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1.  INTRODUCTION

Two initial and boundary value problems

foir smaiterial s swith.a constitutive eguation of the form

& =Ab+ G(0,8) Cr. 8

are: considered, in which e is the small. . strain tensor,

o

is the stress tiensor and. @ is. the abselute temperature.,

Such type of equations are used in order to model the
behaviour of real bodies like rubbers, metals, rocks
and so on, for which the plastic rate of deformation
depends also on the temberature.

In the isothermal case, (1.1) reduces

to

€ =A0 + G (o) ' (1;2)

and represents a semilinear rate-type constitutive

equation.Various results and mechanical interpretations

concerning constitutive equations of the form Gl 2)
and ‘also more general constitutive equations in which
A=Alo,€), G=6(o, ) may be found for instance in the
papersiof: Cristescu and Sul telwl6 1,71, In particular
cases, equation (1.2) reduces to some classical models
used in viscoplasticity.

Existence and uniqueness results in the
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study of models of the form (1.2) may be found for instan-
ce in the papers of Duvaut and Lions EBJ Ch.5 and Suquet
E1bI,015]1. For a more combTicaté ﬁroblém concerning models
of the fofm (].1).in which © ‘Is a hardenimng parameter:,
an existence and wuniqueness result is given 5y Laborde
f11]. Moreover, the existence and behaviodr oif it hie ;o]ution
for quasiistaitic processis concerning'mddels of the form
(1.2) in which G depends both on ¢ and g i's studied in
the bapér of lonescu and Sofonea [ 101,

A relative simp]e examb]e o const Lt iwve
equations satisfying all the mathématical requirements of

£

this papér may be obtained taking in (1.1)

G\(o‘,‘e) - .%(,ov Pr(o)© )

K(e) =follo’l <k(8)}

where p>0‘is 8. Viscosity coefflcient, PK(S) iis the preo="
jector map on yon Mises plasticity convex K(8) defined
by the Lipsichite yield Ffunction = 6= k(e).

We consider for the heat flux denoted by g

a Cattaheo—type heat conduction law of the form
AQ + q = kKV® | (a3
and also the classical Fourier law givén by
q = kK Vo ' (1.4)

Heat conduction constitutive equations of

the form (1.3) were iﬁtroduced by-Cataneo (4] and were
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studied by several authors.

Some of them studied the structure of

i“
=
T

constitutive equations others were dealing with some ini-
tial and boundary value problems (for references see
Cir st esicn sand 1Sl e bu L 7 1ep 1900

The aim of this paﬁer Is 'to study two un=
coup]ed thermo-mechanical broblems governed by the conss
tih bk bve equatiens Cl1o1), (1.3) (problem ¢) and (1.1),
(1,4) (problem F). Thus, imposing some regularity and com-
patibility conditions on the input data and using monoto-
nicity arguments in Hilbert spaces, the existence and uni-
queness of thé solﬁtion fé} the ﬁroblems C. and F is _obtai=
ned (theoréms h.l; L,2), The convergence of the solution
of ﬁroblem Cite. Blie solﬁtion of brob]em F when A—>0 is
studied (theorem 4,3) and the continuous dependence of
the solutions with respect the input data is also given

(theorems L L, h,S);

2. STATEMENT O (THE PROBLEMS

Lot - be. = boutided dBnain Lo Re (N=1s0 )
with a smooth boundary 93Q=T and let P]QF] be open sub-
seits tof ~ T s we cdeneite. by P2=T\T};F2 =I'\T
wnict Rermal vector on I, and by S the set of second onder

symmetiic tensors on RN. Let T be a real positive constant;

We consider now the following mixt problems:

PROBLEM €, Find the velocity function

vﬁ[O,T]xSX *~RN, the stress function o:[0,TIx0~S , the tem=
perature function 6:[0,TIx® -R: and the heat flux func-

tlionda bl Tl @ » RN such that

V the outword -



pv=Div 0 + b
A + Glo, 8)=elv)
o = div G e

Ag + q = KV

v = U on %]X(O,T)

ov =:F  on %ZX(O,T)
8 = ©® ‘on F]X(O,T)
qv=Q on FZX(O;T)
v(0)=vo
0(0)=0O

e(0)=eO

q(0) =q,

2.1
(2,2
(2.3)

(2,4) L

(2.5)
{2:6)
(270
(2,8)
(z,9) |
(2.10)

2. 11)

(2,12)

in @x(0,T)

PROBLEM F. Find the velocity function

'v:[O,T]xQ*RN, the stress function o:[0,TIxRsS. the tempes

rature function 0:[0,T?>R and the heat flux q:[O,T]XQ»RN

sch: that

pv = Div o + b
AG + Glo,8)=6lv)

B = div il

q = KVs

v=U on I x(O; T)

1

4V}
ov=F on sz(O,T)
gm0 eme o007

(.1
(2.94)

(2.15)

“(2.16)i-

(2 o)
(2.18)
(2, 19)

(2.20)

b0 )



v(0)=VO : (2,20
0(0)=oo (2. 220l in0 .
6(0)=6, (2.23)

The ﬁrob]em C représénts a uncoub]ed problem for
thermo-e]astichiSCO*b]astic materiials of the form (2.2)
where A is a forth order tensor which may depend on spa-
cial coordinates and G:Q2xSxR-»S is a constitutive function,
In (2.2) and everywhere in thjs "paper } denotes the par-
tial derivative of f witﬁ respect to time, (2.1} is thé ba-
lance of momentum equation where the funhction b:[O,T]xQ»RN
Is thesbedy foence function and p > 0 Fs the mass dens ity
(2.3) is the heat conduction equation where r:[0,TIxQ>R
is the volume heat-supply. (2.4) is a Cattaneo-type heat
conduction constitutive equation where A and K are second-
order tensors on RN and finnaly, the fiunctions U,F,@,0 are

the given boundary data and the functions Vo: O are

o’eo’qo
the given initial data.

The meaning of the brob]em Fiisithessiame, eXcept
the fact that the Cattaneo law (2.4) is replaced by the

Fourier law (2.16) and hence the Fnitial condition (2. 12)

is omitted,

3. NOTATIONS AND PRELIMINARIES

We denote by '"." the inner product on the spaces
RN, S and by le| the euclidian norms on thes spaces. The

following notations are also used:

o il ()
W=ty =(v,)Iv.eh, i=1,M,
H

Slarlo oy = etl L= 150, .
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Hy = {0eHIVe @ W},
'ﬁ] = {véﬁl e(v)eH},
?{2 = {q_eﬁ[ div qeH}, -
H, = {oeH! Divelly,

whereV, €, div and Div are the bartia]deri"vati;'ve operators

of the first order defined by

Vo =(Vi_\e), Vie{;gil , i=1,N,0eH

. ; o ”E)vi 'BVJ. Sl -
E(V)=(€ij(v)), Eij(v)z 7(§§T + giy), L=l NG = viet

0 ' o
div q = B)?: > -.qeH 5

aoi. S
Div o 2(p.0), Do——--éTJ: , i=1,N, oefl
J

The spaces H,ﬁ,H,H],ﬁ],ﬁz,Hz are Hilbert spaces

with respect to the canonical inner products given by

el b - é'@@dx | (341)
Wy vl = é u.v dx | (3::2)
(os “B)Hf"‘ é c.T dx : (3.3
oy =0, o) + O, Foly (3.4)
o iy = ey beio), 00 (3.5}
(a5 P)’,j;(qo Pl »( dri'v q, div pj, (3.6)
(0, ¥y =(o,m) + (iv o, T

The norms induced by (3.1)-(3.7) are denoted by

IIGI-IH respectively . Also, for any real normed
2

space X we denote by X,, its strong dual, by IIeIlX)II“’HX’.

el uemH,..o,
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- the norms on X and X? respectiveTy andisby < ’>X‘X the capo-
3

nical duality pairing between X’ and X. If in addition X is
a real Hilbert space and A:X»X is a continuous symmetric and

positively definite linean operator, we denote by < ’>A X
]

and‘llelh the energetical product and the energetical

D4

norm induced by A on X,

ti g G T N s
Let H.=H ““(r), ﬁr—(H (B and g cHo=He,

.?o:ﬁi»ﬁr the trace maps., We introduce the following closed

subspaces of H1 and ﬁ]

V = {eng]I‘ yoe = 0 on I“]}

ny ~ v}

Y -={Véﬁ]lYov = 0 on I‘]}
and we denote

VP={§GHF[~ E =0 del i an l_?]}

n ™ oq, 2

Vo=tEel 1 § =0 on 1

For ever i there exist Y eH? and ?’Oeﬁ‘ such -
L - Ia 98y UC gOStp

that

<Y 4 (q’Y06>Hf,HF =(q,ve)ﬁ + {div a4 6}H for all OQH! (3.8)
VOt o, =(,elv)y, +(Divo, v)y for all veH, (3.9
@E il H e H : H ]
P sy

d 'ﬁ -~H2 Y H *ﬁ’ e linear and continuous operators

an 'y]‘ pHLr Y i ar inea i dDuUs op S .
k (47

- : ts \/ 2 4 es -

We megn by quFZ and oV ¥ the elenen of JF and VP fespec

T, i
tively which are the restrictions of Y49 and Y40 on VF and

WF‘ We denote



A= {qeH,| quir,=0

aF = {ogh,| ovI¥, =0}

The spaces@?enufﬁ%ére closed subspaces in ﬁz and Hze

We cget by using (3,8), (3.9).

(q,¥6)y + (div q,0) =0 for all 6eV and eV (3.10)

(e, SCV»H+(DIVO, v)ﬁ=0 for all veV and cetf (3.1

Finally, for: every real Hilbert space X we lse
the:classical notations Wk’p(O,T,X) (keN, 1<p<e) (see for
instance Brezis [3) Appendice and Banbu [11, Ch,l).and

we denote by l[e[lk the norms on these spaces; for k=0
. ’

p,X
the short notation [[e]] is used instead of |le]] .t Ehiss
p,yX 0:5p4 X

we mean

by le‘%k,p,x we mean |[X%[] and by llx|%

w®P(0,7,X) ' X

s |
LR

L, S STATEMENT OF - MAIN RESULTS

The following hypotheses are made:
p&Lw(Q) =nid wthere exists o0 sweh that ]
(4.1)

p(X)za a.e. in 9.

A 3 0x8+S js a symmetric and positiwvely 7
~defbnite bounded tensor [.e.

Ga)s Ao 1m0 . Alx)T Tor o) Yo meS avea SR G

(b).. There exists B>0 such that A(X)T.TZBITW&

forealliTeS ane. nQ

D

(c) AijppeLllayfor all i,j,k,h=1,N
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G:@xSxR>S is a montone and Lipschitz measurable func

(a) (G(x,O],6)—G(X,02ﬁ))%o]"oz)20 foriall o,,0,689,
oeR, a.e; in Q
(b) There exist L],L2>0 sieh that
lG(x,o],e])—G(X,OZ,Gz)ISL]IG]—OZI+L216]-OZI
for -all o],czésyel,ezeR .a.e. in 9

(e) G(x,0,0)=0 Sy ainein

(d) x»G(%,0,08):Q+R is measurable with respect to the

tion

(5.3)

Lebesgue measure on @ , for all ceS, 6gR

K:Q>S is a symmetric and positively definite bounded

tensor i,e, 1

(a) K(x)q.p=q.K(X)p for all q,péRN, Sen D

(b) There exists y>0 such that K(X)q.qZqul2

for ail qeRN dnes N8

(e) K;;€l™(R) for all i,j=T,N

J

K-1

tensor i.e, N\

ey N o
fal il “Ax)aupeg. K Al%)p fiersall q,pelf, a.e, i

: = 2
(b): There exists &>0. such that K ]A(X)q.qzélql
‘ .

for all qeR anies clneg

(c) (K-]A)EJQLW(Q) For all i, =1 . j

bew' *2(0,7,H)

cell P 60 T

u@wz’z(o,T,ﬁr)

Fewz’z(O,T,V})

(L.4)

A:Q2>S is a symmetric and positively definite bounded

e



@éwz’z(O,T,HF)

oew’?

¥

(O,T,VF)
voéﬁ], oOeHz
H H
eoe 12 qoa 2
n, § =

YO(VO) |%<1=U(0)li\—1], O‘O\)ll\' =

e maiin cexistence and Nniquenessiiresults of £his

paper are the following:

Iheoren 4.1, Under the hybofheses (b,1)-(4.15) there

=

exists ‘a unique:solution of ithe problem C such that

vew]'w(o,T,ﬁ) AL“(O,T,ﬁ])

oell "7 (0,T,H) A L7 (0,T,H,)

eew‘*“(O,T,H)(\L”(O,T,H])

qéwl’w(O,T,ﬁ)/\L”(O,T,ﬁz)

22

Theorem 4.2, Let be qO=KV6

(L.16)
(L,17)
(L,18)
(4.19)

= then, under the

hypothesis (4,1)-(4,4), (4.6)-(4.15) there exists a unique

solution of the problem F which verifies (4,16)5 (4.17)

and such that

eqw]’w(O,T,H)ﬂw]’Z(O,T,H])

Z

qen 0T N T )

(k.20)

(ho21)

Eurther on, for every E20 we substitute in (2.00)

A by EA and denote by (vg, cg,eg,

qn) the solution of pro=
= <

bilem Cowith athe input data b, R @ 0,0 g .8 ., g and by

O 0

(V,U,e,q)‘ the solution of problem F with the same input



data b,r,U,F,@,Q,vO,GO,GO . We have the folleowing result:

- Theorem 4,3, Under the hiypotheses of theorems .1

and 4,2 for E+»0 we have

Yp o in LW(O;T,ﬁ) (i 22)
&+ 0 o b0 Tt ’ (4.23)
og = 0 e e (4,24)
G > 4 e e | (4,25)

The continuous dependence of the solutions with

respect the input data is-.given by the following theorems:

Theorem 4.4, Assume that (4,1)-(4.5) hold and let

(vi,Oi,ei,qi) be the solutions of problem C for the data
: o

_ ol
’U‘ !Qi.?

. = o o = { -
b.yr.,U, MoXGE g (21,2 safiisfying (h.6)-(L.15),

o B
A

: 10,

;
Then:, -thepe ‘exist some constants C]>0 and C,>0 independent on

input data such that

lle,-ezllqwrﬁl q]—qZIL{, Y SC](IIGO]~BOZIIH+|IqO]-q02llﬁ+

il =i || +10.-0, 1| _ ‘
[ =2 172 e, Wl R, QQHT’m;Vf) (4.26)
IIV]-VZIlw’ﬁ+lIolvozlIm’HSCQ(IIVO]-VOZIIﬁ+lloo]- OOZIIH+

11651705 Tt llag g =agp | 11 1By =by LTy el Iry=ry [y (4.27)

+110,-0,1| L H11Q-0, 1 LU, ~U, T +IFy=F o1 e
o P e T ‘”?“~2.‘1’“%ﬁr4"i3ga‘ e,V

Theorem 4.5, Assume that (4,1)-(4.4) hold and let

(vi’ci’ei’qi) be the solutions of problem F for the data

besar i

: e > .= : i=1,2 isfyi
; r’Ui’Fi’gl’Ql’ VOi,coi,em,qol Kveo‘ i=1,2 satisfying
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(4,6)-(4,15), Then, there exist some constants C

3>0 and
C,>0 independent on input data such that
= 3 o it 3 = &
11848, 11,, 1 lay=q, 11, y<C3ile, Ol Iyt =rpl Iy
(4.28)
0. =0 | | a0 =0
1752 il Q,-Q, 1,w,v§)
v =v, 1, ﬁ”'o]”"z"w,HSCL;(I'V(,}'Voz”WI'Oofaoz”HJ"
: & - 2 "’ )
+110,, 60211H1+nb, byl y gy +11ry=ryll, yrlle, ®2Il]’w’HF+ (429

+IIQ]—QZII]’w’V, +|Lu]~p21y1 o +l'F1"F2"J,¢fo)

r BaEp

Repagle i, 1. The hypotheses (4. 4.b) and (h.5.5) in
connection with the thermal conductivity tensor K and the
relaxation times tensor A can be justified using thermo-
dynamical arguments (see Suliciu [13] and Coleman, Fabrizio

and Owen[5]).

““Remark 4.2, The: pesults stated -in Theorems b, 1-4.5

hold with minnor adjustements also in the case when (L4,6)-

(4,11) are replaced by weaker regularity assumptions.

Eemark\h.é. kn: theorems b b and .5 as well as

everywhere in this paper C,C,(ieN) represent strictely posi-
: 7 pap ' b p ¥

a4

tive generic constants which may depend on Q,&P],P?,Tz,p,

A,K"],Kth, G but do not .depend on time and on input data.,

5. PROOF OF THE RESULTS

in order to give the proofs of theorems h4,1-4,5 we

need some preliminary results:
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Lgmma 511. Let ¥ be a real Hilbert space, DB X
a dense subspace of X and A:X=X, G:[0,Tlx X=X, B:D(B)C X=X

operators with the following properties:

A is a continuous symmetric and positively 1

L (5.1)
definite linear operator - J
€ is .2 monotone sand Lipschitz continuous

gperator i,e.

(a) <G(t,X])~G(t,x2), x]-x2>,20 for all té[O,T]H

and X],Xzéx
(5.2)

(b) there exists L,T >0 such that

116t ,x))=6(ty, %) 1L e =t 1+ LHX =% 11y

for all t,,t,el0,T] and Xy, % E&X

],
B is a linear (unbounded) o§erator such that
B*=-B where B :D(B*)=p(B)C X=X is the adjoinmt}(5.3)

o= B

Then, for every fewJ’J(O,T,X) and XoéD(B).there
exlsts ‘a unbtque function xewl’m(O,T,X) such that

y

Ax(t) +G(t,x(£))=Bx(t)+f(t) a.e. in [0,T] |
. . (5.4)

x(0) = X .

Proof. In view of (651 bt s sulfielent o cahr
sider the case A=lX=indentity of Y. Using:elassical resulis
of monoten ey n “Hilbert spaces {see for instance Pascali
Shid Sboplanell 2l p. T3, Brezie: 131 lp.38) from (5.3) and

(5.2) it wecults that for every telf 0, T lLathe sum G(t)+B*:
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:D(B)C X+X is a closed and maximal operator; moreover, for

every A>0, xe€X and t,sel0,T] we have

- -4
II(JfﬂiG(t)+Bk))].x~(l£l(6(s)+8%))xllSLALt~sI

hence lemma 5,1 follows from theorem 4,1 of Barbu [1]

p.16L4 (see also Kato [101),

*Lemma‘SfZ; Under the hypotheses (4.4), (4.5), (4.7),

(Ul e ), (515D thene exlets e diila -

cqup]e of functions (e,q) which: verifies (2.3), (2. 4),

G o0 80 10 e (2,02 dha8), i g) ]

~Piroof. Usihg thesproperities of tthe trace maps,

from (4.10) and (4.11) we obtain the existence of the func-

= ,
tions eewz’z(O,T,HT), Gewz’z(o,T,ﬁz) such that

5(t)=®(t) on le(O,T)

a(t)v=Q(t) on sz(O,T)

Ilell],m,H]

FIG 2 g <Oy LR

!.’2

s lretly

(5.5)
(5.6)
{57)

(5.8)

Considering the functions defined by

g=r+div §-0 skl
n A N
e:e—e A q..—_
v ¥ v
i eo~e(0), q

it is easily to see that (8,q) is a solution for the

problem (28 o (Do), (2.7), (2.8),

(2000 (2.02) 716

(8,9) is a solution for the following initial and homoge-
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nuous boundary value problem

D«

Ay
Svadiiav qiang
: = iR Rese (0, )
=l K-]E=V3+h

=0 on I x (QE=T) (15127

S x0T

2

—~
o
N
it

e - @ Qe - @ XN
y <
]
o
o

o

L

it

af me -
€]

et

Usibng lemma 5,1 -in the following functional

framework

z

= 7 05 e
x=H x H, D(B)=Vx¥ B =<v 0) )

Ax= b Gl )=l i fols all x=(6,q)eX and t&l0,T]

it iresults the existence and uniqueness of the solution

of (5.12) with the regularity %ew]’w(O,T,H), aéwl’m(O,T,ﬁ)s
since from (5.12) we get div &éLw(O;T,H),Y?géLm(O,T,ﬁ)it
result in fact Beal 1200, T ML (0, T, ) e T o, T H)
AT T ands, usinga(5.9)0(5,12) we ge; the statement of’

lemma 5.2;

Lemma 5.3, Let be qozKQYGO; then, under the hypo-
theses (4.4), (4.7), (h.10), (h.11), (i 3y, (4. 18) there
exists a unique couple of fumctions (8, q) which verifies

(2. 08 (2a 160, (2, 0N, (P00, (2, 080 I, 20), (hi 200

Proot. Lot h be the functien disfined by

S
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Bo= Kvé - 3 s

where q satisfies (5.6), (5.8) aidy o satiigfiles (5.5) (5.6
Using (509)], (B 1), (5.11)] it s easely to see

that (& q) jc a solution for the problem (2,15),. (2,16},

(2,19), @2.20), (2.23) iff (8,9) satisfies the following in

tial- and homogeneous boundary value problem

" o
0 = diiviig kg ']
T thi -2 (0.

a — kN box
4 (5.14)
g R (0. )
av =0 on T', x Lo T)
§(0)=6 i,

o

Wsiinig 3. 10 ) from (5,14 It resulits

v 2

(%@)+UWENQY=®AM'4hﬁ®) for all ]
' ’ ! ! ! ] (5.5

BUB) g - oeV , a.e. on [0,T]

Applying a classical results concerning panabolic
equations (see for instance Barbu [2] p.124) we get the
existence and uniqueness of the solution of (5,15) with

the reqUlanity Sew' (0T, Wit
g y ‘

(0,T,V). Taking q=KU&+h
we get Eﬁw]’z(O,T?ﬁ)ﬂ L®(0, T, and (g,a) is a solution

for (5.14) and hence lemma 5.3 is proved,

Proof of theorem 3,}

Bt s s uff e bent o prove the existence and unigue-
ness of a eouple of functions {v,0) whiech satisfies (2.1},
(2.2 i) (2.06), (2.9, 2. 00 T Lhalel, (hala) wheee o

is the function given by lemma 5.2, Using the properties of
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.of the trace maps, from (4.8), (4.9) we obtain the existen-

2.0

ce of the functions vew '”(0,T,%,), 5ew®*?(0,T,#,) such

that

V(t) = u(t) on T x(0,T) (5.16)

a(t)v =F (t) | on %X(O,T) (5.1 7)
-~ 5 "<‘ : ; : :

”VH]’OO,'I}{_{C]HUH]’OO"NT _ (5..18)

Consideriing the functions def imed: ihy

§=b+Divo-pv, R =e(V)-AG (5.20)
V=v-7, G=0-G o el
v ~ ny Py

v0=vo—y(0), GO=06{%0) (5.22)

it is easy to see that in problem under consideration re-
duces to the following initial and homogeneous boundary va-

lue problem:

T | A

ST S ~n

Ry = D‘YO 1y Sa tn @xilo,T)

AS + (S +3, 8)=e(V)+h

¥ =0 on %]x(ﬂ, T)

e ~ (5:23)
o= on sz(O,T)

v (0)=y

8(0):80 in: Q. : . J

work

- o= 0 Dy pv
X =H x#H, D(B=VxAY, B=(E 0 ‘> = =(Ao> ;
; 4
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Glt,x)= G(O-%&(t),G(t)g, fopall oty oYX and té[O,T])3

4 - s

g v Vi |
f =i w=ln e e o2

fof == o 0. O

o)

it results the existence and uniqueness of the solution

]’%(O,T,H);

}

of (5.23) with the regularity 3€W]’m(O,T,ﬁ), Sew
since “fpom 5,23 ) we get Diy géLm(O,T,ﬁ), 8(%)€Lw(0,T,H)
. . : A .

in fact %’ew]'m(,o,T,“rimL""(_o,T,W), '5@'\41’°°(0,,T,H)HL°°(0,T,’V)

and , using (5.20)-(5,23) we get the statement of theorem

oA il

Proof of Theorem 4,2

I's the same as proof of theorem 4,1, replacing

only. lemma 5.2 by Jemma 5.3, ' - k

Remark 5.1. The dynamic elastic-visco-plastic pro~

Blfens 2, 00 20 050, (2060, (209) 0l 50) wine: Studi
by several authors, using differents methods; so, in the
casé when G does not débend en' 0 and F does not depend on |
time, an existence and qniquénéss result was given by
Duvaut and Liens [81 ch, 5, wsing the parabolic reguléri—
zation method. In the case when G does not depend explici-
tely on 6 but both A and G depend o: time, “ap exlistence

and uniqueness result was given by Suquet [14] using a ti~-
mevdiscretization.method. In the case when 0 is interpre-
ted as a hardening parameter, an existence and uniqueness

result was given by Laborde [11] using a Galertin-type

procedure.
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Proof of theorem h,B

Brom (2.3 oy @ 05), (2060 and using (2.0

- we-get:
(b (1) =6 (), 0g(t)-0(t))y +Elqe(t), qglt)-
—“glt)) (5.24)
q Kl
Mol e e e R
+ qg t q K_],ﬁ a.e |
Hence, it results
Bt e el aiitil gt it s
VRO E H £ K "A,H
- -E(q - = e (t)=q(t) (] -
< E(q‘,t),qg(,t) q(.t))K_JA,{E![q(t)!iK__JA,ﬁllqg(t) q(t T

a.e, on [0, T] and, using a Gronwall-type lemma (see

BREZISHE3] . psl57) we get

(el ol b2 a2
£ s (5.25)

SR
NE e BN 5 o
< ’g(llqo—KVeoHK_]A ﬁ+{;]1'q'<t}-}ilk“‘"zi ﬁ‘qp) for all 8e[0,T]

From (5.25) it pesulite (h.24) and-also

‘&;Ellqg(s)“q(s)ll gl -+ 0 when E#0, for all sel[0,T1.

K 'A,H
(5.26)

Ulsiimg: agadn (5. 200, (2,01 0, 02 127, (22.73) we dri

< E - 9 _
=l g Ko 117,

| %Ileg(s)—e(s)!la+%qug(S)-q(S)lli_]A 0
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oD
S S ; )

LAt g () =g (e 11, =0
a0 K

for all sel0,T]

S8, it resdlts

Nojm

S 2 : 2 '
lageltqla) e . i e ShlaaEy 1. s
g1 K ? e el

S8 e
El |
: K 1A’ﬁl!qg(t) q(t)llK_].A y dt

and using (5,26) we get (4.25),

bn. bhie vsame wayeofwem (2. 1) = (252)., (2, 13). (7 78

and using (3.11) we obtain

(P g-pv (1) g (1) =v (£) )4+ (ASL (£)=Ao (1), o () -0 (1))

+<_G'(o§(t)','e (£))-6(a(t),0(t)), 0 (1)-0(1)) a.e. on [0,T]

g
dlsiiggagatine LU0 Gho2), (Ua3ab), (2.9), (2 100

(2,200, (2.,22) By integration it results

2

Ny

H
s
+C. /|10, (t)—o(‘t)llzdt forsall sekb0y T -
2k H

(s)-v ()1 +IIGE(S)-G(S)II§SC].Zlieg(t)—e(tﬂlédt +

llvg

and from Gronwall’s lemma and (4.24) we get (L4.22) and

(h.23).

Remark 5,2, Similar techniques as in the proof
of theorem 4,3 are used by Duvaut and Lions [8], Suquet

[14], lonescu and Sofonea [10].
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Remark 5.3. In the homogeneous and isotropic

case (2.4) and (2,16) reduces to the equations Eq+q=kVe,
q=kVo in which E>0 is a relaxation time and k>0 is the
heat conductivity coefficient; in this particular case,

theorem 4,3 shows that the solution of problem C conver-

" ges in the sense given by (4,22)-(4,25) to the solution

of problem F when E - 0.

‘Proof.of theorem 4.4

As we have seen in the proofs of theorem L,1 and

lemma 5.2 we have

+G. =12 (5.27)

+ 9 i=1,2 (5.28)

where (% 83) satisfies (5,16)-(5,19) for the data U.,F.,
= . Al 8

’(ei,qi) satisfies (5,5)=(5.8) for the data @ifQi : (Vi’oi'
satisfies (5.23), (5.20), (5.22) for - the data bi’voi’doi

and (8 ai) satisfies 5,020 (5.9), (5. 11) for the dats

Fir ot dsi®
Using a standard technique from (5.12), (4,4),

(b.5) weoget

o o i o e e s
118, ()-8, () 115115, (£) =0, () 11y SCUTE =€ 1+ T gq -dgollirt

+lhg]-gzlIZ’H+IIh]~hZI!2’ﬁ for-all tel6,T]

Snd e e 5 119 G5 F), B8 i results

R oy e e 4= : s ;
188,00, 1011,y SO0 q=009 11yt Tag; a0y
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+H_r]-r2||2’H+|I@l—@zll]’m;Hr + llal-Qzlll,w’vf).

Using again (5.28), (5.7), (5.8) we get (4,26).

i | In the same way from (5.23), (4,1), (4,2) and (4.3b) we

get

| o oo 5 n h _‘f{, A _«.V s oEuEe

; v, () vz(t)l|H+llO](t) Oz(t)llH SC(IIVO] Voo 13110 1=0p It
o~ N

. +110,-8, 11, +lldy=g,11, th]-hzllz,;Hﬂi%l—oz 1P

%~, . for all tel0.T]

Sl oo 20 (59005 508 15 19 i resuls

= —
!lv]*yzllw ﬁ+HO]-OZII = c(llv ]—v02||ﬁ+I1001—062IIHﬁ
2
+llel-62|I2’H+Ilb] bzllz el IU,-u llq,m,“ﬁ;lIF]-lell’w,'\‘/’]:).
(518)
: : S
Using again (5.27), (5.19) and (4.26) we get
Chea2 7).,
? e '“PTQDf"Qf theqrem h;5

As we have seen in the‘proof of lemma 5.3 we have
(5,28) where (%., a.) satisfies (5.5)=(5.8) for the data:
®i’Qi and (gi’ q; ) satisfies (5,14); (5; 9)], (5,130, (5 Al

for the data r., eoi, Using (5 1&) and (h,b) it results

o N 5y n 7 i 2
Ile}(,s)—Gz(s)IIH+ él lq, (t)—qz(t)llﬁ el Ieol—eozl [ ig]—gzl 52,H+

T . ‘ |
+ [118; ()-8, (¢ i “de+ th (t)=h, t)lI%Hq]( €)=, (t) | {dt)
0 0 ‘

for-all sel0. T]



aaianan S ik

and hence

n, ny
Ile](.S)—e2

I

5 2
()il + éllglkt)—az( 1% < I!?

2
#11g,70,1 15 #l1h =hyl 1 g flle Zé“gé”for al1 56L0,T1.

’

Using Gronwall’s lemma, after some manipulations

n & : '
0,11, +l|q] qplly C(Ile UL NI PR I L AP

Brom (Sipo)s, €513, 5. 10, 5.9, (5.8) I
resplts
e e
rle]-ezrlw’H+|lq]-qzllzyﬁ < c(l[601—9021|H+f|r]-r2|l%H+

+10,-6,11, " +11Q,-Q, 11 )
% el Ly e

and using again (5,28), (5,7) and (5.8) we get (L 28 )
The estimation (4,29) results in the same way as (4.27)

using (4.,28) instead of (hf26).
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