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ON FROSTMAN PROPERTY IN STANDARD H-CONES OF FUNCTIONS

by

N. BOBOC and Gh. BUCUR

TNTRODUCTION

fn this paper we show that giving a standard H-cone of

LP
.  funct ions J  on a set  X such- that  X is  semi-saturated wi th

respei t  6  g,  for  any subset  A of  x ,  any poi r r t  xocx and

any u l t ra f i l ter  I  on X converg ing to  xo the l imi t  ) \  o f  the

, n A'measures  fs i f  ; ,g  a1on9 the  f i l te r  f  t t  a  measure  on  X o f  the

form

-h =q4.
on ,, 

-nr €f't"J

We generalize in the framework of standard H-cone the

resul t  o f  o .  Forstm""  [+ l  on the behaviour  of  the so lut j -ons

of  Di r ich let  proble ln  at  the i r regular  po ints .  Our  resul - t  ex*

tends a lso a s imi lar  one g iven by N.  Boboc and A.  cot r r "u [5  ]

for  harmonic  spaces.  Other  re la ted top j -cs may be f ind in

fgt , cgl , t"r bJ ,
r f l

r,et ! [  be a standard H-cone of functions on a semisatu-

rated set  X.  We denote fy  Kt  the convex compact  subset  o f

CQ) '  (wi th  respect  to  the naturaL topology on f * )  g iven by
J  

- - - r - - - -  J

o . , = J u e f  * [ u ( r ) g 1  
]



2.

I f  X1 is  the set  o f  a l l  non-zero ext reme points  of  K*we

have XgX,  and the c losure of  X ( in  K. ,  )  is  a  compact  subset  o f

K1  .  Fo r  any  e lemen t  p  o f  . . f *  such  tha t  p (1 )<oo  the re  ex i s t s  a

unique f in i te  measure mu on X such that

A1ways  we  iden t i f y  mU w i th  p .  I f  (U r ) ,  i s  a  genera l i zed  sequence

of  measures on X which are dominated by a f in i te  measure po

on X and i f  (ur ) ,  converges weakty to  a measure f  on X then

{r r ) ,  converges natura l ly  (wi th  respect  to  the natura l  topology

on f* )  to  a measure p on X for  which we have

Genera l ly  p  is  not  carr i -ed by X and therefore we donr t

expect  the measures p and t i  ne equal .

For  any subset  A of  X and any measure p on X there ex is ts

a  un ique  measure  pA  on  x  such  tha t  f o r  any  pe f t "  have

p A ( p )  = p .  ( B A p )

we remember f  e ]  t f re fo l lowing resul ts:

(B-H)1 .  I f  A1  ,  AZ are  two arb i t ra ry  s r ibse ts  o f  X  and p

is a f-inite measure on X we have

uor'ot< uo1 * uo,

where the symbol  d  s tands for  the speci f ic  order  j -n  the dual

H-cone !0*  or  equiva lent ly  for  the usual  inequal i ty  between
* / a a

the  Borer  measures  uo t to '  and uo ' *uo '  on  X.

p, (s)= Jsa* , ,

r -p  (p )  =  
Jnau

(v) p€ yo



( B - H ) 2 .  I f  A 1 ,  a 2  a r e  t w o  B o r e l  a n d  f i n e  c l o s e d  s u b s e t s

of X, A,,SZ and. p is a measure r^rhich d'oes not charge the set

'  
(At. b (A1 ) )/ lb (A2 ) we have

3 *

A1 A^ A'  Al
p  '  = p  "  / A . r *  ( t t  ' / c e , \  '

De f i n i - t i on .  A  fam i l y  (u r ) ,  o f  f i n i t e  measures  on  X  i s

termed convgtgent (resp. strongly go.nvergent) to a measure p

on X i f  for  any universal ly  cont inuous e lement  p of  .9  t t . "p .

any bounded continuous function f on X) we have

l i m  u . ,  ( p )  = u . ( p )  ( r e s P .  l i m  p r  ( f  )  = p  ( f  ) . )
. t  F r ! '  

.  I
a

obv ious ly  i f  (u r ) ,  i s  s t rong ly  convergent  to  .p  then (u t ) t

converges  to  P .

Lemmp l .  A  fqm i l y  (U r ) r  o f  f i - . n i t e  measures  on  X  i s  s t ron -

g ly  convergent  !o  a-  f in iFe measure p on X i f f  the fami ly  (u t )  
t

o f  measures (considered as measures on.c impgs!- :gegg x)  Ls

weakly  convergent  to  the measure p '

. j .

P r o o f . o b v i o u s l y i f t h e f a m i l y ( u , ) , i s s t r o n g l y c o n v e r -

gent  to  p then th is  faml ly  is  weakly  convergent  to  t " t  on x"

Let  us suppose that  (ur ) ,  is  weakly  convergent  to  p on I  and

let  f  be a bounded cont inuous funct ion on X.  I f  we denote by

^ . V
f  ( resp.  f )  the lower ( resp.  upper)  semicont inuous regular iza*

t ion of  f  on I  we have

/ \ . A

p ( f )  = u  ( i )  s r i m . i n f  I I i  ( f ) = l i m . i n f  p i  ( f )
r !
L

V v
p  ( f )  =  v  G ) > . I i m .  s u p  p i  ( f )  = l i m .  s u p  p i  ( f )

i - r
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and therefore

F  ( f  ) = I i m  p i  ( f  )
I

Remark.  I f  (U,  ) ,  is  a  fami ly  of  un i formly bounded measures

X *nr= ,"*rr-, is strongly convergent to a measure U, onon x cner l  t r r rs  t  

a ,'  X  j - f f ' w e  h b v e  l i m  p j  ( p ) = p ( p )  f o r  a n y  p e f l w h e r e Q /  i s  a  u n i f o r m -

r . i r
tv  dense subset  o f  the min-stable cone generated by yo and

by posj - t ive constant  funct ions on X '
.:

converges to  a point  xoeX and le t  A be a subset  o f  X.  Then the

^  
" f  

meas l r res  on  X  i s  s t ronq -  a tong  Ff  ami ly  (q [ )  
*  

o f  measures on X is  s t rongly  convergent

to a measure )  on X of  the form

a_[xo1

) = d L x o * ( 1 - q ) t xv ^ o

w h e r e  d r = ) ( { * J ) .  r n  p a r t i c u l a r  ( t a k i n g  u " 9  t h e  f i l t e r  o f

al l  subsets of  X conta in ing xo)  we have

tlo=Pt*o* 
,, -p ) t:"{ "J , p , =tlo ( {xo} )

Proof .  Let  U be an open neighbourhood'  in  K,  o f  xo '  From

the  p rope r tY  (B -H) ,  w€  have '' l

i  A -r oA.u,9Anu- x  { *  * t *

for  any xex.  s ince for  any bounded e lemenL p of  X the funct ion

Theorem 2.  r ,e t  F ae a base of  ur t ra f i l ter  on X which

& x - r  A | t u t n t
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I f  we denote by. 2 and ) U 
the weak l imit in K', of the

measures tel f  *  
respect ively ( tA"u) 

*  a long the base of  ut t ra-

f  i l ter  {  * "  deduce that  }u  is  a  measure on K ' ,  carr ied by the
' '

'  set T and we have

a d el""+"

T h e n e i g h b o u r h o o d U o f x o b e i n g a r b i t r a r y w e d e d u c e t h a t

h is a measure on Xrthe fami ly t t l f  *  
is  strongly conver.gent

to )  a long the base of  u l t raf i l ter  f  anA moreover we have

is continuous on X4U we deduce that for any bounded and Borel

function f on K., we have

r im  g } 'u  ( r )= t } ' u  ( r )
d .?i' ^o
c f v

> d  t
er{*J 

* r
*o -*o

i  Xn,=1# 4,n,* tH P (x) =P (xo)

For any p efo *e have

* l o , u ) = " 3 ( x o ) 6 1 i m , i : :  t l t n r  * t ' #  t l t e )  = )  ( p ) '

Hencer  we deduce

t l" * ,. &o , > 4 t:"tt""'* t*o

a n d  t h e r e f o r e  i r ) 1 4  w e ' h a v e  o ( : = ) ( { x o J ) l t "  r n  t h i s  c a s e '

o
i f  we pu t



?  = d € *  +  ( 1 - d )  r r^o

then rve have p{ €"x blithout
o

that  A is  a  Bore l  subset  o f

the above considenat ions i t

set a* tx 1 . hle show now thatr  o )

cont inuous element of  Y .

The number C> O and the element P
A r f x  1

'  t <  r  O )
ol) tarn p \  cx

o

Us ing  f  aJ ,  P ropos i t i on  5 .3 :1  we  ded .uce  tha t  f o r

we may choose an e lement  s teysuch that  s=p on ar{xo}
Ao{x^l

s (xo)< Bp 
t*oi* € .  we have

a-[x^ 1
p  (p )  =p  ( s ) { s  ( xo )  <  Bn  t *o i *  €  ,

loss of .  qenera l i ty  we may suppose

X and A is  a lso f i .ne c lose<l .  From

fol lows that  p  is  carr ied by the
A r f x  1

c  r  o ,p = L * ,  . L e t p b y a u n i v e r s a l l y
^o

g > 0

r r . (p)d t  +

of :f ^ beins arbitrar:y

any

and

t l{"" ln,
o

t^?6

For rhe inequal i ty t l - {"" 'a p we suppose f i rst  that  x is
o

a Souslinean space. Let peyo and. let U be an open neighbourhood

of  xo"  Using the asser t j -on (B-H),  for  any xeU we have

t l 'u(n)  =t | (*o 'un)  ,  LI (p)  { -  t } tnHp1

for  any compact  subset  K of  A\U.

Us i "g  f4 ] ,  P ropos i t i on  5 .2 -4  we  deduce  tha t

L r e h i ' t
R"p=inf  I  aeJ" l  q=P on Jr  )

functi-on RKp

the measu: :e

for any compact subset k of X and therefore the

is  bound.ed and upper  semicont inuous on X.  S ince



i

' l  - . t

.A  t r
[ "  is  s t rons ly  convergent  a long the u l t ra f i - ] ter  #  to  ]  we have- x

d V r t l P
^l  RAp (xo) + (1-4) ! r ,  (R^p)> l im :up 8;  (n ' 'p) .21:*  e *  tn)  )

s g
1 f f l f

d  nop  ( *o )  *  (1  -d , )  p  (R^p ) r , t ; .  ( p )
o

for  any compact  subset  o f  A\U.  Hence we get

o ( e A t u p ( x o ) +  ( 1 - e r r . ( p ) )  { t u t n t ,  p ( p ) } t  } t u t n )  .
o o

The open neighbourhood U of  xo being arb i t rary  we deduce

-  ar {x^? -A\ I "^?c - -  . - - o "  c  c  o J
u ( n ) ) t "  " ( p )  ,  $ = L *  

-  v -  
o--o o

I f  X is  an arb i t rary  semisaturated set  then for  an arb i -

t rary  subset  A of  X there ex is ts  a Bore l  subset  A1 of  X. '  such

that

. A ,
B A = B  

I

From the above considerat ions we get  that  the fami ly  of
A-

m e a s u r e A l [ f , t * = { t * ' ) *  i s  s t r o n g l y  c o n v e r g e n t  a l o n g  t h e  b a s e  o f

u l t ra f  i l ter  S to  a measure 7 on x . ,  such that

arfx ?, arfx t
h = { f *  * ( 1 - q )  , l t t - - " ' = d f *  

+ ( 1 - { )  * - ' o r- ^o .'o ^o --o

'The  p roo f  i s  f i n i shed  i f  we  use  Lemma 1 .

Theorem 3.  I f  the base $ of  u l t ra f i l - ter  on X converges

A

. to  *o then the f  ami ly  ( t ; )  
x  

o f  measures on X is  s t rongly

A C A l  , ,  uot{"o?="o,t  
I"ot  

"



convergent along fro a measure ) of the form

)  = P t *

Proof .  From the re la t ion t }  <> and us ing Theorem 2 we
^o

o ( .

get

^A = {  6 -  +  (1 -0 ( )  t l ' [ "o t  EA =Et t *  +  (1 - ry ' )L
^o *o ' exo ^o - ko

), ={qo. {=ft tf}

rf xoeb (A) obviously we have h =t*o

o ,
Let  now 

' lL*  
be the set  o f  a l l  bases of

o
which converges to  xo.  For  any subset  A of  X

G  -  f i r
u l t ra f  i l te r  $  f rom"LL*  we denote  by

o

equal  1  i f  xoeb (A)  and equal  wi th  the unique

o1g  f  0  ,17  f rom the  decomPos i t i on

^A =n€xo (1-o()

where  ?  i "  t he  s t rong  l im i t ,  a long  Lhe  u l t ra f i l t " t $ ,  o f  t he

o-o't*o,=1=#
.^  a*e{  

"A""J Td, ' -o

a(-;
-r

the

u l t ra f i l t e r  on  X

and any base of

posit ive number

coe f i c i en t

r - A

o

er fx  1
(4-o( ' )  L 

'  o 'S (4-o{ ' )  E
o o

and there fore  i f  LA\ [xo3 l€x  we have o( ' (
"o

Hence i f  we suppose Lhat  
"6 f f  

ta t  then q '< i  ,  ( , ' (  * f  and

therefore

fami ty  ta l l *  i r  x5f  b(A) .
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Theorem 4. For any qqbsg-! A of X a3d, gny. *e ighbot"tlhood U

' of x^ we hqve *joilu gor-aqy W*o  __  -_ . -F  g  d *wxo

Proof .  Obvious ly  we may suppose that  A is  Bore l  and

f  ine ly  c losed.  ,The re la t ion oq}={U is  obv ious i f  xgb (A)  and
f ' f ,

therefore we may suppose that x6fb (a) . Let 5L?& and let U' ^ o

be an arb i t rary  neighbourhood of  xo.

Consider ing the measure { }  *L l "u we may choose an open
^o ^o

neighbourhood V of  xor  VcU,  such that  e l  .a l ]U(Vrv)=0.  I t  is
'o ^o

obvious now that  for  any fami ly  (Ur) ,  o f  un i formely bounded

measures on X which is  s t rongly  convergent  _to a measure U on

X  and  fo r  any  subse t  M  o f  X  fo r  wh ich  ppM)=O 'we  have

l i m  u .  ( f  . 1 , , ) = p ( f . 1 ^ . )
i l - I q 1 4

for any bounded and conLj-nuous function f on M. Using the

property (B-H) 
Z , for any xe,V we have

e l"o=al /7* tef;/ 
"r' 

Anv

and therefore for any element p efo *. gqt

d"on 
(xo) +,t-fo) eA^vp txo) =$.p (xol + tr-Elr '{nu*}" +

+ r i m J -
V  " C V

eA"vpd rl=Sn (xo ) + ( 1 -$) 
[4"] v* (tlo I cv)o$Jtnt =

= 
ft 

(*o)n (1-S) eA^vP t*o)
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From the

qta,l

*J6.t  taking

nro \ /  i  o r r  q  ro  I  a t  iOn

AnU instead"  of  A we

we o"t afl=ot}. rn a simil.ar
'$- iy-

ol ' r t 'a i .  r*  Af lY=AA{\U 
and there*\-/ r, L cr J. r r vbF 

.F.

T' 
'5'

AftU ,.4fore at
.I

' )  + l r a r a  i  c  . r t n  r r l  l - r a f i  l  1 - e r ^
/ - .  L I I \ t I g  J o  I L V  u l e r q r + r u u ' r -

s
Remark .  Fo r  t he  Par : t i cu la r  cases of  harmonic  spaces .or

balayage spaces the above theorem was proved by W.

i h  r  r r # h a r  r l i  f f a r o r r J .  r ^ 7 , a \ z
! l t  q  ! q u r 1 9 !

subset  o f  X  and i - f  x . *E -  t hen  the  fo l l o rv ing  asse r t i ons  a re
o -  A -

equ iva len t :

: l t raf  - i - l ter  f l  on C^ converging* ! .o
" v  

' b _ v
 A

o o a - c ; *
rhe fam' i  lv  o f  measures (EA) . .  is  s t rongly  conye.rge.nt  aronqi  3 t .

the , qgas.ure [,A 'i

f  on  C ,  conve rg ing  to  x^  and
J -  f I - #

rlansen tS l

Prooos i t i - on  5 .  Suppose  tha t  X  i s  semisa tu ra ted  and  the
-  

l :  , r 4

n n
pqir  (x,Y) sat iF! !g?.  axiom D i .e.  for  ? lY.*9P9I*sS!e G' t  ,  GZ

nQ 7-'--V--V-- l  " 2 .  "2 -  " ' l
s u c h  t h a t  G . u G . . , , = X  w e  h a v e  R  ' B ' = R  o B ' o  I f  A  i s  a n _ q f l r F g l y .

I L

x
o

to

suc-h that rhe fami ly of  meas--g5ss t f  l l *  is  qtrongly convergery!

?4

a l o n g S  L "  € x

r O
P r o o f .  o b v i o u s l y  1 ) : + 2 ) "  L e t  n o w  p c Y  b e  a  b o u n d e d  c o n -

t inuous funct ion on X such t -hat  the l inear  space generated by

the  se t  o f  i t . s  spec i f i c  m ino ran ts  f rom 9 t=  un i fo rme ly  dense

in the set  o f  a l l  bounded and uni formly cont inuous funct ions

o n  X .

I f  t he  asse r t i on  2 ' )  j - s  f u l l f i l - ed  then  we  have

A  .  ,  , i -
l - i m  s u p  e " b t * ) ( p ( * o ) .  I n d e e d ,  i n  t h e  c o n t r a r y  c a s e  t h e r e  e x i s t s

CASx.+xo
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i
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1 1

s t r i c t l y  p o s i t i v e  n u m b e r  s u c h  t h a t  g A p ( x ) ( p ( x ) - S  o n  v \ A .

6
an ultraf i l ter j ott Co convergj-ng to *o such that

t#  U l (n)=t*o(n)

. n
S i n c e  f o r  a n y  s p e c i f i c  m i n o r a n t  p ' e Y  o f  t h e  e l e m e n t  p

l im in f
n.- loo

we have

r im f - |  (p '  )s  1 l l  C* (p '  )  =p'  (xo )
w x y

we get

11* el  (p '  )  =€* (p '  )
y o

and therefore,  using the above considerat ions ancl  Lemma 1 t  we

deduce that the fami ly ( t l l *  is  strongly convergenf,  atong f ,

to the measure e u"o
Let now V be an open neighbourhood of xo and ret E ne a

We cons ide r  a l so ,  f o r  a  f i xed  po in t  x *eCA ,  a  dec reas ing

seq.uence of open ne j-ghbourhoods (Vrr) 
r,  

of A such that 
"9u'

V
and l im B'nP (xn )  =BAP (x*  )  .

n - )€  v  . / 1
Since e tqleAq for any nqN and any qef we deduce that

we have

l im nvnq 1x*  I  =nAq (x*  )
n -itc>()

- n
f o r  any  spec i f i c  m ino ra* *  Oe{  o f  p .  I t  f o l }owsr  us1ng  aga in

Lemma 1 , that the sequence (e;l) 
r '  i"  strongly convergent - to

the measr.tr" f  |* 
.  Hence we deduce

all tutz{. tvt



On the other hand, f rom the property (B-H) 
2 we haverfor

any neN,

a|. rn1= $nApaa]l< $nu e ll-$ { Il (vre)

sj-nce the measure el? t" carrj-ed by? v lsee ftl,ta)) we get

V V
A ^ ' n 6 ^ n

t ; .  ( e ) s  t * l ( p ) - 3 8 * ? t v ) ,

e  | .  tn )  < t l .  (p) -5  e | *  tv l  ,  t * | *  tu)  =o

-
Le t  r ro*  *  b .  an  u l t ra f i l te r  on  Vr \ (X \A)  ruh ich  converges  to

* o .  U s i n g  t h e  p r o p e r t y  ( B - H ) ,  f o r  a n y  y q V A l x r a )  w e  h a v e

tA  a fAnV*rA^(X\V)_ y ^ t ' * y " Y o

From the above considerat ions we deduce

C A a r a n ( x \ V )u y  4 " y  |  1

. A .
From Theorem 3 the fami ly  of  measures ( [ ] - )  is  s t rongly' - V '  V

convergent  ,  a tong S ,  to  the measure )  =  
6A 

*o*  (  1-  
%,*1"

On the other hand

*  (1- t , r lo)  (v) i l im inr  eI rv4ty3{  u}" (x \v)  (u)  =o

n A
H e n c e 4 = O , e *  l t :  , 7 = t ,

s x o ' X o : * o

Theorem 6 .  I f  X  i s  semisa tu ra ted  and  the  pa i r  (X ,9 )  sa t i s -

( q(.t*
s o

f  ies ax iom Do then for  any subset  A of  X and any xoex we'have



1 3

t fts--?t",J'{ '''l e?{*J=&,r l

v

and for rno$a-ll , ,,{*L L o, r ] is such that the
^ o J

"' l *j l
* T

. \ A

wfrere]C- . "  is  the set  o f  a l l  u l t ra f i l ter  on X converg ing to  *o

f amily talf *

. to theof  measures  on  x

.  A ^
m e a s u r e d * - f *  *

'T --o

is  stronglY convergent,  afong $
] \ 7 \

( 14 ' ) g ;
T ^ o

Proo f .  W i thou t  l oss  o f  genera l i t y  we

and  f i ne  c losed . .  The  asse r t i on  i s  obv ious

c i se l y  i n  t h i s  case  we  have

I *f ls"xt"J=l I '
AIso is  xoeX\E we have

I dtfdz{*i 
={o 1

Ie t  xoe?A and suppose tha t  there  ex is ts  c (oe  (0 ,1 )

that for  r 'v$*?, |  
"  

the fami ly t f - | t*  of  measures on X is

strongly convergentoalotrg f  to the measure:  c(  ,  *o 
(1-r{)SX

may suppose A Bore l

i f  x -e  b  (A ) :  more  P re -o ,

such

where & No.  f  n  th is  case for  any bounded cont inuous generator

- t op of J' *. have

^ A .
l i m  L *  ( p ) * ( P  ( x o )

.I

T

Hence there ex is ts  an

for any xev we have

A

+  ( 1 - r ( ) t ;  ( p ) l x o p  ( x o )

open neighbourhood

* (r  -x^ ) f  3 (p)
V A o

V of  *o such that

t lnloron (xo) + (1 -do,t l"  (P) = : P
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and such that for any x*V we have n (x)> p

Let  us denote

v*=[xeV[e] tn, t  f l  ,  v-=1"*vf  e]  tp)  a F ]

.  Obvj -ous ly  we have V=V; !V-  ,  V*nV-=@, V* opent  V-  f ine ly  open

'  
and x^€V .  -We remark that  the f ine c losure of  the set  V \A' ^o -  ' -  -

I
conta ins V .  Indeed in  the contrary  case the f ine in ter ior  o f

:  
the set  V jA is  non empty and therefore in  any f ine- in ter ior

poj -nt  x  of  the set  V AA we have the contradic tory  re la t ions

P <  p ( x i  = B A p ( x )  < f  .

First we show that for uny fefu*o such that v-e$ we have

t'# "3 
(x) =rlo (p)

be suff ic ient  to consider that  v- \AeT " Also for  any x(v-

we have

el.ru.)=0, *:u. '"k e l" tu., .EI-
V ,  _ F

and on the other hand the measure I  **  
is  carr ied- by Vfrv*

and therefore by the f ine boundary of  V* which is contained

in D V. But using (AJ, Proposi t ion 1 .4 we deduce that

L luu*u 
cv 

1u) s t lucv ,r, for any Borel subset u of E v and anv

xgv_. Hence

AW*VCy AUC-, AUV+\ICV .A'CU
L x  

-  u - t  
L *  

u  
'  g x  '  ' - L *

for any xEV_

i . e .  d *A=0 .  Us ing  the  p reced ing  rema: : k  i t  w i l l
f,
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obv ious ly ,  s ince  t ]  t nXp  =dop  (xo )  +  (1 '0 (o ) t l  (p )  f o r  any
o

. A
xeV_ \A  we  deduce  tha t ' { * "So<"  and  the re fo re ,  us ing  Theorem 4 ,

f

we have

, A[rviuc,, .AUcn, 1^ S  -  " 4 * .  Y = % k d o 4 1
v 5

t for any g€ft. 
x_ such that v-\ A+5. since [-\ [=f,\ (Avv*vcu) 

- 
we

,'o 
AnCrz

conc lude r  us ing  P ropos i t i on  5 ,  t ha t  t he  fam i l y  (€x  o )x  o f

:o

cr
.  measures on X is  s t rongly  convefgent ,  a long t  ,  to  Lhe measure

AUC-_
t ; - -u.  using again Theorem 4 we deduce that for  u"v$*?y'*

with v- \AgT *"  have r i ry  BAp(" )=r l  (p)  ,  o{  A=i l

T " o s
Now, we show that for unyfia-' l j-* such that v+\A*$ trt.

o
fami ly  t t l f  *  o f  measures on X j -s  s t rongly  convergent  arong F

to the measure t  *^ .  
S ince xoeV_ obvious ly  we have

o

AUV
I im f . *  

-  
(p )  =p  (xo)

;-)xo

x€V*\A

On the other hand, for any xEV* r  w€ have

A U V  -  V \ A
t  o A e -

d L*?x

and therefore,  for  our  purpose,  i t  w i l l  be suf f ic ient  to  prove

that

AUV
l im 8* 

-  
(v_\  A) =o .

x-)Xo

xGV*\ R

( v )  p  e 9
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o
Let  p be a cont inuous bounded generator  o f  J  such that  the

l inear  space generated by the set  o f  i ts  speci f ic  mj-norants

t l )
f rom J is  un i formly dens{  ln  the set  o f  a i l  bounded and uni form-

ly  cont inuous funct ions on X

r ,et  E:0 be an arb j - t rary  pos j - t ive number.  S ince

. A  A  A

-_ _1i*-  ef  tn) :83(xo)=:b ana efr(x)> a>b on V*,  changing eventuaty
Vj xl xo-'  r

V,  we may suppose that

S l r r ) ) a p ( x )  o n  v *

e  I  t n l  <  (b+51p  (x )  on  v -

Wi thou t  l oss  o f  genera l i - t y  we  may  suppose  p (xo )=1  .  S ince  xoeV-

then we have

AgV
lim 

r '

* - ) *o *  
=P (xo I

and therefore there ex is ts  a neighbourhood US of  xo for  whj -ch

we have

We remark now that for any x€V*\A and ?ny closed subset

F  o f  X ,  FcV-  the re  ex i s t s  an  open  subse t  Dg '= :D  such  tha t

{  n  t " )  -p  (xo) l  (3  on  v

AUV

\  P d € *
* v

FcDcDcv r[*1,-f nu*]"u? f nutovv-uo* S
A  

x  - c ' A  x
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I ndeed , leL  us  cons ide r  a  c l -osed  subse t  H  o f  A  such  tha t '
A AUV
I  p d t . - -  

- 1 , 6 / z , l e t  
G  b e  a n  o p e n  s u b s e t  o f  X  s u c h  t h a t' A t H  x  s

n<6cGcV\ (Hd [x l )  and  l e t  (D ; )  be  a  dec reas ing  sequence  o f  open

subsets of  X such that

Noting Dr.=AvV_v (CnOi) we have

convergent  to  the measure [ ]erv- .  Tak ing f  :X*e f  0 ,11 a cont inuous

funct ion on X such that  f=1 on H,  f=0 on G we have

using lA] ,  Proposi t ion 1 .4  we have

D AUV
t  * t ( u ) 5 l *  

- ( M )

A'v <-Dl for any n€N, rim [nul]i= f nu[l.u-n  n  J -  x  J -  x

D ^ A U V
lim [ '  t .  pdf  n= [  roa

- - \ r - X J - Xn-  oa

fonueluu--.fo nutl2 {..nnut:"t--{."nael"t 
* 1f patAuu-{n.uro*"r '

^ D f A U V
I im I  pdf - ,n= \pat . .

J '  
- x  

J '  x

and therefore the sequence d:" ) r ,  o f  measures on x  is  s t rongl1,

fo r  any  Bore l  subse t  M  o f  X rMeX\GcX\D '  and  the re fo re

rim f nuEo-t= lim ( ,nugo-"Jnutl"u- ,
n -+oq - II 

x It -+o<r JH 
- -x 'H- x

Pue 
th'?(q
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We choose D=D€":  =GUDr!  for  a  suf f  ic ient  large n such that

Let  now xe(Vn\A)nug ,  le t  F be an arb i t rary  c losed subset

of X, FcV_\A and let D be an open subset of X such thal

I f  we denote

AUV A\,V \I D

u= t  ,  \ )  =L' x x

then us j-ng the propert ies (B*H) .,  and (e-H) 
2 we have

S "nuelu--J" 
butl". $

FcDc6cvr{"_1, f;ue**u--fo nu{"u-'o< S .

p= g{ a.rv-* (vl 
"* 

(auv_) ) 
otu-

. f  parouu--  S t :u-(p.18,)ds =
JF'  x  x i (auv-)  Y

(  u:uu- (p.1p)uv.,J ulut-  (p.1n)avs -J.  -pa/+f pap ,
J u * l . o  Y  -  r  5 v  Y  -  r  - u * . o  

? v

( 1 )  J p u u r S  p a j + 5  ,
F V:A'r

From the re la t ions

f  |=p/an (u/* ,o)  o,  
L|=fzo* t  f / * .o)  A
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we have

J nau.. E o* {eAp {*r -{nan

< ) + { J n d u + , ,  
u r o  

- A  v \ A

0  s f
I f  F was chosen such that )  pdp Cd +J pdp then

V \ A  F

nf t*l =$eau* S nAparr=f pai,* J e$ap* Juonuu tr  A  X \ A  - A  V  \ A  ? V

n f -
(21  s "p  ( " )<  J  pdp+ (b+)  I  \  pdp+ c )

A  V  \ A

( 3 )  e A p ( x )  Z S n u v - J  e A p d r 2 [ p a s * ' S  p d c
A  V , \ A  ?  V , \ A

T h e  a b o v e  r e l a t i o n s  ( 1  )  ,  ( 2 )  ,  ( 3 )  g i v e  u s

^ u*E I pdrrs S tr . lrJ rno*  
-  

T ' i o

(r q! S _pau sg rz. lr*  
V- \A

The .rrr*U"t 5 being arbitrary we have

r im S nug:uu-=o r l im r :"- (p) =p (xo)
V+\ A) x-) xo v-i a- x ' 

v*. Alx-)xo x

Obviously  we have

A\,V

. r i m  t *  
- ( p ) = p ( x o )

b (A)3 * -+xo A
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and therefore

The proof  is  f in ished s ince the f ine c losure of  the set

v * rb  (A ) \A  coo ta ins  v+ .

In  the last  par t  o f  th is  paper  we show that  i f  the ax iom

Do drop then the asser t j -on f rom theorem 6 drop a lso-

fndeed le t  uS consider ,  for  instance,  the uni t  d lsk U f rom

) ^ @
R'and the  subset  A  o f  u  o f  the  fo rms o=V, l ] . x , . t . - i l  where  (u t )L

K = l

i s  a  s t r ic t ly  decreasing seguence of  rea l  numbers f rom the

in te rva l  (Or f ]  o f  t he  rea l  l i gae  such  tha t  t he  se r ies  o f  f unc t i ons

r.}'6, / ,

€  - L c F 6 , , Q t " i l  j ^)  Dq , , . .  ,  i s  convergent  a t  the  po in t  z=0-
h - I

We reniark that  the set  A is  th in  at  z=0 in  the same t ime

wi th the 
"s1 

LJ fa l<,  r t * t l  for  any neN.  On the other  hand we have
R,/n

AUV
l i m  t *  

- ( p ) = p ( x o )

V+t", b (A) \ Atx-+ xo

r<- f.u, rk. .f Y- leo ' 4i"-' J
t >-I- n., *tof-t ' , 

" 
ot" ' '  

, co)
Kzn

for  n  suf f ic ient ly  large and therefore the set  L- /^  l - tU '*U-Jt=
K2n

th in at  z=0 and consequent ly  the set  A is  aLso th in  at  z=A '

We denote by s  the posi t ive superharmonic  funct ion on U

g i v e n  b y  
" , = e 1 .  

S i n c e  A  i s  t h i n  a t  z = 0  w e  h a v e  s ( 0 ) = e ? ( 0 ) < 1 .
l - l

We choose  two  rea l  nunbers  Y l  rT -1  such  tha t  S ' t o )< r ,< r r {1  and

we denote bY 14 the set



z l

We cons ide r  now the  H-cone  o f  f unc t i ons  S 'on  the  se t  U \M

given by

e A

where Y* (U)  is  the H-cone of  a l l  pos i t i -ve superharmonic  .  funct j -ons

on  u .  obv ious l y  ,= "Y too  on  u \M and

" t="otef t la t  
- 'Bt  on u\M

n

where 'B i  means the balayage on the set  A in  the new H-cone of

funct ions S '  .  From the preceding considerat ions i t  fo l Iov, rs  tha l

1a
i f  J  i s  an  u l t ra f i l t e r  on  U \M wh ich  conve rges  a t  z=Q we  have

Y={xeuf  r . ,1s  (x )$  rz  T  .

s,= l "ut to. l  . * f l tur  ]

:\

Lim
"€T

'"t=t6 
"feF 

(o ) ,r,,l u 1}., ,t I

and on  the  o ther  hand there  ex ls ts  S '  ,$  "  u l t ra f i l te r  on  UtM

f o r  w h i c h  l i m  ' e * = s  ( 0 )  ,  l i m  ' 8 1 = 1 .

v ' ' T ' t '
So the asser t ion f rom Theorem 6 is  not  t rue for  the s tan-

da rd  H-cone  o f  f unc t i on  S t  .
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