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ESTf } ' {ATBS OI '  AN EULER I S METHOD

UASISTATIC ELASTIC-VISCO-PI ,ASTIC PROBLEM

IOAN R.  IONESCU

I N C R E S T , D e p a r t n e n t o f M a t h e n a t i c s , B d . P a c i i 2 2 0 ,

Buchares t  79622 ,  Roman ia
ti

ABSTRACT. An in i t ia l  and boundary va lue problem for  an

elast ic-v isco-p last ic  mater ia l  is  consid"ered.  An Euler  method

internal  and external  approx imat iOn techniques are used in  ord 'er

to  reduce the cont inuous problem to a sequence of  l j -n iar  a ige-

b ra i c  SYStems .  T [e  e r ro r  i s  es t ima ted  ove r  a  f i n i t e  t ime  in te r -

v a l . S u p p o s i n g t h a t t h e t i m e s t e p i s l e s s t h e n a c r i t i c a l v a l u e

the error  is  est inated over  an in f i "n i te  t ime in terva l  in  the

v i s c o e l a s t i c  c a s e

0. rlltRoDgcrroN

The  fo l l ow ing  ra te - t ype  e las t i c - v i sco -p las t i c  cons t i l u t i ve

eqrrat  ion:

& = d ?  *  r ( o , e )

ERROIl

( 0 . i i

i s  cons ide red .  \ i a r i ous  resu l t . s  and  mechan ica l  i n te rp re ta t i ons

conce r l l i ng  th i s  cons t i t u t i ve  l aw  may  be  found  fo r  i t : s tance  i n

F ' reuc ient - l ia- '1-  ernd Ger i r rqer  f :J .  Cr i -s tescu-SuI ic iu  fz l  and '  Sui ic iu

tg]  "  r f  F c lepends ' :n1y on o equat ior )  (0"1)  may be reduced tc :

sotne.  c iarss- ica.L r :cr l t : l -s  usecl  i r r  v iscoplas ' t i 'c i ty '  Exantp les of  ' - : { r r l ' -

s t i t u t r r . ' e '  equ i l t i o l ) s  o f  t he  fo r :m  (0 " i  )  '  i nvo l ' v i : r g  t i r e  f u l l  c r j f  i -



p l i ng  i n  s t ress  and  s t ra in

-su l ic iu  [z ] .

are  g i ven  fo r  j - ns tance  i n  C r i s tescu -

In the paper  of  lonescu,  sofonea [0" i  a  quasis tat ic  in i -

t i a l a n d ' b o u n d a r y v a l u e p r o b l e m f o r t h i s t y p e o f m a t e r i a l s i s

cons ide red .  Resu l t s  conce rn ing  ex i s tence ,  s tab i l i t y ,  assympto t i c

and lar .ge t j - -me behaviour  of  the so lut ion are obta ined '  The goal

of  the present  work is  to  g ive error  est imates for  a  numer ica l

approach of  th is  Problem 

'

, I n t h e f i r s t s e c t i o n s o m e n o t a t i o n s a r e i n t r o d u c e d a n d

some pre l iminary resul ts  are recal led.  Fur ther  on the mechanj -*

ca l  problem 1s s tated and the assumpt ions vr i1 l  be used are

given.  For  the convenience of  the reader  some resul ts  and tech-

n iques  f rom lonescu ,  so fonea  t6 ]  t ha t  w i l l  be  use fu l l  i n  t h i s

work ,  a re  b r i e f lY  P resen ted '

I n s e c t i o n 3 , w e u s e a n e x p l i c i t e E u l e r m e t h o d , i n t e r n a l

approx imat ion technique '  (poss ib ly  a f in i te  e lement  one)  for  the

d i s p l a c e m e n t a n d s t r a i n f i e l d a n d a n e x t e r n a l o n e f o r t h e

s t ress  f i e ld ,  i n  o rde r  t o  reduce  the  con t i nuous  p rob lem to  a

!

r e c u r s i v e s e q u e n c e o f l i n e a r a l g e b r a i c s y s t e m s . T h e e r r o r

.es t ima i :ed  
(Theoren  3 '  1 )  ove r  a  f i n i t e  t i t ne  i n te rva l '

F o r l a r g e t i m e i n t e r v a l s o ] : f o r a l a r g e L i p s c h . i t z c o n s t a n c

o f F ( u s u a } t y a t m e t a i s ) t h e e ] r r o r e s i i n r a t j - o n o b t a i n e o . i n s e c _

t i on  3  i s  no t  so  use fu l .  The  fo l l o i v i ng  ques t i on  a r i se :  "How

l a r g e t } t e t i n r e S ; e p c a n b e c h o s e n i n o r d e r t o o b t a i n n u m e r i c a l

i n fo rma t ions  abou t  t he  l a rge  t ime  behav iou r  o f  t he  so l r ' r L ion?"

I n o r d e r t o t h r o w S o n l e l i g h t o n . t h i s p r o b } e m , i | t s e c t i o l l 4 ,

o n l y t h e v i s c o e l a s t j . c c a s e i s c c n s i d e r e d a n d t h e f u n c t i o n i i ,

f  rom (0.  1  )  is  supposecl  to  be o i  L i re  f  orm

( 0 . 2 ) i ? { o , c ) = - ; 1  1 , J * G ( e ) )



wi th  ) .>0  and  G  a  s t rong ly  mono{ :one  func t i on .  I n  t h i s  case  the

error  is  est imated over  an in f in i te  t ime in terva l  pro ' r j -ded t l ia t :

t he  t ime  s tep  k  i s  res t . r i c tec l  t o  be  l ess  then  ko  a  va lue  wh ich

d e p e n d . s o n t h e m a t e r i a 1 c o n s t a n t s . I t i s n o t e s t a b I i s h e d a

c r i t i ca l  va lue  k " r ,  f o r  wh ich  the  nwte r i ca l  so lu t i on  i s  d i ve : : -

gen t  f o r  k rO- " r .  Bu t ,  however ,  Exemp le  1  o f  sec t i on  5  shows  tha t

such a cr i t ica l  va lue ex is ts  and hence the rest r ic t ion on the

t ime step is  a lso a necessar  condi t ion in  order  to  have a bouncl

of  the error  for  an in f in i te  t i -me in terva l '  S imi lar  rest r ic t ion

on  the  t ime  i -n teg ra t i on  s tep  i s  ob ta ined  i n  l ' l i ha i l escu*su l i c ru '

Su l i c i u  [7 ]  where  a  one -d imens iona l  d inamica l -  p rob lem i s  cons i -

de red  and  the  ne thod  o f  cha rac te r i s t i cs  and  ene rge t i ca l  es t i i na -

tes are used

F i n a } 1 y . i - h r e e o n e d i m e n s i o n a l n u m e r i c a l e x a m p l e s a r e g j - v e n .

1.  NOTATIONS A}JD PRELTMINARIES

te t t 'be the set  o f 'seconcl  orc ler :  s lannetr j -c  tensors in  RN

( N = 1  , 2 , 3 ' ) . I { e  c l e n o t e  b y  ' ,  I  I  t h e  i n n e r  p r o d u c t  a n c l  t . h e  e u c l i *

dian norm in RN ata f, '  Let 0 c Rl{ be a boundecl doma-in with a ' '

. smocr th  
( c l  ) .Uoundary  f=DQ and  le t  f 1  be  an  open  subse t  o f  I  r r ' i ' t h

mes  11  ,0  and  l  r=  f  
-T . ,

The fo l ro rv ing  H i l -ber t  spaces  ' f= [ " t 'n ' ]1 " *  '  L=F ' 'n [ * '

X: f t r (c l iv , t ) ]  i ,  H=fr t l  tszt lN'  Hr= f"" '  t t t  n are usccl  ancl  the cci r r -

n o n i . c a l  i n n e r  p r o d u c t s  a n r l  n o r m s  a r e  d . e n o t e d  b y ( ( " ' ) r l i ' i i ) i

( ( ( . , " ) ) ,  i l i ' i l l l ,  ( ( " , " ) o ,  l l ' l l o t '  ( ( " " ) p i '  i l ' i i " t '  { ( - " } i '

I  |  .  I  i  
" )  

r e : s P c c t i v e l Y '

L e L  V . , = { r - l  I l i  Y o t u r i = 6  o l l

rnalr " 
' l l i tc operaLor ' '  '  JJ- ' . l f  given

f  
t  )  lv i re : :e  Yo:  FI+Hf  is

b,y  r= t (v*  vT  )  j "s  } inear

Lhe tracr. :

a n d  c o t i t i -



j

l

nuous  and  s ince  mes  f1 t0  the  Korn rs  i nequa l i t y  ho lds

( 1 . 1 )  l l e ( u )  l l z c l l " l l i l  f o r . a l l u e v ' ,  * )

I f  o e l d  t h e n  t h e r e  e x i s t s  Y u ( o ) * H f  ( t h e  s t r o n g  d u a ]  o f  H f

with the nor l  denoted by I  I  I  [ . t  such that

( 1 . 2 )  a y u ( o )  , Y o ( v ) > = ( o , e  ( v ) ) + ( ( d i v  o , v ) )

( 1 . 3 )  l l v u ( o ) l l * s . l l o [ l a  f o r  a ] ' ]  o e Y ,  v e H

B y  o . v l "  w e  s h a l 1  u n d e r s t a n d
' 2

U=yo (Vl )C Hf and the norm

As i t  fo l lows f rom

ortogonal  comPlement  of

the  resL r i c t i on  o f

wi l l  be denoted bYin  E*

I v

I
I

= Q

Gelnnonat and Suquet' falt

V 2 = { o e i l i  d i v  o = 0 t  o ' v l f 2

for  a l l  v€V. ,  t  oeY,

* )  
Bve rywhe : :e  i n  t h i s  paper  c>0  w i l l  r ep resen t  a

sLan t  wh ich  depen< ls  on  Q ,  i " ,  and  poss ib l y  on

constants  v i l - r ich r ,q i11 l :e  ment ioned'

gener i c  con -

some mate r ia l

f , = . ( V 1  )  @ V r  a n d

( 1 . 4 )

Let  (x ,  I  I  I  |  * t  
be one of  the above spaces and le t  denote

by  R+= f0  r+ - )  and  Co  (R+  rX ) -=  { zzR* '+X ;  z  i s  con t i n -uous  }  i

C 1  ( R *  r * ,  = { x e  C o  ( R *  r X )  ;  t h e r e  e x i s t s  | e C o  ( n * , X )  }  w h e r e  L h e  d o t

. rep resen ts .  t he  d ,e r i va t i ve  w i th  respec t  t o ' t he  t ime  va : i i ab le '

We sha l l  a l so  use  the  fo l l ow ins  no ta t i on  i  i r i  l i = .?Hn l  l z  ( t t  I  l x
+

f o r  z e c o ( R + , x )  .  s i m i l a r  t o  a b o v e  t h e  s p a c e s  c o  ( o r T , X )  a n d

C 1  ( O r T r X )  c . a n  b e  i n t r o d u c e d  a n c l  t h e  n o r m  i n  C o ( O , T , X )  w i l l  b e

d e n o t e d  b y  l l " l l r , * = . E t B , r l  l l z ( e  )  l l " '

( o )  o n

I  l ] " .

(V1 )  is  the

-a
j  i n  4 . ,  H e n c e



2 . PROBLEM STATEI"IENT r rxr stnNQr . ]R.ESULTS

In  th is  sec t ion ,  a f te r  the .prob lem s ta tement  and some

assumpt ions ,  we sha l l  b r ie f l y  reca l l  some resu l ts  o f  lonescu,

Sofonea IOJ ,  concern ing  the  ex is tence o f  the  so lu t ion ,  wh ich

wi l t  be  use fu l l  fu r ther  on '

L e t u s c o n s i d e r t h e f o l l o v l i n g m i x t p r o b l e m : f i n d t h e
' rt

disp lacement  funct ion u:R*xQ- 'Ri \  and the s t ress funct ion

r / )
o:R*xf , )+ r f  such that

d i v  o  ( t )  + b  ( t )  = 0t 2 . 1 )

12 .

( 2 . 3 )

( 2 . 4 )

6 t t l  4 e  6 ( t ) ) + r ' ( o ( t ) , e  ( u ( t ) ) )  i n  Q

u ( t )  I  1 . ,  
=s  (L )  ;  o  ( t ) ' v  I

u ( 0 )  = u ^  ,
(J

w h e r e V i s t h e e x t e r i o r u n i t n o r m a l a t f ' | 2 . 1 ) a r e t h e C a u c h y | s

equi l ibr ium equat ions in  which b:R*xQ-+RN are the g iven bod'y

f o r i e s . Q . 2 | r e p r e s e n t s a r a t e - t y p e v i s c o e l a s t i c o r v i s c o p l a s - .

t ic  const i tu t ive equat io . r=,  
'd  

i=  a four th ordere tensor  and j

r : ax f , x  f  * f r=  a  cons t i t u t i ve  func t i on "  uo  and  oo  a re  the  i n i t i a l

data and f rg  are the boundarY data

- t

The fo l lowing assumpt ions are usecl

^)drior.rd (n) , lSvlr I so l r I
( n
Y a 4 \ T

T € d t  L r l r K r I = l r l ' i

*  - Q'2t 'J( 2 .5  )  u \ { r , ' r 2=82 ' '  1
;  s ) { r . r >a i t l  

2  ,  d ,  o

a )  l r  ( x ,  t 1  , o  1  )  = F  ( x  , r  2 , o  2 l

( 2 . 6 1  f o r  a I I  t 1 , t 2 , 6 1 , o 2 €

b )  F ( x , o , 0 ) = o

2 )

o ( 0 ) = o

= f  ( t )  f o r  a l l  t > 0
T ' '' 2

i n C I
o

for all xcCI,

f o r  a l l  r  
1 ,

f o r  a 1 l  t e , f

l s r  (  l . r *  t z  I  * l  o r  - o r l \ ,
\.2
U r X9\t

L > 0



1
b e C '  ( R +  ,  L )

{ 2 . 7 1
' s u c h  t h a t

,  fec l  (Rn rE* )  ,  there  ex j -s ts  he  c1  ( I i+  rHr )

h  ( t ) = g  ( t )  o n  f  1  
f o r  a l l  t e R *

o  o u f r
+ b ( o ) = 0 ,  o o ' v l ,  = f ( o ) ,  ' o l r , , = n ( o

t o h o m o g e n i z e t h e p r o b l e m ( 2 . 1 | - Q . 4 ) l e t u S

( 2 . 8 )
uo€ H,

d iv  oo

a )

b )

In order

*ru =6, r ) )

al-

ttt

1 2 . 1 5 \

{ 2 . 1 6 ' , )

( 2  . 1 7  |

e t . t  = {o r c ( t )  )  + r  ( 6 { t )  na ' ( t )  , e  ( f i ( t )  )  + t  t f  t t t  )  )

d i r '  6  ( t )  =0

i ( t ) . l r  = Q
I

cons ider  tnc l  (R+,H)  and iec l  1n* ,h  the  so lu t ion  o f  the  fo l low ing

l inear

( 2 . 9 )

eLas t i c  P rob lem

?" t t l  +b  ( t )  =o

1  , . ,=n  
( t )  '  6 t t t

and L1,L2e[O ,r l  we have

t  t  f t t l  ) - t ( t2)  I  I  
" .  

I  l6" t t . ,  t -?t t r t

a o

r ( r ) = c ( l ' l u l l r , L * l l

in fl

. v l -  = f  ( t )' 1 2

we have

0 o

r l l r , u * * l l h l

d  a n d  Q .

,  6o=oo-6 " (o )  ,

we ob ta in :

t t t l  =f ,e t t t t )  )

( 2 .  1 0  )  d i v

l\'' '

( 2 . 1 1 )  u ( t )

Moreover  for 1  teR+  ,

1 2  . 1 2  )

and i f  T>0

( 2 .  1  3 )

where

( 2 . 1 4 1

a n d  C  d e P e n d s  o n l Y  o n  Q ,  1 1 '

Denoting bY fro=to*fr(o)

1 2 . 1 1 -  Q . 4 l  a n d '  ( 2 ' e l -  Q ' 1 2 )

f o r  a I I  t €R+

I  l s i  ( r )  l t i  - r z l

I
l r r r  r r  I,  l . r f  ,

-r=*-fr, 6=o-d from

d ' t t t  . u  I  , ' r=o

in fl

f o r  a l l  t > 0



( 2 . 1 8 ) d(o)  = i lo  , 6'( 0 ) =6o

Let  cons ider  on  V, ,  t ' he  inner  p roduc t  (n  ,  .  ) .  g iven  bY

( , 2 . 1 g )  ( u r v )  
a =  C d .  t " t  , e  ( v )  )  u r v 6 v 1

w h i c h g e n e r a t e S a n e q u i v a 1 e n t n o r m d e n o t e d o I l l l l u .

Let V=V,, xV, be the product space with the norm denoted

bv I  I  I  1. ,  generated by the fol lowing inner product
- J  "  V

f , x1  , x2 )  u=  
(v . ,  , u  2 l  u *  t€ t  '  

1  , r  z l

f o r  a . l l  x . = ( t i r r r ) e V ,  
' - 1  

, 2  I ' I e  s h a I l  c o n s i d e r  A : R * x V + V  a  n o n :

I inear  operator  def ined as fo l - lows

12 .201

1 2  , 2 1 1
r ) ) ) , e ( v r ) ) +

t f , t t )  )  ) , r z )

t  x = ( U r 6 )  i s  t h e

t R + , v )  i s  t h e

e get

( r )  l t 1 - r 2  l )

,  ,  _  , A ) ,

( A ( t r x . ,  ) , x r )  = -  ( F  ( t ' , + o  ( t )  r e  ( t 1  ) * e  1 u (

*  t , € t 1  t  ( . t  * 6  ( t ) ,  e  ( v 1  )  * '

f o r  a l l  x r =  ( v r  r t r ) e v  ,  L = 1  , 2 ,  t € R +

it  fo l lows from ronescu, sofonea f6]
1

o f  t h e  p r o b l e m  Q . 1 5 ) - ( 2 ' 1 8 )  i f f  x 6 c

of  the fo l lowing CauchY Problem:

As

solut ion

solut ion

12.22 ' , t

{ 2 : 2 3 1

where xo

i  t t t  = A  ( t , x  ( t )  )  t > o

x  ( 0 )  = x o

= t f i  ;  l -  F ' r o m  ( 2 . 5 ) * ( 2 . 8 )  a n d  ( 2 ' 1 3 )- t - o ' u o ' "

( 2 . 2 q  I  l e  t t . ,  , x . ,  )  - A  { t 2 , x 2 t  I  i u s c l  t  I  l x t  - * ,  I  l v o

f o r  a l l  x . ,  r x r e Y ,  T > 0  ,  t 1 , t r e  f o  ' t ]  ( t h e  c o n s l : a n t  c  d e p e n d s  o n l y

o n  n r f l ,  Q  a n d  d ) ' H e n c e ,  t h e r e  e x i s t s  a  u n i q u e  s o l u t l o n

x =  ( i l r ; t u a t  ( R +  , v )  o f  { 2  ' 2 2 }  t  ( 2  ' 2 3 )  a n d  t r = f r n f r e  c 1  t R *  ' u )

s = [ + d e C 1  t n *  , Z )  i s  t h e  u i r i q u e  s o l u t i o i r  o f  1 2 . 1 1  -  t 2  '  4 ' t  '

a
T



3.  ERROR ESTI I " IATIO

1 n  t h i s  s e c t i o n  ' a  n u m e r i c a l  a p r o a c h  o f  t h e  p r o b l e m  ( 2 ' 1 ) -

- ( 2 . 4 1  i s  g i v e n .  u s i n g  a n  e x p l i c i t e  E u l e r ' s  m e t h o d  a  r e c u r s i v e

sequence  o f  l i nea r  e l l i p t i c  bounc la ry  va lue  p rob lems  i s  ob ta ined

and the est i ,mat ion of  the error  is  g iven.  An in ternal  aprox i -

ma t ion ' (we  have  i n  m ind  a  f i n i t e  e lemen t  ap rox ima t ion )  f o r  t he

d i . s p l a c e m e n t a n d a n e x t e r n a l o n e f o r t h e s t r e s s l e a d t o a

recurs ive sequence of  l inear  a lgebra ic  systems.  A f ina l  er ror  )

es t ima t ion  i s  ob ta ined .

, M€ll l  and k=$ U" the t ime step' We consider VfrCVl

a  f i n i t e  d imens iona l  subspace  o f  V ,  ( cons t ruc ted  fo r  i ns tance

using the f in i te  e lement  method) ,  and le t  t " f l ro f , t r .= . ] l i  b t  the

so lu t i on  o f  t he  fo l l ow ing  recu rs i ve  a lgeb ra i c  sys tems :

,rfl=,rfl*itol ; nflevn i oonet'.-

q.b vnl(rf ,*1 , th) a= (ui l ,vrr) u-k tr tof; 'e tui l)  '  e (vn) )

fo r  a I I  vneVn

uil* t -" i l .1 *fr( (n+ 1 )k)

o'*1 =of,*(u,'il* t I -tu (uf,l *icr tol, e tuf,) )

( 3 . 1 )

( 3  . 2 \

( 3 . 3 )

( 3 . 4 )

The fo l lovr ing theor :em gives an upper

b e t r . v e e n  t h e  e x a c t  s o l u t i o n  ( u r o )  o f  ( 2 ' 1 ) -

mat ive on,-: t,rf,, of,l n=6-lM

THEOREI{ 3.1.  Fo::  a l - l  n=6l f r  we have:

l l u ( n u ) - u f i l l H *

Sce>rp  (c l , r ) f i  1 i  t r t - i ]

* i i * o - ' i . , l  I n l l o o

bound  o f  t he  d i s iance

( 2 . 4 ,  q n d t h e  a P P r o x i -

L L I  I  ,

l l o ( n K ) - o n l l >

( ' r t  * i  (T ) )  ( exp  ( c r , r )
(-) r r"t" " ;  I  l l

( 3 . s )
- . i  )  + s  ( r )  +
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where  the  cons tan t  C dependson ly  on  f l ,  f  , | ,  d  and Q,
I

' .
( 3 . 6 )  u ( r ) = l l " l l 1 ; n  x ( r ) = l l o l l t , t

( 3 . 7 )  s ( r ) = .  - = , . y p * .  t  i : I  l l u t t t - v n l l )
t .  eL0,U vn4Vn

f n  o rde r  t o  p rove  Theorem 3 .1  we  sha l l  cbns ide r  Lhe  fo l -

fowing.  sequence of  l inear  e l l ip t ic  boundary va lue problems:

n  n .
F j - n d  ( u " , o " ) - -  n  *  s u c h  t h a t'  ' I l = U  

r I [

o O
( 3 . 8 )  u - - u o i  o  = o o

( 3 . 9 )  d i v  o n * 1  * b  (  ( n + 1  )  k )  = 0

(  3 .  1  0  )  o t * '  -6 r ( . r * *  1  
)  =on-€ ,  ( , , t )  nk r  (on ,  e  (un)  )

'  
( r , 1 1 )  , r t * 1  1 " . = 9 ( ( n + 1 ) k ) t  o t * 1 v l r ^ = f ( ( n + 1 ) k )  

.  ' r
' r 1  - 2

us ing  s tandard  a rgumen ts . f rom the  [heo ry  o f  l i nea r  e l l i p t i c

e q u a l i o n s  o n e  c a n  g e t  t h a t  t h e  p r o b l e m  ( 3 . 9 ) - ( 3 . 1 1 )  h a s  a

n + 1  n t 1  ' r n
u n i q u e  s o l u t i o n  ( u " '  '  

, o " '  l l e t i  x  J f ,  '

ry" .  
For ar l  n=orM we have3 '  t i

'  |  |  I I t  t  r t "

( 3 . 1 2 )  l l u ( n k ) - u " l  l " * l  l o ( n k ) - o . . l  l s
F - o e O . - l f : ' l

skct i  ( r )  +u ( r )  + i  t r [ '  L"*n (c i , r )  " l

a n d  t h e  c o n s t a n t  C  d e p e n d  o n l y  o n  0 ,  1 1 ' d  a n d  Q '

proof  .  Le t  l t=* t - i (nk ) ,  6n=on- f r1nk)  fo r  a l r  n=0rM'  Frc ry

( 3 . 9 ) ,  ( 3 . 1 1 1  * .  g e t  ( I t , 6 t ) e V  a n d  f r o m  ( 3 . 1 0 )  w e  c a n  e a s i l y

deduce that

(3 .  1  3 )  Gt*1 , r )u=1[n ,v )a-k (F(d(n f ) r '6n ,  e ( f f tn t<) i *e [un) ) ,  s (v ) ]

for  a1 l  veV.r  and
I



1 0

( 3 . 1 4  I  ( € 1 6 n + 1 , t )  =  ( € 1 e " , ' r )  + k  t 6 1 r ( o  ( n k ) * o n , e ( u ( n } < ) ) + e ( [ l ) ) , t )

f o r  a l l  . r e V r .  D e n o t i n g  b y  y n = ( I n r f i n l e V ,  n = f f i  f r o m  ( 3 , 1 3 ) ,

( 3 . 1 4 ) ,  Q . 2 0 )  a n d  ( 2 . 2 1 )  w e  g e t

r r  n + 1
4 F \( 3 . 1 5 )  y  = * o  Y = y n + k A  ( n k  r y n ) n = 0  r 1 4 - 1

n
hence (y")n=57 is the Euler approximat ion of  the cauchy problem

( 2 . 2 2 , ) ,  ( 2 . 2 3 1  .  a s  i t  f o l l o w s  f r o m  H e n r i c i  [ t ]  p .  2 6  a n d  ( 2 . 2 4 )

we have

( 3 . 1 6 )

r e  . Z

H

a i n

l'

LEI ' {MA 3 .2 .  Fo r  a l l  n=OrM we  have

whe

obt

1] [""P 
(nkcI,

:'

' ( [ ( r ]  ,  o t t t

|  |  x  (nk )  - vn l  l us r . f i  t r l .

1 =  s - u p  J  l i r t )  l l vI  t  e[ol t ]

av ing  i n  m ind  tha t  x ( t )

( 3 . 1 2 t  .

1' r  - 1 1
t  t l

)  f r o m  ( 3 . 1 6 )  w e  c a n

( 3 . 1 7 ) I 1.,'-"il| I 
"* 

| I o"-oill I scery ro,rlfo (:'1) + | I ";il | 
"* 

I I ""-";l I

.  w h e r e  C  d e P e n d s  o n I Y  , ' T 1 ,  d ,  Q ' a n d

. ( 3 . 1 8 )  o ( M )  =  s u P  i n f  1 1 u n - v n l l s
n= 0 ,14 vn6Vn

proo f  .  Le t  t i * ,  ; * )  as  i n  t he  p roo f  o f  Lemma 3 .1 ,  a r rd

gtevt, 9f;evfi be siven bY '

( 3 . 1 9 )  g n ( v ) = - k ( F ( o D , e  ( u n ) ) , e  ( v ) )  f o r  v e v ' ,

( 3 . 2 0 )  g l ( t h )  = - k ( F ( o l , ' t u f ; l  t  , e  ( v n )  )  f o r  t h € V h

F r o m  1 3 . 2 )  a n d  ( 3 . 1 3 )  w e  g e t

( 3 . 2 1  ( t n + 1  , , r )  * =  
( I n ' v ) . n 9 n  { v )  f o r  a l r  v e v ' ,



t3.25) I [,r**t-*i ln' I  ln="f 
::$, 

I l ,r 'nt- 'nl l  r*
n n

.  +k r ,  i  , f  lo t -o i l  l . I  l " - ' i l  I  ) *  I  l [o - " i l  l *  I  loo-q l  I
i = 0

{3 .22)  ( " i l * t  , th)  u= tu f l ,vnt .+q i l ( th)  for  a l l  vnevn

Denot ing  by  f t  1 , r ;  =  i  n t  ( , r ) *  ( I ^ ,v )  ̂ ,  r f  (vh)  =  i  s |  ( r rn )  *
i r o  

\ r  a  r r  r r  
i r o  

t r  r r

- n

*  1 , r i , r h ) .  f o r  a l l  vCV. ,  r  t heVh

F r o m  1 3 . 2 1 )  a n d  ( 3 . 2 2 )  w e  d e d u c e

- n + 1  n
( 3 . 2 3 )  ( [ " " r V ) a = f " ( v )  f o r  a l l  v e V . '

(3 .24)  (u f ; *1  , , r6 ) .= r f ;  (vg)  fo r  a l l  vnevn

'' : --.:-
.  Hav ing  in  mind  tha t  I  g i  ( t f r l -n l  (vn)  |  s  

,

sc r , k ( l  l o i -o f l l  l -  I  l * t - r i l  l n f  1  l v , . l  lH  and  us ins  s t rans ' s  ]emma (see

f o r  i n s t a n c e  C i a r l e t  f  1 ]  p .  1 8 6 )  f r o m  ( 3 . 2 3 \  ,  ( 3 . 2 4 )  w e  d e d u c e :

r f  w e d e n o r e b y . r , = 1 l " " - " i l i l n = i l u n - u i l l l H ,  -

n
-  I  r - n  - D t t  

l l o n - o l l l  a n d  d  =  I  a . + b .  f o r  a l l  n = 6 1 f r  f r o m  ( 3 - 2 5 )b n =  |  l o  - o n l  I  - r h t  I  d ' r - t L r  * r - r l . * i ' - i

we  ge t :

( 3 . 2 6 )  . r , n 1 S C  ( D  ( M )  + k l , d r r + d o )

I f  w e  s u b s t i t u t e  ( 3 . 1 0 )  f r o m  ( 3 . 3 )  a f t e r  s o m e  a l g e b r a  w e

ob ta in

\ 3 . 2 7  )  b n * 1 6 c  ( a n * 1  + k l d n + d o )

F r o m  ( 3 . 2 6 )  a n d  ( 3 . 2 7 )  w e  d e d u c e  d n n l < d . , ( 1 + c k L )  + c ( d o * o ( l ' t )  )

n . i

a n d  r e c u r s i v e r y ,  w e  g e t  d ' n  1  S d o  (  1  + c k L )  n + c  ( d o + D  t u )  )  
, i o  

( 1  + c k L )  i '



1 2 r

l lence

1 r  - r
( 3 .  2 8 ,  U r , * 1  s k L  L U o * o  

( M U  ( e x p  ( c L T )  - 1  )  + d o e x p  ( c l , r )

f o r  a l ]  n = 6 F T .  I f  w e  r e p l a c e  ( 3 . 2 8 )  i n  { 3 . 2 6 )  w e  g e t

(3 .2s)  u r , * . , sc [n  (M)  *dJ  exp  (c l , r )

a n d  f r o m  1 3 . 2 9 )  ,  ( 3 . 2 8 )  a n d  ( 3 . 2 7  )  w e  d e d u c e  f o r  a l l  n = 0 ' M - 1

(3.30,  or ,* . ,  sc[o (M) +dJ exp (cr , r )

a n d  h e n c e  ( 3 . 1 7 )  h o I d s .

P r o o f  o f  T h e o r e m  3 . 1 .  H a v i n g  i n  m i n d  t h a t

D ( M ) S S ( T ) *  r * p . . l l u ( n k ) - " t l l s  f r o m  ( 3 . 1 2 )  a n d  ( 3 . 1 7 )  w e  d e d u c e
n = 0  r M

( 3 , s ) .

a

o
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4,  ERROR ESTIMATTONS OVER AN INFINITE TIME INTERVAL

v i s c o e l a s t i c  c a s e

We shal l  s tudy in  th is  sect ion the large t ime behaviour

o f  t he  e r ro r  i n  a  pa r t i cu la r  case  (a  v i scoe las t i c  one )  f o r

w h i c h  w e  k n o w  f r o m  t t ]  t h a t  t h e  s y s t e m  { 2 . 1 ) ' ( , 2 . 4 1  i s  s t a b l e '

The  cen t ra l  resu l t  o f  t h i s  sec t i on  i s  t heo rem 4 .1  wh ich  g i ve

an upper  bound of  the error  over  an in f in i te  t ime in terva l  i f

the t ime step k  is  less then ko which depends on the mater ia l

c o n s t a n t s .  I t  i s  n o t  e s t a b l i s h e d  a  c r i t i c a l  v a l u e  k " r ,  t h e
.  - . : .

l a rges t  ko  fo r  wh ich  the  sLa temen ts  o f  t heo rem 4 .1  ho ld ,  bu t

however  Exemple i  o f  the next  sect ion sugests us that  such a

k  e x i s t s .
cx

In  th i s  sec t i on  the  cons t i t u t i ve  func t i on  F  o f  (2 .2 )  j - s

suppcsed to be of  the form:

f o r  o , e  e f ,

where ) .>0 and G is  a l , ipschi tz  cont inuous anC st rongl lz  monotone

f u n c t i o n  i . e . :

( 4 . 2 1  l c ( t 1 ) - c ( r r ) l s r , o l ' r , * r r l  ;  L o t 0

( 4 . 3 )  ( G ( ' r r ) - G ( t 2 ) ) " ( t ' , * t z ) ' o l r r - t 2 l '  u > 0

( 4 . 1  )  F  ( o , e  )  = - l f o - c  f  e  ) ]

fo r  a l l  i  1 r r  2€ f .  Le t  us  remark  tha t  .L= t rnax  
(1  ,Lo)  and fo r  l ; : : r iTe

) .  t h e  L i p s c i r i i z  c o n s l - ; r r : l  L  f r o m  t 2 ' 5 J  i s  l a r g e '

I r le  sher l l  a lso  655r l l l1c  tha t

r = i  l f  I  i : "  i  i  i b !  I  l - *  I  l h l  l * < + *I  i - i l . J  l l i  i  I

( 4 . 4 )

i = l  i  r l  i " - . i  I  i b l  I  l - u l  ! h i  i i < + *
l i - 1 1 , 1  l l l - ' l l l  I i  

" L
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and f rom fO]  t f tuo t " *  4 .2 ,  and (4 .4 )  we can deduce

(4 .  s )  8=  t  i t t  t  l . n -  i=  I  l f l  I  
- . * -

Let  k>0 be the t ime step and le t  us consider  the fo1 lot ' ; ing

r e c u r s i v e  a l g e b r i c  s y s t e m s  s l i g h t l y  d i f f e r e n t  f r o m  ( 3 . 1  )  -  ( 3 .  4  )  :

(4 .6)  u f ,=uf l * f r to t ;  u f ,evnt  o ;€8 '

(4 .8 )  , r l * t  -u i l -1 * t (  (n+1  )k )

t4.sl oil*i = (1-rk) of,*{rtril*'- " 1 )+ I kG(e  (u f ; ) )  f o r  neN

RBMARK 4 .1 .  The  sequence  ( . t l ) . , *  can  be  compu ted  f rom

(4 .6 ) - (4 .8 )  w i thou t  any  compu ta t i on  pe r fo rmed  on  the  sequence

, n .(oh  )  neN

(4 .71 i f , *1evn;  ( " i l * t  , th) .=  (u f ; ,vn)  a* t rk f ' r  t " r t )  ,Ye (vn)  >+

.  + ( ( b ( n k ) , v h ) J - ( G ( e ( u f , ) l , r f t n ) ) ]  f o r  a l l  v n a v n
t,

,  o 2 ^
rHEgREl4  4 .1  .  Ler  ko=min  (ZT, ; : * )  .  r f  O<ksko then

4 AJJO' l

1 2
q . = \ L z Q  r t d a u ) ( 1 - e x p  ( - t r k r / O )  ) o e x p  ( - I k s / Q )  < 1  t- r 1  - - - o -  "

( 4 .  1 o  )

q ^ = ^ k  ( 1 - e x p  ( - I k )  )  + e x p  ( - t r k ) < 1  ;  Q = m a x  ( 9 i  ' 9 2 ) < 1- z

and for  a t l  neN we have:

(4.1t I lu (nk)-"i l1 I 
"sofl ' lro-{l 

lo+kcl,o/oti*61+c {r'o/as+'s/ (lr,o) }

(4. 12) l l  ot, ' 'r. l-o[l t suit t";"i l  lnco(1-exp(-] 'k) )"q"i l"; '{ l  lu*

nl,cp* 1!t"o*oi tu,ir] . .,$, .,- 1,
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w h e r e  C  d e p e n d s  o n l y  o n  Q ,  1 . , ,  d ,  0  a n d  S ,  S  a r e  g l v e n  b y t

s -  s u p  (  i " _ {  l l u t t l - v n l  l r )
teR*  vh€Vh

( 4 . 1 3 )  r r  
: :

3 = s u p  (  i l f _  l l u t t ) - v r l l . )
teR v ,  €V,  

r r
f n n

R E M A R K  4 . 2 .  A s  i t  f o l l o w s  f r o m  ( 4 . 1 1 )  a n d  ( 4 . 1 3 )  t h e

error  o f  the in i t ia l  d isp lacement  I  1"o-" f l1  l .  and s t ress

t  I  O r r
|  |  oo-o i l  I  is  vanish ing in  the est imat ion of  the error  a t  t . ime

nk for  n  large.  This  a concequen-ce of  the asymptot ic  s tab i r i ty

.  o f  t h e  s y s t e m  ( 2 . 1 1 -  ( 2  . 4 )  ( s e e  t h b o r e m  4 . 2  o f  [ 0 ]  t  .

.  I n  t he  p roo f  o f  t heo rem 4 .1  the  fo l l ow ing  th ree  abs t rac t

Iemma wi l l -  be usefu l

L E M - I \ 4 A  4 . 1 .  L e t  ( X ,  ( . , .  )  ,  |  |  I  l )  a  H i l b e r t  s p a c e r  A : R * x X + X

a nonl inear  operator  and xeCl  (R+,X)  the so lut ion of  the Cauchy

p r o b l e m  ( 2 . 2 2 \  ,  ( 2 . 2 3 ) .  S u p p o s e  t h a t  t h e r e  e x i s t  L 1 , L 2 , c > 0  s u c h

that

( 4 . 1 4 )  I  l a t t . ,  , x . ,  ) - A  ( L r t x r )  |  l s l . ,  I  l * t - * z l  l * L z  i  t r - t z l

( 4 .  15  )  (A  ( t , x . ,  )  -A  (L  , x z )  , x1 - x2  i  S - c1  1 * . , - * ,  |  |  
2

f o r  a l l  x . ,  r x rGX,  t r t l  , Lz€R+.  Le t  k>0  be  the  t j -me  s tep ,

B:ks. lxx*X and (Zrr ) r rnw t  sequence such that

( 4 . 1 i l  l l a t n t , y ) - B ( n k , Y )  l l s z , .

f o r  a l l  n e N ,  y € X .  L e t  ( Y n ) n e e l  b e  d e f i n e d  a s  f o l L o v r s :

( 4 . 1 7 1  y o e x ,  y t * 1 = y n - r l < e ( n k , y n )  n e N '



1 6

r f  k < k o =  c / L t r  t h e n  q = k r , ?  ( 1 - e x p  ( - k c  \ \  / c + e x P  ( - k c ) < 1  a n d  f o r

al l  neN we have 2

sq" l  l *o -yo l  l+k r ,  /  G-u r l l  +

n - 1  n - 1  - i
)  / c  |  1 1 + c / L 1  ) z i + k r , 1  |  l "  ( i k ) l  I  q "

i = 0

( 4 . 1 8 )  I  l x  ( n k )  - y n l  I

+  ( 1 - e x p  ( - c k )

Bfoof .
n-:- n+ 1

z  ( E l  = y " +  ( y ' -

( 4  . 1 9 1

( 4 . 2 0 ) ? (nk ) =yn

" ' '  n + 1 - y n ) / r l  
l s l r  I  l x ( n k ) - y t l  l * z 'l l x ( n K , - t y

Let  neE' t r  be f ixed.  F 'or  a t I  t€ [nkr t tk*{

- y t )  ( t - n k ) / k  a n d  w e ' r e m a r k  t h a t z

denote by

t € [ t , n k + k ]

l 1 2  ,  t = n k + s  f r o m  ( 2 . 2 2 )I f  we denote bY

1 2 . 2 3 1  ,  ( 4 . 1 4 ) - ( 4 . 1 6 )

i  t t l  =s '1nk ,yn)

0 ( s ) = l l x ( t ) - z ( t )

we get

S  ( A ( t , x (

x ( ! )  ) - A (

, y n )  - g  ( n

r
F"z 

+sL.,,

1 c

z o  ( s )

= ( A ( t ,
a - -

+  (A  (nk

- B  ( n

( r )  )

r ) )

L , z

k r Y

,  x ( t ) - z ( t ) ) =

,x  ( t  )  -z  (L )  )  +  (a  (L ,z  (L )  ) -A(d<, f )  , x , { t ) -z  ( t )  )  +

t )  
, "  ( t \ - z  ( t )  )  s - c o  ( s  )  +

k r y n )

"\GG-)

hence we have

3 l e

0 ( s )  5 - 2 c 0 ( s ) +  i l 0 ( s )

and  us ing  Lemma 4 .1  f rom

( 4 . 2 1 )  I  l x ( n k + t < ) - y t * 1  I

I  lv ' * t -o ' l  I  ux.zf

1
s  €L0,kJ( k L 2 + L 1  I  l v t * 1 - y t  i  [ + z r r )

f6] we obtain

| ,  ,  . r  l l

I  S e x p  1 - c k )  |  l x  ( n k )  - v ' l  l *

*] z"+  ( i - exp ( - ck )  )F . ,  I  l ynu ' - y t  l  l + r c r , r+z



F r o m  ( 4 .

t 4 . 2 2 t  I  I  v

I f  w e  r e p l a c e  ( 4 . 2 2 )  i n

I f  x ( n k + : < ) - y t

+  (1 -exp  1 -kc  )  )

1  4 )  _  ( 4 . 1 7  | w e  c a n  e a s i l y deduce :

o

l + z  + l l x ( n k )' nx  (nk)  -y t  l

)  we get

l l s q l l x ( n k ) - y ' l l *

-  ( 1 + k L 1  )  + k L , '  I  l i  t " : . )  |  l ] / "
n l l

1 8 ) .  W e  a l s o  h a v e

f l * 1 - r , D l  l .
J  t t -

r  l l
" 1  l l

4 . 2 1

r r l
I  t l

( 4  . 2 3 1

' - F^L

I

+ 1

lwr*z

i n  ( + .and recurs ive lY we obta

( 4 . 1 9 )  h o l d  f o r  k . k o

p o s i t i v e  s o l u t i o n ' o f

) - 1 = 0 .

wh ich  s im i l a r  i nequa l i t i es

can be obta ined i f  
"ko 

is

the equat ion exP ( -x)  +

t > 0( 4 . 2 4 1

then we have:

( 4 . 2 5 )

( 4 . 2 6 \

fo r  a l l .

l x  ( t )  - y  ( t )

l i  t t t  - i  t t t

- a . F
- v  I  I e  " " + D L n  / c +

o ' o "  I

o

l x  ( t )  - y  ( t )  |  l + n

/xd, ?q {tt *[

l l < l i "

I  ls I , l  I

I  l i t " r . ) -  ( y t * 1 - y t  l / v l l s  I  l A ( n k , x ( n k )  ) - A ( n k , v n )  |  1  *

n , ,

l  l x ( n k ) - y " l  l * z n*  I  lA (nk ,yn) -e  (n t< ,vn)  |  |  s r , . ,

REMARK 4 . 3 .  A  l a r g e r  k o  f o r

w i t h  ( 4 . 1 8 )  '

the  sma] les t

+L i  (x -exp  ( -x )
t -

.  LE Iv I I4A  4 .2 .  Le t  X ,  A  and  x  ] i ke  i n  Lemrna  4 .1  '  and  ycx  a

c losed  subspace .  we  deno te  by  P :X+Y the  p ro jec to r  map  on  Y  and

l e t  B : R * x X + Y  g i v e n  b y  B ( t r z )  = P A  ( E , z ' l  f o r  t € R +  ,  z Q X '  I f

' yec l  
(R+ ,Y)  i s  t he  so lu t i on  o f  t he  fo l l ow ing  Cauchy  p rob lem

y  (0 )  =yoeY
c

v ( t )  = B  ( t , y  ( t )  )

+  4 D  r . r h a r o  .
u \ r \ +



1 8

( 4  . 2 7  |

( 4 . 2 8 )

D = s u p  i n f
teR+ zQY

6=sup  in f
teR+ zey

I l x ( t l - , I I

I  l i  t t ) - , 1  i

p r o o f .  r f  w e  d e n o t e  b y  0 ( t ) = l l x ( t ) - y ( t )  l l 2  f r o m  { 4 . 2 4 1  ,

( 2 . 2 2 ) ,  t Q . / 3 )  w e  g e t  
] o  

( t ) = ( A ( t , x ( t )  ) - B ( t , Y ( t )  ) , x ( t ' ) - v ( t )  )  "

F o r  a l l  z e Y  w e  h a v e  ( A ( t , Y ( t )  ) - B ( t r Y ( t )  )  r  x ( t ) - y ( t )  ) =

=  ( A ( r , y ( r )  )  - B ( t , y  ( t )  ) , x  ( t )  - z l  s l  I  x  ( t )  - z  |  |  j - n f -  |  l a t t , Y  ( t )  )  - v l  i  s
veY

s I  l "  ( t )  -z  I  I  t i * r , , and hence we deduce

( A ( t , y ( t )  ) - e ( t , v  ( t )  ) , x ( t ) - v ( t )  )  s D  ( i l * L r  f f i f  f

H a v i n g  i n  m i n d  r h a t  | ' e 1 t . 1  
=  ( e ( t r x ( L )  ) - A ( t , y ( t )  )

1 ( A ( r , y ( t )  ) - B ( t 1 y ( t )  ) ; x ( t ) - y ( t )  )  f r o m  1 4 . 2 8 )  ,  ( 4 . 1 s )

1 lT .  - :

] e  t t )  S - c O  ( t )  * L t o  /  e  ( t )  + o o  a n d  u s i n g  L e m m a  4 . 2  f r o m

d e d u c e  ( 4 . 2 5 1 .

I f  we remark that

*  I  l e ( r , x ( t )  ) - B ( t , v  ( t )  )  I  I

, x  ( t )  - y  ( t )  )  +

we obta in

F -

L6l we

o Q

l l i t t ) - y ( t )  l l s l
w e  c a n  e a s i l Y

l e t t , x  ( t )  )  - e  ( t , x  ( t )  )  i  l +

g e t  ( 4 . 2 6 )  .

LEMI \ ' IA  4 .3 .  Le t  X '  Y '  A .

. l e t .  ( y r r )  
, r n *  

be  g i ven  bY  (4 .11  \

o = k r ?  ( 1 - e x p  ( - c k 1  ) / c + e x p  ( - c k ) < 1
- l

x  l i ke  i n  Lemma 4 .2

yoe Y.  r f  o<k<ko=c/L l

for  a l l  n60{  we have

B and

w i th

and

atrd

t h e n

( 4 . 2 e 1

( 4 . 3 0 )

where  D,

I  l x  ( nk ) - v t l  i  <q " l  l * o *vo  i  i  o k  ( l ' ,  * t , 2 )  /  ( c - l f r ' l  *

+zLrfr*"6t"tr) / rc-rln

I  l i  tnx ) -  (y ' * t  - rn )  /k  I  i  s r . ,  I  l x  (nk)  *vn  I  1 . f i

s .
D  a r e  g r v e n  b y  ( 4 . 2 7 )  a n c l  i = s u P  1 l i t t f  l l '

+  r -D
g \  l \  r

0  ( r )



1 t ^
y € c  I  ( R +  , Y )  t h e  s o l u t i o n  o f  (  4 . 2 4 )  w i t h  y o = y %  Y .

g e t  ( 4 . 2 5 )  a n d  ( 4 . 2 6 )  a n d  h e n c e  f o r  t = i k  w e

i€0{ "

1 9

Proo f .  Le t

F rom Lemma 4 .2  we

have :

( 4 . 3 1  )

I f

( 4 . 3 2 )

( 4 . 3 3 )

, ,  !  _  .  r  |  |  |  O r r  - C k i  2  r  f ' a =  o

I  l v t i t  )  |  l s l . ,  I  l x o - v " l  l e  " ' " * D L i  / c + D + L ,  I D D / c + 2 ,

,o*- i " *  now Lemma 4.1 for  X=Y,  a=e *u de]uce

I  l v  (n rc l - y t l  l su t ' r /  ( c - t< r l )+kL . ,  (1 -exp ( -ck l lU . " !1  1
i = 1

I  l v t " r . ) -  ( y t * 1 - o t ) i k  |  |  s L 1  |  l y ( n l < l - v " l  I

obta in

( 4 .  3 4  )

U s i n g  n o w  ( 4 . 2 5 )  w i t h  t = n k  a n d  ( 4 - 3 3 )  w e  g e t

H a v i n g  i n  m i n d  r h a r  l l i ( n k ) - ( o t * 1 - y n ) / k l l <

s  I  l a ( n k , x  ( n k )  ) - B ( n k , x ( n k )  )  |  |  +  |  I  e  t n k , x  ( n k )  ) - B ( n k , v n )

d e d u c e  ( 4 . 3 0 )  .

,  D  n - 1 - - i

lY ( iJ<) |  1q'^

I f  w e  r e p l a c e  ( 4 . 3 1 )  i n  ( 4 . 3 2 )  a f t e r  s o m e  a l g e b r a  w e

I  l v  ( "k )  -v

*X / fc-r?k

- * - ckn t  I  l * o - vo l  l *

torz, / c*b+r,,
f f i  r - - . r

V oo /c+z \ )

n l l s ( q n

) f iznl r

( 4  . 2 e )  .

l l  ^ ^ - . . i ' l  . ,
I  I  w e  e c 1 b r r y

_ 1  1
o f  Theo . rem 4 .  1  "  Le t  

' i i €C '  
(R*  ,V1  )  ,  oe  C ' (R+ ,vz )  the

by  e  (v )  and

4)

* I  ( G  ( a  ( u  ( t )  )  + ' a  ( u  ( t )  )  )  ,  e  ( v )  )  f o r  a l 1  v e V . t

I

Proo f

s o l u t i o n  o f  t 2 . 1 5 ) -  ( 2 .  i  B )  .  I f  w e  m u l t i p l y  ( 2  " 1 4 \

w e  u s e  ( 4 . 1 )  a f L e r  . i n t e g r a t i n g  o v e r  Q  w e  g e t

o

( i  t t t  , r ) . , = t r < f  ( t )  , y o  ( v )  > + l  (  ( b  ( t )  ' v )  ) -( 4 . 3 s )

Let  J :  R*xV. ,+V. ,  g iven bY



2 0

( 4 . 3 6 ) ( , : ( t r v )  r w ) . = 1 . f  ( t ) ,

- r  ( c  ( e  ( v )  + e  ( f r ( t )  )  )  ,  e

y o  ( w )  > + r  (  ( b  ( t )  , w )  )  -

(w)  )  fo r  a l l  v  rweV. ,

o f

( 4 .3? ) u-to t

F r o m  ( 4 . 3 5 )  a n d  ( 4 . 3 6 )  w e  d e d u c e  t h a t  u  i s  t h e  s o l u t i o n

the fol lowing CauchY Problem

,
I  ( r )  = J  ( r , I  ( t )  ) t > 0

g e t :

t r o  I  l ' ,  - \ '  I  1 2
O  r l ' 1  ' 2 t t a

l , '  - r 7  l l  + 1 T .  . ' + l i -  - t  I
1 " 1  " 2 1  l a ' / l s o v r l e l  " 2 1

o

U s i n g  ( 4 . 2 1  ,  ( 4 .  3 )  a n d  ( 2  -  5  )  w e

( 4 . 3 8 )  ( , t ( t , v 1  ) - , r ( L , y 2 ) , v 1 - v Z ) . 5 -

trL-
( 4 . 3 9 )  |  l , r t t 1 , v 1 ) - J ( t , t z )  I  l " s ; e l

f o r  a l l  v . ,  , u 2 L Y 1 ,  E , L 1 . r t 2 t R *

Let Jn: .R*xV1*Vh, Jh=PVhJ and let  us remark that  , i l - , r . .*

i s  the  so lu t ion  o f  the  fo l low ing  recurs ive  sys tem

Iinun , ,rl*' -uil.krh (nk, uf,i( 4 .  4 0  )

I f  we  use  now Lemma 4 .3  w i th  X=V. ,  r

L2= ILCT t  c= t rLo /Q  we  deduce  tha t  f o r

. . 2 ^ L
n !  v , '

q"  =- *  (1  -exp  ( -o rk /e  )  )  +exp t -u rk /g  1- l  - z
cl c){,

a lso  we  have :

Y=Vh,  A=,J ,  ̂ B=Jp 
,  L . t  =  h l ,o /d

. u A Z

0<k<  we  have
zxL'Q

< i  a n d  { 4 . 1 1 )  h o l d s  a n d

(4 .41)  I  l , r t , ' , r . ) -  (u i l . t - ; i l , r< l  las) ,Loc l  l l tnx) - " i l1  l . *d

Let W: n,  >,1 '  /  g iven by
. ?

w  ( r , t  )  = -  ̂ r + € e  t I  t t l  )  - ) , ; ( t )  + l G  ( e  ( u  ( t )  )

f o r  a l t  r € { .  H a v i n g  i n  m i n d  t h a t  f i e  t i ( t )  )  - L l t t ) + l G  ( e

a

= 6  ( t }  + l o  ( t )  € V 2  w e  c l e c l u c e  t h a t  W  ( t ,  \ ) c v '  i f  t  ? V Z  a n d

( u i t ) ) =

hence o i s



i 2 1

t he  so lu t - i - on  o f  t he  fo l l ow ing  Cauchy  p rob lem:

6

( 4 . 4 2 1  ; ( 0 ) = o o e v ,  o t t t = w ( r , [ 1 t ) )  t > 0

rf  we denote by VI^ (nkr.  )  r fu X for net ' {  the fo l l -owing operator- ( J

(4.43) bro (nk, ' r  )  =-trr* ;?r tnf ,* t  - I i l ,  /k-x;  (nk)+ trG (e tuf , t  t

f o r  r e {

<'

.  - n  n  / u ,
a n d  E [ = o l - ' o ( n k )  f r o m  ( 4 . 4 3 ) ,  ( 4 . 9 )  w e  o b t a i n :

14 .441  ; i l * ' =6 i l * *o (nk ,c f ; l ' r<  rn  €N

.  F r o m  ( 4 . 4 3 ) ,  ( 4 . 4 1 )  a n d  ( 4 . 1 1 )  w e  g d t

( 4 . 4 s )  |  l w ( n k , ' r ) - w o  ( r r k , r )  I  |  : c ( ^ r , o l  l u t n t ) - [ i l ]  l . * 3 1

We can  a l so  eas i l v  deduce :

( 4 .461  ( i {  ( t  ,  t . ,  )  -w  ( t  , r  r l  , . 1 - ,  2 ' )  s - - f  I  I  ,  , ' ,  2 l  12

' e

( 4 . 4 7  )  I  l w t t . ,  , ' r , ,  ) - t ^ r  1 t z , . z )  |  l s l l  I r  f r 2 l  l * r r , o c ( u + 1 1  l t . , - t ,  I

f o r  a l l  r 1 t r 2 n { ,  t , L 1  , t 2 € R n

us ing  now Lemma 4 .1  w i th  x= { ,  A=w,  B=wor l1  = t r ,  '

a o

L r = t r L o c t u * i l  ,  z r r = g ( l l s l l u ( n r < ) - " i l 1 1 . * 6 )  a n d  ( 4 . 1 1 )  a f t e r  s o m e

a l g e b r a  w e  g e t  ( ' 4 . 1 2 )  .

+2
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5.  NUMERICAL EXfu\ , IPLES

In  o rde r  t o  i l us t ra te  the  numer i ca l  me thod  p rev ious l - y

p resen ted  we  sha l l  g i ve  some one-d imens iona l  numer i ca l  examp les "

I n  t h i s  s e c t i o n  Q = ( 0  , 1 l C  R  a n d  t h e  f o l J - o w i n g  i n i t i a l  a n r l

boundary va lue problem (wi - r i -ch is  an one d imensj -onal  vers ion of

( 2 . 1 ) -  Q . 4 )  )  i s  c o n s i d e r e d

( 5 . 1 )  & ( r , x ) = Q 3 ( t , x )  + F ( o t t , x )  , e  ( t , x ) )

A  r r
( 5 . 2 1  t  ( t , * ) = # ( t , x )  f o r  x € ( 0 , 1 )

3 o( 5 . 3 )  f f i ( a , x ) + b ( t , x ) = o

( 5 . a 1  u ( 0 , t 1 = 9

( 5 . 5 '  )  u  ( 1  , t )  = q  ( t )  o r
.

( 5 . 5 "  )  o  ( 1  , t )  = r  ( t )

( 5 .  6 )  u  ( 0  r x )  
= u o  ( x )

for t> 0

o ( 0 , x ) = o o ( x )  f o r  x e ( 0 ' 1 )

B44yPLE 1 .  Let  us consider  the l j -near  v i -scoelast ic  case

F ( c , e  )  = - l  ( o - b e )  w i t , h  h o m o g e n e o u s  i n i t i a l  d a t a  u o ( x )  = t o *  t

o o  ( x )  = o o  a n c l  b  ( t  r x )  = 0 ,  r  ( t )  = o o .  T n  t h i s  c a s e  o n e  c a n  e a s i l y

i n t e g r a t e  ( 5 . 1 ) -  ( 5 . 6 )  t o  o b t a i n  t h e  s o l u t i o n  o ( t , x )  = o o  ,

p ( t , x )  = e  ( i : ) x  a n d  s  ( t ) = e  
o e x p  1 - I b t / a )  +  ( 1 - e x p  1 - i b t a )  \ o o / b '

s ince  vn  i s  t he  f i n i t - e  e le rnen t  space  consL ruc ted  w i th

polyno: i i ia l  funct ions of  c legree greater  or  equal  to  1 and the

proble in is  l - romogeneous '  we -qet  that  
" i l=" |  

and of ,=of ,=oo '  Le 'L

E ( n r k )  b e  t h e  r e l a t i v e  s t r a i n  e r r o r

( s . 7 )  E ( n , k ) = l c i u f i ) ' e  ( n k )  1 / i , ( n k )  i

a t  i t e ra t i on  n  fo r  t he  t ime  s teP  k '



, l

I

2 3

Some nurner ica l

f i g u r e s l a n d 2 f o r

o f  E  ( n r k )  a r e  p r e s e n t e d

r  o o = 4 0 .  a n d  b = 1 0 '

a J - n = 1

b )  - - - r , = $

c )  - ' - ' ' n  = 9

i n  examp le  1 ,  a t  i t e ra t i on

)  a n d  a t  i t e r a t i o n  9  i n  c ) .

eva lua t i ons

a = 2 0 , ,  ) , = 1 0 .

L n

5588

i /
, /  - /

5,6 o/o
step

Figure 1

The s t ra in  re la t i ve  e r ro r

in  a )  a t  i te ra t ion  5  in  b

o)  u k

b J o k

c l x  k

= A383

= 0 4

" a!7
o o

t-

14 15

F igu re  2

The  s t ra i t r  r e la t i ve  e r ro r

s t e p  k = 0 . 3 8 3  i n  a )  k = 0 . 4

in examPle 1 for  the t ime

i n  b )  a n d  k = 0 . 4 1  7  i n  c )  "
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In f igure 1 one can remark that at  i terat ion 1 the error

is  l inear  w i th  respec t  to  the  t ime s tep  k  bu t  aL  i te ra t ion  9  the

e r i o r s e e m s t o h a v e a n e x p o n e n t i a } b e h a v i o u r .

I n f i g u r e 2 w e S e e t h a t f o r k = 0 . 3 B 3 t h e e r r o r i s d e c r e a s i n g

' v f h e n t h e n u m b e r n o f i t e r a t i o n s i s i n c r e a s i ' g , b u t f o r k = 0 . 4 . L , h e

' ? e r r o r i s a l m o s t c o n s t a n t f o r a n y n a n d f o r k = 0 " 4 1 7 t h e e r r o r i s
.  - l z l r r  i n r : r e a s i n r  l e  s u g g e s t  t h a t  t h e r e  e x i s t s  a

qu ick lY  inc reas ing '  Th is  examp
-  

t t - t

L  c r i t i ca l  t ime  s teP  k . t
a

( i n  o u r  c a s e  k " t t  0 ' 4 )  s u c h  t h a t  t h e  e r r o r

.  i s  bounded  i f f  k<kc r '  - "

E X 4 ] " I P L E 2 . I n t h i s e x a m p l e w e s h a l l c o n s i d e r a n o n l i n e a r

v i s c o e l a s t i c  c a s e  F ( o r e ) = - t r ( o - G ( e ) )  w i t h  G  a  n o n - m o n o t o n e  f u n c t i c n :

wh ich  1s  P lo ted  i n  f i gu re  3 '  
l. '

" {e  
can easi3-Y

L e t  b  ( t , x )  = 0 ,  r  ( t )  = o o  ( x )  = 1 5  "  '  a = 2 0  '  a n d  ) ' = 1 0  '

s e e  t h a t  o ( t , x ) = o o  a n d  e  ( t , x )  i s  t h e  s o l u t i o n  o f

( 5 . 9 )  ;  ( t , x )  = l  ( o o - G  ( e  ( t , x )  )  / a

du^

( 5 . 1 0 )  e  ( 0 , x )  = e o  ( x )  = 6 ; 9  t " l

W e  r e m a . r k  t h a t  ; . ,  ( t ) = 1 ' 5 ,  t . i t ) = 3 '  a n d '  e , ( t ) = 4 ' 5  a r e

- .  -  -  - r  

/

cons tan t  so lu t i ons  fo : :  ( 5 .9 ) .  The  cons tan t '  so lu t i on t  t 1  a t td  t3

a re  asympto t i ca l l y  s tab le  .hav inq  the i r  doma ins  o f  a t rac t i v i t y  i r t

t he  se t  o f  : Ln i t i a l  homogeneous  s t ra ins  ,  A1  =  ( * - ,  3  )  and  A3=  ( :  '  o * ) "

respec t i ve l y .  
a

r  1 0 e  
'  

f o r  e 5 2

)
, ,  ( 5 .  B )  G  ( t )  = (  - $ s + 3 0  f o r  2 < e < 4

I
L  t  o e - : o  f o r  e ) 4
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G(€,)

./5

{

20

14 15q
o
t*

(/f 1n

I
I
I
I
Ea

I
I
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I

I
I
€

4 , 5
3

slr ain

Figure 3

The  g ra f i c  rep resen l -a t i on  o f  t he  func t i on  G

f rom (5 .  B )  examp le  2

T h e ; s o l u t i o n e , i s n o t s t a b l e . T h i s i s t h e k i n d o f o n e d i m e n -

s i o n a } e x a m p l e t h a t l o n e s c u a n d S o f o n e a h a d i n t h e i r m i n d i n
r - 1

R e m a r k  4 . 4  o f  |  6 J

I n  t h i s  e x a m p l e  w e  c h o o s e  e o  ( x )  = 3  ' + 0 '  0 7 5  ( x - 0 '  5 )

t o  h a v e  e o ( x ) €  A . ,  f o r  x < 0 ' 5 '  e o ( x )  €  A l  f o r  x > 0 ' 5  a n d

,1  , ,very c lose"  Lo the unstable so lut ion C2'  The space Vn is  the '

f i n i t e e ] . e m e n t s p e c e c o n s t r u c t e . J w i t l r D o l y n g p i a l f u n c t i o n s o f

d e g r e e  3  ( i . e .  v h c c l  ( R ) )  ,  o = ( 0 1 1 )  w a s  d i v i d e d  i n t o  5 0  f i n i t e

e l e m e n t s a n c l t h e t i n r e s t e p k = 0 . 0 5 . I n f i q r r r e 4 t h e c o m p u t e d

so lu i - i on  e  tu f  )  i s  p lobe< i '  and  the  resu l t s  ag ree  w i th  the  teo re*

t i ca l  expec ta t i ons  p rev ious l y  p resen ted '

1 n

-o

a r A a r

to be



) 6

t=0 o)

leigth

F igu re  4

The  compu ted  s t ra in  f i e ld  e tu f t x l  I  f r om examp le  2 '

T h e  i n i t i a l  f i e l d  ( n = 0 ,  t = 0 )  i n  a )  a t  i t e r a t i o n  2 4

( t = ' 1  . 2 )  i n  b )  a n d  a t  i t e r a t i o n  4 8  ( L - - 2 ' 4 1  i n  c )  '

, ' i

\
I
i

I

truf)

c
'  O .
:  : J

(4

BXAI{PLE 3 - Let

1
F ( o , e ) = - ; ( o - P ^ ( o ) )

L L L

t i c i t y  c o n v e x  x = L - 1 ,

t h e  e l a s t i c - v i s c o P l a s t i c  c a s e

the  p ro jec t i on  maP on  the  P las -

= 0 ,  u o  ( x )  = 0 ,  o o  ( x )  = 0 ,  0 = 1  "  a n d

f o r  x < 0  "  5

f o r  x > 0 . 5

us  cons ide r

where Pf  is

, ] .  L e t  q ( t )

( 5 .  1  1  )

T h e e l a s t i c p e r f e c t l - y , p l a s t i c v e r s i o n o f t h i s e x a m p l e v ' z a s

cons ide red  by  suque t  f 9 ]  i n  o rde r  t o  show tha t  i n  t he  ve loc i t y

f i e ld  c l i scon t i nu i t i es  a re  .genera ted .  anc l  hence  the  so lu t i on

b e l o n g s  t o  B D ( a )  ( t h e  s p a c e  o f  b o u n d e d  d e f o r r n a t i o n  f u n c t i o n s ) '

As  i t ,  f o l }ows  f rom suque t  f 9 ]  t he  so l .u t j . on  o f  t he  e las to -

v i sco -p las t i c  p rob lem cons ide rec l  he r :e  app : :oaches  the  so lu t i on  o f

e las t i c  pe r fec t l y  p tas t i c  p rob tem (cons i c le reC by  SuqueL)  fo r  G

f 2l-x
b  ( t , * )  =  

1
L  - z t  ( 1 - x )
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s m a l }  v i s c o s i t y  C o e f f i c i e n t  p .  I n  o r d e r  t o  o b t a i n  i n  o u r  c a s e

s im i l a r  p rope r t i es  o f  t he  so lu ! i on  (desc r ibed  by  suque t )  we

c h o o s e  a  s m a } I  p = 0 . 0 0 5 '  I n  t h i s  w a y  o n e  c a n  c o n s i d e r  t h e  e l a s t o -

- v i - sco -p las t i c  case  as  a  pena l i zed  e las t i c  pe r fec t l y  p las t i c

problem

L e t . u s  r e m a r k  t h a t  f o r  0 4 t < 6  t h e  s o l u t i o n  o f  ( 5 ' 1 ) - ( 5 ' 6 )

i s  an  e las t i - c  one :

( 5 . 1 2 )  o ( t r x ) =

L l 1  / 1 2 - x 2 )  f o t  x < 1 / 2

^
L ( 1  / 1 2 -  ( x - 1 1 " )  f o r  x > 1  / 2

f o r  t 5 6

v

t x ( 1  / q - x z l / l  f o r  x < 1 / 2

t ( x - 1 ) ( 1  / 4 - ( x - 1 1 2 ) / 3  f o r  x > 1  / 2

F o r  l = 6 r O ( t r  1 / 2 ) = - 1  a n d  h e n c e  t h e  p o i n t  x = 1 / 2  i s  p l a s t i f i e d ' '

T h e S p a c e V n i s c o n s t r u c t e d a s i n e x a m p l e 2 a n c l t h e t i m e

s t e p  k = 0 . 0 1  .

.  In  f igure 5 the computed st ress f ie ld  of ,  i "  p lo teC.  One t ,

can  see  tha t  a t  t=6  the  po in t  x=1 /2  i s  p las t i f i ed ,  and  the  s t ress

f i e ld  rema ins  con t i nuous  fo r  t>6 '
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-1,109

F igure  5

The comPuted stress f ie ld of ,  f rom

i n i t i a l  s t r a i n  f i e l d  i n  a )  ( t = 0 )  '

a n d  a L  L = 7 . 2  i n  c )  ,  ( t = n k )  .

examp le  3 .  The

a t  t = 6  i n  b )

In f igures 6 and 7 the computed d. isplacement f ield uf,  anct

ve loc i ry  f ie lc l  r i l=( , r i ln t - " f , tZ i .  are p lo ted.  In  th is  f igures one

c a n  s e e  t h a t  f o r  t > 6  a , , d i s c o n t i n u i t y ' '  a p p e a r s  i n  t h e  d i s p l a c e -

men ts  and  ve loc i t y  f i e l ds  a t  x=1 /2  wh ich  i s  deve lop ing  i n  t ime '

0.145

F igu re  6

The comPuted d isPlacement

in i t i a l  c l i sP lacen ten t  f i e l c l

f  rom examPle 3 '  l lhe

a )  r  a t  1 : = 6  i n  b )

i _ 1 6 1 f l

( t = 0  )

n
U r n

1 n

i
J

il
I

. l  ) .
4 l
I
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Figure  7
n

The comPuted ve loc i tY f ie ld  vn

i n i t i a l  v e l o c i t Y  f i e l d  ( t = 0 )  i n

t = 6 . 2  i n  c ) ,  a t  t = 6 . 4  i n  d )  r  a t

L - -7  .2  Ln  t ' t  ,  l =nk .

f rcm examPle 3"  The

a )  a t  t = 6  i n  b )  '  a t

t = 6 . 8  i n  e )  a n d  a t

In  f l gu re  g  the  compu ted  s t ra in  f i e ld  e  (u l )  i s  o lo ted ,n '

and the remark that  the , ,d . iscont inu i ty"  po int  x=1 /  2  the s t ra in '

i s  q u i c k t Y  i n c r e a s i n g '

r>
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Figure 8

The conrputed s t ra in  f  ie td t  tu i i t  f rom

i n i t i a l  s t r a i n  f i e t d  ( t = 0 )  i n  a i  '  a t

t = 6 . 2  i n  c ) ,  a t  t = 6 . 4  i n  d )  '  a t  t = 6 '

E = 7 . 2  i n  f ) ,  t = n k '

examPle 3.  The

t = 6  l n  b ) ,  a t

8 -i-n e ) and at

I .  Su l i c i u  fo r  t he  encourage-

th i s  use fu l l  suges 'b j -ons  du r ing '

remarks which imProved the

3 0

f
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.s
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a )  t = A

ftg)

-  9,16

f  J t = 7 . 2
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