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WELL SET VARIATIONAL PROBLEMS

AND GENERALIZED SOLUTIONS FOR MULTIVALUED OPERATOR EQUAT IONS

George DINCA and Daniel MATEESCU

Let X be a real normed space and X* its dual. For any
XeE e X* and x € X we shall write se*(x) = <X*,x> .

it f:X]-/>”§ = R Ué ~oﬁ,+cm} is a fuhctional, then

Bl SR = (1)

(B x* € X*, f*(x%) = sup { CxEx —f(x)x
SN
/J /
is called the conjugate functional of f.

The comnjjugate functienal of f*, Ehat is the tunctionyl

|

Frrgx** ﬁi

(V>X** @ Ex LRk = sup { <X**,X*>'—f*(x*)} (2)
cte X :

/

v

is called the biconjugate of f£.

/ PROPOSITION 1 isieer For cexample 1] . p.95; peeposition

/
/

1.8). /The functional f* is convex and lower semicontinuous in

the weak star topology of X*.

/
/
/



REMARK 1. TIf X 1is reflexive, there follows from
pPreoposition. Iy ofs a5 convek and lowes isemicontinuous in the
weak tepoliogy of X* and £** 0o ceonvVexiand leoweor Semiéontinuous
in the weak topology of X.

BEFENITION 1. A fanctienal fiX->i(-o2,+te] is saidito

be proper if

dom ‘£ = %x E R/ d « + %% f 9{

PROPOSITION 2 (see for example [l1], p.89, proposition
1.5) . Let X be a real normed space. A proper convex functional
feX— (—«s,+00] s leower semiceontinueows: on X 1f and onlywift it
is lower semicontinuous with respect to the weak topology of X.

from propositien Z and remarks 1 there follows:

PROPOSTITTON "3, 7Ii" X 1s peflexive and s is proper "then
£+ - 1s llower  Seicentinuous @ (Whth® respects: to . the ‘Sthong
topology Of X*) . '

PROPOSETION 4. (see . for exampile [l p.97, ‘corollary
1.4). A lowelr semicontinuous convex functional is preper 1f and
enly If@lbcScon filigate ‘s preoper.

| PROPOSITION 5 (see for example [1], p.1l03, propositien

2 ) e T s (Steo o be .a convex, proper and lower

semicontinuous functional. Then:
x* € Jf(x) & ;X(X} ¢ <) £ (x*) , T

: ;X being the embedding = injeetions from s X woi XEa. o LE K is

reflexive then identifying X with X*ﬁ, (3) can be written

%



sr e L ODR(R) s B o Rk ixr) R (3)"

7

Finally, let - us observe thaE fromg(l) “and* (2) there

follows e
/

.

(O e (50 ;,<fx*,x> (the Young inequality) /

PROPOSTILON: 6+ -i(see Ffor example [1l]l, p.99, corollary

|

IE Soicsai £ i s rconvies sthien

Erdie=meilnfE (clf)(z) = lim iﬁf E(x) = sup 1nf £7) - (4)

J'“?"C Ve e aev

DEEENERION . 2. As funecional wfiXe o (=00 ,+00] icsaidd to

/

"be uniformly convex' if there'is a constant c'» 0 such“that

A c (1-2) £ -
- u2,u~-f = Al e el ()
> S
ik

= B0 DR o RN [l S (5)

for any u ,u, ¢ dom f an@ e 0h 1)

e
THEQREM 1. Ifefiis unifermly convex and satisfics-the
condition lim inf £(x)2 -o, @ﬁ)x ¢ Kot dthon P et uni Formily
” ))‘x &
convex. J ; :

ospEovielthis we " Lirst gives.
LEMA 1. I f f1X — (-2 ,+o=] satisfies the condition

IFime inE E(x). > e Son) Ehene s gifobt Ay o &4 deom L E**® there is
3-—3 v :

: and f LA ks
(un)c:dom £ such: thag U ug and f(un)f> e (B

(@]



Proof. Let

d = £**(u) = sup inf f(u) €R . -
UéF/\/(Va.)- wel/ .

Consider the sequence of open balls B, such that

k

BK:-_-;B

B diam B2 0l o kooe ae e ® k IN.

: e & e
(for instance Bk _'B(uo’ﬁ i

Let n be a natural number. From (6) there follows:

~J
~

B0 cxvi(m o) sueh T Ehiat vd st inEE ) (
n O n ;

Owing: Eostlies way An whieh Bhe sequenece o epen -balls

Bk has been chosen there exists kn such that

-BK & Un and BiuC:Bk ; (=) 1 Z’kn .'(8)
n n

From (7) and (8) there follows
i

di=asd Inf FiCU)
"

ae%ab
and, all the more

: 4 4 ;

diey— S E ) g ()50 € By (%)
- g

n

On. the “othen s hand, because B¢ Wtus )t Tcon (6

there follows



d +';/1 > i/;liif(u)
e [z
;‘f%

Consequently, there will pe u o € By such that

)b (10)
n g

Therefore, for SRS Sl there is Un (o VV(uo), a

natural number kn and u. € B such. that

k

n
(1)
AEREE S0l /
die o G die
mn n aqc
(By virtue of (8) we can always assume K s dand Has

n n+l

d(u, ,ug) < '‘diam B, —> 0, 0 =—Soos i W e shalil have
n n

uKn =yl Rlilioas SR OMe = (L k) we can assert r(ukn) o a,

N . oo and the lemma 1s preoved, We can now'pess 'to thewpreofiof

theorem 1. Let u,‘v & dom f£*¥*, As f£** ig convex we have

2ut (l-A) v < dom f**, (%) e e
Let (un) (@ &om i (vn) o diem Fefistieh iEhat

. u, E(ug) —y E%%(u);

vn\.-~> Vir f(vn) = e i (e

Obviously, ,\u“+(l—}\)vn ARl =\ v and, - EromEhis.



lim inf £(Au +(1-)v ) 5 lim inf £(3) =
e 7 g aurGav

= (el f) OwEll=J0v) = LEEONaR SR
Using the uniform convexity of £ we can asserts:

: : 2
}f(un)+(L—A)f(vn)—cA(lf))”un-vnH -

e f()un+(l~3)vh)

and. from  where, passing to the 1nferior "limit with n-—eoo we

“ebtain
A g () + (L2) £%% (v) ~c AL=2) [lu-vi[é 2 £*% (ut (1-2) V)

which means the unitform convexity of f*¥*.

2. Well set variational problem

In what foilows, X designates a real reflexive Banach
space. ‘

Let _©(P)c X a dense subspace of X and P:o@(P)~—,§2(X*)-
a mapping from <5(P) into the set of X*'s subsets.

Let us consider yet a functional G:X — (==o, ) So that

dom G = 08(9) and: Einallyflct f*.é~x* andad

Foik > (mwtorl, Fouv) = 6(v) - (E5,9v2, @vex. (12)



In. (2 hwe thave  intreoduced “the ¥ concept ™ of mwell set
variational proplem defined by the pair (P,<§}*).

DEFINITION 3. We say that the pairA(P,_¥f*) defines
0 well set variational proplem if ‘Foriany. frte X*,

Bu Jffac—p 9;*(u) = min"(zg*(v)

v e D)

rThe first = resulits' connected with tthis ‘concept: ‘were
given in - [2]« A detailed study with interesting consequences
was realized in [3). Here we mention the following

PROPOSTIELON i) " Phe poilc? (B éfé*) defined a .
well set variational problem 10 and only LI G is
subdifferentiable and Pu = 2>G(u); (#) u & o8 (P) where 9G(u)
designates the subgradient of G at u. »

we further assume that pair (P, g:f) defines a Well
set wvaridational problem and that for any f* & X* ythe” Bollowing
conditions are satisfied:

i) g%* is bounded from pelow;

o ; R AR Cr i :
ii) any minimizing  sequence for "7 has a limit 1in

t‘k
Xy
1ii)p all theiminimizing seqﬁences have the same limit.
DEFINITION 4 CIS) s s wWe v shall psealled genexalizéd
gglution of equatieon’ Pu s E* (1n. the .sense of Sobolev) and

wWiEilbtef it Ja's - u the limit in X of any minimizing sequence

: S
: C
for the funectional J%f*'
The name of "generalized solution" is justified by

PROPOSITION 8. 1) The classical solution of the

equation Pl 5 fEif dtbexisks) is vd generalized solution.



20 P athe gemcradiized s oll it e Uy ¢ B (P) then
14 B

1t 1s a classical one.

/.
Prooef.. .. 1l) - fndeed,; fif e € dQ(P) satisfies PuC 3 £*
then 74*(u ) 2= oamin F ) and 1t 1s enough to  observe
i € = i :
we.£CpP) /
that Sintchis “cdseys a minmimizing seqUence "for 92; LISERne
- constant sequence u_ = u_, (¥) n € W. ol

2) We assume -that Ul ew € SR ek fu = £ (P)
b

T

be a«mininizing ssequence «of ~ﬂf*. Thiens
e |
T (b Dl o o v
ve D)

n

: o : :
- = S k cayf
Pus,t* 0G(us,t*) o/ ?é ?

U —>Uu_ rp € 2 (P) (see definition 4)
’ o

or

-QZ*(uR“[G(“s,f*)" true Al <§*“un—us,f*>

S
Passing to the limit with n — 2o then follows
e bon gy L Jj[’_‘, (“5;7{*7 =g
v edwp) f
s e 5
thatPels gitle i JeitE dingl o @0v)ilfrem where, :as thes jpair

e £

o ve-8(P)
(B, ijw) defines a well posed variational- problem we can
ascent PO 200t g

S 7 i: *

REMARK 2. Given the ''uniqueness . of. the 'generalized
solutibh; 'propositionicgiintr insicallyscontaines| a. prook of jithe

unigueneds of the classiecal solution (if it exists) .



3. Extension theorems. Variational characterization

of the generalizea solution

It whyt eblilews. we ‘“shall  ofter 'a variational
cnaracterization of the generalized solution for the equation
Pt |

This characterizatibn i's cacktualllyi®conEained in- Ethe
theorem 2.

Let G* be the cohjugate of G. Then:

G* is proper; dom G* = X* l‘
)
Ee)lEe faixa b gl %) moline (L BOVIS SR &
v eD P

Indeed,(v)f* € X*,

G* (£*) = sup % Qi) G(v)lg = .sup §<'f*,V> = G(v)g =
Ve x .CT Vé dem G -
= sup (- I*(v)) = -inf gff*(v) € R
Ve L) ve H(p)

Taking . tnte account (13) jas well as propozition 3 we
can assert that G* is convex, proper and lower semicontinuous.
From proposition 4 it now follows that G**:. is proper, convex

and lower semicontinuous on X** = X,

Finally, fhom.proposition 5 1t follows that

U e ey tE e DEv ) (14)



THEOREM 2. We have

JerNu a5 E%, (w) £ C B, A15)
: .

7
/
/

Preooff. [lopprove Hdd) § itamcansssco sshow thatiulsee s/l d))

/
* * =
BR(E* ) D Uy px
what 1s ]
Gligy € X~ GR(g*r) RGEEg) <uslf*,g*—f*> (16)
: [
Let (un) = PY(P) = dom G be a minimizing seguence
fol 9?*' Tnen
s
; G S
T, (s S, v s SO (BRI e el By
ve P

According to the Young inequality, we have that

Ee(gE)wei Gllug) +5iedg™ yues
which can also be written as

Gx (g ?j-*(u ) >/(u“f9*-f*> : L)

I

Peoelng to the damit in (17)F withsns e Stgliows ELo)



We shall now show that, . 1ndeed,  theorem 2
intrinsically containes a variational"characterization of the
_generalized solutien of the' equation Pu 3> f*.

Aetually, et us cbnsider, for each f* € X* the

functional

o~

Gl v xaile xanl s L )= GRRu) - Cuat (18)

Let us also consider P = i)G**.

Leeonding  to peopositioen - 7, the wariational  problem.

—

for the:. pair (P, ?E e welll oset.

Then, from proposition 2 it follows that

J = 3 = ‘ -
DG *(u) = Pu I £* (=7 9;*(u) = min  F,(v) (19)
' veDlp)
Ins conclitision:. i Ul 4 15 the general lzeds isolution
14
of the  cquations RPU o8 EaL it ien Ug e isi a classical solution of
{7

the equation IQG**(uS f*) 5 £* and, acecording to (l9) we have
: v

(i ) = s (),
X, * *
TEaE e L Ve Bite) i :

this last eguality . being the variational characterization we
have announced.

Banally . to. complcte the significance oi () i let Us
observe that /G** is an extension of P.

Indeed, Iet u € -5(P) and £* € Pu.: Then, decording
tolsproposition G, % U = us,f* and according ' to - theorem 2,

£f* ¢ /DG**(u). Therefore Pu &« JG** (u), (Wu € £ (P).



Coupling these remarks with theorem 2 we get:

PHEOREM. 3. . We -assume . that' ' the  pair (P, ;ff*)
determines a well set variational problem, ?%* peing defingd
by . : o

'ng*(v) = G(v) - (f*,v v =
where X is a real rerlexive Banach space, DB} c X 45 a dense
subspace, P: o@(P)——+ f?(X*), G:X (—0%+%ﬂwith dom G = c@(P)
and-vEr e aNEn

We also assume ?nat @g* have  gllle the preperties.
()= (1 1 1) O any, Re X& o Thens

l)‘ﬁ = ;>G** is an extension of Pj

[

2) the generalized solution of the equationﬁﬁu 3 f* is
a classical solution of the equation Pu 2 I*;

3) the generalized solution of the equation Pu 3 £* ie
ab minimizer on >9(P) of the ﬁunctional (NG X (= X*%}
Jaw S S lviEe ),

TEHEOREM . 4, If, dn @ addition to " the hypotheses/ of
trneorem 3, G 1s uniformly convex @ then, eones gy L é/X*,

ZQG**(u) 9 * hes & Hnique selution "whiehs Isk a uniformly
contintens  tunction OL £¥.

(In other words, unaer the hypotheses of theorem 4,
the equatidn Pu 3 £* has a unigue solution which /s precisely
the generalized colution ~of  the Jequation  Bus3 ©T* and = EhES
generalized solution is a uniform continuous function © el e

broof. The ‘existence of the solutiom is given by point

2 of theorem 3.



To obtain the uniqueness of the sollutfon et us! neotice
that, because G is uniformly convex, G** ig wunirfermly *convex
too (theorem 1). : /

Because G** is uniformly convex and lower semicontinuous
] .

it follows that )G*** is single valued and uniformly conﬁinuous
(See [4],  theorem 2.2): BusHfsee 1]} P95 proposition 1ea)
G*x%x = (G*)** = G*, Consequently,’ DGr** = 7P6* Ais single

valued and uniformiy continuous. Such being'the case, from (3)'

(wr itten for G* and G**) we obtain:
)b iy mb e gt 3 enaiinion (20)

[
From (20) there follows the uniqueness of the solution
of the equation C>G**(u) Phe fa
bodeedi e pae e BOICH (U i ands RS D G** (uy) then

from (20) it tollows that

/

The uniformly continuous dependence of the solution on
the right “member also follows from (20) considering that 0 G*

is single valuea and uniformly continuous.

4. APPLICATLONS

We consider a well set variational problem for the
pair (B, gff*) where 3;*(aq' = GiuE = (if*,u > and - G u) =

= ﬁ@u) + ﬁ(u), (3#) u € -dem G.



Ine variational problem being well set we have

(propesitieonm i) ..

B 9(}b+/)> (u)

SO that the equation Pu 3 f£* pecomes
/_ 4 5 s
, /()zﬁ+/5‘) (u) > £ | e (21)
We assume that G satisfies the conditions of theorem 45

Ihen tne generalized solution of the equation (21)%a's the umigue

classical solution of the equation

o
DO
~—

_ ’ '9(¢+ﬁ)**<u> Bige | (

and is a uniformly continuous function of f*.

EROPOSTLTION. 9. I£ ﬂ 1s continuous convex with domff = X

and % 1S convex and proper then

TDipep) = O + 08 ' e
9(¢+/)))*k :C)%** ut ?/@ : : - (24)
( i

rool.c The “eqiality (23 immediately follows from a

celassicalisesyult,

To prove (24) we first show that

(P+ﬂ)>‘:* = 557‘:* +ﬁ (25)



_]_5..
that is

dom (ﬁ** +ﬂ) = dom (}b —%ﬁ)** ; | (26)

and for any u, ¢ dom ﬁ** +/§ = dom + )** we have

it e o) = e EE (U, (27)

lompreve. (Z6)) let u - c dom (%** +B) = dom *% . Then

(see lema 1)

(3) (un)c; dom # such that u, — ug and
; ﬁ(un)~> ﬁf**(uo). !
Hence
Gl e e bl
= l =
lim (;zﬂ(u ) +f(u,)) » lim inf (}mu +ﬂ(u))

((—7((

1!

(0 Gt )

therefore u, ¢ dom (¢‘+/§)**.

In coneclusion,

S (¢** +/Z) < dom (% +/3)*k

ana

(%) u ¢ dom %**+/3 > )ﬁ** +/§(u) > (ﬁ#/G)**(u)(28)



Let now u_ ¢ dom (% +/§)**. Bike before,

GO (e clom (% +/§) so that u_ — ag o

P B o et : .
i

Teking 1nto " acecount. that /3 is continuous it/ follows
that

Peag) o G pteie) - i)

theretfore

(;é#"/z)**(uo)- ﬁ"(uo) = lim yf(un) 2 LW iRt fﬁ'(U) =

n= o0 il =
U=,

= %**(uo) A “‘f

'S0 that u_ ¢ dom (%** +/6).

As u, was arpltrarily chosen, it follows that

.‘dom 95 + ﬂ)** c:dom‘(¢** +/§)

, : //
and, (¥) u ¢ dom (;5 L +B)**(u) }z/**(u) + Jg’(u) (29)

Brom (28). and (29) the result s .«(27) .

On the pasis of (27) we have

9(5{5 +/>)M = Q(p'** +%) :Q;zf** o Z)/ﬁ ‘

the last equality being justified by the fact tnat ﬁﬁandlg are

convex, . proper, /éis continuous and int (dom/G) N dom ¢** =

=0 dom/ﬁ** = dom/ﬁ** =



diheldfac t chiaichunder  the hypethesest lof prEopesition: 9

the eqguetion (22) can be written as (ig%* + 9%)@)9f* 1s useful
/

in obtaining some results concerning  the regularity of the

glemeralizicd seolution.
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