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5Uf'll"lARY:
L-et E and F be Banach sFace5 and T a b(]unded l inear map frmm

E . i n t a  F .  I n i t i a t i n g  a  c e r t * i n  p e r t u r b a t i r : n  f u n c t i ( ] n  +  t '  t T )

w E  f  i n d  a  u s e f  u L  s u { { i c i e n t  c r i t e r i e  t h a t  T  r n a p s  t h e  c l o s e a d

r - r n i t  _ b a i . 1  c n t o  a  c l t ] s e d  s e t ,  A p p t y i n g  t h i s  t o  t h e  q u r o t i e n t  m a t r

f rnm a  c**a lgebra  A nn ta  i t s  qunt ien t  Fanach EFat re  67  1 t -+R)  b ! '

t h e ,  s u r n  L + R  i f  c l c r E e d  l e { t -  a n d  r i g h t i d e ' a 1 g  L  a n d  R  o $  A  w e

sbta in  tha t  the  c l t ]Eed urn i t  ba l . l  r r+  A  rnaps  on tc l  the  c lBsed

u n i t  b a l l  . , f  A . /  ( L + R l .  r t  r e s u l t g  a n  i n d e p e n d e n t  d e s c r i . p t i o n  s f

t h e  i r n a g e s  o f  t h e  r i g h t n o r r n a l  i e e r  a l g e b r a  N -  t n )  a n d  t h e

ncr rna1 izer  a lgebra  l l  in l  =  ld r  {D}  / \  N-  tD)  i : f  a  here 'd i ta ry

C * * g t . t b g l g e b r a n o f A b y t h e q u o t i e n t m a . p f r g r n A o n t o
A. /  t c l  {AD}+c l  {nA}  )  "  Ne L{EE th is  to  p r ( ]ve  a  ne t ressary  and

s u t f { i c i e n t  c r i t e r i a  { a r  a  c * - a l g e b r a  F  t n  b e  a  c * - q u r : t i e n t *

a lgebra  o f  a  E* -suba lgebra  o{  a  f , * *a lgebra  t :  Ih "  
la t 'b 'e r

c r i t e r - i a  w i l l  b e  a p p l i e d  i n  s i t r - r a t i a n  A  e q r - r a l g  t h e  c A R - a l " g e b r a

i n  s c r r n e t  { o r t h c e m i n g  F a F e r E  ' (  c { '  s e c ' 6  { c t r  r n o r e  d e t a i l E  ) '

t rEhlTENTc 
Paqec

1 .  I n t r o d u c t i t 3 n  a n d  { c } r r n u r l ; * t i ( f n  n s  m a i n  r e s u l t s " " ' 3 ' . r ' " " ' " " ?

? . R e s t n i c t g d p e r t u r r b a t l ( ] n s i r t i n v e r g e i m a g e ; i ' . n . ' . 4
3 ,  P e r t u r b a t i o n  t : {  l r n i ' t a r i e g " '  ' " " " ' l ' t }

4 .  Or r  C* -spaces  and f , * -sys temr i '  '  -  "  -  13

5 "  N a r m a l i z e r  a l q e b r a s  ' : " "  " ' " ? 1

& "  o u t l i n r a  a {  f u r - t h e r  r e s i u r l t s  a n d  a F F l i c a t i c l n E "  " r E o " " ' f 3
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Sr.*3.4$r,sSueBt eg-cnd-f'egmglcE&'gn*qf *ms$n*rssuISsg

L e t E a n d F b e B a n a c h e p a c e s a n d T a b g u n d e d l , i n e a r f n a p f r o m E
i n tn  F ,  I f  x * * *J  v  * " * ' * , ru*e ts  o {  He . i t x }  r rsan i i  the  tnorm-)

c lssure  o f  x '  r " rc l  (X)  €  Ex i * * ; ;  ; ; * - 'o - !1 " * 'Hx) -c l$Eurs  ms x  i "n

the  sec t :nd  eon j l lqs ta  s 'Fe lce  E**  n f  E  *nd  [ ' l - r j i s t (XoY]  dEar rmtes ;

c u p t  d i s t ' t a u v i l J i * t t n r x t '  *  e  x '  h  € Y .  1 o  t h e  H a t - E s d s r f {  d i s * a n c e

b e t u * e e n X g n d Y " t s y s * * u * n o t ' e t h m o p o o u r r i t t r a l l u s E , W u '
put
; ; ; ,T)  =sLtF t$ ' l -d i  e t t  (s / \T*1 tT ta)  )

; ; ; ; *  n )C I "  Le t  Pe r tT )  be  the

Fropoai t isn 1 "  I

( i  l  S  ( x  rT l  i s  a  con t i nae rus  i nc reas ing  func* ion  c rn  l  Sn  t l r r [  '

r i i )  pe r t r )  = '? :  ; i i : l ; : ^ - t i : : i : " *= r '1 . ' r t $ )  ) '
. ; i ; ;  l i l ; i ;  =  + t * ' r { ' r * }  f a r  eve ry  x  }  o '

" s n r - a  
( T { b }  }  }  a a r b 4 s ,  I  l r t g : ? }  

i  i ( x }
i i * i t  #  ?  t x  r T ) ' i *  x  t n e n d s  t o  o "

Here  T* f *F  means the  seccnd ad jg in t  apera ton  c l f  T '  f  (xnT)  i s  the

i n# imurn  n f  * r i  * t ' *ne rs  y )o - ; ; ; ;  t ha l  g i ven  b  s '  d  T (s )  p r i t h

! t T ( b ) - d i i { x  t h e r e  e > r i s t *  l - p " r t " t b a t i * n  b + h  m f  b  i n s i d e  B

g u c h t h a t i i h i i { y * T d . r t u * , r , 1 * u " T h u g p e r t T ) = o s a y s t h a t &
sma l l  pe r tu . i l * t i l *  i ns ide  T ts )  cen  bL  reaa l i ' zed  by  a  sma] ' 1

pe r tu rba t i on . ; ; ; i de  s .  T *e  p rao+s  an*  +u i t r re r  
i r a *su l tg  r+e  sha l l

f i lx"r: l  ;T:t l"*?-*rEebra-and LnR el,,sed left- and riqhtideas's

w i t h s u p p o r t p r o i e c t i e n s f - * t ' A ; i n A { ' * r e s p e c t i v e l y ' i " e " I ' r
a n e t h e p c t p e n p r c r j e c t i e : l s . i , , - . . . n * * g a t i s + y i ' ' g . A l * . l E } . = w c 1 ' t L ) a n d
r A { e * ' = w c r  ( R )  r  ; ; : -  r i n r < r 3 ' 4 ' i : ' .  P u t  q = 1 - } ' * * J  F * l - r '  L e t  b ' d  b e

e lemen ts  c l f  px *  i n  t he  * ' t i t i p l i e r  * fg *b " ;  H (A l  oS  A  cuch  tha t

nbb . *p  i s  i nve r t i l t e  i n  pn* ip  sq i th  i nve rse  g  and  qd l cq  i s  i n -

ver t ih ] .e  i .s . r  qAxxq e* i th  i r , " * r l * " - ; "  R+L ls-a-s l *s 'ed l inear  sub-

space ${ A tJi .  sec. 4) . t*e dcunete by jr=}-..  n the qr-rati  ent *sF

A  - - )  A / ( L + R )  g i v e n  b Y : . ' ;  c + L + R  a n d  O * t t " i *  U y  Z " ( b ( " ) d l  t h e

maF g i ven  bY  c= - ->  bc rJ+L+R '  { cCA)  "

F r n P e s i t i o n  t  " ?

HI { t x r f t b t " } d } )  !  x "

T h e  P r n n f  i e  g i v e n

P r o P o e i t i C I n  1 ' 2  w e

C c r r a l l a r Y  1 " 3

( i l g l l , l l h l l l a " x  +

i n  s e c t i o n  4 "  F r g r n

i  mrnedi atel '  Y obtai  r l

i ? x .  {  I  l E i  i .  :  l h i  i }  a r z ' ) a r a

F r o P n a i t i o n  L '  1  t i i l  a n d

the {e}'  l  ot+i ng "

. J

^  b a r , r " r ! * i .  
' r  A r L t R f b  * l d  d  * f r e

Under  *he i  aAr r ' rg 'e  essurnp* rnns  concern  j  g

quc r * i e r r f  map  A  * * )  A /  t L+R)  
" * ;uu* * i l * r  t s i l g  

' r : r n to  
&  c rosed  se* '

E=peci atr l  y the quoti '  en! - 
map *tf t-th* cl nssEd uni t  bal I '  t : f  A

nnto the cLot" t l  un i t  ba l l  c r4 67 { t -+R) '

Fc l r  every pre i t ive in te lEer  l '11 ther  map tbr  
" "1-  

- - ) '  tpb-r  '  uqf  -

f rt3m f, lat,,  1p1+*) g:f ' lat- td&i {+*r entc} l* iat '  t trA*{+qi ; ;  * cg}ntrastion and

has kerntel l"!at ' ,  ig**1'*rn'p'* i=t ' tat '  t t '*c-l  iUoil i  t  sowcl t l" lat- tL+Rl ) and

i t s  f ac tn r i r * t i on  de f i * * *  * "  i sBnre t r - i ca l  l t a t - *b im t3du}  i s (3 -

morphi. sm f rcrn ir" l ; t* rAi 1r. la'L] r i- inr ) *1 :.  Pi;t- 16*'x) /Hst- twctr (L+R) )

ontg l ' lat., tpA*u"q)'  Drl tne afnir" l-rarrd there is a cansnis"*I '  lnlat--

bi modul i  scrnorphi sm f r-sr* F;t;  q61 4l+R) ) onter l* lst- tA) ' / l . lat* 1;+R) "

The rnat r ix  
" ; r ; ;  

induced t ry  t t r ie  I to*o.pt" ' i " * t  q ive 67 ( l -+Ri  the

st ructure uf  ; l  p ; l t r ix  nc lnned spf i€€ in  t l re  : lense o{  Ef  f  rns

tEF?l  such that  the s iecond-  *o ' t jugate mat t ' ix  normed space 15

cerr r la te ly  isnnrst r ic  i * t ' *o ' j f l - ' * i -1 ;  i |1" l r  
3n operator  subapace

o{  6xx  and  C* - t r i ' p l e  sys tem t cS '  * * t "q i  '  I +  Jns r€ t : vE l r  A  i e

i . i , r



uni ta l  and l - r  tb* ib6 Rl  thpn p=q f ind under  the ahova

ident i f  i .cat i .sns A/  (1 . -+ 'R)  *pApCpAu'xp hecomes a matr ix  nrder  un i t

sp i l t r€  in  the+ sense nf  E$srps-" ' tHF?l  r * i . th  n"rat r ix  srder  un i t '

p E , { + / t L + R ) g u c h t | - r a t t h a g e r n n r ' N c u n j u B a t e r n a t r i . x c r r d e r
uni t  sFatre i  e jr.rst the uni t .e"! tr*r*al gebra pf{t"xp " M(lrp

genelral r, . , ie saxl a slatr ix nrdelr unit tspacet x ca'-sys*em i '$

i t s g g g c n n d r e n j u Q a t e r n a t t * i x c r r d e r u n i t , g p a t r F X * * i g ; u n i t a l '
matri  x nrder i  somnrphi c te3 a urni ta}. cx-algebra" f]ur

de f i n i t i o f t  f ?spec i .a l l y  says  tha t  x  i ' s  an  ape ra to r  nyx te r rn  i r r  t he

sense  s f  f  C /H7 l  u  i  "m ,  a  c1e rsu*d  r - l n i t a l  and  se l s *d j * i n t  l i nee r

xuhxpi lce af  ;  cs .*"aLqebrs tagethen r* i th  ths matr" ix  srder

inher"i, tec! frcm this cant*$'r lrnent" "ff '* Ctr*alEebn* et 'Lrl ictLlre $n

x**  is  un j .quely  def  ined t ry  the Escnnd conju$ate m*t ' r ix  sre ler

unit.  tntructure af th* Eiven clne cln X and ule can dt*f ine ttrm

. [e f  *mr . r J *  j p  t  i e r  eJgebra  l " l .  { x }  f  t he  r - t gh*mu ' I f  r pJ i * * r  aJg rebna

l * i -  {X }  an r j  t - he  i *u j * i pJ :e r  aJgebra  l 4 {X }  C I {  X  aE  S t : t r } ' c rwg t

I t *  t X l E = i b C X # - * s  b , Y C X l ' ,  F i - t X ) : = { b e X # ' # ' B  X b C X } 1  l ' t r t X l t :  H ' t X } / 1 1 ' l - { X }

Here  we  iden t i  f  ;  X  ,o i t t ,  i t s  cangn ica1  an6  i sgmet ' r i ' ca l  i r nnqe  i n

x#s.  by the evalu* t ic tn  maF BVsE x-- ix{+s. '  t ' l r "  (X}  ; *nd t '1-  tx)  are

c losed  s .uba lgeb ras  o {  xx *  cnn ta ined  i n  x  t  mnre  p rec i se l y  i n

the  image  n f  BVx  )  ,  f 4o  tH )  = th+ r :  b6 f . l -  t x l  ]  *nd  the  mu l t i p l i e r

a lgeb ra  f4 t x )  c ] f  x  i s  a  un i ta l  [+ * ' -a lgeb re  s i rh i ' ch  i s  u r " l i t aL

c n m p l e t ' e t r y p m s l t j . v e a n d c n m p t r e t e l l y i s { ] m e t r i c c c r n r t ; * i n g d i n t h e
a p e r a t n n s y s t e r n X . I n g u r s p e l c i a l c a s ' e * / ( L + R } i s i d e n t i f i e d
ru i th  pAp tgp i l *pgA** l  .qnd l '1 , - {4 , / tL+f t }  }= tpbpsbeA*pAphpepAtr }  t

l - 1 tA /  {L+ 'R }  }  =  {pbp rheA lp l : pAp+pApbpQpAp} "
Nor *  t e t  D  be  a  h * red i ta ry  Cx -suLa igeb ra  nS  F t  { i 'E '  S  c lneedn

sel f  act jo in t  ; " ;  Unf : r ;p l  "  by a r  igh* i rnr .na l  j . rer  (  le f  tnr : rpeJ izer  ,

nnrpa, l ' izerJ  e# D 1n f t  u"se r - tnderst ind b A sat issy i ' r " rg  SbGn tbngbl

bD{ -Db  9n )  .  The  r i gh tno r rna l  i ze rs ,  l e { tno rma l  i zeng ,  no rma}  i ee rs

obv ! ,=us l y  f o rm c l , , sed  spe r " * t r : r  a iqeb ras  N- (n )  I  N r  {S }  and  N tn }

r e e p e c t i . v e l y o  N . , t D ) - { h x : b e N l  ( D } }  a n d  N ( D } = N r  { D } { l N - t D }  i s  e  f , r l . -

suha l *en r *  o i  A .  I t  t u rns  su t  t l ' r a t ' L=c1  (AD)  snd  F t=c l '  tDA)  a r€ t

c I t ]sed le f t *  and r ight i .dq*41"g of  A respect iv*3 'y  p*hc]Eie suppmrt

pra ject ions in  A{+- l+ e,quf r t rE that  o{  D ( i .m.  equta i 's  the r ' rn i t  s{

g**=wcl  {D}{ -6x*} ,  Frsrn def  i r i i t ierns.  ws 91ee th* t t  L*c l  {AD)eru ' - tn}  I

R=c l  ( I l f \ ) !N ,  i I ) )  and  Dq f { tS )  a r re  c lmsFd  idea } ' s i  o {  N ' - tP }  I  N r  tD }

and  h l  t n )  r ' esPec t ' i ve lY "  ,  .  - :  L  -a  !
h l ra  r j e { i . ne  k l  /we*& /  { c }  {A* }  +e1 '  t nA}  }  ,  t he  (un i ta l  }  qun* re r r * *

c * t - s y s f g p ' , o f t h e u t n i t a l C * . a 1 q e i : r a A g r j f l r r 6 s p e c * * o * h e
here 'd i *a i -y  Cx-st* t r *Jg*hra S t r$  A '  [ ' {e  again c ienste by

Tnz& *-> h l ln  the q l l t : t i 'ent  rnaF h * - )  h+c] '  tAD)+c3 '  {SA} '  Nnw ws

a r e i n p c r s i t i g n t n f a r r n u } a t e t h e a n n * i n r e g u l t c : { t h i . e p 8 p € r "

:i:::::-1-i
I - e *  A  b e  &  u n j * a j  C i f - f i J g e h r * n  D  a  k , e r - u d i * A n y  c x ' - s u b a ' I g e b r a  n f

A ?  & / l D  * ; ;  4 u n * . e * r , * l * x - s y * o * e m  r : f  A  r , l j * h  r e s p e c *  * t t  D  & n d

7(oz  A - - . :  & / /S  *he  qur . r * fen*  lnap ' "  T -hen

{ i  }  f  he ,  res* ' r ' i c * r ion  o f  ' f *  f r ' r  F l - '  {n }  f  resp-  *c r  Nr  {n }  J  i s  &

Ban,ac l  a . I t?ehr*  *s r :n r . r r l l? . l sm crn*+  f ' l -  {4 " ' /n }  {  resp '  * } i t r ' r

Na (A l . / [ ]  . ]  r " l j * l t  f re r r reJ  c l  t f t t J ]  t  resp-  c ] '  tDA]  ]  '

( i i )  f t t t "  e l ' e r y  p { " r s i * i s r e  i r r t e g e r  n e  " r l : f f i i d " - '  l * a p s  t h e  c J n s e d
'  un  j  f  t ra . l  1  o f ,  h l -  t i ' i o " t *  tn i  I  =Nat -  {N-  tD l  }  c l4a t -  {A}  { ln*o  * fue

.  c J n s e . j  u n r *  b ; s J ' l  r : f

lu lart-  t t - l -  t f l . / . /D) )  G l ' l ;nt* t f i / ' /n l  $ Ploat ' -  tA) / /F{at-  (P) '

t i . l i  )  r r l l N t D )  j s  &  6 : x - a J g ; t r r j "  e p i r , l o r " p h i s m  f r $ r a  * l r e  r r n r m a J  i ' z e r

a J g e b r a N { n } g . A t t f D r l r r f a * J r e i * u J * . f p l i e r a l g e b r a
F l  tA / /n )  n f  h l  ln  w i *h  r te " "n* " t  j r jpa" l  ker  {z - r r  l i l }  =  D '

we ge t  ths  f  o l . I ' a t+ ing  t " rh ich  i t s  ln  tu rn  &n o then

T l " re* i re rn  1 .4  in  v i .e rw n f  Fn i : i :us i t * 'mn 1"3 'A s  a  c c : r t : l l a r Y
f or inut l  at i  nn s#

j t



C e r a l l a r Y  I  " 5

; ; ; ; - r - o - - ,  l r e  u n i r a l  C * - a J g e b r . 1 s f  B  l . u n i r a l  
c l r t s e d

sub . * . [ geb ra  * f  c  a r rd  vsA / /S* * ] c  { t  t r f t i *a ' t  compJ* *e ' t y  j some* r i c

m e p s u c h * h a * B g { b x h l b G B r s I m ( V ) , I , r e n * h e r e g x j s * g a u n j * a J
c J n s e d  s * b a l g e b r a  E  n f  A  s u c h  t h a t- -  

i ; i  E r ' , qc r  t cn l+cx  t sA l  )  *  c l  ( f t n l  '
t i i )  l r o J l s , l E  j s  a  f f i a n a c h  a J e e r l r a  e p ' t m o r p i r i s m  f r n m  E  { } n { ' o  s

g r i  t ' h  i r E r n e " {  c I  ( A D }  a n d

t i  i  i  )  *he  t r rducec f  ruap f  Ve ' r r r f ' '  I  E lc l '  tAD)  - - ' r  F  i s  conpre*ar  y

j s o m e t r  j c  $ h e r e  B  
" - ; s  

e q r . r i  p p e d  r , r i  f  h  t h e  m a t r i x  r r o r m s

j n d u c e d b y f i a n d E / c l { A d } r s e q E r j p p s d a * j * h t h e m a * r j x

r r# rns  indr lce 'J  6y  * /cL  tAD)-c -At+*p t '  !L^ -
I f  m n r a { r v € r  F  i s  &  C " - t " n * l g * f t u a  n f "  C  f h e n  * } r e r a  e x i s * - c  a

u n  i  * a J  C x - s u b a l  g e b r a  F  e $  A  s u c j t  * h a *

t i v l  F $ t c l  6 i t r B ) + c } "  ( A S )  ) = D  a n d  .  t . - . - *  E
tv )  V" . I io , iF  j - r i  a  C l+-eJg*An*  ep im*rph isn  f r *m F c rn tn  g  x i * f i

k e r r r e J  D "

h , i t h  n t h e r  w n r d s  u n d e r  a s x u m p t i o n s  o f  c o r o l l a r y  1 " 5  B  i s  a

f , * -quat ien ta lgebra  o{  *n  6* - * , *La lgebra  n{  A  i+  F  ig  a  E* -sub-

a L g e h r a  . , f  e ,  T h e o r e m  i , +  a n *  f r * r r : t l a r y  1 . . 5  a r e .  p r c l v e n  i n

sec t ion  5 '  In  t r ' r c  separa te  {s r th romi lQ Papet1  t *  ?T*11 
shrw:

T h e a s s u r r p * r r r n s 6 1 9 g g . r p c r J J a r y I ' ' 5 a r e . - * e * j s f i * d r * : * h * h e t r A R -
s  a J g e b r a  i n  p J a c e  o f .  t  

* n a  * ; * t '  D t [ * V  s u i * a b J e  c h o s e r r  i f  a n d

r t n l y i t r B i s s e p a r a b J e - a n d e x a c * i n * f i e s € n s € r l f t K I ? l r c f '
=* . t i  o . ,  6  f  o r  rnor -e  de ta i  1c '

?o-EssLr.l-trge.d-e'sr.lus'b,eklpns*Ln-i"nv'er'ee-i eqsss

L e t E r F h e r e s l l ] r c n m p l e x F a n a c h B p e E F E ' T : F - - > F a b E u n d e d
l inear  rnap + i io*  E in tc  F and K(E a c f i ]nvFx subeet  os E '  I+

a u b  €  K  b y  g t T t a )  r T t b ! ) = g r < , - r i r t a t l r t r : l  I  l " r e  d e n t r } t e  t h e  H a u r s d o r { {

d i g t a n c e  l : e t w e s e n  t < f t  t i + k e r T )  a n d  K f \  ( b + k e r T ]  n  i  ' e '  g ( c n d ] =

H - d i s t t K n r * a ( c )  *  K n T - ' t , l i i  t +  E r c l 6 T ( K l  ( c f  "  * e c ' 1 ) '  r n  t h i s

F {ey  T i l { )  hecpmes  a  me t r i * ' *p * * *  i r t x t  , q l  t * i t h  d i s ta r l ce  g '  t r n

the ether-  hand T c tef ines a L ipechi tz  rnaf r . . { to*  11 
:T:? 

T(K}  wi t 'h

L i p * c h i t a  c $ n s t a n t  l i r l i  * r r l i i "  H  a n d  T ( K )  a r s  e q u i p F e d  w i t h

t ,he r rsual  r j ie ; tarnce uetween' ; ; ; " t r  in  Banach EFatre5* $de have

T t E L ( K l ) [ c L t T ( K ] ) "  A s  * *  * l - ' * i 1  s e e  i t  i g  e {  i r n p e r t - e n c e  t o  k n o w

i f  T t c i .  tK )  )=  cL  tT {K }  }  i r r ' : *p " r * *1 .  s i . t ua t i nns  b *e  & re  cc }nce rne ld

w i - th .  I *  g * r , * " * l  t h ie  i e  n r : t  t he  caeer  € .81 .  I ' e t  K  be  the  open

nn i t  ba l l  t : f  G6  and  l e t  T  be  the  func t i sna ! "  { t r ' t a t "  '  I  - -?

t r . ? - r - -F t *? - - ; :+ . . .+ t -? - -+ . . .  t hen  T (c I '  t t 4 )  l *  T tH l  i g  t he  c lpc?n  u r r i t

d i sk .  I n  t e r rns  o+  nne t r i s  * f * * * t  "Fo l l ow ing  s i t ua t i on  aFpears l

L e t . { R 1 j r r } 1 t R z ; r : z } b e n r * t r i c s p a c e s a n d € a L i p s c h i t x f n s F
Srpm F{ ,  ontn R= wi th  L i 'p=chi tz  cn i rs tant  k" im and le t  ( f t=oq}  he

the  rne t r i c  xpace  s+ i th  d i * i ; ; ; ;  
- g , i : u l=H-d ie t  

t c r  -1 ta )  , c r  
* " i .  t b )  )

then n:= i*kg"  tJe den*te by (Rl" " i : .^ ,  ; rnd tR:e^1r- , * " - )  t l ,e  caulchy

comp le t i c l ng  o f  {R r  9 r r }  9 " ,d  {R=1ra }  respe r t i ve l y '  Becaug :e  c /  i g

a  L ipsch i te  rnaF  i t  , r r r i q * * i v : i * f *nce  t "  *  L ipech i te  m&p  d  " '

f  ram (Rr" ' -1r -  r " ' )  - rn*n tR:r " 'nr t " " l  w i th  [ - ipsrh i tz  c t :nstant  l t '

l -emma ?. 1

Assunre  *he l re
g  t O )  = O  a n d
( R="' 1F =:"' ) .

Er.ggf-: Let

ex rs f s  &  cc rR* inu* ' t us

e  { * r b }  { g  { r : e  ( a r b }  }
f a rnc t i c .n  g  t x  )

*hgrr c/ " nraP-<
,  x  ) '0 ,  suc& *ha{ '

( R r ^ r t - r " t )  n n t n

1 i ' f
be d6R;. - .  a t r rd le t  t r i r  1d=?.  .  .  )  h t*  *  car- tchy sBql- tence



F F
f r t

i n  { R * r r = l  r e p r e s e n t i n g  d .  F r * r r *  t r { d a .  n t i . t } $ . g i r : a { d r -  s d  r }  }  ' a n e t

q  (01={ t  we ob ta in  tha t ,  (d r  sdpr , .  "  }  i s -  a ls ;$  € i  Ca: *uchf  * i squenc6? in

iR="p)  ,  t r le  g3e lec t  a  s rabssq lAsnf fH { t *a  e {? ia r  " .  -  }  C ] {  { r$ r " ,dzr  " .  .  }

EUCI | ' tha t .  B( * - rEu, * r . ) {? - " "  IS  c* ( r : { -a  {e* }  l *e*  $ i r tc l  €* * - red l -y ' ' * r  {e** * . r . }

w i t h  r r  ( c -  j c - * r - ) " ; ' ? * .  b e c a u s g *  d i s t ' { f i ' o r f i f - " ' '  { s u - " * t }  } " ' 1 g { E ' ' 1 B * * - 1 }  '  F y

induc t iC In  we ge t  a  Cauchy  qsqucs- { l c6  {g ;  u  o r=u.  .  *  }  in  {Rr  l r r  }  u r r i  th

t r *  e  6 ,  - .  1 {F- . - r } .  [_e t  c  be  the  pn i .m*  ca f  {R1^r r - ro ' }  reprss t?n ted  by
( G 1 r c : a ,  "  * ,  ) .  F r ) t  c o n t i n u i t y  n $  { f  ' " g  r } * C r " " t c )  "  q " e a " d .

l r low {c r l la r+ ing  conEidera t ic lns  a r - *  s t i r t t i va t€d '  h ls*  d t *S ine  fc r r  H}O

f  t x l E s  S t x r K r T l : =  x u p {  g t T t a }  n T t h } } l  a r b (  K u  i  i ' l - { a * b )  !  i  {  x  l :
I +  K = 5  i s '  t h e  o F € n  u n i . t ,  b a l L  ( 3 f  E  w e  a t r e s  5 , h a l l  w r i t e  S { x r T }

i n s t e a d  o f  S ( x n S r T l .  B b v i * u x . l y  { { x }  i s  a n  i n c r e ; * u i ' n g

n c l r r n F q a t i v e  S u n c t i a n  c l n  S O r r e r I  a n d  d i s t  ( e r T - 1 { T t b }  } n  t " : } ' l

{ a ( T ( a }  " T ( b }  
} { ' F  i  i  l T ( a - b }  i  i }  i +  x u h  6  K '  $ c  t h e r e  e x i s t s '

E i p t i * , r o 1 * =  S r - r i l c t i c : n  g { x }  } ' {  t x }  s u e } t  t ! - r a t  g t O ) = i n S { S  t x }  r x } 0 } "  h } e

p u t  p e r  { l { r T }  :  = i n f  d +  t ;  ! F { ! T }  ;  x  } O }  a n d  p e r  6 1 1  g  = p e r  ( I : S ]  .  F r o r n  { : - F " r e

a b o v e  L e r n m a  2 "  I  a p p l i a d  t o  t R : ' n r - l =  { k i e  n c } r m  c i i g t a n c e }  a n d

(RarF;x )=  tT  t t ' i )  ?  n t ] rm d is tance)  we ge t  t t re '  #s i "Lnwi 'ng"

Prapa= i t , i t ln  2"7 .

p e r  ( K o T )  =  S  e m p J i e s  T t c L  t K )  !  =  c l  ( T ( H )  )  "

In  our-  apFl icat i ,ons of  Frepoei t ion ? '?  we need sc]mE!
inver lv ing uFFEr est i rnates f  mr S tx  r l { rT}  '  ' i

Lemma ? "3

techn i  cs

f  t x  r X r f  l  i s  * h e  w i n  j s a l  n u m b e r  Y
t * )  {  F o r  a n y  c * u P J e  a ' b € H  s t i * h

{  t  }  O  * h e r e  e x i . s * s  c 6 K

d  l l a - . l i {  y + t  f i " e .  d i s t  ( a

t  a n d  ! l T ( a - b l l i { x  J -
' F { x r ! { ? T }  =  s L t F {  f , t u t r K s T } a  C l  {  1 4
f  ( x  r K ! T l S *  t r * r t { i T }  + {  1 -  ( t x . / x  }  }  s t * p {  |

E s p e c i e , l J y  f  { x r H i T )  r s  c o r r * i r r u
Xf  &  i . s  &  Banac l r  spec€ |  aad Us F
l r a p  t t { e r r  {  ( x r K s U T } { .  + * ( {  t x r 1 4 r T }  r
i n s t  { { r : + t r " " " ) :  t . > 0  } "
p e r  ( l ' i r U T l  r i  F e r  ( T  t H )  ! U )  i f  F 6 ? r

i

( i  )

( i i ,

( i i i )

t i v )

s u c h  * h a f  ( * )  h n J d s e
I  i T  t a * b )  I  i { r :  a n d  e r e r Y
r c i * h  T  t r )  *  - [ ' t h ]  a n d

, K n T - t  t T t b )  )  l 4 y  l f  a r b 6 H

{ x }  a n d
i a * b ! i e a ? b € K  3  i f  O { t * ( x '
o r rs  i f  l i  i s  bounded '
* -X i  " rs  &  bcrunced J i rear
T { ! { }  r U )  t , l h e r e  f * ( x u " "  "  } *

{ K , T }  B  S "

Erggf .s  Ad t i  )  s  Le t  y  be  a  numhsr  ss t i ssy i r tg  { * }  and 3 .e t  be

T f t i a * U l i ! < . . . x  a n d  d e T - 1 { T t a } } A  l { *  t ' i ' O -  T h e n  i i T ( d - b } i i { x '

b + s t d - h !  €  H  a n d  i i T t b + s { d - b } } * T ( b ) ! l { s x { x  i s  s { s { 1 "  H y  t * }

t h e r e  e x i s t s  c G K  u * i t h  T ( c ) * T { b )  s u c h  t h a t ,  l l h + e { d - b } ' * c !  i {  y + t .

I . L  f  a l  I c u + s  d i s t  ( b + s  ( d . : t r )  , T * a  { T  t b }  } n H }  {  y + t  i S  0 { s (  I  a n d  t h u s

d i . s t { d n T - - .  t T t h }  } 4 F : } t  y + t "  T h i s  h m } r . { s  f c r r  e l n y  c : e : t i p l e  a ? h * K  t r s i ' t h

i  i T t a * h )  i  ! { x ,  e v € r y  t } . o  a n d  F v € } r y  d 6  K n  T * 1 { T { a }  }  o  i " e "

S  { x  r K r T } ' . i " y .  C e : n v e r s e l y  } e t  b e  E i v e r r  a o L r € l {  u a i . t h  i  ! T { e ' * b }  !  i { x

t h e n  
- d i s , t ( a r T - 1 t T i b '  

l n l { } { , . q t T { a }  r T t b )  } - ; f  t  i  l - f  ( a - b }  i  l } { +  t x t K t T }  "
Thue Snr  e lny  t  " '0  there  f l x is ts  c$ t ' l  v f i . t fu  T  (a !  =  T  {b }  and

! l a * c i i S - f  ( x * F . r T i { - t o  i " e "  * i x o l { ? T }  s a t i s { i e g  t * } '

Ad  ( i i  )  :  In  a ther  u 'sords  t i  )  mp&ns

S t x r ! { r T }  e  s u p t  d i s t t a r T - a { - t r t b } } n K i 3  & r h € H r  l l T t a - b i i !  {  x  } '

L . e , t  R ( t )  b g 3  t f t e  s , e t  t r J i . s t  ( a r T - ' '  ( T { b i  ) n l { }  s  a r h G K r  i  i T t a - b }  i  l { t 1 " "

F r r - r r n  R ( x )  *  V  o < w < * R t t t )  w e  g e i t  *  t x r g ' i r T ) =  s u . p {  S  { w r H r T }  s  * { w { x  }

a n d  s t x r K e T ) =  6 r . r p t  g { T ( a } u T { b i } l  a r h I H u  l i T t a * b ] i i  {  x  } .

N c w  l e t  b e  g i v e n  w  i  x  >  t )  a n c i  p u t  t =  x / t * r  e =  b + t t a * b ) "  T h e n

i ! T t c * b )  i i * t ! ! T t a - - b l  l ! { t s { = x  i . f  a r b  * K  a n d  i  i T t a * h }  i  i { w "  T h u s

d i s f ; ( a r  T - - a t T t b ) ) n  H )  s _  ! i a - - c l l  +  t J i , s t { c o  T - a { T { b } } , n l c ; }  { "

( t t - t l  i l a - n !  ! + . g  ( x r f { r T ) .  B y  t f  }  w e  g e t  f  t t * } S  {  t n } + { l * t } d i s t n { K }  "
6 O t i i i ) ;  L e t  b e  a o u € r ,  l i u ' 1 " ( a - b l i ! { x ,  t } 0 "  N e  c h a n s &  s . ' \ C }  s u { : h

i a

5



t F r a . t  S  t f  t x  e T  { K }  , S }  + s r H e T } E { *  t S  { x  , T  t i { }  e t " ! }  * H ? T }  + t , / ? .  T h a n  T  t * }
a n d  T t b l  a r e  i , r - r  T { H } ,  3 l l J t T t a } - T t b ' }  }  ! i { x  a n d  b y  { i }  t h e r e  * . s $  r
i n  T ( H )  t * i t h  U t c ) *  U t T ( b l  )  a n d  i  ! T ( a ) - c !  i  {  #  { x ? T { K }  r U } { '  e ,  [ , { e
f , i n d  g  i . n  f {  E u c h  t h * t  T { g } * c "  & g e i r r  h y  { i }  t h e r e ' e x i s t s  d  ! n  X {
F e t i s $ y i n g  T i c j ) = T { g ) = c  a n d  !  ! a * d !  l { f  { f  t x n T { l , l }  r U } + s u H r T } ' $ t . / ? .
T h u a  r * s  h " x v s  d G K e  t J T { d } *  I J T { t : i  s  ! ! a - t l i i ( + * t { { x r T ( H }  r U }  r t : s T } + t , '
B y  ( i )  w e  E x t  { * " i i }
& d t i v l  r  B y  t i i i >  i t  t r u l d s  # t : c u K e u T l { $ t +  ( x o K o T } + x r ' f ( K }  e U }  "  T h r - n E E
p e r { H ? U T }  *  l i m * - o o  f  { x r l . : r l - l T }  E  1 i m , , . - ' . *  $ t f  { r : r l " i r T } + x s T t 1 4 }  } U }  : s
= p F ! - ( T t H l  , U )  i +  l l f f l x - - > < r  ( {  t x o } ' l r T } * x }  : a  p B F { K ? T }  =  S .  q " F ' d "

I .F  L  ig  a  c losed l . inear  subspace mf  E  and e€E guch tha t  l { ! "e " r "L

then K-d  g  te+L! -d  qL  i . f  d€ l " i '  d *  e+ l  w i . th  l fu l - r  f  "ea"  tha  r ] . r : ser i

rc la l  t r  inear  spe in  r lepan t ld*d)  o f  F : * 'd  i c l  cur " l te f  ne i l  im l - "  Th is
shg l l l r s ;  the t  l , { *H g  c lspan{H-d}  e  t - l ' l * l t  d+c lspan{ t ' i *d }  i s  the  r } .n*ed
r e a l  a { f  i n *  s p e n '  n f  k l  * n r J  c } . s p a n  t H * c } =  c 3 s p e n  { H - r i }  i +  c  a n d  c J

a F e  i n  K .  t { e  d e # i n e  t h e  r e s 3 , a t i v e  i n t e r i n r  n $  K  t r e L a t f v e l y  t c l
i t s  c l " s E e d  r p a l  

- a { S i n e  
F F a n  d + e  l s p e n  { K * d }  w i t h  d  i n  H } ;

r i n t  t K ) : =  d + i n t  ( l { - d }  n  w } l m t r e  t h e  i n t e r i c r r  c : $  K - d  i g  t g l k e n
r e ! . a t i v t * l y  t c :  c L 6 F a n  ( K * d )  "
F r e m  d * c 6  c t r s p a n t K - c l  a n c i  t c t - c ) + { t { - d } *  K * c  { c S . a p a n t l { - c }  u a e  g e t
( d - c ) + i f t t  { l { - d ) = i n t  ( 1 1 - c }  i n  c l s p a n  t K * c } .  T h u s  t h e  d e $ i n i . t i n n  C ] f

r i n t  tK )  i s  i ndependen t  c f ,  t he  rhn i re  o {  d  i n  H"
V i a  c a n a n i c a l  i s o m s t r i c  i n c t u s i n n  w e  i d e n t i f y  E  w i t h
carronica l  imaqe {by the evaluat i .sn rnap evs}  in  i ts  ser*nd
Ex*  snd  denmte  by  c l  tK )  t hen  tnn rm* )c t rgsu re  snc l  by  t * c l  t k i )
d tEx*?E' !s)*c lcrs^sure e# T"  NEs",  t ' {s  are in  pnt r i t i .mn $c: r  the
resuSt  a#  th i s  sec t i t : n ,

The r rem ? .4

i t s
cl*al

t h e
rnai n

Le*  l " iE  be  &or " rnded conv€x
t h e  : m a g e  T t d + c L s p a n t l { * d }  }
hy  T  j - "c  cJnsed i r r  F .  Thpn

t t )  $ w c e  r ' . '  ! - r * * 1 1 * * { a )  t
=  Q - r  < r < ) , - r - ( T ( a )  f  

- i - t b l

( i i )  + t f r r r i n t ( t ' i ) ? T i  =  +

( i i i )  f  { x u  r i . n t { l { } r  T }  =  ' f

s e *  s u c h  * h a *  r i n t  ( K )  i . s  n * n p t r i d  * r r d
t s f  * i r e  c J e r s e d  r e a l  a f f j n e  s p a n  n f  l {

T * ! * { b i i  =  g - * - e * 4 :  ! T t ? t a } r T t L } } }  =

)  =  g u r . r { 1 ' t a }  o T t b }  }  i f ,  a u b €  r i n t t l { }  1
(x rr*ci  t l " : )  r- f f f . ' * ' )  {

.  !  n r i n  { f  { x  o c I  t l { }  $ T }  r S  ( x  r t { ? T }  }  '
( x ,  c l .  t K ) ,  T )  i f  p * - l - t r i n t t K )  s T ) *  S "

Ta pr *ve  Thesrern  3"4  s {e  nesd twc :  p re l i rg l inary  lemnata .

Lemrns 2- 5

Le*  Y  be  a  c { r r^ r r ,€x  subse*  r . r f  E  sucFt  tha*  0  in tV  and Je t  l *  &e  &

c J n s e n j  I  i * e a r  s u b s p e * e  o f  H "  F i : e r r
t i )  v r c l t L A i r T t ( Y ) )  =  t * c X . t ! - l n  t * c l ( Y ) n

t i i  )  c t r  ( [ - , f i  i n t  { Y }  }  *  L  n s l  t Y }  ?  L n  Y Lf ' I  in ' c  {Y}  "

t fgglE- [ 'de use the biputar t l renrenrr t r+ XeE ancl Xo;={* $ tr+x

Re( {  {e }  } {=  I  i . f  r *€X}  $  Ex  is  t t rs  rJ {HrE4 ' } - -FB le ! *  c { :  H  in  E ' l * '  end

X{" }  I  E**  ig  t } rs*  c f tE*eE*rF} -p t : } .a r  t : f  Hr r  in  E{+*  t i -e -  the
b$.pa t r i * r  s {  X}  then X{ 'G is  the  d{E{ - - t ruEx} -c } .c :ged rsnvex  hu t r I  c3 f

X n { { t }  C - E f E + t *  b y  H a h n - B s n a c h  s e p a r a t i o n  t h e n r e m u  c f  -  t h "  I V "  1 " 5

6 {  t $ t r H f t l ,  E s p e c i a } } . y  X ' : c ' =  l * c } { X )  i f i  { t C X  a n d  X  i " g '  c n n v e x .
The nont r i v ia l  inc } t l s i *ns  v , le  have lo  shc l r "o  a rs  L , r l  c l  tV)  q

g  c I  {L ,4 in t  tV}  }  ane j  t *c l  t t - } , f l  ws i .  {Y} (u ;c t  (L f i in t  (Y}  }  ,  h lnw i+  XgE is

& cclrrvel i  seto eCE ;and e=earctr  {X} than e€c} tX} hy l - lahn*Banach

s e p a r a t i . a n  t h e s r e r n ,  i . e .  E f l w r l ( X ) = c l t X ] .  T l r u s  i t  s u f S i c e s  t o
gihm.r Li lon y," ' .  g tL-Ainf-{Y}} ' } f  i*  tSr iY {ar !3Brn€3 t->{} wherg! S is

the  epen u l l i t  ba t l  C I f  E"  From tS lY  and Y+4r=  t r r l  tY)=  tn*c t r  {c } '  tY}  }

o n e  g e t s  c l .  t Y )  =  c I  ( i n t  t Y )  )  a n d  Y s q : =  t i n t  t Y )  ) ' ] " -  T h u : s  w e  f n & y
t :



d t

8 9

& 6 s r r r $ e  Y =  i n t t V l
l d e  h a v e  L e =  i *  =  { g t g * :  q i L *  O }  a n d  V , " C t t $ ) s } = { l . / t } g a  i s  a

d ( E # . o E ! * c t r o s e d  s u b s e t  o {  t h e  d t E u ' r E } * c o r r p a c t  s a t  { L / t } 5 € l

t=c lc lsec t  t . r t -ba l .1  o f  E+$)  ,  By  cer r - .  l , I  c r {  tF  "  IV"  1"  5  nS tS tHAl  t
t Y n  L )  e  i s  t t r e  d t H r & r E ) - c L c : s e d  c r n v e x  c o r n b i n a t i a n  a f  V ' ] U  L a  b u t

Y<r. ln Lr:r ]  is the p*Lar c:{  t t" le ct :nv*x cainbi.n*t inn mf Y{ 'Ul-"} .  Al l

we nered ie  t t r - re t  the  rnnvex  csmbina t iq :n  o f  V{ r  a r rd  Lc}  in  E l *  i t s

c / tgs .nE l  -c? .ose .d"  But  t .h is  f  n l !q*u+g Srnm the  d66;x rE l  *eampi*e  tnesg

o S  Y o  g  ( l / t l $ ( } .  q ' e " d .

L e m m a  ? , &

te*  K t  and l ta  be  cErn l .sx  su l rse*s  * f  E-  Fhen

H - d i s t  { H r .  r H z l =  H - d i s t  { c L  { H r }  s c l  { H : e }  } =  F { ' - d i : s t  t s . l c l  ( K o }  r w c l '  { K : : }  } .

rysg f . i  I f  xoY are  gub: ;e ts  o f  a  Fe"narh  EpacE E r * i th .  $pEln  u tn i t

n e t l - -  g  U - r s , n  b y  c l e * i n i t i B n  w s  h a v e  l 4 * d i s t { x n v }  *

*  i n $ t  t ) . O :  X g Y + t S 1  Y C X + t S )  e  i n { { t } S r  X C Y + t - c l S }  t  Y l X + t c l  t S }  } "

H * d i s t { " r . 1  i e  a  s i e r } i m e t r i c  c r n  s u h s e t s  n {  E  s u c h  t h a t

H - d i s t  t X u c l  t X l  ) = O  s n d  H - d i s t  r s s t r i c t e d  t e  t h e  e y s t e m  a *

c l r :s red  r+ubsets  c i f  E  is  a  met r ic  {w i th  pnss ih le  in f i ' n i tea

d i g t a n c e e  i $  p u e  a l g t :  c c n s i d e r  u n b s u n d e d  c l o s ' e d  s e t s ) .  B y  t h e

t r i a n g r " l l a n  i n e q u a l i . t y .  w e  g e t  H - d n s t ( x l Y l =  H - d i s t { c l  t x } ' c l  t Y }  }

{o r  a f . f  gubs 'e ts  X- rYgE"  The r lased un i t  ba l . t r  Soo n f  the  eec t rnd

e n n j u g a t s  g x *  g 3 f  E  i s  t h e  w e a k  ( i " e "  c f , t [ * * r [ * l - )  c l c : s u r e  6 r {  5

and S<]o  is  s*e ,ak ly  compact .  Thus  s*c l  tY)+ t$+r f ,  ie  l *eak t ry  cL( ]sed

and ie  the  r . leak  s l *sure  s$  V+t ,S .  b je  ab ta in  XpY+t$ i t ^ lc l  (Y)+ t 'S( }o t

Y g r u c l  { X } + t , S { 3 s  i +  t : } H - d i s t t X o Y } .  H e n c e  w c l  { X i e r . * c l  t Y } + t s { i ' "  s n d

* i r  t v )  !  r + c l  t X ) + ! s * o ,  i - e .  t  > -  t - { * d i = t t w r l  t X }  u t " * c l  { Y }  }  ?  i +  t  }

H - d i a t t H r V )  c : r  F l - d i s t t X o Y l " H * d i s t { u * c l { x } r w r l ( Y } }  i +  X  a n d  Y

arg  subsetg  o{  E"
Nsw le t  he  g iven ccnvex  subss te  Kr  and F"z  o {  E  and e} '

F f - d i s t  ( w e l  t l { *  } ; u l c }  ( K : a }  } .  P u t  r =  t H * d i s t  ( i x c l  t l { 1 }  r t ' s c l  t K ; a }  I + s l  / 2

and f=  1s* r ! /2 ,  Then K1 Cwc l  { } ' i 1 }  ( r " rc l .  tKE}+r$a;p= p ic l  tH=+r5}  and

H: rer *c1  { l ' i r * - rS} .  Fy  separa t ic :n  thenre fns  Hf l * i c l  tY}=c l  tY}  i f  YqF ig

c a n v e x ,  W e  g e t  K r  { c l  { K = + s 5 1  ! t K : e + r - $ ) + t S  { K e + s " 5  a n d  s i r n i l a r y

H =  g f , r + s " 5 0  i . e '  s  >  H * d i s t { H . e e K z } '
T h u e  l - { * d i  s t  ( w c l  ( K !  )  l w r l  { l { a }  }  }  H - d i s t  { K e  7 K z }  '  q ' e "  d -

E f g g !  g f .  I b s g f g n  ? , . 9 l  F y  d e { i n i t i s n E i  e S  5 * , - r . . . 9 T * ' ( t < }  * n - s * ?
S T ; ; : " . ) - * * - r n * V  r e p l a c e  t {  b y  K * d  s n d  E  b y  c l s p a n t K - d }  i f  d G l d r

t h e n  T  b y  i t s  r e s t r i c t i $ n  t c  c l e p a n  { } " : - d }  a n d  F  b y

c l ,  t T ( 1 1 s p * n { K - d }  }  b e s a u s e  w c 1  t K - d } = t * c 1  t K } - d ,  { T i c l . s p a n t l { * d }  } ' w ' *

=  T x * ! t c l s p a n t K - d )  ) s ' * ,  u * h e l r - e  F t r s  c a n s n i e a l l y  i d e n t i S y  t h e

sec t :nd  due l  e : {  a  c t re : r ,ed  l ine ; r r  subepace t : f  E  { re*sp"  F}  w i t 'h

the  t " reak  c lssure  a{  th ie  eubepace in  t f re  sscantJ  dua l  o f  E

tresp, F) Bs a ctrnre,qlrence *$ Flahrr*Fanarh exterrsiqrn thennern"

B y  o u r  a s s u r n p t i e n s  c J  c s n  h e  c h s s e n  i n  r i n t  ( 1 4 ) .  T h a t  i s

s* .  L  $ ,  g ,  wa rnay  *seurne E is  * t re  cJ r *sed rea l  J  jnesr  s f i€ r ,  r l f  l {  ?

K  h a s  F r o D y d r i d  i n * e r i o r  i . n t  ( K )  =  r i n t  t H l  i n  E !  0  6  i n t  ( K )  s n d

T tE) = F, The equal i  ty T tE) =. t r  "$oL l  c:ws ' f  re:m Eur assumti  nn

T t d + c ] . B F a n { l { - d }  } *  c l  t T ( d + c l E p a n ( 1 4 - d }  }  }  "
gdL i l_ r  Le t  be  g iven arb( r in t  tK)  * in t  t l { }  "  T l - ren  Lernma 2"  S  appt r  ies

tn K*a { resP .  N-tr  }  end L: oker {  T }  n

c I  (  ( a + L )  f l  i n t K ) =  a + c l  ( i n t  ( l { - a } n | * ) =  a + t c l  ( H - s } , / \ . L } *  ( a + L } O c l .  t l { }  t

s i m i L a r y  c ! "  (  ( L ? + L )  A i n t h i ) =  t b + L ) , r t  c l  t K )  ,  e * c l  (  { 6 + L )  A i n t K } *

{ a + s * c l  ( L }  } n w t r L  ( K )  r  u r c l  {  t b + L } n  i n t H } =  { b + s ' * c l  ( L }  ) , 4 w c I  ( l { }  '  B s c a u s e

e e , r t T ( a l  r T { b }  } =  H * d i s t t K  6  { a + L )  r l { . n  t b + L )  }  a n d  t a + L }  ' A  i , n t K  !
€ t a + L l A  K  {  t a + L } f l e  I  ( K )  b y  L e n r m &  ? . S  w e  a b t a i n

F o ' . r ( T t a )  r T T b t  i =  ! c r  * < > . - ' t T { a }  o T t b }  } =  - 3 : . : r a r - i { ' t ( T { a }  r T { b }  } =

s  H-d i^  s t  (  ta+etc l  tL )  i .4 ruc l  (H)  ,  (b+u+c1 tL )  1 / \  t *c t  tK)  )  '  On the  o ther

h a n d  l - t - d i s t t  { a + k e r ( T # . { * }  } O  u r c l  t K } ,  ( b + $ { B r t T # " * + }  } A  w c l  ( t { }  }  =

=  S * * r . 1 4 r - r * * { T { F . ! + { a ) r T * x { b ) } "  t r t  s r - t f { i c e s  t o  s h o w  t h a t  t n s c l { L } *)
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ker {Tx*} i  + T tE} *F" Sy the i  nvenee rnappi ng theerrem tFtens

ex i r ts  an  isamnnph ism I  {nogn E/ t -  c ln to  F  such tha t  T* IF  tohere  P

is the qur: t ient rnap from E ontc HlL" Thus Tx** '*1f i"**P' l f*r  ** i th I**

i n v e r t i b t r e  a n d  k e r  ( T * * ) =  k e r  ( 1 3 * * . 1  "  S l u  s a n n n i c e l  i d e n t i f  i s . l l t i e t n
g$ tE /L)  x .  r * i  th  L rdE*  anc l  n$  Ex* r r *c l  tL )  w i th  {L - }  { * *  {E , i  l * }  *#"

{Halrn*Fanachr theeire*m} F* tr*xc*mes the inject i .on !-  **, '  E* ar le$

F** trElcarneg the* ctrr-rert ient fnaf i  E**+-*. :r  E*x./nrcL (Ll  "  ThrJs l :ertTr+*)x
s  t e e r  { P * x } =  t * c l  t L } ,
A d t i i l t  L e t  b e  X { K r T } ; * { 9 * < , r ( T t a }  r " l - t b } } :  ! i T t a * b }  !  i < . x r  a o h r G l { } -

E y  p a . r t  { i } ,  X t r i n t { l { } n i }  i . s  c s : n t * i s ' l e d  i n  t h e  i n t e r s e * r t i o n  m f

X i n o - f l  u  X t r 1  t K ' , T i  * n d  X { s * r } .  t F { : }  ? T * t * f } ,  t h u a  S t x r n i n t { H }  o T } *
s L r p  X t ; i n t { K ) r T }  i  n r i n { S ( > : r l { ! T } r ' F ( x o c I { H } r T i ? { { x r t ' * c l t K } r T i $ * + } } "
O t * r  w , L , E t " E " - a s s u m p t i . e r n a  s x y  t h a t  *  i s  i . n  i r i t t H ) "  h l c : p ' r  u * t *  p x t

L = {  ( & r b u T t a - b )  }  t a r b e  g } g  E & H { b F  a n d  \ r * {  ( a * b n c } ;  a r b € i n t H r  r € N S r ' }

ruhere  s r= is  t l - l r * ,caFen un i t  ba l t r  t3 f  F"  T f ten  L  ig  a  c t rnsed sub*

e p a c e o { E 6 E G , F { w i t h l r S L t m n t f , r f i r } i " s c r m c r r p h i ' c t i : E s E ' w c l { 1 . - } =
=  {  { a n h r T r * . * { a - l r }  }  s  a r b  €  E * * }  g  E # ' # ' $ E # ' * S F # * +  r l  t Y }  s

=  t ( a r h u c ) ;  a r b { w c L  { t { } ,  c d x " l * c l  ( S r } }  w h 5 3 r e  E s " $ ' * E * + s 6 p * e ' *  a n d  t h e
- * e c n n d  c o n j u g a t e  a S  E € I E 6 F  & r s  c a n c l n l c a l l y  i d e n t i * i e d -  B e c s u s s

O € v = i n t y o  h t  L e m r n a  ? " 5  i t  l " r a l d s  V / l L *  d  { a r b r T t a - L r )  } :  a r h i ( i n t K o

i l T { a - b }  i l  (  x  }  i s  w e a t r l y  d e n s s  i n  r * c l  t Y } A  w c ] '  { L }  G

=  t  t a r b r T x * ( a * b )  )  l a r b € w c 3 .  ( K l  r  i  : T ' t + + F t a - ' b l  I  l / * H )  a r r d  c I "  ( V f t  l * )  *

= , c t r  ( y ) A  L =  { { a o b r T ( a - b } } e a u b d c l  { K }  E  ! i T ( a * ! r )  i ! { x } "  t i l t t h  s t h e r

w n r d g  t h e r e  e x i s ' t s ;  a  n e t  { { a " ? b y } - } y  i n  E t } E  s u c h  t t r a t  a "  a n d  b y

&re  in -5 .n tK ,  a . r - - ) .a  and t ] ] . * ->b  u ' re* -k l ^y  snd i  iT {ar *br }  i  i { x  i#  a

a n d  b  e r r e  i n  t u c i  ( K )  a n d  ! l T * * ( a - b )  ! ! i x "  B y  d e { i n i . t i a n  o f  { t x }  t
d i e t  { a , . r T - a  ( T ( b } i }  } A i n t H )  { , S  t x  r i n t H r T }  "  h ! s : w  } e t  b e  g i . v e n  t } { } "  b J e

choose cy€T- -a  tT  tby l  l f r in tK  such tha t  |  !a r -cy  i  i  {  {  t x  r  i .n t l c l?T}  + t  -

Tat l i  ng othert^t i  se'  a eui tabtr  s subnet by t*ealt  campactne*ss nf

s . r r l  tF l i  we may ass l i tne  tha t  { t * * rc . . , r } } .n  ig  wee lk ly  csnvsrgent '  in
(ESE) s6r:  $.1*++$Er+{*" Let c be the l rerak L i  mi t  pni .nt  t ] f  {cy} "  Then

c  € a t c 3  { K } ,  i i a * c l  ! { * u p d !  l a . , r * c r !  i l . g $ { > ; r i n t l { ? T } + t  a n d  T * x { g 3 =
* w - L i r n  T * i + t c r ) = w - l i n r  l x l + { b - r . i =  T * * { b }  b e r a u g e  c - € i n t t { . ,  T * * * { c n ' } =
=T{cr } :  T {hy} :  a - * *+ t - {b ' ' }  a r id  T l * *  i s  weak ly  csn t inu t : t - t s .  Fy  Lemrna

? . 3 { i  }  |  +  ( x  r r , + c l  { K }  , T * s }  t  {  t x  u i n t  t K }  , T } =  S  { x  " r i n *  
( l { }  ? T } .

A d ( i i i l s  A s  w e  h s v e  s e e n  i n  t h e l  p r r : a ' $  n {  p a r t  t i i }  { t a n h } e

a r b € c t r  t K )  ,  i  l T ( e * b )  I  i l x S  i x  t h e  e  l s s u t r e  * f  t  { a r b )  I  a t h € i n t l ' l t

! l T t a - b )  l i { x }  w i t t r  r e s p e r t  t a ' t h e  } r * E r - t { i i  n c l r r n  n n  E & E .  d l t  t h i s

mnr*ent  f  o r  b rev i ty  1 .e t  bs  f  {x )  *=  f  t x  r in t l {uT}  '  l ' l s t " t  assu f i i€ }

p e r t i n t g r T l *  i . n { { S i r s } : t } O } =  0 .  T h e n  { s n  e v 6 r y  S i x e d  t } ' *  t h * r e e

e x t s t $  a  s € q L ( g n t : g  x r , ' ' x = " ) - .  '  ] - C I  s u c h  t h n t  {  { x ' ' } * x *  i  t ' / ? - * a - "

L e t  h e  E i v e r r  x ; ' r l o  a r b € c 3  t F . . )  p * i t i r  ! l " f  { a * b }  i  ! l > :  s n d  t } ' t ) '  W i t h !

X r  s l i 3 1 . . ,  a g  a b s v e  t h g r e  a r e  g s ' q u t * r l r e s  { s - }  a n d  { b - " }  i n  i n t H

s u c h  t h a t  i  l * , - , - a i  1 1 1 - x * ?  :  l b - - b l  ! . : . x - , / t 2 :  i T !  i l  a n d  I  l T { a - - b - }  i  ! : x -

I t  f o I i . g s { g  ! i T t b . , - b - o r } l i  ! x - ,  9 t - * * , t i , - r { T ( b - } r T i b - * r } }  {  f  { x - } u

d i E , t  ( a o T - a  { T t b - }  } A i n t l ' : }  g  i  i a - - l !  i +  c l i s t  t a - r - f * "  t T t b ^ }  i n i n t f ' ; }  { .

I  x -  +  f  { x }  . i  s  t x }  + -  t / ? .  t * } e  s i n d  c r  i n  T - 1 t T { ! : r }  L f t i n t l ' i  w i t h

T i c r - a i  l . ; t , / ? t f  { x }  a n d  t h e n  b y  i n r l r - r c t i n n  c n + 1 6 T * t  { T { b - * r }  } t r l n n t K
q + i . t h  I  l c - * . c - * r  !  ! . 1  S  t x * ) + r : * { t / ? * * r "  T h e n  !  l c r * c = i  i + l  l f a * f , : = i  l + "  "  '

(  t / 2  a n d  c = l i r n ( c * )  s a t i s s i e s  c  €  c l  { H }  ,  i  i c t * E  i  l g t / Z ?  T { r } *
;  I i r n  T ( c , * ! =  L i r n  T { b * ) =  T t b }  a n d  ! l a * c l ! l  I l a * c E !  l + i i c r * c i i  S

{  { t x } + t r  h e n c e  d i c t t a r T * a t T t b } } f i c l t l t } }  {  S { x l + t -  B y  L c a m r n a

i , S t i l  u r e  g e t  { ( x r c l ( H } r T }  t  S ( x } *  # ( x r , i n t ( l { ) i T } .  q " e " d '

R e m a r k  2 " 7

{ / nde r  assump* i * r r s  o f  l hes r rsm 2 "4 t
f ,  t x  r r i n t  t w c l  ( K )  )  r T s ' r * )  =  S  t > l  t w c l  t K )

r i n t  t K !  €  r n n t  t w c l  { 9 { }  }  a r r d

, T * x )  s  {  { x  n r i n t  ( K }  ? T ) .

As in the pr-er: f  r :$ 
' f t recretm ?.4 clne can restr ict  to t !" t*s casE

O € i n t  ( K )  a n d  
' f  ( E )  = F ,  T h e n  { r ( i n t  t w c l .  { H }  }  * r i n t  t u * c L  ( H )  }  r  t a c l  { K }  *

= c l  ( r i n t t w E l  t h t l l  a n d  T h s c : r e r n  2 , 4  a l a m  a p p l i s s  t n  w c l  t K )  e  T * t + t

E * x  a n d  F * x "  F r g m  r i n t  ( l l ) = i n t  ( H ) € i n t  t r n c L  ( K )  ) * n i n t  t w c l  t K )  )  b y
r l. ,ij



Ef

T 5 e g r - e m  ? , 4  t i )  o n e  E e t s  $ r i n * , ( w € r .  { } 4 r  } , . r * * { T # ' & t a }  o T * i + { b )  }  =

= e w c r  q r < ;  , - r n " * ( T d - # . { a ' )  , T l * * * t h }  }  *  g - t , a r .  { } q }  " r t T ( a }  , T { b }  }  i +  e o b  a r E

i i  r i n t ( K l "  I t  f o i . l t ] r * e  f  { x , r i n * { X - i } r T }  {  f  { x r r i . n t t w c L t l d } ) r T s ' * i } t
c f ,  p r o o {  o S  T h " Z " 4 t i i } "  O n  t h e  q r t h e r  h a n d  h y  T h e c r e m  ? , 4 t i i ) t

f  { x  o r i n t  t * s c l  ( K }  }  ? - [ ' f l ' * r ]  { f  t x  ? t 4 c l  t ! { }  ? T ' F - ' * } * S  t s  r r i n t  t l t }  ? T } .

Lernma ?" 3 { i  i  }  }  Fraposit ien ?" ? ancJ Rermark 2" 7 t*6e' ther prt :ve

Theerrern I  "  I  .  We need some cctrgl  l  sr i  es'

Lerrnraa 2" B

t i  )  $  t x  r t  ( K + a )  1 T )  =  t * 1 S  t t x  n H t T )  n
t i i )  { { x r K r T }  i  x i l T - a l T t E }  l !  j f  T  j g ,  j n p e r * j b j e  o n  T ( E } ,

t i i i  )  f  ( r :  r P ( K )  r T )  (  {  t x  r 1 4 r T }  i f  P  i s  a  r e a j  l i n e a r  c r : r n * r a c * i n r r

r , l?  E  such *ha t  F t l { }  € l { ,  Fa*  P  and *here  ex . rs*s '  &  re ,a j

l inear  { i l r f  * rac* jon  E l  on  F  suc f t  *ha*  G l?*Gl  and TP=61T.

P r e g f :  ( i )  a n d  t i i . )  f t r l L o w  f r s m  L e m r n a  2 . S  ( i i i )  a n d  d e f i n i . t i t : n

o F - F ? x i . . " ) "  A d t i i i . ) a  t - t x t  b e  a € F t l . { } { K  a n d  d € T P t K } = H T ( l { }  w i t l ' t

l i T ( a ) * d l i ( x "  T h e n  S t d ) = d  a n d  t h e r e e  e x i s t , g  b € H  u { i t ' h  i i T ( a * b }  ! i

{  f  t x r l { r T }  a n d  T ( b } = d "  L e t  b e  e * F { b } '  T h e n  T ( g - e } =  T P { e r * b } =
=  U " l ' { * - b }  u  i i T ' ( a - e )  i !  {  i i G i ! "  i i T t a * b }  I  i  r =  $ { x ? K r T }  r  € r & € p t K t

a n d  T { e } = T P t b ) * & T ( b } = G ( d } * d "  U s e  L e m m a  ? " S ( i } . c t "  E "  d "

Le t  E  and F  be  B*nsch spaces  and T l  E  - ->  F  a  bc :und*d  l i s :ear

fnaF. Assume thene exists an is*nnetry I  'Srom E** on'hn a f**-

a l g e b r a  F ?  p r a j e e t i s t x s  p ? q  i n  F ?  c p e r a t r r s  h r d  i n  F  s n d  a n

isometry J frorn pBq anto F*+t+ sulch that
t i l  T * * t a ! =  J ( p b ( 1 t a ) ) d q l  i f  s ( f i r * # ' e n d

( i i )  t . h e r e  e , x i . s t  p o s i t i v e  s e l f a d j c } i n t  a p e r a t E r s  S r h G B  w i ' c ^ h

Fbb* ; :g -p  and hqd*dq*q  (  i  .  e "  phb*p  and qd*dq & l *e

i n v e r t i b l e  i n  p F p  a n d  q B q  r e = p e c t i r ' 1 y )  F

F u t  F  
' =  b * s p E p b  r  q ' =  d q h q d *  a n r i  l  e t  T '  b s  t h e  m e F  c - - ) p ' c q '

$ r s m  F  i n t n  F ' B q ' € 8 "

E t : r a l l a r y  3 , ?

I t n d e r  * h e  a b * y e  a s s u m p * i d l n s  ?  F '  r  c l  "  a r e  p r n . p e c * r n n s  i n  t s  a n d

# ( x n T )  g  S { ( ! l g l  l "  l l h l l r t ' / ? . H r T 1 } '

Pf.eelc By t i i. )
f ro rn  p$q in tc t
{ . ( l l E i l - l l h i l )
=  p b c d q  i f  c € 8 "
= f  t x  r  ( 1 " "  )  - a ' f  ' l

t :p€n uni t  bal  1.
L e m m a  2 . 6  ( i i i )

p '  and q '  a re  p ra jes t ' i t f , t - lE i ,  Le t  To '  be  the  rnmp

p  ' i l q '  g i  v e n  b y  T "  t p r q l  = b # p g p r q h q d * "  T h e n  !  i  T "  i  i  {
a / 8 1  T "  i . s  i n v e r t i . b t r e o  { T " } * !  t p ' c q ' } =  F b F ' c q ' d q =

Tt l r :s  T** *=  J  tTn ' l  -aT ' I .  I t  f  sL  le : r *s  S  {x  uTx '+ t }  =

because I  and J  a re  i ssmet r ie rs "  T '  rnapt r  the '

s f  B  e i n t n  t h a t  a {  t r ' S q " "  F y  L e m n r a  ? " 3  { i i i } ?

* n d  R p r n a r k  8 " 7  w e  g e t  f  { x r ' f }  {  f  ( t i T " l i x t T ' } "

Nt]ss assurnB rnclrFGver p=erb*drg=h ei td th€i t  c ln E and F

invo ] "u t inns  F . - * )E{*  and in  E  is  a  "un i t "  161 su lch  tha t

q .  e .  d "
t l - lsrs sre

t i i i )  I  { 1 r : } = 1 r : n  I  t e * } = I  { e } *  i s  e € E * x  e n d  J { p b + * p } =  J { p h p } x  n s

b€B r*here e--}ex (e € E+{'* trr * 6 p'x*} rnean t'ht* serrnd

a d j t : i n t s  o f  t h e  i ' n v s i , u t i n r l s  d a { i n e d  i n  E  a n d  F "

L e t  b e  s { t  a n d  s p e c  t s n t } =  { e 6 E l  e = e s r  s p e c  t I  ( e }  ) $ I s t t E  } "  F u t

P ( e l s t E . ! + + E ) / ?  i *  e € E  a n d  6 l ( c ) = ( c x + c ) . / 2  i {  c € F "  T h e n  s p E c { x ' t t } =

=  t  ( t - e l  l ? ) P  { S )  +  t  ( t + e }  l 2 }  L E  a n d  P r 0 r K = S r T  s a t i s $ y  t h e *

a s s u m p t i o n g  o {  L e r n m a ; l . g t i . i i ) .  B y  L e r n m a  ? " s t i } r  L e r n r n a  ? . g t i i i }

and f ,e rs l la ry  2"g1  under  the  assurnpt ions  above h ,e  oh ta in*

E a r a l l a r y  ? . 1 O

f  { x  , F p F t r  ( e r t )  , T )  {  ( ? /  ( t * s }  }  $  t x  i  ! g  !  i  t t * e }  / 2 1 T  " }  '



Bi" ffer$urksg&.en sf, untssr$.es

I f  h  i s  a  cnn t ra r t i on  on  a  H i l l : qEr t
u n i t * r y  m a t r i x

I  b ,  ( L * b b s . )
i * ( l _ b * b l x . . . * ,

are dennte hy tJ tb)  the

l , l  ( ,4)  *F l  {a}  =

spF.tre

3- .'a I
*tr*_ ! .

{

i  t i  t l

:

' I

t e *  A  & e  €  u n i * e j  f s - a j g e b r a  { r e e - l  n r  c n m p J e ' x ' } r  u  &  u r r ' r * a r y  i n

A  a r r d  F r Q  i  c n c p J e . i l f  p r * - i e c * j n r r s  j r r  A  s u e J r  * h a f  i ! p u t q l j { 1 "

Then fc r r  a r ty  t : t t t t * r *c* i#n  b  In  F ld tq  ih f : ' re  ex js*s  t  1* i *a ry  f f  in

A  s u c f i  * h a *  F f f q  =  b  a n d  i i u . - S l i  = '  i i l ' j t p u q ) * U t b l  ! : -

Themrem S" I

EaroL l .  ary 3" ?

te f  be  A & i l r r -z*e j  f f+ -aJge&ra  f re ; * i  # r  cnmpJe.x l  r  F t  q  n f l r rEer f '

p r c r - f e c * i * r r r s  i r t  A  & f i d  T  f h e  r e & p  f r o w  A  o n * o  p A q  g i v n e n  b y

T  t e )  =  p e q  { a  i . n  A }  .  T h * r r  f  t x  , T }  ' 1  x  +  { 7 * >  L 1 ' e  
"

bJe  need.s 'c r rne  preL iminary  lemrsnata .  T*  s imp l i f y  n t : ta t i .uns  Le t

d i a g  ( a r h  1 "  "  " ,  

' b e  
t h e  d i a g a n a l  m a t r i > r  E r i t h  d i a - g u n a l  e l e n r e n t s  a t

h e  - . .  ?  L e t  
. t 4 t c )  

h e  t h e  m a t r i r e

!  c "  { P - c c x }  L / ' E  I
l - ( q - c * c l L / 7 r  - c 4 - i

i f  c  i s  a  c g n t r - a c t i o n  i n  p A q  e n d  i e t  u t E  d e n r t e  b y  Z  t l r e  a r a t r i x

I  O ,  I  i
i _ 1 ,  * - 1 "

Lernrna $.3

a i r ,  FASr  t lt - e t  b e '  g i r e n  E  g * * * a f  g e h r a  A r  p r n j * c * i n r r s  F r Q  s n  A t
j r r  qAF s$ef l  fhe*  &  &r rd

F * ! e *  |  a ,  { p - a a * } 1 . / 3  !
! - { q - a * a l  1 / 2 ,  d - i

&r€  c*n* rsg f  l s rns  i r r  F ' l ; :  iA i  ,  T . l re r r  t " t  {a }  sa* is f  :es

=  d i a g ( q n p ) ,  F l t a l t - l ( a l x =  d i a E t p o q ) "

I f  a r c r r e # r r € r  i  i a i  i { l  t h e n  r J =  - a { r '

F r s c r f  ;  t 1 - a a * l t , : ' p =  p t t * a a * ) a / : = =  { p * a a x } a / z  a n d  q t l * * x a } r " ' : e =

=-T i I * * r * ,  t , rzq :  {q -a*a}  1 . /=  t rFcause aa . }+{Fr  sg l ' t i ' l q  and Faq=&.  I t

fo l l c r r *g  51 . t+ {p :aa ts l r l - , ' 2=  {q -a*a1a/ ; :6 i * *e  tp -aa* }  1 / '=a= a{q*x* ;a }  a r ' t?

s n d  ( q - - a * a )  r . . / z d =  q 1 - s l * a )  1 . , ' = d "  F u t  F l : = l ' 1 t 4 1 .  U s i n c x  . t h i 3
i d e n t j . t i e e  s t r e i g h t s a r w a r d  c n m p u t a t i t r n s  s h c : a r  f 4 * , H *  d i a E  t q r p l

and l" l l " l+*= t* i ;eg tFrel)  .  f ' letrenver i t  t rnl 'ds

ln l *N =  d i .eg  tq rp*a** -ad)  +  d i .ag  tc  !S)  Z  rxh .ere

c =  a { + { p * a a * }  ' - / ? +  { q * a * a }  L 1 7 . d .  B r . l t  l ! H i * h l i i  E  l i l * * " i ! " : l l t i i  5 1  b y

*=***p t ions  $n  N and the  above nbserva t ' i t :ns ,  concern ing  [ " ] '

Loaki ng tn the t  L ,  L i  *el  ernent ert  t r4 '$N! {Fl*+N} ' ' *  He nbtai  n

i i q + c c i l i  ! 1 .  O n  t h *  * t h e r  h a n d  c s  q c  b y  t h e  * c b * ' v e  i d e n t i t i e s '

T h u s  q * c c + *  =  q t q . + c c * ) q  g  Q r  i . s .  c  =  o r  { 3 * a * a } r z ; : { - s 1 ' t * }  =

=  - A . F ( p - a a , * )  L f z  =  ( q - a * a )  L 1 ? ' r 3  a  { l - a * i a }  | l = d .  l r l € w  i f  !  i a l i  {  1

t h e , n  ( l - a * . a )  a / 2  i s  i n v e r t i b l e  a n d  d =  - a - ' t *  q ' e " d '

1 0



Lemrir* 3,4'

A e r *  b s  A s & r F r Q  E F  i n  f e m m a  3 - 3  a n d

\ l : *  !  a ,  { p - a a * l  L / z I

!  (  q-4"*4,  3 '  / * ' ,  d  o
l *  f  ,  k e

i s  a  p a r * j a f  r s o a r e f n y  j r r  l . l . s t A )  s r : c h  * t r a *  V ' x ' V  *  c l i a g  ( q r p r s )

ar rd  VV*+ = .d iaq  {p rqur }  *her r  '$=q=fus l r : *So r j * *e { * r  s ' *e35 &r rd  e*+ssr .

f f .ggf ;  The *pper X.e*4t 2x?--:rul imatr ix e:$ V

in t" lat{a}.  Fy Ler*nra 3-5 d= *g|. !+ htrce$5f3 I

equa l . i t y  VVt+=d ieS tp rQr l - )  f r * rn  s is*6* r  s '$s

uei n6 V"H'V=di. aE ( q r F r El sse abt ai. $'! 'F"x.S*O s
i t  f  {3l .  lohrs €?{+e=s anrJ Fe#=r.

Leirrm;r 3" 5

t e *  F r g r r r e  & e  p r * . r - t * . c * : c r a s  i n  a  u r r * * a J  c x * a J g e b r a  A  a * d  \ 1 , ! w  €  A

Suclf  tha* v.Ev=et 0rtFd' l f=pr p+r+vvi*=1 arrd q+5+w*t '$el"  Ft ' ! f

q
h
6

I  i a l  i  d  t "  A s s u p s  f h a f

must  Lre a c*nt ract inn
i *  I  l . i  1 .  Us inE  r r r :w  tha
get gqf=t] e Frhx'*6t ane!
k++.ks*" Frsm f*g:fu*k*f l

c l ,  8 "  d .
' a

j $

D s *  I  p u v r r
|  0 + $ ? s
i _ * r o r C I

G ( y ) : =
Iherr

( i  l

n r + F { } ' } s r  H t y }  r =  E * * F t y } E ,  T ( y } : =  D * F t y } E .  r f  y  i s  t n  A "

T (y l  E  i  Fyer  Fyh l r+r  FYs i  fo r  Y  in
! v'H''x {i c vs'ys{* r \.r?syg I
i  -  ryq 1 r ! !eJ{+ o nYs* i

I  r  E t *  i  q o w x r e  i
i  l o r 0 r o l

_ i  i _ o ? c t r  * - i

i f  e € r t l s ,  a d p * q n  b €

n  F { y l : =  I  y r $ r 0  !  t
i  $ e o ? o  i
! - 0 e s ! 0 . * !

/+.

. r * *o  N;s  (A)
{ q r p o s } "
f  { Y }  T  ( Y }  * *

t i i )  S  e r rd  H ars  f ,a j *h fu j  *E ; rs f l rg rsen*s* ie r r rs '  dn t : r rs  f i

s t r c h  * h a *  6 { 1 } =  d i e E ( p s { s t r l  a n d  } ' l { 1 } *  d i a s

t i i i )  T  . l s  i * n  j s r . r m e t r y  f r o w  A  j n * *  f ' l r s t A !  s u c f u  f h * *
=  G  { y y * )  * n d  T  { y }  * T  { y }  =  H  t y x y }  i f  . V  i s  i *  A '

t i  r , )  T ta+vb+rt*+vdtn:+e) s a r c s 0  I
h r d r o  I

* C r r { r r e _ l
qAe r s€pftp ,  C€'elAn "

I
l

l l

, l
!1

t v )  f f  y € A  f h e r r  * i : ' e  e q u a J i * Y T t Y l * a r r * *  . !
b r d r o  i

i m p f i e s

ycs+ytu+ci ' {+vciw+e rci*h e(rf tso a6pr}q, ' ;F&hT-odett,  .ddqAp"
{v i }  A t t  e . lep ;en*  y=  a+v t l+c te+vdw+e sa f :s fy :ng  *he  *erndr* :c rn 's  s ' r f

f j g " J  j s  a  u n r * a r y  d r f  A  j f ,  a n d  t ' r n J y  i f  * J : e  t l p p € r  J e r - *

?xF*s 'e rbr *a* r jx  j s  &  par* iaJ  . rse ine{ ' ry  dsay  fo lJ  i r t  F l? id \ }

ts l i f  h  [ *J*Lr i=d iag  tq rp ]  snd  hJ ! { *=d iag  tp ,  q ]  end e  f  . s  a  par f  i ;eJ

rs#wet'r't ' $,Jr.*le e*e=E 6sngf 66*#'=f .

F r t : i r . $ *  ( i )  i g  e b r r i n u . s "  A d t i i : + { i  j . i }  r  l d e  d e n g t e  t 4 . = t A t  b y  S  * n d

{ f r E - p r o : e c t i m n  d i a g i J . r 0 r O } * F { 1 }  h y  f = "  T h e n  F  d e s i n e a s  a  u t n i t s t r
ga-algebna ix*rn*rphisslr  i rc: f i t  & sntcr FFP. I3y errxr asssur#t$.$ns !)S**

=  p= gE.u"  l ' husE z - * " . .F }x -aEn z - * ) l l x r *  mnd =- ' *19+reH c ts f  ine*  t r inssr

i sometri es $rarn PSP or-rtn D*S[IE#E r n'ft 'nBn'Fn antJ E+I"EFH{+E

rexErect iv*try,  Flprernver t ! -rp lat ta-r  t - t+n ane ur i i tmS. gx-* lgehra

i  somei rph i  smg. "  T  ty )  T  ty ) ;E  *  $* .F  (y )  HE*F {y* " )  p*  t r *F  (yy 'F)  F  =  6  tyy* }

a n d  T t y l e - T '  i y )  =  l - l t y * y ) ,  H e n c g ,  T  i s  a n  i s n m * * - r y ' t r c n r  A  n n * ' c :

D*gDFH6E and GrH are  un i ta ] .  # - is t :n tc f rph is rnu  f  rn rn  A  s rn tc  n#Dgl ) f f "n

e n d  E * H * E { * . H  r e n p e c t i v e l y "  I t  h n L c l s  E ( 1 i =  $ * l ' f . } =  d i a q  t p r q n r }  a n d

t { ( 1 ) s  E * ' E =  d i a r g  ( q u p r s }  e s  c $ m p l i t a t i s n  s l ' t n w s "

A d ( i . v ) :  B y  a s s u m p t i a r r s  n n  F e Q r r - r s r s { r v  i t  f u c t r ' r J s  e g r = q l i a r * v i l r p * p v =



=wqr6. Fut, y:x6t"Fvb+cts+o*dw+8" Th*n by

have rysssys=ry* '  l i l i t ' h  g*y -e  bY t l l
agsurgnt t { :ns  c tn  & tb ' r f r  od  te l

i t  fa l Io t * ts i  -
T t Y ) =  i  P q q ,  F S w s o 9

lv* 'SQrv ' l+g t+ t *u0

t*ffi

i _  t l n  * ,

u s i n g p v * w q * Q w e g * r t f : B q * p s q = s i p g k * i f 5 c t r i h l * ' - * : c p * e r v s g q s v s ' v b = q b s b

ffii_;:-%;""x***lll3r=1;** in rhe pr*ms ,,$ rnil and ri.ni) r

d t3 f i c - r ss  an  i son ie t r y  s rn rn  A  Ln te l  c i i . ag (puqdr r lBd ieG(c leF rs ) "  F rnn ' t

T t y i =  d i t s * { F r ; ; ; i : r { y r * : " G { q o p ' c s }  ! $ : . € i T €  t h * t '  E { = F } e r q '  b * q b g "  '  "

Fu t  3=g1+v tu4 ' c * i ' - r u * * * l  Th*n  i l y "  i * ' " r  '  T {u }=  T {y }  '  F * t '  ks r  {T } *  Se

i  " e "  Y = t s "

X*::l:-TI -;i:' il-::li :*i;: -ii"Ll*=*,-11,g ss*=F i + and mnl v i r
Tty l xT {y }  =  rq i r l  '  and  

- r t v i i " i v i " "= ' t 1  i r r  l s  and  e rn }v  i s
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{ . rrr  j t  t r*JJ CIf  ! ' iat* tH} r"r*t*  *hs c?p€rr un: *  baJi  r* f ,  l4at* {F} f*r

f t * 1 , ? f  * . "  t r e s | '  T  i s  E . . t .  }  i f  i ' n , c  f , n J y  : . f  T *  j s  c .  j .  f r * s B "

(T* { " } , -  maps the  {JF€r ,  u t }  j *  baJJ  r r f  ! " la t , '  {F+}  g rn* r r  t , f re  f }pgn mn j *

b a . { i  o f ,  H a t * t E x }  f , i s r  n = | r ' } r - - - i .  T h r - r . *  T  i s  c " i "  i s  a n d  c n t r y  i s

T . , e + r . i s  a  c " i ,  * a p  + r s r n  b * *  i n t o  p ' 4 " . *  a n d  T  i . s  c " i . "  i f  a n #  * n 1 y

iS t-here lei  a ccrnpl.etely *scrnetr ic i r ' *mt]rp: l - l isrn 3 *rcm H*+ f ,} l - l 'hn

t h *  q u i : t i e n t  r * a t r i x  s F i a c s  t r * f  l T { g } } " r  $ f  F *  b y  t h *  a r t h m E n r t a l

5p;rce $le*r tT*+i *  {T {E} }  + sS Irn tT} s. t , tch tha.t  3 { ] ' ts}  =i l ' r 'er q-I-e} '
- t 'he seccrnd cmnjulg;*te r tatr i : l  nnr-r*nt ' l  space *S a f i {+- 'e} '6ehr* * i 's

t t -rr*  rna.L,r ix nr:rrner j  spacp def i i l lHd ci l -E A{ ' f r  by ths u**al 'gr*br*

rnp* ,n ix  nFr fnE i ;  B ln  s t re iEht#c l r * * ; r rd  ca t rcu l l * t ' imns ene g* ts l

Lps*rila 4 - 4

$E

t ;'.: 
J

t i  !

t i i  l

3f  E  is  a  x , *spec€)  and F+*x t+*  ' x ' s  eqr l " rpped pr i t t r  fhE f *un fh

e . J j s . j n * r . l f , f l r e a r l * I J j r l e a r j s r . ' s i e * r j c i r l v t t j u * j c ; n * * | l e n P l {
j s  * - j r i y * : r ran*  a r r .J  Fr :  {E* .  * .  * ' *s - * }CE** -  1 ' - * l * *=  

{ [ l s+ t *F t * ]  * '  * '

Fe  !E* .  *_  * { -+ r -#* i  i s  *z  j *sJ  and pns i f  j ve  i f  E* .  * - .  i s  mor {3{ ' tF 'A} '

8rr  crr  der urr i  f  s pa€e '

t i i i )  f f  E  i s  a  m * * r r x  n * r m e d  s p a e e  * h e i l  p E  i s  &  c n a p r e f e J y

c f } n t r a c * j u - e p r * j e c f j * n { ' n * h e f , $ $ r * h c a n j u g a * e m g * r j : r
n* rmed .spac€ Ex ta* ' *  n f  E-

{ i v )  F i rs r  Ss{ f } r rd  c f } r r jug ; l *e  pe t r j x  r r r - r rmed spess  x { * "1*  + f  a r '

.  r . r F € r a * n r  s p a c a  X  i s  a n  r r p e ' r a * n r  s q e c e  '

t v } f f X j s m * * r j . , v F a r l a c h s p a c g * n d Y r i X i s t p a f r i x s u s s p a c e
* i re r r  t i r s , *e  i s  a  $n ique e ' ! *  rJ t *p  I  f rne t  *he  ses#nd

c o n . i u g e * e m g t r f x n r r r r l e , c s p e { { ? t X . / v } * * g o f * h e q * c * . t e n *
ma*r jx  spe{e  H/Y r . rn t r :  t i re  q r * r r * je r r *  rpg* r i . r  spec*

X { e . * / c . J c l t Y } t l f X * * r r y * i r e b j p o J a r Y o o = w c l t Y } * f Y s i l c h
tha* I  "  {?T.r}  s*s= f ;*e:r  qwr ,

I n  v i e * e  c f  E m r s l " l a r y  4 " 3  s l e  o b t a i n e

C e r c r l l * r Y  4 ' 5

E+. - * { -+$ . r r  i s  c . i  * i  -  *o  &  fx - * r ipJe-sys fen  i . f ,  and  nnJy  i f  E**

c . i . i .  * n  &  C $ - t r i P l e - s Y s t e r * '

. l s

Let  H and Y G* t . * t r ip le  sys tems 
'and Tsx* - )Y  a  3 ' inean map"  ThE3n

T  i E  c a L l e d  c r s ' a p l e * e , l  , 7  d e c * * p c r s a b J e  t c . d *  f r t s p )  i +  t h e r e  e x $ ' s t

u n i t e x  g * . * a S . g a b n a e  f t r F ,  a  u n i t a l  c n r n p l c * t - e l y  p * = i t i v e  m e p

V ; A - - ) 8 ,  p r - * j e l c t i n n s  p  * r ' l  A  a n d  q  i n  A  o * n d  c o m p l e { : e l y

ie$met r ic  t r ip i .e  eymtem is*mnrph is f ts  t r ;  xs ' { t  - * : }pc l {1*p}  u

. } l q F t t - q } - - . } ' Y + { . * g u c h t . h ; : r t ' V { p } = q a n c i J c { V l p A t l * p } ) e I * " [ , * x .
[ l |e cs}. tr  an $per-atc}r  sFa{F x c***sper:e i ' f  t ' } re secmnd c*njr"egater

$pgra t6 t *  g3FacE x* . i+  i s  c* rnp le te ly  igc r ine t r i c  i : lnnrarph i .c  tn  a  f ,x :

t r i p l e  s y x f r * r n  e ; ' e d  F *  i s  a  s " d '  m a F "

A g i n r g t r ? ] b y a n f } p g } ' * * " ' * < y s * e r * X i t l } F m € a n a c l t : g e d r . l r r i t a l
seS. tad jmin t  l insar  s*bspace o{  e r  un i taS gx-a lge*br "x  [ t  tnge ther

w i th  the  invuSut inn ,  L t r r i t  and  the  canr je r -  un i t  s t ' ruc t r * rse  {3n

l" lat-  tx l  * .  *"  inheri tgd {rnsa l ' " ! ; : r t -  {E{} *c i rqi  ? c}r-  H ig &n

{ i r r v * x r _ r t i . v e }  m a t r i x  c r d * r  u n i t  6 p s c g *  c * n i p l e i e  i n  i t s  m a s t n i c i a i '

c r d s r  u n i t  n t 3 r f i l s  g i o r e n  b y  !  ; h  !  l " , l l  4 = ) '  r i i a r 6  { 1 ?  i } + d i a r g  { f r i L } i + i  z

t n o t a t i a n  c + ,  e e c " : i )  i f  b  i . s  i . n  f r B . t - ,  t H l  "  s y  ( 3 u r  d e * i n i t i n n

e v 6 f - y r p e r a t . u r e y s t . e m i g a n n p e a r a t o r g p a f r € g c i t h r e , s p e c t t n i t g
mat r i  c i ; ' r l  nc : rm5.
I { x a n d Y a r . e 3 c } F # r g t t r r e . y s t e r n a t h e . n a n ' } a F } . I " : X _ * } Y i g &
u n . f * a - I  e # w p l e * e J y  p { r s r f j | / a , i ' u . * . p . J  f n a F  i f  T ( 1 x } = 1 w  a n d  T - !

F , laL . ,  {H}  * * . }  F la t *  {Y}  i s  pes i t i ve  f  ? t  
evEry  n"  Frnrn  the

-or respond ing  proper t ie 's  oS c r r *e r  un i t  s 'p€r f ,Bs  
: : : -?* t t  

tha t  T

i r  u " c , p "  i ;  a n d  n r . r t r y  i {  1  i s  , u r n i . t a l  a n d  c . c "  c r : n s i d e r e d  a s  a

r n a p  b e t w e e n  n p e r a t r r  s F a c * s o  i " € "  u ' t : * ' { = } t l - c ' p "  c l t - t  a p e r a t a r

s y s t e r n s ,  E s p e c i a t r l y  e , v e r y -  u " c ' i '  r n a p  i s  a n  u - c ' F "  m a F '  X  i s
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*n i . t *1  c* r r tp le , te ly  i sc*met r i r  i s * r rc r rph ie  { t :e .  f i .  {  "?  "  }  te  Y  iS

t h e r e r  i s  a  u . c ' i "  n n a p  f r * m  x  r : n t p  Y '  I {  x i A t  x * * x 6 6 1  { x } { A * *  i E

th63 b jdua l  { rp* r . * *n r  sys** , r *  e : {  S"  The inc lus inn  X i *$ 'CA#++ equ ipx

F la t -  45x . * )  * ln [a t -  tX)  # ' f i .  r+ j . t t r  b i r j r - ra l  invo lu t inn  end b i .duaI "  $ rden

rcnit  strurtLtrB cln { l ' t* t -  iXs..X-} }  -* .  * .  Is { l " i* t . .  {X} *.  * .  } ' lF 'H".

x /v  i s  &  qu t : * ren*  f . lp .s . re* f? r  sys*e ias  m{  x  i  f  there  is  ts
.c " i "  f f ia$ t  1 '  f  rom X/Y in tc t  *  u rn i ta l  { : * *a t l6ebra  F  s t . l ch  tha t  

- f ' "s r

i g  a  L c " s - t 3 ,  m € p  f r r i n  X  i n t *  F  a n d  t i t - s ) * t f { a t * i H } * }  i s  d s n s e  i ' n

the pesi t i  vel  cBr-r8 c:# l ' iat ,*  {  x,1\t}  i '  r ' ldr-aced hy x ' i  Y*s'r  {  x/Y}€8"

An *peretclr  syxtem X r*hc:se ser*n* canjusatar rgreratmr system

Xe,.*{"  i r i  u" f r"  i  "  i  ,  tm ; i  C'r*--a}"qertrr-*r  we cal } .  dclni*4.{J { :rr*sys*em"

The r . ln i taL  ccwp le te  i . somet ry  V  $r t : * r  Xr+*  t rn t ru  a  C**a lgehra  A

indt.sces €r i l  yxx *he structr-rre m$ a [*-strgebr*a- {H*+*{ ' !"  ts} st*ch

tha t  the  q iven n ' la t r i r :  * rder  un i t  s t ruc tu re  *nd  the  mat r ix

er r je r  *n r t  s * , ruc iu l *e  * f  the  f , .p*e3"g ; *hra  {X**FB "  ? ' t+ }  cer inc ide"

L-emina 4. &

{ i  }  Fhe { : . rp*a lEebra  s* rc rs*ure  r }n  X*" *s  j s  t t r . ique" f  y  de*erm ined by

* h e  m a * n j x  * r d e r  u r r : *  s p e s * ' X  i f  X  E s  a  t r v r : * a j  C x * s y s f e w *

t i i l  L e *  x  b e  &  r n a f r i x  F a n a c h  s p e c € ,  e  & n  e J e r * e n ' f  o f  x  a F r d  I

a  c .  j -  n a p  f r o m  * J r e  s s r # r r d  t # f t - i u t ? s * s  a s f , r  i x  n * r  m e d  s p a c e

X#+*  nn*o  a  C* t *aJ  gebra  F  s$sh * t rx f ,  I  te l  . t . s  ' fhe  un  j *  r t f  F

thsn  X r  s  &  C i * -sys*am $r i  *h  u r i  r .  *  @ er rd  i r t va  lu*  j r : r r  and

na*r r . r l  r . r rder  i r rc f *ced t ry  { ' l te  - r r rc?us i r - rn  t reXdX**  - * }  F '

f f  gqi* !3y l {adi  san theerrern t l ' ;Al  we qet t  i  }  ,  Ad ( i  i .  }  I  I - r  ind*ceg

E".-X[" the* strr- lctune c:f  a f fx**]g*bra v.r i th unit  e such tha*.  the

seccnd can ju iga ts  rna t r i> :  nc l r f i i n  and the  C**e i lgebr*  rna t r i x  nc i r tns '

c l n  X x x  c o i n c i d i : "  P *  i s  a  L r . r . t r .  m e p  t i  " e "  a  u . c " p .  p r m - i e r t i n n i

sn  X ' IF {+ . !+ .H '  [ : y  Lernrns  4"4{ i t i }  becauges e€X{ ]nn(P}  '  Thus  X rnus t  be  a

se} f *d j * in t  umi tx l  sxbspaee g3 | f  thF  f i * -ea lgebr*  induce 'd  bv  I  (3n

X** such that the, second dual cperatcr systern X' l+*ssox')o*Inn{F} ig

t h e  r a n q e  s . t  &  L ! , . c " F ,  p n n - i e c t i a n  $ n  a  f * ' - a l g e b n a '  B y  t * / F . ? - 1 1

Im tF)  i s  u ,  c '  i  ,  i  ,  t c r  a  r - ln i taX t rx ' -43 .g*+bra .  q "  e - "  d "

L e t  X  b s  a  u n i t x l  s E l S ; i f J  j a i n t  l  i n e s r  e u b x p * c e  * S  t  u n i t 6 i : '  * { $ *

* l . q e h r a  A "  h l e  p u t  l , l - { x } = l * l - { H r A } :  { ; i e f l r a H { x  i n  A }  a n d  i " t ' i x } =
={a€Ae gs .CX}  ,  l {  tH}  = !4 , -  tH}n f " la  iX}  .  I+  X  is  a  C ' } l . *E ,yx tem kF uxs  A=
* S * + * $ .  N g 3 t *  l e t  h l l  A r F  u n i t a l  C ' * ' - - a l e l e h r a s ,  a n d  T ; A  * . - 3  F  a  u " c " F ! .

f f iap '  The r - rgh*  me l i f  :pJ ica t ' r ' r r r  d r ' r rnn ' rn  f ' t '  tT )  r : f  T  i s  ds$ i r led  a*

! q -  { T ' } = { a  €  + r t t t U a l = T { b } " f  i a i  S c ] r  a 3 . i .  b € e : ' "  S i r n i S * r y  t } r l e  d e { i n e s

t t r e  1 e { t  m u l t i p l i c a t i v r  d e m n i n  l o l r  t T ' }  1 3 - F  T  a n d  t h e

r r r u l t i p r l i r * t i v s  d s r a a i . n  $ ( T l * F { ,  t T } n F i - t 1  }  "

L e m m s  4 " 7

( i  )  l ' t * )  * T  ( n )  t T ' t a * a l  i f  a 6 A '
{ i i }  F l a  t T } = { ; 1 * f r * € l * ! - i T } l - "  H - i ' t J  a s  &  c J t : s e d  s u & * J ' ; e A r r a  c r f  { +

a n d  f 4 t T ' }  j s  a  * x ' * s u h a J g e b r a  e r f  A -  I f r e  r e s * r i c * j r ' r r r s  * f  T

ar€)  a f  gebr*  h r : r r i c :mr : rPh is r -+s .
t  i  i  i  )  af f ' {__ tTi  ' i=. : .  T ta}-*T {a} =T {s.}ra} r

& € t " l a  t T :  t = . : '  T t a l T { s } + t = T { ; 1 s * }  "
t i v )  . r f  T t b )  f 5  a r r i * a r f  & r r , : f  ! l b i t { 1  * } : * r r  b  i s  I n  l " l t T } "

( v )  b 6 t ' l - t T i  * . : i '  { b r T t b } }  r s  j r r  l " l - { G n a p h t T } i q A f f i t s .
{v i  }  b€14-  tT }  *hsn  T ' {b }  €  I ' t , . -  t rx .  tT  t f t }  }  }

{ v i i . }  f f  A * F  a r r d ' F = = T  * f u e n  l r n { T } . 4 N , . { T } = F l . - { I r n t T } }  x n d  * i r e n

b  l " l - t T l  i f  t h r b r * b i l ' g I r n t T )

i l r c ] { x f  :  ( i  )  r  { i i  }  ,  t i i i  I  c $ ,  [ t r ] - l l .  { v }  i s  j u t s t  t h e  d e f  i n i t i n n

i " g - -  t " l  i i n p 1  i e a  { v i  }  "  A r i  { i v }  :  L = T  { h } ' F T  t t } }  i - T  t h { + h l } ' " . X  b y  { i .  )

b e c a r - r s e  T  i s ,  u n i t a ! .  a n d  p r : e i . t i v e r .  b  i s  i n  l " l - t T )  b y  ( i i i l - "

R e p L  a c i * g  b  b y  b + F  w e  , , b t * i n  b , ( f ' l  t T )  .  A d  t v i  i  )  ;  I +  I m  ( T l  b C I n f t  t T )
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r l r  i +  h € I m { " i }
{ I t r , t rs 'b}gI rn (T}

Lennnr* 4, B

and b€i4-{ - t r ' }  then h a*d b**b sre in  t rsn{T}"  Sa-qt
i r n p l i e s  T t b # ' b l s h ' H ' b m T t h j ) # ' T ( b )  "  H y  t n i i } ,  b € f i , -  { T }  "

q . F ' c i "

{}'r _4*r

sys*em

te*  X  b 'c ,  a  $ r r - t *eJ  # 'P-sys*sm-  f j te ru
{ i i  P x ; s  r r - r . . p -  a ! ? d  F ! * . { H } =  H l t r P i - t F o }  r n  X * * * * s * "
( i i  )  b ( l ' l -  { X }  t r e s p -  h e . f 4 r  t H } . }  i f  x n $  ( ' . r n J y  i f

h{X ei?di t l* t 'he X dresp- b.. ' "X ar ic i  hbf i"eXJ -

{ i i i }  l " ' l a  t x } : { : r * ; x ( F ! - i x } 1 . "  i ' i - t x }  : . s  E  c - t r * s e r f  s u f u * " i 6 e h r a

d{ , } r r *& . t ' r r€?d i r t  X"  i ' l tX }  j s  &  f , ' r * . ru&a j  g*bra  t }$ '  X{ *s ' '

t i . v l  z f  q  i .E  &  pr * r jeg* : * ' r r r  ' r r t  t " t  {H}  *her r r  * ' fue  erper* * * r

q X t S * q l  j s  a  f , m - s P a c r "
tv )  l ' l e t *  {H}  i -<  &  #n : * *J  f ; * * * -sys*em
tv i  )  F l -  { l * i * . t -  (H}  i  = f {a t *  { ln ' ! -  (H i  i { - f  ia t *  i x }
tv i  i  )  t t  { ! ' lat_ tX} }=l ' l * t*  f i - ." !  (K} }{ l " let-  tH}I
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f rxgi :  l_bt be b x* i+ anrS tet P=F'x,  Then F is * d{H*+*s*apr,q'F*8f i ' }*

csn t inLrBus un i ta l  cunrpSete l f  p&-€ i t r rea  pnn jec t inn  Sr$nr  the  Cx ' *

at gebra Xs-"1+#4+ ontn thp d{ Xxx** !  X+i**{-}  *cL ssure u{ X i  n X+'1#+se'

Th i ,s  HbqX ln  H+* 'e "  i . f  a r " rd  an ly  iS  I rs i tP ]€vx** {b } {3* i tF }  in  X# ' *$x . { *

by F. l*hn-Banarh separat i .an thesr-ern" Thr-tc5 { i i  ' fcr}-Los*s $rtrrn Lemma

4 " 7 { v i i }  b g 3 c a u s s  X  i . s  r * n i t * l  "  ,
& r : l t i i l r  { b r b n h l ' q x  i n r p } i e r  { b T b " ! { t l } f r m t R t  a ' n d  b € l ' l - ( F } n x * l " l - t x }  b y

( i . )  a n d  L e m n u t  4 . 7  l i i i ) "  C e r n v e r s e l y  { b o  b { * h , } g x t r  i +  X b g l x  h ' e c s u s s e

X iE a unitel t r  ssl f  adje!nt el tbspe.re nS t l ' tp Cx'- ;al lgebre H*x"" Tl" le=

ntl-rer cass i g si rsri l ar "
t i i i  i  { c l t t : v * s  f  r n r n  d e f  i n i t i E n s '
A d ( i v ) ;  l - e t  q  h e  a  p r o j e c t i r n  i n  l 4 t x )  e n d

epei-at,ai-  sFatrs qX t  1-q) -  Tlr*r t  r=r-:r tJ tqlrc Irn {F}
t 'Y*+s. i{-* f  suclr  that Fv bec*.megl Pl  {rX*++*# t l - r i  }  "

le t  us d*nr : te  the
a n d  r X * r * x * { t * r } *

de{ i  r les
t i re C#*

Ad { iv }  s  The r - r .  r .  i .  .  fnap  j  { ran  f i ' r * l+  nn tn  a  f , * -a }qebra  F

R  u . r " i .  r f i € r J  t j ) -  { r s m  f  i a t * { x : * * s ! " 4 * t * { } i + f . s . }  t ] r i t c

a l  gebra  l " t * t , ,  {F }  .
{rr i  and tvi  )  ars,  g! , t reaightf  q:r***ard bscaus* thea ecal*.r  r$atr ices

s r e  c a n t e i r r e d  i n  f * t M a t , ' t H : l g t { ' " t l $ e t - t X } }  a r i d  i n
.  q "  e ,  c i .Flat, .  { l {  {X} } !N;r*. , . ,  i i ' I . -  {X} }  '

I n  t h e  s - e r n a i n i n q  p a r t  n {  t h i s i  s e c t i r : n  l e t  f i  b e  *  f x * a } E e b r a ,

R and t -  c ] . * * :Ez*  i i } * t  eEnd le f t  i c l *a ] .s  $ t :  &  re rsper* ive l "y  B 'nd  f f i  a

herec ! i t *ny  * * - tsube. lE*hr ra  r3S A"  l ss t " tp t?  {L }  , t '=supp t iq }  and c lapp { f } }

xne*  thp  pr ' ,3 je r { : i . ' ans  in  A* t *  c le { ins r i  as r im s€8"  1  s l rc f r  th* t  &x*+ Is

*e , !c l  t | - l  s  p6xx*wc l  {R}  a r .cC wc l  { f } }  =supp (6 }  A**supp { t r }  ,  c4 ,  [T$qH]  '

Le'ri"rma 4" T

l r i l i
I

t i .  )  * *1  4 [ -+R]=wct r  {L i  + - t ' *c l  qg1=6** I+r# l ' *&E

t i i )  r l i s t { * r u r * t r  { L - ) + w s }  i R }  }  *  i  l p a q !  !  p * f i e r e  q * 1 . - " s t * p p { L }  a n d

p = 1 - r u p p { F { }  j f ,  a € 6 \ * * * ,  r J i : s t t a r l . - + R i = !  i F a q i  i  . i f  a € f a r

t i i i  )  s r ,c ] "  {L f t t? }=r *c } -  {L f t ra ' rc l  { l { }=5 f t {+*3  0
t i v )  c l i q t { * * l t } * t l i . s t ( a r l - f t r t r ] = l  l F a i  I  I ? '  n € L - n  i . e -  * f u e  c & f l f ' ! n ' a c d r j

s , ? * p  L . / L / ] i !  - . - , r  F t , / R . i s : s n s i e t ' r i c  * r r d  [ - + R  j s  c J c s e d  i n  A e

{v} L=ctr {Al l }  r .s a Jef,*rr t 'er*J arrd EuFp tc3. (S&} }  =slrFtp { t-}  =: i t -cFp {!)}

f l r g g f . x . A d t i . ) + t r i i ;  L + f t  i s  w e a k l y  * e n s e  e , s c l t L ) ' m s * r I . t R ) = A * * ' E  e r A ' l * ' l *

and &*- ' }F; i r . ls {  L*r}  a i  L*L }  i "  s a u**a$<1y *nn'L*"nL}o!-r* i  compl 'ex'hel3.y

c*ntrsct i .vs pr* ject i*n cln A;$. l+ E+ith Fcmrn*].  A.}+'} l . l 'srAe*ts"

d i "sL .  (a rL- r - f t )=d in { :  taowr l  tL+ 'R}  }  i f  a€A by  H. rh rn*Far " rac f r  thmnrem"

A r J  t i i i  l . { " t r r i  i :  R L q L n R r  w c l  t L ] r \  i " r c L  ( R ] * w c l  ( ! t ) r + * I  t L i ( w c l  t ] t t - ]  h y

p a r t i * 1  r u e a ! . r  c c n t i . n u i t y  n $  m u t t i p l  i  r a t i o n  i n  A * a . "

l f y  H a h n * F a n a c t r  t h s o r e m ,  d i g t  { a r L n f t } * d i s t  ( a u r A x ' * I  )  a n d

It *,;l 
'1tiri W;

$elAi{..!*tr
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i  f  s { l -1 "  l i i r * i i :  * i s t  i , :13 .  * r f t ' x re" i  i t -#5"s . t  { * .u r ' "d*€^* } *e l ! . s '1 .  { *u t t }g r i$^x*  te iuL f t ; - t }
& n *  r l i s ; t { , e n u f t } * * l i f : ; l l !  i . . S  a € i }  i : y  { i . i } -
s , ' . l r l { r r } :  1 S  a r h $ A ,  c i r a * € i l r s  c * I {  i  i e r i  i = + l  l t r i  l : : }  { d . F r J " t * e * l a 3 i  ,  

' s = ; : c ! + b *

t h ' : r ' r  x * x r - . i : { s  * n c i  x { i c l d * r ' - ; ' i : ' " ' i ' i l : - i { * t } } |  i , e * .  i } ' $ + . s . r l } e r 3 { s r l . } } ,
l ',rc3. {L} =r.rrnl {{:tF} sA+l.i+r*.;-i1: {*} "arlri wi:3. iFt*;} **uili l* tiJ} i.-rt.*.}+" r;" e" r!"

Ltlitii i-rci ':.. l- {j

t i  i  r,,rc.l" {i, ic:, i ' :", {L-r-R} } =l"' i , l ,t* {r,*ci i l_} } *-l ' !r;,c., {r,r,uL ,lF-: } } ; l ird
st . l [ i l :  i i " i ; r r : .o  { ! - }  i  =m3-; rg { } -  s  "  . ,  *  }  3 .  }  r * i ie i r -*  3- : . ; r :pp {L}  ,

i i " : t " )  * l : . s : . t { a * n r c t r  t l ' . t r t t , - { L + f i i } i * l i i r , * i } l !  i i , .  s  i " l " : r . l - . , . i i t r H - i } }  e n d  r ; {
P * , n J i - e i ; { g : n " " " r p } ,  i i 9 * : s ! 3 a i ; { c g  , " - " r q }  , . r . ! } { * F 4 r  g : * L * - r :  e " * 1 , * - 1  "

{ i i . i " }  ? '&er i r  i .s  r? uf tJ{ : j { ,J# - r j i { ' . } r * r } t , ' * f ; js* ;  j  f , r r . r :s  i&/ { ! - - " r -$t } } , .+x-  #f t *#
{ :hel  f " rF#r 's ' i ' r . r r  -c , , } .3{# Fr t+t . r ' . * i i i \ - ; i :+  such *J:* . f  j  t  q ' . f  * - , r r } " i r ,+{h}  }*
. 'p l ic l  i f  b t6 l i i ' .+"  j  js  f f i  ** r . ' ig .J*r*e, t ry  : ' .s{ ' } ; *** } " j / , :  jse. : , ' .+nr .phssn;

ftrt:rnl *h* $*tf #Irdr c{.rrr*,i iJfe*{} grper,::f"-r. ' ,}r .{f iR{:i? r. lf t"}r* di{^{r?*.rs}-r { '
* f : t r ra*r : r  sp, j : f ; r  6 t l  t t -+,q3 #r*  i t  r l i r : ' *# { ' i i rc '  r } t l€ i . *x** . r r  s f } i }€{3
prf&.:*++ei{rt-+:,,.e* f-+p*rc.f *.f jy A/ {i-+F;;} "rs .iRrr #8trr.;s*fl}r sp;e*€"

{ iv}  [ *?" i t , ,  {Di  js  <? j : * . ' i " * .c t j f : ** , . 'y  i . ; : : * : ;ur ' rxJgrbr*  r : '1"  I ' i ;e t -  {A!  ,
s;lig: [';r q !o!.-a{: * { [:] ] *ct i *ri i g.i-ll; t: t i-i ] - - = - ? SLE.F fr i tri i i r
cL { } ' ia+*""  t i i }  i , l ; r t -  { * }  }  =. i { ; l t , -  { r3 td: l l i i i  }  , t i ld
s l  { !o iat - ,  {F i i  l ' ' i ;u ' i - , , .  l ! l l  ;  +c l  { ; " ]a t , -  iS i  t4 ; t 'L , ,  i * i  }  =
= l { ;a to,  q ' *1 {F lD} +c i .  i t r f t }  }  "

F r a n f l  i h j { i . i l u"*e-J {i-i*t* {i-} } s l{st., {*.:r:}. {Li } r * f*lat* tpl*..$3- } =
= l ' l a l * { A { i l , ; i r i i * g { i , . " " r 1 }  t - r ' " : d * g r  t h , : l  i C s n i : i . ' f i r n t i r : n  s : S  l ' l ; * t , . ' { f q . i l . * } }
e,nd i ' i ; l t - .  {Ai  +!- : t .  as g| t l - : i : ' ;g?* i  "  c l  ,  s i -r : l tF {P4*t. ,  { [* ] , ' *r j ie lg { tr  s - .  -  s1} ,
S i r * i j . a r i . - i r  r x i : J . { i , t , i o - t . - { ! t } i = i i * l t * { f } x ' * r i r J i . ; e g i r - , , * - - r r } .  h i r , i - ;  { i : t . i  . $ e . t . [ . $ t * s
$r*r, ' r  Ci )  ani i  [ - l :* ' lm* r ,""?{t i .  }  "  f r td t i . i i "  }  t  l - r**,  hre Y, 'v l* ] .  {L-FR}, i - {"  J"t i "r
ise thsl  .F,xctc: :- i . : :* , t is:r t  *r  *kt* f r"  { : ,  g:r-* j*c*,*.* :n ***}p*q *n F}. ;+*i
tlrelii ,J ig; * c" i " rTrF,rtr {-rr:ni F}i+'ti-,/Y nt-li:ru i:.l le l:prt*rai:.nr- ::prafici $:]A{**ti:!
b ' , '  i j . i i -  f r i * tu+  i 'S  l .  i : s  th* :  { : " i .  i : i : , * ; , ' rn l -p l " - : i . sc r r ' i : l - c } r : ' r  {dE. / { [ * { - I i } }s - . } t
a3t-'rtr--r *.i ' i '*+-l\t the*51 :*il I i * ,* c " 

j. 
" fi l i.trtr Sr-*rr {Aj/ {L+.f:t) }.:**i. aritg

pf; lu '* i r ; r  l ' ,gc["r  th*t t  - j  {  { i ' f r - ,*ur}. ! i .+* r53 1.," ; :L-re i# L,6l+**"
{+* i i v} e l-fft b,:: d3:;$Lr[:p tii i th*:ri r,*c3^ {l-iat., {Si } = l"ia:* {vtic j.
x  i ' l a t . ,  (d f t t ! .h - * l  =  d l . r * " *  {c i  ,  -  " .  u r i } | " , i * t " ,n  t f * l l t . f r } rJ f ; t r , i  { r - i? . ,  "  ? r j }  "
f' l i it,. i i l i *i,I:. irr=r"s*:ii. i:*r';r i i-r f,i;t-., i6t; r,,:i"'L.h sllppr-ii--L ri5.ag {*, "
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Lt*rnrn.*
c , 1 " e " r J "

f  i ' ; t t -  { IFr i i r ,pa.rr  { i . i ; r t , ,  {A} i ' . iat , .  { i l }  }{ i ' i ;* . t -  1: ; i : "r , rr  { i t i : }  }  |
: i . .  S  { v i  "

l i  I i

I

Fr-mn $ri:.itf fift i,;i* r-c*i;r thi= ! Cr-.,:r rtl. -iri. c;*ti r:rn*i figi .=;hq:vn
*hr-r.:v,l i t i  r:r"r::. #.!i o:t t!t* end s{ *s;l-t" nn 3. "

Pre:'i**s j" Ll r:rn 4{ " I L

ar":r i  t l i r :

t i. l l l, ', '.:ui::,* *fle * r:6'q,rf *, rif,A, $i.. i: !T* tr.t+r:! ) errr.r ?f,l:, {d**d } -rs
i r ie ' * r r i * . , {e r  JF !  {$ \ / / ! . i : ' . *+ i "  : t "  r '+  j s  e . r i i : "  *x i  * i r * : r ;  *&ere  e .s . ts t "s
tr iri ' d:t seJrifu *trr*{' 7i-p {cf l:*:,1*sri} *c *:rrd i lsi i 15.i..

t i . i . )  2 ' ' f  r * * / l i l r  c , l ; t - r  ja r  {A fy 'L ; i ' * *  i : r r r i  A  j s  t : r i j * '3J  *hs" r r  f } :e rE
is *-.1* it 't f,r .srscfo *fua* Ji'1a ir*i '*g:.

tn i  n )  [ rsr $s: €,€.{1f l i l  x} .}d *€1"3{A}!*r+.;+ : ; rus:h *&al* . f - t+f  : {"  (7{oI +i- , .+ {d++ri}
e*, :J {?i=3 +l ; . :  idt"6} . r : :  . iFr!r#f-*-eir" f  * .-  : i r  {* /"1*} -x"+o' .  t r I r*rr  t - i tE- ' rs -r : i ;
e i r ,  {n such t"r \ ; , r i  

' iY,"  
t r . .*J} =+ ar id I  l l :  i  l ' .  1. .

fffiii;i-t *S, [:fil::* -1:,.i1 .:*S fj.i.{" flf:frt?"* 4.*.,1.,9"s lry [.-rs;;rg,r;:,,4" 1* ther-{-.,,
i -s i l r ' i  i **r i r* try j  ' i : ; "c irx i t l ! / { 'L. i - i r l } i* ; . . r i  * l ; t r -r  i : r i l+*q s ' ;L.rc[- !  t i " leq{:
, i " { i i ' , . - . t r }  {a !=per1  ,  E* r4 ,  T=3 i - . r r i i : i i " i c i i?  f i : : f i . r t ' i * ,  i }= j ,  I ' . i c l rs  g6nr i  l : rc l
i r t  i ' i t *? ) { ;L i  g r * . ' i : " " . ' ;+ ra1r  th r : ; r * r , l r rup t i$ r rs  f i { i  i l * : r " i : " } "  Pr *pu* i t j .mn L"? .
n*1,.* + c'i-!- L t:i"rs -i r"g:ir; ilr:ir'" -5. ? "
At 'L!ri r,; Et*.q:r* i::,1" s,t: tlrr= pil-*n$ r:,-f {.i '::r"*L .[ xry t " 3 i,:: ccr*iil l eitl ,,
f : ' i - i : * f  n$  Frmt r " r+" i .1s  l : rd { i }e  T$r t ;  $ i l t " i ;+ . l ; . i * r r  ;? r *hr :v f :  # .FF#d i r l ;  j . r r  [ : i : ' -  r *
h".r . l 'H' l  L*cl  i i : l i ] )  5 R*cl  tSlA) ;r*r i  p=r- l=L'-snr:p { i }}  -  1-F $f i r l r -r*cvrt !-  A l l .
u n i t a l  t l i s n  k y  C r r r - " ? " i t i ,  i J * ; - " S " t  * . n C  I l r r : p .  ? , I l *
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f t - l l t r J * * { r l  {sper  {CI ,1 }  }  }d }  i s  c1 .aser j  in  A , r /S"  f f i y  ! {ahn*$anmah
xep*r * t i ,nn  t ,hee i rem,  i t  s i - r$ f i * :es  tc l  shmi*  th .? t  j {a }  i , s  tn
{ t r l c t l t ' { c ip rS i .F t l  T f  €  As .w. } fk !c1  {^ i  t  f * r {s !+* {EF*rc  {Sr  L }  } rJ } ,  Hu. r t  t i r f .e !
f r:1trsp*s 'f rc:rn j {c} q.pdx"clp* j |tro t**{-€}! } .
{ : i .  i  }  is a spexi*} .  c i : ts ier cr ' f  { i  }  "p i d t i i i l r  h * 1 0 d ,  L - = ' c L ( A S )  a n c l  F t * a l ( i l d l )  * a t i s { y  D s r " t " 3 ,  i " e ,

3r{cL{S}d} iei  c l" t rEed i"n F1// f}"  Fy i - la l-rr i*Fansrh eelpatr*. t inn t}resr"m*r
i  t  xur${ i r : *s  tn  chscFr  tha t  j  { . f i }  i r "  i .n  thm *upa! ' i  c t r  osuru*  o {
j W " t S d l l "  F r " r t  . j t S l { * j  { $ }  " i  j { ; r * ' * i e t { " * 3  i = p r J * * d p  a n d  j { { } *  F . i { S } p ,
i , e ,  j  { f  }  6  p i r . * * } -  { S } c f  } p 4 :  t E * r } "  { 7 c - { S i r i }  }  }  " q , B . r l "

In  t t r r  r -emn3.n i .nE p* . r t .  o ' t  t .h is  s ;eact i *n t re t  A he a uni ta l  .

P r * p n r i t i m n  { $ . 1 ?

f b e  q u * * : e n *  # , $ e r a * c : r  s y s f  e m  & / , r * = A /  { c l  { A I } }  + c l  { n A }  }  i s  &
u n i * , a J  C s * s y s * e n r  r s i * ' f u  u r r i *  ' 2 1 ; ) t 1 ^ l  

"  ? - h e r e  . f  s  a  u n - r q r * e  ( - r -
. rs#r&r , r rph ism j  f r * r r *  *hsr  b idc taJ  opsra* r . r r  sys*er*  {4 , / , / i l }  + l "x '  * f  d t / l$
*n*e. i  *he $fx-aJqTetrra pftr*xp cor}rere p*1*sr-rFrp { f}}  sucl t  *ha*
j  (  f f : :+ i * t ; * i  l=Fe ip  i f  *eA-p .x . "  Esp*c f  aJ Iy  To  de f ines  a  r rn r { :eJ
cr :ppJe{ 's . t  y  p*s i  *  j rE  mep f  ra r *  f t  i r r * * t  t&1 . /S}  *+* "

Ergg. l ;  L -e t  j  be  the  c " i "  rnap Srs in  'h . i ' re  npera tar "  Epere  (A / . / t r } * *

c a ; a a  p A * . * p r  a x  r j e $ i n e d  i n  l - e r n r n a  4 " i . f t { i i i }  s u t c h  t h a t .  j t  y * * { { 6 } } =
=p ' *p  r *hmrr*  Y=c l  tA i l l+c l  tFA)  !  p*1*Er . lp f :  tD)  "  t t "o*n  7-o  is  the
e b r i d g e m n n t  n $  7 { n ,  i , e ,  t r ' } i 1 i = G . { 1 t  a n d  - i t t r o ' t l } } = p  i s  t h r e  n n i t
o f  p A * * p "  F y  L s r n r n a  4 " & ( i i i ) r  " j s  * / / n g { F t r . / . / S } s ' *
cJe{ines nn A./ /S &i ' r  invc:}*t i "*rn *nr j  s,  rns.tr i>r crde*r sstructurcs
such tha t  fo t l )  i . s  the  met t r i r :  c rde ,n  un i . t  and s" i l i . th  the :  sece:nc i
uur r ju t6 ; * te l  * r -dsr  s t ruc t l t reo  t ;e*c f f inc ,  cnn jug , * te  invc l t - t t i sn  en$
m*tr ix eirdelr  t -eni t  For{ l ' }  t f - te cpen; l t*r  sp.*.cp (A/, in}x '++ beccirnes *r t
ope l ra tcn  s -y : . i tmm l insh  tha t  j  i t s  a  r " r "c , i "  i * r :mr : rph i .s rn"  l -h txg  w i t , i r
t t r is r i iatr i r :  *rds*r urni t  €,pace structure Al l f r  is a C+1"--systenr
r+i  th mni t  .Z*c, t  t  1 -  The uni q*enees t : 'F j  ' tn3luws {nr:m l tni .  queness=
u . 6  f a c t c l r i r a t i u n s .  T h e  i r l r a g * : *  t : S  t h c , p e r s i . t i v e  m a t r i x  c c : n e s  m ' $
A *rs '  r*e*k}.y d*nse in thw prr:s i* . ive rnatr- ix celnen r:{  pA**6r by
the m;*tr i  c i"  al  e>ltst- ls i  l lns r f  thel  rn;rp *- .- ' . : "pagr.  Ue i  n-q the i  nverl ; r
rnsp nd j  and Hahn-f ianar:h xepetret i*n thee*re*r* *+e nbtain th;r{ :  'N:hr*

mat r ic : .a I  c *x tens i t :ns  n f  J?o  enap t l ' re  ths ]  pcrs i t i vs  n ra t r i x  { :$nes
o$ A c :n tc :  s f i rTd ia  c isn$p.  in  the*  p** i t i ve  matn ix  c r rnas  o f  the
crpei- ; l tnr systern ef { f r ,  i  "  e,  Af l f r  i  s a quot i  ent aperatcr : :ystem
i n  i : h e  s e n s e  o f  t h e  d e $ i n i t i r : n  g i v e n  a b * v e ,
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s a r r t r ? ' . " t A n n

I h e r e  t - r  a  u n i q u e  u n i * a " I  c . i .
I ' l& 'L",  tAt /1f ' lat* {n} r . }rr*$ l* l* t" ,  i l+/ /0}

zulrere H=i"i ;1t,.  i i ] l  "
{  i  i  }  J -  (14-  { [ ' l * t -  {A}  . / / l . ia t -  tn}  }  i
t  i  i  i  l  "T* {f ' l { f ' lat* {fr} , / , t ' l" tat", {U} } =

{ * r & * r )  
f f p t s - " ) _

=  t ' l a - t -  t l " l -  tA . /  lb l ,
i " let" ,  { i ' i  t* / /n} }

l fggf:s X*A/ lSr Y=f" lat ,*  t$1]. / . / ! " !at-  iD] and f t ;nt* {H} are [{6*sygtems
b y  P r a p " 4 "  1 4 ,  L e m i n a  4 "  l O t t )  x n d  L s r n r n a  4 . S ( r r l  "  L e t  h e  G l =
= d i e $ t F n , " " r F )  r , * h s r e  p = l * s u p p { t } }  a n d  L e t  } t  b e  t h r E  u . c . i ,
i .  xnmnrphf Eir* . t rorn Y*x nnte lolel t -  tpA**p) =i l l " lat-  { f  i is ' }  G sr-rch th*t
k i f f ro {b} i  * l lbf i  anr j  - i :  x*fs** i 'pA' l* 'sr  : :urch th*t  j  { f r-n*x' t i i }  }  =paFl then
j - { I t - r r { a . . , , * } l } = i : t f r u = { [ a r , r . ] ] ]  a n d  j , -  i *  a  u " c " i "  m a p  { r s r *
l4a t *  4Xx* - l  cn tg  in la t * ,  {p r : }x .x -p}  "  Thr - l s  J -={  j * }  * !$ {  !Y  i "s  a  u"c .  i  "
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Rl;i:: '  { ' i-n:' i , Y *;-: l-t: l , i .:: 'r,, q;. I -
& r 1 t i " i ) + { i " i i } : It"- ["ie.'L,,, { ii } *l'l..=rt,,. { i'"1,- i H } } {  r *spl  . 1 4 { ! , i . r ' L . , i H }  i =
* i ' i * t . .ut i ' i i " {}  }  }  [ :y l - r : ;crr :a 4. i { i .  E'y L*:r i i i+* 4.S, J. ,  s: : :Lefte. !*  'L* * Clr*
ati il.:'Llv-;i i" sclenr:rlii-ii. *lrl Lreti,.;*lmrr 'i:.llrs *-,tl,:nn# se:.t-i.j!..t6*rtr* fis-'*;*]. (,jci:i:l!-&,{g
r t r 'F  Y  anc i  { i ' f  f " ! * t * iH} .

l lc l r  c: l3 *ry 4" t .cP

L . l F  4 ' F  i l c

f +:'' t d't
c i , ' rs Ed
t l .u: sf :r &
B  * n #
pJ* i le . f1 . ,
Al ( L+"fi l

l r : l  ; i  #x* ; i r  i l te l r re  * * . i *  a€ .dc . i i r . sc? i . ; Jy  un j *s . I  * :noJ  R *nd  L
r . t r l i i t  p . r+ t l  J *n ' *  :< : * r * r . l s  r , : ' f '  &  res ; r *c* f  r r * . . i ; , . -  f l : * r , t  f :$erc"

r;rr.f *;:"t {"s'-'."id'ai:r e Fo .a frr.:re#.a*i+ry f;J+'*-..".;*biri .trqe'irr,* S nf
& **rr . : . jsc" l ' i r "rrr  q i r i  l - i  { }J/" / i l }  s*c.rr  r&.**" 4.1 tL+ft}  -ain *{J: ," ,*

:-  sr:rrz**n; *  is{ .r [ ' ] t?F phrc t"* l  t ' ;  { iJ.1 l !J i  {  i* ' r1 }  .
j .s i "r  f f : t - -epsss, "

i .  I I

{ ls1r**: .e nl  I" f

f t tg- l r  t . r* ' i -"  L;  i ; rm thr:  q;nat iz;at i . t :n * ' f  l&n n t i r*  Xi**rr*d: i* ;*ry t lx*. .
st""th&].i '.tr€tll-ri a+ l' iat='itl,* e;*r-;*r*tecl rly" fii ' iat:rifi if r.sith [:*
::fi i {i:i lt-}r}**1 q;.+"1-i *rrd clllne:rtr+ i-:y B i:.1:t* i-tni'L*"l- fx'*surba}r;ell:rr-;i n$
l ' ' i+ t -= , t { l }  i i i , rn r i t - , : ' LFr i j  b .= '  * i ; , ,g i l . , , i l i : t - j ; - i ' . i - , {L } r i }  c t r tc i  l * i * t= i * i  =  T l ren
S { : : } F  F =  i i o t r J i a i ; { J . f  ' J i }  € ' n i F , / / S }  # ; r } d  f t , ' { L + F { }  i . s ;  c . i " i . "  t t l
p t l t r / :J) {  i* ' ; : }  i - iy t l ' r r l  * i ; r -p r- . i i :Si-rn* ' i  hy the {*ec'cur j . ; , :* t i*n *S
T x  c € g l  * * : .  F { F o i * L ; r g { r ? { . i i I }  }  { i . * ; : } e p { F } , / / * }  { L * p }  "  { * c ; n s i c i e r  T * l ' * ' o
u,,st--  L*:mri t* ;  Ll"  l i i  *r ic i  [* .r* inr i rs;  4,Ht i i i  ]  "  ] c i"  es" d "

Llflitr-:f.i;ir A rirstrj.x F-litn.-{ch rripflics.! X i* c' i " i ' tm sn e:pi-r-*+t*r
s p i u f e - - i f  ; r l r d  r t n 3 y  i ' f  i i h d i r : i 1 , * . * * = u ; i t , l * { i i L r ! i * u l i c l l , , ' }  f r : v -  b  l r l
F ' t ; ' r t , ' ,  { } i i  ; in* c i .*  l "}-* t . . ,  {H} "  Thi.s i .mi: .1 : i .es th;*t  qr- ln*. i rant e:per; l t*r
EF}$.cei;i ;rgnl:i r-i nra clperater- spi*celft " f 'Jt* nHff'd tlril y * v#r"y specr *'1
cih*f i"u r{:-" l - | : i f trE.|*, .  4" i :"

I t  ! r l  r ' rmt h,:rr-cJ tu sr: :s t l - rat .  *r" 'J.gr3.e prcldu.nl  tnrrphi* i i ru Lirstwu=mn
f , . l t * t r i . r r1 r *  ! i y t *A t l {T tE  p . r - *  * *n t r * i s { : " i r . ' r *  {1 t  * r t '$ * i r t *s ' i "n  f iu " tn$ : ic i$ " ' l ' i : t " l s *
- i-tt-r:,l inrr rl* t*;., '*ri.:i.i;ir-r" f; ':, '-tt-i. 'plE", r+y*t,e*n"l:* g:p{:isf'3,'irrg er.Lr'!4r.,:xci:i4'ct
t;hi;:h L{.f-(j i-:;l: 'rrii:tr-i c s.nrJ tr-!.3:i. t: i s'::rrrr"6:hi. r Ecu ';ti:,:*l i;rn {:+i-
* . iq* lL : r r :s i "  

- i ' f :e  r r , * ' i - l ' " i c ia l  eu tensr , r :nK. f l . r f  t r " ip3"e  nyn ' i : x ln  n rnr -p f t i *ms
iei-{ t  &i js{ i t i lkr" : i .g i3.r .r  : ;y*t*$ i* f- i r t : , i r i , : imn. Thus tr ip i t l  sys{:e*rrr  r i } f l r**
phin;** ei-*  i lc i i i t f i ip j t ;"-r iy e*r;*r ' ; r t iv '* l  x** t r ' i -pi*  ei  5,rst ,a* in $-g;nni*r  Fl iy
s-f i  f ls*tr . i tn3 r :  i$_\rE,tsrns+ i  rr iu, l  i  r :+x c*c*pl  mtely i  eu*l :str i  c i* ;cr ln*rphy
bt'ittu.tr-**:rr *,!'ifl:rn {'L.l-re C**r;:'- I l*ti prc-r*{ i 's 3 !?'f: t *.q: th{} r-{3$rl*r } " &
v;lri;;r'rt: c:'i l ir,.:triri:fi it 's r*"r;t-l?t r,fi ir"t';ur*rr*tr-r-t:"s s:'f tl-,:+-*trrye*hr;"es hni.ct*
s3 ,-** .f nlll-r pl * r"r'.rrl;f,.i.:F,:ri i i. $rm p!iq F:ry !:{:rsr€ *rmci:!. $ i *;ati t.:rl':' n'F the
$LcnC*crlpntal  3.errr f f i* i ; l  s* his;  *r- i . r ; i .n* i .  pre:*{  lF; :&1" l"hei  elbr:ve
ctbr;*rv*at-"i" *rt:n '*he*n i. nrp3" y tfiet'L tv,rm *+i*'Lri p3. e elystems d*!-rl tt*i p3^ e
syr t t * *  i s *m*rp t l i *  i  S  xnd cn ly  i 'F  t i :ey  e r -€  c t : f r rp l * te i -y  i ta*s re t r !  c
iacnnrph i r  ae  npere tmr  rys te rns"  Sy  Frmp,4"? .  thp  nrax im ' l i }  C#*
aLrjr*bn;: .  t rsf t-q. ; : r  grre:d*rt  s;r" t i .*ert l la* es>ite*nC* tc:  f i*+*t l* ip lel  Glr$tF{t ls"
T! ' t l : 'n T i : ;  c"cl"  iS *ncF , : f tev i+ Ti j ] " i  r i ro is c*ntr-aci i"vt* t* i , i . l - r  res'-
g]s::ct 'Lr:i '*lrm nifttci.rnar"i i la'**,r-irlr* sv::te*mt ,Ltln:lr*r glrerrtruc'i: tr'!c3t*r{}tx cln

t.ir* *1c!*:i:r-xi.e t*;-s*l{:' i* i:;-*:it*tc'*'* HB*1 ;*n* YfiA **t- trve?ry il*r--ali;elbr':
Fl {An l-;iip:.t i.ca'i:-'L*ii c-r'F idi.*t.iet*rt* a*xL*lnlltcrrr tFrr,*q:r-ern thln}l I "q"ncj t:"f

F r r=p"  4 . : l  *g* in ) ,  T l r *  i i+ r * " l r ip . i3 ,F  s ' f : t t i c i$ r i  c "  i .  i  "  t *  X+{ "s"  i .e l  *n iq* i l
L iL,  t t :  t r r  pLe ryet;* ;v;  i r ' .* ; ; rrrrpht i r  an* thtx tr i .p3*a prnciuct i i le i i i . i lmci
{ f , f t  X.r*{* is i*str} .- 'cJq:. i t in*pd i"$ X is;  e C** 'r ;p.rrse" IS H ise ar l  erperer. tcr"
n ' y * t * ; n ; r r t d . H . ; r * i  ' i r e : e p - X l  i . c 3  c " 3 . . t . t *  *  C s " * t r i p t r e  e i y e t e e f i I  A  t * t e r i
A  ic5  ar  r *u ' r i t ; " ' r l  i l+ t ' * ;e ] , f inhra  nnd H i { "H '  { rao ;p .  X)  i . t l  L t . f i " i " i "  t c l  l ' - t

by  .+ . i ' t  c : t | lp r  r - l  . r , : i ,  rc l r . rp r  i  "e , .  H  is  a  t - l r ' r i tE lL  f ,+ ; ' - rysLe lm { r *sp"  X
ie *a t**aiqlei : r* l )  "  Ther* er: i . -xts ;rn ap*r*at*r  f ; .p*f is X snrh th*t
Hf i . . ls ; l  s a"n" i"  t r :  *  Ci+*er lc3*ht*e hut i :  l t  i r '  r rei t  a [- ;+* '*sipi*ce"

; l l
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Lemma 5 '5

Le.t tre X ?
s u b e J  $ a b r  a
cf. in *arr,  €d
( r e s p .  i l f
f r r " rm P tB)

C ? V : X - * > C a s : n f e s p t a S ' 4 * r r d J e * B 9 C $ e a u n : * a ' t r
# f  E  s u c h  * h a t  B t i t b l * b r i : € S l '  ( r e s p '  E t u { b b * i h e B l ' }  i s

j r r  ?  { X )  -  T ' h e n  P  { * }  i - q  *  * r r i * a J  s u l r a - I g e b r a  n f  l * l -  t X )

H a  t x )  J  a n d  V  d e f i r r e s  a  u n r . * a J  * J g * t r r a  i s r . r m c ' i r p h i s m

crrr *cr B"

I
i
I

I

l '
I

f r e g f . g B q V t X } a n d p l V t X ) i s i n * l e r . t i b l g w i t h i n v e r g e V " H e
g " A - F i g l  { f ' t V ( X } } =  H ?  k e r t F i s } =  C r r  t F ' l F } - e =  V i P { E t } '  S n  t h e

n t h e r  h a n r i  { c i + c : c G f r t n l l =  F t t b s ' b s b C B l ' )  g ' F { V t X )  l *  . X  * l d  P  i s  n

urr i ta l  , : lgebra hcrnrrnnrphigm {nam F c]nta Ftht }  by Lemmx 5 '4"

T h r - r s  P ( F )  q H - ( X l  b y  L e m m a  4 . * .  q " e " d -

Pfge!  g !  gg l f ,o !Lefy  l ,Er  Fy Prcpesi t ic :n  4"  1? |  h l ln  is  a  utn i ta l

C*+-system" 
---- i l*t ;A 

Thegrem L " 4 and Lenrrna 5" 5 u$63 put

[ : :  t i - * t f t . t f ] ] * x { t r t F } }  t i e * p .  F -  i a . * : N { n i } * 1 { P t F } i  i f  F  i g

f i i s re t ] ve r  a  c r+ -suba lgeb ra  a { ' c  ) ,  Thsn  E  and  F  have  the  d {?s i r sd

p raper t i ex  t i  )  ,  t i i  i  and  { i v }  ,  { v )  as  c r r t1 l t r  a r " y  t , 5  by  Theoreem

1 , 4  ( i )  a n d  t i i i ) "  P r o p e r t y  t i i i l  s f  1 . 5  f a l l ' r : v * E  f r o n  L " 4  { i i }

h y  L e m m a  5 . 3 '  
q " e ' d '

&s-Sslllne-pf,-f srgbst-rssulgs-snd-easllselisse

6,1 .  Le t  f  l { : l  be  t i re  gx-a l "gebra  r f  a l l  bs r - rnde 'd  ( ]penators  ' ln  a

r e p a r a b l e  H i l b e r t  s p a t r e  H  o +  i n { i n i t e  d i m e n s i f i n "  A n  o p e r a t n r

s F a t r E  x ?  i . e .  &  c l t l s e d  s u b s p a c e  a +  { t H l  t a g e t h e r  r ' s i t h  t h e

rna t r i> :  nor rns  inher i tec l  f  rn rn  f  t t - t l  ,  ig  ca ] '1ed n i ' t€Jsar  i+  the

i J e n t i t y  m a p .  . , n  x  h a s  a  s e r n i d i s c r e t e  a p F r . x i m a t i o n  i n  t h e

g e n g e n { H { f r s } g [ f , / g s ] , i , e , t h e l i d i * n t i t y m a . p 0 n X i s i n t h e
s t rong c lcgure  o f  tnaps  T=VW where  V;  X* - ) '  t ' l a t . ' ,  ld ;  I ' ta t * - - }  X

srE cenrp le te  sent rac t ic }ng  *nd  n  depends f rom the  ch t ]sen  de- .

c 1 1 m p o s i t i a n  a f  T  q r {  t h i s  k i n d .  I t  t u r n s  o u t t  t h a t  t h e  m a p r  T t

v?  hJ  may be  chosen f i carer ]ver  un i ta l  i+  x  i s  r - tn i t 'a l  and tha t  x

i s n u c l e a r i + a n d a n l y i + i t i g a C * - s F a c e a n d t h e g e r o n d
c o n j u g a t e t r * - t r i F l e a y s t e r r X * + F i g a n i n j e c t i v e a p e r a t o r

y s t e r * .  l l  s e p a r a b , t e  f l p e r a * c r  - q p a c e  x  - l s  n u c J e a r  j f  a n d  * n l y  i f

X  j s  c e r n p i e * e J y  j s r , r m e * r  j c  j s c } p o r  p h i c  * n  a  g u r . r * j e n t - C * - s y s * e m

ctf  fhe fsf t-aJg*i t"  Bl= l . la8l ' ! :26'  "  by a -€uft  L+R r: f  e c-Ir ' isecl

J e f t i d e a l  L  a r r d  a  c l o s e d  r r q h * . r , c e a j  R  r . r f  B "  T h e  L i n d e ' n s t r a u g s

5pacF5 tLI I  arE just t l re abel i  an { : l**sFaces I  i  '  e '  the tr*+-

sFace5 whr :se  seccand con jugate  sFacEs ere  isamet r ic  i s$marph ic

tn abel i  arr  l l l **al  ge*f :ras, The hhequert  s i  rnpL i  res are just the

s ta te  * .paces  ( ] f  the  r - rn i ta l  abe l  ian  f ,x *sys terne .  I+  X  is  a

r :n i ta l  se lparabLe nuc lear  f , x -sys tmm t l ren  there  is  a  hered i ta ry

c* -gu tba lgc*bna D o{  the  t rAR*a lgebra  F  eu tch  th* t  x  i s  cample te}y

isamorphr i r  t r :  the  qu* t ien t -C i -sys tem f r l lD  e i  B  by  D"  Fy  the

r e s u l t s  n f  t h i s  p a p e ' r  t h i s  i m p l i e s  t h a t  F l ( x ) k  h l ( D ) / D "  T h i s

a p p l i e s t o e e p * : r a b t r e u r r i t a } n * e 1 e . a " r C * - a l g e b r a s X = 1 4 { X } = 4 "
E o m b i n e d  w i t h  t h e  l i { t i n g  t h e B r e m  a f  c h s i  a n d  E * { r u e  t f , / E l l E

t A f t v 2 r t h . 7 l  a n d  w i t h  t t r e r r  r e g u l t : s  G n  r a n g e s  n {  c c m p l e t e l ' y

pc}s i t i v t?  r - rn i ta l -  p r ( f jec t i c }ns  { fn  5 ; * *a i lge i5 ras  t r /e2 l  t ]nE ge ts :

up tc l  Dx*ar l  gebra i  *c]mf]rptry "  the utni  tal  separahL e nucl ernr tr*F-

a l E e h r a s  a r s  t - h e  r a n g e s ' p i f r t  s {  r : n i t e l l  c n m p l e t e } y  p c s i t i v e

p r o j e c t i n n g P L . r n t h e G A R - a l g e b r a F r + i t h P " - c a m p r e g g e d
m u l t i p l i c a t i a n  P { s r } q F t b } ; =  P { P t a } P { h } )  c ] n  t h { 3  r a n q a  P t F ) "  A n

ana l  yse  o{  G l  i  n in r  ' s  resu l  t  $n  6* -a l  gebra .x  c } f  t yPe I

t D I X , C h a p . 9 1  g h n r : g  t h a t  6 1 i - r n m  a c t t . t * l 1 y  p r a v e d  t h a t  c o n v i l r s e l l y

i . n  e v s r y  s * * p a r a b l e  C x - a l g e h r a  A  n n t  o f  t y p e  I  t h e r e  e : : i s t s  a

l re repd i t ; r ry  1 ; * *s ,uba lgebr ; *  f l  s r :ch  tha t  A l /D= Ntn ] /Ds 'B '  L ls ing  the

me, th t3d  * : {  cernpa. r i sa t i sn  r3 {  E l l i s t  tEL l  cne  a t r ta ins  very  '  sasy

i ; i i

I
I

I
I

i

I
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+r - t ,m the  i .a t te r  bs i l - i  ressuX. te  tha t  f ,he  in f  i r r i t s  par ts  a {  & ' l * r+

snd g f  B .p l *  a re  i sornnnph ic  i+  A  is  *  sepeFat r le  un i ta l  nuc lear

g * * a l E * b r a  n o t .  c {  t y p e  I  a n d  B  i s  t h e  C A R * a l E e b n a '

Every  r , i ld  Iear  Cx*gpace t resp ,  r . ln i t ; *1  [ ' * -sys tem,  C* i -a lgebra ]  i s

r t n  i n d u c t i v e  l i m i t  a ' t  i t s  s e p a r a l r . I e  a r r d  r r u c J E a r  C * - s u b s p a c e s

t re ,sp ,  un i ta l  f , 'F*subsys ternsn f ,x *su t ' t * lgebran) '

& .3 .  I f  F l  i s  a  v { f ,n  Neumann a lgnbra  w i th  reparab le  p redu; t l '  then

b) ,  an  indr - rc t i ve  L i rn i t  c t ]ng t r | . sc t ian  on€ can easy  gh$w tha t  I ' t  i s

gern i  d i  sc re lu=  i  f  and  nn l  y  i+  thsre  ex  i  s ts  a  un i  ta l  serpar -ab l  e '

nurc lear  cx*sys tem x  s t - tch  tha t  f ' l  i s  i . rnmanph ic  tc  r "xxx  *nr

s i {3 fne  cent ra l  p ro jec t ian  e  a {  x* t r "  The abave deEr r ib tad  r -esu l tg

r :n  n r lc lear  c :Fers t r : r  sFerer  t 'hsn  i rnp ly :  H  r$  in - ie r * :ve  i f  and

" " 1 r - " -  
l r - -  N E ? t u r  c # r , * e i n s  f l  r , l s a & J y  d e r r s e  C x - s u b a J g e b r e  j s n -

rx* r  ph ic  ta  *he  CAR-aJ  gebra '

6 . s . L e t x b e s s e p a r a F r l i = u n i t s l . f , x - s y s t e m t r e * p , s E p a r " a k r l e
f ,x - : ipace )  then there  ex is te  a  separa l le  r - tn i ta l  C* -a lgeb.a  A

and a  hered i ta ry  E*_guba lgeb i -a  D. .A  ( r .e=p,  c l r :ged 1 ,e . f t -  and

r i g h t i d e a l s  L  a n d  R  )  e r - r c i l  t h * t  x o  n r r n  { r e = p "  x s  6 7 { l * + R }  ) ,

Every  un i  ta l  f , * -sys tern  t resp ,  c* ' *sFace)  i  s  the  i  ncJurc t i  ve  I  i  m i  t

t3 f  separab le  un i ta l  f , x ' *sys tema { resp"  t ] {  separab l€3  c#-spacEls }

i n  t h e  c o r r e s p o l r d i n g  c a t e g e r i e s '

6 ,4 ,  Le t  f , I l  he  the  se t  s4  map:a  Vr  / ' t1+ l * -> l tX l  dermrnpnsab le  in

t h e  s e , n s e  d e s c r i b e d  i n  5 8 t r ,  6 .  t  a n d . l e t  ; g Y ! l  { } { )  b . e  o p e r a t ' r

s F a c e s . N e d e f i r r e { i n { Z } l = i n 4 t i i t v - i t J ) i z l i l V i n f t l } a n d
l n c f i n ( Y ) ; =  r , r p {  f i n t Z } l  Z g Y u  d i m ( Z } { o o  } '  B y  m { d t H } } e '

l  *F:1. tH) and c'* lL{H} }  ec-8,4 tHl 
-use 

dennte the bsunded sequentre5

and zerE seq | . len t reg 'o f  apera . t r : rE  r€sFect lve ly .  c - t ' f iH)  l  i s  an

i  dea l  o f  m t f  (H)  )  and the  d i  aEnn 'a l  rnap d* l  t r€J  {H)  - :>

t b r b r . . " ) - + c * { f  t H } }  d e f  i n e s  ; i  f , x - e t l q e b r a  f n r ] n t r m B r F h i = r *  f r a r n  d t H }

i .  n t , '  m t I  g { )  1 " /e - { . {  tH}  }  ,  In  a  f  r r thcarn ing  paFer  we sha l1  ghnut

l ' r , y R n i n d u c t i v e l ' i m i t c o n g t r u r t i o n } e r f B j s a s e p a r a & J e
u n  j * a J  B a n a * h  s u t r a J g e b r a  # f  4 , t t - l )  s u c h  f h a f  l s c S i n  t B * E t ) = { t  f h e r r

t h e r E e x j s * a ' * p , , , a b l e r l U c J e a r u r l j * e , I C x - s y s * e m x a n d a
u n  j f a j  c r . r m p j e * *  j s n m e * r y  V  f r n m  X  j n * n  m t ' {  t H }  )  / c * { { t H }  }  s u c h

* h a *  d * ( E ) q v t x ) .  F y  c o r o l l a r y  r . , F  C I {  t h e  p r e s e n t  p a F e r  a n d

t f re  {o r thcoming resu l ts  on  n t - tc lear  opera t r : r  5FAceE annauncsd

i n B e t r . 6 , l r H i s a f , * - q u e t i e n t a l E e h r a n s a E * - s u r b a l g e b r a e r +
the  CAR*ar l  gebra  i  +  B  i  s  pnr  e f i vv r  se l  f  ad  ja i  n t  "

&,5, [ r !e dent3te by Et the algebraic tenst3r prar lr-rct-  t ] f  vectt ] r

s F a c e s ,  b y  s  t h s  m i n i n r a l  g * l a l q e b r a  t e , n ' n o r  p r a d u c t *  b y  f € t H )

t h e g * * - a l g e b r a t r f c r m p a c t o p e r a t o r s c } n H a n d b y c ( H ) t h g
c a l k i n  a l g e b r a  f  t H )  l f : f . t { t .  T h e  m i n i r n a L  g * - a l g e b r a  t e n e t ] r

p r a d r . t c t g } i g a b i { u n c t c r r [ ] n t h g c a t e g a r y a f c * - * } g e b r a s " T l r u g
t h e r e  i s  a t ' J " l q " " i  c " l * i g " n r m  e p i n , o t p h i s m  T  { r n n n  t h e  q u a t i e n t

; ; ; " ; r * - :  t * iH la /# j r  )  /  t f . r r - i lmr * rH)  ) .  $n r$  { tH }sE( l - l }  "  r+  x  i s  a

a  c l s s e d  * . , 4 = p " . "  c f  f ( H )  a n d  A  i g  a  E # - n l g e b r a  x B A C f ( H l 6 A

d e f  i n e s  a  d x a L i s a b l e  c r c ] s E n o r f n  i  i "  i  l x  { f F l  H S A  s u c h  t h a t  t h e

c o m p l e t i o n  X E A  w i t h  r e s p e c t  t : - .  i  i  '  I  i  *  c a n s n i c a l '  1 y  a n d

i s e r r n e t r i c a l l y  i d e n t i f  i e s t  t * i l f r  c I  ( X t s A )  i n  
" f - ( H ) m A '  

. I t  t u r n s  t : t * t t

t h a t  r h e  c a . n c n i c a l  * ; ; -  f  r s m  l t ' e f  
t H l  )  ' /  t X S l e  ( H )  )  i n t a

l f . 4 p , r g . f  t H )  |  /  i { ' t H )  B f e  ( H )  )  d e f  i n e s  a n  i g n r n e t r i c  i n c L u e i c n  a n d  T

; ; ;  T x w r . t l { )  )  /  t x s l f  ( H }  }  i n t s  x g c  { H )  "  L e r  T x  b e  t h e  r e s t r i c t i c ] n

o f  T  t s  i i f u r i u l i r t x m c e  t H l l  a n d  x g t c t t - { ) .  t 4 e r  d e f i n e  e x t x } : =

i  i T x * 1  !  i - r .  U s i n g  t d i t t s t i : c k ' s  e x t e n g i r : n  t h e n r e m  t h l l l  ! ? ' 3 "  L l

( c f . a l g c : [ P A U ] { g r a ' n c ] r e c o n v e n i g n t i d e a c r { p r n a { } i n a
separa te  fmr thcr : rn ing  paper  ne  rh ta in l

e x { X ) =  L  i f  a n c f  o r r J y  i f  l o c { i n { X ) =  O "

F o r C x - a t g e h r a s E ' e x t B } t a k e g r r n l y t h e v a l r - t e g o a n d l "
e x ( F ) = l  i f  a n d  o n l y  i +  E {  i s  e x a c t  i n  t h e  g e n g e ' o {  t K I ? l '  W e

#
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g e t  t h e  r e s u l t  f o r m u l a t e d  a t  t h e  e n d  o f  E s c .  1 "  I n  c t h e r

i o r t 5 c o m i n g  p a p s r s  r . r g  s l r a ] . 1  r e f i n e  t h i $  r - € * s u l t  e s s e n t i a l l y *

F o r  E v € r Y  u r r j * a J  s e p a i - a b J e  e . i { & c 1  6 x * a l g e b r e  B  * h e r e  e ' ' x j s * s  a

u r r i t a r y  u  i r t  t h e  C , 4 f i - a J g e t r r a  s u c h  * h a *  F  j s  a  f , x * q u * t r g ' n * *

* J g e b r a  I , . i ,  s r ,  A F - i d e a . l  t t f  * h e ' t " r e . I a t j v e J  d t . } n l s l u t & r r * a  * f  L t  i n

f  he CAft*aJ gef,r  a -
f l n e  q e t s  | 5 e v e r a l  c o r m l  l a r i e * ,  € "  s "  &  c x * a J g r a r r a  j s  e - x * c *  i f

a n d  i r , I , f  i f  i *  s a * j s f j e - q  * h e  p r * , n e r * y  f C J  r . r f  . 4 r e h & # J d  e n , i

6 a * * y  I n f n :  o  f * * - q u r l t l e n * a J g e b r a s  r . r f  s . w a s t  C e - a J g e b r a s  e r €

e x a c * 5  s y l ? r y  u r r j * a J  s € p € r a 8 , J s  E . c ' a c *  a J g e l r a  h a s  a  u r r i f s J

c g r * p l e t e t r y  j s n m s * r i c  { J i n e a r J  e n r b e d d - r n g  i n * r ' r  t " h e  C A l l ' -

a L g e b r a r " " .

6 -&"  In  gener* l  a  nuc jear  separahr is  f r r * *sys*em daes n( f t  adrn i t  ds

c a m p l * t e i y  i s $ n i s t r i c  e m h e , d d i n *  i n t t :  s n  e . x a c *  C x * a J g e b r a "  [ c l e

d n  n a t  k n o w  i {  a n y  s e p a r a b } . e  e x s c t  c x - * t E e b r a  i s  i s o r n u r p h i c  t a

a  [++-g i l rha ] .gehra  n{  a  nuc le 'q r  C* - -aLgebra  {a  l t rng  ou t ts tand ing

nent r i v ie l  c r i rEn qr - tes t ian)  .

L e t  A  b e  t h e  r - t n i t i e a t i a n  t : f ,  C * t l O r  l l l S C * . - * s -  { S L = ( Z }  }  "  F y  a

r e s u l t  s {  d e  c a n n i e r e  ; n n d  H a * E e r u p  t c l g l H l r  A  i s  a n  e x a c t

s e p a r a b l e  n n i t a l  C * * a l g e b r a ,  J r r  E x t ( A )  * h e r e  e x r s * s  a n  e J e t p e n f

I B I  s u c h  * h a *  f } ? e  C * - a J g e b r *  B  c o . * r  e s p ? n d i n q  t o  t t r e  c l a s s  t g l

ru "2*b  e . rac*  s€ 'quence O - - :>  tc t l - t )  - - :F  B  - - :>  A  - ->  O -qa t rs f ies

B=s 'BB.*Bor rE lmsHF p ; f te re  Foe '  m€ar rg ;  F  zu j *h  r . ippns i te .  muJ ! ip l j ce f  
j r ' r r r .

T h i E  i m p l i e e  t h a t  B  h a e  t h e  w e * ! <  e x p e c t i f i n  p r n p e r t y  e f  L a n c e

t l -A l l "  F  can nBF be exac t  b {?cange t ] therw ise  E{  i s  nuc lear  and

t h e r e { c a r e  A  a n d  c * r a q -  ( 5 L = t z }  i  a r s  n r - r c l e & r .  F r - r t  t h i s  i g

i m p c e * i b l e  b y  t h e  r e s L r l t  r : f  t * r , * *  t L A t  o t h . 4 "  ? J  h e c € t u s e  5 L =  t Z )

i s  n o t  a s n e n a b l e .  T h u g  t h e  c a t e g o r y  a f  e x a c t  c * - a l g e b r a s  i g  n e t

c l o g e d  u n d e r  e l x t e n s i o n s .

Bef,erensee
t A / E { l  A r r h b n l d ,  R , J " ,  B a t t y o  J . K , ,  c x * t e n s o r  n o r r n s  ; r r r d  s l i c e

r n a p E ,  J " L * n d e n  l ' f a t h " S o c "  l ? t 1 9 8 C I 1  1  1 2 7 - 1 3 9 '

tARVtS Arvese ln ,  [ , i ,  ?  suba lEebras  o f  cx*a lgehras ,  Ac te  t {a th"

! ? I ( 1 ? 6 9 )  !  1 4 1 - 2 2 4 "

tARV?l  - * f  f i . in tes  t ]n  ex tens io r rg  s$  [s ' -a lgebras ,  suke l - ' ta th"J"  S3
( t g 7 7 r  1  3 : 9 " 3 5 5 -

t c / E 1 l  C h o i  3  l * , l "  D "  ,  E $ { r m s 5  E '  B .  . r  T h e r  c n n r p l e r t e l y  p u s i t i Y *

} i f t i n g  p r e b l e r n  f r 3 r  6 * . a 1 g * b n a a ,  A n n " f 4 a t h .  l o g  { 1 + 7 6 }  ?

585*60+"
tc /E? l  - *  r  In  jec t i  v i  t y  and open.* to r  spassEi ,  J ,  Func t  "  Ar ra l  "  o  7 !

t  1q77)  '  156-3 t lg '
t c /E3 l  - *3  l t tuc lear  c j+*e lgebrax  and the  aFpr [3x imat i ( ]n  p rnper ty t

A m e r . J , l 4 x t h - ,  l g g i l ? 7 9 ) ,  6 1 - T q '

t t r H l  C h n i ,  1 4 , D " ,  
j  

$ * E c h w a r e  i n e q u a l i t y  { o r  p a s i t i v m  l i n e a r

m a F s c l n c x - a l g e b r * s ' I 1 3 " J " f " l a t h ' ! 8 t 1 . 9 7 4 } ' . 5 6 5 - 5 7 4 "
t c n N l  f  c s n n e s ,  A .  ,  E l a s s i f  i c a t i a n  o f  i n  j e c t i ' v e '  { a r t r n s o

A n n , l * l a t h '  l Q g t 1 9 7 & )  ?  7 3 * 1 1 6 '

t [ O f \ t z ] - - ? O n t h e - e q u i v a l e n c e b e t u ; e e r r i ' n j e c t i v i t y a n r j , l e m i -
d i g c r e t e n e : i 6  { a r  c a p e r a t n r  a l g e b r a s ,  A l g * b r e s

d 'nper , * te l lF :3  e t  I  enrg  epp l  i  ca t i  sn= sn  phys i  que rna the-
.  f n a t i q r - r e  t P r g c '  C n l 1 a r 4 ' u  l 4 a r : ! g i 1 1 e ,  L q 7 7 )  r  F F ' " 1 0 7 _ 1 1 ? ?

C c : l l t : q u e s  I n t e r n s t "  t r F " l R S ,  E Z | . t  t r h l R S ,  F a r i s '  1 9 7 9 '

tdE/ l" l l  De, canni ertb I  J.  r  Haagerr-rp r  u.  o f ' l t - t l  t i  p l  i  ers af the

F r : r - t r i e r a l q e b r a a c f , n s c 3 l n e s i r n p l e L i e E r c ] u F s a n d t h e i r
di  screte subgrol tps u Arner "  ' l  "  f" lath "  ta app€;*r ?

rn l  X  I  D i  > rmi  e r  ,  ; .  I  lo *s  gx-41"  ca&t r r -es  e t  1e* rs  repr*senta t i '  c rn r  t

E a u t h i e r - V i 1 1 a r s ,  F a r i s  1 q & ? '

t E F L l  E { { r o g ,  E . ,  O r c l e r  i d e e r l s  i n  a  c x - a l g e b r a  a n d  i t s  d u a l  o

.  Dr - r l *e  l " la th '  J  .  3*  t  1?&3 )  ,  39  1-41? '
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t i i f . : : i i  ** ,  &r"p*c' t : ;  c i{  f ternc:t : i f i r"nr-Et,st ivm t :rrJen, Lms' l : t ; re hl*tmx in

f,la'ii lr " {luiln fi.n*;e3 gehr-er* anrJ eppg I cnti" r:t"l* t* phy:li cf:i t
Spr*i riqet*, EtxrL i n t' i=i. del Lrer6 lr?r:v+ Ycir""k :iit7|3"

tEFSl **,o f in i :h* st .r t - tct l t r ' * . :  t f  le lrury i : " i  Cv. '*r , l .  q;ehr*asl  Sclmt* CI1 d
aricl nsiv Fyr:!^ii. *rni' * Cig;=r;itt:r- ;:"J. i;*rfur-;:r ;trril ;.ippi i c;it !. t:lrru *
f*at ' 'L l "  t f ' : : inEatc,rr* i ] ; r t .  ,  i { : ' } f i { - i }  r  p$}" i f ! -34 r  Fr"*c" l iy*rp*x'

Fr-r5g l , ' i , : t t r"  ,31j .  dtm*r.  f  i* t - i t "  l i r . : ; { :  ,  ,  Frmvidr ' r l " i retr  R" I  "  *  3q- '8:J"

[ [ . ." !" i ]  [ f  -Frcr*,  [ : "  *  i l ; : r rE*rr i , -r ,  L. l .  I  l * ' i { t , i r t { t  F}-c] !"r : t i=t i ls ; i r id J ' r :c;*.}

rgl t l "r>l i .v i  ty {r ] r-  i - - :*-- ; . . i lqehrxt ' ,  i luk* t ' t ' , : . t t ' r "  J" X?= { l fL lS} !
nc : "  1 r  l " i i } * ' : . :1$"

tE/Ll l--.fl..f f ciri, 8,. ? [.-*rlr* f [,-. [:, r Te-.:n*ntr prcld*rt (:]s erg***:s-;*ti:t-

,*1 clebr"xE, f+rir' '" i.t 't lola'cf"r" ij!] i l.rl173) s J 57*'l-7{9:'"

tEt.-l El l" i cr*':: r [:" , tln *FF]rc-1]: i r"ra'ii i+i. y 'rq f- ni tl"..-cli. t*s3ns] *rt*3 \a*fi

l r ls:r-srnairr ' !  x. iqr: t r i -ac$, I* iat l l "  Sr, . ' , : : , r id '  ; f : {{  i$ ' l ;J:}  u ?1.- l 'd11"

tS i *1  EL r r r , * r r ,  J " , ,  A  Ste- t l te* *b" !e= ie rs t rasx  t ,h* r : t -em'Fur  i l t " * ; l ] ' qebr ;na t

F\rrr-r .  l " l*r t t r  .  V?. (  t$&$) 1 ?l&*?/- l r i  "
i l{At I [-1";.; lQt€r'LlP E Ll" t A i  3 n l r r  I  *ar  C' ;+*" . l1  q;ebr  as €rrg ani*n*hl  e "

I nvertit " f4*tl ' i " IS t i ' {.r#;: } , 3*5*:{ 1? "
tF ld l? l  - - *e  In - je rc i : i v i t y ,mr r r ]  tdenarnpns i i ' L i$ i ' r  n ' [  ra inp l .e i te l .y  bnr - tncJ* :d
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