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BIRATIONAL MODULI AND NONABELIAN COHOI'IOLOGY

by

Alexandru BUIUI,I

O. INTRoDUCTIoN. THE ABS.iIRAcT SETTING

.  Coarse  modu l i  spaces  fa i l  t o  ex i s t  f o r  va r i ous  bas i c  ob ' i ec t s

such as f in i te  d imensional  a lgebras, :  funct ion f ie lds,  a f f ine va-

r i e t i es ,  s ingu la r i t j - es ,  l i nea r  a lgeb ra i c  g roups .  The  mora l  o f  t h i s

paper  is  that  for  large c lasses of  such objects  one can construct

"b i ra t ional  mod.u l i  spaces" ;  roughly  speaking 
'by 

a "b i ra t iohal  mo-

dul i  space"  we mean a set  l {  together  wi th  a fami lv  (k(x) )*€ l t  o f

f ie lds k  (x)  sat is fy ing formal ly  the basic  proper t ies of  the

res idue  f i e lds  a t  t he  (nonnecessa rv  c losed ) rpo in t s  o f .  a  coa rse

modul i  space.  Of  course b i ra t j -onal .modul i  spaces are very rough

moduli spaces since thelz carr 'y no topologiCal struct.ure; in par-

t icu lar  they do not  re f lect  degenerat ion phenomeira.  Never theless

in inany cases they.  are the best  g lobal  modul i  spaces one 'can

expec t  t o  d i spose  o f .

The ideologlz  of  "b i ra t ional  modul i "  or ig inatqs in  the work

of  Matsusaka and Shimura;  l {a tsusaka essent ia l ly  constructed i l t . l
f  

- ' l r  
1  

L  J

( see  a l so  
[ snJ  [ . t<o i zJ )  t he  f i e lds  k (x )  

. f o r  
po la r i zed  nons ingu la r

complete var ie t ies.  In  th is  paroer  we .construct  (by an ent i r :e ly

d i f f e ren t .me thod )  the t i e ias  k (x )  f o r  seve ra i  o the r  t yp 'es  o f

ob jec ts  name ly  fo r :  f i n i t e  d imens iona l  a lgeb ras ,  f unc t i on  f i e lds



. o f ' . gene ra l  t ype ,  a f f i ne  va r ie t i es  o f  . . nbnnega t l ve  Koda i ra  d imen- '

s i on ,  a lgeb ra i sab le  s ingu la r i t i es ,  l i nea r  a lgeb ra j_c  g roups .

Our  me thod  has  an  i n te res t  i n  i t se l f  because  i t  r e la tes

"b i ra t i ona l  modu l i "  t o  t he  nonabe l i an  cohomo logy  o f  ce r ta in  non -

prof  in i - te  groups.

.  In  what  fo l lows

resul t  and d i -scuss the

we i-ntroduce

strategy of

.k-(O . f )  Th rcughou t  t h i s  paper  we  f i x  a  g round  f i e ldvo f  cha rac -

ter is t ic  p)0.  By a f ie ld  we wi l l  a lwalzs mean a f ie ld  extension of

k ;  any f ie ld  homomorphism ( in  par t icu lar  any f ie ld  automorphism)

wi l l  be over  k .  Denote Uy "Z t f re  category of  f ie ld .s .

(0 .2 )  By  a  b i ra t i ona l  space  we  w i l l  mean  a  se t  X  such  tha t

fo r  each  x€X  we  a re  g i - ven  a  f i e ld  k (x )  f i n i t e t y  genera ted  ove r  k .

Any such X induces a functor h*.:.K-------->EDS

u € H o m r ,  ( k  ( x )  , x ) ]
K J

hx

Two b i ra t iona l

a  b i j e c t i o n  f :

( 0 . 3 )  A

i f  there exi-sc

(
( X 1 = 1 ( x , u )  : x G X r

I

spaces X and Y

X---+ Y such that

our  concepts,  s tate oun main

p rov inc r  i t .

} Sare  ca l l ed  i somorph ic  i f  t he re

k  ( x ) - k  ( f  ( x )  )  
' f o r  

a l l  x 6 X .

func tor  ITLrX- -_+Ens is  ca l led  pseudo- representab le

a birat ional  spacb l i l  and a functor ia l  homomorphism

c losed  f i e ld  K .  Such  an  l {  i s  sa id  to  quas i - re -

i s  an  easy  exe rc i se  to  check  tha t  i n  cha rac te -

t r n  i  n r r o l  r r  r l o J - o r m i  n o r l  t t n  f  n  i  e a m n r n l r i  c mu l r r \ 1 u E r J  u s u s r r l t f r r E u  u y  L v  I J U l l t v r t / r t f J r t t

:

be a f ibred category ov ' " t  K ;  by th is  we mean

K6ob ( t r )  we are g iven a category I  " t

, l lLn h.o such that the map TfL$)

any  a lgeb ra i ca l l y

present  ?L and i t

r i s t i c  ze r .o  14  i s

,?( 0 . 4 )  L e t  L

here that for any



"ob jec ts  ove r  K " ,  f o r  any  u€Hom. { , , (K rK t  )  we  a re  g i ven  a  "base
J\,

n h = n ^ n l r  € , . n ^ { - 1 . 1 r  , /  .  , /  - - U 1  a n r l  f n r  r n r z  n =  j  r  t , ,  - , \  / . t r ^ ^ t v  r / r  \  \ ,cnange'  runcc,Or Vrr ,  Yy--> u.17,

X 'Hom(K ' rK " )  we  a re  g i ven  a  func to r i a l  i somoroh ism ,€  ,  €  "  
, (-u ,v  "  -u

//
vu '  J  -  - - -

axioms for .  which we send to Grothendieck 's  exposi t ion l " " r l  .  Given
L J

-  € one can def ine the "modul i  functor, ,  m: Jd ---*  nns by
m  , - - .  ^ .  , , / ?  .  /  -  r )r fT l f rK l  =Ob(  ( ^ l  / i r o ( ; se t  o f  i somorph ism c lasses 'o f  ob jec ts  i n  € * )  .

r f  a  b i ra t ional  space i4  quasi - represents the modur i  functor  , fL

we say that  l , l  is  a  b i ra t ional  modul i  space foF € (so in  charac-

te r i s t i c  ze ro  b i ra t i ona l  modu l i -  spaces ,  i f  t hey  ex i s t ,  t hey  a re

un ique  up  to  i somorph isms) .

The present  paper  is  devoted.  to  the problem of  construct ing

b i ra t i ona l -  modu l i  spaces  . f o r  va r i ous  spec ia l  € ' " .

(0 .5 )  An  exampre  ( t r i v i -a l  f r om ou r  v iewpo in t )  when  b i ra t i ona l

fo l l ow ing :  l e t  4  A "  the  res t r j - c t i on

over  the category of  k-schemes;  i f

modu l i  spaces  ex i s t  i s  t

o f  some f ibred cateqorv

-  ( 0 . 6 )  T H E O R E ; , I .

. r )
and V is  one of  the

B i ra t i ona l  modu l i  spaces  ex i s t  i f  cha rk  ( k )  =0

f o l l  o w i n g :

a )

b )

o f

, / )
Y - a u = c a L e c l o r v  o f  f i n i t e  d i m e n s i o n a l  K - a l g e b r a s ,

, 2
V*=ca tego ry  o f  f i n i t e l y  genera ted  regu la r  f i e l d  ex ten -

K  o f  g e n e r a l  t y p e ,

he

,/
t2

there is  a  coarse modul i  space C for  V then a b i ra t ional  modul i
. / 7

€ ^ -  L l /sPace  ro r  v  can  be  ob ta . i ned  b1 r  j us t  t ak inc r  t he  under l y ing  se t  o f

(nonnecessary c losed)  points  of  c  tog.ether  wi , th  the res idue

f i e l d s  a t  t h e s e  p o i n t s .  O f  c o u r s e  o u r  m a i n  i n t e r e s t  i s  t o  c o n s t r u c t

b i ra t i ona l .modu l i  spaces  i n  cases  when  coa rse  moc lu l i  sDaces  fa i l

t o  e x i s t  ( o r  a t  l e a s t  a r e  n o t  k n o w n  t o  e x i s t ) .  :

He re  i s  ou r  ma in  res 'u l t :

s 1 0 n s



i
L l '

c)  4n=eaLegory  o f  a f f ine  x -vqr ie t ies  o f  honneqat ive  Koda i ra

d imens ion ,
, n

d )  \ } , , = C a t e e O l : r r  n f  a ' l  r r o h r ^ : i  e a h ' l  o  f n r m : ' l  K - a ' l  o o h r a s  { l r = C )  r-  K  * -  " " " : "

e | 4 , , = " a t e g o r y o f . 1 i n e a r a 1 g e b r a i c K - g r o u p s .

. )

,  For  the prec ise def i -n i t ions of  the above f ive f ibred cate-

-  
In  par t icu lar  a  formal  K-a lgebra means a local  complete noether ian

K - a l g e b r a  A  w i t h  r e s i d u e  f i e t d ' K ;  s u c h  a n  A  i s  c a l l e d  a l g e b r a -

isable i f  K,  @ ^A is  the complet ion of  some f in i te ly  generated

K--a lgebra  a t  some max imal  idea l '  (K^=a lqebra ic  c losure  o f  K)  .  t , lo re : -' a. a

over  the  Koda i ra  d j -mens ion  o f  an  a f f ine  K-var ie t l r  U  j -s  bv  de f in i -

- -
t i o n  t h e  K o d a i r a  d i m e n s i o n  o f  t h e  K " - v a r i e r y . ' . , , ,  

.  ( u  e  
x K . ) . u g  F " J  .

To  p rove  Theorem (0 .6 )  we  f i r s t  reCuce  i t  v i a  f o rna l .  a rgu -

men ts  to  ce r ta in  s ta temen ts  abou t  " f i e lds  o f  de f i n i t i on "  and

" f i e l d s  o f  m o d u l i "  ( s e e  t h e  d e f i n i . t i o n s  ( 0 . 7 )  a n d  T h e o : i e m  ( 0 . 1 1 )

below).  Then we invesc igate the re ia t ' ionship between the two types

o f  f i e l ds  above  i n  the  spec ia l  cases  a )  -e )  ;  t h i s  w i l l  be  done  in
' r - t . t

Sec t ions  3 -5  by  us ing  j -deas  f rom leu .  I  and  a  techn ica l  resu l t  on
L  I J

k i l l i ng  nonabe l i an  cocyc les  ( c f .  Sec t i ons  1 -2 ) ' .  Our  k i l l i ng  p ro -

cedure  i s  i n  some sense  ana lo3ue  to  the  one  used  by  Ko lch in  k " i l. J  L  . J

p .  394  to  cons t ruc t  P i ca rd -Vess io t  ex tens ions  assoc ia ted  to  a

g i ven  l i nea r  d i f f e ren t i a l  equa t i on ;  Ko lch in ' s  de r i va t i ons  a re

. r a n ]  a r o A  h o r a  i  o m o  l t l n f  o  l -  h :by automorphisms.  Note that  most  o f  the mater ia l

1n  Sec t i on  1 -4  ho lds  i n  a rb i t ra ry  cha rac te r i s t i c

( 0 . 7 )  I n  t h e  r e s t  o f  t h i s  S e c t i o n  w e  i n t r o d u c e  f i ' e l d s  o f

de f i n i t i on  and  f i e lds  o f  modu l i  f o r  any  ob jec t  AeOb t  (p  t  €  a

f  i h r o r i  c . a f  o n r . r  
4 '  

^ n  r I a o l - r r l i n r ' l  I r r  n - l  n c a r i  f  i, * - - y - r y  o v e r  , !  ,  K  a n  a l g c b r a i c a l l y  c l - o s e d  f i e l d )  a n o



d iscuss  the  reduc t i on  o f  Theorem (0 .6 )  t o  a  p rob lem conce rn ing

these f  ie lds.  So we make the fo l low. ing def  in i t ions (which '  are

i nc^i rorr rrnm l l tr l  isf-r l  i-xoir l  [ ,u.fpl t  tr r r > I / r r s u  r ! v r [  
l _ r - l l F r r J l L ,  J ) L  ) ,

2 )  D e f i n e  t h e  g r o u p  E ( A , 4 r = l o - €  A u t ( K ) i  A 4 / A r t  w h e r e

a n
d =  q  . ( A ) .  A  s u b f i e l d  K ^  o f  K  i - s  c a l l e d  a  f i e l d  o f  m o d u l i  f o r

,1
a r v

A  i f  Z t a , 6 r = a u t ( K / K o ) .  C a 1 1  l { ( A , 4 )  t ] n e  s e t  o f  a l l  s u b f i e l d s  o f

K  l v h i c h  a r e  f i e l d s  o f  m o d u l i  f o r  A . '

1  )  A  s u b f i e l d

A  i f  a o  4 -  ( a o  )  f o r
f '

K  cK  and  2  means
o

a l l  sub f i e ld . s  o f  K

( 0 ; 8 )  S o m e
. .

'an a lgebra ica l ly

n o t o :

1  )  D ( A .  € l  , " E ( a ,

c l a s s  o f  A  i n  4 o  i . " .

2 )  r f  K o €  D  @ , q  I

i  q  n A r t a c i -  t h e n  K
o

f i e l d  E  w e  d e n o t e

) .

3)  L " f  KO be  the  i n te rsec t i on

m a y  h a p p e n  t h a t  x o { n  ( A , (  )  e v e n  i n

instance i f  ( *=category of  smooth

charac te r i s t i c  ze ro ,  see  L t " ] ,  
.  r n

l r a  Q .  t ,  - / 1
K  a \ r ] ' " ' & D ( A r 1 ?  ) .  H o w e v e r  w h a t  o n e

, . . 4

c a s e s  i s  t h a t  ( K Z ( A ' " 6 ) l - g D u . , € )
q

K o f  K  i s  ca l l ed  a  f i e ld  o f  de f i n i t i on  fo r
o

some Ao € Ob (€n )  (where j  denotes the inc lus ion
- - o  

A

" i s o m o r p h i - s m  i n  V ^ " 1 .  c a L I  D @ , € )  t h e  s e t  o f

wh ich  are  f ie lds  o f  de f in i t ion  fo r  A .

t_r  K

o n a

OI .FJ

genera l  easy remarks are in  order .  Suppose K is

c losed  f i e ld  and  Aeob  ( ( i l .  Then  the  fo l l ow ing

4 )  ,  H l r A , € )  d e p e n d  o n l y  o n  t h e  i s o m o r p h i s m

on1y .  on  the  image  o f  A  i n  f n$ l  .

l hen  Au t  (K /Ko ' ) .  -  Z@,4  )  ;  i n  pa r t i cu la r

Z ( A ,  € \  -  . ,
L  ^o ( l {ere for  an lz  grouP f  act ing 

'

r-
bv E '  the f  ie ld  of  f  - i . rn" t iant  e lements

o f  a l l  m e m b e r s  o f  D  @ , € 1 .  r t

qu i te  reasonab le  cases  ( fo r

pro ject ive curves over  K in

n a r J _  i  r : r r ' l  a r  i  t  m : r z  h a n n e n  t h a t
! J A !  U r v u I q !  r  u  r l t s J  r r s y l , v r l

should expect  j -n  reasonable

(where for  any subf le ld  E of



K we  ag ree  to  deno te  by  E .  t he  a lg - l b ra i c  c losu re  o f  E  i n  x ) ;  com-

p a r e  w i t h  T h e o r e m  ( 0 . 1 0 )  b e l o w

)  r t  t r  { A ,  4 l  r c  r h e n  
"  

Z ( a  , 4  r n : 4 ( A , ( € )  a n d  m o r e o v e r  : t @ , , €  ) '
cons is ts  p rec ise l t  

: t  
those subf ie ld .s  o f  K  whose per fec t  c losure

i n  K  e q u a l s  * Z t a " l 5 ) .  F u r t h e r m o r e  i f  c h a r ( k ) = 0  i t  i s  e a s y  t o  c h e c k
z t n . e  tt h a t  t h e  e x t e n s i o n  K - \ n r !  t * o  i s  n o r m a r  a l g e b r a i c  p r o v j _ d e d  K  i s

n o t  t h e  a l g e b r a i c  c l o s u r e  o f  K A .  o f  c o u r s e  t h i s  d o e s  n n t -  i  h * ' r . ,r r v  u  r r l r y  r J

a p r i o r i  t h a t  t h e r e  j - s  a  m e m b e r  o f  D @ , 4 )  a l g e b r a i c  o v e r  o Z \ e , 6 1 .

Our main concern wi l l  be 1n fact  to  prove that  th is  happens in  va-

r i ous  spec ia l  cases .  I ' l o te  tha t  an  i n te res t i ng  p rob lem i s  t o  dec ide
5 1  r a  O  t

whether  K er  tA '  to  . |  =KA (see 
[x" i  4 l  ,  we wi r l  no. t  d i -scuss th is

problem here

5)  A remark which wi l l  p lay a key ro le  la tBr  is  the fo l lowj-nq.

supp .ose  thq :e  i s  a  f i n i t e  ex tens ion  Ko  o f  ^z@,$  7  con ta ined  i n  K

w i t h  K o €  D  @ , q  )  .  T h e n  
"  

E t a , 4  ) e i 4  ( A ;  4 l  .  T h i s  c a n  b e  , " " . ,  l r =  f o l t o w s :

we  may  suppose  Ko lK  Z '  A ,4 )  
i s  no rma l .  .By  2 )  we  have

A u t  ( K / K o )  -  Z ( a  , 4  \ - A u r  (  K / K z @ , Q  |  ,

n
2;1A,<16 )  under  the pro ject ion

I' )  w e  h a v e  b y  u s u a l  G a l o j _ s

Z ( a , 4  ) = o o t ( K / K o ) H )  a n d , w e  a r e

Upon l .e t t ing H' to  be the image of

A u t  (  K / K 2 6 ' 4  )  
)  - o  A u r  ( K o l K  a ( A , 4

the.ory that  H=Aut  (Kol  (Ko)  H)  
hence

d o n e  b y  4 ) .

6)  There is  a  remarkable exact  sequence in  our  genera l  s i tua-

t ion namely

G ( A , 4 1 - - r x ( A , 4 ) -  r t1 - +

w h e r e  A u t , ,  ( A )  i s .-r\

Aut^ (A) ----+

f  h o  c r n t r n  n f  : r r { . n m n r n h i  d m ^. r u t o m o r p h i s m s  o f  A  a s  a n  o b - i e c t  i n



/) ,,1
{ - ,  a n d  G { . A , %  |  i s  f  h p  . r r . . t l_ K ,  l_s Ene group descr ibed as

are pai-rs s= (  o- ,  v)  wi th 0- '  € Z @,4 )  and
/)

i n  Y n ,  t h e  m u l t i p l - i c a t i o n  i s  d e f i n e d  b y

f o l l o w s .  I t s

v: A -----)Ar an

the ru le

e lements

j -somorphism

where

€  H o m (

given

(  f  , v  )  ( r , w ) =  (  f r T  , "  d , t

T / l
v L =  4 " - . ,  ( v )  e  H o m ( A T , ( A n l t  )  a n d  

" o n " =  4 ,  1 , 8 _ 1  
( A ) €

( a r )  t  
, o n "  ) .  T h e  p r o j e c r i o n  G ( A , 4 1 . - * r Z L o , 4 1  i s  o f  

" o r r r " .
by ( o-,v) *> tr

/)
As an example ,  i f  L(, ,

K

ac ts  on  K  v ia  Z fa ,€  I  and

o v  T  
o w )

=ca tego ry  o f  
' assoc ia te i ve  

un i ta rv

K-a lgeb ras  (and  i f  f o r  an l z  A  Ob(4* )  we  v i -ew  K  as  a  subse t  o f  A )
/7  

K '

t hen  G(A , .6 )  i s  p rec i se l y  t he  g roup  o f  a1 r  r i ng  au tomoroh isms  s

o f  A  s u c h  t h a t  s  ( X ; = 1 1

N o t e  t h a t  i n  g e n e r a l  G @ , 4 ' )

. c l e a r r y  x G  
( e  ' 6  |  = x 2 1 . l . , €  )  .

A key point  in  our  approach wi r l -  be tg  k i l l  cocyc les of
n _

G ( A , t ( o  )  w i t h  v a l u e s  i n  q e n e r a l  l i n e a r  g r o u p s  G L ^  ( K )  .
1 I

7 l  F ina l l y  l e t ' s  exp la in  the  re la t i on  be tween  ou r  se t t i nq

{on , t  need  th i s  remarkhe re  and  we i - l ' s  Ga lo i s  descen t  [ v ] ;  we  won , t  need  th j

l a t e r  o n .  L e t  K o  b e  a  s u b f i e l d  o f  K .  r ' f  K o €  D  @ , 4 )  ,  t h e n  o n e  c a n

f i n d  b y  2 l  a  g r o u p  h o m o m o r p h i s m  s : A u t  ( K / K o ) - - >  c @ , 4 1 w h i c h ,

c o m p o s e d  w i t h  t h e  p r o j e c t i o n  Y : G  @ , 4 \ * - + E ( A , 4  )  y e l d s  t h e  n a -

t u r a l  i n c r u s i o n  A u t ( K / K d  l * . 5  u . , (  )  s u c h  a n  
" .  

r i r l  b e  c a l l e d  a

sec t i on  o f  t '  {ove r  Ko .  conve rse l y ,  i f  such  a  sec t i on  s  fo r  f  ove r

Ko  -ex i s t s  one  can  ask  whe the r  Ko€  D  @,4 ) ;  upon  l e t t i nc r  s  (o - )  =  ( c - , s' (

f o r  o -€Au t (X /K )  w i th  so_ :A -+  Ad  we  see  tha t  we  have

= C  o S  
' o S

T V  A , - C  {  A



. a -

f o r  a l l  ( ,  a  i . e .  t ha t  t he  fam i l y  . (=o -L  sa t i s f i es  a  cond i t i on
l

a n a l o o t t o  f o  t r i e i l ' s  " c o c y c l e  c o n d i t i o r t i  [ i V ] .  S o  i f  w e  a s s u m e  i nr  v v v ]  v r r -  v v r r u 4  u r v r t  
L  J

add i t i on  tha t  x /Ko  i s  a  f i n i t e  (a lgeb ra i c )  ex tens ion ,  we j - r ' s
' , |

G a l o i s  d e s c e n t  w i l l  y e l d .  f o r  " r e a s o n a b l e  s p e c i a r  4 , " "  ( f o r  i n s -
/)

t a n c e  f o r  (  a s  j - n  T h e o r e m  ( 0 . 6 ) )  t h a t  K ^ € D  @ , 4  ) .  W e i l ' s  m e t h o d
"  

K /Ko  i s  t ranscenden ta l .

t7
(0 .9 )  I n  case  %^=ca tego ry  o f  po la r i zed  nons ingu la r  comp le te

K-var ie ' t ies,  the-  re la t ionship between f ie lds of  def in i t ion and

f  ie lds of  modul i  v ;as . i ,nvest igated in  deta i l  in  i l la l  Gr .J  [x" i r ] .L -  J L  J I .  J

Their  approach was v ia  chow coord inates (see a lso the remark
'

a t  ( 0  . 1 2  )  b e l o w )  .

fn  case 4X="ut"c- ror1z of  forma.- l -  K-a lc{ebras the problem of

understanding the re la t ionship between the two ty_oes of  f ie lds

above was left open in l-a,.fpl o. 1g2. L J

Our main resul ts  i -n  Sect ions

show i -n  par t icu lar  that :

(0 .  10 )  THEOREM. ln  a l l  the s  j - tuat ions a)  -e)  f rom Theorem
7 . t n Q t  "  r r a  Q t

( 0 . 6 )  w e  h a v e  ( K " t ^ " ' )  
u € D ( A . € )  

a n c .  K a i n ' _ t t € y r ( A , ' { )  f o r  a l l

a lgeb ra i ca l l y  c losed  f i e ld .  K  and  a l l  ob jec t  A€  OL j (4 ; .
'

On the other  hand we have the fo l lowing quasi - representabi -

I i t v  c r i t e r i o n :

( 0 . 1 1 )  T H E O R E M .  A s s u m e  c h a r  ( k )  = 0  a n d  r c t  4  b e ' a  f i b r e d  c a -

tego ry  ove r  K  sa t i s f y ihg  the  fo l l ow ing  cond i t j - ons  ( 'TTdeno tes  i n
. . 0

what .  f o l l ows  the  modu l i  f unc to r  assoc ih ted  to  ' 6  ) :
.  

' ?
i )  F o r  a n y  a l g e b r a i c a l l y  c l o s e d  f i e l d  K  a n d  a n y  A € O b  t ' - e  u )

t h e r e  i s  a  m e r n b e r  o i  D ( e , 6  )  w h i c h  i s  f i n i t e l y  g e n e r a t e d  o v e r  k .

2)  For  any f ie ld  K we have T/ l t r< t  = l im i l l tn l  where E runs through

the ordered set .  o f  a l l  subf ie lds of  K which are counLabl -v  qenerated
t .

ove.r  k .



o :

3)  For  any extension I ' r rKr  of  a l .gebra ica l ly  c losed f ie tds

the map ' f fL$)  - - -+ 771(x ' )  is  in ject ive.

Then  the  fo l l ov r i ng  cond i t i ons  a re  equ iva len t :

c< )  TIL i= quasi-representable,

p  )  Fo r  any  a lgeb rJ i ca l l y  c losed  f i e ld  K  o f  i n f i n i t e  t rans -
l / 7

cend.ence degree over k and for any A € Ob t (* l  we have
' n

, , , 2 ( A , ( l ) ,  , f 7 :( K - ' - ' '  - ' ) _ € D ( A r %  
) .

l { o reove r  i f  cond i t i ons  d , l  ,  f t )  ho ld  and  i f  K  i s  a lgeb ra i -

ca l l y  c losed ,  t 4  i s  a 'b i ra t i ona l  modu l i  space  r c t  4 ,  A€ob  t€ * l  and

(xo,uo)  € hy (K)  corresr :onds to  A 'under  
the b i  ject i -on ' { /L tx)4.  

hnn (K)

(where  xo€M,  uA :  k  ( xa )  - ->  K )  t hen  we  have  uo  ( k  ( xo )  )  =6  Z (A ,  4  ,  
, y t6 . , ( )

( 0 . 1 2 )  N o w  c o n d i t i o n s  1 l  ,  2 l  ,  3 )  i n  T h . e o r b m  ( 0 . 1 1 )  a r e

e a s i l y  s e e n  t o  b e  s a t i s f i e d  j - n  c a s e s  a ) - e )  f r o m  T h e o r e m  ( 0 . 6 ) .

S o  T h e o r e m  ( 0 . 6 )  f o l l o w s  i i r r m e d i a t e l y  f r o m  T h e o r e m s  ( 0 . 1 0 )  a n d .

( 0 . 1 1 ) .  N o t e  a r s o  t h a t  i f  a x i o r n  1 )  i n  T h e o r e m  ( 0 . 1 1 )  h o t l d s  t h e n  c o n d , i t r o n

, , , 2 ( A , ( 6  ) .  . . , ' ) .( K - "  ' ) u G D ( A , ' 6 )

r m p l i e s  t h a t  t h e r e  e x i s t s  a  f i n i t e  e x t e n s i o n  K ^  o f  K Z A ' €  \
. o

h p l n n c r i n n  r - s  D ( A , 4 )  * n i " n  a l r e a d y  i m p l i e s  b y .  r e m a r k  5 )  i n  ( 0 . 8 )  ." " n "  \ o ,  I  ,  w r l ! 9 r l  q l r 9 q u y  l r t t j

r h a r  * E ( a ' 4 ' a M ( A ,  4 1 .  s o  r h e  h a v - . J  p a r r  i n  ( 0 . 1 0 )  i s  r o

n r ^ \ z a  f h r f  , u Z _ .  A r q \ \  / - r . -  , n .
r / l v v c  L r r c r L  \ r 1  

a  
=  ?  ( A r , 6  )  a n d  t h i s  w i l l  b e  o u r  m a j - n  c o n c e r n

i n  s e c t i o n S l - 5 .  N o t e  t h a t  o n e  c o u l d  t r y  t o  p r o v e  t h i s  f a c t  i n

a  " g e o m e t r i c  w a 1 z "  a s  f o l l o w s

E a c h  o b j e c t  A €  O b ( 4 , )  c a n  b e  v i e w e d  a s  a  " f a m i l v "  o v e r
t\

Spec . (K )  .  Then  one  can  t r y  t o  rep lace  Spec (K)  by  an  a lgeb ra i c

k - r r a r i  e f  v  s p e c  ( S )  ( K ^ = K  Z @ , 4  \  ,  K  c S c K )  o n  w h i c h  Z t l , 4  )  a c t s

by  b i ra t i ona l  au tomorph isms  and  then  t r y  t o  (p rove  and )  use

r e n r e s e n t a h i  I  i  f  v  o f  i h e  f r r n c t . o r  O f  i s o m O r n h i  s m q  h e f w e e n  " o h i p r - i -  q
v v J  s v  u r

lF\t  /

, n " n n
i n  % . "  w h e r e  (  i s  a n  " e x t e n s i c n "  o f  ' {  

t o  t h e  c a t e g o r y  o f
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Ko-schemes .  The re  a re  some se r ious  d i f f i cu l t i es  w i th  th i s  app roach .

F i r s t ,  a r though  one  can  a lways  f i nd  i n  each  o f  t he  cases  a ) -e )

a  f i e l d  O f  d e f ' ; r ' ' i r i . ' .  v  +  ,  f i n . i l - a l r z  n a n) r r - n r - t r - o n  n 1  f o r  A  w h i c h  i s  f i n i t e l y  g e n e r a t e d  o v e r

K ^  i t  i s  n o t  a t  a l l  c l e a r  t h a t  o n e  c a n  f i n d  s u c h  a  K n  w h i c h  i no l

a d d i t i o n  i s  s t a b r e  u n d e r  , X ( a , 4 1 .  s e c o n d l y  e v e n  i f  s u c h  a  s t a b r e

' K .  w a s  f o u n d  ( a n d  S p e c ( S )  i s  a  m o d e l  o f  K 1 / K ^ )  i t  m a y  h a p p e n . t h a tt  
;  

l . - o

the Lsomorphisms between "objects  in  ( " "  form dn in f in i te  d imen-

s iona l  . ob jec t  ovg r  s  (as  i t r  i s . t he  case  fo r  f o rma l  a lgeb ras )  o r

a  f i n i t e  d imens iona l  ob jec t  w i th  i n f i n i t e l y  many  componen ts  (as

i t  may  occu r  i n  t he  case  o f  l i nea r  a lgeb ra i c  a roups ) .

No te  a l so  tha t  one  cou ld  t r y  t o  p rove  tha t  ( x  Z  A ,4  |  |  €' a  =
./)

€  D  ( A , S  )  b y  e x t e n d i n g  t h e  m e t h o d  o f  M a t s u s a k a - S h i m u r a .  T h e r e  a r e

d i f f i cu l t ies  a lso  w i th  th is  approach.  rndeed. ,  i r l  the i r  method

i t  i s  e s s e n t i a l  t h a t  t h e  m o d u l i  f u n c t o r  b e  o i  t h e  f o r m

, f f l , tx l  = I  i  H. (K) /R. (K)
I I

wi th  H*  ce r ta in  guas i -p ro jec t i ve  k -schemes  and  R*cH*  X  H .  ce r ta lnl + ! . . i - . . i - - i

' f  a lgebra i -c  equiva lence re la t j -ons" .  A l though our  7L has th is  form in

cases  a )  and  b )  f rom Theorem iO .O l  one  d .oes  ng t  expec t  T /L  ta  take

t h i s  f o r m  i n  c a s e s  c l  ,  d ) ,  e ) .
Y

Note f ina l ly  that  our  cohomologica l  method ye lds lnore than
A

quas i - rep resen tab i l i t y  o f  ' l | 1 ,  
r c .g .  i t  ye lds  the  , , sp l i t t i ng , ,

' F h o n r o m c  /  ?  a l  ( L  4 )  /  (  4 r l  t ^ z l . r i  n l r  r . ? ^  ' l  i  ^a s s e r t i o n s  i n  ! r r E v ! E r L , D  r , . 3 ) r  6 , 1 1 r ( 5 . 1 2 1  w h i c h  w e  d i d  n o t  e x p l a i n

in  ou r  I n t roduc t i on  bu t  have  an  i n te res t  i n  t hemse lves ) .

.  ( 0 . 1 3 )  W e  c l o s e  t h i s  s e c t i o n  b y  s k e t c h i n : r  t h e  p r o o f  o f

T h e o r e m  ( 0 . 1 1 ) .  A l t h o u g h ' t . h e  p r o o f  i s  p u r g l y  f o r r n a l  i t  i s  s o m e -

wha t  t r i cky .  Imp l i ca t i on  .< )  :>F )  i s  rou t i ne .  I n  p rov i -ng  p )  :>  d  )
t l



-  r  l l

i t  i s  conven ien t  t o  make

be quasi - representable on

a b i " r -a t i -onal  space 14 and

the  fo ' t *pwing  de f in i t ion :  ? lL  f t  sa id

a subcategory K^ of  K i f  there is
(J

a  func to r i a l  homomoroh ism

to

lrLIKo* t,, I to

wh ich  i nduces  i somorph isms  on  the  a lgeb r i i ca l l y  c losed .  f i e l ds

o f  y^ .  We  say  tha t  M  quas i - rep resen ts  T ILon  Jd^ .  Then  we  p roceedo  r  - - - -  
( J

i  n  l -  h r o o  c  l -  o n q

/1
s t e p  1 .  L e t  J L  b e  a n  a r g e b r a i c a l l l T  c l o s e d  f i e l d  o f  i n f i n i t e "

t ranscendence degree over  k .  Denote by Yx the subcategory of  J(

whose  ob jec ts  a re  the  sub f i e lds  o f  {L  and  whose  morph isms  a re

those f ie ld  homomorphisms between subf ie ld .s  ofJZ which can be

l i f t e d  t g . . a u t o m o r p h i s m s  o f  O ;  c l e a r l y  k n r s  n o t  a  f u l l  s u b c a t e -
'  i t

gory of K .  Then one proves that W t" guasi-represented on K.g_

by M= 4rl1., t-Cr-)/aut(IL) (where aut(!L) acts on 'LTLtfL) in rhe naru-

ra l  way  and  the  f i e lds  k  ( x )  a re  de f  i ned  as  fo l - l ows :  one  takes

an arb i t rary  sect ion s : i { -> o, t t tCLl  o f  the pro ject j -on f f l ( tL)  -+ , r , t

and  pu ts  k  ( x )  =JL  : ( s  ( x )  '  4  '  ,  .

. S t e p  2 .  L e t  K *  b e  t h e ' f u l I  s u b c a t e g o r y  o t ( ,

a re  the  coun tab l y  genera ted  f i e ld  ex tens ions  o f  k .

whose ob j  ect .s

r t O  i s  a n y

a lgeb ra i ca l l y  c losed  f i e ld  o f  uncoun tab le  t ranscendence  deg ree

ove r  k  t hen  one  can  cons t ruc t -a  func to r  K . ,  +KSf  send ing  each

f  i e l r i  x e o n t  l / .  
' )  

i n t o  a .  s u b f i e l d  f l  o f  f L  i s o m o r p h i c  t o  K  a n d  e a c ht  r a , , ,  ,  r r r u u  q  J u v l r g r q  r \  v . L J l _

morphisms K ----+ E in K*' into a morphi=* f l  -* i  in K1,compati b1e

w i th  the  i somorph isms  K3 f ,  E t { .  Then  one  checks  tha t  i f  14

quasi - repres ents  
' [TL 

on KS,  then M a lso quasi - represents 7n
\ /

o n  . K *
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step 3.  r f  ' f  ,  f fL ly *h,n lV-- ' ' ,  is  a functor ia l  homomorphism' / v ; u  , ' t '  1  t v71 !

making l . {  quas. i - represenL Tfu on K* then Y can be extended to a

na tu ra r  f unc to r i a l  homorno rph rsm 'T t  * *  hu  by  tak ing  d i rec t  l im i t s

( u s e  p r o p e r t y  2 )  i n  ( 0 . 1 1 ) ) .  N o t e  t h a t  o u r  c o n s t r u c L i o n  w a s  n o n -

canonica l  a t  severa l  po in ' ts  ( the choj -ce of  the sect j -on = i . *  - - *  ryLULl

the choice of  the functor  K*  u Kn) .  However  the quasi - rep ie-

sent ing object  is ,  as we a l ready remarked,  un ique up to  isomor-

p h i s m .

KILLING }IONABELTAN COCYCLES

Let  G be a topologica l  group;  un l ike in  L-" ]  an, f  [ t . r ]
we wj - l - l  not  assume here (and th is  wi l l  be imoor tant  1n what

fo l l ows )  tha t  G  i s  f i n i t e  o r  p ro f i n j - t e :  Fo r  t he  resu l t s  s ta ted

in  the  rn t roduc t i on ,  d i sc re te  topo log ies  on  ou r  g roups  G  wou ld

suf f ice;  however  to  get  a  sat is f i rc tory  p i .c ture of  the s i tuat ion

i t  i s  conven ien t  t o  t ake  nond isc re te  topo log ies  i n to  accoun t  L "o

and  so  we  w i l l

By a G-f ie ld  ( respect ive ly  G-group,  G.- r ing)  we .wi1 l  under-

s tand  a  f i e ld  ( respec t i ve l y  a  g roup ,  a '  r l ns )  X .  t o$e the r  w i th  a

G-ac t i on  on  X  by  f i e l -d  ( respec t i ve l y  g roup ,  r i ng )  au tomorph isms ;

such  a  G- f i e ld  ( respec t i v ' e l y  G-g roup ,  G- r i -ng r )  w i r l  be  ca r led

discrete i f  the act ion map G>< X - - -+X is  cont inuous where x  is

g i ven  the  d i sc re te  topo logy  (equ iva len t r y  i f  f o r  any  x€x  the

i so t ropy  g roup  o f  x  i s  an  open  subgroup  o f  G) ;  we  w i l l  a l so  say

tha t .G  ac ts  con t i nuous l y  on  X .  r f  K  i s  a  d i sc re te  G- f i e ld  and  L

i s  a  l i n e a r  a l g e b r a i c ' K c - g r o u p  t h e n  t ( K ) , . t h e  g r o u p  o f  K - p o i n t s

o f  L ,  has  a  na tu ra l  s t ruc tu re  o f  d  j _sc re te  G-g roup .

N o w  i f  l a  i s  a  d i s c r e t e  G - g r o u p  < i e f i n e  t h e  s e t  z t  { e  , f  )  o f
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*s..
cont inuous 1-cocyc les as the set { i ]u : f  a l l  cont inuous maps f  :G*+i?

g g p l ! p r l i  + - z  r - : F  €  n : n  l - . a  r o n ' l  : n a d  l ^ ' r r  f  h o  a a , r  j  r z a . | g ; 1 1  C O n C l i t i O nr s r : - I  r u t / 4 u v u v  r J  e i f e  u Y q I  v  u

r  that  t - l  ( t  )  is  an open subgroup of  G.  A cont inuous cocyc le f

I  w i l l  be  ca l l ed  a  cobound .a ry  i f  t he re  ex j - s t s  xe l  such  tha t
- 't '

f { s ) = ;  ' s x  f o r  a l 1 ' s C G '

B y  a n  e x t e n s j . o n  o f  d i s c r e t e  G - f i e l d s ' w e  m e a n  a  f i e l d  e x -
/

t
tens ion  E/R o f  d . i sc re te  G- f ie lds  such tha t  the  G-ac t ions  on  K

i  and E ag i ree ;  such an  ex tens ion  w i l l  be  ca l led  cons t ra ined i f
'

r : .
+he  ex tens ion  E" /K "  i s  a lqeb ra i c .L

One more  d .e f  i n i t i on :  a  subq ioup  Gn  o f  G  i s  ca l l ed  co f  i n i t e- l

i f  t h e r e  e x i s t s  a . s e g u e n c e  o f  s u b g r o u p s  G r - G l - . . . c G , , , = G  s u c h  t h a t  . i
t L t l l

G= i s  no rma l  and  o f  f i n i t e  i ndex  i n  G .  , . ,  f o r  1 ( i (m-1 ;  C lea r . l y
L . . ] . +

\ J 4

+he extensj -on K t /Ru is  then necessar i l l '  f in i te  a lgebra icu
( -  ' . : l r : i .

.  '  Our  main resul t  in  th is  sect i .on is  the fo l lowing:. '  Our main
:

( 1 . 1 )  T H E O R E : { .  L e t  G  b e  a  t o p o l o g i c a l  g r o u p ,  K  d  d i s c r e t e

c 1
G- f ie ld ,  L  a  l i nea r  a lgeb ra i - c  K " -g roup  and  feZ ' (G ,L (K )  )  a  con* t . i -

nuous .cocyc le .  Then  the re  ex i s t s  an  open  co f i n i t e  subgroup  G i  o f

G and a f in t te ly  generated constra ined.  extension of  G. , - f ie lds

.  .K. r  /X such that  the image of  f  v ia  the natura l  map
t '

z 1  ( c , L  ( K )  )  - +  z 1  ( G *  L  ( K l  )  )
l l

i s  a  coboundary.

'P roo f .  Embed  L  i n to  GL*  fo r  some N  and  suppose  L  i s  de f i ned

. , r--'1i n  k L x l a  b y  a n  i d e a l  r , w h e r e  * =  ( X i j )  a n d  d = d e t ( X ) .  D u e  t o  L h e

f o r m u l a  f  ( s t )  = f  ( s )  s  ( f  ( t )  )  f o r  s , t ( G ,  t h e r e  i s  a  u n i q u e  G - a c t i o n

on K[X]  wfr ich agrees wi t f r  our  G-act ion on K and such that
. s t

s X . , = / . X . _  ( f  ( s ) ) ^ ;  w h e r e  f  ( s ) e  L ( K )  i s  v i e w e d  a s  a n  e t r e m e n t  1 nr-l  a-J rP '  
PJ
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c tN (K)  .  S ince  f '1

s d : d e t ( f ( s )  ) d  t h e

l- '1

o n  K  [ " X l a ;  c l e a r l y

be  the  se t  o f  a l - I

p r o p e r t i e s :

i  )  J '  c -onta i -ns J  and

2 l  I  '  i s  G ' - i nva r ian t  f o r  some open  co f i n i t e . subgroup  G ,  i n

By  noe the r ian i t y  S  has  a  max ima l  member ; . , ca l l  i t  J l  anc l  ca l l
- l

G,l  the corresponding open cof in i te subgroup from condi t ion 2l  .  In le

c l a i m  J . ,  i s  a  p r i m e  i d e a l .  r n d e e d ,  l e t  , = f n  1 , . . . , p , n  1  b e  t h e  s e t  o f

a l  I  o r i ' n e  i d , - a l s  i n  X [ X l  -  w h i c h  a r e  m i n i m a t  o v e r  , T -  -r - !  r - r ( u  r L . L * + v  - .  
L . , - . ,  

W n I C n  c l . l l € j  I T l t I l r r r r o . *  L , v  c L  r  
1  

.  

. C l e a f  

l y  G .

ac ts  on  M and  pu t  Gr=Ker  (G1  *  Au t  ( t a )  )  wh ich  w i l l  s t i l l  be  open

and  co f j -n i t e  i n  G .  s ince  p ,  i s  Gr - i nva r ian t ,  we  mus t  have  p . ,1e  s

hence  by  max ima l i t y  o f  J1  we  have  p1  =J1  wh ich  p roves  ou r  c la im .

We le t  now K,  be the quot ient  f  ie ld  of  R1=K [x ]UU. l . ,  - , . ,q  xe L (K. ,  )

be  the  K . , -Fo in t  o f  L  cc r responC ing  to  the  nap  l< [ " JO, r ,  . * ,  K1

C l e a r l y  G . ,  a c t s  c o n t j - n u o u s l y  o n  K . ,  a n d  f  ( s ) = * - 1 " "  f o r  a l l  s € G 1

s o  t h e  c o c y c l e  
" ;  1 " + * L ( K )  

r , ( K t )  i s  a  c o b o u n d a r y .  W e  a r e

le f t  t o  p rove  tha t  x l lZxG i s  a lgeb ra i i .  r t  i s  su f f i c i en t  t o  check

tha t  any  e lemen t  . ao f r  i s  a lgeb ra i c  ove r  K ;  i ndeed  i f
n  n - 1a - - + b 1 a - -  ' + .  

.  .  * b . ,  0  w i t h  b i 6 K  i s  a n  e q u a t i o n  o f  m i n i m a l  d e g r e e

s a t i s f i e d  b y  a  t h e n  f o r  a n y  = € G 1  w e  w i l l  h a v e  ( b . , - s b . ,  ) u n - 1 * - . .

. . . +  ( b - - s b - 1 = 6  a n d  h e n c e  b y  m i n i m a t i t y ,  s l . r  = h  F n r  a l. - n  - - n ,  b i = b i  t o ; .  a l l  i  a n d  s 6 G 1  .

In -o the r  words  a  tu rns  ou t  t o^be  a lgeb ra i c  ove r  K
\J.r

.  A s s u m e  t h e r e  e x i s t s  a € K n '  t r a n s c e n d e n t a l  o v e r  K  a n d  l o o k  f o r

a  c o n t r a d i c t i o n .  B y  C h e v a l l e y ' s  c o n s L r u c t i b i t i t y  t h e o r e m  t h e r e

ex is ts  9eK[a ]  ,  g lo  such rhar  rhe  image o f  rhe  map spec tn . , faJ ) - - ]

spec t t< [a]  )  contains spec tx [a]n) (where n. ,  [ " ]  denores of  course

( 1 )

; ] . - l -

I J  _  I

.  r - - - 1
r - s  open ,  KLXJ  i s  a  d i sc re te  G- r i ng .  S ince

ion  above  con t i nuous l y  ex tends  to  a .G-ac t i on

- -  |  - -  IKl-X. jA is  g Iobal ly  invar iant  under  c .  Let  S

a l s  J '  i n  X  i X l  a  r r . i  ^  r . , . i  * . *
,  Ja  sar r -s ry ing  the  fo l low ing

G .
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t h e  R . - s r r b a l q e b r a  o f  K "  g e n e r a t e d  b y ' a  a n d  a n a l o g o u s l y  f o r  K [ u J l .
r {" 1  ^ ' 1

We c la im there ex j -s t  an open cof in j . te  group G,  in  G and a Gr- inva-

r iant .  pr i " rne j -c jea l  I , l0  ; in  Xia]  t :o t  co; r1-a in ing g"  I f  the f  iek l
G l

K '  i s  i n f i n j - t e  we  may  s imp ly  take  Gz=G. ,  and  p= (a -c )nF ]  where
G 1  .

c € K ' t ,  g ( c ) 1 0 .  t o  p r o v e  t i r e  c l a i m  i n  g e n e r a l  n o t e  t h a t  t h e r e  i . s  a t
G 1 -

l e a s t  o n e  p o l y n o m i a l  h e K  ' L u l  n o n e  o f  w h o s e  p r i - m e  f a c t o r s  h 1  , . . . , h *
.  - - r  - 1
in  t< [a l  d iv ides g.  Clear ly  G. ,  acts  cont inuously  on x [a]  and a lso

, a

o n  t h e  
' f i n i t e  

s e t  o f  i d e a l s  r = . ) h . X l a l  , . . .  , f r * X l a l f  .  T h e n  t h e  c l a i m
)  |  q  

" -  i n  r -  - )
L

f o l l ows  by  tak ing  GZ=Ker (G . , - - -+Au t (F ) ) .  I ^ l i t h  P  a t  hand  cons ide r

\ . 1
t h e  s e f  E = l o  . -  -  - . O  \  o f  m ' i  n i m a ' l  n r i m e s  i n  t h e  f i b r e  o f  t h e  m a pL f r e  r v L  ! - . ) \ l , l  , .  .  .  , : < S  

J  

v r -

L  
I  D J

Spec (n. ,  [a l ) - - -+ Spec (K 
[ " ] )  a t  P;  c lear ly  G,  acts  cont inuously  on

* f  [ "_ ]  
and  a l - so  ac ts  on  E"  Then  i f  r ve  l e t  Gr=Ker (G ,  - - * rAu t (E ) )  we

ge t  t ha t  Q=Q1 i s  Gr - i nva r ian t ,  hence  so  w i l l  be  QnR. ,  ,  hence  so

w i l l  be  the  i nve rse , image  o f  QnR. ,  i n  K [ } JU  wh ich  we  ca l l  J r "

Now QlO hence OnR., l0  (because n. ,  ant l  n . , fa ]  have the s .ame quot i 'ent

f i e l d )  s o  J ,  s t r i - c t l y  c o n t a i n s  J 1 .  S i n c e  G g  i s ' c o f l n i t e  j - n  G ,  t h i s

contradic ts  the maximal i ty  o f  J1 and our  theorem j -s  proved.

( 1 . 2 1  I n  v i e w  o f  T h e o r e m  ( 1 . 1 )  a  s p e c i a l  r o l e  w i l l  b e

p. layed by topologica l  groups G having the proper ty

( * ) has no open normal  subgroups of  f in i te  index except

i t s e l f .

r ' l a a r ' l r z  i  f  c  s a t i s f i e s  ( * )  t h e n  G  h a s  n o  o p e n '  c o f i n i t e  s u b g r o u c s\ /

o v r - o n t .  c  i f  q , e l  f  h r . n r : e  c  - c  i . n  T h e o r e m  ( 1 . 1 ) .  L e t  u s  d i s c u s s  aU ^ v 9 t / u v * - , ^ - ^ ^ * - " 1

remarkab le  examp le  o f  a  g roup  w i th  p rope r t y  ( * ) .  Fo r  any  f i e t c i

ex tens ion  K /K^  q i ve  Au t  (  K /K^ )  t he  un ique  s t ruc tu re  o f  t opo log i ca l
o  o '

g roup  fo r  wh ich  the  i den t i t y  has  a  fundamen ta l  sys tem o f  ne igh -

bou rhoods  cons i s t i ng  o f  a l - l  subg rouos  o f  t he  fo rm Au t (K /E )  w i th

Lr

u
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K^cEcK,  E  f i n i t e l y  genera ted  ove r  K_  ,. ,  - :  - ' - -  - ' o  ,

wi l l -  be ca l led.  the natura l  topology on

( 1 . 3 )  L E M M A .  L e r

c l o s e d  f i e l d s  w i t h  K  o f

Then  Au t (x /KJ  w i th  i t s

K /Ko  be  an  ex tens ion  o f  a lgeb ra i ca l l y

i n f i n i t e  t ranscendence  deg ree  ove r  Ko :

na tu ra l  t opo logy  has  p rope r t l z  ( * ) .

" 1 & x r &

x€E we have

conclude by

v
T J*€Fro_r.n t  (  1<k<N ,

l e t t i n g  T € c  t o  b e  a

;  th is  topo loqy

\
o , l '

= ! ' )  a n d

ex tens ion  o f  T

see

Aut (

l-nl
I  . \  {
t - J

K / K

Proo f .  Le t  H  be  an  open  no rma l  subg roup  o i  f i n i t e  i ndex

N in  G=Au t (K /Ko) .  and  l e t  E  bu  
I  f i n i t e l y  genera ted  ex tens j -on

o f  K o  i n  K  s u c h  t h a t . A u t ( K / E ) c H .  I V e  c l a i m  t h a t  f o r  a n y  s - e  G

one  can  f  i nd  an  au tomorph ism r€_G such  tha t  r -1  t  
Ne  

Au t  (K /E \  i

t h i s  w i l l  imp ty  tha t  G=H.  To  p rove  ou r  c la im  le t  EF ,  c leno te  the

c o m p o s i t u m  o f  E  a n d  F =  o - E  i n  K  a n d  l e t  y : e ( e r  e  r r  &  &  F ) - > K

be an embedding extending the inc l_us ion EFcK (h 'ere the tensor

products are over  Ko ,  the number of  factors  is  N and e denoLes

" t a k i n g  t h e  q u o t j - e n t  f i e 1 d , , ) .  p u t  F 2 = y ( 1  @ F  &  1 e . . .  O  1 ) , . . - . ,

F * = Y ( 1  e  A  1  @  F )  .  N o w  l e t  t o : E F r . . l " *  a F F r . . . F *  b e  t h e

j -somorphism induced.  v ia  Y by the isomorphism E 6 i  F 6? dp F"*>

- + F @ F A l @ F gj-ven by

&  * N F - > x 2  @  : . .  I  * X  d  f  * 1

Then for

C f;x= dx.

ts'
I

ny

any

l ,V C

2. x l-cl -i,roDULES'  - ' L " l

( 2 .  1 )  r , e t  G  b e  a  t o p o l o g i c a l  g r o u p  a n d  K  a  d . i s c r e t e  G - f i - e l - d .

D e n o f  e  h r r  X  l - C l  i - h a  q l r o r . r  - r ,  ^ . $  - -  * ^  ^  ^  1  1- ' r  i . L - J  : - J u p  K - a l g e b r a  o f  G ;  r c c a l l .  t h a t  a s  a

K - ' l  i n a : r  a h r - r  - - r - - l
4 r r r u q !  o y u v € r  K L G l  h a s  a  b a s i s  c o n s i s t i n g  o f  t h e  e l e m e n t s  o f

G wh i re  the  mr - r r t i p l i ca t i on  i s  de f i nec l  by  the  fo rmu l -a



t t

( . 1 " 1 1 k 2 " 2 ) = ( c . ,  s . ,  ( c r ) ) ( s 1 s z )  f o r  a l t  c , c r G K  a n d  
" 1 , " 2 € G .

we wi l - l  be interested her:e.  in the .category of  K[G]-modules

(note that  t .he (c,K)-spaces from [n"- l  are Of"J*modules vrhi le rhe

converse  - -Ls  no t  t rue  s i -nce  we do  no t  assume tha t  the  map G+Aut (K)

r l o f  i  n ' i  n x  * .  l - ' ^LLer r r r l r rg  r r ] . e  G-ac t i on  on  K  i s  i n jec t l r ze )  .  The  bas i c  re la t i on  i -n

a  x [ c ] - m o d u r e .  t 4  i s  s ( c x ) =  ( s c )  ( s x )  f o . r  a t - l  s € G ,  c 6 K ,  x ( i { .  I V h e n

we say a x  [e ]  
-modul -e is  f  in  j - te  d imenslonal  we mean i t  has f  in i te

d imens ion  as  a  K - l i nea r  space .  a  x [ c ] -modu le ' i s  ca l l ed .  d j_sc re te

i f  i t  i s  so  as  a  G-g roup .  The  f i e ld  K  i - t se l f  i 6  a  d i - sc re te

^LGJ-modu le  i n  a  na tu ra l  way .

Now for  any  K[c ] -moau le  f {  n , r t  uG={x6M;  sx=x  fo r  a l l  sec} ;
t

) 4 G  i s  a  K G - l i n e " r  s r l a c c  a n r l  w e  h a v e  a  n a t u r a l  i n j e c t i v e  K - l i n e a r

map

F

K A 6  ( l l " )  -+  l { ,
t r "
n

c @ x t - - > c x

we wi l l  o f ten ident i fy  K & c( I , tG)  wi th  the image of  th .e above map.

r f  th is  map is  a tso sur j " "a l ; .  we say rhar  14 r= a spr i r  o i - " i l * "o" r " ,
L J

c Iea r . l y  - ' , 1  i s  sp l i t  i f  anq  on l y  i f  i t  has  a  K -bas i s  con ta ined  i n

i4G (see  a l so  Ln " ]  f o r  re l -a ted  d i scuss j -on ;  however  the  ma j -n  resu l t s

i n  l - x r , l  i n r z . ' l
u , - r  * - ^ " - * v e  o n l y  f i n i t e  g f r o u D s  G  s o  t h e y  a r e  n o t  s u f f i c i e n t

F ^ -  n  r 1 r  n r r  r n n - a  \, * - ^ , - s e ) .

Note  tha t  any  spr i t  nL" ] -modute  is  a  d isc rere  x [ tJ -moau] -e .

r f  K l / K  i s  a n  e x t e n s i o n  o f  . G - f i e r d s  a n d  i f  t { , . i s  a  ( d i s c r e t e )
i- 'r

K L c J - m o d u r e  t h e n  K t  @  * M  h a s  a . n a t u r a l  s t r u c t u r e  o f  ( d i s c r e t e )

* r L " ] - m o d u l - e  d e f i n e d  b y  s ( c  6 l  x ) = s c  6 l  s x  f o r  a l l  s ( G ,  c ( K r ,  x ( M .

( 2 . 2 )  A  u s e f u l  r e m a r k

i s  an  open  subgroup  o f  G

: f i e l -ds  then  the  fo l l ow ing

i s  tha t  i f  M  i - s

and  K .  /K  i s  an
I

h o l d :

2 C

exte

pl i t  x  l -c l -moaule.-  L r

n s i o n  o f  d l s c r e t e

. ^ ^
,  ' ) .4 L'-) r

G t

C' 1

t i 
''1,

uM-



:

1)  K1 6 .1{  i s  a  sp l i t  r .  l c , - l -modu le  and
I  a .  l L  r l :

l \  r j i : .

2)  the  na tu ra l  map

r, tof l  ,  * 
*"(r,rc) 

--. ,*., * *u)"'

- , . j-s an i 's*bmorphism.

The  f  i r s t  asse r t i on  i s  c lea r  s ince  K . r  @ , ,M  has  a  K"  -b .as i s
. r  n  I

cons i s t i ng  o f  G- inva r ian t  e lemen ts  i n  M .  To  p rove . the  second

asser t ion i t  i ' s  suf f icent  to  check that  f  becomes an isomorphism
.  G 4  .

a f te r  t enso r i sa t i on  w i th  K ,  ove r  K ,  r .  Bu t  a f te r  t enso r i sa t i on
I

r ra l l y  i den t i f y  w i th

Kn I , ,M and we are done
r t 5 '

Now aicotAi r rq wi th  a genera l  pr inc ip le  
[ * " ]  our  resu1t

{ 1 . 1 }  o n  " k i l l i n g  c o c y c l e s "  l e a d s  t o  ' , e x i s t e n c b  o f  i n v a r i a n t
f. ri

b a s e s  "  :

( 2 . 3 )  C O R O I L A R Y .  L e t  K  b e  a  d i s c r e t e  G - f i e l d  a n d  1 4  a

d j -sc re te  K [ -G l l .n r . ' , r1 , , " 'o  o f  f  in j - te  d imens ion .  Then there  ex is t  anL"J  ^ " " * * - *

open co f in i te  subqroup G,  o f  G and a  f in i te ly  genera ted  con--  
|  

- - - - - - - r

-  s t ra ined  ex tenq i r rn  T .  / v  nF  d i sc re te  G . - f i e ld . s  such  tha t  K .  6  . . i {

; ; - J ; . : '  

* - ' : ' = -=  "1  r -L€ r ( rb  L I IqU  " ' r  * .  o^ '

proof .  f t  is  s imi lar  to  an argument  f rorn lx i l ,  for  conve-
l _  J -

.  .  n j -encb  we  repea t  t he  a rgumen t  be low .  Le t  *1  r . . .  rXm be  a  K -bas i s

o f  l {  a n d  w r i t e  = * . = 1 . ,  i  ( s ) x .  w i t h  s € G ,  a ( s ) = ( a . .  ( s ) ) €  c L * ( K ) . .L H  r J  J  
-  

l - l  -  i r r

T h e  m a p  f  : G - - - )  G L m ( K )  ,  f  ( s ) =  ( a ( s ) ) - l  i s  a  c o n t i n u o u s  i - c o c y c l e ,

h e n c e  b y  ( 1 . 1 )  o n e  c a n  f i n d  a  c o f i n i t e  G . ,  ,  a  f i n i t e r y  g e n e r a t e d

. c o n s t r a i n e d  e x t e n s i o n  R , / R  o f  G r - f i e l d s  a n d  a  m a t r i x

5 = ( b i i ) € G L - ( K - )  s u e h  r h a ?  f  ( s ) = 5 - 1 " 5  f o r  a l l  s € G . .  p u t .
r - l ' -  , m ' " l  . '  I

ril

Yi=Ab i j " j  f o r  1 ( i (m .  Upon  le t t i ng  x  and  y  to  be  the  co lumn



l q

v e c t o r s  w i t h  e n t r i e s  x a  t
I

f o r  a l l  s € G . :
I

s y =  ( s b )  ( s x ) =

G "
,hence .y i€ (K1 @ Kl { )  

|  
and

/

. .  r Y -  r e s p e c t i v e l y  w e  h a v e-  
l L t

, x * . a n d  y 1 r .
i

( P t  t " )  )  ( a  ( s )  x )  = b x = y

)

w e  a r e  d o n e .

, , .  LOCALLY FTNTTE x[C]-ar,eEBRAS
: .

(3 .1 )  By  a  K -a lgeb ra  we  w i l l  mean  he re  e i - t he r  an  assoc ia -

t ive uni tary  (not  necessar j - ly  commutat ive !  )  K-a lgebra or  a  L ie

K-a lgeb ra .  By  a  l oca l I y  f i n i t e  s t ruc tu re  on  a  K -a lgeb ra  A  we  w1 I1

mean  a  sequence  {A  )  o f  f  i n i t e  d imens iona l  K - l - i nea r  s r rhsna r : r ' q, " ' n ,  
n V O  " *  ) I v I I q I  I \  f t l t c c l !  r u v r y u v s J

o f  A  such  tha t  a= Ia  ( t he  sum need  no t  be  d i rec t  !  )  a?d  1€AoL! n

( i f  . t h e r : e  i s  a  u n i t  1  i n  A ) .  B y  a  l o c a l l y  f i n i t e  K - a l g e b r a .

we mean a K-a lgebra A together  Wi th a Iocal Iy  f in iLe s t ructure.

(A r r )  on  i t .  The  l oca1 ly  f i n i t e  K -a lgeb ras  fo rm a  ca tego r l z :  a

morph ism be tween  two  loca l I y  f i n i t e  K ' -a rgeb ras  (A ,  (An ) )  and

( B ,  ( B n )  )  i s  b y  d e f i n i t i o n  a  K - a l g e b r a  m a p  f  : A * - ) B  s u c h  t h a t

f  ( A n ) - B n  f o r  a l l  n V l .
:

Here are some stand.ard examples of  local ry  f in i te  K-a lge-

b ras .  Any  g raded  K -a lgeb ra  A  w i th  f i n i t e  d imens iona l  homogenous

p ieces  has  a  na tu ra l  s t ruc tu re  o f  l oca l l y  f i n i t e  K -a lgeb ra  (pu t

Arr=piece of  degree n)  .  Any f in i te  d imensional  .K-a lgebra A j -s

a Iocal ly  f in i te  K-a l -qebra j -n  a s tandard way (we put  Arr=A for

a l l  n )  .  G iven  an  a f f i ne  K -va r j -e t y  Spec {A)  the re  i s  no  ' l canon ica l , ,

t ^ ^ ^ i ' , . ,  . ' . i - . : L  ^  ^ L - . - ^ L . - - ^ ^  c  , , ,roca r ry  r l - n r re  s t ruc tu re  on  A ;  however  i f  we  a re  g i ven  a  smoo th

compac t i f i ca t i on  X  o f  u=Spec  (A )  t hen  assoc ia ted  to  i t  t he re  i s

a  canon ica l  l oca l l y  f i n i t e  s t ruc tu re  on  A  de f i ned  by  A r r=
r r . n=H- (x ,  Ux (no )1  where  D  i s  t he  reduced  d i v i so r  whose  suppor t  equa ls

X  \  U  (he re  by  a  compac t i f i ca t i on  o f  a  K -va r ie t y  U  we  mean  a
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. comp le te  K -va r ie t y  con ta in ing  u  as  a  Za r i sk i  open  se t ) .  A  qu i te

genera l  c l -ass of  f in i te ly  generated commutat ive K-a lgebras A

.  possess inq  a  " canon ica l "  l oca r l y  f i n i t e  s t ruc tu re  w i l l  be

d e s c r i b e d  i n  ( 3 . 8 ) :  i t  i s  t h e  c l a s s  o f .  t h o s e  A  f o r  w h i c h

Spec(A)  is  a  K-var ie ty  wi r th  non negat ive Kodai ra d imension.

-  .For  any f ie ld  K denote by J^ tn"  category of  f in i te ly .

generated local ly  f in i te  K-a lgebras;  for  any f ie ld  homomorphism

K ->  K :  de f i ne  the  base  change .  f unc to r  / o  *  Jo ,  by  (A ,  (An )  )

t - +  ( K '  &  K A ,  
( K '  @  K A n ) ) .  I { e  h a v e  d e f i n e d  a  f i b r e d  c a t e g o r y  /

over  the category of  f  ie lds.  c lear ly  (Arr )  def  j -ne a gradat ion

i f  and  on l y  i f  (K '  @ XAr r )  de f i ne  a  g rada t i on .

( 3 . 2 )  F o r l o w i n g  L t * J  p . 9 5 2  i f  G  i s  a  t o o o l o g i c a t  g r o u p  a n d

K is  a d iscrete G-f ie1d then by a x fcJ-aroebr .a we mean a K-a lgebra

A which is  a lso a x [e l -modu]-e such that  the mul t ip l icat ion mapL J

A @ -A -+ A and the uni t  I ( ->A ( i f  there is  any)  are Kl -Cl -moauten .  
L J

m a p s  ( w h e r e  A  &  * A  i s  a  x [ c J -  m o d u l e  v i a  s ( a 1  @  u 2 ) = s a ,  @  s a ,

fo r  s€G,  a , ,a rgA \ .  By  a  l oca l l y  f i n i t e  
" [ " ] -a lgeb ra  

we  w j - l l  mean

a  loca l l y  f i n i t e  K -a lgeb ra  A  wh ich  i s  a l so  a  X le l -a lqeb ra  such
L J  :

. t h a t  A '  i s  a  X [ C ] - s u b m o d u l e  o f  A  f o r  a l l  n 7 0 .  A  ( l o c a l t y  f i n i r e ) .
l l r - . t

I ( L c j - a l g e b r a  i s  c a } l e d  d i s c i e t e  i f  i t  i s  s o  a s  a  ^ L c l - m o d u l e

( i . e .  a s  a  G - g r o u p ) .

F o l l o w i n q  h l W l  p . 9 5 7  w e  s a v  f h a f  f h a  r t
L  J  -  L j  u r l q L  L r r E  l r o c a l l !  f i n i t e )

il l

.  '  K l c l - a l g e b r a  A  i s  s p l i t  i f  t h e r e  i s  a n  i s o m o r p h i s m  o f  ( l o c a l r y
L . J

. f . i n i t e )  K - a l g e b r a s  A . s K  @  r - ( A o )  f o r  s o m e  ( i o c a t l y  f i n i t e ) . X G - a I -
1 { "

gebra  Ao  such  tha t  f o r  t he  i nduced ' * [ " ] -a lgeb ra  s t ruc tu re  on

K  $  
_ - G ( A o )  

w e  h a v e  s ( . c  & . x ) = s c  G r  x  f o r  a 1 l  s e G ,  . , f K ,  x € A o
K -  : .

C l e a r l y  a n y  s p l i t  ( l o c a l l y  f i n i t e )  x f c i - a l g e b r a  i s  a  d i s c r e t e
. - t

- -  |  ^  IK 1  c  1 - a l g e b r a .
L J
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The  ma i -n  resu l t  o f  t h i s  sec t i on  i s :

( 3 . 3 )  T H E O R E I { .  L e t  A  b e  a  f i n i t e l y  q e n e r a t e d . l o c a l l y

f i n i ' t e  d i sc re te  x lC ] -a lqeb ra .
L J

1 )  I f  K  i s  a l g e b r a i c a l l y  c l o s e d  t h e n  { x G ) . 6 o  ( A , , C , ' ) .
D

2 ' )  I f  G  has  p rope r t y  ( * )  t hen  the re  ex j , s t s  a  cons t ra ined
N N

ex tens ion  K /K  o f  d i sc re te  G- f  i e lds  such  tha t  K  .e  , ,A  i s  a  sp l i t

+ r ! a i & -

I U \ - < 1 - L  I W  I  - L T I - L  L I . - - r ' l  a o l - r r :f r--l^ L"l

Proo f .  I f  (A_ )  i s  t he  l oca ] ] y  f i n i t e  s t ruc tu re  on  A  then' n

A '  a r e  f i n i t e  d i m e n s i o n a l  X [ C l - s u b m o d u l e s  o f  A .  U s i n g  ( 2 . 3 1
L J , ,

we may construct  j -nduct ive ly  a sequence G)Go)Gl t .  .  .  o f  opel

c o f i n i t e  s u b g r o u p s  o f  G  a n d  a  s e q u e n c e  K c K ; K 1 G . . .  o f  f i e l d

ex tens ions  o f  K  such  tha t  f o r  a l l  n )0  the  fo l l ow ing  cond i t i ons

G
a r g  s a t i s f i e d :

a )  K '  i s  a  d i sc re te  Gr r - f i . e ld  (pu t  k r r=Kr rn ) .

b )  K .  /K -  n  i s  an  ex tens ion  o f  d i sc re te  G  - f i e lds  (where'  n '  n - t  n

K - 1  = K )

c )  k - / k *  ,  i s  an  a tgeb ra i c  ex tens ion  (where  k  .  =KG)  .
- l

'  n '  n - l

d)  K -  8 ; ,A -  i s  a  sp t i t  X - lC - l -modu le  ( ca ] l  i t  B -  and  pu t- n K n n L n J n

G
a .  =E"h  I
" n  " n  t '

lvtoreover define fr;Ux,, ,  fr=Ukr,, ef,=te o Cn and
r : ^ n ' ^ r y

O o = 1 - / { X r , 6 , a O ) " t .  T h . r ,  A o  i s  e a s i l y  s e e n  t o  b e  a  s u b - k - a } g e b r a

of ft' E xA. 
I{e claim that the natural *up fr * too 

------+ il e oa 
is

an isomorphisms of  f r -a lqebras (which we shal l  th ink of  f rom now

on  as  the  i den t i t y ) .  I ndeed  ou r  map  i s  su r j ec t i ve  because
^J  <1^ /  g1n)  I

11 8 KA= Lf  A xAn=AK I  X_8. ,  and any e lernent  o f  B '  is  a  Krr - ] ine3r

combinat ion of  e lements f .o*  C '  hence i t  is  
"  

?- t i r r " r .  combinat ion

o f  e lemen ts  f rom Ao .  To  p rove  tha t  ou r  map  i s  i n jec t i ve ,  I e t
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i - l i near ty  independent  e lements  f rom Ao and le t ,st '  p

check that they remaln f r - t i r . "ur ly independent as elements of
(../ t-t .\,,

K  @  . , A .  I f  / -  d . X * = 0  w i t h  a . , 6 K  t h e n  t h e r e  e x j _ s t s  a n  i n t e g e r  n ) 0- K  
l _ l _  1 -  

G
c r r n h  { - . l r r #  a  r  a v  v  r : l | .  , o \  n t  r r  o . : h ^ ^  Jl i u u r r  L r r c t r  o 1 , . . . r - p € K n r * 1 , . . . r * p € ( K n  @  

K A )  
s i n c e  t h e  m a p

G

, , 8 k  
( K n & K A )  t - +  

K n S K A' - n

i s  i n j e c t i v e  a n d  x a 1 . . . 1 x _  a r e  k _ _ - l i n e a r l w  i n d e n e n d o n t  f h e v  w i l l1 ' -  -  - ' - - p  * * -  ' - n

r e m a i n  K - - l i n e a r f v  i n d e D e n C ^ - +  h a n ^ ^  -  1 . . . = a - ' = 0  a n d  o u r  c l a i m- , n  - _ - - - q ! r ] /  r r l u E } / s l r u E l r L  r r s t r \ - E  a .  
I -  p

15 proveo

Next  note that

3 * i talt =i * ,nrr ,*r, @ o.,"r) =f e rA'

hence the natural  maos oi  *  Ao are in ject ive .na ao=ZAl so

, - O  , - O .  '
r A  , , r . j )  )  i s  a  f i n i t e l y  g e n e r a t e d  l o c a l l y  f i n i t e  f r - a l g e b r a .

N o w  a s s e r t i o n  2 )  i n  o u r  t h e o r e m  f o l l o w s  b e c a u s e  i t  G  h a s  p r ,r *  o p e r -

t y  ( * )  then Gr ,=G fo r  a I I  n )0  henc"  ?= tG and Ao= t f ,e  - .A)G.  To

prove asser t ion  1  )  no te  tha t  s ince  A is  f in i te ly  genera ted

t he re  i s  a  f i n i t e l y  genera ted  K -suba lgeb ra  R  o f  K  such  tha t

.  R  E  , ,  (K  @ tAo)=R @ ^A .  Then  fo r  a l l  . r 70  we  have' 1 (

p & x (K @iafitc(R @ rA) rr t?a rAr,)=R @ KAn

B v  s v m m e t r v  t h e  c o n v e r s e  i n c l u s i o n  a l s o  h o l d s  S o  w e  h a v e

D  r ;  ^  - n  ' < ; \  ( K  @  t A : )  f  o r  a l l  n ) 0 .  I Y e  c o n c l u d e  b y  r e d u c i n g^ - w  
K ^ n  

^  w  K  -  K  n '

t hg  equa l i t y  *  E  X (K  & IAo)=R @ *A  modu lo  any  max ima l  i dea l  o f  R .

( 3 . 4 )  C O R O L L A R Y .  L e t  K  b e  a l g e b r a i c a l l y  c l o s e d  a n c i  A [ O b  t / . ) .

- a l g e b r aT h e n  A  h a s  a  n a t u r a l  s t r u c t u r e  o f  l o c a l l y  f i n i t e  * [ C ]
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( G = G  @ , &  l )

A is 
.ei i : irer

6 u ( a , / ) .

-+  c  (A , l  )

i n  r - r r r # i a r r ' l r r  t u Z ( A r / ) ,;  r r r  y c r r L r u u r q -  \ r \  : i . .  / a € D  @ , 4 l .  I f  i n  a d d i t i o n
.  

. r , , . ; . :  
r i r  r  a  / ,

comrnulat ive or  f  in i te  c l imensional -  then o / " : (A 'o I  G

F u r t h e r m o r e  i f  t r . d e g  .  K / k =  o o  a n d  i f  s :  f  = A u t ( K / K ^ ) - . +' o '

i s  a  s e c t i o n  o f  G ( A ;  4 , 1  - - - >  Z @ , " ( , 1  o v e r  K o =  ( n Z  a ' { 1
)

â

( c f .  7 l  r n  ( 0 . 8 ) )  m a k i n g  A  a  d i s c r e t e  ^ f " l - a l g e b r a  t h e n

ove r  some cons t9 ined  ex tens ion  o f  K  (he re  11=Au t (K /Ko)

v iewed  w i th  i t s  na tu ra l  t opo logy  c f  .  ( 1  .2 ) ' l  .

r  a - 1 - i  ! ^
f i .  s I J J r  L D

. i ^
I 5

Pr.oof  .  Recal l  that  the e lements of c=c (e,  "(  |  are pairs

is  an  isomorph ism ins = ( d , v )  w h e r e  a ' e l ( x , L )  a n d  v : A - - ) A r

/ n .  Then  K  becomes  a  d j - sc re te  G- f i e ld  and  A  becomes  a  l oca l l y

-  i - - 1  Y
f i n i t e  *LcJ -a lgeb raby  l e t t i ng  sa=po , (v (a )  )  f o r  a l l  s= ( f , v )  €  c

a n d  a € A  w h e r e  p : : f @  l ^ r a L - + a .  W e  c o n c l u d e  b y  ( 3 . 3 )  a n d  r e m a r k'c' A

s )  j _ n  ( 0 . 8 )

Note that  sect lons s  as

A V f  C f  h \ 7  )  |  1 n  r  l l  x  I

i n  t h e  s t a t e m e n t  o f  ( 3 . 4 )  a l w a y s

( 3 . 5  )  I { e  w i l l  g i v e  a  " b i r a t i o n a l "  a p p l i c a t i o n  o f  ( 3  :  4  )  .

Fo r  any  f i e ld  K  deno te  Ay  9 ,  t he  ca tego ry  o f  f i n i t e l y  genera -

ted  regu la r  f i e l d  ex tens ions  o f  K ;  i f  K  - - - -+  K r  i s  any  . f i e l d
( ) o

homomorphism def ine the base change functor  4n*4* ,  by

F F+ F '  vzhere Fr  is  the quot ient  f ie ld  of  the i -n tegra l  domain

K '&  -F .  l r l e  have  de f i ned  a  f i b red  ca teEory  ? . ' ou " t  t he  ca tec ro rv
n

r)
o f  f i e l d s .  N o t e  t h a t  f o r  a n y  F € O b ( K K )  ,  Z  ( F , K  )  i d e n t i f i e s  w i t h

the sroup lo-*  o l - , ,  (K) ;  there exis ts FeAut (F) such that F / , ,=.n?.
1 \ J

- (

The .  f i e l ds  o f  de f i n i t i on  re la t i ve  to  &  a re  qu i te  s ign i f i can t  i n

a lgeb ra i c  geomet ry :  t hey  can  be  i n te rp re ted  as  "b i ra t i ona l

f i e l -ds  o f  de f i n i t i on "  f o r  a lgeb ra i c  va r ie t i es .  Sch imura ' s  coun -

te rexamp les  l - s r r l  show tha t  KZ(E 'R)  need .  no t  be  a  f i e rd  o f.  J ,  J
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de f in i t i on  fo r  F  (even  i f

i .s  what  our  method ye lds:

(3 .6 )  COROLLARY.  Le t

r\
F  € O b ( K K ) .  a  r e g u l a r  f i e l d

( K  z ( F ' &  )  t  - . e  D ( F , R ,  )  a n d\ r r r a -

K = c o m p r e x  r r e l d ,  t r .  d e g .  . , F = 1 ) .  H e r e" l t

K be  a lgeb ra i ca l lY  c losed  and

extension of  K of  genera l  t1zpe.  Then

*  Z t r  , & ,  n : , 1 ( F , R , r  .

the K-subalgebra of  the cano4ica l  r ing

r G mr c '  r t r )  
. w - - , - - = c a n o n i c a l  b u n d l e  o n  V )

V / K

In the above statement by F/K being o.f geneial type we

mean  ( i n  a rb i t ra ry  gha rac te r i s t i c )  t ha t  t he re  i s  a  non -s ingu la r

pfo ject ive model  V of  F/K and an in teger  n71 such that  the
' N I

n-canon ica l  ra t i ona l  map  f r r :V - - - - - ->P"  i s  b i ra t i o r :a l  on to  i t s

i.mage

r- -l

P r o o f .  L e t  K l P . -  l  b e
L  N J

n= SrnT,'g\r. (R*=Ho (v , N v /K

generated by Rrr .  Then ^L*J has a natural  structure of  f in i te ly

generated local ly  f in i te  K-a lcrebra induced f rom the grad 'at ion.

M o r e o v e r  w e  h a v e  Z t r [ * , . 1  , /  l = 2 ( F , ? )  a n d  D ( K F n ] , { l = o ( F , R , )

s o  w e ' m a y  c o n c l u d e  b y  ! 3 . 4 )  a n d  r e m a r k  5 )  i n  ( 0 . 8 )  .

( 3 . 7 )  l v "  w i l l  u i u o  t 1 l v r '  a n  " a f f i n e ' r  a p p l i c a t i o n  o f  ( 3 . 4 ) .
J

For any f ie ld  K denote oy &-  the category of  f  in i te ly  generated
K

geometr ica l ly  in tegra l  commutat ive K-a lgebras (which is  o f  course

an t i - l somorph i - c  t o  the  ca tego rv  o f  a f f i ne  K -va r ie t i es ) :  t he  ca -

t -
teqor ies r4; ,  toqether  wi th  t l ie  obv ious base change functors
- n

yeld a f  ibred category . .4  o. r " t  the category of  f  ie1ds.  Clear ly

once  aga in  we  have  an  i -den t r f i ca t i on  be tween  2 ia , ' 41  and  the

group fs-e aut(x) ;  t l rere exists fre arrt(a) such that Fr^= 4'(

I { e r e  A u t ( A )  d e n o t e s  t h e  g r o u p  o f  r i n g  a u t o m o r p h i s m s  o f  A .
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( 3 . 8 )  C O R O L L A R Y .  L e t  K  b e

te r i s t i c  ze ro  and  U=Spec  (A )  an

non-nega t i ve  Koda i ra  d imens ion .
A

, , 2 ( A , # l ^ , ^ , , ^  r
n  e t ' r l n r , l t l .

a.1.  g ;ebra j .caI ly  c losed of  charac-

a f f i ne  K -va r ie t y .  Suppose  U  has
S ' t / ^ '  J l  '  I

T h e n  ( K  z - i [ A r d o t '  
|  ̂  e D  ( A , " c + )  a n d

. c t

K o d a i r a  d i m e n s i o n  o f  t h e  n o n c o m p l e t

b f  U  )  i n  $ a l c a i ' s  $ e n s e  [ n u ]  .

In "the

K-var ie ty  U

m a n i f o l c l  U

we understand the

- ^ ^ (  = s i l r o o t  h  p a  r t
r v u

above statement  oy the Kocla i ra  d imension of  an af f ine

P r o o f .  B y  t h e  p r o o f  o f  { : .

A has a local l .z  f in i te  s t ructure

4 ' )  i t  i s  su f f i c i en t  t o

(Arr )  such that  for  any

? - r r a \ \ 7 o  { - h : f

I

{ e 2 @ , r q  )

a n r l  a n v  K - i  q o m o r n h i  q m  r z . 7 t  . * +  A f ,  w C  h a V e  v ( A  )  = A  f  o r  a I I  n ) 0e r r j  y - . r l . " r . ,  v . r f  .  ^  w ! .  r r a v s  r , ^ n , l  - r t n  I L

( h e r e  t h e  u p p e r  d  w i l l  a l w a l z s  m e a n  " a p p l y i n g  t h e  f u n c t o r  n u . , @  
X  

? '
' ,

where  Kcr  i s  K  i t se l f  v iewed as  a  i ( *a l -gebra  v ia  the  isomornh ism
; ':',.;

c r ' : K - - > K )  .

l fe  per form the fo l lowj .nq construct ion.  Let  U-  ̂ _  be the'  req

locus  o .e .  U  and  l e t  X  be  a  smo< ; th  p ro jec t i ve  compac t l f i ca t i on

U-^^ -  such  tha t  X \U*^^  i s  t he  suppor t  o f  a  reduced  d i v i so r  Dreg  reg

w i th  no rma l  c ross ings .  Le t  w  . ,  t , ,  be  the  canon ica l  shea f .  on  X
L / K

choose an  in teger  m)1  such tha t  9* l t  ,  D i  :=Ho (X ,wx / t<@*(  (  * - l  )  D)

. ( ^
put o. ,= 

L 
f€A; f  .p{@ pra. .*( , . ,e- f r . (x,D) f  or  a l l

where .  we  v iew  A  as  a  subspace  o f  t he  f i e td  K  (X )  o f  ra t i ona l  f unc -

t i o n s  o n  X  a n d  w e  v i e w  9 ,  { X , n )  ( p r .  t )- l

as  subspaces  o f  t he  s ta l k  o f  * " r ^ *  P  a t  t he  qener i c  po in t  o f  X .

C lea r l y  a=L /A r ,  16Ao  and  d i l n *A r r (oo  fo r  a l l  n70 .  Suppose  now

v :A- - -+Ar  i s  a  K - i somorph ism;  we  ge t  an  i nduced  K - i somorph ism

- - a :  . r  , , , q ,  , - ^ - - -  -  , ^ r , f ,  , f ,c f  : U  - }  U .  C l e a r l y  ( U r . g )  =  ( U -  ) r " n  h e n c e  f  (  ( U r e g ) -  } = U r u o .

Pt,, '  . '  Pn € f*tx ,

smooth

o f

o n X

an(1

r  / ^
l + u' t

. - )
n ) L
v /  |

J /
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. U

! {e wi l l  s t i l - l  denot.e by Y:XT--- l t? ' 'X th" ra. t lonal  map induced by

Y .  ny [Sd[S.{we set induced K- isomorphisms: 
.

y n ,  f r ( n , D ) - - z  Y r t x n , D - ) = f o t x , n ) n  f o r  p D r

hence v ind"uces K- isomorptr isms Arr*  e f  wfr ic f r  c loses our  proof  '

:

L e t  )  , (  o "  f i b r e c  c a t e s o r i e s  o , r o t  K ,  w e  s a y  t h a t  J  i =  a  r e q u -

y  o r 4  t  f b r  a l l  K € o b ( k ' ) ,  ' ? ^  t "  a  f u 1 I-  
lar  f ibred subcategor

./l 
/a f)

subca tego ry  o f  (n ,  t he  base  change  funcLors  i l * ' J ^  ,  a re

,/) . ,'  
i nduced  by  the  co r resDond ing  func to rs  L l , ^ *+  %n,  and  moreove r

the fo l lowing condi t ions hold

1)  i f  A€ob d* l  ,  B€ob((K\  and AlB in  (o 
"nun 

ee ob (Jx)

2 t  suppose  KocK i s  a  f i e ld  exLens ion  ,  aoeob(dKo)

, t ( * l  is  deduced b1z base chancre f rom Ao v ia  KocK;  then

^  \  -  , O
a"eon {J^  I  i f  and  on IY i f  A€ob Ux)  '

' ' o '  
:

Note  tha t  i f  K  i s  a lgebra ica l l l z  c losed and A€On (J i l )  then

D ( A , )  ) = o ( n , ( ) ,  Z t e )  \ = Z @ , 4 \ , l ' I ( A , *  ) = 1 4 ( A , € l  '

Def ine  the  f  i b red  subca tego r ies  4 f i n  ,  gugen  ,  A*  as  f  o1 -

lows:  for  each f ie ld  K le t  { f r t " ,  " ( , f l t " ,  C i  o"  the fu1 l  subca-

tegor ies  o r  / ^ ,  nn ,  &*  whose ob jec ts  a re  the  f in i te  d imen-

s j -ona l  a lgeo ras  ( v iewed  as  l oca l l y  f i n i t e  i n  t he  s tandard  waY)  '

t he  f i e rds  F  i n  Q*  su ih  tha t  t he  ex tens ioo  Ka  @ KF/Ka  
i s  o f

g e n e r a l t y p e ( K ' = a l g e . b r a i c c l o s u r e o f K ) a n d r e s p e c t i v e l y t h e
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av-r
n

/ f : n  t

d-  rs  a regular  f ibred subcategory of  " i  and in  charac-

I
K-algebras A in  , f r  

R such that  the K.-var ie ty  Spec (Ka I  KA) 
has

nonr -c rA f  i r re  Koc la i . r ; r  c l - imens i .on ,  " ' ' '

te r i s t i c  zero  so  are  the  subcategor ies  f ,son ,  "4u  o f  f l . ,  A  respec-

! - i  * . ^ - 1 . ,  r r - i  ! l -  & 1 ^ i  ^  - ^ * ^ - 1 -  i .L - L v E r J r  v y r . L r r .  t h i s  r e r n a r k  i n  m i n d  o u r  C c r o l - l a r i e s  ( 3 . 4 ) ,  ( 3 . 6 ) ,

( 3 . 8 )  i m p l v  t h a t  T h e o r e m  ( 0 . 1 0 )  f r o m  t h e  I n t r o d u c t i o n  h o l d s  i n

t h e  c a s e s  a )  ,  b )  ,  c )  ( w h i c h  c o r r e s p o n d  t o  , (  = 1 t t " , ? u n " n , , A . *

r o c r r a n f  i  r z o l  r z \
e *  v  v * J  ,  .

4. r,oRi,rAL x [c-1-nr,cEBRAS
t - l

(4 :1  )  Reca1 l  t ha t  by  a  fo rma l  K -a lgeb ra  we  mean  a  l oca1

noet i rer ian co inp. , i -e te K*a lgebra iv i th  res idue f ie ld  i i .  Denote by

the category of  . f  ormal  K-a lgebras;  for  any f  ie ld .  homoniorphism

. ^- lar  .
K --? K '  def  ine the base change f  unctor  t , ,  - l ' f  , , ,  by A F-> K '  @n 11 '

A
{ w h e r c  r € r  i  s  J - h p  n n m n l a f  a d  f  e n s o r  n r o d t r r - . J -  }  T a l p  h a r r e  d e f i n e d  aE > -  

q v  u ,  .

f ibred, category f r  o.r"r  the category of  f ie lds.  Exact ly as i r i

( 3 . S 1  a n d  ( 3 . 7 )  f o r  a n y  A ( o b t f r * l  ,  Z ( A , f f )  i d e n t i f i e s  w i t h  t h e

^ t s n r l h  a F  : ' l ' l  i s o m o r n h i  q m q  o f  K  w h i c h  c a n  b e  l i f  t e d  t o  r i n q  a u t o -9 r u L l | /  u L  o r r  l J u r n v l l / r l a c r l r J  \ _ / I  n  w i l I U I - t  u d l  ,  I  I r I v  d u L ( J -

morph isms  o f  A .

' ( 4 . 2 )  l , e t  K  b e  a  d i s c r e t e  G - f i e l d  ( G  a  t o p o l o g i c a l  g r o u p ) .

By  a  fo rma l  xLC] -a lgeb ra  we  mean  a  fo rmb l  K -a lgeb ra  wh ich

-- r^1i s  a l so  a  X l_C l -a1gebra .  A  i s  a  ca l l ed  a  co .n t i nuous  fo rma l

x [C ] -a fVebna  i f  f o r  aL I  n2 r1  t i r e  * [ " ] -a lgeb ras  a / t l n  a re  d i sc re te

where  M=M(A)  i s  t he  max i -ma l  i dea l  o f  A .  The  de f i n i t i on  o f  a  sp l i t

r -'l

f o r m a l  K l c \ - a l g e b r a  i s  a n a l o q u e  t o  t h e  d e f i - n i t i o n  o f  a  s p l i t
L { n

r  [ c l - a l g e b r a  i n  ( 3 . 2 ) :  o n e  h a s .  t o  r e p l a c e  @  b y  @  .  A n y  s p l i t
L J

- l - -

f o rma l  KLGI -a lgeb ra  obvd .ous l y  i s  a  con t i nuo .us  fo rma l  KLGJ-a1gebra .



l ' , 1 : - r ' t :  
. , , .

r .  
t  ' :  1 ,

2 B

( 4 . 3 )  T H E O R E I { .  L e t  A  b e . a  c o n t i n u o u s  f , c . r r m a l  O [ " ] - a l g e b r a .

(:
1 )  r t  x  i s  a l g e b r a i c a l l y  c l o s e d  t h e n  ( K o ) a € D  @ , Y 1 .

' .

. Z t  I f  G  h a s  p r o c e r t y  ( " )  t h e n  t h e r e  e x i s t s  a  c o n s t r a i n e C

. ^ / t \ / -

extension X/X of  d iscrete G-f ie lds such that  X @ r .A is  a  sp l i t
J\

/ V l -  - t  r

f o r m a l  K I G  ! - a l g e b r a .  
'  -

t - J

.  proof  .  For  a l l  n7ro. ,  xn=a/ i ln  is .a  f in i te  d imensional  d iscrete

x [ c l - a l c r e b r a .  U s i n g  ( 2 . 3 )  w e .  m a y  c o n s c r u c t  o n c e  a g a i n  s e q u e n c e s. .  L " J  * - " . * " *  * .

"  G - - '
c  t ^  r F  t l t  A  n  t  r r - l - r .  ( '
t r r t t r r * 1  ) c  ( K n + t  @ x  o n l  = o n * 1  w k * - n' -.-n --

consequently the maps ?@ *ar, +1 + "f & ^A'

l r le  c t  a im tha t  w i th  these da ta  one can cons t ruc t  a  fo rmal  k -a lge-

bra Ao'and . fr- i"o*orphism f , ' f  ATAo--f l$ ^o; *oreover i f  G hab

proper ty  (* )  we c la im lhat  we can chopse f  such that  the G-act ion

j - n d u c e d  v i a  f  o n  i @  g a o  i s  g i v e n  b y  = t "  6  x ) = s c  &  x  f o r  s € G ,  c € K ,

x€Ao

F i r s t  n o t e  t h a t  o u r  c l a i m  c l o s e s  t h e  p r o o f  o f  T h e o r e m  ( 4 . 3 ) .

T h i s  i s  c f e a r  f o r  s t a t e m e n t  2 )  i n  ( 4 . 3 ) .  T o  p r o v e  s t a t e m e n t  1 )
'  N   n , 4  4  n .

w e  h a v e  t o  , ' s p e c i a l i z e "  t h e  f l - i = o * o t p h i s m  i l @  x A g K  6 p  ̂ ( K  @ 6 A " ) ;  ;

th is  i s  poss ib le  due to  S 'e idenberg ls  c r i te r ion  o f  ana l l z t ' i c  equ i -

valence, see Lt"J

Now the  c la im above can be  proved us ing  an  argument  f ron

(Gr r ) ^> r0  and .  (K r , ) r r>O sa t i s f y ing  p rope r t i es  a ) *d )  i n  t he  p roo f  o f

( 3 . 3 ) ,  L e t  k r r r B r , , c n , ; , f l r a f ,  n u  d e f i n e d  b y  t h e  s a m e  f o r m u l a e  a s  i n
A-2

L h e  p r o o f  o f  ( 3 . 3 ) .  T h e n ,  e x a c t l y  a s  i n .  ( 3 . 3 )  A l  i s  a  
' i - s u b a l g e -

,v rv - o. .\, -
bra  o f  rY@ ̂ a , .  and we have ' I i  @i (A; )=K @ no '  

fo r  a l l  nV1 .  S ince

t he  na tu ra l  maP f r r tB r r *1 *  h

du les  we  ge t  by  12 .2 )  t ha t

R,
n+1 *  ^r r "

. : ^  ^ F

n 
r " ,  cL  r . rqy  va  Kn*1Lara* r ] - *o -

-  - o  )  A os e n d  A n * 1  o n E ( .  n
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r ,  1

F ' r l ,
nience

Chapter  I I ,  Sect ion 5 t  we reproduce i t  here 
' for  

conve-

F o r  a n v  f  i e l r l  F  p u t  F * , = F [ t * - . . . . . x  1 ]  t h e  p o w e r  s e r i e s"  - N  "  L L ' \ 1 f  "  '  o " N ' - l

:
F-a lgebra in  N indeterminates.  I f  N is  the embeddj -ncr  d imension

A.

o f  A  one  can  f i nd  su r jec t i ve  maps  p - : [ ^ , - *  A :  wh ich  ag ree  w i th'  ' n  N  n

t h e  p r o j e c t i o n s  A : . .
n + l

lV a\.

K- isomorphisms Kor /J '

p ro jec t i ons  ob ta ined

- i h - i ^ ^ + i t z n  ra l r  r r r J e c E r v e  m a p

n

A " .  U p o n  1 ^ ! ! r - *  -  - " ? L ( o  )  w e  h a v e
n  

_  t €  L  L I I I U  L J  
n - . c \  

t  . _  
n .

 /  t u ^

KN t  K  @ ^A. ,  
wh ich  are  compat ib le  w i th  the

1 - . r r  I r n =  c  c . i  n a  f  f O m  n +  1  t O  I l , ,  ,  h e n C e  W e  h a V eI J y  I J C L J  J - L r r Y  r r u r r r  1 r  I  r  u u  f  r

m l ^  i  ^
l -  l l -L J

the

FJ .tl N .\,, A,.. - n

*r/A(Jr,\ l) -> l iu (K^l,/,J-KN)./ 
l l l  

(K 6) xAr,) 
=11 @ xA

n < t - l \ r r t n

map i s  a l so  su r jec t i ve .because  i t  i s  so  when  composed  w i th
^ . r A . v ^  

map K 6 l  - -a  -+ K @ ^Az.  Put  Jn=/  \Jr , ;  we shal l  be done i f'  - K  K Z  O  
n ) ,  1  

n '

we prove that /-) (. Ini lN)=Jofl l t  
'because 

if  i t  so we conclude by
 N n > r 1  N

- \ J  l -  t -pu t t i ng  A"=k* / Jo .  Upon  le t ' b ing  l r r - J r r / JocC=k* /Jo  and  B=K* /JoK l l

\ re  are r .educed to prov ing that  for  any extension CaB of  local

noe the r ian  r i nqs  v , r i t h  C  comp le te  and  fo r  any  sequence  o f  i dea l s

( I -  )  - r ,  i n  C  w i L h  I - = 0  w e  h a v e  ( I , . , 8 1  = g .  T h e  l a s t  s t a t e -  .' '  tL  tL / /  |  
n>1 

r r  
n7r1  . r r

n ien t  can  be  p roved  as  fo l l ows :  by  [ * i l  
p .103  the re  i s  a  func t i on

m : N - - 9  N  s u c i r  t h a t  I * ( . , c  ( : " 1 ( C ) ) n  f o r  a l l -  n ,  h e n c e  / - \ ( I * ( r , , B ) c
  n n), 1

c ( \ ( ; 4 ( B )  ) " = 0 .  T h i s c l o s e s t h e p r o o f  o f  ( 4 . 3 ) 1
nltl

( 4 . 4 1  D e f i n e  t h e  f i b r e d  s u b c a t e g o r y  5 u 1 9  o f  F  n y  p u t t i n g

fo r  . any  f i e l - c l  K r  9 t l 9= fu l l  subca tego ry  o f  F^  w f rose  ob jec ts  a re

t h e  a l g e b r a i s a b l e  f o r m a l . K - a l g e b r 4 s ;  r e c a l l  t h a t  A i O b t F ^ t  i s

c a l l e d  a l g e b r a i s a b l e  i f  K ^  6 , , A  i s  t h e  c o m p l e t j - o n  o f  a  f i n i t e l y
l\

nanar : f  o r t  v  -a  I  . ^ r r ' l r r . a  : r 1 .  eome  max ima l_  i dea l ;  i n  pa r t i cu la r  i f  K" a



i s  a lgeb ra i ca l l y  c losed  then

f i n i t i o n  K ^  6  D ( A ,  F  )  f i n i t e t yo -

e x e r c i s e  t o  c h e c l <  t h a t  i f  k  i - s

l a r  f ib red  subcategory  o f  f f .

3 0

r ' l  n
= n r r  A c n i - \  I t * - Y  )  h a s  a  f  i e l c le r 4 t  

- . i j ( - " " , ,  K

gienerated over  k .  I t  is  an

zr.a1qu n c o u n t a D l e t n e n J i -  - l _ s

t rVe have the  fo l low ing :

n f  A a -

A , a  q \ /

A  T A f f ] ] :

" 1 4 . 5 )  C O R O L L A R Y .  I f  K  i s  a l g e b r a i c a l l l r  c l o s e d  a n d  A  i s  a
' s1  / ^  ?  r

formal  K-a lgebra then Ko= (K z/  ln  '  ' ' '  '  
)  .€o 

(A,  f  )  .  I f  in  addi t ion
's-r/ A ? t

k  i s  u n c o u n t a b l e  a n d  A  i s  a l g e b r a i s a b l e  t h e n  K  ' J \ r 1 '  J  ' € U ( a , T ) .

F i n a l l y  i f  t r . d e c d . K / k = x  a n d  i f  s , l - = A u t ( K / K ^ ) . . +  C  ( A , T  )  i s  a
. -

s e c t i o n  o f  G ( A , F l - + Z ( a , T )  o v e r  K o  m a k i n g  A  a  c o n t i n u o u s

f o r m a l  o [ f - ]  - a t g e b r a  t h e n  A  s p l i t s  o v e r  a  c o n s t r a i n e d  e x t e n s i o n

o f  K .

.  P r o o f .  F i r s t  a s s e r t i o n  f o l l o w s  f r o m  ( 4 . 3 )  e x a c t l y  a s ' i n

A( 1 . 4 ) -  r o  p r o v e _ r h e  = . : : l :  a s s e r t i ; "  u u " . : ^ : : &  n o ( A o ) .

Since  
' f  - - '  - i - s  regu la r  i n  f  ,  A "  i s  s t i l l  a l ge -

b ra i sab le ,  i n  pa r t i cu la r  D  (Ao ,  g  )  co r i t a ins  a  f i e ld  E  f i n i t e l v

g iene ra ted  ove r  k .  c rea r l y  t he  compos i tum EKI (A 'F  )

f i n i t e  ex tens ion  o f  K : (A '  
F  )  anc l  be longs  to  D  (A ,  f f  )

c o n c l u d e  b y  r e m a r k  5 )  i n  ( 0 . 8 ) .  T h e  t h i r d  a s s e r t i o n

f r o m  ( 4 . 3 ) .  N o t e  t h a t  e x a c t l y ' a s  i n  ( 3 . 4 )  s e c t i o n s

s t a t e n i e n t  o f  ( 4 . 5 )  a l w a y s  e x i s t  b y  2 )  i n  ( 0 . 8 ) .

( 4 . 6 )  D u e  t o  t h e  r e g u l - a r i t v  o f  F t r 9 ' i . t  F ,  C o r o l l a r y

( 4 . 5 )  s h o w s  t h a t  T h e o r e m  ( 0 . 1 0 )  f r o m  t h e  I n t r o d u c t i o n  h o l d s

i n  c b s e  d )  ( w h i c h  c o r r e s o o n d s  t o  ( =  g " ' n l  .

i n K l s a

so .we may

: -
a lso  to l . .Lows

s as  in  the

q

( s .

,. :l

I " ]OPF K IG I -ALGt rBRAS
L . r

1)  i { op f  a lgeb ra  te rm ino logy  w i l l  be  f ree l l r  bo r rowed
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'  - F  1 r

from 
tt*J [r isw] . Denote ny ff* . trre caresory of f  inirely generated

commutat ive Hopf  K*a lgebras;  for  any f ie ld  homomorphism K*--+ Kt

de f i ne  the  base  change  func to rK^ - ,  l i l r r ,  by  A l - * -+  K ,  @ oo .  
r ,Ve

have  de f  i ned  a  f  i b red  ca tec ro rv  o \ /e r  t he  ca tego rv  o f  f  i e l ds ;
4U

cal l  i t  d t l  .  D

"  As wel l  known j { ,  
u  is  ant i -equiva lent  to  the category of 'r\

l i nea r  a lgeb ra i c  x -g roups  i  L f  A6ob  f7 {  ̂ l  t he  co r respond ing  l i nea r

a lgeb ra i c  K -g roup .  w i l l  be  L=spec  (A )  w i th  the  mu l - t i p l i ca t i on  i n -

duced  by  the  comu l t i p l i ca t i on  o f  A .  l l e  w i l l  o f t en  i den t i f y  A

and L above i f  t i rere l -s  no Canger  of  confus ion.  l4oreover  i f  K

i  e  r ' l a a k r a . i n r l  l r z  n l n c a A  w o  p i f  ]  S O m e t i m e s  U S e  t h e  l e t t e f  L  t O

d e n o t e  a l s o  t h e  g r o u p  t  ( K )  o f  K - p o i n t s  o f  L .

(s .2  )  Fo l low ins  
Ln* ]  

p .952 ,  by  a  .Hopf  *  L " ] -a lsebra  we mean

a Hopf  K-a lgebra  A wh ich  is  a lso  
"  

K tc ] -a lgebra  such tha t  the

^ ^ r r r r l J - i n l ' i n r { '  A
u \ J . u . r u r L r p r - L u c r u i o n  A : A  - . +  A  I  O O  

a n d  c o u n i t  f  : A  - - +  1 1  a r e

r fc]-moaule maps

(5 .3 )  THEOREI4 .  Le t  K  be  an  a lgeb ra i ca l l y  c losed  G- f i e ld  o f

cha rac te r i s t i c  ze ro  and  A  a  Ho i r f  o [ " ] -a lgeb ra  wh ich  i s  commuta -

t i ve  and  f i n i t e l y  genc ra ted .  Then  (K \ ' )  - e  D  (A ,X {  I  .

The above theorem wi l l  be deduced f rom the fo l lowinq:

( 5 . 4 )  T H E O R E I .  L e t  K  b e  a l g e b : : a i c a l l y  c l o s e d  o f  c h a r a c t e r i s -

t i c  z e r o  K  c . K  a n  a l o e h r a i c a l l v  r : l o q c d  s u b f i e l d  a n d  L  a  l i n e a r- ' o -  " '

a l g e b r a i c  K - g r o u p  w i t h  u n i p o t e n t  r a d i c a l  U .  T h e n  K o € D  ( L , K )  i f

; r n r r  n n l r . i  r  o r € D ( L i e ( U l  , {  )  w h e r : e  L i e ( U )  i s  t h e  L i e  a l g e b r a  o f  U
(  

! * v  
\ v /

and  i s  v iewed  in  a  canon ica l  way  as  a  l oca l l y  f i n i t e  K -a l -geb ra

( c f  .  ( 3 . 1 ) ) .
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T h e o r e m s  ( 5 . 3 )  ,  ( 5 . 4 )  ,  C o r o l l a r y

y e l d :

, . ( 3 . a )  a n d  r e m a r k  4 1  l n  ( 0 . 3 )

U  a r e  a s  i n  T h e o r e m  ( 5 . 4 )  t h e n
\' €  M  ( L , l { )  .  l 4 o r e o v e r  w e  h a v e

( 5 . S )  C O R O L L A I T Y .  I f  L  a n d
r r / r  < l  r  Z ( L r . J t( v 4 \ L r c v J \  , \ ( L , l t )  a n d  K z\ r U a " "

t u Z $ ' , : # ,  \  \  =  { o X ( l , i e  ( u )  , l )  r
- \ r \  ,  ^  \ f \  ,  ^ '

ad.

( 5 . 6 )  p r o o f  o f  T h e o r e m  ( 5 . 4 )  .  r f  L = L o  @  o ^ n  
w i t h  L o  . a

l inear  a lgebra ' ic  Ko-group then u=uo I  x  
n  rh"r . "uo is  the uni -

o
^ a l ^ * r  - ^ : ' r ^ - 1  o f  U  h e n c e  K ^  i s  a  f i e l d  o f  d e f i n i t i o n  f o r  U ,  i n

nI J U L g i r u  !  a u l u q  v !  u g l r l l r  L r v l

p a r t i c u l a r  f o r  L i e ( U )  .  C o n v e r s e l y ,  i f  K o  i s  a  f i e l d  o f  d . e f i n i t i o n

fo r  L ie  (U )  then  so  i t  w i l l  be  fo r  U  because  .U  i s  i somorph ic  as

an  a f f i ne  va r ie t y  w i th  the  specL rum o f  t he  symmct r i c  a i , l eb ra  on

L ie (U) ,  t he  i somorph i . sm be ing  q i ven  by  "exp"  w ] ] i l e  t he  mu l t i p l i -

ca t i on 'on .U  i s  de f i ned  by  the  Campbe l l -Hausdor f f  f o rmu la  wh ich

. i  n v o l v c s  o n l v  r a t i o n a l  c o e f  f  j - c i c n t s  f " " l  p . 2 2 8 -  S o  w c  n a y  w r i - t e

usuo  *  
"o  

fo r  some un ipo ten t  Ko -9 roup  uo .  Now by  [ " " ]  
p .117

L  i s  a  semid i rec t  p roduc t  o f  U  w i th  some l i nea r l y  reduc t i ve

c r r l - r n r a , r n  D r r  P  i S  t h e n  r e d u c t i r z e  a n d  i n  p a r t i c U l a r  P = P O  @  x  K> u u Y l u u | ,  f  e l r  f , u v L l v ' : :  q r f u  r a r  t / q r  L r v u r s !  
- . o

for  some reduct ive Ko-group Po 
t " " ]  

B1z i " " ]  
p .218 the group

A u t ( U ) . o f  a l g e b r a i c  q r o u p  a u t o n o r p h i s m s  o f  U  i s  a n  a l q e b r a i c

K-g roup ;  moreove r  we  mus t  have  Au t (U)=Au t . (Uo)  @ K  K  as  one  can
"o

see  f rom the  d i scuss ion  a t  l u " l  p .217 .  Fu r the rmore  the  g roup
L J '

- 1

homomorph ism p  lP  - -+  au t  (U )  de f  i ned  bv  y  (e )  u=e  
' up  (p€P  '  u€U)

./

i s  a l so  a lgeb ra i c .  We  c ] -a im  the re  i s  a  I t - po in t  o "  o f  Au t (U)  and

o  o  . ) .
a inorphism of  a lqebra ic  Ko-group,  _f " :  

P"  - - - - )  Aut  (U")  such that

n
g "  r <  

' l  - T n n

J  w  ' K  t t t t t n "  
f  

w h e r e  I n n ,  € A u t  ( A u t  ( U ) )  i s  d e f  i n e d  b y

I n n - ( c ) = c = 1 ' t - 6  I n d e e d  s i n c e  p  i s  l i n e a r l y  r e d u c t i v e ,  b y
CT

r - 1  1
I n c a l  p . 1 9 4  w e  h a v e  i n  p a r t i - c u l a r  H ' { P ,  l , i e ( a u t ( U )  ) ) = 0  ( w i t h
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*

P ac t i ng  on  l i e (Au t (U)  1  v ia  p  and : :g5 "  ad jo in t  rep resen ta t i on  o f
J

Au t (u )  ) .  By  
F " {  

p .116  the  above  cohomo l -o ; ; ; i f " " . i f i es  w i th  the
.

space  o f  " f i r s l -  o rc le r  de fo rma t ions "  o f  
7  

modu to  the  " f i r s t  o rde r

deformai ions arr is ing f rom in f in i tes imal  inner  automorph:-sms

of  Aut  (Ul - " .  Now the ex is tence of  
fo  

and 0-  fo l lows for  instance

€rnm l ; , .  I  Theoren i  2 -11  o lus  an  obv ious  spec ia l i sa t i on  a rgumen t "
r * 2 J t  

r r r e v r u r r l  - .  |  |  y r u r  q r r  v v v r v s -  - I / E U r G t r D c l L

With fo  and d at  hand we may def ine an isomorphism of  a lgebra ic
. J

K-groups

T : L = U X

f
P  >  U > <  Pr

- 1
b y  t h e  f o r m u l a  Y ( q , p ) =  (  o -  '  ( u )  , p )  w h e r e

ca l i y  UXP w i th  mu l t i p i i ca t i on  g i ven  by

= ( ( ? ( p " ) u . ) u " , p n p " )  a n d  U x ^ - P  i s  d e f i n e d
. l  

-  4  |  z ' -  t -  I  r
'rr.iit:, i

i n s t e a d " t f . B u t

proved

( 5 . 7 )  P r o o f  o f  T h e o r e m  ( 5 . 3 ) .  . A  i s  t h e  e o o r d . i n a t e  H o p f  a l -

geb ra 'o f  an .  a lgeb ra i c  K -g roup  L .  Le t  U  be  un ipo ten t - rad i ca l

of  L  and J the def in ing pr ime ideal  o f  U in  A.  t r r /e  c la im that

. s ( J ) = J ' f o r . a I l  s C G .  I n d e e d  u p o n  l e l - t i n q  o -  t o  b e  t h e  i m a g e  o f  s
l

: [+r- Aut(K) i t . is suff j-cj-ent .to prove that the nht.ural map o-,f,L-+ I,
G*

g iven  i n  some mat r i x  rep resen ta t i on  by  ( x r - , . )  l -+  ( c rx .  .  )  ca r r i es_ -
, L J T J

1 - h a  r r n i n o t o n f  r a d i c a l  O f  L o -  o n t o  t h b  u n j - p o t e n t  r a d i c a l  o f  L

{ h a r o  r r f  r r . \ r r r ^  ^  - f - - ^ ^ ^ ^ ; ^ f\ r r v l v  - - * * s e  L  - S p e c ( A -  ) .  B u t  t h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t

the map p, - .  is  an abst ract  group isomorphisrn (of  course not  an-  - v

a lge l : ra i c  K -g roup  i somorph ism l ) ,  i t  t akes  Za : : i sk i  c l -osed  se ts

in to  Za r i sk i  c l osed  se ts -and  takes  un ipo ten t  ma t r i ces  i n to  un i -

po ten t  ma t r i ces ,  so  ou r  c la im  fo I l ows .  We deduce  tha t  t he  coo rd i -

LJ  > ( rP=  (uo  x  ^oPo) .  @ *
, f

U x ,P  i s  se t  t heo re t i -

( u 1  , p 1  )  ( u ,  , p 2 )  =

s imi l . i r i ly  wi th  t=J"  @ i f

K  a n d  T h e o r e m .  ( 5 . 4 )  i s

g
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-l

.na te  Hopf  a lgebra  A/J  o f  U is  a  Hopf  K" l  G l -a lgebra .  We need the
E J

f o l l ow ing :

(5.8)  LEM]4A" Let  I  be a l inear  a lgebra ic  K- :group and H

i ts  coord inate Hopf  K-a lgebra.  Suppose H has a s t ructure ,o f

-Hop f  f fC l -a fgeb ra .  Then  t r " tS )  has  a  (na tu ra l l y  i nduced)  s t ruc -
L  J  J  ' v '

tu re  o f  r< [c ] -a rVebra .

proof . ResaL l f ro- j-.i.,l irro,.,J {-m lSwJ lnSwJ  tha t  H*=HomK(H,K)  has  a  K -a l -

gebra s t ructure .wi th .mul t ip l icat ion g iven b1z convolut ion ( fo : :

f  
" , f " € H * , . x € H  

w e  h a v e  ( f  
"  

*  f " ) ( x ) = X f ,  t X , . , , ) f " ( x , " , , )  w h e r e  w e'  ' l '  z -  |  z ' :  I  i t ,  z  l z ) '

.  u s e d  t h e  " s i g m a  n o t a t i o - "  A " - \ i l - '  E  x , . ,  ) .  O n  t ln "  / \ x=4*  ( t  )  @ , x  (  z . l  .  on  the  o the r  hand

H*  has  a  na tu ra l  s t ruc tu re  o f  x fC ] -modu le  de f i ned .  by  ( s f )  ( x )  =

= s  ( f  ( = - ' x )  )  f o r  s € G ,  f € H * ,  x € H .  u s i n g  t h e  f a c t  
' t h a t  

A  a n a  t
rr

are K LGj-module maDS i t  is  s t ra ight forward to  check that  wi th

the above x[c ]*moaufe sLructure ' ,  H*  j -s  in  fact  a  Klc ] -a1gebra. .
'  

T . i a

Le t  (H* ) t t e  be  the  K -a lgeb ra  whose  under l y ing  K - l i nea r  space

is  H t (  and  whos .e  b racke t  i s  de f i ned  OO 
[ t ,V l= f  

*  g -g  *  f .  Then

T . i  o  l l
c l e a r l y  ( H * ) " ' =  i s  s t i l l  a  K L G I - a l g e b r a .  N o w  r e c a l l  f r o m '

ln t r l  p .219  Lha t  t he  K - t i nea r  space
L J '

i s  a  L i e  K - s u b a l g e b r a  o f  ( g o l L i t  a n d  i s  i s o m o r o h i c  t o  t ; e ( ! 1 .

F  r - - l  
i

On the  o the r  hand  oe r - I (H ,K )  i s  a  t< lG l : - submodr l l e  o f  H*  as  one
.  K '  L -  J

can see immedia te ly  by  us ing  the  fac t  tha t  t ,  i s  a  * [ " ] -modu l -e

2  r - l
*ap . :  Conseguent ly  oer i (H,K)  has  a  s t ruc tu re  o f  x lc  j -suba lgebra

o f  ( H n ) L t e  a n d  w e  a r e  d o n e  ,  .

o e r n € { H , x 1  =  
} t € H o ;  f  ( x y )  = f  ( x ) €  ( y )  +  t ( x )  f  ( y )  f o r  a I I  x , y € H  1I \ (

0
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( 5 . 9 )  R e t u r n i n g  t o  t h e  p r o o f  o f  ( 5 . 3 )  a n d  r e c a l l i n g  o u r  n o -

t a t i o n s  f  r o m  ( 5 . 7  ) .  w e  c e t  b 1 z  L e m m a  ( 5 .  B )  t h a t  L i e  ( U )  i s  a  O [ a ] -
( :  

J)  , , {  )  hence by Thco: :cnr-o - Igc l : ra .  l l y  Thco rem (3  "  3 )  ( I { " )  
aeD 

(L j -e  ( t

( 5 . 4 )  ( x * ) a e D & , X , )  w h i c h . c l o s e s  o u r  p r o o f  .

'  ( 5 . 1 0 )  r t  w o r t h s  n o t i n g  t h a t ,  a s  w e I I  k n o w n  t " " ]  r e d u c t i v e

g roups  "don ' t  have  modu l i "  i n  t he  sehse  tha t  t hey "a re  d .e f i ned  ove r

t h e  a t g e b : : a i c  c l o s u r e  o f  t h e r p r i n e  f i e l d .  T h i s  i s  n o t  t h e  c a s e  w i t h

u n i n o r e n f  c , r c , u p s  [ c o H l  s o  n X { r ' r y ;  i n  ( 5 . 5 )  m a y  b e  t r a n s c e n d e n t a ly _ v * r _  
L _ _ - _ J .  

* _  -

over  k .

( 5 . 1  1  )  W e  c l o s e  b y  e x p l a i n i n g  h o w  o n e  c a n  o b t a i n  a  s p l i t t i n g

r e s u I L  f o r  l i n e a r  a l g e b r a i c  g r o u p s  s i m i l a r  t h  s p l i t t i n g  a s s e r t i o n s

j - n  T h e o r e m s  ( 3 . 3 )  a n c l  ( 4 . 3 ) .  F i r s t  m a k e . t h e  u s u a l  d e f i n j t i o n s :  a
f 1

H o p f  x l C l - a l o e b r a  i s  r : a l l c r d  d i s b r e t e  i f  i t  i s  s o  a s  a  f < l C l - m o d u l e :- ' r r  ^L. "J

i t  i s  c a r l e d  s p r i L  i f  t h e r e  i s  a  F l o p f  K - a l g e b r a  i s o m o r p h i s m

At  K  I  .  (Ao )  f o r  some Hop f  Kc -a lgeb ra  Ao  such  tha t  t he  i nduced
K -

x f c l - a f g e b r a  s t r u c t u r e  o n  K  @  . { a o )  i s  g i v e n  b y  s ( c  6  x ) =  s c  g  xL  . t  
K G '  

r * - - - -

f o r  a l - l  s € G ,  c C K ,  x € A o .  O n c e  a j . a i n  " s p l i L "  i m p l i e s  , , c L i s c r e t e , , .

The  topo log i ca l  g roup  G  wr l l  be  sa id  to  have  p rope r t y  ( * * )

4  S  E ^ -  1  ^ - - L-Lr  rLr r  d . rLy upen normal  subgroup H of  G.  the quot ient  group G/H is

d i v i s i b l e .  C l e a r t y  p r o p e r t y  ( * n )  i m p l i e s  p r o p e r : t y  ( * )  f r o m  ( 1 . 2 1 .

on  the  o the r  hand  no te  tha t  t he  p roo f  o f  Lemma (1 . : )  shows  tha t

t h e  t o p o r o g i c a l  g r o u p  A u t ( x / K J  ( K o ,  K  a r E e b r a i c a l l . y  c l o s e c ,  t r .
' - d u g "  

K / K ^ = o o )  h a s  n r c l n e 1 1 - v  ( * * )  a S  w e l l" - J '  _ ' r  . ' o

( 5 . 1 2 )  T H E O R E : { .  L e t  G  b e  a  t o p o l o g i c a }  g r o u p  w i t h  p r o p e r t y
: .

( * * ) ,  l e t  K  b e  a n  a l g e b r a i c a l l y  c l o s e r c l  d i s ; c r e t e  G * f i e l d  o f  c h a r a c -

t e r i s t i c  z e r o  a n d  A  a  c l i s c r e t e  H o o f  x i ? l - a l o e h r ^ a  w h i r - h  i s  c o m r n u t a -, ' L " J v Y L I r v

t i ve  and  f i n i t e l y  genera ted .  Then  the re  i s  a  cons t ra ined  ex tens ion
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K/K a f  .  d isc re te  G- f  ie lds  such tha ; i

- a I g e b r a .
oA is a splir Hopf, trl.i -

P r o o f .  s i n c e  G  h a s  p r o p e r t y  ( * ) ,  K b  m u s t  b e  a r g e b r a i c a r l y

c l o s e d ;  w e  d e n o t e  i t  b y  K o "  B y  ( 5 . 3 )  w e  h a v e  O o X @ x  ( A o )  f o r
- ' o

r\
. some Hop f  K^ -a lgeb ra  Ao-  6  @ x  

(Ao )  w i t r  i nhe r i t  f r on r  A  a  s t ruc -- o o

ture of  d iscr  -  - -  r - - - l  -a  I  creLrra -  T,o1-  
^

e te  Hop f  KLGI -a lgeb ra .  Le t  L "  be  the  l i nea r  a lgeb ra i c
1

k  - n 1 ^ ^ r r n  t ^ y r a c n n n r l  i  n a  . { - n  n O  D r r  i t : o l  - r - t - ^  € , . ^ ^ & ^ -  ^ ci \o -g i roup cor rc :y t - : r rL r -L r r \ t  LU A- .  Bv  
LUSJ 

the  f  unc tor  o f  Q,u tomorph i  s rns

O f  L O  i S  r e D r o c , o n . | - a l r l o  / n n  l - h a  r . , a t o r r r . r r r r  g f  f e d U C e d  K  - S C h e m e S )e s v r v  \ v r r  u r r E  v q L E y v ! J  
O _ > U l l t J l t t t i b ,

1- r r z  =  ' l na r ' i  1 "  a l qeb ra i c  s ro l rD  schemer  g  . , ve r  K^  wh i ch  i - s  an  ex j : en -t J I  a  r \ J \ _ d _ L r y  c r . - L g e I J I c l J - u  g r ( J L r t /  i 2 \ _ t l E l i l . \ :  J  \ J  
o

s ion  o f  an  a r j - t hme t i c  g roup  A  UV a  l i nea r  a lgeb r .a i c  Ko -g r .oup  9 , ,

w e  m a y  c o n s t r u c t  a  c o n t i n u o u s  c o c y c r e  f e z t  ( G ,  9 t x l  )  a s  f o l l o r v s :

fo r  any  s€G c le i - i ne  f  ( s )€9W to  be  the  K -au tomorp i r i s rns  o f  t=

=Lo @ , .  K obta inec l  by composing the k-automorpl f ism a l - - *  sa of
n

U ,a:. .

K 8 r . (Ao)  wi th  the k-automorohism c @ x l -+ g-  t "  
@ x of  the sarneno

a l g e b r a .  ' , Y e  h a v e  a n  e x a c t  s e q u e n c e  o f  p o i n t e d  s e t s  ( c f  -  [ - n s l t ,
L " " J ' '

H 1  ( c ,  9 r $ )  )  - - +  
" 1  

( c  ,  g $ ) )  - +  s 1  ( c , A )

wi th  G  ac t i ng  .  t r i v i a l - t y  on  . {  .  Now i t  i s  easy  to  check  tha t  t hc re

a re  no  non t r i v i a l  homomorph isms  f rom a  d i v i s ib le  g roup  to  GLn( '2 . - l  .

Th is  i -mmediate. l -v  imr : l ies that  there are no nontr i -v ia l  cont inuous

homomorphisms f rom a topologica l  group wi th  prooer ty  (** )  in to an

a r i t h m e t i c  g r o u p ,  i n  p a r t i c u l a r  H 1  { C ,  A ;  = 1  s o  t h e  c l a s s  o f  f

l i f t s  t o  s o m e  e l  e m r . n t  f  -  i  r  
I  ; / )  

-  R r z  T h o n r o m* * * . . . - - - -  - . 1  * . 1  H '  ( c  ,  3 1 ( I ( )  )  .  B y  T h e o r e m  ( 1  . 1  )  o n e
N

c a l l  f i n d  a  c o n s t r a i n e d  e x t e n s i o n  X / t <  o f  d i s c r e t e  G * f i e l d s  s r . i c h

J - 1 . - - !  ! 1 . ^  . : - ^ - ^  ^ r :  c  - - :  ^  L r  
1  '  2  1  r ' : 2  , - ' '  'r n a r  r n e  r - m a g e  o f  f  

I  v i a  t h e  m a p  I { ' ( c ,  3 l ( K )  ) . - >  I I '  ( c ,  V 1  i x ) )  i s  1 .

r h i s  i m n ' l  i e s  t . h a r _ .  f  i s  n r a n r l s f ,  t o  1  v i a  t i 1  ( C  , 9 $ )  ) - - +  g 1  ( C  , 9  t { l l ." ' : ' '

F i n a l l y  t h i s  i m p l i e s  b y  s t a n d a r d  a r g u m c n t s  t h a t  f  q l  
n A  i r  a  s p l i t

T{ /S



2 1 ;J I

', (\t. r , 'f;, ir , 
', 

.
I {opf  K Lc" l -a lgebra and Theorem (5 :1 '2  )  is  praved.

( 5 . 1 3 )  C O R O L L A R Y .  f f  L  a n d  U  a r e  a s  i n  ( 5 . 4 )  a n d  i f

c r . c r e g .  K / K =  6 0  a n d  s ,  P = A u t  ( K / K ^ )  - - - +  G ( L , X ( l  i s  a  s e c t j - o n  o f  .' o '

c $ , X ( l  * - > Z ( L , N )  o v e r  i ( ^ = 1 K Z ( L ' T 1 ) | ^  m a k i n g  t h e  c o o r t l l n a t e
LJ ci

I lopf  a lgebra A of  I r  a  d iscrete Hopf  O [ f j  
-  a lgebra then A sp l i ts

over  a constra ined extension of  K (again I  i  is  v iewed wi th  i ts

n a t u r a l  t o p o l o g y ) .

4

:' lfi!,';r';

!

*
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I  : .  R E F B R E N C E S

-  ' n

i a t \  M .  A r : t i n ,  A lgeb ra i c  app rox ima t ion  o f  s t ruc tu res  ove r  com*
L )

p le te  l oca l  r i ngs  ,  Pu t rb .  Ma th  "  I I IES  36  (1969 l '  ,  2  3 -5  B  .
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