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on Quasi-simitarity of contractions with Finite Defect Indices

GELU POPESCIJ

Departmerlt of Mathematics, INCREST, B& Pacii 220,

7 9 6 22 Buchares\ R ornonia

Necessary and suf f icient condit ions are obtained, under which two c ro contractions

with f inite defect indices and the same Fredhorm index are quasi-similar. some invariants

under quasi-similari ty and some examples are given'

Finally we point out some consequences of the main result of this paper'

O. INTRODUCTION

For those cro contractions T on a Hilbert rpu." H for which the defect indices are

finite (dr < -, dT* 1-) and d, - d1x = -1, a complete invariant under quasi-similari ty has

been obtained by V. I.  Vasyunin and N. G. Makarov I l ] .  (For the terminology see Section l ' )

I n t h i s p a P e r w e f i n d n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n s u n d e r w h i c h t w o C ' o

contract ions T1 '  T2 wi th  f in i te  defect  ind ices and dr l  -  dTi  = orr -  or i=  -k  (k  = l '27" ' )

are quasi-similar. we point out some invariants ,nd", quasi-similari ty of such kind of

contractions and we give some examples proving the existence of c-u operators which.are

not quasi-similar (for k = I see IS, l ]) '

I n S e c t i o n 3 , a s a c o n s e q u e n c e o f t h e m a i n r e s u l t o f S e c t i o n 2 , w e f i n d s o m e n e w

necessary and suff icient condit ions on a contraction with f inite defect indices in order to be

quasi-similar to a unilateral shift '

.-  Finally, our results give the possibi l i ty to add some new equivalent condit ions to [11'

T h e o r e m 3 ] a n d I l 2 , T h e o r e m 2 ] i n t e r m s o f t h e m u l t i p l i c i t y o f t h e o p e r a t o r s .

I. PRELIMTNARIES

I n t h e f o l l o w i n g a l l t h e o p e r a t o r s a r e a c t i n g o n c o m p l e x , s e p a r a b l e H i l b e r t s p a c e s . T h e

main reference is the book of Sz'-Nagy and Foias [5] '
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Recal l  that  for  operators T,  anc l  TronHl  and H2,  respect ive ly ,  r t | t r ( resp '  Tt<T2)

denotes that there exists an operator X: i1, -+ H2which is injective (resp. has dense range)

such that XT, = Tzx. If  X is both injective and with dense range (calted quasi-aff inity), then

we denote th is  by T t1TZ.  
T I ,  

T?are quasi -s imi lar  (Tt  -  T)  i f "T LAT2and 
Tt4 'T '  For  at r

operator T on H, let p, denote the mult ipl ici ty of T, that is the least cardinal number of a

subset  M of  e lements in  H for  which A = V Tnl l .  Note that  i t 'T  L<Tzthen 
pt  

,Z ' r r '
ft;O

L e t T b e a c o n t r a c t i o n o n H . T h e d e f e c t i n d i c e s o f T a r e ' b y d e f i n i t i o n ,

d". ;rank0 - f*f)* and dr* ; rar 'rk(I - TT*)*. I f  d, ( - and drx ( o then T is a Fredholm

I

operator and the Fredholm index ind T is equal to d.5 - dTn'

Recall that T e cl. (resp' c.t) if tnrr # 0 (resp' T*nh J* 0) for all h t 0;

C l l  = C t .  n  C . r .  F o r  e v e r y T e C l .  w e h a v e d r ( d 1 x .  T e  C 0 .  ( r e s p . i . g )  i t  f n f '  + 0 ( r e s P '

T*nh +  0)  fo r  a l l  h ;  C lo  =  c l .  n  C.0 '
? ?

Let C be the complex plane. For a posit ive integer n, let Ll and H' denote the

standard Lebesgue and Hardy spaces of c=varued functions def ined on the unit circle 3 ED'

We wil l  ur" , ," i t , ,  to denote the argument of a function def ined on ! B and for an analyt ic

function, we wil l  freely identify n(eit) on the circle with i ts extension to the unit disk h(tr)

(see [2]).

2, THEQUASI-SIMILARITY OF C-k COr'ITRACTIONS

Let  us def  ine for  k  = l r2r  " '

C -k  =  {T  e  C1g ;  dT  (  - ,  d1x  (  . " '  i ndT ;  - k } '

Note that lp e C-p, where 5U denote the unilateral shift  on Ufl '

F o r T e C - k a n d d r x = o w € h a v e d r = n - l ( a n d w e c a n c o n s i d e r i t s c h a r a c t e r i s t i c

function o acting from cn-k to cn. Therefore o is an nx(n - k) matrix over H*' since

T e Cl0, O is both inner and x*outer function (cf. Prop' 3'5 in [5, Chap' vl]) '  The functional

) - ?

mo.del  o f  T is  def  i r red on a(O )  = H;O 0 Hi - t  by

Tuf  =  Rro , r r te i t t ) ,  teu(o) (2 .1 )
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where Pff (O) denotes the orthogonal projection from Hl into H(O)'

Let {"i} l ir be the standard base of Cn' Since 0 is inner its

isometries a.e. (cf . Prop. 2'2 in[6, chap' V']) we have (see [8]):

values O(elt) on 0D are

' l  : :

i ,

where o runs over

{ 1 , 2 r . . . , n } , a n d

0 o  =  d e t , " r ,  . . ,  e r U , O ) .

0 is a *-outer function and from Theorem on

greatest common inner divisor of {OJo.tn is

f i o f = r ,
o

where Of,stands for the inner part of 0o '

We start by proving the following two preliminary lemmas'

LEMMA 2- L- For t, e frl the equahtY

det (f Lrf Zr.. . , 
fk, 0) = 0

. t  -  - - 2

holds for  any f  2 , . , , ,  
fk t  n i ' f  and '  on ly  t f  f  t  

e  0Hl-* '

PROOF. ((:) is obviouslY'
i + .

(={)  Taking f  z,  " '  ,  fk '  { " r }Lr we infer that  rank ( f  , (e")) '

on  aE) .  Now s ince  ranko(e i t )=n-k  a .e ,  on  aB i t  fo l lows tha t

combination of the columns of the matri* O (*it) a.ej. on 3 E!, in other

- 2
I  e  Ln-k '

From (2.2)  we

on a set of Positive

For anY sucho

I  loot"i*) l '  = I a'e' on 3H],
o

the  se t  r [  o t  subsets  o  =  { i1 , . . '  , ip }  ( i l  <  i2  (  " '  (  i k )  o f

(2.2\

th: set

(2.3)

Outer Functions [3,

the constant inner

(2.4)

g ( " i t ) ) = n - k a . e .

i +
f  , (e" )  is  a  l inear

words f  1  = Og wi th

On the other hand

p.2l l  i t  fol lows that the

function, .that ist

Q .5 )

deduce that there exists at least oneoe f I  tor which Oo{"it) is non-zero

measltre and therefore a'e' on 3 D'

=  { i 1 , . . . ,  i t }  we  app ly  the  ma t r i x  t " r ,  "  ' e i k  o )  t o  t he  equa l i t y

f  ,  =  ( e ,  , ,  " , . ,  " r , , , 0 )  
( 9 , , ' -  , 9 ,S ) '

^ k-t imes
("1" standing for the transposed matrix) '
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and we obtain g = o;l%., fu. H:_p. Thus, on acccunt of (2.4) and applying a lemma of [5] we

deduce that g t n|-0. This completes the proof"

LEMMA 2- 2.1f T = T6 t C.0 is such thct d1x (  @cnd indT t  1 then op(T*)  )D

(o'Ostcnds f or the point spectrum )'

PROOF. Setting d1x = n and ind T =

t h a t  t h e r e  e x i s t s  o = { i l ' . . . '  i U } e f [

V .  =  d e t ( e , ' e ;  : . . . ,  € i -  r 0 ) ,  i  =  1 1 2 1 "  . ,  n '
l r r 7 . . k

the function f(eit) = (l - ),"it)-tU(tr-)" is an eigenvector corresponding to the eigenvalue tr of

r *r o '  ' 1  )
It is sufficient to prove that f I oHl-k. For any rt e Hi-r and tr € D we have

o h r ( l - t r . " i t ) - l y ( l ) * < : ) ( 0 h ) 0 ) r v ( l ) * ( : ) d e t ( 0 0 ) r r ( l ) , e i ,

which is obviousl y. The proof is complete'

Before stating our main result, let us define for the model contraction To t c-k

(d-+r. = n) the following set of inner functions:
r t j  .  ) ,

A  o  =  { o e t  ( f  
l ,  . .  . ?  t u , O ) i ;  f  l , ' ' ' ,  

f u  e  H 4 '  Q ' 6 )

v  - -  - - ^ + - i . ,  ^ . ' a r  
o o

Consider ing TO € C- fo (df t  =  m) we set  AO JA6 i f  there ex is ts  an mxn matr ix  over  H

- ?

such  tha t  f o r  anY  f  1 , . . .  '  
f t  t  H l

o" t t t r , . . ' . ,  t u ,o l i  =  o ( f  1 , " ' ,  f u )de t (Y f  ' " "  
Y fp 'Q . ) i '  ( 2 '7 )

where p( f  
1 , . . . ,  

fk )  is  a  non-zero inner  funct ion '  Here we admit  that  0 l  =  0 '

The main result of this PaPer is the fol lowing

THEoREM 2" 3. I f  Tg,Tq e C-u then

d v
ru< ra <-> To{ Tq (:)  A o c ^ o'

The proof of this theorem wil l  be done in two lemmas'

LEMMA 2 .4 . I f  Tg ,Tq  e  C-u  then

d v
f 6 i r q  : 1  T g 4 T o : )  A O  ' d Q '

-k  (k  = I ,2 , , . .  )  we have as in  the prev ious lemma

s u c h  t h a t  0 o 7 0 .  P u t  V  = (  
I , . " , V n ) ,  

w h e r e

Obviously V 7 O, Let us show that for each tr e I}



d e t ( f 1 , . . . , f k , O ) # 0 .

Indeed, if det (f y|,,2t ,. . , Sp,O ) = 0 for every 8zr'" , 8ke nl tr '"n' according to

Lemma 2 .1 ,  we in fe r  tha t  f  ,e  On3-0 ,  con t rad ic t ion .  Thus ,  there  ex is t  g r , . . . ,  gke  Hf r  such

t h a t  d e t ( f  y 8 2 t . . . : 8 p , 0 ) / 0 ,  w h e n c e  d e t ( f  1 , f 2 , " ' ' f k ' o ) # 0  
f o r  f i = P r ( o ; 8 i '

i = 2 r . . . r n .

Now let X : H(g ) * H(A ) be an operator with dense range intertwininS To and Tq.

F o r  f l , . . . , f U e  I { ( O )  w i t h  d e t ( f l , . . . , f k , O ) + 0  l e t  u s  c o n s i d e r  t h e  f o l l o w i n g

subspaces: 
pr pp

n r r , , . . . ,  f k  =  s p a n t r i l r l , . . . , T ; n f o ;  P 1 , . . . ,  P p  )  o )

'  
H  ;  s p a n t r f  l x t l , . . . ,  r f u * t u ,  p r , . r . ,  p p  )  0 ) .
" X f 1 , . . . , X f k

obviously nrr , , l . ,  f t  
( r"rp.  Hxf 

1, . . . ,  * fk)  is  an invar iant  subspace of  Tg (resp'  Tq) '  Note

that

PROOF. First we note that if f , e

" r ' '  
"  

" o@o 

H3 -P  =  c l os  { ( f  1 ' ' ' ' '

where P(Cn) denotes the set of al l  polynomials

H(o)o  n r  
r , . . . ,  f k  =  u f io ( r t '  . . .

c- ) -

H (O ) ,  f  , 1  0 ,  t hen  the re  ex i s t  f 2 , . . . ,  f ke  f (0  )  w i th
. I

x * ( H ( o ) O  H y r  .  x r .  )  c  H ( 0 ) O H + . -  - . . .  f , .. t 1 r . . . ,  ^ t k  r l t  "  ' ,  r k

*-*By a theorem of Beurl ing we deduce that

(2.s)

fk, 'o)P(Cn)] = (f  1,. . . ,  ru,o)iHfr,

with values in Cn. Hence we obtain that

,  f  k , o l i n l  =  H ( ( f  t , . . . ,  f k , o ) i )

and analogouslY that

H(o )OHx f  
1 , . . . ,X f k  

=  H lo ( x f  1 , . . . ,  X fp ro l i n l  -  H ( ( x f  1 ,  "  ' ,  x f k , o ) i ) '

We have also that

t l  
1 n t A l , . . . , f k , o ) i )  

=  T t t r , . . . ,  f k , o ) i  ;  T t  
l r i ( ( x t I , . . . ,  x f k , o ) i )  =  T t x t t ' . . . ,  x f k , o ) i '

The relation (2.8) shows that the operator

* r r , . . . ,  f k : =  X x  
l a t t x r l "  " ,  x f k , o ) i )
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ac ts  f rom H( (x t l ,  .  .  . ,  x fk ,o  1 i ;  to  H( ( t l , " ' '  fu 'o ) r )  and

* r . , . . . ,  t o T t * r ' , . . . ,  x f k , o ) i  =  T t r l , " ' , t u , o ) i  
] t r "  

"  '  '  f k '  Q ' 9 )
- l

S ince det( f  I , . . . ,  
fk ,o)  *o i t  fo l lows t r ra t  ( f  

1"  "  '  fk 'o ; i  i '  inn" '  f rom both s ides '

Therefore Tf r. - - .  .  ,  fk,O )i  
'  COO and hence to the class CO (cf '  Thm' 5'2 in [6' Chap' VI]) '

t '  
l ,

We prove now that KerX = {0}'  Indeed, otherwise there exists f l  t  H(O)' f t  f  0 such

t h a t X f , = 0 . T h e n t h e i n j e c t i v e o p e r a t o r W t f i n t e r t w i n e s t h e o p e r a t o r sl r .  
. .  t  t k

r t t r , . . . ,  ru) '  e  co and r tx fz , . . . '  x fk 'or i '  Th is  is  imposs ib le  s ince by v i r tue of  Lemma

2.2,  oo(r t * r r , . . . ,  x fk ,o) i )  
3  D whi le  oo(r i r ' , . . . ,  fk ,o) i  7  D (see Thm'  5 ' r  in  [6 '

Chap. l l l l ) .  Thus  X is  in jec t i ve .  In  par t i cu la r  fo r  f  1 r " ' ,  
f keH(O)  w i th  de t ( f  1 " " '  

f k 'o )  *0

it iollows that det (Xf 
1r . . . , 

xfk'o ) * 0 ano as above ti*t 
r, . . . , 

Xf p; o;i e co'

Le t  us  denote  ayK t ' , . .  . ,  ,u 'n "  space c los  XxH((x f  t t  "  "  
x fk 'Q) i ) '

Taking into account (2.9) i t  is  easy to see that Kf 
1, . . . ,  

,U "  
an invar iant  subspace of

1l t  . i  andt  ( f  
1 , . . . ,  

f k , o ) '

T t x f  
r , . . . ,  x f k , o ) i  <  T t x i r , .  " ,  x f k ' o ) i l K t r , . . . , f k

' : i

Since both these operators belong to the class

l) and the detenninants of their characterist ic

Therefore, we have Proved that

d e t ( X J 1 , . . . '  x f k , o ) r

On the other hand since XT, = TO X'

@

matrix Y over H* such that

Cor theY are quasi-similar (cf '  U' Corol lary

functions are equal.

d iv ides det  ( f  
l ,  .  

.  .  ,  fk ,o) i '  (2 ' lo)

by the lifting theorem 16; p'2581' there exists an

m x n

i i

? ' ( ' ' t t)
X =  Ps (o )Y ls (o )  and  YoH; -kc  0H l ' - r . '

Fo r  f  I , . . . ,  t ue  n l  w i th  de t ( f . 1 , .  . ,  f k ,o )  #0  we  have  
. i  ( z . to )

de t ( f  l , .  . . ,  f k ,o ) r  =  de t (Pg(o ) f t , ' ' ' ,  PH(o ) f t . ' o l r . r i ,

=  p ( f 1 , . . . ,  f k ) d e t ( X P H ( O ) f t "  " '  X P H ( O ) f t ' O l ^  =

=  p ( f  1 , . . .  ,  f k )  d e t  ( Y f  
1 ,  " ' '  Y f P ' O ) "
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where  p ( f  
1 , . . .  ,  f k )  *  O  i s  an  i nne r  f unc t i on '

F o r  f  l , . . . , t u e  
n l  w i t h d e t ( f  l , '  

' ,  f k , O )  =  0  i t  f o l l o w s  t h a t

det(Pg1g) f1, . . . ,  P l l ( ' ) fk ,O)  = 0.  S ince X is  in ject ive we in fer  that

C e t ( X P ' ( O ) f t , . . . ,  X P r i ( . ) f k , O )  =  0  w h e n c e  d e t ( Y f 1 r  " ' ,  Y f k ' O )  =  0 '

Y
Therefore Ao t A, and the proof is complete'

COROLLARY 2. 5. I f  T O, T0 . C-O and TO - TO then Ag - AO'

We are going to prove a statement which completes the proof of Theorem 2'3'

Y
LEMMA 2.6. l f  TO, TO . C-k is such thot A, 

'  
AO t then TO(TO'

PROOF.  As (z .7 )ho lds ,  we  i n fe r  t ha t  f o r  anyo  =  { i 1 , ' '  ' ,  i p } ,oe  f } ,

i
o ! =  d e t , " , ,  . . ,  

" i k ,  
; i  =  p ( e , 1 , . . . ,  e t u ) d e t , " e i t  " ' ,  Y e , u ' O ) i '

From. Q.4) it follows that

n de t (Ye l r  . .  . ,  Yep ,O) t .  =  I

o  =  { i i , . . . ,  i p }

' x l

and according to the Theorem on outer Function 13, p.Z|l  the matrix (Y'0) is outer, whence

we deduce that

P"to lYHi is dense in H(a ).
?

f r = 0 h 1  h e H f i - U .  F r o m  ( 2 . 7 )  a n d

det (Y0 hrg . ,  . . ,  8p ,0)  =  0  fo r  an !  $2 t " ' ,  8k t  H3. '

Using Lemma 2.1 we obtain Y0h e t  n l -u,  therefore

Yo Hl-k: o 
"1-r..

Let us show that

Ker (Y,o )= oufr-uOHl-r..

For this, let t, e r-rl such that Yf , e t nl-U'

det  ( f  Lr f  2r . . . ,  fk ,O)  = o for  any f  z r  " ' ,  fUe r - r l '

Using Lemma 2.1 we deduce f ,  e 0 
"3-u, 

therefore (2.14) holds.

Let  us def ine X to  be PA(O)YIA(O).  S ince the re la t ions (2 '12) ,  (Z 'L?) '  Q ' l4)  ho ld '  the

Now let (2.t2) it

(2.12)

follows that

Q.L3)

(2.r4)

From (2.7) we have



- B -

argument that X is a quasi-aff inity and satisf ies XTt = Tg X is straightf orrvard.

The proof is comPlete'

coRoLLARY 2" 7"Let T, e c

Then S, 1t ^ tff there exists
K V

outer function

PROOF. setting o = 0 and n = k in Theorem 2'3 we find that st(To if there exists Y

as above with the property that for any f1" " '  fUe Hfl

de t  ( f  
1 , . . . ,  

fp ) i  -  p ( f  1 , "  ' ,  
f k )  de t  (Y f  1 "  "  '  Y fk 'o ) r '  (z ' t s )

s ince  de t ( y r r , . . . , y r k , o )  =  de t ( y , o )  d " . ( l l ' : : : l [ T ' l )  =  o * (Y ' o )  de t ( r 1 r  " ' r  r p )  t he

re la t ion 
. (Z. l i ) is  equiva lent  to  p( f  

t , . . . ,  
fk )  det (Y,O) i  =  I  that  is  p( f  

I '  
r  "  '  fU)  is  a  constant

inner function and det (YtO ) is an outer function'

In what fol lows we shall  define the i-spectrum (i = 1,21. . .) of

being the comPact set

o1(r)  = 
t?r ,o( t "1r , . . .  ,  , , t1"1, , . . .  ,  , , ) '

an operator T on H as

w h e r e ( f ) r = 1 t l , . . . r f r ) r u n s o v e r a l l i - t u p l e s ( f l " ' ' f , ) o f l i n e a r l y i n d e p e n d e n t v e c t o r s t n

H and H, * is defined as in the proof of Lemma 2'4'
r l t " ' '  r i  

n  i n  [ 1 ] .  I t  i s  easy  to  see  tha t  i f  F1  =  k
F o r i = I w e f i n d a g a i n t h e f o r t n u l a f o r o , E i v e n i n L l J . l t l s e a s y

thenou(T) = 0. Now if T = To , c-k then taking into account the proof ol Lemma 2'4 we get

Q. t6)

_O be such thct dr* ; m.

on mxk motrir Y over 11- such that det (Y,O) is an

o, (T)=  n  o (c r ) ,
x oeAo

whereo(o) stands for the spectrum of the inner functioncx (see [3' Lecture II l])

From CorollarY

C U corrtractions.

2 . 5 a n d ( 2 . 1 6 ) w e i n f e r t h a t o u i ' s a n i n v a r i a n t t o t h e q u a s i - s i m i l a r i t y
of

Now, using this invariant we can give sorne examples of

quasi-similar. (For the class C-, see [4' 8' l ] ' )

C-U oPerators which are not
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" ) with 0 given bY
Let us consider T, e C-U (l<' a I]7 '

r . t

0 = ( k + l ) - z ( A , b * . t -
l<-t imes

( 2 . t 7 )

where A,B are some inner functions such that AAB = I '

E X A M P L E Z . S . L e t E e s s b , o a s a b o v e , w h e r e A i s t h e s i n g u l a r i n n e r f u n c t i o n

1 r f
A ( } . ) = e x p i = a n d B i s a n i n f i n i t e B l a s c h k e p r o d u c t w i t h z e r o s t r n + f ( n o n - t a n g e p t i a l ) .

Then ou(Tu) = {E}. In part icular for dist inct points f we obtain c-u operators which are not

quasi-si lni lar.

EXAMPLE 2' 9' Let oc 3 D a closed subset' Then there exists T e C-k such that

ok(T)  =(0 '  
^  , :^^  ven in  [ ] ,  Ex.  1 ,2] , for

T h e s e p r o o f s e s s e n t i a l l y f o l l o w t h e s a m e l i n e o f a r g u m e n t s a S g l

the case k = l .  We leave the verif ication to the reader'

3. TFTE QUASI.SIMILARITY TO A UNILATERAL SHIFT

I n t h i s S e c t i o n w e s h a l l p r o v i d e s o m e n e w n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n s f o r a

contraction T with f inite defect indices in order to be quasi-similar to a unilateral shift '

The fol lowing theorem generalizes [8, Proposit ion 2] and [9' Theorem 3' t ] '

THEOREM 3. l. LetT, be o C-k contraction wtth O't = n ond let SO be the unilateral

.}
shift on nf,. fnen the following are equivalent:

(i)T, - su

(i i) There erists on nxk motrix Y

( i i i )  Pr  =  - indTa '
, 0

PROOF. ( i):>(i i)  fol lows frorn Corollary 2'7'

( i i ) : J ( i ) I f ( i i ) h o l c l s t h e n f r o m t h e s a m e c o r o l l a r y w e h a v e S r { T o a n d s i n c e

over I-l- such that 6s1(Y'0) ts outer'
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St) TO (cf. [8, Corollary 2]) we infer that St - TO

(i)=4(ii i) is obviously.

( i i i ) . :X i i ) .  For  th is  le t  f i  =  ( f  l i , . .  .  '  t i l t t  H l  ( i  =  1 ,2 , .  . .  ,  , k )

such that H+ + = H(0) (for notations see the proof of Lemma 2.4). This means that
t l t . . ' t  t k

im , t  imut  -
p a n { P g ( o ) e  '  r t l  . . , P t - l ( o ) e  ̂ f o ;  m 1 , . . . '  t t  >  0 }  =  H ( 0 )

hence

s p a n  { " i T l t f  1 , . . . ,  " i * k ' f p ,  
0 H n - p ;  m r , . . . ,  m k  )  0 }  =  H 2  ,

that is,

c los ( f l ,  . .  . '  fk ,o)  P(cn)  = H3'

.  Considering the function

q("i*) = t i "lrf(eit) ( * n-t

i;?;:::I
we deduce that the outer function

h(r) = *ph n$ftosq{eit)ot

(3 .1 )

0 en)

( i = 1 1 2 1 . . . ' k ) .

fkh,o)P(cn) = clos (f  
1,.  . ,  fk,o)P(cn) = H3.

YU). Therefore det (y,O) is outer and the proof is

belongs to H- and lr,(eit)1 = q{eit) a.e. on 3D.

Let  Y f  =  fPh €  H '  and Y,  =  ( " t r , . . . ;  Y l ) ,

On account of (3.1) we get:

c tos  (Y i ,  . . . ,  Yk 'o )P (cn )  =  c los  ( f  
l h  ,  .  " ,

H e n c e  ( Y , O )  i s  o u t e r ,  w h e r e  Y  =  ( Y I r . . . ,

complete.

Using this theorem and [10, Lemma l] one can easily prove the fol lowing

THEOREM j. Z. Let T be a contraction with finite defect rndfces. Then the following

are equivalent:

(i) T ts quasi-sf mf lar to a unilateml shfft.

( i i )  T e CrO and Lr1 = - ind T.
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REIVIARK 3.3.lf.v/e set O as in Q.L7), where n(l) = .)(0 H-+ 
and B is an infinite

Blaschke product with zeros an = I - bn (O S Un < t, Ibn < *)' then TO/-Sk (see [8'

Proposition 2l).

Indeed, for every (k + l) 7q k matrix Y over I- l*

o.,B e H . Since AAB = I i t  fol lows that qA + $B wil l

(see [4]). According to Theorem l ' l  we have T, i  Sx'

At the end, let us notice that Theorem 3.1 gives us the possibi l i ty to State

l r o m [ 1 1 ] a n d T h e o r e m 2 f r o m I i 2 ] i n t e r m s o f t h e m u l t i p l i c i t y , a s f o l l o w s :

THEOREM 3. 4. Let T be a contraction with finite defect rndices and let

n L  - -  l t ' t ' -  \
be the triangulation of tYPe [ ^ ^ I

\ '  c ' o l

Thenthe f oltowing statements are equivalent:

(i) T is quosi-sf milar to on isometry

(ii) T t fs quosi-similor to a unitary operator and V1 
,=

THEOREM 3. ,. Let T be o C,0 contraction with

we have det (Y,O) = oA + gB for some

not be outer at any choice of org e H-

Theorem 3

-ind T,

finite defect indices ond let

,  = { t r  
.  

\
\ o  r z l

, = 
| ;t : ) 

,. the triutgutatton of tvpe (t: :, ) 

'rhen tlte f ottowing statemnts ore

\ 0  r z l  \  "  - r ' /

equivalent:

( i) T ts quasi*simrlar to i ts Jordon model'

( i i )  Pr - = - ind T2'
' 2
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