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AII/TOST !II{EAR ST?ACAS il{ITH IN}ilIR }NODUCTS

by

G. GODII \ I

1 .  The normed a lmost  l inear  spaces  were  f i rs t  in t roduced"

in t r l  ,  vuhere we showed. that  the; '  const i tute a natural  f ramevrork

for the theory of  best  s imultaneous approximat ion in a normed

I inear space. An example of  a normed almost l inear space is the

set of  a l l  nonempty,  bounded and. convex subsets of  a real  normed

l lnear  spaee (see f tampl  e  2 .7  beLow) .  Weaken ing  the  ax ioms o f  a

l inear space but increasing the number of  the axioms of  a norm

on a  l inear  space in  such a  way tha t  th .ese  spaces  to  genera l i ze

t l ' e  n o r m e d  f i n e a r  s p a c e s ,  i n  [ f ]  - L 5 )  w e  b e g a n  t o  d e v e l o p

a theory  fo r  them,  s imj - Ia r  w i th  tha t  o f  normed l inear  spaces '

Thusr we def ined the d,ual  space of  a norned almost l inear space

(nhere  the  func t iona ls  aTe no  longer  l inear  bu t  a lmost  l inear ) ,

the bouncled.,  l inear and almost l inear opera'bors between two such

spaces and. vre obtained. in th is more general  f ramework basic resul- ts

f rom the  theory  o f  normed l . inear  spaces .  The main  too l  fo r  the

theory of  normed. almost l inear spa.ees vtas given in t  +]  (see

Theorem 2"2  be low)  where  we proved tha t  any  nornned a lmost  l inear

'  
upace can be , ,embed-dedt i ,n ar normed. l inear space (here the

embed.d- ing mapping is not one-to*one in general) .  This resul t

permi ts  us  to  use  the  techn j -ques  o f  normed l inear  spaces  to

prove cer ta j .n  resu l ts  rn  a  normed,  a lmost  l inear  space.  For  example t

w e s h o t ' , , e d - ( f 4 ] , C o r o l l a r y 3 ' 3 ) t h a t o n a n y n o r m e d a l m o s t l i r t e a r

space there  ex is ts  a .  semi -met r ic  e  w i t t r  good proper t ies '

i

I
I'
i'
I
i,
i

In  the  present  paper  we s tudy  the  a lmost  l inear  spa.ces  x



-2 -

with an inner prod"u-ct  (  .  ,  ' ) ,  a con.cept which general izes the

inner product on a l j -near space, The inner prod'uct  generates

a  norm on the  a lmost  l inear  space x  bu t ,  in  cont ras t  to  the

l inear  case,  such a  space may be  no t  s t r i c t l y  convex  or  smooth '

The main  resu l t  (Theorem 3 ,5)  shows tha t  any  a lmost  l inear  space

wi th  an  inney  prod"uc t  can  ber tembed-d-ed"  in  an  t 'nner  p roduc t

l inear spaee and as a consequence we can d'ef ine a semi-metr ic T{

o n  x  s u c h  t h a t  g r ( *  r y )  4 . J ( x r v ) ,  x ' y €  x '  l { o w  w e  c a n  u s e  t h e

tech .n iques  o f  inner  p roduc t  l inear  spaces  to  soJ-ve  cer ta in

prob lems in  our  more  genera l  spaces .  un for tunate ly t  some o ther

d i f fe rences  be tween the  " l inear t '  and  ' ra lmost  l inear "  case appee ' r '

F o r  a . n  e f  e m e n t  x €  X f  { 0 3  i t  
' s  p o s s i b l e  t h a t - . f o r  n o  y d  X  \  t 0 3

t o  h a v e  x J * y  ( i . e . ,  ( x r y )  =  0 ) .  l l o l l e v e r ,  w h e n  X ,  i s  a  c o m p l e t e

l inear subspace of  x then x = xf  @ xz ,  lvhere x2 is an almost

l inear  subspace o f  X  such tha t  X I IX2 (? ropos i t ion  3 '9 ) '  Another

unpleasant fac-b occurs for  the d"ua1 spe-be X' f  s ince j - t  is  possible

tha t  no  inner  p roduc t  on  X+ to  ex is t  such tha t  ( f r f )  =  l t f l l 2  ,

for  each f  G X# .  That is wl iy we stud"y a certain almost l inear

subspace o f  X ' (  wh ich  has  some proper t les  s imi la r  w i th  the  l inear

case and" uihen x is a i l i lbert  space this subspace equals xs r  '

Examples  are  sca t te red  th roughout  th is  paper  to  c la r i f y  the

d iscussed-  Prob lems"

2n Bes id .es  no ta t iOn,  i l l  th is  sec t ion  r t ' i e  reca l l  some

def j -n i t lons  and resu l ts  f rom our  p rev ious  Trapers .  As  in  these

pa.persr we assunTe that al l*spageF jLre*ovgr !be-IeaL f i914 R'

We c lenote  by  i t *  the  se t  f  , \  e  n  :  X  Zo 3 '

An alpggt l j-nea,l: S.QaSg is a set X together rrith two

nrsnn i  n .c rs  s :X  *  X  * )  X  and"r r l a y } J * , r t - / v
m i R  p  X  * +  X  s a t i s f Y i n g  ( f f  ) - ( 1 , 8 )
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below,  11fe denote s(x ,y)  by x+y (or  x iy)  and rn(  A rx)  by t r "x

( o r  I * )  "  L e t  x r V r z  €  X  a n d "  X , y  e  R .  ( I l f  )  x + ( y + z ) = ( x + y ) + r  i

( rz)  x{ -y=y+x ;  ( r : )  Tnere ex is ts  a .n e lement  0  € x  such that

x r .g=x  fo r  each  x6  X  I  $ l  l ox=x  i  ( f l )  0ux*O ;  ( \ 7 )  l " ( yox )=

'  r  " - , 8 )  ( t r + 1 )  x =  l x *  P x  f o r  \ ' P  6 R *  
:= (  / r1 )ox  '  ' u : '  

, ' : "  |  = : : , : ; " ; ' , : ;  

' ; ,  

x  " .  x= -La*  !  .
L e t  V X  =  {  x e X  i  x + ( - l o x ) = 0 3  a n d  W , .  = .  $  x  e X  3  x = - l a x J  '

These are  31 . -mpst  l i9ea ' r .  ggbFpa-ces-Pf  X  ( i "e "  c losed un 'd 'e r

ad-d i t ion  and.  mu l t ip l i ca t ion  by  rea ls ) ,  and V"  i s  a  l inear  space '

c lear ly  t  & f l  a lmost  l inear  space x  i s  a  l inear  space i f f  x  =  vx t

i f f W X =  f 0 3 .
In an almost l inee.r space x we sha1l a1-ways use the notation

\  o x  ( i n  p a r t i c u l a r  - } o x )  f o r  m (  I  , x )  ( f o r  m ( - f r x )  ) ,  t h e  n o t a t i o n

I *  ( in  par t i cu la r  -x )  be ing  used on ly  in  a  l inea . r  space.

A 4ormgd alggg@ is an almost l inear space X

together  wl th  a  norm l l l . , l l :  X*? I r  sat is fy in .g  (Nf  ) - (Nq)  be lovr '

L e t x r y € X ,  v , i € W r a n d  t r e n .  ( N l )  t t t x + y l l l  ' g l l l  x l l l  + l l l y l l l  i

( n Z )  l t f  x l l t  =  0  i f f  x = 0  ;  ( l r 3 )  l l l  , I o x l l l  =  l l l  r r t x t t l  ;  ( N + )  U t x t r t €  l l l x + w l t l

Note that  t t t  x  t l l  ?0 f  or  each.  x  €  X '  We denote by S"  the set

{ x e x i t l t  
x t t l  = 1 }

L e t X , Y b e t w o a } m o s t l 1 r : . e a r s p a c e s . A m a , p p i n g T l X - - : } y

is  ca l1er1 a l inear*opqrq l -gr  i f  T(  A lnxJ+ t r  roxr )  
=  I r " t ( * r )  +

t  - ^ / - -  \  x r 6  X ,  I i e  n ,  i = L r } . ' f f h e n  X  a n d  Y  a r e  n o r m e d  a l m o s t
*  h  2 t ' I \ x 2 )  r

l l near  spaces ,  a  l inear  opera tor  T ;x  * * ty  i s  ca l led  a  } i ! ' egr .

gsggg j r ,1  i f  l l l  T (x ) l t i  =  l l l x l l f  fo r  each x6X"  I ie re  we no te  tha t

?,- l i3qar " isomglry 
is ngt alwaYs gne- io-ong (see examples in

t h e  n e x t  s e e t i o n ) .

Z . In  RRI I IARK.  (  t+ l  ,  Rernark  3"1) ,  I f  T  i s  a  l inear  i sonet ry
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of  X  on tg  Y then T(VX)  =  Vy  ,  t ( t { * )  =  Wy and.  the  res t r i c t ion

T  l V . "  i s  o n e - t o - o n e .' x

2.2o THEOnEtrl .  (  [q] n Theorem 3-2)" {qI 3qy-Iglggg ?}mo.sF.

l lnqaq_gpace (X,  t t t . t l l )  th-grg e l is t  a-nermeg*1ing?r  spaqq (nnt t ' t t )

@ eor: X --+ E ryith the f9llgwULg-p:top9:rlies- 3

( i ) .  f ,  = c.r(X)-  c, , {X) ana aor(X) qa* be orgPnizgL ap *g

almost Jinear spa,ce vvhere llre ?$dlt!og P'n9-!Ire grgltiplie?3igg

by non-negat ive lqals are*. the same-?s- i3 E'

( i i )  \ o T z e E W e h a v e

I t  z t t  =  i n f  { , f f  * U l  + u y t l i  ' ,  x e y  & X 1  %  = c ^ r ( x ) - . ^ , ( V ) 3

anc t  ( - ( x ) , l l ' l l  )  i s  ? -no rge i  a lmos ! * l i l e? r *Fpag9 '  '

( i i i ) ctt ig-g-ligge:l-iEgmetlv -9f ( X, ttt 'tt l ; onlo ( 
"t' 

(X) ' l l ' ' l ) "

2 . 3 "

funct lon

The  p roo f  o f

o f  (  [ 4 ]  ,  T h e o r e m

C0R0LLARY.  (  t 4 l  ,  Coro l l a rY  3 .3 ) . rg l  (x ,  t t t ' t t t1  lbg

a  semi -me t r i c  on  Xog ( x , r )  = l l  @ ( x ) - c ^ r ( y ) l f  t  x t Y  & x t  i s

the  fo l low ing  lemma is .eonta ined in  the  proo f

3 . 2 ,  ( i v ) ,  f a c t  I ) .

2,4" r,Ei luJIA, I ,q! (X, l t t ' l l l )  89. a-Irgrggd almost- l ipegLl sp?ce

and x,Y € X. fg c^r (x) = t""r(y),  tbgg-!gr '-  ePch k'  7 O thefe*exist '

*s ,  yz ,  ur  6x sucb- !h : r t .  l l l  xet t t  + l l tYe l l t le  gg9 x+ye+u&=y+t+118 '

V{e define now the dual of a normed-

A funct ional  f ;x *dR is ca11ed an 31n9ej

almo st

l-inear

l inear  space X.

fun.ct ional

i f  f  i s  add i t i r , ' e ,  pos i t i ve ly  honnogeneous and '  the  res t r i -c t ion
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f lWX | ,  O,  Let  X# be the set  o f  a l l  a lmost  l lnear  funct ionals

o n  X .  D e f i n e  t h e  a d d i t i o n  i n  x #  b y  ( r r + r r ) ( x ) = f t ( x ) + f r ( x ) ,  x 6 . ) I

a n d .  t h e  m u l t i p l i c a t l o n  b y  r e a l s  I a n  t y  (  t r " f ) ( x ) = f ( A o x ) ,  x € X .

The e lement  O€ X*r  is  the funct ional*  which is  O at  eerch x€X.

Then X# is  an a lmost  l inear  space.  For  f  e  X# def ine l t l  f  t t l  =

=  sup  { t r t " ) t  I  u l  x i l t  C  } }  anc l  l e t  x *  =  L t  r x#  ' ,  l l l  f  t l l  I  w7 ,

Then X* is  a  normed a lmost  l inear  space (  L lJ  )  ca l led the

dua r  space  o f  x .  The  dua l  space  x *  i s  I  t o ]  i f  x  /  t o l  (  [ +J  ) .

T,et E be a normed. l inear space. For a subset A € E and

f  6  E *  w e  d . e n o t e  b y  I n t  A  ( c l  A ,  r e s p . )  t h e  i n t e r i o r  ( c l o s u r e t

r e s p . )  o f  A  i n t h e  n o r m t o p o l o g y  a n d  s u p  f ( A )  =  s u p  { f ( a ) : a € A 3 '

i n f  f  ( A )  =  i n f  I  r ( a )  ' .  d G  A J .

We conc lud .e  th is  sec t j -on  w i th  some examples  f rom I  f  ]  , l  ZJ

wh ich  w i l - ]  be  used 1n  the  nex t  sec t ion  .  
"

2 . 5 .  E X A M P L E .  r , e t  x  =  t f  " , 1 }  
)  e n 2 :  a  t F  a  n * 3  .  D e f j - n e

the add" i t ion and the mult ip l icat ion by non-negat j -ve reals as

in R2 and def ine also -1ax=x for each x € X. Then X is an almost

linear space such that X = WX .

2 . 6 .  E X A I I P L E .  r , e t  J (  =  [ C " , p ) e n z  t  { 5 l o ] u { t o , o l J .

Define the a.ddi t ion and the muJ-t ip l icat ion by non-negat ive reals

as  in  R2 and de f ine  - lox=x ,  x6X.  Then X is  an  a lmost  l inear

space such that X = IVX .

2 .7 ,  EXAMPLE.  L re t  (n ; t t ' t t )  be  a  normed l i -near  $pace and.

le t  X  be  the  co l lec t ion  o f  a l l .  nonempty ,  bounded. r  convex  (and

c losed)  subsets  A  o f  E .  For  Ar  rA26 X and t r  e  n  de f ine  Ar+Ar=

=  [ a r+a  z i  a i 6  A i  I  i =1 ,2 - ]  ( n r i n ,  =  c r ( l r +A r ) )  ,  J  nA r  = f l " - r i  a l dA t?  l
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and.0 in  X is  the set  tO] t "  Then X is  an a lmost  l inear  space.

For  Ae  X  de f ine  t l lA l l t=  
"uFaeAt t  

a t t  .  Then  (xn t t t . t t l )  i s  a  no rmed"

a lmost  l inear  space!

3 .  Le t  X  be  an  a lmost  l inear  space.  An in+er  p foduc t  on  X

i s  a  f u n c t i o n  ( . , ,  ) : X x  X  - - + R  s a t l s f y i n g  ( I t ) - ( I Z )  b e l o w ,

( r r )  ( x , x ) > o  ( x € x \ t o 3 )

( r z )  ( " ' y )  =  ( y , x )  ( x , y  e x )
( r r )  ( x + y , z )  =  ( x r z )  +  ( y , z )  ( x r y r  z  e x )

( I 4 ) . ( l " x r y )  = , 1 . ( * , y )  ( x , y e X ,  t r e n * )

( I 5 )  ( x ' w )  7 .  o  ( x  e  x ,  w  e W x )

( r e  )  ( - l " . x r - l o y )  =  ( * , y )  ( x , y  €  x )

,  ( r z )  ( x , y ) 2 <  ( x , x ) ( y , y )  ( x , y e  x \ v x )

As the fol lowing sirnple example shows, cond. i t j -on ( IZ) is not

a  c o n s e q u e n c e  o f  ( I r ) - ( I d ) .

3. I .  EXAMPIE.  Let  X be the a lmost  l inear  space descr ibed.

i n E x a m p t e  2 . i .  F o r x = ( I t , ) 2 ) e x r  y = ( f y f )  e  x t e t  ( x r y )  =

=  I r y r * z \ t p z * \ r f ,  +  z \ z y ' .  T h e n  ( , , . ) j x x x - - + R  s a t i s f i - e s
I  ( I r ) - ( r g ) ,  b u t  ( r f  )  d . o e s  n o t  h o l d  e . g . ,  f o r  1 = ( 1 1 0 )  a n d  y = ( 0 , 1 ) .

-  Note  tha t  in  th is  example  there  ex is ts  a  norm l l t . l l f  on  X such

t h a t  l ( * , v ) l ( t l l  x 1 l  l l y l t l  ,  x , y 6 X  ( e . g . ,  f o r  x = (  l r r \ )  a X ,

d e f i n e  l l l x 1 1 1  =  2 (  t r r * . \ 2 ) )

3.2. REMARK. Let X be an almost l inear space with an

i n n e r  p r o d u . c t .  L e t  x r y | X ,  v G V ,  r  w G \  a n d  t r  e n .  t / e  h a v e :

( i )  ( x , 0 )  =  0

( i i 1  ( x , . I  o y l  =  ( l  
"  x , y )

( i : . i )  ( x , I . v )  = t r ( x , v )
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- o
( i v )  ( x , v ) '  <  ( x , x ) ( y , y )

( v )  ( * , v )  =  Q

As in  the  case o f  an  inner  p roduc t  l inear  space,  when x

ls an almost l inear spaee with an inner product,  we def ine

( 3 . t )  r t l x t t t 2  =  ( x , x ) ( x e x )

3.  REMARK. Let  x  / 'Lo3 be the normed a lmost  l inear

scr ibed in  Example 2.7.

) There exists no inner product on x such that (ArA)r/z

An at l  for  each A€ X. . Ind.eed. ,  suppose such an inner

ex i s t s  ana  1e t  ae  S ,  .  Fo r  A  =  {  }a3  -1  g  A  <  r J  n  Wx

t "3  6  Vx  we  have  by  ou r  assumpt ion  ( l . rR ;  =  (g ,B )  =  I

emark  3 .2  ( v ) ,  (A ,B )  -  , 0 ,  Then  (n+g ,A+B)  I /Z  =  2 I /Z

e  A+B t t c t l  =  2 ,  a  eon t rad" i c t i on .

) r ,et x, be the almost l inear subspace of x def ined

I  ou x i  rnt  A /  /  I  u loi  and. let  f€ so,* .  For

'  I t  is  easy to show that X together wi th th is norm is a normed.

a l rnos t  l inear  space.

3 .

s p a e e  d e

( i

= 
"tp, e

produc t

a n d B =

and by R

and 
"upc

( i:-

b y  X t =

Then (Ar ts ) r  i s  an  inner  p roduc t  on  x ,  .  Here  we no te  tha t  i f

w e  d e f i n e  ( . l r B ) 1  a s  i n  ( 3 . 2 )  f o r  A r B 6  X  a n d  w e  s e t  ( l r n ;  =

=  sup  I  r o , i l ) r  ?  f  e  sg "  ]  t hen  ( .  o ,  ) i x x  x -+  R  sa t i s f i es  ( r 1 )  '
( rz ) ,  ( r l  - ( r? ) .  ' f f t ren  d . im E =  1  then ( .  , ,  )  i s  an  inner  p roduc t

:  A , B  6  X t  d e f i n e :

( 3 . 2 )  ( a , B ) r  =  s u p  f ( A ) s u p  f ( B )  +  i n f  r ( t ) i n r  f ( B )
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on X. Even vrhen E is a Hi l -bert  space,

s h o w  t h a t  ( I , )  i s  n o t  s a t i s f i e d  a n d  w e' {

an i -nner product on the almost l inear

d i m  A  ? 1 ,  s l m p l e

were not able to

space X.

example s

d etermine

In  the  seque l ,  i f  o therw ise

"op"iaq" ""_"1*. X

wi lF  the_.4c lm g iven by-  (3 .1 ;  .

not  stated, wg, qbal l .  q lwayp-

3 .3 ,  LEMMA.  L * !

product a,nd l_et x-,  ,x, ,  €

fo r  each  u  € ,X .

there exist  x j

f i rx j r f l  +t f lx , ) i l t  <

=  (x r+x i+ur ,u )

{ l i lul i l  (  rrrxj t t l

a d d i t i o n  a n d  t h e

X b e an almost l inear with arr ' l  ?1nr: r

\ I  : r f
A o  I l - cur (x, ) = ou (x2) ( x r  r u )  = ( x z ' u )then

e a c h  A  > 0

and

P r o o f . Si-nce c. t l  (x ,  )  =  c^t  (x2)  ,  by Lemma 2.4 t  for

,*i ' ,uG € X such that xr+xf +u, =-x2+x€;r+ue

A .  Then for  u€X we have (xr+x/+ur  ru)  =

a n d  s o  | { " r , u ) - ( x , u - ) I  =  I  ( x j , u ) - ( x ; , u )  I  <
+ l l lx l l i l  )  1 Cl l lut l l  ,  whence the resut t  fot lows.

The main  resu l t  o f  th is  paper  i s  the  fo l lo r ,v ing ;

3.5.  THEOREI'{ .  Let  x be an_elmogL l inear space v; i th an

inner_ l lsggst  ( .  ,  .  ) .  lhere ex is t  a  l in_epr_gpacg H @
Prgd,uct  d , t  t j  and a ma.ppipg T:X *2H

p r o p e r l i e s :

( i  )  r ( x )  *q . ' a  conyex  gone  s ' ch  tha t  I {  =  T (x ) - r ( x )

T  ( X )

the

ean be  or .san ized as  an  q lmost  l inear  space such that

the same as  1n  H.

( i i )  4  . , ,  2
T ( X )  a n d  4  r ( x ) , r (

rnui t lp l icat ion by non-ne t i v e  r e a l s  a r e

n inner roc luct  on the a lmost  l inear  s

v )  >  =  ( x , y )  f g r  x , r 6  x
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( i i i )  r  ig *a_ l ingg{  i so$g l ry .gL  X on to  [ (X) .

l , f?gf " Iret E and c*.t  be given by Theorem Z.Z, ' f fe f i rst

note th .a t  i . f  x r ry i€  x ,  i= : - r |  * " . *  such that  w(xr )  =  <nr(xz j  ana

c"r (v1)  = cu(y)  t r ren (xr rv1)  = (xr rv2) ,  rndeed. ,  by our  assumpt ions

(  3 .  5  )  ( x r , * 2 ) - ( x y  y  2 )  - ( x 2 , v 1  ) +  ( 1 1 ,  v 2  )  = ( * i , I i  ) - ( * i ,  y i  ) - ( x i ,  r i  )  +

* (v i , y ) )

B y  ( 3 . 4 )  w e  g e t

( i = 1 r z )

( i = t r e )

a n d .  I r e m m a  3 . 4  v i e  g e t  ( * l r y l )  =  ( x r r V 1 )  a n d  ( f 1 r x r )  =  ( V 2 r x r )  ,

whence  (x r r f1 )  =  ( x r r y2 ) .  Le t  us  d .e f i ne  fo r  z r *w( * i ) -  *$ l i )€  E ,

,  
* i  t Y i  &  X ,  i = L  1 2

.  ( 3 . 3 )  < z L r r z ?  =  ( x r r x r ) - ( * r  , y 2 ) - ( x 2 r v 1 ) + ( v 1 r v 2 )

|  ^  r \( 3 . 4 )  z r  =  -  ( x i ) - a r ( v r )  =  . " r ( * i ) - - ( V i )

and. we prove that

( 3 . 6 )  c *  ( * i * y i )  = a n ( * i , * y . )

By  (3 .6 )  fo r  i = l r  2  and ,Lemma 3 .4  we  ge t

(3 .7)  (xr* "y i . -xz+y))  =  ( * i *v 'x )+yz)

(3.8)  (* i *yr  ty2+y;)  = (*r*y i  tv2+yi)
(3,9)  (  * i *vzrx1+y{)  = Gz*yb y1+yi)

w e  s h o w  t h a t  4 . t '  ) l E x E  - * R  i s  v r e l l - d e f i n e d .  b y  ( 3 . 3 ) .  s u p p o s e

x i r f {  c  X r  i = I t }  a r e  s u c h  t h a t
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I f  w e  a d d  s i d " e  b y  s i d e  t h e  a b o v e  t h r e e  e q u a L i t i e s  ( 3 . ? ) - ( 3 . 9 ) ,

s lmp le  computa t ions  $hov /  tha t  we ge t  (3 .5 ) .  consequent ly ,

1 .  , . > : E ? ( E - - +  R  i s  w e l l - d . e f i n e d  b y  ( 3 . 3 )  a n d  i t  i s  e a . s y  t o

prove tha t  { '  r '  )  i s  a  Hermi t ian  fo rm on E *E suc} r  tha t  ,  ,

4  z r z \  7 O ,  2 6 . 8 .  L e t  I t  =  {  n E E t  e z r % }  =  0 3  ,  H  *  E / t : { I  a n d .

*I  be the canonical  mapping of  E onto 11. I t  is  wel l -known that

f?* the l inear space H the fol l -owing funet ion on l lxH is an

inner product l

( 3 . t 0 )  d  * t ( " t ) , u l ( z r ) 7 ( z r e  E ,  1 = 1 r  2  )

we show tha t  H together  w i th  the  inner  p roduc t_  de f lned by  (3 . r0 )

and the rnapping T = * l*  s.at isfy al l  the requlred condi t j_ons.

C lear ly  T(X)  i s  a  convex  eone such t l ra t  H  =  T(X) - f  (X) .  We

organize f (X) as an almost l inear space vrhere the addi t ion and

the mult lp l ieat ion by non-negat ive reaLs are the same as in H,

w h i l e  f o r  T ( x )  €  T ( X )  w e  d e f i n e  . .

( 3 . n ;

In  o rder

such that

o r (  a r ( x )

for  some

- r o T ( x )  =  T ( - 1 o x )

tha t  th is  be  we l l -d .e f inedr  we must  show tha t  fo r  x ry& x

T ( x )  =  r ( y )  w e  h a v e  T ( - t o x )  =  T ( - 1 r y ) ,  S i - n c e

)  =  e r r l ( - ( v ) ) ,  t h e r e  e x i s t s  m €  M ,  m  =  . . u t ( * t ) - a r ( v r )

x r r Y r €  X r  s u c h  t h a t  * t ( x )  =  c , t r ( y ) + m  .  L , e t

* r -  =  t A '  ( - l ' x r ) - u t ( - 1 o y t )  e  E .  B y  ( 3 . 3 )  w e  g e t  d * 1 , m 1 )  =  <  m , m ) = 0 ,

i . € .  r  m r €  M .  s j - n c e  c u  ( x + y r )  =  -  ( * l * y ) ,  b y  t h e  p r o p e r t i e s  o f  a t

w e  g e t  r a r  ( - 1 o x )  =  w  ( - t " y ) * * t  1  i . e . 1  T ( - l o x )  =  T ( - f  o y ) .  c l e a r l y

T t X * + T ( X )  i s  a  l i n e a r  o p e r a t o r  a n d  b y  ( 3 . 3 )  a n d  ( J . l O )  w e

g e t  <  T ( x l ) r T ( * z ) 7  =  ( x r r x 2 ) .  H e n c e  T  i s  a  l i n e a r  i s o m e t r y
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is immediate that

,  wh ich  comple tes the

, .  ) t  r ( x )  x  T (x )  - - )  n

proof

The follovring example shows that the l inear

o f  E  d e f i n e d  i n  t h e  p r o o f  o f  T h e o r e m  3 . 5  c a n  b e  /

3,6.  EXA}{PLE, L,et  X be the almost l " inear space given

by  Examp le  2 .5  "  Fo r  x= (  X r  r \  r )  6  x t  y= (  
f  y  y  z )  €  x ,  de f i ne

/  \  r  \  \  \ /( x ' y )  =  (  l t +  n z ) ( J ' r *  
f r ) .  

T h e n  ( ' , ' ) ; x r x  + R  s a t i s f i e s

( r r ) , . ( r ? ) .  \ { e  h a v e  E  =  R 2  a n d  f o r  , = ( 1 1 , 1  , ) e n ,  l l z , t  = l } J . t } 2 1

Here cl  is  the ldent i ty mapping on X. The l i -near subspace l t l
( t r . 2 l \ 7

o f  E  i s  l  (  f  
1 ,  X  r ) e  n '  :  I r +  ) ,  -  0 1  a n d  w e  h a v e  d i m  H  =  1 .

As  in  the  case o f  normed l inear  spa.ces ,  a  normed a lmost

l inear  space x  i s  ca l led  s t r i c j l y ,co l l yg l  i f  the  re la t ions  x  t l I€x t

f l t  x i l t=u ly l l l  r  xy 'y  i -mpty  tha t  i l l x+y f l l  d  f t l  x l t l  + l l l y l l l  r  and X is

cal-led. smogtlr if for each x 6 S" there exists a ggi.qgp f 6 S"x

such tha t  f (x )  =  t l l x t l t  ( t f re  ex is tence o f  a t  leas t  such an  f  i s
'guaranteed 

by  [+ ]  ,  Coro ] la ry  3 .4 ) "  The above example  shows

that,  in eontrast  to the l1near case, when X is a.n almost l inear

space with an inner prod.uct  then X is not always str iet ly convex

o r  s m o o t h .  C l e a r l y ,  i f  X  i s  s t r i c t l y  c o n v e x r '  t h e n  t h e  s a m e  i s

a , , t (X)  ( tne  converse  is  no t  a lways  t ruer  &s  s imp le  example  shows) .

3.7.  REMARK. Lr€t  X be. an almost l inear space with an j -nner

prod"uc t .  f f  a r ,  (X)  ( in  par t i cu l -a r  X)  i s  s t r i c t l y  convex ,  then

i-n Theorem 3.5 the l inear space H equals E and T -  CIJ .  fnd.eed.,

we show tha t  the  l inear  spaee M g iven in  the  proo f  o f  Theorem l , !
o ,

i s  |  0  J  .  L e t  m 6  M ,  s a y ,  m  =  c " t  ( x a ) - c , t  ( x r ) ,  x l  , x r G . X .  S i n c e

subspace M

{  o l  ,
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4  m r m ?  =  0 ,  b y  ( 3 , 3 )  a n a  ( I r )  w e  s e t  l t t x r t l l  2 + l l l x r t l l z  =  2 ( x t  , * r ) €

€ 2l l lx l l l l  t f lxr l l l  and so 1t[xr l t l  = l [ [xrf l f  = c( .  Then (xr+x'xl+x2)=4*n 2

and so l l  cc , , (xr )  +br(xr ) l t  =  l I  u(xr+xr) t f  *  l l l  x l+xr t l l  =  2d ,  S j -nce

l l  c , , r (x f  ) f l  =  t l  tar (xr ) t f  =o(  &rrd r " r (X)  is  s t r ic t ly  convex,  i t  fo l lows

oo (x t )  *  cr r  ( *e)  e  i .o ,1  r r=0,  which completes the proof  .  Tret  us

note that  i f  we rep laee "s t r ic t ly  convex"  by "smooth ' t  in  the

above remark,  the conc lus ion is  no longer  t rue.  Indeed l  le t

x  =  t C o , f r ) a x : ,  e ( > 0 ,  F > o 3 u  { t o , o ) l  .  v / e  o r g a n i z e x

as an almost l inear space with an inner product as in Bxample 3.6.

T h e n . X  ( = t d ( X ) )  i s  s m o o t h  a n d  M  / ,  t a \  "

An immed. ia te  consequence o f  Theorem 3 .5r - .us j -ng  a lso  the

def in i t ion  o f  T  g iven in  the  proo f  o f  th ls  theorem and (16)

is  the  fo l low ing ;

3.8.  COROILARY. LBt X be a.n almost l inear space vr i th

*O in**n**r.=rn" frO*i* f 
"" 

" " 
-* * u-gr*u o"

(  3 .  r 2 ; f  1 ( x ' v )  =  l l  T ( x ) - r ( v ) l l ( x , y €  X )

ig a geml.-m.etrig_on X yvith_'bbe folloyilg_prop:prtiqs :

l r r r x t n - n l y i l t  I  S  f  1 ( x , v )
f  1 ( x ' v )  

=  1 1 1  x - v  l t l

f  ab* r ry *z ,  =  f r ( * ' y )
' 9 r (  ) r o * , I o v )  =  l t t  f  , ( x , v )

f  1 { " ' v )  f  f ( x ' v )
whelg  p  i s - -Qef ined in  Coro l la rJ  2 .3 .- J

t t * r r a t  
I o f t (  I nox r v )  =  !  t (  l oox r 'Y )  ( x ' v€

( * r y e

( x  6  X ,

( *  r y  , z

( x r y d

X )

v  eV1}

ex)
x ,  I  a  n )

x ,  ho  >  o )

x )( x , y €
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0n an almost l inear space x with an inner product there

exist  tv ' ro semi-metr ics _g ant l  f  1 ,  which are not equal  in

general (use E'xample 3.6). @gx*!bgi*s.ig
complgt-e i f  i3- i !-gogpletg-$!th..resp.g-cr to tbe semi-metr ic f  . ,  j

c lear ly  3r  is  a  metr ic  on x  i f f  T  is  one- to-o i re .  I ler rce by
Remark 2.L,  - f  r  is  a  metr ic  on v*  "  Note that  even when f  I
i s  no t '  a .ne t r i - c  on  x  we  can  use  sequences  ins tead  o f  ne ts ,

Maintalning the same d"ef in i t ion and notat ion f rom the

l inear  case,  fo r  two erements  (o r  two subsets )  o f  x  to  be

.or thogona l ,  when x  y '  vx  i t  i s  poss ib le  tha t  fo r  some x6x  no

e l e m e n t  y €  x  r  { o }  t o  s a t i s f y  x t y  ( u s e  E x a m p l e  3 " 6  w h e r e  x

is  a lso  comple te  ;  th is  may happen when in  add. i t ion  f  ,  i s

a  met r ic  on  X as  one can see in  Ekample  3 .11  ( i i )  be low)

consequent ly,  when x is complete and. x,  j -s an al_most l inea/

s u b s p a c e  o f  x  w h i c h  i s  f 1 - c l o s e d  ( i . e . ,  c l o s e d  i n  t h e  t o p o l o g y

genera ted  by  the  semi -met r ic  f1 ) ,  we ean no t  hope to  f ind .  an

or thogona l  complement  x2  such tha t  x  =  x l  @xz ( i ,e . ,  f ,o r  each

x€ X to  ex is t  un ique x r€  X i  ,  i= I12  such tha t  x=xr+x2) .  Th is

r-s however true v,hen I{. . ,  is a closed

next result  shows. wotl  that yr. ,rV,"
/ | . / L

3.9. PROPOsrrrON" -_i,et 
x bs_gg__?t4ost r i -near space uri th

?n jgqqr_ploduct and l-et Xt bS

v- .  There exists an a.r-most-  l i lear subsn_ace x.  of  x which is] . L  F - r y  
v  + & ! r v s a  ' q v {  

Z

f 1-clglsed s_uch _that ,,'/x c Xe , XlI X2 g1Lg X = Xr @

Pf qg!.  L,et  I I  a.nd T be eiven by , Iheo::em 3.5.

r ( x r )  4  v t ( x )  and  t ' ( x r )  i s  a  comp le te  l i nea r  subspace  o f  L [ .
consequer i t t y ,  there  ex is ts  a  c rosed l lnear  subspac e  Hp o f  H

subspace of  V* as the

b y  R e m a r k  3 . 2  ( v ) "

Y' , 2

H r / R e m a r k  2 . 1 ,

such  tha t  r (X r )J -H ,  and  i {  =  r (X r )@} {z  "  C lea r l y ,  T (WX)  =
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=  W , n ( x )  C  F i e  .  L e t  X )  =  { r e x ;  T ( * ) e  H r j  ,  B } ,  t h e  p r o p e r t i e s
f \ r 1 . /  Z  ( .  "  l '  

-  u  - -  t r

o f  r  g i ven  in  Theorem 3"5  and  Remark .2 .1 ,  i t  f o l l ows  tha t  " xz

is an almost l i -near subspace of x such that yfx€ x2 ,  xl lx2

and"  X  =  X .  (EX^  .  Moreove r  Y  i a  e  - t l osed . .
I  ,  X 2  l s  S 1 - c l o s e d .

The remai-nd.er  o f  th is  sect ion is

of the duatr s"oace of an almost linear

prod.uct .

d.evoted" to the stud.y

space with an inner

3 .10 .  PR0POSITr0N.

an inner trodgst and lgt

bx ,  (  V (x )  )  ( v )  =  ( x , y ) ,  y

Let X be an alggst 1i+ear_epac,e. yr i lb

9 . ,  = 9 : x - ? x *  b e  d e f i n e d  f o r  x € x
e l \

€ X.  Then W iF-  a  l inear  isometry  an0

( 3 ' r 3 )  ( Y ( " ) , V ( y ) )  =  ( x , y ) ( x , y e X )

is aq_ipger prod"uct on the._atmos! ] ipear sp,?c.e V(x). conseguqntl-y_,

the_Sorm oq Vf xl is lhe g?me wilh tfra! -senslgjgl by the

i qner  p roduc t  (  3 .13 . )  .

P r o o f .  C lear ly ,  fo r  eaeh x€ ,  X ,  $ (x )  i s  an  a lmost  l inear

funct ional  on X such that  l l l \y (x) l l f  =  l l l x l l l  .  Us ing the proper t ies

of  the inner  product  on x ,  i t  is  easy to  show that  V.x- - - * f

is  a  l inear  operator .  Hence Wtx)  i *  an a l -most  l inear  subspace

o f  xs  .  \Ve  show now tha t  (3 . t i )  i s  we l l  de f i ned .  T ,e t  * i r v i6  x ,

t=r t l  be such that  v(*r ;  = v{"r )  anr l  v(vr)  = v(r r ) .  Then
f o r  e a c h  y 6  x  w e  h a v e  ( x r r v )  =  ( x r r r )  a n d  ( v 1 r v )  =  ( ) ' 2 r v ) .

I l ence  (x ' y1 )  =  ( x r r v1 )  =  ( v2 rx r )  wh ich  shows  tha t  (3 " r3 )  i s

we l l -  de f i ned . .  The  fac t  t ha t  ( , , .  ) :  W(X)  x  V tX l  - -+R de f j "ned ,

by  (3 , t3 )  i s  an  inne r  p rod .uc t  f o l l ows  by  the  p roper t i es  o f  V ,

R e m a r k  2 . 1  a n d  ( r r ) - ( r Z )  r o r  ( . , . ) : X x  X  - ^ + R  ,  T h g  l a s t
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asser t ion  o f  the  propos i t ion  is  obv ious ,  wh. ich  comple tes  the

p r o o f .

r l i l ren  X =  V*  i t  i s .knovrn  tha t  W:X-*PX*  is  one- to*one

a n d  i f  i n  a d d i t i o n  X  i s  c o m p l e t e  t h e n  V ( X )  =  X * .  T h e s e  a s s e r -

t ions are no longer t rue vrhen X y '  VX " fn th is case i t  is
,'  possible to exist  r io inner prod.uct  on X# such that for  each

f  e  X*  to  have ( r r f  ;  =  t l t f  l t l  
2  .  Th ls  may happen even vyhen T

is  one- to -one and X is  comple te .  The cond i t ion  VtX l  =  X*

does  no t  imp ly  tha t  T  i s  one- to -one.  These w j - l l  be  seen in  the

follov.ring simple examples :

3 . 1 1 .  E X A M P L E S .  ( i )  L e t  X  a n d  ( .  , .  )  b e  g i v e n  a s  i n

Example 3.6.  We have H = R wj- th the usual-  inner product and

T ( ( x ' P  ) )  =  o ( * P r , ( *  r p l e x .  L e t  f  e  s * x  b e  d - e f i n e d  b y

f ( ( d , p  ) )  -  a + F  t  ( a r F  ) e X .  T h e n  f o r  e a c h  x e S *  w e  h a v e

V ( * )  =  f r  i . e . r  $ i s  n o t  o n e - t o - o n e .

( i i 1  t e t  f ,  =  {  ( ' . , p  )  * n 2  :  0 d  ( 3  < <  }  .  w e  o r g a n i z

X as an almost l inear space simi lar ly wi th the space d.escr ibed

1 n  E x a m p l e  2 . 5 , i  I f  x ,  =  ( o i ,  f t r ) A X ,  r = t - 1 2 1  d e f i n e  ( x r r x 2 )  =

=  d l d  
2 o  | t f  Z .  T h e n  ( . , .  )  i s  a n  i n n e r  p r o d u c t  o n  X .  T h e

space H g iven by  Theorem 3 .5  l s  R2 endowed-  w i th  the  E\ rc l idean

norm and T is the ld.ent i ty napping on X. Clear ly T is one-to-one

and X is  comple te .  Suppose th .e re  ex is ts  an  inner  p rod .uc t  on

X# such tha t  ( f  r f  )  =  l l l  f t t t  2  fo r  each fd  X# .  S ince  X =  lYX

i t  fo l lows tha t  Xs  =  Wxr  and"  so  ( f  ,g )  Z  0  fo r  f  ,g6x*  .

L e t  
' f r €  

S r r  ,  t * l r r 2 .  b e  d e f i n e d  f o r  x  =  ( ' c  , P  )  e  X  b y  f r ( x ) = (  - P

.  t / c
and  f r ( x )=2L / ' p  "  No te  tha t  t r$  V (x ) ,  != r t2 .  By  ou r  assump 'u ions

w e  h a v e  ( t ' r r )  =  l - ,  t = ) - r 2  a n d  ( r r , r r )  =  
f  4  0 .  L e t
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t= (2L /2 /z ) t t  +  f  z .  c lea r l y  f€  s "x^  and  so  ( f  , f  )  =  1 .  Then

r  , "  (eL /z /e ) f r  +  r2 , ( r t /2721r ,  +  rz )  =  ( l / z )nzr /z r ,  wh ich
i s  i m p o s s i b l e  s i n c e  p "  ?  0 .

( i i i )  f re t  X  be  the  a lmost  l inear  spaae g iven in  Hxample  2"6 ,  
i

D e f i n e  f o r x ,  =  ( * i r P i ) e x e  L = J r z ,  ( x l , * z )  =  
f  t f  Z ,  T h e n  

i
( .  , . )  i s  an  inner  p roduc t  on  X.  TJe  have Xs  =  {  l : fo  :  }  en  l ,  I
w h e r e  f o  i s  d e f i n e d  b y  f o ( ( d r F  ) )  =  { 5  ,  ( o , f  ) e X .  C l e a r l y ,

'  
X{  =  \u (X) .  I {e re  H g iven by  Theorem 3 .5  i s  R w i th  the  usua}  inner

p r o d u c t ,  T : X - - + H  i s  d e f i n e d "  b y  T ( ( * < , p  ) )  =  f b ,  ( o r  , p ) e X

and T  i -s  no t  one- to -one.

3.r2. PR0POsrrrON. LeJ x b-e an almos! l irygr sp.ac_e v,i jrth

a n  i p n e r , p r o d p c t .  I h e  m a p p i + g  T  ( g i v e n  b v . t h e o r e m  1 . 5 )  l €
'  

o+g-I-o_:ofr ,e i f f  lhr  rnapQin,q V (given Flr  l ropos!. t* .on 3. fO) rg

o { e - t o : o n e .

Pr-o-o. ! .  suppose T one-to-one and 1et xr  rx,  € x such that

V ( * r 1  =  9 ( * z ) .  L e t  f i €  H r  s  L = L e Z s  b e  d . e f i n e d  f o r  h €  I {  b y

\  f i ( h )  =  ( T ( x i ) , t r ) ,  F o r  h € H ,  h = T ( x ) - T ( y ) ,  x r y € x  w e  h a v e

f l ( h ) =  (  r ( x r ) , t ( x ) )  -  1 r ( x r ) , T ( y ) ) '  = ( x t , x ) - ( x y r )  =

n  =  ( V ( * r ) ) ( x ) - (  V ( " r ) ) ( v )  =  ( V ( x r ) ) ( x ) - ( V ( x r ) ) ( y )  =  r z ( r ' ) ,
i .€o  I  f1= f2  and so  f  (x f  )  =  T(x r ) .  By  our  assumpt ion  i t  fo l lo r , rs

; ttttnt x'=x2 and sb V iu one-to-one.

c o n v e r s e l y ,  s u p p o s e  W  o n e - t o - o n e  a n d  l e t  x l r x z € x  s u c h

t h a t  T ( x a )  =  T ( x 2 ) .  L e t  f  e  F I *  b e  d e f i n e d  b y  f  ( t r ) =  I  T ( x r ) , h  F  r

h d ' l { .  f h e n  f o r  e a c h  x 6 x  w e  h a v e  ( V ( x . ,  ) ) ( x )  =  ( x . ,  r x )  =

W (x t )  =  p  (x r ) .  I {ence x . -  =x2  rvh ic } r  p roves  tha t  T  i s  one- to -one.

3. .13,"  REI\{ARK. The above proof shows that for  xr  rxr&X
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r ( x 2 )  i f f  W ( " 1 )  =  W ( x 2 ) :

3.14 .  REMARK.  Io r  th .e  a lmost  l inear  space W(X)  w i th

the  inner  p rod"uet  g iven  by  ) '? ropos i t ion  3"10 ,  the  mapp ing

I r f
y  

r y t * l  
i s  o n e * t o - o n e .  l n d e e d ,  l e t  f  I , f  Z e  $ ( X )  r  $ a Y ,  f  i =  $ ( x r )  '

x rd  x  1  r=L ,z ,  such  tha t  VW,x ;  ( r r )  =  V  Wtx ;  
( f  , )  '  Fo r  each

x 6 ) i w e h a v e  t V W t x ) ( r i ) ) ( V ( x ) )  =  ( f i , $ ( x ) )  =  ( V ( x i ) , W C " l l

=  ( x , , x ) . =  f i ( * ) ,  i = L t 2 .  } 3 y  o u r  a s s u m p t i o n  i t  f o l l o w s  t h a t

f r ( x ) = f  z ( x )  f o r  e a e h  x  6  x 1  i ' e '  1  f  L = f  z  '

Let  us def ine for  each x &x the fol lowing funct ional  Qx

the alnnost l inear space V(Xl  wi th the inner prod"uct  g iven

( 3 . r 3 ) :

v,re have r(xr)

( 3 " r 4 )  a x ( f )  =  f  ( x )

I t  is  easy to show t t rat

V(x) and"

(3 .15)  t l l  ax l l f  =  l l l  x  l l l

3 .15 .  PR0?0sr r ro l {  "

an !ry]gf Product and-}ej

iVe have i

on

by

( f  6  ' # ( x ) )

Qx is an almost l inear funct ional  on

Let. X be--.qn-qlmost Ltrrg*T*,9p9'-ce vri.!!

Q : x * + W ( x ) x  F 9  S e f i n g d  b Y  ( 3 " 1 4 ) '

(  3 . 1 6  ) q = Wvtxl W

and Q is a  l inear  i somet r which j-s one-to-on-e,g[-{ T  i s  o n e - t o - o [ e .

rocluct on the al.most l inear

wev\7s7

(  Q* ,  Qu) =  ( * , y ) ,  x r Y  6 X  i - s - a 4 - i n n e r
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-  , \ / r i \  - r  l l ,  l ' r r \ F l  - $ . 1  . { - ] a n  r l n r m  a  
^  ' ' - \

slt-!sl)-?c.g. (.1\ ^/ gf tf (x)x apLlI,g*JOq$. op a(x)

tbgl.flelrqla.tecl bir i.43S llrllgq plgggq.!'

Er .geg.  Le t  xoc  x  and f  6  \ t l  (x ) ,  s&vr  r=W(x)  fo r  some

x  6  x .  Then  Q*^  ( f  ) * f  ( * o )= ( x , xo )  ,  t o l  f  o= t f l ( xo )  " ' Then  f o ( x )  *

i  a n d -  t  V W ( x ) ( r o ) ) ( r ) = ( r o , r ) = ( V ( * o ) ,  W ( x ) ) =
v  r ! ^  I  \ - " /(,

= ( x ^  r x ) = Q -  ( f  )  w h i c h  p r o v e s  ( 3 . t 6 ) .  T h e  l a s t  a s s e r t i o n s  f o l l o w
v ^ n

n o w  b y  f r o [ o s i t i o n  3 . 1 0 ,  f o r m u ] a e  ( 3 . 1 5 ) r  ? r o p o s i t i o n  3 ' ] 2  a n d

Remark 3.lry.

3 " 1 6 . , ? R O ? 0 S I T I 0 I ' I . l e : ! X ' t e a n g a [ o s ! ' l i r - I e a r s g a 9 Q ' J r u : t : l b

an in4-gr produ.gt.-Jf W(x) = x* thgf l  Q iJ.?*l ineqr igomelrv

of  X onto X*{  gg (Q*,QU) = (* ry) r  xrYe X iF, '?q r+49i : -p . I99uc l

X * * is the same wil!--!hd

? r Q - q f .  B Y  P r o P o s i t i o n  3 . 1 5 i t  is  enough to show that i f

r , e t  S u x " Y  a n d  l e t  f o =  + \ P .tP tx )  =  x *  then  W*r (xF)  *  xs * .

Since for eaeh w €W, we have uP(*)  € i 'g"*  ,  i t  is  easy to shorn

tha t  fo4  X*  and t f t fo l l t  =  t l l  S f f t  .  By  our  assumpt ion ,  there  ex is ts

x o e  X  s u c h  t h a t  f o = V ( x o ) ;  T , e t  n o w  f  a X r  .  T h e n  f = V ( x )  f o r

s o m e  x € X  a n d  v r e  h a v e  i p t t ) * Q ( t [ ( " ) ) = f o ( x ) = ( V ( " o ) ) ( * ) =

= ( x o , x ) = t  V  ( x o ) ,  V  ( * )  ) = ( f o r f  )  r  i . e '  ,  t V g o ( r o ) =  
$ '

yie proved in I ql that for any norrned a]most l inear

space X the fol lovr ing formulae holds:

-

s x *  =  f , t * : f  € s o *  ,  t l t ' ' t * ( x )  ?  o  S

vrhere E and" ar aTe given by Theorem 2.2.  I f  x is an almost l j -near

is the same v; i th.
.#

g x** . t4,orepyer-, thq 4gn!-ot

&ener? teq  bY -h is -  '

space with an inner product and i f  we replace E and'  t* ' r  (and'  s"x)
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by H and. T given in l lheorem 3 ' 5

formulae is no longer t rue (use

resul t  g ives a formulae for S V

3 " 1? , PitOPO $ITION' !g,b X

wilIL gLg*ln!g{ Stoclpct-: lle:]ia'Ye :

( a n c 1  b y  s V ( * ) ) '  q  s i m i l a r

C Ixamp le  3 .8  ( i i ) ) "  t he  nex t

I v \  G

( 3 . r ? )  s W ( x )  =  [ r t :  f e  s n * r  f  a t t a i n s  i t s norm at  sr tx)  3

t

&
fi

I
i

y r o o r .

f  o  
( x ) = ( x o  r x )

Le t  fo€  S  V(x )  
and  le t  *o€  SX

for each x € X. Def ine f  € Sttn'

such that

b y  f  ( h ) =  4  T ( x o )  ' h  ?

a n d  r ( r ( x )  )  3

r - fT= fo  ,  wh ich
h &  H .  f h e n  f  a t t a i n s  i t s  n o r m  a t  t ( x o )  e  S t ( X )

=  f o ( * ) r  x e X l  i . € '=  4  [ ( x o ) , r ( x )  ]  ' :  ( x o , x )

proves  the  inc lus ion  C

t h a t  r ( T ( x o )  )  =  1  f o r  s o m e  x o

f o r  e a c h  h € H .  I , e t  f o = V ( x o )

= d T ( x o ) , r ( x ) )  =  f ( T ( x ) ) '  x

t h e  p r o o f .

3. tB'  C0ROI'LAIIY'  lg. i  X

g:- i lrnel:-trlo-d-9-c!. If W (X) =

n  1 &

Proof .  Let  {  *rr l  n=l  
b"

converge to  anY x€X '  I " 'e t  11

l .e t  f f  nu  the  comPle t ion  o f

A  consequence o f  th is  resu ' l t  i s  the  fo l low ing  i

xr+

a

be an almoq!--1ie9.el*spgss- g13b

then X l9-99gp.tsJg'

CauchY sequence in X rruhich d'oes

and T  be  g iven bY Theorem 3 '5

!1. sinc 
" {r("rr)}f=1 is a cauchY

no t

and. 6 '  
f i :  T (x ) "  I ,e t  f  6  s rx  be

sequence in  l l ,  i t  converges  to  some h@

d f i /n?rrr,h ) '  h 6 H. we have fr e sxx and by

( s i n c e  f  d o e s  n o t  a t t a i n  i t s  n o r m  a t  S t l X ; )
de f ined .  bY  f  ( t  )=

P r o p o  s i t i o n  3  " L 7

in  (3 .1?) .  r ,e t  now f  e  sr . ,x  and suppose

6 sx .  Then f  (h)  =  1 '  r  (xo)  ' i r  7

(  e s  g t r ) )
6 , X r  i . € "  1

.  W e  h a v e  f o ( x )  =  ( x o r x )

f o = f T ,  w h i c h  c o m P l e t e s



_20_

We get  fTd sWtx l  ,  cont rad ic t lng the hypothes is  that  PtXl*X& "
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