INST-ITUT‘UL : _ : INSTITUTUL NATIONAL
DE ‘ : ‘ PENTRU CREATIE
MATEMATICA STIINTIFICA SI TEHNICA

ISSN 0250 3638

COMBINATORIAL PROPERTIES OF GROUPS
AND SIMPLE C*-ALGEBRAS
by
Florin BOCA and Viorel NITICA

PREPRINT SERIES IN MATHEMATICS
- No. 351987

'BUCURESTI /ULE/OM)ML( t




COMBINATORIAL PROPERTIES OF GROUPS
AND SIMPLE C*-ALGEBRAS

by

Florin BOCA*) and Viorel NITICA*)

September 1987

) Department of Mathematics, The National Institute for
Scientific and Technical Creation, Bd. Pacii 220, 79622
Bucharest, Romania.



COMBINATORIAL PROPERTIES OF GROUPS AND SIMPLE
C*-ALGEBRAS

(preliminary version)

by

Florin BOCA and Viorel NITICK
4

Let G be an infinite discré?e group and C;(G) be its
reduced C*-algebra. Our interest is to find combinatorial pro-
perties for G such that Cé(G) is simple with a unique faithful
tracial state.

Powers showed that the reduced C*-algebra of the free
group with two generators C;(FZ) is simple with a uniqué trace
([61). Then, the class of these groﬁps was extended by Paschke
and Salinas ([53), Akemann and Lee ([1}), Bédos, de la Harpe
and Jhabvala ({23, [3]).

In the first part of our work we give a weaker property
than that of Powers' group (see {23), for which C;(G) is simple
with unique trace. The groups with this property will be called
weak Powers' groups. They have good extension properties.

In the second section we improve the results from [ 4 .
We show that if G is a'weak Powers' group, A a unital C*-algebra,
G-simple, with a unique trace, G-invariant for the action
e :G —% . Aut {A) , and c:Gvawwau(A) a normalized 2-cocycle, then
the reduced cross=product of G and A by ¢ relatively to o,
A.}%QCG is a C*-algebra which is simple with a unique trace.

We also prove that if G is an extension of a weak Powers' group



by a weak Powers' group, then C;(G) is simple with a unique trace.
We are indebted to Mihai Pimsner for useful discussions and

encouragement throughout this work.

§1. COMBINATORICS

Let G be an infinite discrete group. The following definition

is from L 20

DEFINITION 1.1. A Powers' group is a group G having the
following property: given any non empty finite subset EﬂG\$1}
and any integer N21, there exist a partition G=Al1lB and elements

Gqreee 19y in G suech-thats
(1Y fAML=0, for all I€F;::

(ii) ng(sngij, for j,k=1,...,N, j#k

It is easy to see that the free groups with n generators
B i ng Nt {ee} are Powers' groups. In 017, S e o A 1 IS
are given classes which consist of Powers' groups.

We introduce the following definition:

DEFINITION 1.2. A weak Powers' group is a group G having
the following property: given any non empty finite subset
ECLG\QJE, which is included into a conjugacy class, and any
integer N@i, there exist a partition G=ALlB and elements

g1,...,gN in G such that:

(i) falyb=0, :for all LeF;

(ii) g5BNg,B=¢, for Y= Ve Mot -+ 8K



It is clear that any Powers' group is weak Powers' group .
Tt is alsoe: clear that in both definitions (i) is true for any
FaruUr .

The weak Powers' groups have, like the Powers' groups,

the following elementary properties (see E23, prap. 1)

PROPOSITION 1.3. Let G be a weak Powers' group.
(a) Any conjugacy class is G other. than {1} is infinite.
(b) The group G is not amenable.

{c) Any subgroup G' of G of finite index is a Powers' group.

Proof. See [2], prop.1.
Hence all observations from £2], sectien 1, are also true
for weak Powers' groups.

We shall denote {f}w={xfxn1ix@M},~for a-get YEG. and €6,

PROPOSITION 1.4. Let G1 and G2 be weak Powers' groups.

Then the direct product G=G1XG2 is a weak Powers' group.

Proof. Let F=ilE

1,f2) be an element of GN\{1} . We may assume

f1¢1¢ Let an integer N1 and F be a non empty finite subset of
G\G{T} which is included into the conjugacy class of £ . So
FZ{f}q , where M is a finite subset of G.

Set M =pr1M finite subset of G,-G, is a weak Powers' group,

1 1=

so G :A1LLB1 and there exist g%,,..,g& G1 such that:

1

g'A,An=p, for g'€ <o M,

9iB,g;B =0, for J k=1,...,N, 3¢k



1 3 3
and (i), (ii) from definition 1.2 follow imediatly. Q. EsDy

Set A=A,xG,, B=B,xG,, gu= gty B Gy 71, vwe il Then G=B.LLE

This proposition and 2.9 show that if G1,G2 are weak
Powers' groups, then C;(G1XGO) is simple with unique trace. In
fact, it is easy to see that C*-tensor product C;(G1) @%(:i(GZ)

is isomorphic with C;(G %G Using this and Cox. 4.21 from

1 2)'
{81 it follows that if CX(G,), i=1,2 are simple with unique

trace, then c;(GTXGZ) is simple with unique trace.

De la Harpe asks in [2]} if for G.,G, Powers' groups, G,xG,

1572

is Powers' group. The answer is affirmative for a large class of

Powers' groups. EE G1 and G2 act by homeomorphism on the

Hausdorff topological spaces L1 and L2, and the actions are mi-

nimal, strongly faithful and strongly hyperbolic (see o1,

lemma 4), then G1XG2 acts on L1XL2

and strongly hyperbolic, hence G,le2

general case, the answer is unknown.

minimal , strengly faithful

is Powers' greoup. In the

PROPOSITION 1.5. Let 1=#»G'—»G—>»G" »1 be an exact

sequence of groups, with G' Powers' group and G" weak Powers'

group. Then G is a weak Powers' group.

proof. G' is identified with a normal subgroup of G, and
G" with the quotient group G/G'. We aenote the guotient map
G=3»G/G' by T . Let { g}jiﬁl be a complete sistem of represen-
tants. for G modﬁio G'.

Let f€G\31}, MCG a finite set and an integer N21. The

following cases appear:



1) fec'N{1}

G' is ‘@ normal subgroup of .-G so {f}MQG'R{T}. Because G'
is a Powers' group, there exist a partition G'=A1_§,J_B'ﬁ and

h1 P ,hNE?;Gl such that:

hA, ﬂA1=¢, for he<H)

th1thkB1=¢, Bor, g kel s v My Gk

set a=lLla ¥ , B=JlLB ¥ . It is easy to verify that

: 1 ] [
i€1 i€T

G=AJLLB and

halfkr=p, for ha(f}M
thﬂth=¢, For A ikl e e o No 8k
2) f&G\G'

: In this case, there are unique iO&I, heG' such that f:héfz
: o

Clearly }g,"’"iqéG'. We consider the finite set:
o

YW T e o=t =(m(y ) ~c/eN 4w
g il i i i A Ly T 5

G/6" is a weak Powers' group, so G/G'=A'llB! and there
At yjﬁGjG' , j=1,...,N such that:

yAUIAI=g,  for Y‘E"‘(L‘rr(glo)}?s’(b&)

ijﬂka' PRRTE. o 0 0 0 R, R B

It is clear that o (A'_)i,,‘,j.,,"i"%:’—1 (BY) o FPok gjﬁ,"f“i"“1 (yj) .

J=1 e v At ds easy to verdfy:



¥afln=¢, forﬁ’“'ﬂé‘{f}m ;

ngngB:Qj, Borea ke, vowiply. Jfk. 0B D
The following proposition appears in [ 2] and ({4]:

PROPOSITION 1.6. Let {G‘.;,_&:m;‘A be an increasing family of

Powers' groups (weak Powers' groups). Then G= Ll e is a Powers'

aeph >

group (weak Powers' group).

Proof. We assume G Powers' groups. Let Nzl and ESG\\{1}

A

be a finite set. There exist}ioéxﬁ such that F(ZQA\\{1§. So,
: : z

¢ =A JL B and there are g Fosie O &6 L whieh rerify
e } N

fA- L) Bo=g, For fEF
Ao Ao

B Bo 20 s for g, kel v §Wpd ] ke
958, ) 9By =0 j N, 37

Let {g}}iﬁi be a right complete sistem of representants
of. G- medule Cy .. SO G=JJ.G% gl -

o} ieI ‘o

set a={LA, ¥., B=lLB, §.. Then G=AllB and:
iET 0 e Tor

fafl a=¢, for fé&rF;
ngflng=®, CEOs i e e gl ) 2

The proof is similar for weak Powers' groups. Q.E.D.

We shall consider now some examples of fundamental groups

of graphs of groups which are weak Powers' groups (see Eil for

|
|
]
a



definitions and results about graphs and fundamental groups of

graphs of groups).

LEMMA 1.7. Let (G,T) be an infinite tree of groups such

that GO has at least two elements for each Q€ vert T. Let

P@&vert T fixed and

> X AR L 29 ?Xoi{P}‘

. o

the inverse sistem of sets asociated to P ([7], I.2.2). If
there are infinite many indices k such that between Xk and Xk+1
there exists an edge y with Gy={1}, then the direct limit
GT=£ig(G,T) is Powers' group.

Proof. It is known from [5] that for G,,G, groups, where
G1 has at least three elements and GZ at least two eleménts,
then the free product G1 * G2 is a Powers' group. Hence GT is

the union of an increasing family of Powers' groups. Now, it

follows from 1.6 -that GT is Powers group. QE. Dy
Next lemma is an exercise in L7313, I 5.1.

LEMMA 1.8. Let (G,Y) be a non-empty connected graph of
grdups, and . let T be a maximal tree of Y. Let (?,T) be the
universal cover of Y relative to T; the graph'y is a tree, on
which the group“ﬂ}(Y,T) acts freely. If Q€vert ¥ projects to
Péiyert Y, we put GQ:GP; we define similarly Gy EOT y&tedqely
as well as Gyww%Gt(y); the result is a tree of groups (G,?} on

—

which ?@1(Y,T) acts in a natural way,



Then T, (G,Y,T) is canonically isomorphic to the semidirect

1

produét ofTT}(Y,T) and the group ?T1(G,Y[?)=££$(Gf?).

PROPOSITION 1.9. Let (G,Y) be a non-empty connected graph
of groups and 1¢t T be a maximal tree of ¥. If the group GQ
has at least.two elements for every Q&vert Y, there exists
y €edge Y with Gy={1§ and the fundamental group TT1(Y,T) has
at least two generators, then the fundamental qroupTTH(G,Y,T)

is a weak Powers' group.

Proof. From 148 TT1(G,Y,T) is the semidirect product of

'ﬁ}(Y,T) and TT1(Gf§,Y). The groupTTa(Y,T) is isomorphic with the
free group with n generators (nGZNl}{Cm}) and TT1(G;?,?) is
powers' group - (see 1.7). Hence TT1(G,Y,T) is the semidirect

product of two Powers' groups. I+ :follows from 1.5 that it is: &

weak Powers' group. 0.E.D.

' §2. FUNCTIONAL ANALYSIS

L.et A be a C*—-algebra with.unitf which acts faithful on
B(H), G be a discrete group and & :G=-»Aut (A) be an action.

We denote by Zu(A) the unitaries' group from the centre
af A

A (normalised) 2-cocycle on G with values in G-module

Zu(A) is a map c:GxG“m?Zu(A) which verifys

- . & .
1) C(g1,g2)0(g1q2,q3)--&<gll (C(qz,g3))C(q1,gzg3), for 91,92,q3mG,

2) C(g’:g )=1,. for g&G;



3) e, g)=clg1)=1, for 96G.

The set of these cocycles is denoted by 22

2

(6,2, (B) .

ret T, :a—>B( % (G,H)) and A_:6—»W(1°(G,H)), where:

¥(g), for xer, T€1°(G,H), ge€G

(Y (x)E) (g) =&k _, (X)] g

@f
g

(@) (g)=c (g 1 Eg T g,), for 9,9,86, F&l’(G,m).

The C*-algebra generated by 'ﬁ;{(A) and A& c(G) in
f:%(lz(G,H)) is called the (reduced) cross-product of G and A
by ¢ relatively to &% and is denoted by A}Q%CG.

When A=C and C&ZZ(G,T) , the ' (reduced) c-C*-algebra:of
the group G, denoted C;(G,c) ig obtained..: If e His-artrivial
‘2-cocycle, it is obtained the reduced C*-algebra of G, denoted
C;‘; (G) .

Let ug_=f§'gc(g). Then u, are unitaries and

ug1ug2=c(g1,g2)ug1g2' . for 9, ,gzéﬁG .

=X (a), for g&G, a&€A.

For further-details, ohe can see {9'1

If A has a G-invariant trace éo’ then A o= has a
.c
canonical trace & :
e :'%
Z( gaguq) @O(a1).

The map e:B-—#A, e(:.;*}:;aaug):a1 is the canonical conditional
g e &



expectation. The following equality is easy

e (ugxu*) = (e(x)),

. for g€G, . x€B.

We also have:

u ...u' =cl(g1,...,g ) cu

56 safer
where:
01(91,--=:gn)=c(g1,92)c(g1g2,g3)...c(g1..

cr(g1l"'lgn)=@<

(g1...gn)

___»] (Cl(g'll"'

LEMMA 2.1. Let ACB(H) be a unital C*-algebra, G be a dis-

crete group, & :Ge-=pAut (A) be an action, céiZZ(G,Zu(A)) and D

be a subset of G. Then:

Proof. If G=DALE, ‘then lZ(G,H)=12

2 (@, H) 2 2
‘p=P 5 1 e dha iprojection of 17 (6, H) erot 1 (D,H). We verify

17 (D, H)
that:

2
15 (G H
ug.p:P 2( 4 ) g
17 (gD, H)

c 2 2 o5 o .
Set :5,@1 (G]H), & Y & ;; _('l_p)

' ™ e o = “ e
(ugPE)(J)—(ug§1)(Z)—c(3 9%, (g £y

2 2
12 gD e 1 (gD, H)

to vertfy:

(D,H) @ 1% (8,H). Let

“gn__'] lgn)’f‘:zu(A}

(3)



2 ;
L G (e (F L aF ) e e 5T
17 (gD, H)
(L, g
TE 2’”3?2 gD, then }1 (g—1§"‘):0, SO
2 — —
Pl G e, 9 Tl ) @)=
17 (gD, H)
c(F,a)F, (g7 ¢ =0
2
Hence u -p=Pl2(G’H) -u 5 Q. ED.
g 1~ (gD H) El

LEMMA 2.2. Let A be a unital C*-algebra, G a weak Powers'

group, © :G -—»Aut(A) an action, cé‘:Zz(G,Zu(A)) and B=A>QMCG0

2

Then, for any finite subset FQG\{1} , for any element x€B of

the form x=7F aguc . w=x* and for any & » 0, there exist an
feFr

integer nyl, Girees ,gnﬁG, Cqprees ',cné.zu(A) such that:
i a
P eazerunta oSl
@ Jema R ae |

Proof. One has:

¢ =5, =&f (2 £ = |
ug(a.uf)1;1%—"“(}(a)ugufug_1 q(cL)c(g,j:)ugfu 1
=w<g<a)c(g,f)c(gf,g”1>u =¥ (a)ﬁég(c(f,g"nc(g,fg““)u s

:m%(ac(f,g—1)}c(g,fgnT)u. ~1



For any element x€B of the form x=ﬁf’a Uu, 8720 for FEF,
S [T £
: fer
we denote supp X=F.

Let y=auf+${_1(a*)u? Sopdl D Then yeyvi and @iy =0. Let
't -

MG a finite subset which contains r elements and

gl ¥ u yu*. Then (4) implies:
g&M E

= e =1
E=supp z—<f>MU<E >M .
As F is a finite subset in G\1} and G is a weak Powers'
group, there exist G=DLLE, 9,195,193 such that:

(i) EDfYD=0, for £E€F ;

(44 ngiﬁng=¢, for ., k=1:2,3, ik .

12(G,H)

125 )

Denote p=P one has from (i)-that pzp=0.

Using lemma 2.1 and (ii), we obtain the pairwise ortho-

gonal projections uj(1—p)u§ w351 52,3 By lemmar oo £4] one

has:
. 3
Eg§ 7 u_ zu* W<€chzll , where ¢=0,995 ,
k=1 9% Ik i}
: : B Nl
and supp z'=$ED o o o MKE D ey ¢ Where
g1Mwy“@93M ngwgzMug3M
1 jfL
Z Vo u ZU,* -
3% % %

By this applied several times and by (3) one has that
for any £ 0, there exist an integer rzl, g1,...,g§26,

e ,créazu(A) such that:

,][0;.



13

u

4y

M

1
3

|

Now ,

—

o yc*u* %
7 H

let x as in lemma

Then, there exist an integer m&l
such that x=x_,+

1 PR where x,=a. u +@<_1(a§-)u = for
e B 1meadlr,
i 1.
i AR 1
From the first part of the proof, there exist 9117 ..,g1neEG,
1
cﬂ,...,c1n1 Zu(A) such that:
n
T 0 14 g1
n
Denote x g & u g . Roek, mk As for {(5), there
2o, e e G2V G
S Py B 1 )
1 1 1
exist g21,...,g2n§?, Coqres ,c2n2§,zu(A) such that:
®
n e ..
oo = - R
| oo 2= afts,. | S®
W72 3,51 2370070 T2i, M
My

- pe %

y dinduction, denote X e B @, Yy

k+1 n, %= g . ki, k+lkl: g
k 3k~1 kjk k Kk kjk
Then, there exist g Foeme s (e R S € Z (D)
4 k+11 k+1ny 4 k+14 k+1ny 4 u
such that:
Pt
e e
|1 1

AN u
ke § TR gk+1j£+1

N
=R )

k+1jk . By k 1jk+1 gk+1]k 1%
for k=1,

com=



One has:
n n
5 2 ;
i L 22 .giwaug cmj .ug 19 (x1 +xm)c¥j ug «caj ﬁ %§$§
T — ] = y y m 3
1 m J, 1 5 mj m 1]1 1 1l m “my 8
n : n
§E1 E{l u Cfn Bl . =0 g + Ei1 ,un .. %ok, ur % oot
St ol s W .
| RGN PR AT
n

uga=w§(a)ug s e o aee

one has n=n ...nmsaN p g1,...,gﬁgG, (e,

1 1,...,cnﬁlzu(A) such that:

PROPOSITION 2.3. Let A be a unital C*-algebra, G be a
weak Powers' group, & :G-—¥Aut(A) be an action, cﬁZZ(G,Zu(A))

and B=}\.?"’3.bﬁ cG. Then, for any trace ¥ on B, there-exists a
il

G-invariant trace @ on A with % =@e.

Proof. Let x=§zxgu§ﬁB. Lemma 2.2 implies that the closed

convex hull of
- *u*ligeG, c €7 (A
.6 (x e(x))cgug@g o u( )}

contains 0. Consequently B(x-e(x))=0, and the assertion

follows. @R



COROLLARY 2.4. Tf G ds a weak Powers' group and if there

exist a unique G-invariant trace on A, then there exist a unigue

trace on A?ﬁ%,CG.

Let A be a unital C*-algebra, ©t:G -—»Aut(A) be an action.
A is G-simple if any ®(G)-invariant closed two-sided ideal in

A is either {0} or A.

The following assertion is lemma 9 from [4]:

LEMMA 2.5. Assume that A is G-simple. Let x&A with x30 and

x#0. There exist g1,...,gn€ G and 21,...,2R£A such that:

PROPOSITION 2.6. Let A be a G-simple C*-algebra, & :G-—%
—>» Aut (A) be an action of a weak Powers' group on A, cézz(G,aluﬂ)a

Then B=A¢QM

G is simple.
£, C ,

proof. Let IC.B be a two-sided ideal and assume that x€&T,
x#0. One may assume x30, hence e(x)20. By lemma 2.5 there exist
gq,...,gﬁ@G, a1,...,aﬂ&A aueh thats
nm
2_a.ek (e(x))aryl

o 3

n
Denote x'=g _a.u Xug agﬁl. Then x'20 and one has:



Usdng (1) it follows that:

Let y= ZQa u €B, with Feg finite set, such that y=y* -and
g&r

/4N

o —

ﬁx'—yi‘gi-é. Then He(x')~e(y)l , hence e(y)ge(x')~ %‘:}% :

By lemma 2.2 applied several times, there exist h

o pwin sl €% {B) suchithat:
el

1

qu < 1
= nooe ly=e ) Jedus ‘\ Sz
| B £ty 3Ty N
1 N, 1 i 5
= *11k e * =
Let r=c ‘_‘:‘uh_cjycjuh. and r,=g e el(y)uf 3¢ It
S e j =27 ¥
1 15 1 2
e i s | Bt = B T
follows that Nr-r €% , hence r3r,- @% -~ 5 = 3

N
B : T =
We denote z=g Z;uh.cjx'czjuﬁ. . It is clear that z&I, 220
9= J
? . 1 g T2 1 15 ;
and Hr-zll £ 2§x'~y§%é’§—é RO T Rl e TS and z is an
invertible element. Oh Kb

COROLLARY 2.7. If G is a weak Powers' group, A a simple
unital C*-algebra, € :G —»Aut (A) an action and c&EZZ(G,Zu(A)),
then A X G is simple.

s, C

COROLLARY 2.8. If G is a weak Powers' group and c&?iz?“(G,T) .

then C‘l’i(G,c) is simple with a unique trace.



COROLLARY 2.9. If G is a weak Powers' group, then C?(G)

is simple with a unique trace.

PROPOSITION 2.10. Let G be a discrete group and H a normal
subgroup - of G. If H and G/H are weak Powers' groups, then’

C;(G) is simple with a unique trace.

proof. Let £20 and Y=Y*& clc] with @ (¥)=0 (T{G] is the
: I
group algebra of G). Then Y=:E:?.U +A.U* , where
: Soid 950y

+§jug S RO 5l s Ohe-May

1¢{g1""'gr} . Denote Yj=AjU - 3

g

assume thatAg1,...g§§H and gp+1,...,gr626 H.
H is a weak Powers' group, so by lemma 2.2 there exist

bl ,hné,H such ‘thats

»] r

{&1 n e % ‘B‘P
|l ST o vur §€ 5, (6)
“nkﬂ o
oy
where Y=Y +...tY
1 P
ek S way Then supp ¥ is included in the’
Bh o=l prlh, " PR Fpeg =T
k=1 "k k
conjugacy class of gp+1€G\H, hence supp §;+1 is included in G\H.

By case 2 from the proof of 1.5 one can see that for any fE&€G\H,
any finite set M&G and any integer Ng1, there exist G=ALB and

q1,,..,gN§G su%ﬁ that:
Yafia=9, for Y&t

g'jBﬂng#D, for j,k=1,...,N, j#k.



As in lemma 2.2 one has g11,.‘.,g1nE£G withs

1
n
% *r"-l‘ fun { g
E;ln— s I <E (7)
1% = Sqp 2t gl
1 1 1
By (6) and {7) ong Has:
n
n 1 n i
1 e et e 22 & w
S e e T AL R {53_’.=~— U YU* § o+
ﬂmﬁ 11 et s e PEE Ay 1k1§ h= & n
o
+1_LZ v §.,,0% “\Eﬁh&igﬂ,}; ,
= k=1 Sk B Fqr d i e
e :
One take now‘? =4 : zfm U U ¥ [k < By
- B T o i B ey
induction, as in lemma 2.2, one has:
n
|t B 25 | <
§ —————— B U il YU* ek &k
P e i e ] g 4 s i :
1 r—-p i=1 k1 1 kr~p 1 rbpkr_p 1k1 1k1 1 pkr—p i

Hence, there exist N=nn1...nr_p and g1,.~.,gN€G such that:

N
S oo ek <48

One can change now Yﬁ@ﬂG} £6 yﬁc;(G), The last part is stan=
dard (see EoX, E43).7Let IQZC;(G) be a non-zero two-sided ideal
in A. Choose y#0 in I. One may assume y30 and Zilv)=1. By (8)

one has:



N
For &<£1, the element z:l Sy . yur &1 is invertible,
NiT 9% %

hence I=C§(G).
let z'-be a trace on C;(G). Then, for & arbitrarly small,

one has ¢'(y)=1=8&(y), for any yé&C?(G), ve®, ¢(y)=1. Hence

2'=%. : ' OB s

Our work suggests the following questions:

1) Does there exist a weak Powers' group which is not
Powers' group? The answer is unknown to us even for the semi-

direct product of F2 ande: B .

2
2) Let G1 and G2 discrete groups such that C;(Gi), is
simple with unique trace (i=1,2) and 1M$G1~%G”@Gi”$1 be a short

exact sequence of groups. Is it true that C?(G) is simple with
a8 unigpe traee?

LE G1 and G2 are weak Powers"groups, the answer is affir-
mative (proposition'Z.TO).

When G is compatible with the action of G2 on G1 (see [ 9]),
then C*(G) is the cross-product of CX(G,) by Gy ([9}), hence in

this case the answer is affirmative for G, weak Powers' group'
I

(osg; 258, 2,80

REFERENCES

1. C.A. Akemann, T.Y. Lee: Some simple C*-algebras associated
with free groups, Indiana Math. J., 29 (1980 ,. 505=511.
2. P. de la Harpe: Reduced C*-algebras of discrete groups

which are simple with a unique trace, Lect. Notes Math.

1132, Berlin, Heidelberd, New york, Springer 1985, 230=203



53 P. de la Harpe, K. Jhabvala: Ouelques proprietes des alge—
bres id'un grouperidiscontiny d'isometries hyperboliqués,
Menegr. -Enseign. Math., 29 (1981}, 47=55.

4. P. de.la Harpe, G. Skandalis: Powers' property and simple
E*—glgebras, Math. 2dan., 273 (11986)., 241-=250%

o W. L. Paéchke, N. Salinas: C*-algebras associated with free
products of groups, Pacific T Math.; 82 (U1309):,: 2 1 1 =224,

6. R.T. Powers: Simplicity of the C*~-algebra associated with
the free group on two generators, Duke Math. J., 42 (1975),
150 =156.

s J.P. Serre: Trees, Springer-Verlag, Berlin-Heidelberg, 1980.

8. M. Takesaki: Theory of Operator Algebras I, Springer-Verlag,
Berling 4979,

9 G. Zeller-Meier: Produits croisé& d'une C*-algébre par un
groupe d'automorphismes, J. Math. Pures Appl., 47 (1968},

102239,



