , i l 1 , ) , R ( 2 )
Dt  i lENS tO l {  LJ  (  l tL  ) ,  H t t (N1. .  ) ,  I tN(  i lL  )
E o u I v A L E t { C E  < Z 2 , R r .

Z U = ( l . , 0 . )
D 0  i 5  J = l , t {
L - 3
J S =  I
l F ( t { P . t 6 . 0 )  0 0 T 0  8 l
0 6  7 ?  I - l . N P
J s . L J (  I  )
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Abstract

The CVSBEM combtnes the compl ex . varlabt e cubtc spl tnes w ith

the bounclary el emegt methocl.Thts ne$t procedure enJoys the same

.advantages as the CVBEIT{; moreover the Sood oonvergence of the

approrlnrate potentl l l  functlon to the complex potentlal as weLL

: r l v a t l v e  o f  t h e  a p p r o x L m a t e  c o m p l e x  p o t e n t l a L

f 'unct lon 
' to the compl or vel  ocl ty (or compl ex intensi ty funotton)

: -
may be proved for CVSBBUI.

1 . In t roc luct lon

0f I ate the bo,unclarry . et ement method (BEM) has proved to be

a very ef f lc lent  , - . ioo l  for  so l  v lng boundary va l  ue probl  ems

lnvolved ln  the englneer lng,  analys is .  I t  has been appl ied to
' ' : .

v a r l o u s  e n g i n e e r l n g  a r e a s  a n t l  r e p r e s e n t s  t h e  o b j e c t  o f

numerous developments L l I .

Recent ly  a conplex var lab le var lant  o f  the BEM ( ie ferred to

.  . '  : : .  :  .  ,  ;  ,  '  :  , ,  - ,
as CVBEM) was g lven fn ' [ ,2 I  and extended in  [3 f  ,  E4X'  [ fJ '  [6J;

' ' :  ' t  

"  

. '  '  '  
:  t  l  '

this nethocl ls appl lcabl e to tv o-cl lmenslonal harmonLc f unetions t
I

orr  equlvatent ly ,  to  analy t lc  complex funct lons.  f t  ls  b4sad on

: , , : r  ' :  :

the Cauchy tntegraL formula and uses some pieceorise polynomtal



t y p e  a p p r o x i m a t l o n s  f o r  t h e  b o u n d a r y  v a l u e s  o f  t h e  u n k n o w n

ana ly t i c  f unc t i on  t ( z ) .  An  app rox ima t lon  fo r  t he  func t l on  f  G)  1n

the domain $-  in  terns of  some eL ementary fu t 'c t ior r -  is  obta ined '

Th i s  app rox ima t ion  l nvo l ves  a  number  o f  comp lec  cons tan ts  wh ich

are next  obta inec l  by co l locat ion '

in this paper ,$r e suggest a method f or sol vlng boundary-

va lue problems for  harmonj-c  funct tons " rh ich comblnes the complex

cubic  sp l ines theory .  wl th  the boundary eLement  nrethod '  The

comp!  en< var iab l  e  cublc  sp l  ines w ere in t roduced ln  I ITI ;  they are

obtained by approxtmating the bounclary val ues of the functlon

f (3. )  ln  Cauchyts in tegra l  formula by means of  & cublc  sp l lne in

variable }. .  The nerr method can be consldered as a varlaint of

the CVEEM. Hovever ,  i t  has a re.markable convergence order  s tated

by the theorem on sect ion 2 ancl  by the numer lca l  resul ts  as we[L.

That  is  *hy in  , , . rhat  fo l lors  ! {e  shal l  re f  er  to  i t  as CVSBEM.

in sect ion 2 ' r t  e  determined the compl  ex cublc  spt  lne ln  the

domain J)- ln a f orm suttabl e to sol ve boundary-val ue probl ems.. A

co: ivergence theorem 1s af  so enunclated.  in  sect lon 3 l t  ls  shorun

h o w  t h e  C V S B E M  w  o r k s  f o r  t h e  D t r l c h l  e t  b o u n d a r y - v a l  u e

p rob lem w i th  spec ia l ' r e fe rence  to  the  con fo rma l  mapp lng  p rob lem"

I n  t h e  n e x t  s e c t i - o n  w e  g i v e  s o m e  e x a m p l e s  e m p h a s l s l n g  t h e

advantages of the neil  rnethod versus other boundary el ement

me thods

As kno,,rn,the main advantages of the CVEEM agalnst other BElt l

procedures consis t  1n g iv lng a s t ra ight forward^ approx lmat lon to

the compl  qte compl  ex potent la l  funct ion and a l  so the poss ib l l  l ty

t o  e s t i m a t e  t h e  e r r o r  i n v o L  v e d  i n  m a t c h i n g  t h e  b o u n d a : ' y

cond i t l ons  and  hence  to  p rov ide  an  emor  reduc t i on  a [go r i t hm.  The



o t r e q u i r e a n y a p p r o x i m a t i o n o f t h e d o m a l n o r a n ymethod does  n

n, merical  quad.rature.  Apart  f rom these advantages of  the cvsBnM

there  ls  a  convergence theorbm.  Th is  theorem prov ides  a  good

t n r  n n t p n t i a
c o n v e r g e n c e o r d e r o f t h e a p p r o x l m a t i n g p o t e n t l a L a n d l t s

d e r i v a t i v e  t o  t h e  c o m p l  e x  p o t e n t i a L  f  u n c t t o n  a n d  J o  l t s

de r l va t i ve  respec t i ve l y  (as  the  f l nesses  o f  t 6e  mesh  app roaches

z e r o ) . C o n s e q u e n t l y r t h e C V S B E } I y l e l d s g o o d a p p r o x l m a t l o n s f o r

the compl oc 
"rotentlal 

functlon and 
1 

uo for the compl oc vel ocity

(o r  comp l  ex  i n tens i tY  func t i on ) '

2 .Comnl  ex -  vaf labt  e  cubic  sp l  lnes

let I  be a rectl f iabl e Jordan curve in the compl ex z-pl ane t

J ) -  -  t he  reg lon  i n te r l o r  t o  . f  ,  and  I  e t  z1 tz21" '  szv ,  be

nodal  po lnts  on I  r  ordered counterc loc lsnt lse,  separat ing the

cu rve  l n to  boundary  e t  emen t "  I i ( J=1  ,2 r " ' r n )  where  PJ  l s  t he

/  a , T c  f r o m  r : . j ' t o  z i t

F i G .  1

( z o = z n ) , ( f r e . t ) .

Assume tha t  t he  func t l on  f ( z )  =  u (x , y )  +  l v ( x , y )  i s  ana ly t l c

on the d,omaln l t  and c9:rt ' inuous ln iL = -fLU { '  In order to

approx imate th is  funct ion lns ide - rL we shal I  use the cauchy

lntegral formul a: 
-

1  [  f ( ] )  ( 1 )
f (z)  = - - -  \  - - - : - -  d)

ziii JF \- z

The values f(D of th,e functlon on the curve f are unkncn"rn' In

the case of the Dlrtchl et probl em the onl y val ues w e kn3' 'r are

those of  the real  .par t  o f  f ( ] ) ;  for  o ther  boundary-va l  ue probl  ems

rmblnatlon of the real and lmaginary part of f() ')  ls
usual ly  a  combinat lon or  rne real  anLr



g iven
r : : . .'  ' , . ,  .  '4par t  , :  i rOm th is ,  once the l ta l ,ues of  the funct lon f  (  D are

t l e te rm ined ,  we  ,need  a ,L  so  a  numer i ca l  p rocedure  to  es t ima te  the
l : , : . .

c o m p l e r  i n t e g r a l ,  i n  r e l a t i o n  ( 1 ) . ,
: . .

' , ,  ,  To overcome a[  L  these d i f  f  icu[  tLes w e shal  L  approx imate the
,'.

b o u n d a r y : v a l ' u e s  f ( ) )  , b y  m e a n s  o f  a  c u b i c  s p t  l n e  F ( D ,  i . e '  a
' .  , , ,  '  ,  -  . , , .  . . .  '  .
functlon,, :wtri ih 

" is 

' '  a , cubic polynpm^ on 'every eL ement f j  and

wh ich  has  con t i nuous  de r l va t i ves  up  to  the  second  o rde r  on  the

cu rve  f  .  Le t  us  s ta r t , s i t h  t he  Herm i te  i n te rpo la t l on  fo rm*La :

r (y)  =  
* t i l r io ( ) , )  

- r  
* * iH i '<y> 

(2)

w h e r e  f j = f  ( z j ) ,  
t " j = f i ( z j ) '  

a n d  d e n o t e ' h i = z i - z j - t . T h e n r  w €  h a v e

the  fo l l oo r i ng  exp ress ions  fo r  t he  func t i ons  o f  t he  base :

!L:i;r]Z. a(u .->)_ f  - -  - :e " l -  .  Z (21- ) )  +  t r ,  I  f  o r  
)€  *

I  n r '  r r  v

, io( , )={ ! :arr : f i ' r ru- , - , )+h;+1 ,  ror ;er ;+1 (3)
o y l h l * r

H,1(y )=

q

!L-:i=dl!f:ll
h o 2

o

(b- "  i ) (y -z j+r  )2
, 2n  j + 1

0

,  o thenv 1se ;

.  f o r  L € f' . , i

. ' : .

,  f  o r  l€  F l * l  (4 )
'  v  d , l

' . :
.  o therw lse

ly substitut lng expreslon (2) lnto Cauohy integra!" f  orrnr.r l  a
.  ' :'

we 'ge t  t he  app rox ima t lng  func t l on  ( comp lex  cub lc  sp l i ne ) ' t ns lde

4



the domain
:

F ( z  )

where

o(u , ,  +

'  r ' . . :  
' \

: :  . ' ' ' . .  , l  
l '

* ' ; f i ,  1G>
j = 1  Y '  "  

,

t " , l  ' '
z -27+1 : .  

,---.-- - \
h i * t  '  

, ,
fi, ot, )

= F,,n,
( z _ z 1 _ 1  .

=  - - -  l - F - - F -  
' r

iir L hi

* fr;o*(u)

:  . . i  .

( 5 )

( 6 )

H i
o

H j

1 { v \  =
2

o x l s y  =

A

, a j

I n  f o rmu lae  (? )  ' , r e  chose  the  l oga r l t

z - z i  l z - z ;  |  . \
d  r  I  u  

l * i \ l if  n  - - - ; - -  =  Ln l - - - - - l  n . ,
z '% i -4  lz-z  i - l  I  v

d - r '  I  d  ' t

def ined in  the complex z-p lane wt th

g i ven  i n  f i gu re  1 .  , .  i

'  F o r  t h e  t i n e  b e l n g  w e ' s u p p o s q
. , ] '

and we shalL 'conslder  the '  concl i t lon
- . .

t he  func t i on  F ( , )  1s ,  con t i nuous
I ' . '

,  f o l l o , , r s  t he  l i nea r  sys tem '

hm cleterminatlon

the ,cu t  F r  and
. d

:

the val ues f .i as
: o

that the seconil

at all nodal

/ R \
. \ v /

. / \
the val ue fr

.  V . ,
:

. .
be tng  kno*n t

dertvattve of

points. There



\ r l - ,  +  Z m t r  +  ( 1 - l J ) m 1 + 1  -  f J  ,  (  J  =  1 ' . . . . ' n  )  ( 9 )

t n "  s y u t i m  ( 9 ) , d e t e r n f n e e  t h e  q u a n t l t l e ,  * J .  t o  s , o [ v e  s u c h

sy,stems * ,r""f "tlff totent aL gortthrn ls avall abl e EBI. . Ife shalL

By substl tut lng . the valuee mq, ! .nto rel 'atton (5) we obtaln- d

the ooropf o cublo bpl'lne for the funotlon t(z) (at the pol.nts of.
'  

: '  l . t  '

the gtven mesh) tn the form .

$cu> . *,.,{ff,,0*(r)'. ;fru{fint*c,l}J ; , I  
q L ,

where

w rrtten as :.

( 1 0 ) -

( 1 1 , )

( t  a )

f ,et us noul r leternlne the notlal  values of the funbtton F(z),

W e o b t a t n !  : :  ' I  :
' , .

Fk ', 
F.HtJrJ 

'

where
' ' . ' i . . .

r'\
F k  -  F ( z k ) ( 1 4 )

'By,  
lurr i ,  *na: ; .* ix noiatr f  n: ,  * 'n ' f  " t  r r t  rer atron oan r l

li

fifl = filot + ['il1*, lD



the

/ r \

it

In obtalnlng rthe.

base at atl  nodal

can g ive us aome

matrlx

points.

troubl

l l l  we have to oornpute the funct lon of
. - . ,

, . 1

The L ogart thnr funct ton In rel  at lons
. , . - ' .

*rr1 '  thr t  ls  why wo shal l  ercpt  to l tato

l n  t h e  f o r m ,

fr, o* (z tr_i =

ilro* (z| =

o * ( u J + t  )  =

f i r l  * tu  
j -1  )  =

f i r t * !u j )  = o

frr1*tutr*1 ) =

h .

*  - - l - )2.  (  t
h J * t

* i.1:1iL!!
.  z  5 -z  i ; l

* i i l l  )r.(,
: h J

Z  q - ' l - Z  I, . - u  '  g
: . -  1 , .

1 :
---  . (  1
eiir

1
--- ' l  n
eifu
' 1 . " '
- ; - .  (1
€ t l i

l ' 1  i  ,
- - - . ( 1
aiYr

h J * t

,\
H J -  , .1 l I1) .1n

h j

z 1 + 1  -  z l
( 1 5 )

z j + 1  '  u l - 1

,  2 i i t  h  j+1  u l -1  -  zJ

*' li ln)2.hi+1 .L ̂-il:!-:-7-i-
t r i  

-  z 7 + 1  - u l - 1

The star  ln  the second re lat l0n above lnd lcates that
. ' . :

take that L ogarlthm branch whose lmaglnary part I  les

ln terva l  [0 ,z i i ) ;  a I t  the other  logar l thn determlnat lons

p r 1 n c 1 p a [ o n e s . . i . ' . . . . 1 . , . : . . : . ' . . . . '

. ' ' . ' .
ln t roduced quant i t les aB

H k J = * k J * * t : N k j *

;  - : :

we must
,  

. l  : ,

tn the

a r e  l t l r o

o f  t he

. '  . ' ,  . ,

. r  . l l  .

. , : . ,  :  
. t ! ; .

.  l i ' . : ;  l  
' .  

l

:  : (10,) '  ,
' . ; .  . .

)  ,  . .  :
.  

, t  
.  , , . ,  . ' , ,  ,

' ,  
I  

"  

'

'  t . . . ,  ,  l .

, ; . ' . : . : .
.:. , . '., ,: :.



1tr L  -

;

!e l

(  1?)  'g ive

n

n

F,O'
ug noff

*. uJ " tNur*. tJ ,
I  =1  

- -u
r 9

take fG)*1 . We have

(  k  -  1 r . . . r n  )  ( 1 7 )

F(z )=1 and henoe re l  a t lons

Ftu,
s  0  ' ,  (  , '  =  1 r . . . r n  )

( l l )  s l v e
I

(  1 8 )

( 1 e )  "

Consequent l  Yr rel  at tons

uk = 
S*nr* 

u, - 
#r*orn.(.',,J 

- 'r)

n n
v k - t 1  = # * o r * , ( v J - v 1  ) * E N o J * ' u J  ,  ( k = 1 , " ' , r i )

'

Note  tha t ,  genera l l y ,  F f r t ' f f .  (  k  =  1 r . . " rn )  so  tha t r '  l$  fac . to
'  

, , , .
the funct lon f (z)  

"does 
not lnterpol  ate lhe glveh funct lon f (z) .

' i , , , '

Ho,rever,  F(z) f*  a. 'good approxirnat ion for  the anal 'yt lcaL, funat lon

f(z)  (as the f fnenele of  the underL'ytne mesh approached zero) as

etated by the oonverg,enoe theorem proved ln f,7tr.

l {e constder a sequence of  neshes sn F

4(m)  ={ r . , , (m) .  -  (m)  (m)1  and t leno te
I  w  

' 4  
1 -  

- l " o f  a n '  
J  

s ' $  E v ' ^ w v e .  
-  -  t

r ; ( r )  = , ,  (m) -  
"  J- ,  

(* )  , -  h(*)  = r* .  \  nr , t ,  I
We shal I aL so w rLte L(o ) 

f or the 
u 

compl er spl lne functi.on

oorresponcl fu lg to the mesh A and funct lon f (z) .
7  a \

Theorem let f  (z ) be anal yt ic on .(L and of g( J) cL ass orr

and le t  
(m) 

5"  *  sequence of  meshes on t r  (a  smooth curve) l  .

/ \
where 5(m" approaohes zero aa m --+ oo and

h ( t )  ' i r

mac :--7-i: ( Cf ( oo
i  l n i t * ' I  

\  '  \

I t l  -
i f  f " ' ( ) )  s a t t s f l e s  a  H 6 L d e r  c o n d i t l o n of the orden p on

B



t t  ,  0{0(1,  then for  z(- i l  anct  for  any Ft ,  0 < pt< P re t ravet

uot*i( ,)  -  r(n)1u) = 0 [ ,  5(,m)13+p'-n] ,cn=o ,1 ,z ]  (20)

0n any closed.sqpg,et  of  JL we have :

,o | * i i , )  -  r (n)cr ,  =  0L,5(m)) ' .p l  ,  (p=0,1 ,2 ,3> (20! )

The theorem states that we have a hlgh convergenoe orden of

the complen spl ' lne approcLmatlon to the funct lon f (a) ;  beslde

t h t s .  t h e  d e r l ' v a t J ' v e s  o f  t h e  f u n o t l o n  f  ( z )  a r e  u n l f  o r r r l  y
,  . l  i i ,  . i '  : ' .  . ; .  |  

.  
i

approtlnatetl. by derlvatlves sf the oon'pl ec cublo sli l  lne'

L $p! 'ut lpe gJ the,  D. l4 lchtet  pr .obIg,e !s gJ$qp,ry i ;

App[tcatlon to the oonform+!., TnappXng or-o.blem.

let  u(x,y)  be a harmonlo funot lon ln the domaln -n-

A  u ( x , v ) = o  l n  - f L  ( 2 1 )

and I et , t

lVt \

( * , y ) e n  = ,  l ( s /  . ,  4  , ,  iu ( x , y ) (22  )

be the Dlr lcht '" !- tvpg pgyndary oonrt l t lon. By t(s) we have

d e n o t e c l  a  g l v e n  f u n c t l o n ,  L e t  a [ s o  v ( x , y )  b e  t h e  h a r m o n l c

oonJugate  func t lon  o f  , r ( * ry ) i  the  func t lon

f ( z ) = u ( x r y ) + r v ( 4 , t r ) , ,

ls  a holomorphlc fun"ct lon wl th respect to the oomplelr  var lable

a = x* lV ln the domaln.O. We shal l  appro(funate the funct lon f (z)

by  meang o f  the  complex  cub lc  sp l lne  F(z )  o f  the  type  (12) .  In

thts fornula the values f3 
"1" 

unknovn; ln faot  wo knorn only

the real  par l  tJ as fo l lors f ro,m the boundary go,ndr l lgn (22):

Irr order t9 ,gbtgln. a, fvsteS" of eq,gal,t:t,:.,11, .d$!"r.rrlne , t l"

va lues  v t r  we can upe the  f l rs t  o r  the  second se t  o f  re la t lons

(19)  where  U l .an t l  V1  w l l l  be  rep lEced by  uk  and Yp respec t lve ly '

The second set of  re lat lons (19) has the advantage of  g lvtng a



better condltloned sYstem of 
'L

we sha l l  cons lder  the  sYstem o f

r 
,ou 

- .rrl - 
#tur*(vr;v1 

) *

lnear equat lonsl  that  le whY ne*t

.
L  lnear  equat lons

:
n

F t n t + . u 3  
, (  k  '  2 , " ' , n  )  ( 2 3 )

I t  l l

f  or  obtatnlng; the val  ues vk-v1 ( t {  ! !  z 1 ." .  rn) ,The'  lmaglnary part

of  the funct lon o(* ' ,y)  re determlned up to a r 'ea[  oonstant so

that the rr 'a l  ue v1 can be taken as arht t rary '  l lence '  systen (23)

'  
n e L a t l o n  ( 1 2 )  g l v e s  t h e

provldes aL L the unkno' ln val  uee, and l

r r

oompLe .x  sp l  1ne  f  ( z ) 'whose  rea l  pa r t  app rox lma teg  the  so lu t l on  o f

t .  -

the glven Dlr lchL et  borndary-vaL ue probl  em'

As a by-product ' :we can obtaln a[ao an error ' rst lmate'  Thls

l s  g l v e n  b y  t h e  f l r s t ' g e t  o f  r e l a t l o n s  ( 1 9 )

*L *  -&-,  *  t  - -
E 1  =  u k  -  u k  -  u k  *  

F o t u n * . t '  *  E N k t r * .  
( v ,  -  t t ) ,  ( z + )

^ .  r a  
J = 1  

^ d  o  J = a  
(  r .  =  1 r . . . , h  )

T h e s e  r e l  a t l o n s , : ' c & t l  b e  u s e d  t o  t l e v e l  o p  a n  e r r o r  r e c l u c t t o n

.
aLgorlthm by addlng ne,|r polnts to the boundary part where the

error  ls  t  arge.

- N o w ' a g a n a p p t l ' o e i t . l o n w e c o n B l d e r t h e p r o b [ e m o f

de te rn r i n lng  the  func t ton  w  =  w(z )  wh lch  con f ,o rm lngLy  maps  the

boundei l  s lmply-connected domaln .O on to  the unl t  c l lsc  \w\( t  1n

the w -  p lane tn  such a $tay that  the par t lcuLar  polnt

z 6 € I L  e o r r e s p o n d s  t o  t h e  c e n t e r ,  w = 0 ,  o f  t h e  c l t s c '  W e  c a n  w r i t e

w  =  ( z * n g r ) . e ( z )

w h e r e  t h e  c o m p l  e x  f u n c t t o n  g ( n )  h a s  t o

-  \  . . : ,  / o \

.  f n w  - I n \ r , - z p )  + L n $ \ z , z

Ta ,k ing  i n to  aeeonn t  t h i s  re i -  a t l cn  on  the  boundary  cu tve  we

ob ta in  a  D i r i ch l  e t - t ype  bo r rn r l a ry  eond i t i on
\

(25>

be  de te rm ined .  We have

1 L i



rn ls ( , ) \  =  +n l ) -  "o l  , )c t r
for  determtnlng the analyt tc funot l ,on f  (z)=In e(u) ,

By soI v1n5 thts boundary-val ue probl em by csBEM the

apprgFlnattng conformal uraptng has the form

w = G-zs1).  op{F(z)+rv1}v  - 1 .  
r

Norr, the arbltrary constant v1 represents the rotatlon angl e

around z6 induced b/ the conformal mapplng funotlon. 
'

N o t e  t h a t  t h e  m a p p i . n g  f  u n c t  l  o n  : o b t a l n e d  a b Q v e  c a n  b e

d l rec t ly  es t lna ted  a t  any  comple*  po ln t ,o f  lL  i  l t  t loes  no t

requXre any adcllttonal numerlOa[ quatlratures: as 1g the case w lth

other nrrmeri-cal conform6l mapptng methods based on the bounclary

, ,  
'  .  "

eL ement technlque. . '  ' , '1

'  4 .  Numer l ca l  resu l t s .

We have appl ied the CVSBIIIU to sol ve some DtrlctrL et-type

bounclary-val ue probl oms. The ftrst .bt lo ocampl es conoern some

c o n f o r m a l  n a p p l n g  t e s t ' p " o b l e m s  c o n s l d e r e d  e a r t l e r  l n  t h e

L l te ra tu re .  The  th l rd  p rob lem ! s  an  app l i ca t l on  to  compu te  the

magnet lc  f  ie l t l  ln  a 'brUBhtdss d.c .  motor  wl th  ceramio permanent

magnets.  '

Dxqmpl e t t"]r*n* curve Ir be the el l  lpse 

:
- - ; + Y c = 1

a?'

The nodal Poi.nts of f i  a1e . :

2ii 2fi'
Z s t a c o s . - - - J * . . i 1 , g 1 n - ; - 3 , ( j = 1 ' . . . ' N )

N -  N

By nll we al so denote ,an estinatd of ' the ma(lmum ' er3or of
, - l

the modul us of our mapplng function '

( 26 )

1 1



f i n r
U L'L

The in term

l r

Tt l "
e d i a t e

c,,.i)l -,1
n o i n t s  z r , 4  a r e

'J'r T
,\' ,J

2 l t  1  2 l l
z i L L  =  a . c o s - - - ( j  +  -  )  +  i . s i n - - - ( j  +

. ' . L  N  2  I ' I
T ,et  a lso EA be an est lmate of  the maxlmum

of the determined mapping funct ion def ined

mesh points  lv l t ieh L le on the symnretry  ax is

v1=0 .  The  resu l t s  f o r  N=32  and  fg r  va r i ous

ln  tab l  e  1 .

1
)  ,  (  i  =  1 r . . " 1 \ i  )

2
error of the argument

|  ,  . l
a s  m a x l v ( x , y ) [  a t  t h e

of Jl- . We take uA=0,

val  ues of  a are gtven

I i Symm [9] I CVSBEM I

TABI,N 1.

For  comparat lon,  the resul ts  obta ined.  for  the same problem by

[,y' inm [,9J by the . integral equatS.on method are lnol uded ln

tab le  1 .  Genera l l y , .  t he  resu l t s  g l ven  by  CVSBEM a re  be ' t t e r  by

an ord; r  o f  rnagni tude;  we get  that  the same resul t  ls  va l  1d

fo r  o the r  number  N  o f  noda l ' po in t s  and  a l ' so  fo r  o the r  t es ted

doma lns  \

$xample ?-. We conblder the donatn Jl- as being the rectangl'e

-1(x(1 ,  -a (y (  a.  In th ls case w e appl  J.ed the error redyct lon
1

aL gorithm, starting w ith 8 nocLalr polnts (tfte vertlces of *he

rectangl e and the polnts of symmetry of 11 ) and addlng near nodai

1 2



polnts to the part of .F where the val ues of 8,p are L &]$€r'r In

table 2 u.e glvo the ,obtalned 
l resul ts (N ts the f lnal  number of

mesh polnts and EM ts doflned, by taklw the lntermed.late pol'ntB

z1*$  ao  n tdpo ln ts  be t {een the .nodes) .  We lnorsased the  nunber
d ' &

of  nod,esrun t l l  we reaohed the  proo lg lon  o f  the  resu l ts  ob ta lned

by Symm tgl by uslns 128 nodal Po"lnte.

I I Symm Egl I CVSBSM I
I a I---------J----I---.r.---*-*----*I
I  I N I  D M  I N I  S M  I
f  ====f  ===-= f  : : : "ass  ru : " i  *====f  so , r r * r r : l ro :c f

I  . 1  I  1 2 8  I  1 . 6 0 - 2  I  2 B  I  1 . 5 0 - A  I
r ----r -----r -*------r -----I ------**I
r  . 2  r  128  r  2 .44 -3  r  28  r  1 .5n -3  r
I ----I -----I ----'--- r F----I --------I

r  .4  r  1?8 T .  4 .0 -4  r  28  r  4 .$ -4  r
I ----I -----f ---:1---I -----I --------I

r  . 8  r  1 2 8  r  1 . 4 - 4  r  3 6  r  1 . 4 - 4  r
I ----I ----*I --------I *----I --------I
r  1 .  I  1 2 8  r  1 . 0 - 4  T  3 2  1  1 " 8 - 4  r
I ----I -----I --------I ----;f -'"t-*----I

T  2 .  I  1 2 8  I  l . D - {  I  2 8  I  2 " 7 $ - 4  I

TABIE  2 .

The  ob ta lned  resu l t s  l nd loa te

nodes  (and  co r regpond lng lY  o f

p reoc r lbed  p rec le lon l

E ampl q 3. As the I aet exampl e w e

o f  the  magnet rc  f l s l  d  o f  a  b rush l  ees

permanent ma6nete' The dornalne ere shodtn

I ' I G . 2

magnet lc  potent ler ,L  u sat ls f  1es Lap[  aoef  s  squat lon lno lde

d o m a i n  D  ( t f , e  a l r - g , a p  o f  t h e  m a o h t n e )  a n d  t h e  f  o [ l  o w  L n B.:

Dl r lch l  e t - type boundary condl t lons

a sharp reduot lon of  tho number of

the  oomputa t lon  t lme)  to  ob ta t r t  a '

conslder tho oomputet lon

d,oo  motor  w t th  odremlo

L n f L g , , 2 .  T h e  s o n l ' a r

4 ':.



r - r R
u(r)  = ----- j -  U0 for rg( r (  r4,

r A  -  r B '

over  AB por t lon ,

'  u = U o  ( o o n s t a n t ) t
' w

over  the  arcs  BCDEF,

-  

- l

a\t
' t l o .- -  

- . 6 L  .  . i-- - a''
2 p  -  o p , ^ , X

u(O) - .Ug f or -: .( €( :-
i i  o p -  2  2 P

? p 2. c

over  the  FG l l ne ,  and

Au s u  o v e r G I I A .

Here r and g are polar ooortltnates wLth re,opeot to the naohlne

axLs. The paqameters of intorest are i the fl 'r.x of the nagnetJb 
:

f le l t l  bef iveen tuo potnte QBq=V(p)-V(q.) ,  and the lntensl ty of  the

magnetlc f tel d

d f ( z )
H ( z ) = - - - - - -  ,  z  = x * l V  r f  s u * i v .

d.z
i  

- - -  
.  

. .  I

The resul ts  for  the magnet lo  lnduot ton ln  the a l r -gap of  
. the

- !

nachlne (atong the r iot ter l  l ln i  In f ig,  2) ,  bylustng,,  a,  4$.nodal-  ; '

polnt  mesh are glven ln f lg.  3.  (  potnte 49 to 73 ) .  ,

r IG.  3  ,
'

The obtalned resul ts compare favorably wl th thoge glven fn f1fr t

(by 'usLrrg the cLasslc in l  BEM) as concerns the aocuraoy and aLso

the oomputatlon tlnie.

1 4



5.  Conolus lon

The advantages, of the cvsBEM aSalnat other HEU proat&ures
. :

a le t  :

i I

1 . B e l n g  a  c v B n M  p r o c e d u r e ,  t h e  " c v $ B s l / l  y l e [  d s  a n

approxlnatlon for the compl ete compl o< potentlal funotlon ln'

terms of  sone easl1y computable funot lons.  Bos'de, thtst  CVSBEM
. . ,

e n a b l e s  u s  t o  o o n p u t e  t h e  d e r l v a t t v e s  o f '  t h e  o o m p l e x

accu raoy .  The  va lues  111 t  =  f t ( z i )  a re  g l ven  by  re la t l on  (11 )

i
and the der lvat lve f t (z)  ln other polnts 1e approxtmated by

. :

n t ( o \
f  \ u  t  .

l o n  o f  t h e2 . T h e  m e t h o d '  c l o e s  n o t  r e q u l r e  . a n y  a p p r o x  t m a t

b o u n d a r y e u r v e o r a n y n u m e r 1 c a L . q u a d r a t u r e '

3.There

rnethod has a hlgh convergence order' '

4. I t  ls  possl"ble, to obtaln an error est lmat lon t1 at  at l

mesh polnts and henoe to d.evelop an error reduct lon algor j - thm by

.  r  t  -  a  

' o

adilLng ne,{ polnts ' ln t lte . nelghbourhoocl of the nodes whex-e the
' ' .

emor ls I arge

shortcornLng of the methoct conslsts 1n the fact that

tt can be appt lect onl y 'to the harmonlc functton e of t^r o

lndepen6ent var lables (respeet lvely to the complec analyt lc

funtlons ) .

potent l .a l ,  1 .e.  i  the conplex f le ld funot lon r '  
:wl th '  h18h

ln 'Computer-

Publ  tshers,

Refe renc  es

BrebblarC.A.(ed. ) .  Bound'ary  El  ement  Techniques

Alded Englneer lng,  I lar t lnus NiJhof  f

1 .
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Dordecht /' Boston y', lancaster , tr984

:p. ' Flro.nradka. Ii,t"V., The Compl ex Vari.abt e .tsr undary Sl ement

.', ' 
Ff:ethod, Sp:in6er - Ver[ ag n, Serl:

. ' a  
-  - - -  

.  ,  
,

l . . H r o r n a d k a I I , T . V . " Y e n , C . C . , G u y n a n , o . l . . T . h e C o m p l . e x
: r

{tv  a r : i a . b I  e  H o u n d , a r y  ,  E l  e m e n t  l { e t h o d :  a p p [  I c a t  l  o n s '

, . . Irrt.J.Numer.Plethods Eng,, t?1 (1985), pp- '18:?}1025

ar s , .  n n s r n a o , K a  J - I . ,  f  " v .  ,  I l u r b l n  r I . D .  ,  M o d ' e l  L  i n g  s t e a d y - s t a t e ,
I

, , .. eldvective contaminant transport by the qqnpL elr variafuL e

, .: '  ?r undarlr element metho,il, En€lneerlng Ana[ysls tJ (lg9d)',

pp '  9 -1  4  '

5,  I l rormadka i i  ,  T.Y.,  Best approximat lon of  fu i  o-dirnensicnat

p o t e n t  l a [  P f , o b L  e m s

A n a l y s l s ,  t : .  ( t g 8 6 ) ,  P F . 1 1 B - 1 2 2 '  ;' .
M a g u r e A n u  r  R .  S o m e
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:
A n  A n a l  v t l c  S o l  u t i o n  t o  t h e  P o i s s o n

- & #
E q . p a t  l g n  i n S o m e  P [  a n e

Domains

t t re  paper  preposes a,  par t lcu l  ar  anal  y t ica l  so l  u t ion to
. '

t h ' e  P o i s s o n  e q u a t i o n  i n  c a s e  ,  t h e  d e n s l t y
. .

f unc t l on  f ( x , y )  l s  ana ly t i c  i n  i t s  va r tab les  i n  t he

polygonal  reg lon D1r  and vantshes in  n- i1 .  B1 '  means of

th is  
' '  

so l  u t ion the num"r ic"L eval  uat lon of  the d,omain

lntegra l  
" '  

in  BEI{  can be avoided"

in t roduc t l on
t

As  i t  i s  , ueL  L  - kno*n ,  t he  sou rce - te rm in  the  r i gh t -hand  s lde

o f  t he  Po isson  eq .ua t l on  g i ves  us  some t roub le  due  to  the  d .oma in
, -

in tegra l  s  invol .ved in '  Gr-eenrs f  ormuL a used"  in  BEI i .  The numer lca[

eva .L  ua t i on  o f  t he .  doma in  i n teg ra l  s  needs  a  d l sc re t i sa t i on  o f  t ] , e

w h c L e  C o m a i n  i n t o  f i n i t e  e L e m e n t s  ( c e L L s ) ,  w h i c h  s o m e h o u v  a f f e c t s

the  s imp l  i c i t l r  o f  t he  boundary  eL  emen t  me thods .

In  case  the  sou rce  te , r rn  l s  a  ha rmon lc  func t l on ,  t he  doma ln
t '

i n t e g r a L  i n  G r e e n f s  f o r m u l a .  c a n  b e  t u r n e d  l n t o  a  b o u n d a r y
, t t  c,

.  : ' : .  t  t t  /

i n te6 ra l r -doma in  d i sc re t l sa t l ' on  ,  be tng  ,  no  I  onger  necessa ry  /  1 /  .

1 ' he  second  ca ,Se  i n  r rh i ch  the '  occu r rence  o f  t he  doma in  l n teg ra l  s

ca,n be avold.ed ls  the case when , r le  knolv  a par t icu l  ar  so l  u t ion to

the  Po isson  ec lua . t i on .

.  in  th is  paper  r {e  a le  g i .v ing a"par t l ,cu l  ar  aqal  y t ica l  so l  u t lon

t o  t h e  P o i s s o n  e q u a t i o n  1 n  c a s e  w e  h a v e  a n  a n a l y t i c a L
:

d i s t r i b u t l o n  o f  s o u r c e s  l n s i d e  p o t y 6 o n a L ' r e g i o n s  t n c L u d e d  i n  t h e

dona ln  D  o lhe re  r ve  mus t  so l ve  the  boundary -va lue  p robLem.



' , :  ,  Th'" 'Ba'SlCi

Le t  D1  be  a .po [ygona l  ra f f fO1 ' l ns1c le  the  d r :maX.n  D ,  and  n1 ,

a s t  ! . .  r  z n  t h e  . v e r t l c e s  o f  t h e

,  u .se the oompl  ex var lab l  es
.  : : 1 . :  f : : ;  . ' 1  , : -  . -  

- .  , '  ,

z = x + l Y , d = x l Y
" ' .  . i  ;  

'  
, .  : ,  

:

l l he ,  -u$o la t l on  g . t  ! he  zk -1zk

s ide  o f  t he  po l ygon  ca tu i  be  r t r l t t en
' \

l n  a  conp lex  fo rm 49  '  :  : ' : ' :

( 1 )

}Ie have .aL qq d.enoldd ar,.*4n + 1 , , ' . 2 1 , ,  ' , 2 o , =1 , ,  , . , 2 o . i . - 1 2 n . ,
,  - ^  :  :  = '  

" l '  
- .  

' . .  . i .

le r  the .oorppl  erc .  d l f  f  eren '
'  ' '  . . : , ' '  '  ,  i  r :  '  ' a ' :  ' . r  

i  1
I-r/,e , ognsfdef -the ,.ogrnp[ €x , .41f f egen!1Al oppr ators /2/

z = m v z + n L
. t l .  l

F i .g .1

k,',f,(.h -r h),,.i,&-, h(h" i\),

and  hence  the  Fo isson  equa t ion  can  be  r . rn i t t en  as
: . r ' .  

.  , , ' .  " : . 1 : . ;  i l  1 , . . . ,  , ' . , ' i . '  . . ,  ,  , l t '  . ;  "  
' .  .  i i . ,  r .  . :

4 .  t

: N V , 4 g
. r ;G= t tc t '€)

. , 2

( 3 )



z+A z-Z
i '  t  a r  \f ( x r Y , \  =  f ( - - - ,  - - - , \  =  f ( z r Z )

2 - 2 L \

i . s  t h e  s o u r c e  d e n s i t y .  l l e  s u p p o s e  t h e  f u n c t l o n  t ( z ' r E )  t o  b e
: t r '

a n a | y f , i c 1 n i t s v a r i a b [ e s 1 n s i d . e r e g i o n D .

where  ,

t he  an t i de r i ' r a . t l ves  ( i nde f i n i t e  i n teg ra l s )  o f  t he  co r respond . ing

func t  i ons  . . . , '

Theo re rn .  l l he  f  unc t  i on

Let  us aI  so denote by

i : \  =  \ \ . o , r ) \ *  r . \ i \  = \ \ cE ,F \ tE

t 5 +
E- \_r

*# 
Lla,,r) 

q^-?*;** Git*o**ti)l^+.\ .r,
' i^,

kr Ll G*ut+i) - G, tEd)\ htt*-'i)cE - Er',
t s  a  par t i cu la r .  So iu t ron  o f  the  Po lsson equat ion  '  . :

( 6 )

e , ( 1  f o r r " € f r 1
b  = { '  , '

t0 ror z 6 D - Ft

\^I n e:fg



ere  the  l la in  ones .

, ,  l ? r o o f  .  I , h e  f u n c t i o n  Y ( z , E )  C e r t n e c l  b ; r  t h e  r e l  a t i o n  ( 5 )  i $

..: .", . ---1-':r-:-. -r . ':' :.' I ' : r-

* ; ; * rn , ro r r *  und  r i i f  f  e ren t l abL  e  ou ts i ce  the  poL . r l gonaL  L  i ne  '  and

n i l
h e n c e  l n  t h e  d o m a l n s  D 1  a n d  i l - l J 1 '

\ ' l e  h a , v e  
+ - E * \

{^- F:t '  = q^-\ 
L-tp-rr

1 -  t  r - t
'\

the angl e r[*€ 
tlr.="l " being ' '  outl

t h i s  f u n c t i o n  1 s  c o n t i n u o u s  l n  a L L

l . r , ) r - l  ,  z l r l '  Ie t  the  Po ln t  u r '€  ( 'Y -1  '
': ,' .:

I{e have

H.\=iFcr'r)-
{

Eril
Fcf ,Tt|{,*\-#,\-']

{ + F
[,,,,,*,* \ [ e.*,r I - 

*rL 
F L], *[t +"rLi)

+ - \ *  L r  \ r ' v ' i = A

+gst '\' .\ &.^, t 
- ti

- + I= F(f ,*l? +&a' :La !j-r
(ar

- r
+ L t r .

ingd .  i l  I ' ig .1  .anc l  theref 'ore

compl  ex PL ane but  the s ide

o -  \4 l r t  '

L

i 't'
t+K

\\ -cr,El -,k,F^t cL, \L*"*)

$imi l  ar l  Y, rv e have'  J:r

^,v - ,' E-Ei

h L\Gutar Q^^ ild-.
?€Dr 

o

s-Ls \ ,=
+ -t ; -r  )

* Gitw\[Et^rLi) 0", ?t^ \ 
=

o

kv*
aet j6,

(Stu +
i=r
i+K I

tsL



?.+?* I
L 5 +
1,-)!.-r

r-5 1
A-Bj-, \

ry\,z
i=t

\qf': G5(*5t*ntti\

?€s5(

' l 'he teL a.t ions above prove the conti lnui{y" 69 l11te'"r.4'.r,0' '  t  ott

Y . ( z " , Z ) . , i ' 4 t ! e ; ; , v h o l e . : : o o r n p ! g ( p L a n e . . - , . . : ; . , . . ' . . : . , : '

'  I , , Ie  ,equaLI1 , '  have |  .  . r ^ ,  .  N .  , i  _S.

g = t d'.{cr,r: " ft,} Xr,t) 
rc\- 

ffi.*
' :  

; -  
' i

,  , t  g ( 6[CE)-G;LE5)
-  

8 s L , h  L  E - E .

.', GICEI - GiCLi-r)GrC=l - Glt*'i-^) 1- - r
E - ttg-- " -  i ; z \  \  = - - i  ,  - f " r

o ^ _  .  -
Again,  th ls  

-  
funct ion is  cont i .nuous in  . the compl  ex p[  ane.  ( ' i ' f re

E - E i

; ,f  unc t ions  in  the .  L , , r * t  sunr  har ' ,g  e l  im inab l  e  s ingu l  a r i t les  a t  the  Z i

\ ^po in ts . , \  Ey  t . ,a l ; ing  the  c le r i r ra t i ve  r^ r  i th  respec t  to  z  w e  ob ta in  the

/ . \
f e l a t L O n  l . ( , ' , / ' .

P o r m u l q  ( i )  0 a n , .  b e  u s e d  t o  c o m p u t e  t h e  v a l u e s  o f  t h e

/  - \  .r  u n c r l o n  u  1 z , d )  a t  a l l  c o r n p l  e i c '  p o i n t s  b u t  ,  t h e  v e r t i c e s  o f  t h e

p o L i , g o n .  A t  p o i n t  z \ c  ( l r  =  1 ;  r  r  .  ,  i r )  
" e  

s h a l l  u s e  t h e  f  o r n u l  a

L1.. - t r-'\

- G* t"t*) Q" L(n*- ?*-n)CE* -E'*-n) L
f: C]

H

{;
lr. -t rtt * kr I G*{, ({) t*iler-1*'tX{*-E"4[-

r '€ ,  r l  e ;no t

L  =  q * , , \ L \  + t Q -25r( 0 < o



An iLLustrat ive Erampl e

: ' . . . ] , . , . . 1 : . . . '

, ,  .  
A g  a n  a p p ' l  l c a t f  o n  o f  t h e  b b o v e  t h e o r e r r r  { { e  o , r n ! t d e i t l r ;

doma ln  D1  as  be lng  the  squ le  w t t l  ve r t l ces  21  i  
1 , . .  

t :  22  = , - t  *

+  i ,  z t j = ; 1  -  1 ,  d 4 - 1 -  r  ( F r g . 2 ) ,  a n d w ' e  t a k e  t ( z r ? )  = 1 '- ,  t  
.

, . .  , l  
: ,  '  

,  t '

:.. . ' ,: '  " i : t erm ln ,th e.' teS t on1,1 Dr1'; 'r and th e

f  unct lon V'  Ls harmonlc tn ,D'-$t  .

The . re l  a t lons  (4 )  e rve

{ tc,,E \ - *-, 
l; \cr,E\ .E

q ' - q E )  =  & *  E t & *

c^,*l- frK + "&'oE
i  . ,

F c'L,*, \ = *-E I

,

F l e . 2

We computed lhu  va lues  b f  tne  funot l ,on  V(x iy )  ln  a 'g r td  o f

0.25 w ldth.  The resul  ts f  o.r  the bottom r ieht-hand-sic le corner of

the square rounded !y .the ,dashed I lne ln Flg ,2 aT" glven tri Tabl e. '

1 .  To check the accuracy of  these .3g:gs[  f , .s  r {  e  computed AV us lng

r t '

the f lve-polnt  formul  a

aVtu,f) =
V(t, ,.t4'V ciot, d\ r'Vqt,g-t;*Vtc'lt,[\ t I Vci,51

i ,
. i

l ' h e  r e s r i i t s  a f e  g l v e n , l n  T a b l e  2 .

ri

TabL e I

, 6



, '  i t l l "  to  b !  no . r+1ced, tha t ,  the  er ro rs  a re  wt th ln  the  l lm l ts  o f
. ' : . . , : ' ] . . . . ' . : . . ' ' . ] .

t h e t r u n c a t 1 o n e r r o r i . n f o r m u L a ( 7 ) . . :

'  ' : ,  Concl  ustons.  The . rar t lcu l  ar : ,  soL ut lon to ,  the Poi ,s ]son equat lon
- ,' ;;ll:-

g i v e n  l n  t t r l s  p a p e r . , c a n ,  b e  u s e c  t o  r " " d u c e  t h e  s o l ' v t n 6  , o , f  , . , a

Fo isson - t ype  p rob lem to  a : ,Lap [ ]aoe . ,equa t i on .  :Thus :  we .  can ,avo i c l . , . ! he  t

numer lca l  eval  uat lon of  the 'domatn ln te,gra l  s  tn  BEMr preserv lng.

the reduced.  d. tmensLonal  i ty  cnaracter ls t rc  to '  ; the boundary eL ement

'
,  T h e  m e t h o d  l s  u s e f u l  w h e n  t h b e  f u n c t l o n s  T ( z , E ) ,  G ( U )  c a n  b e

e f fec t l v

polynomla[  ,  ex ponent laL ' r '  t " ,1 'gonometr lc  c l 'ens l ty  f  unct lon:s . i  :  
, .  

'  '

, '  Due  to  t t s  I  l nea r l t y ,  t t he  me thod  ca$ t -  . be  "used  to ' , , ' ob ta ln " :  a i
.  :  

:  :  ,  
:  ' .  '  '  

r l

par t i cu l  a r  
' so l  

u t l on  , t o :  t he  fo i sson  equa t ion  Ln  case  the  '  dens l t y

R e f e r e n c e s
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AN ANAIYTiCAI SOIUTION FOR THE COI'PIED STRIPI]I ' IB-Tii(E l i iCROSTIIII '

TINES ?ROBIEI,I

by Dorel Homentcovscht, 
'Anton tlanolescu, Anca l{anuel'a Manol'escu

and liviu Kreindl'er

Abs:brqct - An anatytlcal nethod for determlnlng the ' l lacwel' I  rs

c a p a c l t a n c e  m a t r i x  o f  m u l t l c o n d u c t o r  c o u p l  e d "  s t r i p l  l n e - I  l l c e

mlcrost r lp  I  ines in  an unhomogeneous medium is  presentec l .  The

m e t h o d  l s  b a s e c l  o n  c o n f o r m a l ' m a p p i n g  a n d  o n  t h e  t h e o r y  o f

s i n g u l  a r  i - n t e 6 r a l '  e q u a t i o n s .  T h e  p a p e r  c o n t a i n s  s o m e

appL lcat ions.

I :  INTRODUCTION

In the I ast fev years the stud.y of mul t iconductor coufl ed

str l f l ' ine- l l -ke mlcrostr ip l ines.  has been of  great l -nterest  due to

the good hish f requency propert tes of  these l ' ines,  useful !  for

c t e v e l  o p i n g  s o m e  n e w  m l c r o w  a v e  i n t e g r a t e r L  c i r c u i t s  s u c h  a s

d j-rectlonalr coupl ers , paral'lieI coutrrl ed f ilrters and so on. In

contrast w ith the so-calrl ed rrmi.erostripl inerr cl asslcal hat f-

shielded. structure, the {,tff 
-shiel 'cted structure named. rtstritrrl ' lne-

l l ke  mic ros t r ip t t  /1 i ,  o f fe rs  the  same phase ve l ioc i t ies  fo r  bo th

odd ancl  even mocles *dl  as a,  consequence, a very good coupJ- ing

direct iv i ty ancl  a wel !  def  lned el lectr j -calr  behaviour.

F o r  m u l t l e o n d u c t o r  c o u p l ' e d  s t r u c t u r e s  r ^ r i t h  v e r y  t i g h t

performances ( interdigi tateC. dlrect ional  couplers,  h igh order

parali lel '  coupl'ed Ilne fl l  ters) an accurate caltculiatlon methotl is

requlrecl ln orcler to eetlmate th'e lnflluence of allr the cond'uotlng



s t r i p s . A mutt l tude of  methods to perform this analysls are

c u r r e n t L y  u s e d ;  a L L  o f  t h e r n  a r e  m e a n t  t o  s o l v e  t h e  L a p [ a c e

equat lon for  the b id imensional  eL ect rostat lo  equlva l  ent  probl  em

for  Lou-order ,  quasl -TBld modes.  0 t re can ment lon severa l  commonly

used methods such as:  conformal  mapplng technique for  s impl  e

s y m m e t r i . c a l  c a s e  e  / 2 / ,  n u m e r i c a L  m e t h o d s  b a s e d  o n  I  a t t i c e

approKlmatlons /3/ ,  
'  variat ional methods /4/ ,  nre*?rods based' on

solv lng the in tegra l  equat lons der ived f rom Green funct lons /5 / -

/7/ ancl so on. Although sone of the nu:uerlcal nethods are quite

general '  ,  none of the above mentioned rnethods coul d. be thought as

sul tab le for  anal 'ys is  and especla l ly  for  synthesis  of  a t t  the

high performance structures.

T h e  p r e s e n t  p a p e r  p r e s e n t s  a  n e r r t  a n a L ' y t l c a l '  r n e t h O d  o f

d e t e r r n l n i n g  M a r r w e l l ' r s  c a p a c  j - t a n c e  m a t r l x  o f  m u l ' t i c o n d u c t o r

st r lp l  lne- l  t lce mj .crost r lps lv i th  coupled conductors wi th  arb i t rary

wldths and spaclngs and. unhomogbneous media.

I] .  BASIC CO}ilT' iGURATIOIII

The anal ysed rmrl t  j .conducto:r system conslsts of n ze1o-

th ickness oonduct ing s t r ips AtrBkr  rv i th  arb i t rary  widths and

spac ings ,  . Loca ted .  on  a  d le lec t r l c  subs t ra te  w i th  th l c l cness  h .  Tho

system ls  fu l ty  sh ie lded by ground p lanes on a l l  s tdesr  e ls  shorn

ln f16.1,  and subject  to  the constra in t  that  the sh ie ld .  spacing

t  e q u a l s  t h e  s u b s t r a t e  t h l c k n e s s  h .  H o w e v e r r  t h e  r e l a t i v e

dle l  ect r lc  constants  €1 and eZ correspond. ing to  the upper

antl L chr er dlel ectr lo media may be dlf f  erent.

F16.1 FuLl -shlel ded mul t lcontluotor coutr[ ecl str lpl lnes

L



'  = . -
The el,ectrostatto f 1e1'tl EtU* , U") ln the tr o dletieotrlc

,  nedla,  lnstde the,shtelaled boc, caj l  be wrt t ten ot , .  t "*u of  the

eLectrostat ic Potent la ls as

& ( J ) ( * , y )  =  - ) y ( J ) 7 ) x  ,

n" ( l  ) ( * ,y )  =  -  )Y(J  )  / Iv , i  , ,  J=1 ,z  (1  )

n; ,y(l )(x ry) are harnonlo functlons we can lntrocluae the

harmonlc conJugate functlons 9(J 
)(* ,y) - the f tet i l  functions.

Therefore, the oon$lex potentiat fundtlons

1 ( l ) ( z )  =  g ( l ) ( x , y )  +  i . y ( l ) ( x , : y , )  ,

:

1 - 4  ,  ( 2 )
d -  t  r L

a.re hol ourorplrlc , of , the comdlre* varlablte zex+l'' y lnslde the t1r o

dlelrectrlc neclta;

0n the shLeltded box the potenttail f,unctLons nust vantsh 1"e'

V ( 1 ) ( * , y )  =  0  f o r  v ) 0

Y(a>(* ,y )  =  0  fo r  y4  0  r  oh  the  box  :  .  , "  (3 )  l

0n the other hancl on the' symnetry gE(Ls we muqt have the
. 

'

fhysloaL' condltfons

D"(x,+d) - D"(x ,-o) = 3 (* )

& ( * ,+o )  -  \ ( x , - o )  =  0  ,  ( 4 )

where !(x) ts the surfaoe tlenslt,y of the elieotrlcall chargen a.lld

5 ' t n *  ,  D " )  t h e  e l ,  e o t r i c a l r '  t n d u c t l o n ;  T h l s  l n d . u o t s . o n  o a n  b e

€*pressed by means o{ the potentLal' and flel;d functlons

) y {1 ) (x ,o )  -  ) t (1 ) ( * ,0 )
D"(x r+0) ' 'e1-- - - - - - - -  E - t ' - - - - --1  

?y  Ex

D"(x,-o) = -rr?I:l]g::t = -r;[1]9,:l (5)
d v  d x

and therefore rel 'at lons (4) become



aY(1) (x ,o )

(6a)

(6b )?.lr(1 )(x,o)

? x

x ( BgAgal :il

k  =  1 l . . . r n

( 7 )

, . ]
c b c  = - Q k + 1  +  A p

III; DETERMINATION OF THE II.AXWELI,'S CAPACITANCD
. i

MATNIX

. c i . i

In orcler to sol,ve the

0n the lnsul'ating segments BUA1*1 we must have' $(x) = 0 ; by

lntegrattng the reltatlon (6a) we obtatn

-61. f ( t ) ( * ' ,0)  *  edf (z) (x ,0)  =  - 'gk i  ,

rhers e1 are, unlmqrrn oonstants. Relatfon(6b.)! etve-1
:,; r1r(t )(x , o) r y(al1x , o) , .
. l . ' 0 n t h e : ' o o n d u o t t r r g , s t r t p A t B r w e . n u g t h a v e . . .

:  Y ( 1 ) ( * , 0 )  ; y ( a ) ( " , 0 )  
-  

v k  ,  k  *  1 , . i . , n  r  x G A p B L , , -  ( g )  l ,

where Vtr 1s thelpbten'Llal ' of the k-th e1'eotrod,ei" Relatl,on (6a)
-  -  - ,  

I

deternlnes ln. thls oase the functlon 3(x); 4he' total ' oharge Qp on
, i ' , , .

the strlp AtBts ,ls Sllen bY r,

F;
[ *

Q k  =  \ f ( x )
J -

. A k

Henae
n

a1 = Qk + qL+1 t 
t-Al 

*

' t

Flnatrtry, rel 'attons(?) anct (8)
.  . l  , ;  

. : : . . ; ' . . "  : i . r l , i l

tniultatlns 1 lnes and 
^rel,rations

j  ' , .  ' .

the conductlng strlps.

Q n a {  
'  

i ' (  k = 1  r  i . .  r n  ' )  ( 1 0 )
.t

l

are the bounclary sondltlons on the

( 9) are the bounclary condlttons on.  . .  
r i t ,

t . i t  i . j t  . . , - . . . , , , .  
' ,  ' , ,  : .  

'  :  ; - , -  I  . :  ,  a i  I  
' : :  

.  : - ,

above settliect bounclary vallue probl'en

t t



we confornal ly t ransforn the d.oma{.n f jL led by the furo dleLectr ie

m a t e r i a l  s  l n t o  a  c a n o n l o  c l o m a i n :  T h e '  u p p e r  r e g l o n  m a y  b e

r r  { ,23> 0.conformally mapped on the upper compl'em haLf-plane

(f f the studled clomaln ts actuality a rectangul ar , one, as !n

flg.1 , the napplng functlon z = 
"-1 

(Z) is glven by the Sch,qarz-

C r l s t o f  f  e l  f  o r m u l  a  a n d  w J - l 1 '  b e  e x p r e s s e d  b y  t h e  f  l r s t  k i n d

inconpl 'ete el l  lpt lcal  funct toni) .  let  ( -o rb0) U (  an+1 ,oel  )  be

the lna6e of the upper side of the shielded boc and the segrnent

(a1, bp) the image of  the str lp A#t (k=1 ,2 r ." .n) .  ,  BV aymmetry

r e a s o n s  t h e  l o r v . e r  r e g i o n  o f  . t | 9 . d . o m a i n  
1 : r  f l g . 1  w l l !  b e

conformally mapped 'on the loren half,-$Uallte, fA-2.

Fig.2: The canonlc donatn obtatlted by conf,ormall mapplng of

the  domaln  ln  f ig .1 .

Thus the method can be used. for nore general geometries of

the tv o dlel ectrlc med,la. The onl y restrtctlon is the synmetry of

the t ro c l le lecir lc d.omains wtth respect to the eLectrode l lne.

I n  t h e  s e q u e l '  t h e  a c t u a l  s h a p e  o f  t h e  s h l e l  d e d  b o u n d a r y ,  l s

tnvolvecl only through the abscissae apebp on the rea[' ac*s Y*0'

ln the Z - pL'ane, cgrredpondlng to the polnts AlrBp.
f  r ' \  r ' a \

By conformalr napping the comtri l ioc tr lotentlal is gutl(z), gte)(z)

become tt o hol omorphlc f unctLons . ln the upper and respectivel 'y in

the ' .  cnr er hat f-pr anes F(1 ) Q) , p(2) 171 ;

l le can w rlte

4
l . t \ -p y  z ( Z )  =  _ E _

I t

+@
t I pr(t)

--- I L----

Ti J t-z
* @

+ o

\  F')
Iu;;

/ n \

d t ,  F \ t ) ( Z )  = - d r  ( 1 1  )



where the reel function F( t ) must
. l

aqcount the bounclary cond'it ions' .

be determlned bY talcing lnto
:  :  r '  . '  :

p(1 )1*; = O(1)(*,0) + r.{(r1(x;0) = rtr(x, .  + S 
- l ! : ]u* (14)

2)(*,0) = i$x) - i lF(2 ) ( x ) '  =  # t ) ( x ,o )  " , 1Y (

=  e k ' f o r  x 6 ( b

The ftrst &ro' rblatlong ',( '15), 'determlne the

funct lon $x) on the' 'e1'eotrocles;  the Iast ' re l 'at lon

equatJon of  the problem

of

by

+@
8.a+Ep[ F(t)Js-z \ r----at

ll J t+r

-oo
+@
C '  t  ( t )
\ 

I ----dt

\ t'+c
Y p

the fntegral'.

( 1 5 )

th*

the

nz.
J = 0

b {
n  1 t

FnJ
. a j

bp1 apal )X € (

' ' ' Y ( 1 ) ( * , 0 )  = f ( z ) ( * , 0 ,  = l :  : : :
tl

and.

s , ,QC, | ) ( * ,0 ) , -  €n$t ) (x ,o )  =  qk

Y ( 1 ) ( x , o )  = Y ( 2 ) ( * , 0 )

The val ues

can be obtalned

c l
where \  s tands for

J
f i e l ' a t l . ons ' (11 )

;  
[ . t ( x ) ' - 0  

f o r

p(x)  
'  vk '  fo r

- @

d t  , , t

1  f r . , - ' p ( t )

ll J t+c
bJ ,' :':

l a \
f u n o t l o n s  F \ . t  ) ( f )

using the Pl'emel' j

the Cauchy prlnctPaL val ue of

(13)  s ive"

xQ(-oor ,bg)" i  U , r (an+1 ,€ ' )  ,  ,

x 6 ( a p r b p )  ,  l c  =  1 r . . . r n

k r a k + 1  ) ,  k = 0 1 1 1 . . r 1 r 1

f o r x e ( b k , a k + 1 )

] c  =  0 r 1 r . . . r n
/ n \

ar rc l  F \ . ) (Z)  on  the

-el 'at lons /B/.
+@

:,vallues, of

( , t  5)  g ives

v {
-3 dt
t-:c

r ' ' - k  =  0 r 1 r : . .  r n  ( 1 6 )

( 1 3 )

rea l  a is



1

substltute e1 elven bY rel'ation

is given trtr
-  . :  , , ,  :  

I  '

the lntegral
. l  : r  .  , l  : .

(A.6) :  rn  the

d t = Q

=  1 t ? r . " . r n  ( 1 8 )

(10 )  l n  f o rmu l ra  (18 )

n fl  n ,,*?u*t +-1
Z v . , \  a t ' X  -  \
fA tJ -- Fb 'if J (t'-t) {/F6

e j b k r

! i  =  1  , 2 r .  . .  , n  ( t

n f r
Fuu\

J
a6

Thls ls a singul ar i,nteg.rall equation lts soJr,ution

Appendtx. The e'( istence of a bounded sol'ution of

equation 1s conditioned by cornpatlbil +tv aond.lt lons

case o f  equat lon  (16)  these cond i t lons  beoome'

= - f

d t ' =  0

nz.
k=0

7 )

n Fo +-,'if ivr\@

here
n+1

p(z)  = ' iT  CT" -a |  ' ( z -u r )

By uslng reL atlons

n 1 ft *t +,_1
E =\ ------.-,=5;'dt
n* lT J (t '-t )VP(t )

bk

n flr<+r g -r 
t

kA J \lF(T)
b k l

l o r m u l  a  
, ( 1 7 )  

b e c o  s

+ -k--f- ' - j ,Lt +
6' t;% J \lFGt 

*' 1
Dk

w

F;*t  J -1
\ v'} ,trFrfi
b J l

I f  u e
:

obtaln

1

€1+t2

w e

+*1
:== dt  = Q (19)

\ /P( r )
d . t + 1*--H



F inal ' l  Y

solrutions of

t h e  o o n c l L t l o n s

e q n '  ( 1 6 ) ' b e c o m e :

f o r  t h e  e r l s t e n e e o f  b o u n d e d

(20)

(21 )

(22)

(23)

E 
Nlk 'Qk = ca1+Q)f ,  S ' i 'vs I  1r  = 1"" 'n

where w e clenoted

Al,k =

?tr+1; -1
r , ' rk+1 \ ----- ;

t,k = (-1 )k*1 
\ 

=;rp dt

b k t

and

. 1c-'1
M l k = A l k ; N r , k = F X . ' j  '  I  = l t ' " ' ' n

E,r+Ec
c = -::= Gho*

;l E0

. lo #-1
(-1 )*) 

\FGI 
dt

R e l | a t i o n ( 2 0 ) g i v e s t h e M e u r w e t r } l s c a p a c l t a n c e n a t r l x G
(24)

where the natrices tri l  , N are def tned by relratlons (21 ) - Q3];

let us denote nc{ by_ cnor. the Mmw etrl' capaottanoe matrlx

r  !  - - -  I

correspotlallns to the homogeneous ctle1eotrlc "ned'lrrm ( E,, = E2= €g)",

F.elrat lons (24) glve ,  .

( 2 4 '  )

Theref o16, ln rrder to obtatn the Mmvr el'U capacltance natrlx of a

multt iconductor system in a stratlf iecl dlelectrlc (as represented'

in f 1g.1 ) ft ls necessary to knor only the lleucwelrlr capacttance

matrix Choo, of the same mrdtlconductor struoture ln free space'

I n  t h i s  r / r a y  ! r e  o b t a l n e d  a n  a n a l r y t t c a l  s o l ' n t l o n  f  o r  t h . e

U



Manuellrs capaoltance rnatrix of the consi'clered structure in terms

i
of sc ne hypereliltlptl,c lntegral s depenttlng bn the structure

'  .  b 1  t : : : r b n + 1 1geometry onlly by means of constants &1t"'tan+1 atlc

These rel,atlons are slnjJlar to those characterising the ' lmpedance

rnatrix of a resLstive distributecl structure 19/;

IV: APPIICATIONS

Let us nor appl'y the above clevel opecL method to some concrete

structures. We conslder two klnds of problems. The flrst one

c o n s i s t s  o f  s t n p f  e  s t r u c t u r e e  n i l t h  o n e  o r  t s { o  c o u p l ' e d

striprl l lneslln thts case rellatlons (24) glve asaltytlcalr formullae

for the capacltances ln terms of e}l l lptlcalt functlons' The other

type of  appLtcat lons conoern the generalr  case of  mult lcond'rctor

ooupl,ed structures for whlch stmSil 'e analiytlcal expressions are no

I i  o n g e r  a v a l l r * b t ' " ;  a c c o r c l t n g t r y  t h e  d ' e t e r m i n a t l o n  o f  t h e

capacitanoe natrix requiree the use of the generall formulae !f+);

r n  n o s t  4 p p l r  t c a t l o . n s  t h e  d o r n a i l q ,  9 { - - . 1 " t 9 r e s t  a r e  t h e

r e c t a n g u l i a r  b o x  a n d  t h e  d o m a l n  b e t w e e n  t w o  p a r a l ' l ' e l " {  g r o u n d

tri l,anes, If the d.iel,ectrlc medla fl l ' l i  the rectangl'e Bn+,' (x(An+'i ' ' ,

-h(v4h , the conformal, mapplnGi funetion ls obtalned br snea$s of

et l fpt fcat  funct fond. The aiscissae aprbtr  of  the polnts otr  the X

amis oorresponctlng to the eliectrode ectrenltles are obtained Ln

terms of  the facobtfs sn funct ion

X =  sn  (x ,  K /1 ,  k )  ,

where the mod.rrl 'us k ls the scilrutlon of the equatlon

K ( k )  I
- - - - - = - r k t =

K ( k '  )  h  : .

( 2 5 )

( 2 6 )

9

1-]!'.2



flere

ln terms

physicaU

K ( k ) , t s t h e c o n l i l r e t e e l , I t . p t l p a r . i l t e s r a l o f t h , : f l r s t k l n t l .

As the,lraterail .sLdes of the rectangle,

lnflnlty (I, t€) d; donaln wiltl' lenil to the

the absclssae a1rb1 w jL'l be glven b;r fornuila

iflx \
X = t a n h ( - )

2h

o f c o o r t l l n a t e s x o f t h e o o r r e s p o n d l r r g p o l n t s l . n t h e

fL'ane.

1; $instre st,rltrlr-Lne ln a 
"l{*'i*i i*,, i

' 
In thts case the conformali mapplng provldes four polnts on

the real ,  a3is ( f  ie.3),

Fis;3; The geometrY

lmage in the Z Pl'ane (b):

the s lngle str lp! lne (a) 'ana the

the abscissae a1 rbl r a2J2 belng d'etermLnecl by

terms of  l ,  hr 'w and d.  Rel 'at ion (24) glves

c  M t t
:--;- 

= ---

Q * %  N t t

where C stands f or , 
the ' totalr oapaoi'tance of

!r\1rN11 are the inteSratls given by reliatlons

case of a single strld[r1ns these lntegral's

terrns of cornplete el'I ' iptical' integralis of the

c  K ( s )  ( 2 9 )
=  - F - - -

a  f  - - r  .  \€ , + L .  K ( s t )
l 1

Here the r, lodul 'us s is related' to the above merit lonecl absclssae by

are,approachlng the
.  " . -  . -  ' '  :

strtP -h< 

:< 
h antl

reuat lons (25) ln

(28 )

the mlcrostrlP and

(25> Ql);  In the

can be ocPressed in

f lrst klnd

of



(b ,1-a,  ) (a2-b6)

(b1-bo) G2-a1)

rel atlon

s =

The resul t  Biven ln.  re l  at lons.  (29\ r (30) hold 's f  cr

I lke structure shlel 'ded l t1 t , ,boc.

2. -Qlngle strlnllne oi,lt,.eil !g-9 ,Paral'Uelr. srqund q\'gr4eg

I f  t h e :  l i e n g t h  I  o f  t h e , , s h l e l ! d t n g  b o x . l n  f i g _ . 3 a  b e o o m e s
,  

,  
I  . , , , r . ,  I  . : . t : ,  

. . . . .

lnftnite, rdation (27) wit,t be appropriate and wllt i glve

, l t *  \-  d 4  =  t a n n  (  - r -  )'  
4 h

L - 4u 0 - r

(30) becomes nor

2 \/tantr(iiw/(4h) )

b , =
I

a 2 =

Rel'atlon

l l 'rt
k = t a n h (  ) '

4h

Forn-,r l 'a (33) was given

applrlcatlons in the forn

o  
z o u  '  K ( k '  )

! -  =  - : : -? . : - - - -
v 

\e t r r  K(k)

prevl.ous,l.tY bY

,  s t  = "  ( 3 0 ) '

any stri$l ' lno-

(31  )

' ' :  '  '  (32'; '

,  ,elr l ' lpt lcalt

wr i t ten as

( 33 )

, ' :  (34)

Cohn /11/;  Tt  Ls used in

: . ,  '

: -

s = ----F-

1 +. tanh( i iw/(4h))

By using some rel'ationshlps bebveen the comflLiete
.

integral :s. :of  the f t r rst  k lnd /10/,  forpul 'a (29) o,g,n b9

c  ,  : . : K ( k ) ,
= Q ----

s  , F  K ( k ' )-1 - '2

where the modul'us k .is g'lven by reLatLon

where z e,v= {im 
= |la,? JL is the charaeterrs}}g }fpqa*gg . o_{.

1 1



the f ree space

d ie l  ec t r i c  cons tan t :

' rr" 
3. Lvo symmetJ.lc.al .counlied stri luirfes 

': lni!: l-d'e'a 6hiel:ded boc

I f  t h e  c o n f i g u r a t i o n  i s  s y m m e t r l c a l r  w  i t h  r e s p e c t  t o  a

vert lcal i  encis ( t ig.4) the capacl tances of  the system can al 'so be

o(pressed by means of the eomtril 'ete el 'I ' iptical' integral s' By

"yrn*"t"y 
reasons the absclssae of  the s ix points of '*nterest  are

!a,  tb,  tc ' ,vhere the constants arbrn,  are obtalned'  by using ' the

geometr lcal l  d imenslons L rh,rv ,  c l  ln rel i 'at ions ( f5> r  (26):

. '

Fie.4.  The geometry of  the shiel  ded coutr f  e-str ip (a) and

the j.mage in the 7" trrl'ane (b);

Rel  at ions (20)  g ive nol r

Nrr (Q1-Q2)  =  (8 ,1+ fu )M11(v1 ' -  vz )
'N21(Q1+Qa)'= (ei+ea)ir tn.  (vr + v2)

and odd (V,, ,=-Vr=y);  The capacl tances correspondlng to,  these tro

- !  - - r n  ? ' r r  na l  .  n * f  n ra  (  qC - \  "  lmoctes are g:.ven by rel atlon Jt5>

, ' n . 'uur, $21
= ---

I  . F  r r Tc f2  r \21

antl

. r r ' l f :

-1g19 = :11 (36)
a ?

t -n+Ec Ntt  ' ' :  :  '  :
I  c  l l

r esireuse6' as comtrrltete
. :

e l ' l i lpt lcal '  lntegral ie of the f l rst  k lnd. ,  
'  

" ,
i  ,  .  . : j . . .  I  r r : r  ,  :  . .

We obta ln 
'  ! '  :

(  35 )

1 2



c"t'
' ' '  Lr*€2

( 38)

(3e)

l ' i  ; i ; : , ,  " .

(,40)"

,  , : i .  i )

( 42)

(43)

where

IW
: 

= 
[ ;r:?2

j'i 
.

| '  , !

and.
. j  

. i " n  
" .  .

"od d'
. ----- =

E . *E ,

Thd modr[,us

''I(('s ) .
- ; - - F

K ( s ' )

s ls no,.l g lven by fornula

'  ' l i

,  [ ]  { " .  ' !
|  

" ,  
. "  . .  . *  , r y

,  s t  =

T h e  t w o  r e l l  a t i o n s  ( 3 8 ) , ( 4 0 )  e l v e i t h e
, r : .  

' i l ' i : '  . ,  ,  ,  :

symmetrlcal' bv o-conduotor comtri- 'ete shii*taed

4. 'Itv o symn-etnicati;,r.?-t4 ?g :S**S&9s,,i+9ryffi0.9[s paralt eti

efg,ft8"g: "
llhen, *he' shlsldlns. , bo:q has- no l'a.teral q alf *.,, ( ,

' formu!*a 
QD g ' ives ' -  ' t  :

I  , .n ' i ia . :  i i  atar . . ,  ,  : , , :  1 ,
a  =  tanh  (  : -  )  ,  !  s  t anh  (  - ' - - - -  ) ' ,  c  =  1

. l

and therefore ' i fbl i 'at:{6ns (38)r( '39), be,gorle' :  . ,  i

4 ?
t J

"2(h2-u2)
a2(c2-u2)

(44)



1fe have altso

n

-:egq =
tt*tz

k o = (

ReL'a1;l 'ons (43) - (46) were

C o h n  / 1 2 / .  T h e Y  a r e  u s e c l

oharacteristLc lmPeda^nces

zoo K(ke '  )
zo.v = fffvvv  

\e " r t  
+K(ke)

and

zou K(ko t  )
Zoodd = -E='ftG;

\ t rers
I

where Zoo' andt €eff are the same

,. I(IgJ ,
K(ks ' )

tanh ci!: I >
4h

(45)

(  46)

another methocl bY

t h e  e v e n  a n d  o d d

(47)

(47)

as above"

k o t  =

ii w+d
( tanh ( L':-- ) )

4 h

al,so obtained by

l d  p r a o t L o e  f o r

:  5. I lqo'coupt 'ecl str lni l t (?q. -1g P.P'\ f?f!qea 
U+ | -  .  - . . .-':--. "-.- -....

If the syrimretry of the fivo ooutrilled stritrilrlnes ls glven up no

a n a l i y t l c a l i  f o r m u l | a e  1 n  t e r m s ' o f  e l I , t p t 1 o a l '  f u n c t l o n e  a r e

availrable. Hcrrrever, the capaoltance matrix can stLLlll be eucpressed'

by means of the hypereltlptlcal lntegrails (21 ), Q2): These cani

be computecl by using numerlcail methocls. To eheck the formulrae

(e4)  we computed.  th ;  so l ru t lon  fo r  l I1 / l t2=1 ' : : : ' 10  anc l  & /h=1, " "10

( r u : 5 ) :

Frg. 5. The nonsymmetrlcalrt ly coutri l 'ecl trangmtsslon l ' lnes'

In the case e\ { La the obtalnecl va1ues agree wlth those:

14.



obtalri:ed by l inner /13/ by a nethoiL working onlV for homogeleous

d l e l r e c t r i o  n e r i L a .  S o m e  o f  t h e  r e s r r i  t s  t h u s ;  c ' b - i ' a l n e c l  w  e r e

communlcated l"n /14/'.

6.Mul.tlcon-duetor s,t-ruclures 1n a shlel'd'ecl +

This ls a Seneralr  case whLch can be solved by the devel 'opecl

methoct.  The absclssae aprbl  are determLned by relat ions (25)r(26)

( fn ttre case of the coutrll ed strlpl lnes betv een ground triL anes w e

ehal,Ir use rel atlon (ZD). The Mswell lan capacitance rnatrix is

cpressed by f orrrul ae |f4) provlcling an anal ytlcal (exact)

solut lon of  the problen. Further on, the est imat lon of  integrals

can be glven only by numerlca.L methods.

I n  o r d  e r  t o  e s t l n a t e  t h e  a c c u r a o y  o f  t h e  n e t h c c l  w  e

conslclered the case of a rnul t lstrlp structure w lth a homogeneous

dlelectrLc medirxn bet leen tco paral le l l  grouncl  p l 'anes, f ig.6.  This

c a s e  w a s  s t . u c l l e d  b y  K a m n l r e r  / 5 / , I n  f l g ' 6  r r e  a I ! s o  g i v e  t h . e

absclssae a61b6 and the numerlcal  resul ts obta, lnecl  for  Macwel l rs

capacitance matrlx.

F l e . 6 .  T h e  g e o m e t r Y  o f

considered ln  $

t h e  n u l ' t L c o n d u c t o r  s t r i " P I  i n e

6 ancl numerlcal '  resulrts.

Notlce that the resul ' ts thus obtained are tt tentical '  within

the f l rs t  f tve d lg l ts  wi th  numer ica l '  resul l ts  g lven tn  /5 / :

v: c0}Ic],uslo$$

T h e  n e l {  m e t h o d  ,  o f  f  e r e c l  b y  t h l s  p a p e r ,  i s  b a s  e d  o n  t h e

conf ormal napplng and.*.' on the slngul ar tntegral equatlons theory.

1 5



f " " .

The use of the oonforma! napptng enabl'es lts and'itg^ation t| I'lnes

havlng the tv o dtel ectric neclLa onliy 'lf the nedla haYe ' equal'

helghts:

T h l s  n e t h o d  p r o v l t t e s  a n  a n a l y t l c a l '  e x p r e s s i o n  f o r  t h e

' of' some hYPereltlllPttc
Macvl e!I'f s capaoitance ruatrjx Ln terms

lntegra!s. The lnflruenCe of the struoture geometry on these

formul,ae ls €rcpressed oll,.'y by means Of the lmages of' the encls of

' - , F ^ - - - 1  
r  * - * n i l

the 
'oonctuctlng; 

strLps by conformali mapplng''

'
The nethod ls general':"i It '  apt' lLes to" stru.tures wlth an

arbltrary 
'rrrrrb"t 

of concluotLnS strLps, wlth'arbltrary uldths ancl

- : r  ^ '

s p a c l . n g , F l a c e c l l n a , r r r r n h o m o g e n o o u s d l e l ' e c t r t , o r n e ' d l u m . M o r e o v e r '
of the'rmrlittstrtP sYstem

reliatlon (24t) €sptesees the capaoJ'farlce

1r,', st:ratlf led'dlelleetrlc by meanc 'of the Macvleil; l l1rs oapaoltance

mertrlx of the same systent $lraced":Llrfree spaoe'

1 6



APPENDIX

In thLs appenillx we singulrar tnf eeral -eguatlon

1 ' l

so|ve the

. - -  
. , . ' ' ]  , :

=  f ( X ) ,  X G A

(A3)

*l\'"t*'sl-.u*
t = 0 , ,  J u J  t _ x

. .
w h e r e  w e  d . e n o t e d  b v  A  t h e  r e u n L o n  o f  l . n t e r v d s  , ( b ;  r a t r + t  )  )

( J = o r 1 r : : . 1 n ) .  
I  :

.  :  .  .  . 1

I'et us consider the compLrex varlablie functlon ,' 
'

. '

? i + t
!  a t ,  n  1  ( " " K t )

F(z)  = iD(x,Y) + iY(x,Y) = Z ; \  [ - - - ,61 (A2)
, . ' ' '  r  t = 0  1 i i ' J  t - z

b j

Thls Ls a hol'omorphlc functlon ln the upper ,halffrpf.rane. (tn faot

1 t  L s  h o l o m o r p h l c  i n  t h e  w h o l l e  o o m p l r e x  p l i a n e  C  e x o e p t  o n

segmen ts  [ u r , 15 * r l  ,  ( i =0 ,1 , . . . , n )  ) :
L  r ,  r r '  ' J  -

0n the bound.ary we have

€lr  .  a

n 1  1 i -a+  
'  

F ( t )  A
F(X+io) = : .  = \  .  - r - - -  d. t  for  X6n -  E-

'J =0 i l l  J t-X
b *

J

n
r ( x + i g ) = F ( x ) * 4

j * 0

t^(t )-r---- ' 4i f or X
t - X  i  : .

1 PaJ+t
--\̂

i t
r  a l  tarr rJ"

o J

q f i ,

Hence we can ! r r l te

Q{x ,01  =  o

Y ( x , o ) = - f ( x )

f o r  X6B

f o r  X 6 A

- A,

,

4 " 1
t (

(A4)



T h u s ,  t h e

boundarY-vaL ue

/ B /  , / 9 /  , / t 4 /  |

p ( z )

where

In these relatlons rrte have

l u t l o n  o f  a  V o l t e r r a
f u n c t i o n  f ( Z )  i s  t h e  s o

problem. The so lut ion can be wr i t ten in  the form

(A5 )

.5 )  ha t

mct io r

( A 5 )  ,

rrho ocl

dt

1-t/7'

d : ' 4

n  C ' r - i ( t )  d t
. f  \  -----.---

fu jtlffi> r-z
b j '

' 1

| l

\  /  '  / \
an+1 )  tao ' :

(n+1 )th orcler Pol e at the

(Z)  be holomorPhic  at  the

st have a (n+t)th-z'ero at

I the infinity \4te have

& 0 ,  =

a s a

o n F

) rnut

rcl of

i

/z

( "

\ 1

: t i

A5

ho

d

-t

p (z )  =  I
i

square rc

inity. in

inlty th.u

s point. {

l t * t  tc*:
I  - - - - -
I -

J  \ r ( t ,
b i  I

The

1nf

inf

th i

f t^Cr-"r) ' (z-bi)
J = u

rogt ln rel ati,on

n order that the

he sun in relat:

8ut in the neig'
t .

t)  dt ,  f t*t  t--- . ---  = -  \  --

Ti z-t zJ \/rF

,1  
t t *1r( t )  t  t2

= - \  - : = ' ( 1 + - + - 6 + " : ) ' d t  
( A 7 )

zJ \ f -P l t )  z  7"
b j t

e, the condl t ion.  for '  the holornorPhv of  the funct ion F(Z) at

inf initY 6ives ttre rel ations

, ,  t i+1 r( t ) '+ -1
t \  : : . l 1 1 : = . - - . c t t = Q  ( r '  = 1 ' r , . . , n ) ,  :  ( A 8 )

ia J qfr(t)
b j I

Hono

the

1 B
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cArcurltrrou 'gg rnn MAGIqETJq Frnlq $p EIB{MET4FS, gF

''NcHRoNOUS UOrdnS IIiTH gERAMIC PEnI'IANENT MAGNETS USING LES

, nou{nlny ryEMq{:l. METHoD
' i

t t ^  - - - -  a

Razva'n Magureanu '

' , . . l : : : i l * i l f f " u f r i i : " '
t^Pb- Bucharest- Ronanta

,  l . Introguot lop

In the l ast fe.l yearg permqngnt magnet , synahronoug mo- :,

. tors have'been pa16 speolal  at tent lon both by thelr  c leslgners:an.d

thelr  userg.Thts type of  motor enJoys'a nunbei :  of  advantages suoh.

aq slmpl lot ty of  oonstruot lon,  h leh rel lab1l l ty1 hlgh pot |ox:

w e l ; h t r a t l o , a ' , d t h e a b g e n c e o f s l l t l l r r g o o n t a o t s .

s o r u  o f  t h e  m o s t  l m p o r t a n t  q u e s t l o n s  w h t c h  a n l s e  L n

oonnectlon wlth theso notors are hff to oal culate tfre' occltatl.on '

rnagnetlo f lq d and tfre l eakage * * , t:d hor to estlmate the

lnfluenoe of' the de--maSnetlzatlon m.m,f.upon the eeccltatlon fleld'

The geometrlc' oonflgurattr,qn of 
' 

the rotor may .be rvlt lely

llng to the type of nagnet used.Thus oeramlc maglnets
:var ledracoord ing to  the tY

rrt eoclal l errgth and a L arge surface , whll e metal"l' te 
'

. ' . i i , '

.nagnet requlrements are qul te the opn911te,  thus lesul !e f rom the
; , : ' .

magnetlo characterlst los of these nbterlal s'

nd paraneters of these machl 'nes ls not

an easy task due to thelr compl lcatecl geometry, the nonl lnearlty

of magnetlo rnatertal s and the w lncling dlstrlbutlorts.

In thts papeT a I Lnear moclel has been used because on the

one hand ceramlc rnag.e|. or oltatlon does not alL or the alr-gap

flrx denslty to scoeecl 0.5-0.6 T antl on the other rthe rnatlmrrm



nrir aenaity in the'machtne teeqr r' *Al" 1;0-1;2 t fn'oriler t"g'
.  i  

, . , , . ; . .  
a :  

, ,  
. : . ,  

,  , , . _ , . : 4 . . . , , t r  ' ' . , ' '  - . . . , . . ,  .  .  .

keep do,rn lron L osses ,wfrrgh ocour a,! nfgn operrittng fregulnlf; .

aa  t r l eh  aa  200  -  400  Ha  and  above .Th ! 'C : ,oa fee ' l t  poss lb le  to
- - :  

I  , : . .  . _ , ,  "  . . .  , .  .  .  .  ;  .  I  :  .

o o r , " t d e r  t h e  l r o n  n a g n e t l c . , P e r n u f b . l f  l t V  . t o  
b e  

" 1 t " l  
t o

' i  
' '  

'  
l

lnflnlty.ro qluit,lfr, natters the l:":*t:: 
,:""'1otl_1:r _:1' iI.

'ceramtc magnet }tn f 
" 

taken to . te ' Jluaf to:'the alr perngabll ltyr

1'.0 .0n thls assrlirptlon the na6netlo ftelil, ilenstr-ty,whirh itert..vls

.  i  l '  
' i  i  '  ;  :  

'

from a scal ar uragnetlo potentt,al satlofylng the.'Lapl aoe gquatlcg

' ' i r m e n s i o n a L i o n a L n ' B l n c a ' ' t h e r n a o h l n e
.  ls  computec l .  for  a  tYo i l t  :  , . .1 '

I

length ls much greater than tts tt lane!9r,,,:.The .t"pl:ce equatlon

: 
,; integrated nunerrcalf v 

, "'* 
the boundarv el enlnt nethol'In

thls way the eccl tat ton nagn6t lor f le l<l ,  , the ro! 'op Leakage S*

a n t t t } r e s t e a d y s t a t e p a r a m e t e r g a r e o a 1 c r r 1 a t e t [ . . . . .

e'.eaf buf irifon of the accrtatfo.n mgqlretlc !!g-g
' j

2.1 , The ;lnlesrat-lon domatri and boudarv 99nd1t16r,te l
. , )

. A rotor conf lguratlon w ttlel y usecl w lth oeramlo pernanent

;nagnet (PM) synchronous motors, ls the one presented In Flg'1'The
. '

magnets are pl aoed al ong the rotor ratll, andl the f ernomagnetio
.:: ,

l amlnatlons arg mounted on a non--magnetLc gL eeve. I ', 
"

i : t t

f U . 1  .  . ' . , t  
' : , , . ' , ' , . , ' " . . .  

;
, :  : .  : ;

in chooslns the lntegrat!.on i lodatn,, 'tuo r;q;i;;peits are
, .  . : . ' .

to be uret at th.e same tlme.Flrst the geometrloal oqnfLgulatlon

should be.as s lmple as poss lb le  and secondly  1t  shouLd gonta ln

kno^rn boundary condltlons.The probL 6m f s slnpl f ifetl lf oondlllons

of symetry are provlt led.Thusrln the oaae presentetl  ln thls papert
' : l

. a clomaLn coverl.ng one hal f ol a pol e- pttoh has 
'been 

Ohosen for

lntegration.Ite bounclary ls the ABCDEFGJIIJA-} lne (sie Ffg'2) '  :  :



F t e . 2

The boundarY condltlons

stmpl. ylng hypotheaes :

r*gap segment A0',"ofrtthe polif:+ls ',1s a Puc 111ne'

" ', , i i iub' ieferrlrrg'r:1s ,,g.tgu.2,r,.rthe':.,bouradary .condli..t lqnB" 4af I be

,4 rltten as f o11 o'r s : " i r'' i

:UgC '=  
UgD= UpB -  0 .  :  -  (Z ) .  :

Condltlon (1) states that the soalar uragnetlo potentlal of

t.tre stator ls ze?o; conclltfqn (2) !.s provldeil by the syqmetry of

" { ; r&e fo to f  .  , :  '  l

Conslderlngr a l i,rtoar' varLatlon for the sc4laq naenotlc,.

rnstant scal ar Potenttal

L{* on the, ferronaelnet
' a t

G!!-- - r)

l t t  J - I

l c  armaturer  t t  fo l lo , le  that :

2p   N - .

t <  i i / z p ;  ( 3 )
lr:

i &n/z e

. - l - i r ;  I  i .

= Ud. . , , , . ,  j i  . . u  (+ )

R - R a  - - . . " : -  ' : . '
u.rn= -- - : - - - - i - -  uo ; .R5€R € R6 '  (5)

' ' - R 5  -  R 6 " ' :  Y "  - l i  ' i * . a ;  c + u i t  r - r  .  .  + ; i 1  ' : "

" Uo wil.r !.e calcul"ffu ""tff .*n" 
tT""*lo flrx 1av, w,\1o11,.1,

1u appllq*..,to a su'fac.gn{rhtt@gtgTttre pobb pt*p& vleldlng:
i . s I ,  " * * " " - ' - " r $ ; i '  -  r w " * - " ' . n . ! ' 6 S ; ' - - : ' " ' -  r  t J t

. ,g' Sp'f =Bm' S* 
*rn' t

ancl the nagnetlc olrcutt l an' : S\df

i . : r ;  , rg .kc .S; i , *1 f f ih* , i ,  [ ,x  
;s  f r? ]E

where ,  Sp.  =  the  po le  p lece  face ,  
, : f f , , , ,  * * t *ou  _  *uu t



. Sn - the nragnet. faoe areat

k^ = the Carter-faotorr ' :
I

ks o the gaturatt'on-faotort

hm * the magnet helghtt
. :

"l:"f 
ri; thg l:Cakage "faotorr:'ilnlilorll. ,'. r

' ':' 
Aeiunfrig t'hat a ILnear apprclnatt'pn for,,the ilgnagnetl,zatLon

c u r v e ] c a n b e u s e d f o r f e r r 1 t e m a g n e t s t h e n iti

a  l ?  . , : ; '
. " p " 9 _ H

lo ;;--, 
. --{- 

. ": . ,
It w111 be notloed that the leakage faotoi'14 propor-

t lonal to the el?igep lengthl, o1d tte,oreaOogrwhgr"gp tpn ,.,
. ,  I  r  I  r  . .  ,  r '  .  '

ra t . lo  lncreaseg.  i  1

w here :
.  , :  .

4 i , 2  , '  r , ,  r  
, - , , 1 ,

t ?
@ - r l,  rAB s  r '  

|  * ,  Bn .  (O)  RrL  d& i  (12)

"
6 o , r j
f  tAB =  use fu l  f l t x ,



*'f*

f *r,

R4
I

= 1 . | n * ( n ) d R '
J 9
R 1

( 1 3 )

The ln tegra l ,e  , (12)  *d (13)  are oatoulated af ter  ln te-

6  r a t  l n g  t h e  L a p I  a c  e  e q u a t  l  o n  l n  p : 1 . t "  c  o o n d  l n a t  e  s  o n  t h e

t of the dona!'n ' fu b
RBCDEFGHIJA domaln. Thus ,tD every poln'

nagnettc. f lrx t lenslty are fourid:one radlal and one

targentlal -

F r o m ( 1 0 ) a r r d ( 1 1 ) , . t , ' o ( r = ( r ( U ) o u r v e s a r e o b t a l n e c l . A t

i h e l r c r o s g - p o l n t , C o a n d U o . , c a n b e . f o u n d a n d t h e s e a r e u s e d

ln the cal cul atLon of the rnagnetlo fL rx ctlstrlbutlon throughout

the domaln. '

?.2. The to\rncl3'rv-eL Pment meth.od : presentatlon

(  1 4 )Let  Au =  o

be the Latrilace, equatlon on tlomaln'O, 
lU

u = T  o n  c t i  g = - 5 ; . - " 6 on cz,  (1  5)

;

l t s  boundary  cond. l t lonsrwhere  C ' *  C lUC2c ls  the  bounda lV o f  
fomatn

D  ( s e e  F 1 S . 3 . ) .  1

r u .  3

l e t  C l  be  a  d l sc re t l za t l on  o f  bound .a ry  C  ( f :  1 rz r3 r " . ' rN )

N1 polnts  are on C1,  N2 polnts  are on C2 r  N = Ni  +N2 
:

Tr  , 'n  -^+
Let  D1 be  a  d lsc re t l -za t lon 'o f  c lomaln  D (Dt  = :u*  p f  po ln ts

1 n s t c I e D ) . a n d u r 6 ( D t U c r ) . i . '

The boundary-er ement lnethoct ts ' based'" 'on the nutf'gf I'cal

, 5



oaloul.at!.on of the fol lorlng re'!  at lonshLpsl
. f  f  . .

o(IIr) u (Mr ) - 
cl 

uq* ds + J ue* a" fq una,

" 
(r ,u)

w  h e r e :

*
U .  l s

:

,pelnt *1, r , , ,

t {ur )  u(Ml  )

c ( M r  )  =  1 ,  l f  M l €  D r  ,  . ,

q ( M f  )  = 1 / 2 '  1 f  
r M i 4  

C t  , ,

the fundanental solutlon of
:  r ' - r : :  i  ' ' '  , , .  . i _ : ,  

i i

l

equat ioSr (14) assoclatet l  wtth

* Du*
.  : r ,  . r  . r " ( l  ! .  - { - - - : - -

d n

I

where  C(Ut  )  t s  the  D l raa  t l t s t r ibu t lon
' i .

For b lc l tmensLonal 'donainst
. :  - i  I  . :  .  , f t ,  .  . , . 1  . :

u (M{) = ----
,  ' 2 t l

r.rhere i .s r =,:!h€ dt 'stance from pornt

the boundary

, 0 ,

ln po.lnt Ml t.

.  
t , ;  '  '  

. , ,

1
l n  - - -  ,  ( 1 8 )

r

Mt  ' to  the  cur ren t  Po ln t  on

(17>

in  equat ion ( t6) ,  U and q are conslderec l  constant  on each

el ement.U : and Q are the val ues' Ln the :mid-polnts of each el e-

ment .Easecl  on these conct l t lons equat ton (16)r  can be wr l t ten as

f ol l  orl  s: '  r . :  '  ,-  :  ;
i

N 1

* t
lJ
J  = 1 J =N+1

'  I  n. 'u" =
ca j

N 1

\ - r=  )  e . t  . l  U *  , L s
. /  '  "  J

r  J  =1." .  . ,  ,  C, l  j

A f t e r  w r l t l n g  a n

' I { { € C {  ( f  =  1 t 2 r , . . , N ) ,
, I I -

t

e q u a t l o n s  i s  o b t a i n e c l

a 5
r

.  I  u*  ds  (19)
J
czt

l i k e  ( 1 9 )  f o r  e a c h  p o l n t ,

o f  N  a l g e b : r l c  l i n e a r

k n o w p  q u a n t l ' t l e s  a r e  A 5

e q u a t l o n

a  s y s t e m

.  T h e  u n

t'
I T .  r  I- r  

J
c r j

q * d s . [ ,  u ,

-;, j =N1.+-1,



( J , ' 1  , ; r " . . . . rN t )  ancu t r  ( J  =  N1  +1  ,  N t  *2 r . ' , . rN ) .  rn teg ra l t Ju*u "
f *

andfq'ds are calculated elther analyttoalLy.or nunerlaal ly.  ;  ,
J '  _'  l i lhen U1, Etr ,  qt *U EJ ari  al l  knorn, ( t9) ls appl led

d '  d

ag;atn to cal oul ate the nagnetlo potenttal at every pol.nt l{l € Dl

The bounilary-element method results ln the use of Less:oomputer
.

memory than ln the oa6e bf the f lnltb el enent method..Thls , ls
. '

because polnts lnslde the donaln do nqt need to.,  be lnol  udet l  ln

the fornputatlon; ority the boundary ls dlsopetlzed..

2.3. Cal o.uLatl-bn -g,g, lhe eocoftagon nraeltetlc fJ"l9

and of the. l gikace fl-rx l
-  ' -

For the lntegratlon of the Laplaoe-equatlon appLted to the

domaln ln  F lg.2,  the d lsoret lzat lon ln  Ffg.4 has been ohosen.

F 1 g .  4

Conslderlng the pol ar coorcl lnat€s r

f  *  ( e v *  1  f  E ( r r , ( t / r ) )
I q - a u =  | : - - - t l s = - - - ? - '  l -  - - - - - - - - d s

J  J D ; - q e - - - , ; i i  J - -  D ' ,  
* " '

c J  c J  . c J
r '  *  {  r  . 1  

( e o ; '

I  u ds = -- - ; r '  |  ln  ( - - - )  4"  ,
J Z | I J T
c J  c J

r,

where r  CJ  =c l r c le  a rcs . '  ( see  F lg .  5 .a )  o r  rad lus  segnen ts  ( see

[1e.5.b) ,  r  l .s  ca l  cu l  a tet l  as i
I

.  r  =  V R 2  *  R 2 n '  -  z . R . R p .  c o s  ( O  - O e  )  .  ( 2 1 )
f

The ln tegra ls  1n (20)  are ca lonlated numer l ,ca l ly .  For  the

boundary e lemente whlch conta ln s lngular l t tes the ln tegra ls  were,

done anal. l t tcal i  y. Thls el Li ir lnates r 
' too' 

f  lne dlsoretlsatlon
, I

necessary for other computatlonal methodE when aB$L led to



vcryoonftguratlons wlth narrcrr alr gaP!'

F t g .  5
.:---- '

The

ln F18.6.

F l g .  8

F t e .  9

F l g .  6 '  :

i The tests have ghorn good agreencnt rlth thc oonputor tG-

sults;"'For canple, for ono noilcl r thc avcrage ft:rr 
i lenolty for

one pole, .obtalneit by ncadurlng thc no-l 'oad, B.l l 'F'. 
'wa8 

0'40? Tr:

wht le the oaloulatei l  value sas 0 '415 T'  .  ' r  -

The mex.lmum atr-gap nagnetlo ,lnilugtlon 
Bgnc rthc average

J

atr-gap magnetl,o lnduotlon Bpneit I and ' I' cakagc ooclf,lolent hlve

been calc'}ated for dltffercnt rotor' ogntlguratlonl. Ths results

a r e  g l v e n  l n  F l g . . 7 e  8 e  9 ,  1 0 t  1 1 "

F ls .  ? stronttum ferrtte, havlng! Br-0.35 T anil Ho-2J0 kAlmt

used !.n ortler to i levelop at I 'C'P'B' Buoharest

magnet synohronous motors wlth rotor geo-

uretrlcal oonflguratlon 6lven ln f lg'  2'

arr faB anil lntcrpolar flrr itlalrLbutlon are presented

,  . . r  !  -

has been

permanent

F l g  .  1 0

F l s .  1 1

. .L- Cei[ cut atlon qf the steailv-s]atq lgfg4'og€rs .

The analysls of the motor anil of lts performanoe starts

wlth the caloulation of tts steady-state parameterst suoh. as:

.magnetlzatlon reaotancgsr l.eakage reaotanoes, phase-reslstanoe

e t c .

anct q ar.e oal ogL ateil as funotlong of tho rotor geonetry f or a

non-saturated nagnetlo clroutt.Thus,



xrq

-rhere, Ku = the w'tndtng factor , '*f,rctr i l .etrend.s,on thq 
"Tt::rl 

_
a f  n h a s e s r  n u m b e r  o f  p o l o s  a n d '  n u m b e r  o f  c o t l s
v .  E  

, ,  . ,  .

I  . '  
. '  j

' '  
Isdr .ksq = :sa l l rp t tqn fp ,c tors  o+r*es ' l  and n,  "  , "  ,  , , ,  

i , , , .

( tcsd = ksq = 1.,  when the nagnetlc olrgult  1t i l t l .  , ,  - , ,
saturated)

r- - r" I  form fnctors. of the alr-gap f,Iwe a d r ^ A C l  v ' J :  v E

i  dens t ty -  on  ' the  bd  o  ,ax 'gs ,  cons lderxng on l  t r r  the

statoi ,r* i  *or.to*; 
" :

'  
' - - , '  

:

Rr .  R^ -  re luctances i rn the d and q acesrrospeot lvely.- - o .  ,  q  " : -  , -  . .  , ,  .

R:  ant l  B^ wi t l  be oatcu lated us lng the s tator  magnet lo
- . c l '

f1eld dtstr lbutlon, 
. .  fo" a . ' .sy**etr lcal ourrent-system 3-phaso

; t a t c r  .  , . .  . . . , . "  . , ,

3..1 . Calc}l at lon -of the pq,re{qe}grs 9l f lS-t l  
g ., i

i_tlt, 
Cqnslcler, the conflguratlon in Fls'

l n t  e g  r a t  I  o n  o f  t h e  t a p l  a c  e - e q u a t  1 o n  1 s  
'  
d  o n e  o n  , c t  

o n i a l n

AECDEFGrliJKli , lA, rvlth the fol} ot lrg boundary condlt lops !

n
UAB = Usd cosHl

: ' - -  IU B C = U C D = U t E = U E F = 0 ;
. . . ,  ;  . - ' -  , ,  " . ;  

-  R ; -  , .  , , :  .  ( 4 3 )

: .. U- - = -1-:rll uo ;
I 'G Ba- Bt

UGH = uHi = urJ = UJK = uKr. = ullul o uo ; ;

, : . . ; : l  -  :

(zz>

C)



R -  Rq.  .  
' , . ' .  

- -
U E --F----l-:- (Uea - Uo );.*rUo -

l lA RO - R5

The nal.nu4 alr-gap It[ . [ [ . 'F' ' ,  I 's:

u - --=l t-- .
"fo

(aa;

t h e  M . M . F .  o n  a ( l s  d  l s :  :

. . i v d  = v o o e F r ,  . ' ' ' , ,  ( z r ) ,

where F ts the tnternal 
"rrgle 

of tti" naotrlnerohoscn 45o r Bp 1a i 
: '

t

a r b l t r a r y ' 0 . 4 5 t T  . ,  
'  

"

. The e.oal ar magnetlo potentlal at polnt A ls :' ' 
.

' ' t '  . r ' ' ;  ' ' U o + V 6 .  ( a O ;usd
"  

Uo is  
" r f  

odated  us tng ' th " -magnet lo , f l r l t  lan ,  appt r led  to  a

surface tleflned by the ourvo GHIJKI]IN0PRSG :
, .  

i'  
6  =  6  = 2 . +  - t ( r l t  + k  - + _ ,  ( 2 ? >
T 1  ' l l , t N  . ' L M  1 1  o  . 1 2  r  2

(+> = .  6  r  2 ,6  r  f t  o  [  .  (28)  '
T2 T-ropnscnrJrl t GHrJKI 21 o

Cons tde r tng  f i i o  va lues  fo r  U6  (Ug1  an i l  UOZ) .  and 'u61ng

(27> and (bg) , l t  fo l lo r , rs  tha t :

f r ,= f , , [  :  - ,  '
luo = uo1

h ,  =+r l
l u  =  [ f
l g  0 2  ,

.  The value of  Uo on a(:

t l o n  p o t n t  o f  t h e  t w  o  L  t

p o l n t s : ( + ,  u  ) r ( +  |' 1 ' l  0 1  t 1 2

T h u s ,  
' |

)
2

22

1s

o l

f
b.

, l

\

1

f
at
g .

7

ls il
l

, n 6  g
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02

t

t

21
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6

rb

6 t o

rba,ta

and

,1

a

o2

the lnterseo-
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t .

1 ow lng  four
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U

t
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U

f t .
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f o

\
,1

t,,
1,,

ound

b y

, u

U
0

.nd

v :
U

0

1 2

f,

e f

e d

f"

+
+
)e

l e l

4

b,

n

E

{

I

(
21



.  . ,  ' '
uod glven bv (2g) ts us;a . aq 1n,, previous cas.e In cal. ou-

iattrrg the fteld dlstrlbutton ln the donaln whloh r'raB consldere'l
,

l u e e  f l g  1 3 ) .  :

l i lg .  13.

r.rglng the

.i.i.1"r.ere :

The

{; l .n t loned

The anPl ltud,e of

alr-gap rnagnetlc

Four ler-ooef f  1c lent  s :

-J_
, 2

0

bgqr (r) = -Io'---?-Y!::11

form factor of the alr gap f luc

above) ls clef lned' as

the funtta,ne,ntal 'harnonlo of the

fL rx dltstrtbutlon' ls cal" cul ated

( 30)

t
l " = n 5
cllstr lbutlon

the reluctance correspondlng to the alr-gap for a,polar pt toh utd

and of  the reluctance Rdp. of  tho lnterpolar gap, occupled'  In '

4 f
ttun = -f " 

J 
ogu" (0) oo" t at ,

k^; = --hgt ': ', (31)
'-ao

Fgao

where for :  B*411s <tef lnec l  by equat lon (30)  ant l
, o
'  F  ' . '  -  -  E a ' c o s  B  =  t h e  a m p l  l t u c l e  o f  t h e  f u n d a m e n t a }.  - c [ d o  - *  - -  

fi r - -  o
h a r m o n t c  o f  t h e  a l r  g a p '  m a g n e t l o  f L  u x

dlstr tbut lon for  the l t leal  oyl lnder rotor;

F = the Lnternal angle of the maohlne'
I

The magnetLc ctrcuLt reluotance on aclg t l  ls macle up of
' J . l l

1 1



part bY' the inaginet.

T h e . a 5 ' r - S a p r e l u c t a n c e R 4 d c l e f l n e t l : f o r t h e f l r s t h a r m d n l c ,

of the magnetomotlve forbe anil of thg magnetlo : fL uc ; dterislty is
' '  ' . .  ' , . .  ,

the 
'resul 

tant '  of l  the 
i ' ' fel" 

uctance o{ the el emer'tary f l  rx tubes

spannlng the whole lenght of the 
.qachj-ne,, 

corresponcllng to the

--*bgt
i i 'n1at'R6'1

(  32)

d"lscreti zartlon of. arc, Of,t

Rod=-- - -
d *  r n r  1  \ .+[-:---Jr Rpdl .

whereAUoat  ls  the anpl l tucte of  the fundanenta l  o f  the magnetomo-

d
t ive.  force ln  the a i r -gap for  tL  ac ls

. T h e r e l u c t a n c e R 6 n ' b e t n e e n f a c e l , K j H G o f U o p o t e n t l a l

and the face BEF of  z ,ero potentLal  
'  1s;  d i rect l  y  y le l  ded by the

rat lo  of  the magnet lo  potent ta l  d . r { fererrce bet ' reen the two faces

U^r 'ro the corresponding mag,netlr:  f luc (#- 
"uu ,f ll.

,  uod
Fdpr= ----6----

, d

Taking ln to acount  the manner  1n t *h lch the

o f  f o rce  c lose  fo r  a  2p  po le  mach ine ,  t he  ove ra l l

aoc is d" is f ound from :
2 P * 1

r i o r \
\ J a  /

magnet ic  1 lnes

' re I  uctance on

(  33 )

Ra; ?"03u o - -- '  Rd,p*

3 .2r_ Cerl eul at ion na::a,mreters on ax ls ao f  t he

F i e  .  1 4

Cons ide r  t he  con f i gu ra t i on :  sho*n  1n

t lon donaln f  or  the Lapl .a-ce equat ion ts

bound.ary condl t io i ls  as f  o l1  o ' r  s :

F l , g .  14 .  t he  i n teg ra -

ABCi9EFGHiJKLI{A, with



' . , : l

rl-i.tl

unr
a ffiUg a

,

= 0 .
i . '

U " q = \ ' q = , V s . l - n p e  _  
( 3 5 )

*--.:--- 
nq .I

i l ; ; t  ,  
For  the 'se  dont l l t lond  the  f l  ux  a l l t r lbu t t ,o rn  ts

'On, 
rn ttre o1e oC o1"1.q, '  t t" anplf lude of, t1"st. ' f t#;;"1:

of the ftr$(: i l lstrrblttorr rn th; r lr 'gupl,,t": '  
,  ." ' . , ' , , : ,  " ' , i . .

whqre
. l  : , ' ,
l .
I

l
I
I  n . =

r  ' r :

o f  o r

. c .

t'

T h e  f l u x  d l s t r l b u t l o n  f o r m  f a
'  ,  t ,

,w,ay as kaclt

k-- = --:ag:-s .__aq r_a , BgOo

w h e r e  B o o "  =  B g  s l n  p .
t f - a r l

.  The magnet lc  c l rcu l t  re l  uctance

the reLuctance corregpondlng to  the

R c
, J

L , , . .  I  t

o f  t h e

; .

a l r  g a p

o  .  l .  - , . , i : ' .  
. .' t , .

o n  a c t s  q r  R n

alr gap for a

1 3



Ro-o and the reluotance Bqpu of the lnterpolar gap tn whloh ltes

-;" nasnet.

, tt e alr gap rel uctance ngC def 
|Pe-d 

f or the f Xrpt harnonlc

of the magnetomotive foroe andl of the nagnetlo flrx i l3nsltV ls

the resul" tant of the rel uctance oI the el ementary fl rpg tubes

spannlng the whole length of, the machlne correspondlng to the

dlscretlzatlon of ar.c AB.
, .

ft ! - =------.gq 
V_ r \
?r;--- t

r tte,o L

pr AUgql
3 ;*------t:i--e-- t

t0.B9q1'R6'1
r U

where  A Ugq: t  '1s  the  ampl ' l tude  o f ,  the  f  undamevr ta l

magnetomotl.ve force tn the alr -gap fof q d18''

'; i r ' The nel'uctance Rqpr , betu een the {eoe LKiIIC oi f lnear

po{;entlaL varytng fron Uoq, . 
' to" 

dero 'and the faoe" BEF ' le com-

puted as the ratlo of the average magnetlc potentlal defference
I

of the ts o faces of the correspondlng magnetlo f l* fq '
) ' l I

R = ---::g-- o" q p a  
2 . 6  ( 3 8 ' )

, .'r
Taklng into consLderation the,manner ln whlch the magnetlc

l 1 n e s  o f  f  o r o e  c l  o s e  f  o r  a  2 p  p o l  e  r n a c h l n e  ,  t h e  o v e r a l l

re luctar .ce of  ac ls  d ls  g lven:

(38)

o f  l h "

r:1 | 1:

g/V;6'tt
pol e pXtch anil 1 ls aotlve I ength of the

I  i ;  
.  

, - i  I  ,  , .  ,  : 1 r i r  i  : r  ,  j . i t ' ; r ' i t ) , ' l  * i t : l t ' r i : J  
" ; . "

r4

F.is: 16,17, and ,s 
"oT,,;.*,,tt

kaq, Rgd , Rdpa, ngc' nd'nt
F l g .  1 6

I ' ig  .  .  1?

f , 1 { -  , f  Qr  r t i .  r ( ,

function
i , l t  I  i '

% l s
t S . ' i , i  , .

motor .
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4. ConclqFlons,

The magnetlo fleli l  and para^netefs 
'of 

synchronogq ,mortor'

ulth oeranlc permanent nagnets was computed nUnoerlcalLV u1lrU the

boundary elenent nethod 
: 

This 
'offers lnnortalt advantages

e onpared to the flnlte dlff ererio'e anil f lnlte el ement nethodst ,

Fi.rst ,there ls a grgnlfloant r,eduot.ion of the number of eeya-

tlons to be solved ancl henoe a reductlon ln computer storage

!?eaessary .Seoondly, un1lke the othcir method's fLrx dls,trl lutl l t, '

on boudarles , de{lned as the derLvatlves of ryragnetio Botentlal

o,,r $.th respect to the' normal to the boundary ls obtalnecl automatl-

,:,s,Ll y ln tho process of . lntegratlon w lthout other adcllt lonal

i*onputatlons

0n tho basf$ o{, the computatlon oarrlecl out for thls

oonf lgurat lon for  ferr l te synchrbnoue motors Lt  was' found that the
:

r r e l u c t a n c e  o n  a x l s  d  l s  h t g h e r  t h a n  o n  a x l s  q  a n d  h e n c e  t h e

roynchronous reaetance on-ac is  d 1;  1qd 'er  than the synchronous

: .eac*ance on ac ls 'q .Thtrs  ls  ent l re ly  due to  the presence of  the

permanent magnet of 1cl lr perneabll  l tv tn tt"re magnetlc clrcutt '  of
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