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ON FROSTMAN PROPERTY IN STANDARD H-CONES OF FUNCTIONS

by

N. -BOBO€ and Gh. BUCUR

INTRODUCTION

In this paper we show that giving a standard H-cone of

functions Spon a set X such—-that X is semi—saturated with

respect toAgz for: any subset A of X, any pdint xdgx and
any ultrafilterkgron X converging to X the limit A of the
A B . :
measures (EX)x ? along the flltertgrls a measure on X of the
T

form
A\{x'ﬁ
A =l H=E, °
© o
We generalize in the framework of standard H-cone the
result of O. Forstman[?p}on the behaviour of the solutions
of Dirichlet problem at the irregular points. Our result-ex-
tends also a similar one given by N. Boboc and A. Cérnea ES}
for harmonic Spaces.>0ther related topics may‘be find in
Fa [41, Evell
Let g)be a standard H-cone of functions on a semisatu-

rated set X. We denote by K1 the convex compact subset of

g7%'(with respect to the natural topology on\f*) given by

K1=fu,5§f*]‘u(1)511 }



It X1 is the set of all non-zero extreme points of K we

have XrX. and the closure of X (in KT) is a compact subset of

1

KT‘ For any element p oij* such that p (1)< o0 there exists a

unique finite measure mu on X such that

Lis)= jsdmu

Always we identify mu wWasEh . - Tif (ui)i is a generalized segquence:
of measures on X which are dominated by a finite measure Bo

on-% ang it (ui)i converges wegkly te a measure || on X then
(ui)i converges natmrally (with respect to the natural topology

on y*) to a measure | on X for which we have

el deﬁ , (%) 'péfo- .

Generally @ is not carried by X and therefore we don't
expect the measures p and § be equal.
For any subset A of X and any measure j§i on X there exists

a unique measure uA on X such that -for any p&\%9we have
A A
p (p)=p(B7p) .

We remember [ 6 ] the following results:

1+ A, are two arbitrary spubsets of X and u

is a finite measure on X we have

(B—H)1. If A

A1uA A A

2 1+ 2
b = N K

where the symbol ﬁ; sktands. for the specific order in the dual

H-coneff* or equivalently for the usual inequality between

A\JA2 A1 A2
the Borel measures U and:= L =#{) on-X.



'(B~H)2. e A1, A2 are two Borel and fine closed subsets
of X, ATCAZ and p is a measure which does not charge the set

(A{\b(AT)Lﬁb(AZ) we have

A1 A A A

Bo=u 2/A1+(u 2/CA1) .

Definition. A family (ui)i of finite measures on X is

termed convergent (resp. strongly convergent) to a measure |

on X if for any universally continuous element p O ga(resp.

any bounded continuous function £ on X) we have

lim p, (p)=p(p) (resp. lim p, (£)=p(£)) .
it i

Obviously if (ui)i is strongly convergent to p then (ui)i

converges to U.

Lemma 1. A family (ui)i of finite measures on X is stron-—

gly convergent to a finite measure p on X iff the family (ui)i

of measures (considered as measures on compact space X).ds--

weakly convergent to the measure u.

Proof. Obviously if £he fémily (ui)i is strengly conver-
gent to j then this fémily is weakly convergent to u on %
Let us suppose'that (ui)i is‘weakly convergent to p on X and
jet f be a bounded continuous function on X. If we denote by
EF(resp. E3 the lower (resp. upper) semicontinuous regulariza-

tion of £ on X we have

A o~ :
ptEy=p(fEetim inf ui(f)zlim nt ui(f)
: 1 i

~ ~/ ;
p(£)=p(£)21im sup ui(f)=lim sup ui(f)
i ’ 1




and therefore

p(£)=1lim ui(f)
i

Remark. If (u.l).L is a family of uniformly bounded measures
on X then this family is strongly convergent to a measure p on
X Iff we have lim ui(p)=u(p) for any pé,%%whereég"is-a uniforms=

ik

ly dense subset of the min-stable cone generated by.yl and

by positive constant functions on X.

e

Theorem 2. Letkf be a base of ultrafilter on X which
converges to a point XOQX and let A be a subset of X. Then the
family (gﬁ)x of measures on X is strongly convergent along

to a measure A on X of the. form z

A~{x
A :e(&xo+(1-0<)2 o'
%o

' F
where d:=jM{xaﬁ). In particular (taking as J the filter of

all subsets of X containing xo) we have
anix b

e ] e
Exo—?éxo+(1nﬁ)2xo ] P '—axo({xoﬁ) e

proof. Let U be an open neighbourhood in K, of x_ . From

the property (B«—H)1 we have,

AnU
A AN €
£ 48, o,

for any-xeX. Since for any bounded element p @f X the function

AU
X¥px —3 £ (p)



is continuous on XnU we deduce that for any bounded and Borel

functien £ -on K1 we have

T e

3" X

0]

If we denote by 2 and:"eU the weak limit in K, of the

measures (f,i‘)x respectively (ﬁi“u)x along the base of ultra-

—
filter  we deduce that };U is. . a measure on K1 carried by the
set U and we have v
AN
¢
% fé cx +’\’U
: o)
The neighbourhood U of X being arbitrary we deduce that
A is.a measure-on X, the family (Ei)x is strongly convergent
to 7, along the base of ulteafilter f}‘ and moreover we have
A x Y
150

s £

=0

For any pe&oo we have

éi (P)=B§(Xo)glim inf &i(p)&;lj}rﬂ gi‘(p):f)\ ok

0 XX I

Mpl=lin £2(p)gLin p(x)=p (x,)

Hence, we deduce
AN X
é O}+ E

X
Xo o

A
g annl BB L
o o
and therefore if} #EX we have 04:='A(§XO})751. Tn this case,
e :
if we put



& = + 1 it ),
A =uE (1-e) 1

then we have p< gx < Without loss of generality we may suppose
: e :
that A is a Borel subset of X and A is also fine closed. From

the above considerations it follows that p is carried by the
A'\gx {‘

set A\?XO}. We show now that “:Ex O ek p by a universally
o

continuous element of J tﬁ

Using C4], Proposition 5.3.1 we deduce that for any & 70

we may ch?ose an element sc(fsuch that s=p on AN§XO§ and
A<{x %
S(XO)<Bp(XO)+-é . We have
Asex AN
pip)=pls)Lsiz J¢ B $ O} Lip)e €+ (E, e iEp)
= o p(X )+£ ’ &

O O

The number &% 0 and the element p of ffo being arbitrary we
AN{x 3
o}

O

obtain u'<2

A\§x
For the inequality Q_
o

B we suppose first that X is

~

a Souslinean space. Let peﬁz and let U be an open neighbourhood

of Xo' Using the assertion (B—H)? for any xe¢U we have

¢ M limyceninl By < 2 (=%

for any compact subset X of ANU.

Using Chj: Proposition 5.2.4 we deduce that

Rkp:infiqeffo’- g=p on k ‘j

K

for any compact subset k of X and therefore the function R'p

is bounded and upper semicontinuous on X. Since the measure

i
i
b

§
i
|
!
g
!




T o
Ex is strongly convergent along the uwltrafilter J to ™ we have

e ¥ e
ol R p(xo)+(1nd)u(R plzlim sup &%(R]p);limgsw(p) y;
5;}?, b € f;?i X
¥ A
oL R p(xo)+(1~éi)u(R}p)3£§ (p)
@]

for: any compact subset of -A\VU. Hence we get

ANT AMNU

LB Tp(x )+ (1= u(p)2 £ 5 AVU

(p), nwipleC, (p)g

O ]

The open neighbourhood U of X, being arbitrary we deduce

anfx ) A\gxo?(

nipl)2 ix (p) b= éx 3
O @]

If X is an arbitrary semisaturated set then for an arbi-
trary subset A of X there exists a Borel subset A1 of X1 such
that

A BNl S RN x
ACA A 1 B O=B1 {ojo

From the above considerations we get that the family of
: A :
measurea(ﬁi)xz(2x1)x is strongly convergent along the base of
ultrafilter!jfto a measure A on X1 such that
R
A{"{XO ] A\{XO }

X :°<£g Tl

O @) )

‘>\; 6<£XO+ (1'”@()

The proof is finished if we use Lemma 1.

Theorem 3. If the base ?ﬁof ultrafilter on X converges

to x, then the family (£§)x of measures on X is strongly

&




“..,d‘

convergent along fi’” to a measure % gf the form

o A
y =P =pns
n f‘%/ il %J)cx
o} o}
o a) 1 : . 7 A - a . .’1
Proof. From the :relation é‘x «5;\ and using Theorem 2 we
, %o
gek
A\gx ?( A\{X ?
= ) / o A { o Ml
D =RE (e, BN el e .
o ¢} o o} o
RA\EX.O'i
i ¥ 9 f ¥
latt e~ P e ) &
o o
: AN x % :
and therefore if E'x 9 ;é?fx we have o' € o .
e} o}

Hence if we suppose that xsﬁ'{‘?b(A) then &« '¢1, «'¢o¢ and
therefore

1___ a{ A : ] 2 i ¢
AEAL S ' Ve & — &
{XO 1=K S>xo X T=of' =% 4wl 20O

If xoe;b(A) obviously we have A =£_‘/x
o

Let now CZ}LX be the set of all bases of ultrafilter on X
o
which converges to X - For any subset A of X and any base of
PR - 5 e
wlbrasilter J: fromcux we denote bya::«}.,_ the positive number
' o}
equal 1 if Xoﬁs_b(A) and egual with the wunigue coeficient
sl 0,1 ] from the decomposition
. oo A
N o=+ (1-0) €

X
O O

where A is the.streng limit, aléng the ultrafilter§, of the

family (ai‘)x L& s b .




Theorem 4. For any subset A of X and any neighbourhood U

A L AQU )
= =04, Thsam
of x_ we havee( =X = for any Jeif

5 7

Proof. Obviously we may suppose that A is Borel and

finely closed. The relationa§A:ﬁAﬂU is obvious if xeb(A) and
s (\%':‘ (@F
therefore we may suppose that xg%b(A). Let gkfﬁ; and let U

¢
be an arbitrary neighbourhood of X
: i : : LA JANU
Considering the measure gx +&X we may choose an open
e} o ;

neighbourhood V of X Veu, suph that &i +£§QU(§wV)=O. It is

O O

obvious now that for any family (ui)i of uniformely bounded
measures on X which is strongly convergent to a measure p oOn
X and for any subset M of X for which L (@M)=0 we have

l}m ui(f°1M):u(f‘1M)

€
for any bounded and continﬁous funetion £ on M. Using the

property (B-H) for any xeV we have

2 r

élinvzai/—_ &X/CV i

and therefore for any element p@ffo we get

PV A .
5F 9‘ ¥ V s
: AoV LA A A o ,A AAV,
+lim § B pa & =ulp (x ) + (1-97) [ o+ (§ =) ](p)=
- e X ¥ Xo‘ eV ).-
A
= o P (x )+ (1) B2V ()



From the previous relation we geto@ﬁfvz%%. In a similar
] 1 . ff o ‘x%,v.
L 52& \Y - AR
maher taking AnU instead of A we obtain ¢ 5 =ﬁ&‘u and there-
. (§ oy
AnU_ A J ¥

fore ol e

e

Remark. For the particular cases of harmonic spaces oOr

balayage spaces the above theorem was proved by W. Hansen[}gl

{n a rather different way.

Proposition 5. Suppose that X is semisaturated and the

pairv(X,?) satisfies axiom DO i.e. for . any open sets G1, G2
G, G G, G
such that GTUG2=X we have B g Som o If A is an arbitrary

subset of X and if xagEA then the following assertions are

equivalent:

-
T ELX #gﬁ and for any ultrafiltergg on C, converging to

o) [e)
X the family of measures (&i)x is strongly convergent alonggf

A
to the measure ax :
o

.. thereiis mo ultratilter ?792 C

i L d
B ° A Converglng to_xO an

such that the family of measures (&i)x is strongly convergent

(F 4 :
along ' to & x,

Proof. Obviously 1)=>2). Let now p&ff)be a bounded con-

tinuous function on X such that the linear space generated by
the set of its specific minorants from Epis uniformely dense
in the set of all bounded and uniformly continuous functions
on X.

Tf the assertion 2) is fullfiled then we have

lim sup BAp(x)<p(xO). Indeed, in the contrary case there exists
Cp3X-3X, :



(7’\‘

an ultrafilter J on C, converging to X, such that

; A : 0
Since for any specific minorant p'ﬁfj of the element p

we have

lim £2(p)glin g _(p')=p' (x,)

s
v i

we get

5 R i ;c ;
lig LX(P L= (p')

j‘ o

and therefore, using: the above considerations and Lemma 1, we
: ' sl
deduce that the family (Si)x is strongly convergent, along gﬁ,

to the measure £TX .
o
Let now V be an open neighbourhood of X, and let(g>be a

strictly positive number such that'BAp(x)¢p(X)“:§ on V\A.
We consider also, for a fixed point xﬁgCA , a decreasing

sequence of open neighbourhoods (Vn)n of A such.that x&%vn
\
and Lim B np(x*):BAp(x*).
n-5 oo

Since B anBAq for any neN and any qegpwe deduce that
we have

vn A
lim Bar glixt)=B g(x*)
N = &5

b}

for any specific. minorant q@ﬁ% of p. It follows, using again
v

Lemma 1, that the sequence (sz)n~is strongly convergent . to

A
the measureéLX* . Hence we deduce

'\Vn A
Lim dnflal IN)2E
ne«y oo

(V) ‘.



any

X
O

convergent, along T , to the measure? =& €x +(1-of )EA .
3_‘? O + X

On the other hand, from the prxoperty (B»—H)2 we have for
neN,
WSS \Y \Y
A il e T on e n
&x*(p)— &R pQ@X*é vd £X*~éé‘x*(v A)
Since the measure éyﬁ‘is carried by?BVﬁ (see [4] {2)) we get
A ~Vn ~Vn
& pis & ool et il
A B i LA
— .
Let now j;be an ultrafilter on Vn(X%A) which converges to
Using the property (B-—H)1 for any yeVa(X\yA) we have

B o Bl SO
+,
EyRey ey g

From the above considerations we deduce

ey 2

From Theorem 3 the family of measureS(QS)y is strongly

o

On the other hand

e +(1—®{)$A Jo (V)2 1 im 1nf5‘ V)glim 1nfE, X%V)(V)
s F %5 o Yo,
Hence A_=0, ¢ ,%Si ?b=8§
F 0. o o

Theorem 6. If X is semisaturated and the pair (Xhﬁh satis~

fies axiom DO then for any subset A of X and any X € &X we have




e 2 ¢ 5 2’ T e A F‘m‘ % o > 4 !
: fe C # 0 1 (@) S ' e 34 = O i
g. 573, “{:ﬁi“‘if ?EXO,{ L g d > Eﬁ,{ Fell x % [0.1]

34
where@é
b4

0

is the set0f all ultrafilter on X converging to X

G G | -
and. for anyﬁé@f = ,G(fG»LO,T,S s sueh that the Eanily (SA)
- O % i

3 x' %
of measures on X is strongly convergent, alohg c—} ko the

A A A
measure dr“ Qx +(1ﬂ%$)§x
# o 8] 1o

Proof. Without loss of generality we may suppose A Borel
and fine closed. The assertion is obvious if x6ﬁb(A);more pre—

¢isely in-this case we have

: ia‘is;!%uxcﬁ:@ f :

Also is xO':éX\K we have

oag s, & - fo}

So let xé§3A and suppose that there exists o(&ﬁ(0,1) such

that for any?ﬁg?{,x the family (zi)x of measures‘on X is
9 s :
strongly convergent along }lto the measure'o<gjx +(14X)£i
o o
where d‘#yg. Tn this case for any bounded continuous generator

p.of ﬁ7we have

i , A oy ;
lim £ (p)=(p (x ) + (1-0)€, (p) foi p (x ) + (1= )& (P)
F oo 208 |
Hence there exists an open neighbourhood V of Z6 such that
for any x&V we have

A
23}_3#(%0}?(}{0)-% (1—0{0)2}( (p)=: F




and such that for any xeV we have p(x)}}ﬁ

L,et us denote

A : A
= o ¢ > P4 = @« “
v {xavfﬁ,x(pw’?f , V_=Sxevjel(p) < BT
Obviously we have V=V &V - V+WV_=@, My open, V. finely open
and xg&V_..We remark that the fine closure of the set V NA

contains V_. Indeed in the contrary case the fine interior of
the set VAA is non empty and therefore in any fine-interior

point x of the set V NA we have the contradictory relations

B < p(x)=BAp(x) 41@ :

First we show that for any'gézixo such that Vjégf we have

lim BA(X):?.A (- d.es O{AtO. Using the preceding remark it will

L F

[ sl
be sufficient to considexr that V:§Aéfﬁ‘, Also for any xé€éV_

we have

v AwV, wC AUC \%
g e g + v - A\ +
£ w=0, & 2 & e

X

\Y -
and on the other hand the measure éfx+ is carrieé{ by Vf\v+

and theréfore by the fine boundary oif V. which is contained

in @ V. But using ij, pProposition 1.4 we deduce that

AUV+uCV AUCV > :
f,x (M)SSlX (M) for any Borel subset M of ¢ V and any

x&V_. Hence

AW _yC nC, AUV yC EApc

\Y4 o '
g“x ol E-x L B

for sahy 2EV.



Lo ; L % | ol 1CB T
Obviously, since gx(pygﬁ ~dop(xo)+(1_mg)¢xo(p) for any

xeV_NA we deduce that\oﬁ?sag and therefore, using Theorem 4,

we have

3 & AUC
O‘,LA V#J 7 UWV:

B gl g ot

; : = _
for any fell = such that v A€f. since V_NA=XN (AW uC ) we
O ; A(\Cv

conclude, using Proposition 5, that the family (£ X O

q
measures on X is strongly convergent,along ﬁ‘, to the measure

AUC :
E’x 3 Using again Theorem 4 we deduce that for anygﬁﬁlﬁx
o o

o ,
with VNA€H we have lim BAp(x)=i;A ()i 26X A=O

O

; o
Now, we show that for anyﬂﬁézéx such that V:\Aéﬁ§ the
; A : o o
family (S,X)X of measures on X is strongly convergent along }

to the measure gzx . SSHEE >, obviously we have
o
AUV
Lind - (pleple ) (¥) pé& &P
X=5x :
o
XEV N A

On the other hand, for any X&V+ ;, we have

§ W TR
%6 ﬁ?ExQ;x

and. ‘therefore, for our purpose, it will be sufficient te prove
that

ALV _
Tm & W) =0
XL=~>;~XO

xév;\A
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Let\p be a continucus bounded generator ofiﬁ such thatAthe
linear space generated by the set of its speéific minorants
from SF s dniformly densgin the set of-all beounded and-uniform-—
ly continuous functions on X

Let §E>0 be an arbitrary positive number. Since

; A A
1 : =
dme g2 (p).Bp

)= and BA(X)7a>b on V, , changing eventualy
% o P 4
V 3 X XO

V, we may suppose that

A

g‘x(p)$ ap )zs on e

g 2p)¢ b+S)p(x) on V

(P(X)“p(xo)‘dg on- Vv

Without loss of generality we may suppose p(xo):1. Since xdsv_

then we have

AQV
Tim- € =p:lx )

o
XX
and therefore there exists a neighbourhood US of X for which

we have

AuV _
S’avpdgx 4“0 (¥) x€Ug

We remark now that for any x€V N\NA and any closed subset
F of %, F=V -there exists an open subset DS-=:D such that

- BUY . - BUVGD
FCDCDCV\XXZ,E pdex / { pdix ey
: A A

-




Indeed,let us consider a closed subset H of A such that'

' AUV : -
S pdix ¢ 8/2, let G be an open subset of X such that
AMNH

Fa&&@aV\(Hggxi) and let (Dé) be a decreasing sequence of open

subsets of X such that

B - AuV_
AUVJ;DQ for any neN, lim‘gpdéxnzﬁgpdg
n

Noting Dn=AuV_u(GﬁD£) we have

D WV
1imgpd“l1 gpdix

~

and therefore the sequence (gxn)n of measures on X is strongly

AV _

convergent to the measure ¢ Taking f:X_aﬁ:O,1} a continuous

function on X such that f-1 on H, f=0 on G we have

. By
lim Bf.pdgxnz Sfpd

X
Ny oo

Using [6], Proposition 1.4 we have

Dn IﬂAvV_
¢ Wice (M)

for any Borel subset M of X,Nk:X\GaXKDn and therefore

AUV

lim g pd?xn- 1im S fpdg ‘fpda = :
n-%ea H N 500
AUV AUV D AUV D
S pdt j pdt « | pat <S pdexn)+(fpdsx » 7fp.d§X“
A BRE - AVH H H

e

Ao
}k@u
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: ALV D
< - + (.(pd%; —-«‘ypdﬁ. 5
X X

- H H
We choose D;;:Dg:=GUDr'1 for a sufficient. large n such that

B So oD %
. - o S S A
SHPdé:/X JH ’Pd =

o™

™o}

Let now xe(V+\A)4Ug ,-let F be an arbitrary closed subset

of X, FcV VA and let D be an open subset -of X such that

ok _ AUV ROV ID
FchDcV\ixf, S pd & —{ pd & LD .
: e “A *
If we denote .
AUV__ Auv__u B
b= 8 ] X} =
% X

LY A\Vﬁl
p=Haw_+ V), auv o) '
. (Avv__ 2AUV_
pdc.. = (po1 )d}) =

F = X~ (AUV_) z =

: AUV - v '
S z (p.1 )dyt( z (p.1.)d < f pd?+§Pdu .

N4 E Yy g =
AT dv N

(1) 5pdu£§ pay+ s .

12 V:A

From the relations

g Q:H/A* (”/X\A)A’ ai:';)/zf ( 9/X"‘A)-A




we have

e = = :
Bp(x)=§pdu+§ BApdu=j pdu-fﬁ BédwgBApdu '

A WA = - A V_\A 9V
@F Bhousic y oS pae
A VAR

£33 BAp(x)Z gpd}”",g BApdﬁzS pd‘9+a§ pd ¥/
A v+\A A V+\A

The: above relatiems (1), «(2), (3) give us

{ pangs +—%<BAp<x>~£pd>a) <
B

2 ) +é[gpdu+(b+5 g pdu+§_5pdjgéf> [§+ b+& ) S‘ Dd¢<}
A

NVSE

Spdu~-——- S du<5(1 i
F

V\NA a’

If F was chosen such that S pdu (§ +j pdp  then
V™A F

S (2+1)

The numberg being arbitrary we have

S AUV _ _AUV_
lim - pd¢ =0, lim 2.X (p) =p(
V+\ A XS Xo VA = V+\ A'»};xu%;xo

Obviously we have

: AV
lim: (p)=p(x_)
b ()3 x=>x = &

xo)



and therefore

. AUV _
lim €. plepix )
V;)b(A)\A§x~§xO

Phe proof is fidished since the fine closure of the set

V+ub(A)¥A contains V+.

In the last part of this paper we show that if the axiom
DO drop then the assertion from theorem 6 drop also.

Tndeed let us consider, for instance, the unit disk U from

: co

R? and the subset A of U of the forms Azk,}[ay,ak'{l where (a,
belpes

is a strictly decreasing sequence of real numbers from the

interval (0,1] of the real lime such that the series of functions

= L[ag
iz; B

k=1

is convergent at the point z=0.

We remark that the set A is thin at z=0 in the same time

with the set de[ak, ak;11. for any néN. On the other hand we have

kyn
- e G
== Fa.a W] eyl
oE W cod

kzn

for n sufficiently large and therefore the set |/ rak,&%~3is
: = =
thin at z=0 and consequently the set A is also thin at z=0.
We denote by s the positive superharmonic function on U

given by s:=B$. Since A is thin at z=0 we have s(O)=B$(O)£1.

We choose two real numbers ry T, such that %{O)<r1<r2<1 and

we denote by M the set



We consider now the H-cone of functions S' on the set UMW

given by
S'={BU\Mt‘ tefﬁ (U) }’

whereSF+(U) is the H—cone of all positive superharmonicﬂfunctions

. = UM
on U. Obviously 1—B1 on UMM and

b

Jr
?zBA(B$ M)='BA on UWM

c 1

where 'Bﬁ means the balayage on the set A in the new H-cone of

functions S'. From the preceding considerations it follows that

ijf?;is an ultrafilter on UMM which converges at z=0 we have

J}p IB?:liﬂ B?é[S(O)ﬂ%]Q}[}1,1]

>

and on the other hand there exists ?“ ,§T" ultrafilter on UWM

e which e e i T

F =

So the assertion from Theorem 6 is not true for the stan—

dard H-cone of function S'.
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