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COMBINATORIAL PROPBRTISS OF GROUPS AND SIMPLE

c#-ar,cnnnas

( p r e l  i m i n a r y  v e r s i o n )

by

Flor in BOCA and Viorel  NITICN

Le t  G  be  an  i n f i n i t e  d i sc re te  g roup  and  C f  ( c )  be  i t s

reduced C*-a1gebra.  Our  in terest  is  to  f ind combinator i -a l  pro-

pe r t i es  fo r  G  such  tha t  C :  ( c )  i s  s imp le  w i th  a  un ique  f  a i t h fu . l

t r ac ia l  s ta te

Powers showed that  the reduced C*-a lgebra of  the f ree

g roup  w i th  two  genera to rs  C i (F2 )  i s  s imp le  w i th  a  un ique  t race

(L6 l ) .  Then ,  t he  c lass  o f  t hese  g roups  was  ex tend .ed  by  Faschke

a n d  S a l i n a s  ( [ 5 J ) ,  A k e m a n n  a n d  L e e  t [ t l l ,  B 6 d o s ,  d e  I a  H a r p e

a n d  J h a b v a l a  t [ z J ,  I l J t

In  the f i rs t  par t  o f  our  work we g ive a weaker  proper tv

t h a n  t h a t  o f  P o w e r s '  g r o u p  ( s e e  t Z J t ,  f o r  w h i c h  C } ( G )  i s  s i m p l e
!

r . r  j  { - l - '  , r n i  n r r a  * r a r a  r F l r a  d r n r a h r  r . z . i  l -  l  + l r . i  nw r L r r  u r r r y L r E  L a s v e  . , l v ! r 1 , )  w r L r r  L r r r ; :  p f O p e r t y  w i . l l  b e  c a l l . e d

weak  Powers r  g roups .  They  have  good  ex tens ion  p rope r t i es .

'  In  the second sect ion we - improve the resul ts  f  rom [  4  ] .

We  show tha t  i f  G  i s  a  weak  Powers '  q roup ,  A  d  un i ta l  C* -a lgeb ran

G-s imp1e,  wi th  a unique t race,  G- . invar j -ant  for  the act j -on

e { : G  - - + . A u t ( A )  ,  a n d  c : G x G * + " Z * ( A )  a  n o r m a l i z e d  2 - c o c y c i e ,  L h e n

the reduced cross-product  o f  G and A by c  : :e la t iveLy to  e; t ,

A  >4  ^G i s  a  C* -a lgeb ra  wh ich  i s  s imn le  w i th  a  un ique  ' L race .
-  e t r c

We a lso  prove tha t  i f  G is  an  ex tens ion  c f  a  wea. l i  Powers '  g roup
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by  a  weak  Powers r  g roup ,  t hen  C l (G)  i . s  s imp le  w i th  a  un ique  t race .

We are indebted to  l , t iha i  P i -msner  for  usefu l  d . iscuss ions a.nd

encouragement  throughout  th is  work

S1 .  COMBINATORICS

Let  G be an in f in i te  d iscrete group.  The fo l ] -owing def in iL ion
!

is from t, 2 1

DEFIN IT ION 1 .1 .  A  Powers '  g roup  i s  a  g roup  G  hav ing  the  :

fol l-owing property: given any non empty f inite subset rc,G\t l l

and any integer N?1 , there exist a part i-t ion G=AIJB and el-ements

9 1 , . . .  , 9 N  i n  G  s u c h  t h a t :

( i )  f A n A = 6 ,  f o r  a l l  f € F ; '

( i i )  g n B f l g U e = @ ,  f o r  j  , k = ' l  , .  .  .  , N ,  j l t <
J

I t  is  easy to  see that  the f ree groups wi th  n generators

F, '  r  n€  NUts !  a re  Powers r  g roups .  rn  [ , 1J ,  [ zJ ,  L f ] ,  f s ] ,  l o l

are  g i ven  c lasses  wh ich  cons i s t  o f  Powers '  g roups  '

We  in t roduce  the  fo l l ow ing  de f i n i t i on :

DEFIN IT ION 1 .2 .  A  weak  Powers '  g roup  i s  a  g roup  G  hav ing

the fo l lowing proper ty :  g iven any non empty f in i te  subset

Fq1G\{1I  ,  which j -s  . inc l -uded in to a conjugacy c lassr  and any

integer Nli  ,  there exist a part i t ien Q=tr.!-!B and elements

r.t - -r.r ' i  n G such that:Y 1 r . . '  , Y N  r r r  ' -

( i )  f A f l A = f i 0  f o r  a I I  f € E ;

( i i )  g - , B n  q . - B = Q ,  f o r  j  , k = - 1  , .  . .  , N ,  J l k .' )



f---

3 -

I t  i s  c lea r  t ha t  any  Powe l :S '  g roup .  i s  weak  Powers l  g roup .

I t  i s  a l so  c lea r  t ha t  i n  bo th  de f i n i t i on$ ( i )  i s  t rue  fo r  any

f € F u r ' - ' .

The  weak  Powers '  g roups  have ,  l i ke  the  Powers t  g roups ,

t h e  f o l l o w i n g  e l e m e n t a r y  p r o p e r t i e s  ( s e e  t , 2 3 ,  p r o p .  1 ) :

P R O P O S I T I O N  1 . 3 .  L e t  G  b e  a  w e a k  P o w e r s '  g r o u p .

(a )  Any  con jugacy  c lass  i s  G  o the r  t han  {1 }  i s  i n f i n i t e .

(b)  The group G is  not  amenable.

. ( c )  A n y  s u b g r o u p  G ' o f  G  o f  f i n i t e  i n d e x  i s  a  P o w e r s '  g r o u p .

P r o o f .  S e e  t z 3 ,  p r o p . 1 .

Hence a l l  observat ions f  rom LZ| ,  sect ion 1 ,  are a lso t r r . re

for  weak Powersr  g i rouos

We shal t  denore { f } ra={*fx- i [ "em],  for  a set  rVCG and f€c.

PROPOSTTION 1 .4  "  Let  G. ,  and G,  be weak Powers '  groups

Then  the  d i rec t  p roduc t  G=GrxG,  i s  a  weak  Powers '  g roup .

p l g o f  .  L e t  f = ( f  , , f r l  
b e  a n  e l e m e n t  o f  G \ t l ! .  W e  m a y  a s s t l m e

f^ /1 .  Le t  an  i n tege r  N )1  and  f  be  a  non  empty  f i n i t e  subse t  o f
I

c \ {1 }  wh ich  i s  i nc luded  i n to  the  con jugacy  c lass  o f  f  So

r={ f }u  ,  where l . {  is  a  f in i te  subset  o f  G.

se t  M . ,=p r1M f i n i t e  subse t  o f  G , ,  .G ,  i s  a  weak  Powers r  g roup ,

s o  G 1 = A l J J B t  a n d  t h e r e  e x i s t  g 1 ,  - . .  , g f i  G t  s u c h  t h a t :

g ' A 1  { \  t , = 6  ,  f o r  g ' g  f f t }  M t

g j B l R s i B , = b ,  f o r  j r k = 1  , . . . , N ,  ) l k



s e t  A = A 1 x G 2 ,  B = B 1  x G 2 t  9 j =  ( O j  , 1 ) €  G ,  J = 1  , . . .  , N "  T h e n  G = A I - L , B

a n d  ( i )  ,  ( i i 1  f r o m  d e f  i n i t i o n  1  . 2  f o t l o w  i m e d i a t l y .  Q .  E . D .

Th is  p ropos i t i on  and  2 .9  show tha t  i f  G1 'G2  a re  weak

P o w e r s '  g r o u p s ,  t h e n  C * ( G 1 x G r )  i s  s i m p l e  w i t h  u n i q u e  t r a c e :  I t

f ac t ,  i t  i s  easy  to  see  tha t  C* - tenso r  p roduc t  C i (G1  )  € l  C l (G2)

i s  i s o m o r p h i c  w i t h  c ; ( G 1 x G r ) .  u s i n g  t h i s  a n d  c o r .  4 . 2 1  f r o m

[g ]  i t  f o l l ows  tha t  i f  c i (G i ] ,  L=1  ,2  a re  s imp le  w i th  un ique

t race ,  t hen  c * (G1xGr )  i s  s imp le  w i th  un ique  t race .

.  D e  I a  H a r p e  a s k s  i n  [ 2 f  i f  f o r  G , r G ,  P o w e r s '  g r o u p s  r  G , x G ,

i s  powers '  g roup .  The  answer  i s  a f f i rma t l ve  fo r  a  l a rge  c lass  o f

Powers '  .groups.  I f  G1 and G,  act  by homeomorphism on t -he

Hausdgr f f  topologica l  spaces Lt  and LZ,  and the act ions are mi-

n ima l ,  s t rong ly  fa i t h fu l  and  s t rong ly  hype rbo l i c  ( see  f2J ,

l emma 4 l  ,  t hen  G ,xG,  ac ts  on  L i xL ,  m in ima l ,  s t rong ly  fa i t h fu l

and  s t rong ly  hype rbo l i c ,  hence  G . , xG,  i s  Powers '  g roup .  I n  the

genera l  case,  the answer is  unknown'

PROPOS T ION 1 .

sequence  o f  g rouPs ,

group.  Then G is  a

5. Let 1 *-+6 t*--rrG-+G"--F1

wi th G'  Powersr  grouP and

weak Powers '  grouP

l ro

,'r tt
u

an exact

weak  Powers '

P roo f .  G '  i s  i den t i f i ed  w i th  a  no rma l

G" w i th  the  quot ien t  g roup G/G ' .  We denote

c-& c/G'  by 1T' .  Let  t  f l t }  t* t  be a complete

tants for G *oar.iro G' .

Let f€,c$1! , 14rc a f inj. te set and an integer NZ1 . The

fo l t ow ing  cases  appear :

subgroup of  G,  and

the quot ient  maP

sj -s tem of  f€Pr€s€n-
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1  )  f € c ' \  t 1 l

c r  1 s  a  n o r m a l  s u b g r o u p  o f  G  s o  ( f ) * C c ' t { , l } .  B e c a u s e  G '

is  a  Powers '  g roup,  there  ex isL  a  par t i t ion  G '=Ar . .L !B i  and

h 1  , . . .  , h N € G '  s u c h  t h a t :

hA1 /l A1'=A, for ,re{t)rrr

h i B t  f l  h r B t  = 6 ,  f o r  j  , k = ' l  , .  .  .  , N ,  j l t < .

se t  A=t {o . , } t ,  ,  B=$" r f r .  r t  i s  easy  to  ver i f y  tha t
i€I  i€r

G=AILB and

hAn A=0 , for h€ <f>M

h - , B n h . , - B = @ ,  f o r  j  r k = 1  , . . .  r N ,  ) l k .I K

2l f€G\G '

In  th is  case,  there  are  un ique io€ I ,  h€Gtsuch tha t  f=h f r_

C l e a r l y  f r  C C ' .  W e  c o n s i d e r  t h e  f j . n l t e  s e t :-o

t.,4. )Tr(q _ )r($:. ) -t I " 
'frnr=0} ={trrf, _ }xr* fr"t "'r tvti t}

o o

G/G '  i s  a  weak  Powers '  g roup r  so  G /G '  =A ' ILB '  and  the re

a r e  y * € G 1 f , G ' ,  ) = 1 ' , . . .  r N  s u c h  t h a t :
J

yA'(lut =6 , for y€(ntfl. ))rrt*t
U

YrB f lVoe '  ,  f o r  j  , k= ' l  , .  .  .  ,N ,  3 f k

r r  i s  c lea r  rha r  G=Tf , t  (o , ) J -LT f l  (e ' ) .  Fo r  g j6T f -1  {V r ) ,

j = 1  , . . .  ' N  i t  i s  e a s y  t o  v e r i f Y :

o



PROPOSTTTON 1.6 .  te t  t " ^ ln*n  O"

Powers '  g roups  (weak Powers '  g roups) .

group (weak Powersr group) .

fh n A=6 , for f,edr) ", i

sj B /l ekB=b

The fo l lowing

f o r  j  , k = 1  , .  .  .  , N ,  J l k .

proposi t ion appears i n  [  2 J  a n d  [ a J ,

an  inc reas ing

Then c= LJ G-
r€n 'a

be a f i .n i te set .  There

G- =A- .l-L B" and there
/Lo 4o ^o

G^ Powers '  
'groups. 

Let NAl and EC\ {, t  }

exist ,tr' o€A such that 
"a 

a*"4 { t} - so ,

a r e  9 1 , . .  .  , 9 N a G ^ o  w h i c h  v e r i f Y :

Proof .  We assume

n:uap nu"Ao=@ , fot j  ,k=1

ta f ]a=gi  ,  for  f€F;

V, B OgUe=/ ,

The proof  is

, . . . r N r  J f k '

We shal l  consider  now

graphs of  groups which

fA- /J A^ =Q, for  f€ F
'1o 40

Let t ltil ier be a right comPlete

of G modulo 
"^., 

so c=IL 
"o"&

se t  A=J IA*  F r ,  e= l IB "  F r  -  Then  c=a l tB  and :
iel ^o ieI -'o

f o r  j  , k = 1  , .  .  .  , N ,  J l k "

s im j - l a r  f o r  weak  Powers '  g rouPs .

some exanples of

a re  weak  Powers '

s i -s tem of  representants

Q .  E  " D .

fundamenta l  groups

g r o u p s  ( s e e  E 7 J  f o r

Q . E . D "

r clrttr .Ly \J r

i s  a  Powers

o f



de f in i t i ons  and  resu l t s

g raphs  o f  g roups )  "

about  graphs and fundamenta l  groups of

L E M M A  i . 7 .  L e t  ( G r T )  b e  a n  i n f i n i t e  t r e e  o f  g r o u p s  s u c h

that  G^ has at  least  two e lements for  each Qf ,ver t  T"  Let
(_,

P €ver t  T f ixed and

the  i nve rse  s i s tem o f  se ts  asoc j -a ted  to  P  ( [7J '  L2 -21  .  l f

there are in f in i te  many ind ices k  such that  between XO and Xk*1

the re  ex i s t s  an  edge  y  w i th  e r r= t1 } ,  t hen  the  d i rec t  l im i t

Gt = l i m ( G r T )  i s  P o w e r s '  g r o u P .
--+

Proof  .  r t  j .s  known f rom [5J that  for

G1 has aL l-east three elements and G, at

G  j  ,G2  g roups ,  where

Ieast  two e lements,

then the f ree product  Gt  o G2 is  a Powers '  group"  Hence Gf  is

t h e  u n i o n  o f  a n  i n c r e a s i n g  f a m i l y  o f  P o w e r s ' g r o u p s .  N o w ,  i t

Q .  E .  D .fo l l ows  f rom 1 .6  tha t  G*  i s  Powers  g roup -

N e x t  l e m m a  i s  a n  e x e r q i s e  i n  f Z J ,  I  5 - 1

LEI , {MA 1.8.  Let  (G,Y)  be a non-empty connected graph of

groups,  and le t  T be a maximal  t ree of  Y '  Let ( Y, T )  b e  t h e

universal  cover  of  Y re la t j -ve to  T;  the graph Y is  a t ree r  o f l

wh ich  the  g l : oup1T ,  (Y rT )  ac ts  f ree l y .  I f  Q  6ve r t  Y  p ro jecLs  to
- l

P€ver t  Y ,  we  pu t  GQ=Gp;  we  de f i ne  s im i l a r lY  Gy  fo r  y€edge  Y
lR

as  we l l  as  G . , * {G , -  r , , r  i  t he  resu l t  i s  a  t ree  o f  g roups  (GrY)  on
y  L \ y ,

which 
'1F.,  

tvr t )  acts in a natural  way.



Then  T f , ,  ( c rY rT )  i s  canon ica l l l z

product  o f  q  (Y,T)  and the gror lp  Tf1

i somorph ic  to  the  semid i rec t

(G,Y,Y)  =] : iS{c ,?)  .

,,

PROPOSIT ION 1 .g .  Le t  (GrY)  be  a  non*empty  connec ted  g raph

of  groups and le t  T be a maximai  t ree of  Y.  I f  the group Go

has  a t  l eas t  two  e lemen ts  fo r  eve ry  Q€ver t  Y ,  t he re  ex i s t s

y€edge y wi th  CO={1 }  and t .he fundamenta l  group Tf1 (v , r )  has

a t  l eas t  two  genera to rs ,  t hen  the  fundamen ta l  g roupq  ( " 'Y rT )

i s  a  weak  Powers '  g rouP

P . r _ o g j . F r o m 1 . B , T I . , ( c , Y , T ) i s . b h e s e m j . d i r e c t p r o d u c t o f

TL (y,T) and TI ' .  (e ,?,?l  .  The groupTl;  (Y,T) is isomorphic wi th the
- ' 1  ' - ' - ' ,  ' l  -  |

f r ee  g roup  w i th  n  genera to rs  (ndNU{* } )  and  T f ' '  ( c ,T ,? )  i s

P o w e r s '  g r o u p  ( s e e  1 . 7 )  .  H e n c e  T T 1  ( G , Y , T )  i s  t h e  s e m i d i r e c t

p r o d u c L  o f  t w o  P o w e r s ' g r o u p s .  I t  f o l l o w s  f r o m  1 . 5  t h a t  i t  i s  a

weak  Powers '  g rouP . Q .  E .  D .

52.  FUNCTIONAL ANALYSTS

Le t  A  be  a  c * -a lgeb ra  w i th  un i t ,  wh ich  ac ts  fa i t h fu l  on

s t 6 t ,  G  b e  a  d i s c r e t e  g r o u p  a n d  4 : G - - * A u t ( A )  b e  a n  a c t i o n "

we c lenote by zu (A)  Lhe uni tar ies '  qroup f  rom the centre

o f  A .

A ( n o r m a l i s e d ) 2 - c o c y c l e o n G w i t h v a l u e s i n G - m o d u l e

Z u ( A )  i s  a  m a p  c : G x G - - + Z u ( A )  w h i c h  v e r i f l z ;

)

1  )  
"  

( 9 t  ; 9 2 . c  l s p 2 , 9 3 )  = $ ,  ( c  ( u 2 , 9 3 )  )  c  ( s 1  , 9 2 9 3 1  r  f o r '  9 ' ,  ' 9 2 ' 9 3 € G i

2 l  c  ( g , g - 1  )  = 1  ,  f o r  g r 6 G ;



,

3 )  c  ( 1  , 9 ) = c  ( 9 , 1 ] . = 1  ,  f o r  E s G .

T h e  s e t  o f  t h e s e  c o c y c l e s  i s  d e n o t e d  b y  z 2 ( c , z u ( A ) ) .

r ,e t  T- f , :A**" f r ( -  2  (e  ,s)  )  and A.rc  ** ld , (  t2  (c ,H)  )  ,  where:

( r fu tx)S)  (g)=c{  -1  (x)$  (s)  ,  for  xeA ,  $  e  l i  (c ,u)  ,  s€G

tA .  (n ) ! )  ( s . ,  )=c  (s f  1  , v t$ t  e -1  e l  ,  f o r  s , s f l , €G ,  5 * t '  (G ,H) .

The c*-a lgebra generated by TL(A)  and A c 
(G)  in

& t l z  (G ,H)  )  i s  ca l l ed  the  ( rec luced )  c ross*p roduc t  o f  G  and  A

by c relatively to o( and is denoted. by AlQ.c,.G.

when  A=C and  c  €z '  ( " , r1  ,  t he  ( reduced)  c -C* -a lgeb ra ' ro f

t h e  g r o u p  G ,  d e n o t e d  C | ( G , c )  i s  o b t a i n e d .  I f  c  i s  a  t r i v i a l

' Z -cocyc le ,  i t  i s  ob ta ined  the  reduced  C* -a lgeb ra  o f  G ,  deno ted

ci  (c)

Let  u -= .d t "  (S)  .  Then un  are  un i ta r ies  and
q  . c ' '  9

u -  u -  = s ( 9 t  r 9 2 ) u o - o  ,  f o t  9 1 r 9 r € G  i
9 1  9 2  

- t ' - z  
9 1 9 2

_ t 1 = 1  
t

r l = r  _1  i

u - a u l = { ( a ) ,  f o r  g € G ,  a € A .
g g s

For  fu r the r  de ta i l s ,  one  can  see  [g ] .

r f  A  has  a  G- lnva r ian t  t race  So ,  t hen  AKxr .G  has  a

canonica l  t race E :

6 ( [ ,anu gl  
=Vo (a. '  )  .

The  map  e :B - - lA ,  e ( fa . ,uo )=a . ,  i s  t he  canon ica l  cond i t i ona l
c f y



;  1 0

expectat ion.  The fo l lowing equal i ty  j -s  easy to  ver i fy :

e (unxu|) =t (e (x) )  ,  for g€G '  x€B-

We a lso  have :

(  )  ( 1 h \

r n . ,  . . . r n r r = " r ( g 1  , . . . r 9 r r )  ' * n r . . . g n  ,  f o r  9 1 , "  ' r 9 l o , 6 G ,  n b 2 ;  ( 2 1

,  c - - ^

r n . ,  . . . * n r r = r n 1  . . . . 9 n . c ,  
( s 1  t .  -  -  

. ' 9 r . )  
,  f o r  9 1 , ' . ' r 9 r ,  G ,  n } . 2 ,  ( 3 )

where :

" t ( 9 t  
r . . . . , 9 r r ) = c  ( s 1 , 9 2 1  c ( 9 1  9 2 , 9 ) .  " c ( g t  " ' 9 n - 1  , 9 n ) € z u ( A i  i

" ,  
( g 1  , .  .  .  t g r r ) =  d ,  

-  \  1  
( c l  1 9 1 , . '  '  , 9 n )  ) e z u  ( A )

( 9 r . . . 9 r , )  '  !

LEMI IA  2 .1 .  Le t  A€8(H)  be  a  un i ta l  C* -a lgeb ra ,  G  be  a  d i s -

c r e t e  g r o u p ,  € (  : G * - S A u t ( A )  b e  a n  a c t i - o n  ,  c € 2 2  ( C r Z u ( A )  )  a n d  D

b e  a  s u b s e t  o f  G .  T h e n :

u  . n t 1 ( c , H )  .  r l = p t ]  ( G , H )  
,  f o r  s € c .-  g  

l z  ( p  , l t )  
g  l z  ( g n  , H )

p r o o f  .  r f  G = D l L . E ,  t h e n  f 2  ( c  , H l = L 2  ( o , u )  6  f 2  ( E , H ) .  L e t

. o = n L 1 ( G , H ) .  b e  t h e  p r o j e c t i o n  o f  t 2  ( c , t t )  o n o t  1 2  ( o r r i ) .  w e  v e r i f y
-  

L z ( D , H )

t h a t :

u ' p = P 1 2 ( c ' H )  ' u -
. t z  ( g o , u )  g

s e r  $ € 1 2  ( c , t t ) ,  9 t = p 5 ,  F z = ( 1 - n ) F

(une!) (f) = (rslr ) (f) =c ( f,1 , i l7t (g-1f,) ;

1p12  (c ,H)  u^T)  tn  =n t l  ( c ,F I )  t f * *c  (  F  
,  , n ) f  r s -1 t )  )  (n

l ' ( g D  r H )  Y -  I -  ( g D  ' l I )
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rt fe, go, rhen E rts- ' f ,) 
=o r so

)

nl ' {c ,H ' )  (  f , *_ec( f  
1  ,s t f  ts -1Er)  )  ( f l  =" ( f ,1  ,s )  tg-b}=

L z  ( g n ,  H )

="  W- l  , s \7 l tg -k l

rr  f$ so, then I  r  (s ' ; t )  =o 
1 

to

n 1 2  1 e  , u 1  ( f  - + "  ( { 1  , g } I ( g - 1 F ) l  t f t = o
r '  ( go  ,  H )

.  t  f 1  , s \ | t  (g -hn )  =o

H e n c e  l r ^ . n = n t 1  
( G ' H )  ' u ^  Q ' E ' D '

g  '  
1 2  ( g n r n )  g

LEMMA 2.2 .  Le t  A  be  a  un i ta l  c * -a lgebra ,  G a  weak Powers l

group, o{ :  G ---*Aut (A) an act ion,  c €22 lC ,zr ,  (a)  )  and B=AX €,cG.

'Then, for  any f in i te subset FcG\t1!  '  for  any element x€B of

the  fo rm *= t  a ru f  ,  x=x*  and fo r  any  €)0 ,  Lhere  ex is t  an
f€F

i n t e g e r  n ? 1  ,  9 1 , . .  :  r 9 r . € G  ,  c 1 , . .  .  r c , _ & , Z u  ( A )  s u c h  t h a t

Proo f .  One  has :

un (aur)  r6=*n (a)  unurug-1=4g (a)  c  (n ,  f  )  unf  ug-1

= \ ( a ) c ( s , f  ) c (  9 f  , 9  
t , * n r n - t = ! ( a ) x n ( c ( f  , g - 1 ) ) c ( g , f g  

" * n r n  

, =  
( 4 )

- 1  
i c ( g , r g - l ) t  -  - . t  

' l )= t  ( ac  ( f  , g  )  I  
s f s
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For any element x€B of  the form *=f a+u+ ,  u+10 for f€F'

we denote  suPP x=F.

L e t  y = a u f * t r - - t  ( a * ) u f  ,  f l 1 .  T h e n  y = y *  a n d  E ( y ) = 0 '  L e t
r

MCG a f in i te subset which contains r  e lements and

4

z = !  T  u  v u * .  T h e n  ( 4 )  i m P l i e s :
h c - d

q € M Y  Y

E=supp r=(t)*u*-t)* .  ,

As  F  i s  a  f i n i t e  subse t  i n  C \ t1 l  and  G  i s  a  weak  Powers '

g r o u p .  t h e r e  e x i s t  G = D $ E  r  9 1 t 9 2 ' 9 3  s u c h  t h a t :

( i )  f D n D = Q ,  f o r  f  € ' F  i

( i f )  O . E f r g U n = @ ,  f o r  j , k = 1 , 2 , 3 ,  1 l k
J

. 2 , n  ' , t

D e n o t e  P = P r , t b r n l  .  o n e  h a s  f r o m  ( i )  t h a t  p z p = 0 '
I '  ( o  r H )

us ing  l -emma 2 .1  and  ( i i ) ,  we  ob ta in  the  pa i rw j - se  o r tho -

g o n a l  p r o j e c t i o n s  u ,  ( l - p ) u *  ,  ) = 1 , 2 , 3 .  B y  l e m m a  1  f r o m  f 4 J  o n e

h a s :

l l  + f  "^ 
zu: { l  € .  $ " i t  ,  where c=o, ee5 '

l l  '  k=1  YP Yk  t t

it

and supp z'=(flnr^q.Jg'ug3M U {f-trn.,onunrrra$grM ' where

. - 3
z '  =*  ) -  ,^  zv:

-  k = 1  Y k  : ' k

B y t h i s a p p l i e d s e v e r a l t i m e s a n d b y ( 3 ) o n e h a s t h a t

f o r  a n y  { ) 0 ,  t h e r e  e x i s t  a n  i " n t e g e r  t V 1  ,  9 1 " "  ' 7 r & G '

c 1 , .  .  .  , c r e Z u  ( A )  s u c h  t h a t ;
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l l iF"nj"jv'lo6: tl n t

Now, le t  x  as in  lemma. Then,  there ex is t  an

s u c h  t h a t  * = * 1 + . . . + X m  ,  w h e r e  * i = u f r t g r _ .  
1 : . t  

( t f r , *

l-

L = 1  , . . . r m

From the  f i r s t  pa r t  o f  t he  p roo f ,  t he re  ex i s t

( 1  - .  ^  -  - e  e Z  ( A )  s u c h  t h a t :
" 1 1 r . . . r v . l  n , -  u

I

i n teger  m?1

4 r f o r- t
g i

d  n  6 C9 1 1 , " '  r 9 , * r o " ,

( s )

e x i s t  9 2 1  , .  .  .  , n r t j ,  " 2 1  t .  .  -  t " r n r u  z u  ( A )  s u c h  t h a t :

s1J  
1c1  

j  
r  
* z " I j ' , t& ,  

j ,  
'  As  fo r  (5  )  '  t he re

. rk

. v 1 t r
denote {.*, 

=;; 
I . .- to. cl x- - cf '  u*

o f .  
f f * t - g k j t - K J k  

K + r  ' t r U  S t j f _

9 g + 1  1 ,  "  ' , 9 k * 1 r . o * r * " '  c k * 1 t ' ' ' " c k * 1 r k * 1 e  z r r ( A )

* 1
Denote xt=;--  , . 1

l l  t  #, 'gr jr ' i j ,* ' "Tj , '6 ' , ,1[  
u*

tr1

I "
j  

1 = 1

*,.,,ryFr,,,1! **It t

.2

induct ion '

Then ,  t he re  ex i s t

such  tha t :

tk* 
1

,fifl 
*nu*1 

j r.*., 
"u*1 j r.*', 

*o* t "f* 1 j r*til t l r
ur( ll d :"

c I , $ m '- K + l J k + t E l

f o r  k = 1  , .  .  .  r i l - 1  .
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O n e  h a s :

I t  n4  n-^

l {  = - t -  f  . . f "  c  . ' . u -  c n *  ( x n + . . . + x - ) c f . u l  . . . c * - u l  t f <ll "r ' ' ' nm 
+; fii 

*q.r*tj '"'*s1j.,-1j, "'t m' -1rt-et:,'"':*-o*j* 
[[-

. 
||h # 

*n*j*"*j***"fij*'6*j*[[ -t *'ft= e '
a,

By (2)  and by

ogu=t (a) un ,  for 9€G, a€A '

t l**ogo":.* ' f"6o}I*t

{rn.n (x-e (x) I c$uil ses , cnez,, (a)}

a,

- llt fi,n, ,,",i,*,'Tj,'i,,,11 . llt *r,r,"zi]2"5i,'6,,,[ 
+"'+

o n e  h a s  r = r 1  . . . n * 6 N  t  g 1 r  " . .  r g r r € G ,  
" 1 , . . .  

r c n € Z u ( A )  s u c h  t h a t :

Q . E . D "

PROPOSIT ION 2 .3 "  Le t  A  be  a  un i ta l  C* -a lgeb ra ,  G  be  a

weak  Powers '  g roup ,  a (  : .G  - *FAu t (A )  be  an  ac t i on  ,  c€Z ' ( " ,Z r r (a )  )

and  B=AZ{_  ^C .  Then ,  f o r  any  t race  B  on  B ,  t he re  ex i s t s  a
q r C

G- inva r ian t  t race  t f  on  A  w i th  B=Se .

Proo f .  Let  x=fx^u. -€B.  Lemma 2.2 impl ies that  the c losed
Y J

convex hu1l  o f

c o n t a i n s  0 .  C o n s e q u e n t l y  & ( x * e ( x ) ) = 0 ,  a n d  t h e  a s s e r t i o n

f o l l o w s .  A - E - D -
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COROLLARY 2 .4 .  I f  G  i s  a  weak  Powers '  g roup  and  i f  t he re

exis t  a  unique G- invar iant  t race on A,  then there ex is t  a  unique

t r a c e  o n  A X o * r . " .

Le t  A  be  a  un i ta l  C* -a lgeb ra ,  o t  :G  - *Au t  (A )  be  an  ac t i on .

A  i s  G-s imp le  i f  any  o ( (G) - i nva r ian t  c losed  two-s ided  i dea l  i n

A  i s  eJ - the r  {0 }  o r  A .

The fo l lowing asser t ion is  lemma 9 f rom IAJ t

.  LEMMA 2 .5 .  Assume tha t  A  i s  G-s imp le .  Le t  >€A  w i th  xpO and
t:.

x f } .  ' T h e r e  e x i s t  g 1  ,  . .  -  r 9 r r €  G  a n d  , 1  ,  .  "  , 2 n € A  s u c h  t h a L :

n '-
E ru "<^  ( x )z { }1
j = 1  t  

" j  
r

PROPOSIT ION 2 .6 .  Le t  A  be  a  G-s i rnp le  C* -a lgeb ra '  o (  :G  * t r

)
- -+Au t (A )  be  an  ac t i on  o f  a  weak  Powers '  g roup  on  A ,  c€Z '  (G ' l . r (A ) ) .

Then  B=AXO.G i s  s imP le -

Proof  .  Let  I€B be a two-s ided ideal  and assume that  x€f  ,

x fa .  one may assume x?0,  hence e(x )> /O.  By  lemma 2 .5  there  ex is t

9 1  r . . .  r g r r € G ,  d i , ' ' '  r a n € A  s u c h  t h a t :

l l

f , ] " ,% (e (x)  )  a lF
j = 1  t  t )

t l

D e n o t e  x ' = t  a . u ^  x u *  a { e I .  T h e n  x ' } 0  a n d  o n e  h a s :

J = 1 t " j " j J

I'I n

e (x ,  )  = f ,e  (a - iu , . ,  xu f ;  .u { )  
=Eu. tg  (uo .xu f ;  ,  )  a t

J = 1  ' Y j  
" i ' ) = i l  

9 j  g i  l
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Us ing  (1 )  i t .  fo l lows t i ra t :

. e coRoLLARY 2 .1  .  I f  G  i s  a  weak  Powers '  g r :oup ,  A  d  s imp le

uni ta l  C*-a lgebra,  o(  :  G -pAut  (A)  an act ion and c&'22 (G,  Zu (A)  )  ,

t h e n  A X  - G  i s  s i m P l e .
G r c

C o R o L L A R v  ) . 4 .  r f  c  i s  a  w e a k  P o w e r s '  g r o u p  a n d  c g ' 2 2  ( G r T ) ,

t hen  C f  (Grc )  i s  s imp le  w i th  a  un ique  t race

Le t  y= f .a^u$B,  w i th  Fu lG  f i n i t e  se t ,  such  tha t  y=y*  ' and

q € F Y Y

l l x ' - y 1 ! < * .  r h e n  l t e ( x ' ) - e t v ) R 4 f ,  h e n c e  e ( v ) ) e ( x ' ) -  * > ;

B y  l e m m a  2 . 2  a p p l i e d  s e v e r a l  t i m e s ,  t h e r e  e x i s t  h 1  , . . .  r h N € G .

"  1  ,  . .  .  ,  c * € Z r ,  ( A )  s u c h  t h a t :

Ler '=* * *h. 
" iyci ' t .  

. r ,d ' . ,  =* 
*rn.e 

(y) 
" f i?* 

r t
F  

, r j  )  J  , r j  '  r r  j = 1  . , j  . ' j

forrows that l l r-rr[4+ , hence rdrl-  +rr|  
-  

+ = Z

1 N
we deno te  '= *  E  "n , t . * ' "1 r r f , ,  

r t  i s  c lea r  tha t  z&r '  zvPa
j = 1  

. . j  J  J  - - J

and ttr-ilf { ilx'-vll{} r so z?F- tAi 
- 

| 
= 

} ""a 
z is an

o .  E .  D .invert ib le element.
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c o R o L L A R Y  2 . g .  I f  G  i s  a  w e a k  P o w e r s '  g r o u p ,  t h e n  c | ( G )

is  s imple wi th  a unique t race

pRopoSIT roN 2 .1  0 .  Le t  G  be  a  d i sc re te  g roup  and  H  a  no r tna l

subgroup of  G.  I f  H and G/H are weak Powers '  groups '  then '

C i (G)  i s  s imp le  w i th  a  un ique  t race '

groof .  Ler E> 0 and y=Y*€ a[GJ with 3 (v)  =0 (CIfcJ is the
r

group algebra o f  G ) -  Then u= t\  uo, *& u6-, '  where
- i - 1  J  a l  J  J 1

J - t  J  J

, c t ^ - 1 r r - T r r *
r  d { g r  , . . .  , e r l  '  D e n o t e  

" j = X j u n r * t r u & r '  
t : t  ) = 1  t "  " Y  '  o n e  m a v

a s s u m e  t h a t  9 1 ,  - .  . 9 n € H  a n d  9 p * 1  ,  "  '  , g r d  G  H '

H i s a w e a k P o w e r s ' g r o u p r s o b y l e m m a 2 ' 2 t h e r e e x i s t

h 1  , .  .  .  ' h n € H  s u c h  t h a t :

[1*F,unjunotl <s ,

where  ?=y t  + .  .  .  +yn

^ '  ' 1 '  n  
m r ^ ^ *  ^ , , ^ ^ ?  i q  i n r .  l r  

l

Let 
"p=i *unu"n*tuf io 

'  Then supp Tn*, is included in the

con jugacy  c lass  e f  9p+1€G\H,  hence  supp  ?n* ,  i s  i nc ludec l  i n  G \H '

By  case  2  f rom the  p roo f  o f  1 .5  one .can  see  tha t  f o r  any  f€G\H '

any f in i te  set  M4lG and any i .n teger  N?1,  there ex is t  G=AI IB and '

( 5 )

lq.

9 1 , " '  , 9 * € G  s u c h  t h a t :

trAn A=6, ror f,e(r)*;

q . e f l g r - B = Q ,  f o r  j , k = 1 r  " , N '  j l k '
- J  r !

A,wLqt\ 
l"
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A s  i n  l e m m a  2 . 2  o n e  h a s  9 1 1  , .  -  .  , 9 1 " r *  
"  

w i t ' h :

l l  .  t 1  ^ ,  l l  , , s
l l  + - X u -  Y  . u *  ! 1  s
i t  " 1  k 1  = 1  " r k 1  P  t ' i t k i [ l  = "  ;

B y  t 6 )  a n d  ( 7 )  o n e  h a s

$# * *unn,- un. t?*"n*r'ufi,ul,o-[[- [* F,%Pfir& 
+

l l  
'" '1 i=1 k1=1 '1u,, ' i  '- '  " i '1k1 i l

n "

.l lf f u^ ?^*,,u* il *ry.1=Jn#13
[t"r ft nt o.,, P+ t sr r..,[[ :

one take ,,o' ?n*r=of 
* #, 

ugr 
kr 

uhr"pnzutru61s., ' Bv

i nduc t i on ,  as  i n  l emma 2 "2 ,  one  has :

( 7  )

:

&

tt . nr-prlnl .

H e n c e ,  t h e r e  e x i s t  N = n n . ,  . . . * r - p  a n d  g ,  t " '  r g N € G  s u c h  t h a t :

r r .  N  t l  , n \

ll* Eunu"u6o ll < u (B)

.4

i. '
l(A

One can change now yegtcJ to V€Cf te)  .  The last  part  is  stan-

dard  (see C ZJ ,  ta l  t  .  Le t  r  CCf  (e  )  be .  a  non-zero  two-s ided '  idea l

i n  A .  c h o o s e  y l O  i n  I .  o n e  m a y  a s s u m e  y ? 0  a n d  6 ( y ) = 1 .  B y  ( 8 )

one has :

It * guno,u;o-, ll *{E
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n N
F o r  t 1 1 ,  t h e  e l e m e n t  , = *  X  U -  y U :  €  I  i s  i n v e r t i b l e ,

"  k = ' 1  Y k  Y k

hence r=c |  (c )  .

r a r -  s . t  h s  a  t r a c e  o n  C l ( G ) .  T h e n ,  f o r  t  a r b i t r a r l y  s m a l J - n
l E U @ v v q

o n e  h a s  g ' ( y ) = 1 = 6 ( y ) ,  f o r  a n y  y € ' c | ( G ) ,  y & 6 ,  6 ( y ) = 1 "  H e n c e

a t  - ?  Q . E . D "
6  

- f ' .

Our work suggests the fo l lowing quest ions:

1 } D o e s t h e r e e x i s t a w e a k P o w e r s ' g r o u p w h i c h i s n o t

P o w e r s ' g r o u p ? T h e a n s w e r i s u n k : o w n t o u s e v e n f o r t h e s e m i -

d i rect  product  o f  EZ and I .2 .

2 l L e t G t a n d G Z d i s c r e t e g r o u p s s u c h t h a t C ; ( G f ) ' i s

s imple wi th  unique t race ( i=1 ,2)  and 1-+91*-pG4Gi. -+1 be a shor t

exac t  sequence  o f  g roups .  I s  i t  t r ue  tha t  c ; (G)  i s  s imp le  w i th

a  un ique  t race?

I f  G1  and  G ,  a re  weak  Powers '  g roups ,  t he  answer  i s  a f f i r -

m a t i v e  ( p r o p o s i t i o n  2 . 1 0 1  .

When G is  compat ib le  wi th  the act ion of  G,  on G. ,  (see [  9J )  ,

r h e n  C I ( G )  i s  t h e  c r o s s - p r o d u c t  o f  C f  ( G 2 )  b Y  G t  t f g ] t ,  h e n c e  i n

th is  case the answer is  a f  f  i rmat ive for  G. , |  weak Powers '  group

( 2 . 3 , 2 . 6 , 2 . g \ .
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