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WELL SET VARIATIONAL PROBLEMS

AND GENERALIZED SOLU' I IONS FOR MULTIVALUED OPERATOR EQUATIONS

George .  D INCA and  Dan ie I  MATEBSCU

Le t  X  be  a  rea l  no rmed

a n d x ( X w e s h a l l w r i t e

I f  f : { . ->  S  =  R  UJ  -@

any

( r )

( 2 )

p . 9 5 ,  p r o p o s i t i o n

semicon t . i nuous  i n

s p a c e  a n d  X *  i t s  d u a l .  F o r

x *  ( x )  =  ( * * , " )  .
1
t r

, +  o o  J  i s  a  f u n c t i o n a l ,  t h e n

!
l

i s  c a l i

f*..X* _-_+ ,E-

f o ) x * C  X * ,  f * ( ; * )  =

I
I

f * * . x * *  _ - _ )

(v )  x* *  Q Xt  *

i s  c a l l e g  t h e  b i c o n j u g a t e  o f
/

//  P R O P O S I T I O N  I  ( s e e
/

1 . 8 )  .  / t n e  f u n c i i o n a l  f *  i s
/

the  i l i eak  s t .a r  i -opo logy  o f  X* .

/ '

/

" l p . {  < " . , x )  - f  ( x ) }
. T € X .

e d  t n e  c o n j u g a t e  f u n c t i o n a l  o f  f .

I ' h e  c o n ] u g a t e  f u n c t i o n a l  o f  f * ,  t n a t  i s  t h e  f u n c t i o n a l

F

f .

for  example I  lJ  ,

convex and lower
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R E I v I A R K  1 .  T f  X  i s  r e f l e x i v e ,  t n e r e  f o l l o w s  f r o m

p r o p o s i t i o n  1 :  f ? k  i s  c o n v e x  a n c i  l o w e r  s e m i c o n t i n u o u s  i n  t h e

w e a k  t o p o l o g y  o f  X *  a n d  f * *  i s  c o n v e x  a n c l  l o w e r  s e m i c o n t i n u o u s

i n  t h e  w e a K  t o p o l o g y  o f  X

D E F I I { I T I O N  1 .  A  f  u n c t . i o n a l  f  : X ' - - 7  ( -  v , + o o  I  i s  s a i d  t o
(

be  p rope r  j - f

clorn f e  x / i  ( x )  (

P R O P O S I T I O N  2  ( s e e  f o r  e x a m p l e  [ 1 ] ,  p . 8 9 ,  P r o p o s i t i o n

1 . 5 ) .  L e t ' X  b e  a  r e a l  n o r m e d  s p a c e .  A  p r o p e r  c o n v e x  f u n c t i o n a l

f : X . - >  ( - * r + o a l  i s  l - o w e r  s e r n i c o n t i n u o u s  o n  X  i f  a n d  o n l y  i f  r t

l s  l o w e r  s e m l c o n t i n u o u s  w i t h  r e s p e c t  t o  t h e  w e a k  t o p o l o g y  o f  X .

l - r o m  p r o p o s i t i o n  2  a n d  r e m a r k  1  t h e r e  f o l l o w s :

P R O P O S I T I O N  3 .  I t  X  L s  r e f l e x i v e  a n o  f ? t  i s  p r o p e r  t h e n

f : k  i s  f o w e r  s e m i c o n t i n u o u , s  ( w i t h  r e s p e c t s  t o  t h e  s t r o n g

[ o p o l o g y  o f  X * ) .

1 . 4 ) .  A

o n l y  i f

P R O P O S I T I O N  4  (  s e e  f  o r  e x a i n p l e  [  1 ]  '  p . 9 1 r  c o r o I l a r y

L o w e r  s e m i c o n t i n u o u s  c o n v e x  f u n c t i o n a i  i s  p r o p e r  i f  a n d

i t s  c o n j u g a t e  i s  p r o p e r .

PROPOSIT ION 5  ( see  fo r e x a m p l e  [ 1 ]  '  p . 1 0 3 '  P r o p o s i t i o n

a  convex ,  P rope r  and  l ower2 , L ) .  L e t  f 3 ) (  - 7  ( - * , + * 1  b e

s e r n i c o n t i n u o u s  f u n c t i o n a l .  T h e n :

x *  €  Q t 6 ) Q  / e t  
e  Q  Y 6 * 1 ( 3 )

(=  1 x
L

I\ / /
+ e l  f  p .

J l t

/  b e i n g  t l i e
/

r e f l e x i v e  t n e n

embedd ing

i d e n t  i  f y i n g

i n j e c t i o n  f p b m
/

X  w i t h  x * { ,  ( 3 )

\

X  t o  X * * .  I f

c a n  b e  w r i t t e n

1 S
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x * €  ? t t x ) ( i  x €  ) r * 1 * * y

f  o I l - ows

P R O P O S I T I O T \  6  ( s e e  f o r  e x a m p l e  I I ]  ,  p . 9 9 ,  c o r o l l a r y

r  t r \  T c  c  . : ^  c o n v e x  t h e nL . J J .  . l - !  !  I D  U v I r V s . l  L l l q l l  
i

. l
, I

A  $  -  1 r r , ,  r r r . t - 1  \ € / r r  \  -
) , u 2 , u i  z '  r '  |  - - - . -

: , " -  .  ^  i t  , r 2f  ( l \ u . , +  ( r - ) )  u , )  2 /  c  )  ( 1 - l )  / l  u r - u 1 i l  -  ( s )- z I

f o r  a n y  u , r u r  €  d o m  f  a n d  A e t 0 r l ) .  /J '  /

T H E O R E M  I .  I f  f  i s  u n r f o r m l y  c o n v e x  a n d  s a t i s f i e s ' t h e

q + x
e  convex  "  4

a  \ r r a  f i  r s . l -  c r i' l ' o  p r o v e  t n l s  w e  f i r s t  g i v e :
\
l

LELv tA  l .  I f  t :X  . - )  ( -  ( y  ,+  c . ' l  sa t i s f  i es  the  cond i t i on

1 i m  i n f  f  ( x )
\ '+ '>( \r
0
( u .  ) c .  d o m  f  s u c h  t h a t  u * ' - - >  u ^  a n d  f  ( u - . )  +  f  * *  ( u ^ )  .' n ' -  -  - : - - -  

n  /  o  n '  L . ,

F i n a I I y ,  l e t  u s  o b s e r v e  t h a t  f  r o m  ( 1 )  a n d  ( 2 ' )

1

/
/

f . ( x )  +  f x  ( x x )  7 t  ( x * , * )  ( t l t e  Y o u n g  i n e q u a r i t y )  
, '

f * *  =  c l f ,  ( c r f ) ( x )  =  1 i m  i n f  f  ( x )  =  s u p  i n f  f  ( y )  ( 4
q -?'x rr e' l / , ; t  4cv
I  v ' . -  V L v )  J e  Y

0 0

D E F I N I T I O N  2 .  A  f u n c t i o n a l  f : X . . +  ( _ o o , + o o l  i s  s a i i l  t
I'  

b e  u n i t o r m l y  c o n v € x  i f  t h e r e  i s  a  c o n s t a n t  c  >  0  s u c h  t h a t

r  ' .  
1 !
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P r o o f .  L e t

6 [  =  f  * *  ( u o )  
, .  : - y p  , i r - t f  

f  ( u )  €  r R  ( 6 )
u  € ' V  7 u 2  1  u Q U

C o n s i d e r  t h e  s e q u e n c e  o f  o p e n  b a l l s  B X  s u c h  t h a t

B o = B r + I ,  d i a m  B O +  0  a s  k . + e ,  u o  e  B O ,  ( v )  k  t N .

t
( f o r  i n s t a n c e  B L  - .  B ( u ^ , t  ) ) .r u k -

L e t  n  b e  a  n a t u r a l  n u n b e r .  F r o m  ( 6 )  t h e r e  f o l l o w s :

( 1 )  U '  G { / ( u o )  s u c h  t h a t  o  - :
J L  / ?

u e un

ow ing  to  the  way  i n  wh icn  the  sequence  o f  open  ba l l - s  /

B ,  h a s  b e e n  c h o s e n  t h e r e  g v i  c f  e  l z  q r r n h  t h a t- k : ' * "  " n

.Bt  c:  U,. ,  and Bi . .c B* ,  ( r*)  L ) ,  kn
n n

F r o m  ( 7 )  a n d  ( 1 ,  t h e r e  f o l l o w s

I

d  - !
'rv

u e  H !
K*

a n d ,  a l " l  t h e  m o r e

- a  4  t ,  c  / . - \  / . . \  Dd '  
TL '  

t 'n

O n  t h e  o t h e r  h a n d ,  b e c a u s e  B n  A  l V ( u o )  ,  f r o m  ( 6 )

, "
t h e r e  f o t l o w s

. a

( B )
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n n

f ( u r ) < a + ! -
n 7 L

' ' .

T h e r e f o r e ,  f o r  a n y  n  t h e r e  i s  U -  6  t V ( u ^ ) ,  an  -  ' - o , -

n a t u r a l  n u m b e r  k '  a n d  u k  €  B k  s u c h  t h a t
-  - n  - - n

( 1 1 )

} u + ( 1 - , 1 )  v  E d o m  f * * ,  ( r * )  t \  € ( u , 1 ) .

I

l e t  ( u - )  C  d o n  f  
" :  

t v  r  ' -  r j o m  f  s u c h  t h a t
t l  

'  \ v n /  ( /  v v ' r r  !  v q v r r

up  - - z  u r  f  ( u r r )  -+  f *  *  (u )  i

V n  - +  v ,  f  ( v n )  - *  f  * x  ( v )  .

obv ious ly ,  I  u r r+  ( l - - l )  r r ,  : -u  I  u+  (1 - , , \  )  v  and,  f  rom Ln is ,

d  * !. r L  '  
n  I '

ue /Jt
R,,

C o n s e q u e n t l y ,  t h e r e  w i l l  o e  u k  €  B k  s u c h  t h a t

( 1 0 )

a n d  a s

h a v e

\ ..f
I  - >  ( l 7

r o o f  o f

Kn+1

s h a I I

+-  /  r r-  r * k
n

tne  p

1
B .  c  B , -  e .  U . - ,  ( v )  i  >  k -  IK  n '  n  I
.  

. - n  
( .
I
I

t . t ld : - - - < f ( u r ) < d + '  I
. TL on 'Yt- 

)

i

( B y  v i r t u e  o f  ( 8 )  w e  c a n  a l w a y s  a s s u m e  k '

o ( u i <  r u o )
n n

u* r ,  -  uo ,  r l  - - - z  oa  F rom ( f  f  )  we  can  asse r t

h  ^ h ^  + l ^ ^  l . - * * -  . . i  ̂r r . 2oo  c r r r . . . r  u r r€  l emma i s  p roved .  We can  no ry  pass  to

t h e o r e m  l - .  L e t  u r v  e  d o m  f * * .  A s  f * *  i s  c o n v e x  w e  n 2 \ 7 4

t



U s i n g  t h e  u n i f o r m  c o n v e x i t y  o f  f  w e  c a n  a s s e r t :

. a n d  f r o m  w h e r e ,  p a s s l i l g  t o  t h e  i n f e r i o r  l i m i t  w i t h  n - ) o o  w e

o b t a l n

w h i c n  m e a n S  t h e  u n i t o r m  c o n v e x i t y  o f  f * *  '

2 .  r r i e L l  s e t  v a r i a t i o n a l  p r . o b l e m

* 6

l i m  i n f  f  ( A u n + ( r - ; \ ) u n )  ) ,  I i m  i n f  f ( ) )  =
4 L i o a  3 - A u t - ( i - 1 t ) v u
=  ( c f  f  )  ( ) t u +  i f - ) ) v )  =  f  * *  ( . l u +  ( I - ) )  v )

I n  f o l l o w s ,  X  - d e s i g n a t e s  a  r e a l  r e f l e x i v e  B a n a c h

^ 7 1

L e t  - p ( P ) c  X  a  d e n s e  s u b s p a c b  o f  x  a n d  P z  & ( P )  * - -  y  ( x * )

a  m a p p i n g  f r o m  - s t p )  i n t o  t l r e  s e t  o f  X * r s  s u b s e t s "

L e t  u s  c o n s i d e r  y e t  a  f u n c t i o n a l  G : X  +  ( - o o r f  c < ' ]  s o  t h a t

d o m  G  =  o 9 t e )  a n d  f i n a l l y  l e t  f *  e  X *  a n d

2  f  (un )  +  ( l - , r )  f  ( t n )  - c  ) ( r - l )  f  l un -  u  n l l '  , .

> /  f  ( ; u r r + ( 1 - 2 ) v n )

s p a c e .



I n  L 2 J  w e  h a v e  ' i n t r o d u c e c t  t h e c o n c e p t o f  w e l l  s e t

v a r i a t r o n a l  p r o o l e m  d e f  i n e d  b y  t h e  p a i r  e ,  n * )  .

DEFI iT I IT ION 3 .  I l r l e  say  tha t  t he  pa i r

a  we l f ,  se t  va r i a t i ona t  p rob lem i f  f o r  any  f  ? t  €

( P

x*

(:-
,  Y  1 * )  d e f  i r f e s

,

Pu ) f* <;> 7f * ( u )  =  m i n '  { r * W )' v e 8 G )

T h e  f i r s t  r e s u l t s  c o n n e c t e d  w i t , h  t h i s  c o n c e p t  .  w e r e

g i v e n  i n  t 2 1 .  A  c l e t a i l e d  s t u d y  w i t h  i n t e r e s t i n g  c o n s e g u e n c e s

w a s  r e a l  i z e , J  : - n  i 3 l .  H e r e  w e  m e n t i o n  t h e  f o l l o w i n g

P R O P O S T T T O N  7  (  i l l  )  .  T h e  p a i r  ( P ,  T r * l  d e f  i n e d  a

w e l l  s e t  v a r i a t i o n a l  p r o b l e m  i f  a n d  o n l y  i f '  G  i s

s u b o i f f e r e n t i a b r e  a n d  P u  =  2  c ( u ) ,  ( v )  u  G  , 9  t p )  w h e r e  2 C ( u )

d e s i g n a t e s  t h e ' s u b g r a d i e n t  o f  G  a L  u

w e  f u r t h e r  a s s u m e  t h a t  p a i r  ( P ,  9 1 n )  d e f i n e s  a  w e l l

s e t  v a r r a t i o n a l  p r o b l e m  a n d  t h a t  f o r  a n y  f *  e  X *  t h e  f o l l o w i n g

c o n d r t i o n s  a r e  s a t i s f i e d :

i )  T , , -  i s  b o u n d e o  f  r o m  o e l o w ?.  J  T ^

i i )  a n y  m i n i m i r \ n g  s e q u e n c e  f o r
i

x.,

r i i )  a l l  t n e  m i n

DEFI I \ IT ION 4

s o l u t i o n  o f  e q u a t i o n  P u

w r  i t e  i t  a s  u " ,  1 * ,  t h e

f o r  t h e  f u n c t i o n a t  F r * .

P R O P O S I ' I I O r r l  8 .  1 )  T h e  c l a s s i c a l  s o l u t i o n  o f  t h e

l " '
e q u a t i o n  P u  )  f *  ( i f  i t  e x i s t s )  i s .  a  g e n e r a l i z e d  s o . l - u t i o n .

(=
7-"

L
*  n a s  a  l i m i t  i n

i m i z i n g  s e q u e r i c e s  h a v e  t h e  s a m e  l i m i t .

1  t 5 1  )  .  W e  s h a l l  c a l l e d  g e n e r a l i z e d

)  f  t r  (  i n  t h e  s e n s e  o f  S o b o l e v )  a n d

l i m i t  i n  X  o f  a n y  m i n i m i z i n g  s e q u e n c e
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2 )  I f  t h e  g e n e r a l i z e d  s o l u t i o n  u

i t  i s  a  c l a s s i c a t  o n e .

Ct-

I
t nen

P r o o f  .  1 )  I n d e e o  ,  i t  u .  €  I  Q )
tr

*  ( u ^ )  -  m i n  V r *  ( u )  a n d  i t  i s
v  u e 8 C p )  !

+ L . . :  ^c n r s  c a s e ,  a  m l n ] - m l z j - t l g  s e g u e n c e

sequence  un  =  ucn  ( r r )  n  e  N .

2 )  W e  a s s u m e  t h a t  u . _  { - r (  a  &  e )  .
b r r "

be  a  rn i r r i n i i z i r rg  sequence  o f  ! , r * .  I hen :

-  c +  e  A  t p l  t h e nc  f  x  \ -  /
e t  L

/ , ,
s a t i s f i e s  P u " , ,  f *

enough  to  opse rve
/(-//

f p x  1  L S  t n e

/
/,

L e t  ( u ^ )  c .  € ( P ).  
I I '

f o rt h a t  i n

c o n s t a n t

o r

fi* tun)
u n  *  u s ,

t u = r  r n  
=

--\.1
- ?  l n r  f f *

v e " A L f /
-  t - A  r - r

f *  e  e  \ Y )

2 c t u s , l n )

i v /  r

t ^ ^ ^  . : J ^ - C . : ^ . . : ! . 1
\ - s c  \ . l c r  r r r J -  u r O l . l  4 )

, /
T Y

I
I
I

l
L e t  g x € ? c ( u s , f * ) .  T h e n :

c ( u r , )  -  G ( u " , 1 * ) >/  (g* ,ur , -  us 
,  f  *  )

/-.-vl
T

l*
T

vl
7  " .

t x

-
=  i n f  V o * f t )  t r o m  w r t e r e f  a s  t h e  P a i r^ /'^\'9e.,vLl')

a  w e l l  p o s e d  v a r i a t i o n a l "  p r o b l e m  w e  c a n

Fr .  tu r ] -  LG (u" ,  5 , t  )  *  5 ' *  ,  un  )  2 ,  (g*  ,un-us ,  f  *  )

P a s g i n g  t o  t h e  l i m r t  w i c i r o ->  r>o  t i ren  fo l lows

i n f
v e " 9 ( P )

( u o  o * )  > .  A
", -f

t ha t  i s  F r .  t u " ,  1 *  )

( P  ,  F  , * )  d e f  i n e s

a s s e r t  P u ^  c +  )  f * .
b r l - "

R H M A R K  2 .  G i v e n  t h e  u n i q u e n e s s  o f .  t h e  g e n e r a l i z e d

s o l u t i o n ,  p r o p o s i t i o n  B  i n t r i n s i c a l l y  c o n t a t n e s  a  p r o o f  o f  t h e

u n i . q u e n e s s  o f  t h e  c l a s s  i c a l  s o . i . u t i o n  ( i  f  i t  e x i s t s )  .
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? E x t e n s i o n  t h e o r e m s .

o f  i h e  g e n e r a l r z e c r

V a r  i a t r o n a l  c h a r a c t e r  i z a t i o n

so l -u t  ron

c h a r a c t e r  i z a t i o n  i s a c t u a l l y  c o n t a i n e d  i n  t h e

G *  b e  t h e  c o n j u g a t e  o f  G .  T h e n ' .

I n  w h a t  f o l l o w s  w e  s h a l l  b f f e r  a  v a r i a t i o n a l

c n a r a c t e r i z a t i o n  o f  t h e  g e n e r a l i z e d  s o l u t i o n  f o r  t h e  e q u a t i o n

P u  9  f * .

'1 .h is

t , heo rem 2 .

L e t

G *  i s  p r o p e r i  d o m

( c r ) f *  e  X * ,  G * ( f * )

Indeed,  ( r r )  t ' t  €  X* ,

G *  ( f l k )  =  S u p
v e x

= s u p (
v e.OCf)

=  - i n f  T rocu )  <  /R
v  4€(p)

G * = X *

( 1 3  )

I

1 1 f * , v )  -  G ( v
(;
7 r * { v ) )  =  - r

V €

( f  * , v )  -

€ r R

) \  = sup It v( ,.lr^ G I

n f  T 1 *  & )
8 @ )

c ( r r ) \  =

/
T a k i n g  i n t o  a c c o u u t  ( 1 3 )  a s  w e l l  a s  p r o p o z i t i o n  3  w e

c a n  a s s e r t  t h a t  G *  1 S  c o n v e x  ,  P f o p e r  a n r l  I o w e r  s e m i c o n t i n u o u s '

F r o m  p r o p o s i t i o n  4  r t  n o w  f o l l o w s  t h a t  G * * '  i s  p r o p e r  '  c o n v e x

a n d  l o l v e r  s e m i c o n t i n u o u s  o n  X * *  -  X '

F i n a l J - y ,  f  r o m  p r o p o s i t i o n  5  i t  f  o l l o w s  t h a t

u €  0c*  ( f  * )  ( : )  f  , (  6  Q6**  1u7 ( 1 4 )



- i 0

' '  ,/

,,{ t5 )

. /

Q g *  1 y * )  )  u = ,  6 *

w h a t  i s
I
I

F ) g *  <  x x ,  G * ( g * )  -  G ' t ( f * )  , ,  ( u " , r * , 9 * - f * )  ( 1 6 )

L e t  / r r  \  -  A [ D \  =  d O m  G  b  
I

(u r r )  c  -g  e )  =  dom G be  a  m i r i rm iz ing  se f i uence
I

u n  4 u " r i * '
q

Y r n  ( u r , )  - 2  i n f  v t * \ v )  =  - G *  ( r * )  ( s e e  ( 1 3 )  )
ve €rp)

A c c o r d i n g  t o  t h e  Y o u n g  i n e q u a l i t y ,  w e  h a v e  , n u t  
.  /

c * ( g * )  +  c ( u n )  > . ,  ( g o , u r r )

w h i c h  c a n  a l s o  b e  w r i t t e n  a s

( ; -  ,  / .  r * _ f * )  1 1 7 )'  C *  ( 9 *  )  +  f r *  ( u n )  ) a  ( 0  , r , 9

:

P a s s i n g  t o  t h e  l i m i t .  i n  ( f 7 )  w i t h  n  " - - : > . P  f o l l o w s  ( i 6 ) .

fHdORErvl 2. I,\ie have

)  G*  * ( !  . * )
\ b  I  J -  "

P r o o f  .  T o  p r o v e  ( 1 4 )  i t  m e a n s  t o  s i t o w  t h a t  ( s e e  
7 ( 1 4 )  )

/
/

/

r o {  g ; . - . ' r nen
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I , i e  sha l l  now show tha t ,  i ndeed ,  t heo rem 2

i n t r i n s i c a l l y  c o n t a i n e s  a  v a r i a t i o n a l  c h a r a c t e r i z a t i o n  o f  t h e

g e n e r a l i z e o  s o l u t i o n  o f  t n e ' e q u a t i o n  P u  )  f * .

A c t u a l l y ,  l e t  u s  c o n s i d e r  ,  f  o r  e a c h  f  *  e  X t r  t h e

func  t .  i ona l

(^f

! " 1  v  €  X  ( =  X * * ) ,  Y t f t )  =  6 * * ( v )  -  ( v , f * )

P

L e t  u s  a l s o  c o n s i d e r  P  - =  / G x *

A c c o r d i n g  t o  p r o p o s i t i o n  7 t  t h e  v a r i a t i o n a l  p r o b l e m

f o r  t h e .  p a i r  ( P ,  
4 * l  t "  w e t l -  s e t .

T h e n ,  f r o m  p r o p o s i t i o n  2  i L  f o ] l o w s  t h a t

|  2 6 * * ( u )  =  ? u  )  f *  ( : ,  [ n t u l  
=  m i n  .  \ * r r ,  ( r 9 )

veee)

I n  c o n c l u s i o n :  i f  u = r g *  t h e  g e n e r a l i z e d  s o l u t i o n

o f  t h e  e q u a t i o n  P u  t  f  *  t . h e n  u * r  1 n  i =  a  c l a s s i c a l  s o l - u t i o n  o f

t h e  e q u a t i o n  2 c * * ( u " , 1 * )  )  f *  a n d ,  a c c o r d i n g  t o  ( 1 9 )  w e  h a v e

( 1 8 )

t 6 i s  l a s t ,  e q u a l i t y  b e r n g  t h e  v a r i a t r o n a l  c h a r u " i " , i z a t i o n  w e

h a v e  a n n o u n c e d .

F i n a l l y ,  t o  c o m p l e t e  t h e  s i g n i f i c a n c e  o f  ( 1 4 )  l e t  u s

o b s e r v e  t h a t  ? G * *  i s  a n  e x t e n s i o n  o f  P .

I n d e e d ,  I e t  u  €  , &  ( P )  a n d  f  *  €  P u .  T h e n ,  a c c o r d  j - n g

t o  p r o p o s i t i o n  B ,  u  =  u = , 6 *  a n d  a c c o r d i n g  t o  t h e o r e m  2 ,

f  ? k  e  ! , ; * *  ( u )  "  T h e r e f o r e  p u  c - ? c * *  ( u )  ,  F )  u  e  I  ( P )  .



C o u p l i n g  t . h e s e  r e m a r K s  w i t h  t h e o r e m  2  w e  g e t :

T H E O R E M  3 .  ! ' i e  a s s u m e  t h a t  t h e  p a i r  ( P ,  7  f )  t

- 1 2

d e t e r m i n e s  a  w e l l  s e t  v a r i a t i o n a l  p r o b l e m ,  T r *  o e i n g  d e f j n e d

by

T s n \ v )  =  c ( v )  -  ( 1 * ' , t )

w h e r e  X  i s  a  r e a i  r e t l e x i v e  B a n a c h  s p a c e ,  3 G )  6  X  i s  a  d e n s e

subspace,  p . .  , r tg  - - - -+  I6*)  ,  G:X *+ ( -  o" ,+ i fw i th  Po* G = Stp l

a n d  f *  e  X * .

V l e  a l s o  a s s u m e  t n a t  F r .  h a v e  a l t  t h e  p r o p e r t i e s

( r )  
I  

( i i i )  f o r .  a n Y  f  : k  €  X * .  T h e n :
I

,  1 )  ?  =  )  
" * *  

i s  a n  e x t e n s i o n  o f  n :  
i

r , ne  c rene r  a rLz t  f  t he  equaL ion  Tu  )  t . l ,  i s2 )  t n e  g e n e r a i i z e d  s o l u t i o n  o :

' a  c l a s s i c : a l  s o l - u t i o n  o f  t h e  e q u a t i o n  P u  t  ! * i  ' ' "

3 )  i - n e  g e n e r a l i z e d  s o l u t i o n  o f  t h e  e q u a t i o n  P u  v  f - *  i s

on  -g tp l  o f  t he  func t i ona r  (d  ' v  €  x  ( -  x *x ) ,a  m] -n ] .m ] .Ze r  on  e \Y  )  ( ) '

. - 7  /  ^ .  \
Y _ _  t v l  =  6 x *  ( v )  -  (  v , f *  /-  r r  '

r ' \ D E r n , r  A  T t '  i n  a r l r l i | i o r  ' p O t h e S e S  O f'  
T H E O R E M  4 "  T f ,  i n  a d d i t i o n  t o  t h e  h y -  

/

t n e o r e m  3  |  G  "  i s  u n i f o r m l y  c o n v e x  t n e n  ,  f o t  a r l y  f *  €  X * ,

f x  h a s  a  u n i q u e  s o l u t i o n  w h i c h  i s  a  u n i f o r m l y' /  
G * *  ( u )  )  f  *  h a s  a  u n r q u e  s o r u t t (

c o n t i n u o u s  f u n c t i o n  o r  f * .

( I n  o t h e r  w o r d s ,  u n c r e r  t h e  h y p o t h e s e s  o f  t h e o r e m  4 ,

'  N  
l u t i o n  w h i c h  i s  P r e c i s e t Yt h e  e q u a t i o n  P u  )  f *  n a s  a  u n l q u e  s o '

t h e  g e n e r a l r z e o  s o l u t i o n  o f  t h e  e q u a t i o n  P u  ? .  f *  a n d  t h i s

g e n e r a l i z e d  s o l u l i - o n  i s  a  u n i f o r i n  c o n t i n u o u s  f u n c t i o n  o f  f * ) '

p r o o f .  T h e  e x i s t e n c e  o f  t h e  s o l u t i o n  i s . g i v e n  b y  p o i n t

2  o f  t n e o r e m  3 .
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T o . o o t ' a i n L h e u n i q u e n e s s o f t h e s o l u t i o n l e t u s n o t i c e'' ,/

t h a t ,  b e c a u s e  G  i s  u n i f o r m l y  c o n v e x '  G * *  i s  u n i f o r r n l y  c o n Y € x

t o o  ( L h e o r e m  I )  .  /

J
a

B e c a u s e  G * *  i s  u n i f o r m l y  c o n v e x  a n d

i t  f o l l o w s  t h a t  2 e * * *  i s  s i n g r e  v a l u e d  a n d

( s e e  [ 4 ] ,  t h e o r e m  2 . 2 ) .  B u t  ( s e e  [ 1 ]  '  p ' 9

G* :k t (  =  (G* )  : t *  -  G* .  ConsequenL ly ,  Q  6 l ' t l . *<

v a l u e d  a n d  u n i f o r m r y  c o n t i n u o u s '  S u c h  b e i n g

( w r i t t e n  f o r  G *  a n d  G * * )  w e  o o t a i n "

= u ( : )  f 'c ) s x x  ( u )

t h e .  u n i q u e n e s s '  o f  t h e

lower  semicon t i / nuods
/

un i fo rm ly  con f . i nuous
/

5 ,  p r o p o s i t l o n  1 .  B )
/,

=  2C*  l s  s  i ng  l e

t h e  c a s e ,  f r o m  ( 3 ) '

( 2 0 )

G * *  ( u - )  t h e n' z '

) s *  . ' x )

f * ' e  2

F r o m  ( 2 0 )  t n e r e  f o l l o w s

q u a t i o n  
' 7 6 x ; '  

( u )  )  f  * .

r n d e e d  i t  f *  Q  2  c * o

)  r t  f o l l o w s  t h a t

I

sol-ut  ion
I

o f  t n e  e

f r o m  ( 2 0

( u t )  a n q

u l = u 2 =

/

. I n e u r r i t o r r r r l y c o n t i n u o u s d e p e n d e n c e o f t h e s o ] . u t i o n

t h e  r r g n t  m e m b e r  a l s o  t o l l o w s  f r o m  ( 2 0 )  c o n s i d e r i n g  t h a t  d

^ . . ^ L  a  h r r n  l l c

r s  s i n g l e  v a l u e o  a n d  u n i f o r m l y  c o n t : - n u o u s '

4 .  A P P L I C A T I O N S

G *  ( f * ) .

G *

W e  c o n s i d e r  a  w e l l  s e t

c - qp a i r  ( P , 5 p )  w n e r e  l g * ( u )  =

=  i l $ )  +  P t u )  ,  ( + )  u  €  d o m  G "
t t

v a r  i a t i o n a l

G ( u )  -  < f *

f o r  t he

n  / , -  \u  ( u /

pr  ob lem

, u  >  a n d



T n e  v a r i a t i o n a f  p r o b r e m  o e i n g  w e ] 1  s e t  w e  h a v e'
( p r o p o s i t i o n  1 )  . .

*,a \ l
/  ( p + 6 t  t u )  +  f  *, I

a r r d  i s  a  u n i f o r m t y  c o n t i n u o u s  f u n c t r o n  o f  f * .

P R o P o s r t ' r o r \  9 .  t f  
P  i s  c o n t . i n u o u s  c o n v e x  w i t h  a o n  f  

=  x

and  p  i s  convex  and  p rope r  tnen

' r \ l

r /  (Q+ d)  **  (u)  )  f  : t- ( l

2 rf i*f  t  = 2f +?p

t f i + f t * . = P o * * p

(2r ' )

( 2 2 )

( 2 3 )

( 2 4 )? t f * p y * *  = Q / * .  n ? f

P r o o f .  T n e  e q u a l - i t y  ( 2 3 )  i m m e d i a t e l y  f o l l o w s  f r o i n  a

. c l a s s i c a l  r e s u l t "

L ' 0  p r o v e  ( 2 4 )  w e  f i r s t  s n o w  t h a t

P u = ? e t u t  =  ? t y + f l t u l

so  tna t  t he  equa t ion  pu  . ]  f *  oecomes

^ t  r n e n  t n e  g e n e r a l i z e d  s o l - u t i o n  o f  t h e  e q u a t i o n  ( 2 I )  i s  t . h e  u n i q u e

c l a s s i c a l  s o l u t r o n  o f  t h e  e q u a t i o n

( 2 5 )



.

e

dom (d* *  +  B )  =  dom { r /  +  [3 t *n'/ 
(- t I

a n d  f o r  a n y  u o  6 d o m  ( P * *  * f )  =  d o m  ( 9  +  ) * *  w e  h a v e

( :  )  lu r r )  c  aon f  
such tha t  un  * )  to .u td

i  f tur,) --, F** (uo) -

.  t h e r e f  o r e  t o  6  c l o m  t f  +  ( 1  I . .  .

e  r n  c o n c l u s i o n '

dom tt ' . .  *  13 )  c dom tf  + 
1s l**4

- l_5

t h a t  i s

( 2 6 )

( 2 7  )

T o  p r o v e  ( 2 o )  l - e t  u o  G  d o m  ( / * *  *  
f  )  =  a o n  / x *  '  T h e n

( s e e  l e m a  l ) :

Hence

\  ( / * *  + f  ) ( u o )  =  q - f ) n n ( u o )

f  **  {uo)  + ptuol  = 
l ' . t /  tunl  + 

} l i  / , ' "1 
=

= 
*i1 t f  tu,, l  + f  (u,,) )  >, 

lTu,t"t  
t f  t" t  + ( i  (u)) =

=  t f  *  f  ) * *  ( uo )

ano
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L e t  n o w  , . ,  e  d o m  t f  +  
f  

1 " . .  L i k e  b e f o r e ,

( : )  ( u r r )  c  d o m  $  *  f  )  s o  t h a t  u n *  u o  a n d

$  -  f )  ( u , r )  - +  q  *  f ) * * ( u o ) .
//

f o l l o w s  $

t

€

/
Tak ing  in to  accoun t  tha t  f t  i s  con t inuous  id '

I r

t f , *  f r )  *n (u^)  -  f  tu, , , )  = t i *  / tun) 2,  l - im int  f  tV =
t  I  o '  !  O '  

^ n . ' . r /  n '
1 nL4 6) i l_t (u 

i=  @ * x ( U  )  ,  r
/ o ' , ,

. t/

s o  t - n a i ,  u -  c  d o r n  l q i x *  +  B l .- o  ' /  r ' '  
i

A s  u ^  w a s  a r o i t r a r r l y  c h o s e n ,  i t  f o l l o w s  t h a to

tha t

f t un l  - - -  
d  - f ) * , , ( uo )  -  

[ t t uo )

t h e r  e f o r  e

dom ,/  -  
f r** c dom. ( f*n * 

f  )

!

t r t /
and ,  (+ )  u  4 . .  do rn  tp  +  p  I . *

F r o m  ( 2 8 )  a n d  ( ' 2 g )  t f e  r e s u l t  i s  ( 2 7 t .
i

O n  t n e  D a s r s  o f  ( 2 " t )  w e  n a v e

t h e  l - a s r :  e q u a l i t y  o e i i r g  j u s t r f  i e d  b y  t h e  f  a c t .  t n a t  I  a n a  p  a t "

c o n v e x ,  p r o p e r ,  
f  

t t  c o n t i n u o u s  a n d  i n t  ( d o n  
f  

)  O  d o m  p i , t ' t  =

= X O 6on, g(,t*. = donr gf,t* = ,V./ / /

2 @ + f  ) x t  = 2 t F . .  + f  t  = 2 / * .  * 2 f

/\

i:
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. T h e  f a c t  t h a t ,  u n o e r  t n e  h y p o t h e s e s  o f  p r o p o s i t . i o n  g

t h e  e q u a t i o n  ( 2 2 )  c a n  b e  w r r t t e n  a s  6 d . .  n  2 D ( , , ) s f *  i s  u s e f u l
\  /  - / . /

i n  o b t a i n i n g  s o m e  r e s u r t s  c o n c e r n i n g  t h e  r e g u l a r i t y  o f  t h e

g e n e r a l i z e o  s o l - u t i o n .
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