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'AND 

ALI{osr $unfi api'p.ox:i''tATroi{ FoR TttE soLUTroNs

or sTocIiAsTTc ESuATrolis

by Vlad BaLly

The st,arti-ng point of this paper ls an open problem presented by

Ikeda and !' i latanabe: they prove an almost sure approximation tireo-

rem for t ihe solutions of stochastic equatlons and for t.helr <1er1-

vat ives (wi th respect to the in i t , ia l  condi t ion) in the case of  the

poli-gonal l ine approxlmatlon model" and they ask the question if

this may be done for more general models. This is done 1n the pre-

senL paper

We consider a siquare integrable, continuous muLtid,imensional mar-

t tnga}e  [ {  sa t is fy . ing  the  cond i t lon  |  <M> ( t )  (  t t  y  ts ) l (  K t t  *  s l

and the equat,ion

d x ( t , \ , Q )  =  o ( ( r , h ,  x )  +  ? ( t , 1 ,  x ) d M ( t i  +  Y i  ( t , . \ ,  x ) d { : ,

where } is an abst,ract parameter and * , Q , Y are nonantj-cipa-
l l

t ive funct lons.

A genera l  approSlmat lon model  Mt ,  € '>  0 is  def ihed.  t r ie  are

ca<l lag processes wi th  f  in i te  varr ia t ion on compact  t j -me ln terva ls .

The approximating equat, ions wil l  be
. d

d X e  ( t o h , o )  E  a ( € ( t , X ,  x . )  +  , f r ( t ,  l ,  x € ) d I ' { € ( t )  +

+ Yrt t '  )  i  
xs )dt

where tu* (t) designes

The. coeff ic ients.  {e ,

d iscrete stochast ic integrat ion'

are nonantlclpative and converge

O,f

ty"
r u

a

0
I t

sort

and
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uniformly to

convergence of x r to x are clerlvec1. rn t.he second section

v'/e consider '*rre rqJrr*ovian case: o{ (t,u }, , x) s ( (to } , x(t) } and

the same fcrnr for  the other coeff ic idntg.  Here l  ls  a real-  mul*

t id imensional  paramet,er:  and lnf inLte c l i f ferent iably Ls assumed

f o r  t h e  f u n c t i o n  ( ) ,  x ) *  d  ( t , h o  x )  a n d ,  f o r  t h e  o t h e r  c o e f f l *

cient,s. Thren 
'( 

q i lao is repr;rced blr f,f o*. - f q-A-cit vrhere. r t g  L  J  l g  L  ) - t - t
d l " lc  c ies i .gnes a s t ie l t jes in tegra l ,  g^  denencls  on M- and A^e - " e - - - e €

on q " We are now ln the classlcal context. "vrre prove that oner e
may choose a sequence tr, * 0 such that

1 1 m  s  u p  s u p l x .  ( t ,  ) , c r )  )  -  x ( t ,  )  , c o  ) ) l  =  o  a , , s .
I l  *+eo  t . (  T  )  "n

The same convcrsence ls proved for al" derlrratives of

)  - >  X  ( t r ) , , e ) ,

I}iTRODUCTTON

Let M be a square integrable continuous mult ldlmensional mar*

t i nga le  fu l f i l i ng  t i r e  hypo thes i s  <  t , t  >  ( t )  (  11 )  ( s )  \<  K ( t . . s )

for every 0 .( s ( t  " lJe are interested in givi-ng approxinration

theorems for  the so lut lon of  the equat ion

( a )  d X ( t , ) , c o )  =  c ( ( t , \ r  X )  +  y ( t , , ) ,  X ) d p i ( t )  +  , f r ( t , ) , X ; d t , ,

where ) ls an abstract pararneter ancr 4 , f , V are continuous
tf-D

nonani: ici1:ative functj.ons fulf i l ing convenient boundhess and

L i p s c t r i t z  c o n d i t i o n s  ( s e e  ( 2 . 1 )  ( 2 . 4 )  b e l o r l ) .

In Slection I we defl-ne a general approx-:-martion moclel for * ,  t1U , -

e > 0 .wil I  be cadlag (r i .gtrt continuous wit ir left hand l imi.ts)

processes wl th  f inLte var ia t ion on cor : rpact  t , ine in terva ls  fu l f l *

I ing the fo lJ"ov ing assumpt ions;  Mr( l :e  )  *  l . f (k6 )  for  every kd t {

and  I ' I e ( t )  l s  Fk ,  measurabLe  fo r  bhe  t . (  k t ,  where  
, ( f t ) t>  0

is t.he .ft l trat ion vl i-th rcspect Lo wLiich i4" . is a martj-nqaLe
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(nlthgugft &. J-ar$e j-ntersection wlth t]re general mocle] presented

by l l iecla ancl {{atana}re in /1/ exists, the f,vro models are far fronr

being idant ica- l :  the f l rst  rest , r ic 'L, ion (Mr(ke )  *  M(ke) )  eonstrains

us tCI leave out the importa,nt, example of the rnoll if j-ers ancl, on

the other land.,  our model ls rnore general  ln t r r lo ways: f l rst  of

all we tleal rvif,h cactlag lnst,eail of piecewLse clifferentiable ap*

"*F:*proxlman'bs *rr:d. b,hen, t]O "t ime omogenity" condlt ion Of rtype

, ,M  (ke+ t1  =  mu(ke )  n  Ma( t ,  Oke )  "  i s  assu rned)  '  Excep t  f o r  t he  t v ro

hyi:otheses above we shall  consider t 'he fOi-l-owlng assumptlons:

(An)  E (  I  vsk l  n{u*n )  
l /P 

r (  e ! ,  eL/z

v ihere Vl '  is  t i re  var ia t . ion of  I { ,  on (k€r  (k+f  15]  and 'p  is  a

natural iunltr*t "

Then we def j -ne a sor t  o f  "d lscrete s tochast lc  i -n t 'egra l 'o  v ' r - t th  res-

pect  to  Ma .  In  orc ler  tO c lO th ls ,  one def j "nes f  j - rs t  a  "d lscrete

compensa to r , , :  f o r  a  cao lag  p rocess  A ( t ) ,  t  ) ' 0  t he  c t i sc re te  com-

r '  - \ ^ :  - L -  J . -  . i -  s r a * .  o - n l  i n { * o l r r

pensator  wi l l  be a process c ,  (h)  (which l 's  in  fact  expl ic j - te ly

c l e f i n e c l  i n  ( r . " 8 ) )  s u c h  t h a t .  a a ( l c e )  -  C e ( A )  ( k € ) r k  €  N  i s  a '  m a r -

t i n g a l e r ' ; : i , t l r r e s l > e c t - t o ( F : * . ) k e N ' T h e n t h e d l s c r e t e s t ^ o c h a s t ' i c .

i r r ts :gra l  wi - l - l  be ITTI , -  
= :  

! '1  
Cr ' re  -  C u( l1 i i i ' l r )  '  r r l l tc re  

f  Tct t t '

is a st ielt jes ln'Legral. i ixccpL foi lLf ie syrruneiry nroi: lvation

t  fganr is a mart ingale and so ! . fEtt  should also be a marLingale)

the above clef in i t lon hals a calculat ing reason; t 'he errors of

orcle:: L which nprrear in the calculus 1ny,o]rrirrg {g it,r* d.ecrease*  
J l

ro gz i f  6r,e replaces t 'his integral by I f  
i**"

-  ^ . r , 1 ^  - .  *

Exce;:t fOr l"lar € > 0 r+e have "*o use otl i ' . lr approxirnants' ME'

e >0. These are eqt ' 'a l  to -  M, uP to Te = t I ,  where

: -  .  ( r -  r  r f  t t 3 / 8 L ,  a l l q i s r l u a l t . o  z c t o  a i i e r  T g "  A s
k E = m r - n t K ,  u €  > e  I

T* t .>o as t , i, 0, fr, ls raLtrer closed tcl $i€ . Ti-.....e "stoclrastj-c

integral ' ,  5f  IUr,  is  c lef inecl  in the sanre way as wi th respect t r :

M E . F c l r . t h i s i r : t e g r a l a E u r k h o l i e r t y l ; l g l n e c l u a ' l i t y i g p r o v e a
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((f .10) bolcavr) " Tne 5rroof of 'Lirisr lnequnJ"ity (etu many othcr

pro6rfs l-n tire pelrer) *e baserl r:rr a versLon of Burkh$t"doru$ in**

c.rurl lty for di;:*rtr*o blnre nartinilnl-er* i^rhlch is 1li:esent,eld lrt tht

Ag;pehdlx t$ect . io l l  4)  "

In s€eti()n 2 we cieeii l;i{:ir f,ir* LI'i a5:pro;<funat,ian of X. On$ cls*

fines t'lre r.lqirall"rjn$ 
ru

( f is )  dxe ( t r  )  rcd )  *  dst t ,  ) ,  xu)  ' t "  
%(t '  

x  '  xs ld i ' ts  ' r '

wlrere o(t , ft, Yt-

+  Y s ( t , 2 ,  X r ) c i t ,  
@

&re $$nenticipath'e, fuLf i i  boundhess ancl

L l .psch l ts  condJ . i1 lons  ( {2 .1 i  -  (2 ,4 }  be i .o l * } ,  and co$verga;  un i *

for'mly bo c( respectJ.trn*11, q and Y {In fact J.n hoth eqtratlons

([)  a.ncl  ( i :e]  a E:ereurL:at lo l i  f  
t*syeci : ivel- , r  FrL= useful  t , ( '  r le

c o n s l d e r e , f l  ( s e e  { 2 . 6 ) f  ( 2 . } 0 )  a n c i  ( 2 . S ) ) .  T h e  f i r s S  r c s t l l t  o f

thts secbloir  ls  thatruncler (op(pnly) ,  } i  e f l . .nnvr:r i ie to x ln Li)

( T h e o r e m  2 ' 1 ) .

'ftre second ther:reni is a verslorr of th€, f l.rst one: by replacii ir l

*n htr il {-he sa,,..e resuit is Cerive,l under weaker ascu*r1:tlons
. ' ,  

E  
t r l  t ' . t  b i l e  

. r , $ . .  

' "

on the'ceeff icl '*n*s (h'ountffress is rep;].aced blt ' l inlar lncre$tents

t,o tr i f inlty). l th:: t i i l : :cl  i : i rcursin Ceals lvLfi t i  "relpL,a*tng +;11* corrtpen*

(
sator C"( \ f  d!:c) (; , , i ' r j .cl l  aipp€af,s in t irCI. ief lnlbion of f  9^ b; )

L  )  l a  -  
' - i : t - - - - ' - *  '  l t  z

by a drlf t  J Sua*at, '*hetr* $t ' ' icpei^rci 's otr t{e and Ae is

calcr.rlatecl starting fro:n 
f e . i'i:Ltli ti:'1s cit€creilt $€ cctrl€ back

to the c lass j*a l  , r . r lpr :ox inet lo : r  co: t { :ext , ,  P l - :L i :  g€ anc A,  are

enalogous vl i th th+ erbjects conii iclered.bg ln*, ia and iteteri&be in

I l /  cap.v I "?,*xccp* one c l l f  : lcye l rce:  t l ie*y  d, jsu i r$  that

I i rn i.t := g .€0:r 't11:1le fr:rrc*l,On 9 n vitlliiir is untlecessary here'

€ - + o

Thls be*ar.r:;c tlrer:e, tl,i* ;1!.;t;ryr; m*nt,ictli*ii ij:rift ao{}s nst 'tpp{}ar

as a compensator (in fact an "e-9pl:r1:toi: ic ctlt l lpensetelr", beLng

on}1, esynpt:otically e1-it l i \ ' i i :dirit ' ' ;o 
Cui J 

<1 cii{r} } " 
bu8 as & cor*

rectton Ln the Llrcit. equation (t ) . i/'Y€ are alscl cioing this st'e;r
V
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in Corrolary 2"4" Re'burnj .ng gs Ae vue r t rent iotr  that  ln order '

to be ;rble .b.o compute it. one has tc aslitlme that % 
ls *onteltor'rr

more 1:a: : t lcularr  Y. ,  (L,  X ,  ) l )  = ? ( t ,A '  xJt)  )  and depend's on
l ' t  L  l e

N = Xa(t) j-n a tvrice dj.f ferent, ial-r1<* viay. i f l iel argumenb per:nitLing

f.o replace the cl iscrete col i t irens;itcrr l :y a d:: i f t  is basecl on

taylor's fornr.r la applled to Tu 
in the eonpensauor'

In Section 3 ws cleal vl i th ei lmcst sur€j convergence. Here Lhe

equat ions considered are l4arkov la l  ( i .e ,  <  ( t ,  I  ,  X)  : '

=  o(  ( t ,  ) , ,  x ( t ) )  and the sar{ le  for  t i ie  o thei :  coef f j "c*ents)  ar rd 4

. ls a real mult. icl imensional paratireter. 
'r ' ,r"e also assunte Llrat

(  } ,  x )  *  o {  ( L ,  h ,  x )  a n d  . [ } i e  r e g t  o f  t l r e , c o e f f i -

cients are inf j .nibely diffetuttat"-tr1.r.-: .  Linrfer thls assr-rnpti-*n

I  e (e ,  X ,d  )  i s  i n . f i n i ' 1 ,e11 '  d i f  f e ren t i a l : l e  an ,C  we  sha l l

prove that one ftay fincl a vers;ion of )t, li;trri-ng the F,affte ?roper-

ty" Convergence for the de:: ivative,1w111 }:e d1'scussecl
/";};l

Eo o. aI Id

fhe j-nteresting approxi irat ing equ' ' ' t ion i ; ;*::e wil t  i lot be (Et ) but

( E e )  x e ( t ,  ) , u )  =  u ( e ( b , l  '  x € ( t ) )  +  
% ( t " f  

) ,  x € ( t ) ) ' i m e

g e ( t ) A . ( t ,  ) ,  x e ( t ) ) d e  +  t . , g ( t ' t r  '  x s ( t ) i d L

The nrai-n resul ' ,c crf the section i-s l l i :eorem 3.3 whLch asserts t ' i ral:

{Aot-r @-
under the assuml:t,iffe-rlfX;*"n.iTt6-aerivatj-ves convergie in

any LP, p d N to X and respectively to j-ts derj-vat ' ives '

Thep,  sobolev 's  inec. lua l t ty  ap1: I ied in  a c lass ica l  \n tay ensures

rhat rhe trbove convergence holcls also under *xt 
l: $ 

I ' J

for errerlz T > 0 almosL surely " Thj.s resul! is prcx'ed I:y Ikeda

arnd latratanahe in /L/ W, 7" j-n tfro eFSe l-n r 'rhich M is the

Br:ownian rnotion and Me ls t-he pollgclna' l  l ine approxS'irrat ' ton'

T h e y s e L a s a n O i f e n p r o b l e n ' i , ' l i e t l - r . e r s r i c h r e s u l t ' s : ' n i g h t ' b e o b *

talned, .for: more general aPilrr: :<ination mocJels
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I . TIIJi AFPROXII.{ATIOi\T I'IODLIL

I,*t lJ\,  r/n 5') be a prohabll i ty f lpace wl"t,h a sfandarcl kiqlht con*

tlnirous anrl coraplete) f l l t-r 'at ion (Ft)t) 
0" 

I i"fx d € l{ ancl consii*

cle:: a d * <l imensiOnal, cont5.r luou6, $quare integrable martj .ngale

FI  :  [Oroo)X- f f  
- ^o  Rdr  i l i  *  ( i , { ] " r  a ( !  {  f " fd i  "  } {e  sha} "1  assurns  tha t .

{1"1) For every t  > 0 t} : ,ere . ts a constant c.F such that

( r q & >  ( r ) ' -  4  t ' a l }  ( s )  . (  c r ( t  *  s )

.  f o r  eve ry  0 , (  s  5 'b (T  and  i . . (  C I  (  <m\  l s  the  compensa to r

or rdl .

Let now fi i  an e > 0 and. rnake some general notations. First

of  a l l  r . re  put  f I  =  (k€,  (k- { "1)sJ fo f  jc  €  t ' t r .  Then,  for  a  func-

t ion f  :  [0 ,  *  ) *p f i ,  we **no4*

f  
x ( t )  : =  F j  u P  l f  ( s ) l

s r ( 1 :

^ k
L \ -  r  =  f  ( ( k + I ) €  )  *  f  ( i < e  )

c

A I  f  =  n u p i i r ( t )  f ( t r ) l  ;  i " 6 ' . q t  4  ( k + r ) e l

We shall  now ' ief i tre thc irroceJ$e$ alr;;rox"tm.i l t ing l '1. Let

M .  ,  f 0 , . o ) x - c l o r ' - d ,  M e  -  ( r t |  ,  o . a ,  r f l $ ?  d - d i r n e n s i o n a l  c a c l a g
L *

procesjs with f j .rr i te variat icn crr cci;p; ict t .rne interverls al-rd such

that. e

( 1 . 2 )  i )  I " i e ( k € )  = x t ( k e )  f o r a n y  k 6 l l

i i )  j ! ; .  (t) - is F,o" [reasjirr;r. ' r1e for an1' o r( b .( ]{€'

Define tha.n ra-. l
k c \ - + ' l r ' -

v f t . d )  = n r a x  s u 1 . , , . ]  ) : 1 : t ' ( ! i - " 1  , c d )  - . ; 4 ' ' ( i + , f u ) l  : k € *
e '  l r ( i  

' t  
j = O '  J 1 * r  J

= to ( t:. ( trn = (1-"+f )gJ

L i
Clearly 4 1":tf ie raa:rl .nun ci l  l i i r : :  va;: ieit ior.s of M; on

[ t u r ,  ( k + l ) e . ] .  P o*#r
f i te Tolfol.r inql assumltt iotr vi l l l  he essential - t 'hrougtr 

l th'e pap-gr"
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(Ar..,) f for every f ixed, T 0, thei:e is a cclustant e-- * eo (T)
y P

such that

n (  { v I l i t l r .  , J - / i : ,  *  r , r / 2 .  f o : r  e v e r y  t ) 0 0  k  < ' r l t F
,  

_ r  r  " 8 ,  l . , . t q e /  \ \  * t r ,  
"  F  & v a

I  luirere p € t{" Assuming t,hac (i*?) *s fulf i}ecl one may <lefine

{ {  t  ( ,  4  t  ' i
( r " 3 )  s f i o (o r )  =  

f  n t  j ( u [ t - " " 1  -  r ' , ! t t ; e ) ) c l n [ ( s ) [  FkE  )  ( d , ) )  anc i
-a . t \

tt

I

oi j  ( t ,  cd )  = qj '1 i , -  for  t  € r i :  ., t  \ - ' - - ,  . r g r k  - €

,  i i  t  ,  l i
l l o t .e  tha t  l c -J  ( t )  I  I  . "?  , /  . ^  fo -  !  /  rn  n i r^^  f r :nch lon  g : '  a . re. - L  S  

t Z  (  o o  r L r . L  r -  s .  r r  r l l t i  1 t

an  ana . l oEous  c :E  s i j  (  €  )  Ce f j -ne , l  i n  / L / ,  \ , ' r r  { 7 .3 ) .  I ke i l . ; +  anc l

Wa. ta-nabe assurne t i ra t  I  i  nr  s* .*  (  6  )  ex is ts ;  l11a"7 i  ln  'L .he ahsve
€ -+ 0 

-'-J

ment.i-cined r., lorh) " It turns crrL t"hat t i: is j-s nct real.ly neces"$ery

,  (see Theorr :m ?"3 arrd- Cor:o11-ar:1 '  2 ' ,4 bel-ow)

There are situatj.or:s in vlhj"ch l.re are intcresteri in stopi:ing I"'1

. L

when \t becones }a.rgc. $o ' ,st+ ehall- clef ine

( r . 4 ) ; . = * r i * { k , v l  > s 3 ' 1 8 }  a u c l  r e  =  t k e .

NoLe Ltrat Te is noi: a stopl: in-q t j-me with respect, to the f i t*.

t r a t l - on  (F* )n ,  o  bu t  i t  i s  w l th  res1 . :ec t  t c ;  ( r , roo ) t  
) ,  e .  

No te  
"

w  u y ' 2 . w

also that l f  (Ao) i ro lds for  some p > 8,  t  R* ' ,

( 1 . 5 )  l i r n - p ( T e  < T )  
= 0  f o r e v e r y  f  > 0 '

t  - * A

Incleed ! ,re : lave:

r,(re ( ?r) = r', l i?r; 4 ) E3l8) r< ,5rr, 
n(4 > e 3/u)*(

\ <  T -  s - 3 Y / 8 . ,  k , , . ' ,  ^ . . ( 3 P / s * u ) ^ n  s p / 2
k . r < T / e  

e  E ( I v i l v ) . ( T  t  e t e F ' ' J i o r a s  € - + c '

Then we cef ine

( 1 . . 5 )  E €  { t , c . ) )  * M r ( t  A ' f o , o )

and denote by Vf the rr , .axlmun of  t i re va: : j .at lcns of  l ' l : '  i . (  C

crn [nu , (kl-l]s] . r lrer: ?] - ttr; fcr k { in anrj. ?} = 0

for '  *  ) ,  te .  : tb ' ls  ; r . l - :*c c ' lear r :h; t  Vf  ' (  g 3/8



<#: [0,  " ,o)  x l2 -- ]  l l ,  p G t{  a.n<l  o d r ,  S
I

l i  Y l ln.r,  * n (;_; 
11 

lcp tto c<r )f  P)r/t . '

I t  f  l l  ts , : : ,u  
= 

" i iJ  $ 
!  y{T +t 'eor  )  f  

( r : ' , . r  ) l  p)r /p

Let tro'or int,roduce t,lre norm

( 1 " 7 )

Then

rro a'l-

( 1 . e )

Tlren there el i ist-.s a cons'tai 'r t  k.. t '

T ), 0, 0 .( 5 .( 1, g Euclr that '

r ' ^
f  :  L0 ,oc l )  xJ2 .  - -p  R suc t r r  tha t :

.
- ':--

'  
r "  v ' -  r r '

( t . t c t ) .  l l l ^  f  
d t 4e l t  p , l r _ , , : ;  r ( I ( p

o':'-.-:.: '

I

, ^*J{oo *,e5*a*r*$(e-."i**--*\ 
"t-- 

_- * *. *---J

strall- vrork vri i: i l : for a l ' function

a n c l ,  i f  Y ( 0 )  
s  0 '

for y , [o, er*)x -e" ,+R

( o- for everY

; 8

t\t;e

l{ore i l iar lf yl{ p,r,s { [t f [ i  p,,r, 
-F |l f i l  por,$

r i ien t l  y l ,  F ,  o ,$  *  l l  f  $p.  S"
We go on anci define a "discrete compeiis&tor"

cadlag erncl nreasurable. Assurno that n ( cg#trl I

T  > 0  a n c i  . c e f i n e
i r -  1

( 1 . 8 )  c e ( f ) t f i e  )  = :  
n  E ( A ; t  f  F ' ; e ) ,  k € N

c r (  g )  ( t )  -  c r ( y  )  ( k e  )  f c ' ' r  k €  {  t  <  ( k ' + l ) s

one rnery <iefi.nel a "Cj.scr,;tEt stochastic intcr;ral-" vrj.t ie

to [tC and frn t
J - +

r t d

l .  f  
( s , ( : ) d ? " i € ( g , c . . r )  = ;  

5 "  f , s , c 4 ) ) c l i " i € ( s , q ,  
)

' r b
c a ( \ E c l : ' t u  ) ( t , 4 r )'  b  , o ,

.re s,*

- ' c e t l . f
( ) '

t r le shal l  no\,r  pre$ent an a:ralogue

L.grna-  1.1. -  F ix  i ln  even p l ,  4  er r ic l  assune ther t  (Ap ( f ,a- t )  )  ho lds.

+
r *

\  . f  (s ,a ;  )  dJ ' l s  (s ,e ,  )  *
t o  I

. . r f i  \ ' / { -  r . \u : . i g ,  \  L r v  / ,

of  Burkhci lder 's  inequal . i ly :

suc l :  tha t ( l " ro )  ho l -d$  fo : :  everY

€ "  \ <  S  
' a n d e r / € r ) i "

E (  f n ( r ) )  
( o o  i  ;

"l ln
sr / r /  i l  f  l t r - , r *s  .

f
v d

\  f  ( s , @ ) d i i € ( s , a r )  = :
J 6  |



1

i
i
l

D r n n f
a  & v v !  a

9 " .

Put k* = [ r /c ]  and k|  *  [ tu+s17g3

s,.r.c[. 4A.-t 4e+1 4 T* 5
e +t  ^ ,_ /k€+t

- t tt-,r.|= ,5-- 
-t 

d*, l-. e3/&

. for k < k'u and

+&

Y (r+s) .

Efr*1n1l /n n

P, t t*S
. l / o ,

to\t#rtingale

k < k ; .  Then by HoI-

0  {  r <  e
- k

r \
" k

thenr &$

a

l l  J e
. o  I

";: 
r

t  sL lp r rT n

We shal l  now apply Lemma 4.1.  (see Appendlx)
k e  d q

H k =  
f o 1 U u u ' k e N .  

F l x  2 < f < p - l  a n d

der 's inequal l ty and (Ar^) hypothesis we have
' l '

e-
*'-- 

lr$t. ll.prrrs { u,ilri 
il ". od

I t  fol lows tha.t

^, U-{
< H > i ( € e )  -  ( H > r ( k e )  = :  L

( e -r. s.r'%|, , ,rr, ,.*,*1"-i ,
k < k a

n ( lHr+r *n It  f  no, ) g z'w I q1r+sl t t  t t  l l  l rr* ) (

< ztn t  1*tr+s trp/  
(p-1) 

l rnE ) 
(p-1) /p ut lv|  l iPlru.  t  t /p(

s  2 in t  ,g*1r *s1 In / (p - r )  t r ra )  
(p -1) rn  

" l r  L t ( '

s  ( [H i (+r  -  ] rk  l i l r re ) {

s ince 1 \ r  2  one has S"e* le  
t / '<  

S .  Then,  by Dood'g lnequar i ty

n t  l (  s  )  r ( k { + 1 )  
-  <  } i  >  r ( k e  t l P / L , r / P  r (

(  rc ist /p n 
i l i i l ;  

E( .gxtr+s' t tp/  (p-1) 
l r r r)  

(p-r) /1) l /p{

( ri sl/n 
",ili il; " t gxtr+s) p lrte ))tln .'

$ Ki sl/n u ( rgn ti+si ) P) 1/l

t r o r  1 - p

s ( l H k + r  -  n * l  P l r o u ) . (  , P u (  j F t r u s l * l * l p l r n r ) . <

gstr+s ILP/ 
(P-1) 

lrke ) 1P*r ) /P

I:



tCI

Then Dc,cc1's i .ner;uali ty yj-elcls

E(  < ,0  )  n ( k ;+ r )  
-  {H  }  p ( k r )  ) t / I '  r <  * i  n r / pn (  f * ( r+ i 3 )p ) r / p

U$ing rror,,r (4.1) the proof of the Lenmta Is coriLpJ-ete"

Q . n  " D  "

z " lP ai'pRoxrprrTrol,x poR TtIn $cr,rJr.'roNs oF I.ioN l'm.nxov ]rr,luATrcliil$

t l n  0

Cons ic le r  s I  *  
i *  :  [0 r€ ] ' - -p  Ro :  L  - -+  v r ( t )  i s  con t lnuous  J  w i . th

t h e  6 - - a l g e b r o '  w e * c ( v r ( s ) ;  s ' ( t )  a n d  f r = { t r , f o , o - ) +

-* Rd r  t -*  ?, / ( t )  cardlag ]  vr t th the $-* algehra F* = a(f f (s)  tsg t , )

Let. f be an abstract set of parameters ,arrol ff, lor*)xff-* R , 1e 
i-.

The fol lowing assut,rpLions rv i l l  be considered:

(2.1) 1) f r  r -+ 
f l , ,  ( t , f i )  is  f f i * -  measurable for  every
t t l '  r , "

and t  + cf , ,  (b, f i )  is  cardlag ( f r**  Hi  v F*) '
" f  v  s ( t

and

For every T > 0 there exist some constants

r*u ( o" such that for every f € {' , ff, fru €
L

0 < e < r  a n d  0 4 s d €

iv) lf (ra+s,fr) Y*(ke,ilr)l -o{ Xf e * ^[u nJm

(2 "21  The  hypo t ,hes i i s  (2 .1 )  r v i t h  t ] : e

one may choese 1(,i. ( t, K; d I

( 2 . 3 )  T h e  h y p o t h e s l s  ( 2 . 1 )  w l t h  K , i ,  =  O

T\r
( 2 . 4 )  T h e  l r y p o t h e s i - s  ( 2 . 1 )  w l t h  I ( , ' "  =  0 '  K , i  {  I  . a n d  K i ' <  t '

FIe shall  use t ire above hypotftesis a]so for functi6ns

[0,  no)  j<  w.  The onl l r  d i f ference r , , r i ] . l  be that  '#  (8 ,
l4 t

rneasurable instead of !Jt- measurable.

Let  now consj -c ler  another  a is t ract  sct  o f  paramet ,ers ,  n ,  and '  the

def lned on

.  )  wL lL  be  W*

I(*, Ki' oii, '  x$' enJ

fro €

i i )  t f t ( r , i l )  t  \<  K r  +  K , i  
: :  I  

t t r t s ] l

i i r )  I  T f ( r , * )  f t ( * , f r ' ) [  \ <  K f i  
: : i  

t $ ( s ]  -  f i ' { s } l

supplementary assumPtion that

., *_IV , ,anc i  nT {  r "



I. I"

; . rprocess p ,  L  0,oo)  x  A x- . f r  * -F P.r  cadlag and.  suc l r  that

. 4 )  * - *  l 3  ( t o  l , d  )  l s  f *  n i e a s u r a b l c  f o r  e r r e r y  ( t , ^  )  e  [ O , c o  ) x - J ] ,t t

Def i-ne s

( a , s )  t l  6 f f ; , r = : " F  [ l  p ( , , ] . . ] l l r r , r .I  p , ' r  
A c A  

- t -

i l B i l t  n .  q  =  s u P  l l F ( ' , ) ,  ' ) i l ^  *  el l P s p r x r b  
) 6 A ' r '  

. ' ' p o T r S

f o r  p  € N ,  T , S )  0 .

For a family A.- ,  € > 0 of such processes we shall  be lnt,erestedr E

in the propert les

( T " . )  s u p  l l  p r l , : n .  (  o a  f o r  e v e r y  T  >  o .
Y  E  Y r L

(J,.) There !s another family of p_rocesses K€ o E > 0 fulf i l tng
Ll

( Ip)  a i rd Such that for  every even i  < p,  € > 0 and k6N

E(  ln  5  p r l r l r : *  ) t / t  . (  x f t xa )u3 /8
We are now able to deflne the equations we are j-nterested Ln"

C o n s i d e r  s o m e  f u n c t l o n s  , f  I  f 0 r o - 1  x A x w - - p R d  x  R d I

T  
=  ( f r j l t , j ( d ,  { , Y  :  f 0 , * * 1  x A x t r { * + R d r d  s  { x i ) t * ( d ,

,!

Y  =  (  t 1 l ' ) i (  
d  a n d  a  c a d l a E  a d a p t e d  p r o c e s s  A  :  [ 0 , o o ;  x A x  - Q - 1

* d  ^  ( n { r .- - F H ,  
1 5 =  ( / t - l i r ( d .  u o r

( 2 . 6 '  X ( i : n h , a " r ;  =  
f i ( t r , ) , , & )  )  +  f f ( t ,  h ,  x )  +

of r compol)entl ise

x i ( r , t r , a r )  =  p t t r , l , t l  )  *

t t ,
( (

+  \  g t s , ) ,  x ) e l r l ( s )  +  I  y ( c , ) ,  x ) d s ,
J t ) r
o o

, t
d  i  {e ,  }  ,  x }  +  *  {  v r t  (s , }  , x )  * rs j  (s }

i = I / l- o

+ 
J  

t1 , ' i  { * ,  }  ,  x )ds.  I  . (  d .

(2 "7) " BgHIl i : :  Uncler hypothesis (2.2) for {  and (2 .  1) for , f

and 
-ty 

the atiove equation has at most one solut, ion. In the case:_----: - |
.  .  , i - ' .

in whi"ch ( a 0 or A = 0 tt  J-s also known that at least one s



-i

*  t e

solut ions ex isLs.  I lub J- r r  fact  vre are not  especS-a1ly  in terested

j.n t lre exist,ence of sCIme sol"utLon, $o we sfral l  use the exF)res$i.on

n 'Let  X t r *  t , i re  so lut io t r  o f  (? .6)o ' r i i " i - i r  t l ie  reserve u i f  such a

s o l u t i o n  e x i g t $ " .

T i re  same wi l l  be tpue for  { : } re  approx i rnat i -ng equat , ions ( (2" i0)
i

be lor )  .

(2.8.) .  qgngf:h3 B may be rega:rc iecl  ers a perturbatLon. See for
- a

examg:le the vray in whicir Theorem 2.3 foilows from Theorern 2 " I .

To the perturbatlon in (2.6) there correspond some otirer pertur-

ba t ions  l3 r .  €  >  o  : [ .n  (2 .10)  "  r ' : r .
/ * * - " ^  

/  t " - .  
. . . . . . . - - o " ' ' "

I fn order to get Lv convergence these perturbatlons have t,o
^ ' ' ' - . - .s '

f i , l  ( I*)  and (J,^)  "  Thts is the meanlng of  these assunrpt ionsr
L J Y

charactexLze "good perturbat ions" .

(2 "9) .  &qSeIE;  3n  fac t  t l re  sys tem (2 .6 )  o f  equat ions  ls  n rore

neral than lt seems to be: one may a.ssurne that d o 
Y 

and f
. . .Feq5i  not only on X but also on l ' ! .  That ls

( 2 " 6 '  )  x ( t o  l n c , J ) F  ( r ' , 6 1  +  d ( t f  ) ,  M ,  x )  - l -

t,

fu l -

they

o { a -

+
I

+  i  c p { s ,  } ,  M ,
'o t

The sys tem (2 .6 '  )  i s  rec luc t lbLe

ty  (so )  , .  Iu l ,  X lds

e i n  o f  t y p e  ( 2 . 6 )  b y  a d -

I

x l d M  +  \' )
o

to a syst

dlng the t,r lvial equatlons

.6-

{  r "  {
t ' I * ( t )  =  \  d  d l v i - ( s ) ,  i  * (  d  and  tak ing

J o
/ ,  =  (M,  X)  instead of  X.  In  par tJ-cu lar  a IJ .  the theorems ln  the

t ,paper may be considered as approximation t.heorems for th* stochas-

tlc integrals t one takes o1 * 
P 

* ,{ E 0 
***U 

,f independent

o f ,  X .  ' r h e n  ( 2 . 6 ' )  h e c c m e s  x ( t r  A  o c o  )  =  f -  q  ( s ,  )  ,  1 . 1 ) C l 4 ( s ) .
J o '

In order to avoid notatl-onal cornpll.cations we restrict ourselves

t o  ( 2 . 6 ) .

Let now deflne the apprCIxltnating ecJuat,j.ons. For every € > 0

c o n s { d e r '  
f u  

:  [ 0 , o , o 1  x A  x  f r  - + R d  x  R d ,  f r *  
(  

f ] i ) i ,  j S  d ,



1 3

* e , Y g  ,  [ 0 , o o 1  : r Z \ x i i  - . '  R T
'{ - -- "'-- .' '- ---r *-"--' ' '

(_ "q=  ( "J ) i {  d ,  Y ,  *  (  Y r " ) i g
/ \  =  ( r t a l
t - t  ' / - g  ' i $  d '  t h e  l a s *  o n e s ;

Consj-cler the equation

( 2 , 1 0 )  X  ( r o  l Fu{ * ' }  ' cu  )  r '

+ (s ,  . ) ,  xs  )Xmu {* )  , -

[ 0 ,* ) :rft x *(] -* Itd,

ar:ci. aCap"h,ecl pr:ocesselri "

a:L - " "'l

. irn<L f3 . :
q t 6

l :e ing cad1aE

4 ( t '  I
t
+.

I

\ rjj
J  l e
0

' 6 )
.t-
L

I\ v
J i g

()

or r componen'bwise

.l
x ; i r , h , t u )  = {

F i t . , l , 4 . r  )  +  w j { t ,  } ,  x e )  +  X
j = l f ; '  ts '  z1 ox,  )  '

t
I

I
o

d

R e *o.*L,

.i-

\  v ' ( u , ) ,
J  t € ,
CI

.  d m { ( s )  + X  ) d s ,  1 . (  d .

&ny a solutr lon of  equat ion (2"10) we shal l  und.erstancl  an adaptecl

cadJ-ag process  x r  =  ( * : ,  .e  e ,  *31  such rha t  E(x ' f (T )  )  (  oo

' ' for,, every T ) O a:rd a verslon of the conclit lopal expect,ationg
f  1 l  .

E ( l  f - l J t s , ) ,  * r l d r 4 l ( s ) l r o r ) ,  r  ( i , j  r ( d o  k e  N  s u c h  r , h a r' - l< t  € E KE' r .

,  r e  n '  { - rx r v E r i f i e s  ( 2 . 1 0 )  i n r , r i r l c t :  c * ( [  c f ] l ( s , ] ,  x ,  l d i ' i l t s i l
c  

. J o  
i  E  e  - - '  

b

I  d f '  j  (  d are def ined by means of the abc've mentj-oned versl-ons
, "  i i  . i

of the condl"tj.onal expecrarions ( Cu, 
i F_l', 

ul{) is involVed in

the  de f in i t ton  o f  [ '  * i j  t r * ] t  "
& " k )  J o T e  * . 6 , .

As fo rFequat lons  (2"6 j  un iqueness  is  easJ-Ly  proved and ex is tence

of  eo lu t ions  is  no t  espec ia l ty  in te res t ing .  I f  4e= 0  or  Fg  
=  0a

existance mey be proved by using an incLuct,i"ve algorlthm en the

intervals r l ,  k 6 N. As above, the expression "Let xo be a so*

Iu t ion  o f  equat , ion  (2 . r0 )  " .v r i r l  be  useJ  unr ie r  reserve  Jn**  such

a so luL lon  ex is ts .

Final lyr  wQ have to specJ-fy the "dlstance" betvreen the coeff lc- tents

o f  ( 2 . 6 )  a n d  t l r o s e  o f  ( 2 . I 0 )  .  F o r  T  >  0  a n c l  p  6  N
/  ^ r a

d(e  )  =  d i l (g )  and K,F  v r l lL  l :e  J ros* . t . i ve  nurnbers  such t i ra t



r i l )  l | F .  p r r | , r

lfe shal]- n*w ferrmule"te ttre Lp ap1:roxirnatlon resul"t in the case

of bouncled coeff ic ier i ts

T11t?g{5?It*?:}: Fix an even p b 6 such rhar (Ap(rt+ 
1) hc,tds.

r \ssume tha t  the  fami ry  .p  l j  ,  , f ! i ,  yL ,  f . t .  t  r<  i ,  j .<  d ,t  l e  t  ,
0  <  e ' ,  h g n  f u l f i l s  ( 2 " 3 )  a n c t  t h e  f a m i l y  

' o (  i ,  * u i ,  I _ (  i (  d ,

0 ( r ,  ) € A f u l f 1 l s  ( 2 . 4 ) "

:  Assume also t i rat^ Fl ,  I  . ( i . (  d,  0 (  e fuLf t ts (J* 
"  I  

ancl  tA*t
[ l L -  \ -  .  

1 , l ] )
1  r  *  .  P ,t ] . m  5 ; t e )  =  0 .  T h e n
€ - + 0

l i m  l l  x "  x l l l , , , =  o .
€ - + o  s  r / t *

E.gmqFk (2,L2) l :eJ-clvr and the Borel Cantel l i 's Lemma ensure that

j. f  one cl iooses a sequence ( 6r,)n e t i  such t irat, E* e |rtUa F€

than,  for  every f ixed 16r \

l l m  s  u p  [ : e  -  ( L ,  ] , a J  )  -  x ( r ,  X , o  ) l  E  o  & , 6 .
n  t . ( f  s ' n

But  the nul l  set  above depends on \e  A.  The real ly  j -n teres*

Eing resul t  o f  a lmost  s i l re  convergence r+ i l l  be obta inec l  onty  ln

sect' j"on 3 (Theorem 3 . 3 ) ;  there t ire exceptional set does not ctepend

on l  and the convergence ls  un i fornt  wi th  respect  to  ) ,  6n.

Pliggf . tror simplici-ty vre shal.I  u$e r. lnicl irnensional no'L,a.t.1ons. Frx

T > 0 . K i , i a L , 2 ,

cnly " t ' , ' r :  shal/ prove t i iat

( 2  "  L 2 ) l l  xe  -  x [? , r  <  K l (  r t " /$P + f (un

fon s*{f;"kn{fy smatl E.



F i x  0 (

t a ! r l

S '  a n c i .  0 \ < S \ < . 1

n
l l  x ^  *  : (  l l ' j  d ,"  a  "  P ' $ ' ' s

+ l l  or-*  {  l l 'A
I

-a

such that

r '  u  i  , , 4
p ,s , , s  +  i l  L  %*u*  

-1 "  
f  a t t  l l n , s , , s  +

. , f  f  * 4
+  t l  J  9 . d "  J  V A U  1 1 , . , - t 1 r . c ,

"  - O  l t  , O ,  - P r D  
2 D

U s l n g  ( 2 . r 1 )  ( 1 )  a n d  ( ? . 0 ' l  f i i )  w e  o b t , a l - n

(z.r4r l l  x.-  , (  l l f .s, ,s \< l l  de-< i t  f , ,s,  + l l  v -*r t f , r ,+s 
r(

? , . n
< 2  d t  e )  +  r ,  l f  x ,  x  l l p , s ,  4  I (3  [ !  xe  . -  *  l l  f , s .+s

v r i t h  K .  <  l .  T h e n ,  b y  ( 2 . r r )  ( i )  a n C  ( 2 . 3 )  ( l i )
5

.  (  (  A  t  n t t , ,  A
( 2 . r 5 )  l l  J v a s  J v d u l l  o , s , , s  (  S t l  y u - Y l l p , s , + s (

o  ' t  t o  t  Y o a  ' P  \  |

,  - .  e  .  l l  \ /  - -  r , A  \(  K a s t  6  t e  I  +  l l  X r -  x  l l ' p , s , + s ) .

B y  ( 2  " t t )  ( i 1 )

(2 .16)  l l  Fe  *P l t  l  * ,  .  (  2  tG) .
l '  "  t  *

= . { S ' + S ) / €  |  k i *  8 ' / g  a n d w r l t e

r f-gr?*, - i f  a* i l f  , l , ,n (

+ sup E (*:j, t n I ( s:cg dFt)l P) tlP +
hen k.( T,/g r v '

kg ke
-  (  N  f  ' -  a  t *  1  )  1

+ sup E( rn-ax  -  I  \  . f  
' o t t .  

\  qpd . l l l ' 5 ' zL '  =  J j  + , l i  +  J :
; ; i - k ; < r . g r . r ' J  l e * - t  J  s  - E  e  s

S ,  S ,

P u t  k e

( 2 " r 7 )

Since

ntcl %*:r) 
= EI, S"y*utt,) .{ xuvir oo€ eets

, r1  <  x^  E(m a  I  i  uX lny  r /n  
. (  r i un  ( ( .1_ ,  I  u l  f  / z t z t l / p

E * \ :  5  
k r ( g / g  

E '  \ -  t  k - 4 r / e ,

. n i i = : t n n / i l , B ( l q 1 P / 2 1 n o u ) t ( * u E n / 4 a n d b y ( A p )



q r 3 , ! , . i i " .  r .  , ,  .  -  i ;

r.6

E ( t % l n l  u o r )  ( K z  * v / 2 . ' r h e n  ( 4 . ? )  y l e l d s

I  r j l n i e  r (  K B ( s ( ( , 8 _ ,  E ( [ 4 t n " l r m )  t 2 ' t r / 2  +
" k.< T/e 

o '-.'

+  : n (  E  E ( l * l t r l r o * l l 1 / 2 1 <
k r( T/e - r\q

. (  KB ($ /e lx r€ /a  +  (  ( r /e ,  l x rep /z tL /z )  . (  Kg  *L / .2

We concluoe that

(2 .18  , r ]  , (  Kro  u t ln

Burheholder 's inequal l ty t ,ogether wi th assumptlons ( f .1)  and.

( 2 . 3 )  ( i i )  l z i e l d s

f  . n / ) .  fE( lJ_*  f  du lP /z l r re )  d  Kr rn (  I  l _  T 'u rms lv /a l ] . *e  )1 . (  K r  r  rn / rn
I; I;

and, bl, the same cgrnPutation:

E ( l f  , -  y f f { l p l F r e  I  ( K r 3 e n / , '
-tk I

. ,  *E

Thenr. the same argurcent as above ylelds

r l  sr(r+ sr{P

Let  us now evaluate c f .  By (2 .4,  (1v)  and (2.3)  (  d , t l

- k  . ,  = k  - '  > k  kA - '  x  (  A I  P ,  *  K r s  E  *  K r o A i x a  n  K r z \ t ,
a  -  e  I  G  r ' l

* L
wlth Kt6 <.  1.  By moving Kf A Ai  Xe in the lef t  s ide of  the

lnequality one gets

E l * g r < r u (  t + x l F r n u f r .
Define now

F t t , ) r , ? )  =  E 7 -  ( r )  g ( r . e . , ) , ? )
I r  k  Lks , . ( t (+ r )E )  , t

and no te  tha t  by  (2 .3 )  ( i v ) ,  fo r  every  t  €  [ . t * ,  (k+r )s  )  and )e  n

(2 .20 r  lX - .p r f  ( r ,  \ ,  xe )  (  K rs (e  +  E l x r l  \ <  Kzo (u -  A !p , *  v f l .

on the other  handr  as l t lu(ke)  = l t (ke)  and utAlu IFo. )  =  0/
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fci l lows

*  *  * t  (
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kA
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o

k e

f, x*, =

that

ks
w

(p dM^

- l e  
e

s '
Tuu*l 

P) r/P

%u*u * !" to dM
l E

(

v +

t

T q-  u -

I I

n {
ke

(
\
t
I

s t

ks
. f
|  \  (  q  - e ?

r  l t  r t
i l

k e
r 4\  (  {  - v
. )  t e  , t -
g t

d  } I i m " a  x
k r ( k e

+  g ( m  a  x l
l< .( ir,

rtmrl P't '/

) ctr"r lP),r/P * 
"t,

tSu rkho lc le r ' s  i nee {ua l i t y .  (2 .2A)  anc l  ( l . t )  y l e ld

, i !  (Kz,  *( i l i i l r ,  s  + a l  p,  *  q)F)r /P=<

r (  K z r  (  e  +  E ( l  1 ,  *  l X  I  F r { n  ) L / p  +  E ( H  e n ;  
l 4 l n l ' / n } ,

k * ( k e  
* l '

(J* ) and a calcuLus analogue 'Lo the one' p '

yteld 
" 

,il 
iol 

I n : p, I Pl r/P 
,( Kzz €L / 2P

; !  ( K e r e L / 4 P

used to estimate ,Yl

. We conclude that

( 2 . 2 r )
I

E( l I f  p r " l  t t luxu) t / t  . (  n t  lA f  l .u l t * t lpk€)1/ ( i+r )e t t * t i ( r+ l ) [ r r * ) r / t r+ t )

To est imate d1 we shal l  use Lemma 4.I .  for  the
k c E

H,- = ( t + - ?.)fuu . we wrlteI r  
e  t r .

n ( l n u o r  -  * , . l t l " o r ) L / i , ( K 2 4  E ( ( s +  [ 5 p ,

For  2 .  r (  i  . (  p ,  g6 lde r ' s . l nequa l i t y ,  ( J ' p+ l )  and

. .  o : (k€  )  * /a  
" i  ( i+ r )  € t  

/2  
<

K g being the processes attacired to

matlons nray be done for € 
"5 

and I

( o p ( p * i ) )  Y i e r d

) 6  . -  = 7 / 8 .r ( 2 s  K ;  ( k €  )  { "  )

Fubv  
(Jp+ ' ) . .  Ana l "ogou$ es t i -

L ' )

v ;  [  
* .  s ince  L  >  2r  one ge ts

ftr* LU't S 3



(  Kz r ( * t  ( s '  - r "  s )  +  r l i  e  3 /e

n
Ncx,r, by usi-nc' ( 4 " 1) and *h* f ,scL t,ha{: si:p ll Xu llr 

rf 
( ees we

. -a' 6, 
h/4f . Together vritir ( 2 " 21 ) tl:ri.s yie.tclsthat Je $ Kz$ * 

ke

r :  r (  K i  ̂  eL l4F , - :yq E( .  i ' ,  iT .  I  t  (  Y. -  F lar+fp) t /n

B y  ( 2 . r r i , r ,  ; " -  ( 2 . s , , 1 i l  
k ; < k r k s  s '  r E  t

l . p i * , ) , ,  x " )  - c t ( * , } ,  x ) l  (  T : o (  6 t  u )  +  y  l . x  n f
I t  u '  I  t  '  \  J U  -  

k \ < r < g

+  s  u - p  l x e  ( t , 2 \ , q r )  x ( t o , r \ r < . l t l  ) .
t \ < s ' + s  v

Er i rkholder 's  inequal i ty ,  (1"  1)

l n  k  . r  l F r  r / P  ̂ ^ - t ^ . - - ^ -  + ^  J J ^ ^ t,* € ,r! t utac.to*grs f* {A"t

conclucle

-1\ "r

and an t > \ t A  I  r r ; l *

|  , ,  * La,ted S,r lJ r^,;{"_$.f X._,
_j*-*.*.__-i:*.-/\-,

L,

for

tlon

s '  + s "

Fl (rn ei- >'"
k ( k E

s (

o f

I  < * . r {  E r / 4 P  *  s r / Z t { { a l  + l l  x E  -  x l [  ' r .  s , + s J
n L:*4*[YU,-]:}
P r  s f  + s /

'"Hel
J;

a

By'us ing the i r :equal i t ies we have a l readlz  provecl  one gets

l l  x ,  -  x  u f ; , s , , s  - (  K 3 2 (  $ t  e l  +  u t / t * f 1  *  K 3 3 l l  x -  -  *  l l  l s ,  
+

( x ,  +  K 4 s  *  K 3 r $ t / ' t  l l  x u  -  
"  

l l i ' ,  s , + s

As K:  (  I  one may c l :oose S suf f lc ient ly  sr , la l l  to  get ,

K3 + K4s n K3 r" t / '  < r .  Thon, by vrr i t ing I  xe --  x  i l f  ,s i ,+s 
\<

' l l  x ,  x l l ? , * , , ,  i n  t h e  r l g h t  s i d e  o f  t h e  l n e g u a i i t y ,  o n e  g e t , s

l l  x E  -  * [ f , , s , , s  r (  K s + (  { t  e l  +  € , 1 / 4 t  * l l  x e  -  x i l f , s , ) .

By usinq the above inequafity
n

l l  x ,  -  
"  

l l -n , rcs ,s  . (  K3s (  t !  t  e  I
A

l l  xe "- x l lr ' .r .< .L_ l lI " r  k  <  T /S

and s0 Fhe proof rs contplete.

l = o r  S n  #  0 ,  S ,  2 5 ,  . o o  o n e  g e t s

+ a l ' / f iP)  for  every k  <T/s .  Then

x s  "  x  l l t , k s , $  ' ( K 3 u t  d t a t  +  s 1 / 4 e )

0 . n . D .



Now we l.,lant to e:ctencl the

lravlng l-il'rj-ar incren'rente

orrJer to do tiris v,re have

equatlr:ns

I Y

ahove result to unbouncleC coefflci-ent,s

at . '  the inf j -nLte (h"ypot i resls (2 "1) )  "  In

to gLop M "o at T and consider t.he

( 2 , 2 2 )  i * ( t ,  ) , r . r ;  =  
F ' ( * ,  

I o  o )  +  d €  ( t , I  ,  3 r )  +
t t
/  . ' : -  f  ,+  (  E  ( s , I  ,  x r ) d r i r * ( s )  ' +  

i  y - ( s ,  A  n  X r l a s "
L l r  , "  rg L

Ttre-or.gg -?r3.r-  Consider an even p ) ,  6 such that (A(p*f  
)  (p+e) )

i ro ld .s .  Assurne tha t  the  fami lv  ,p i j ,  r . f  i ,  qLJ  .  9 i .
I  l  '  Y r - '  Y e '  l - - < L '  j * ( d '

0 < €  , ) c A  f u L f i l s  ( 2 . 1 )  a n r f  . b . h e f a m i l y  d i ,  
" 1 f ,  

1 - < i - < , c . ,

0  <  g  ,  , r \  64  fu l f j - l . t c  (2 "2) .  Assurne a lso  tha t  Ant ,  I  . . (  f  g  d .n

0 < €.  ru l f i ls  ( rp+I)  ancr (Jpor)  ancl  
: : f i  6 l  

(  6,  )  = g.  rhen

l i m l l F ,  . .  x i l l . n  =  o
€ - + 0  

-  i ? t L

Efggg-:- Put q = p*1. i{e shall prove that,

( 2 . 2 3 )  s u r :  l l  x  i l 1  r n  l r c .
g  )  0  ! l r ' L  \

For a f ixeci  i {  > 0 let  consi , ler  a Lipschi tz funct : l ""  q!  N,F.d* Rd

s u c h  t h a b .  6 , o t * )  =  x  f o r  l i r l  . 4  i i  a " O  {  * ( x )  
=  N * l  f o r  t x l  y  N + I  ,'t

D e f i n e  d r { , €  ( t ,  }  , f f  )  : x  s ( *  ( t ,  } ,  F t { )  v r i t h  i l * { s )  =  6 * ( " i l ( * ) )  "

fhen o*,g is bounded and equal  to ( ,  up to the t ime T*{F )  =

. r . . p ( +  r ,  n .  Irrr.L tL / \.r i r E (t)l > tl}, t ie clefine in the sEJr€ br&1l .f lt+,e and

ym,e ancl  conslder t i re eguat lorr

( 2 . 2 4 )  ) t - - ( t , I , r o 1 =  P r ( t , ) . , a : )  +  ( i . J , u . ( t , ) , T t n , u )  +
l \  rc

t t
( ^ / s ( ^

+ \  f * " ( s ,  I , x r r r ) d u " ( s ) ' +  \ g o , * ( s , ) , Y  l r l q
J  l N r E  i ' r !  L  J  l ! 1 1 6  '  " N r E ' " " '

o o

F l x  t  {  T N , e  E  r  T r { ( I * , * )  A  T $ ( l e ) .  } - s  F * . . . { u )  a n d  f r { u )  ,  s $  r

atre the so lut ions of  the same equat ion,  the uniqueness ensut :es

that  t l *y  are equal .  In  par t icu. lar r  &s ' ( ,  is  prev ls lb le ,  1{ :  fo l -

}OWS that ot. ,  / rF \  V I  s -y frr
I ' t r e  

( T N , E '  ) '  x N r q  )  5  d e  ( T N r e '  l o  X c )  "  T h e  s e m e

l s  t rue for  f  l l ,e ,  . f ,  and Y , t ,u ,  y ,  ,  R) ,  us ing asaln the equa-



tions on* gets {, o (T:., - } * f.. (T*,
I\,1 rc 

- 
I\ 6t! d- !! r L

f,n (,% 
" 

) = tr,r t,T, I = T'd..",. " As rt tXf
l"l $l t e:. ri c J-! r€"

sul) Tn, *
t \ l  

r r  t G

be a con$equence of

( 2 " 2 5 )  s p p l f  i l  - l l n  * I Y
I  n i ' €  "  q ' T  {  ^ }

vi l rere Kt (arrdr also RZ, Kl

o n p a n C T o n l y .

Le{:  us Ror{  prove (2"25} "  Fix 0 (  S'  ancl

S n + S  <  T .  B y  u s i n g  ( 2 . 1 )  ( i i )  f o r  
T r u , u

f o r  o ( , , . ,  ( I - . )  f o r  1 3 - a n C  ( f . f O )  o n e! \ rB ( l  t r -z,

One gets

As rn the r:roof of

) .  I * ,  fo l lows tha t ,
t,( 4gi-i1iP'n.!,

(T) )C.*."/-6ile l jc:ncl-udes that,

In  par t i cuJ"ar  (2 .23  )  r iha .L . l

a constant clepending

0  $  S 6 i  s u a h  t h a t

a r r d  
Y n , e  

( 2 . 2 1  ( r i )

get.s

t l  ?  t , A  - / . r :  - L  v  r r ?  , , A  '  1 l n  
r l l  ?  , r A, l  ̂ N , s  l l  c i , s i s  ( l i z  u  K 3  l l  \ . g l [ ' q , s o  +  ( K +  +  s * ' o * u )  l t . x u p l \ . { , s r + s

wtth i(4 < L" oi \e may choose s such t.hat K+ * SL/P K5 { t .  Wrlte

rhen l, T,r*, ltf,,r,*o
(Kc + sr/px, )  j f  XN , 

"  
f f  t ,  u , , ,  i r i '  tne ref t  hand sicte of rkre inequati ty

( : r r re  fact  ihat  l l  Fr r ,u l l  
t ,s , ,s  

(o-  is  a  s imple corrsequence of  the

bounr tness of  the coef  f  ic ient .s  of  (2  "24)

v rh i ch  fu l f i l . s  ( I s )  )

l r =  , , A  : ;  ' , Al i  4 0 , . t l  ; , s , , s  . ( K 6  *  K ? \ l * r , , € l l  q , s ,

Thonrram ? 1 by us lng the above inequat i ty  for8 , . . !  a . * f

S '  =  0 ,  S ,  2 5 ,  . . .  o l *  g e t s  { 2 " 2 5 l , .
Jg:

b t re  a re  now go inE onr the  pvaof  i t se l f  "  Cons ider  the  equat ron*  (2 .6 )

and (? . I0 ) s b,oppecl at Tt{ {X} and TN txg ) respectively in the

same way as ( ,2 "22 )  was stopped in order to get (L.24t "  Let  Xt;

and Xr./,  u 
respectivel.y denote the solu{: ions of these eq.uations

q F

a n d  o - * , .  =  T t d ; €  A  T e  A T l r ( X )  ( T e  l s  d e f i n e c l  l n  ( r . 4 ) ) .  t { o t e

X . " ( t )  =  X ( t )  i l o r  t  < 6 - * .  A
t{ f,l r t-



r 2 1

. A  ^  - n  ' l ' / .
( z . a l ;  i {  x .  *  x  t l * ' * . (  s u p  i l ( s  u p  l T ,  -  x l ( t ,  A  , 4 r  } F o  d n . ,  * ( T } t / r  ' t -

g  I ) r ' J  r  a  , ; _  
-  

e  . t \ r t s} ' r a  ^  t ( T r
A.

+ l l  K -  - -  x  l l  ",, rr .,.li rt 
,"to ,, 

p"#_:*.._r:-_*;*-:._**;.7:*.i_*a"?-:lr
r -r+ K.sq s-{" {o:-X z-t! 4"! lj j!!: o jj")"i

By (2"23) wi i :h q e I  for  Xur.  r  a l ld l 'an analogous reasoning,
! r ,  b

l basec l  cn  Burho lder 's  inequa l . l t y  ins teac l  o f  (1 . I0 )  
, f t  

foL lo l " r ,$  tha f

t r ( { , r  g '  (  r )  _ (  p { T o *  *  d  T )  +  F ( r N ( x )  <  T )  +  p ( T r (  T }  
" (L Y ,  L  t V  y 4 _

<  K ^ N - t  +  p  ( r e (  T ) .

H61e1er 's inequal i ty and (2.23) ensures d 'h*n that the f i rst  term

Ln the right hand side of (2 "26) is clominated by

( i l  XN,u l l . t ,r  + { l  
"  

i l t ,y) (xuix-} +p (16 < 11 ; r /e (p+r} 
*

,  I  / ^ { p * l )

_(  Kg ( ld  '+  r  (T r  (  , r )  ) ' r  f l

B y  ( 1 . 5 i  1 1 m  P ( T "
€ - +  0  , . '

I  im l i  x , . ,  X l l ' *  *  =  0 .  Then,  fo r  every  f i xed  N
i * o  

"  N ' e  
: *
r i*  t t f "  *  x l l l  , "  (  K.,N r/P(P+r)

E ' ' c P r I \ - Y

By let t l r rg n t  oa the proof f ln ishes,

0 . 8  "  D .

Integration vrith respect to ?t4" presents the dtsadvantaEe that
r

the "conpensator" C g ( 
Jrg 

dHr, ) may generally not be expllcitely

ca lcu la ted .  I f  f . ( t ,  } . ,  f r )  c lepends on ly  on  # t t - )  ,more  *xac t l "y
. E

ln a t 'r.r ice dlfferentiable !ray, then the above "compensatoro' may

be replacecl  by an "as$ynpt.ot ic compensabor".  Thls wi l l  be a c l r i f t

rvhlcir is as$yrnptotically close to C- t f.p dMr ) . ThLs vri lL be clone
z J l a

in Ttreorem 2 .3 .

Consic ler  cf  ,q \
I  r g

ferent , lab le-  in

[ o , o * ]  x A *  t a d - - *  R d  x  R d ,  C  > 0 ,  t w i c e  c l t f *

€ Rd. w* shal l  denote

d
f  

t j  ( * ,
r e

) , x )  E  
iD .,_

)xk Tl" t '  )  ' x )  ' r  . (  t , j , k  (  d



2 2

The same notaiion w111 be usecl for any

We need the hypothesis

' i +  ^  { i  f  n  , ^ i i( 2 . 2 7 )  1 )  , P * ' ,  d o Y l ' ,  d r , d r Y l '
l g  r L  l A  r r .  , t  t L

are bounded unlformly wi.th respect to

func t ion  o f ' th ls  type .

,  1 ( i . j o k r h d  d

E > 0 , ) € A  a n d  r  e  [ O . r ]

f o r e v e r y  T > 0 ,

i i )  c p i j  "  ) .  @ i i
T e ,  ' " k T E  t

Let us then define

( z  .28 )  e l '  i 8  ( t ,  )  ,  * )  * *  y l f  t t ,  r
h=l

t  * (  t , J , k  (  d fu t f lLs  (2  " { , }  ( tv }

, x )  ?  u q L J  ( t ,  . } , x ) ,, .  l t

r < 1 , 7 , , ( {  d .

ConsJ..der the equat,ions

i  \  - .  i ,  \( 2 . 2 9 )  X ; ( t ,  A , a r  1  =  b : ( t ,  A , e )
L  I - L

d r

)  + " ( J ( r , ) ,  x r )  +

t r  (  q l j ( s , ) ,  x e ( s * , )  , c . ) l ) d M l ( s )
j = I  J o t a

d r
T  (  o i f  ( s , o  I  aL ' 3 ( .  ( s ,  )  , x ,  ( s ,  )  , q l  )  )  c i s

J , t=L Jo '€

t

+ (  V l ( s , ) , x r ) d s ,  i . ( a ,
I  r e

;0
w l t h  g : "  d e f L n e d  L n  ( 1 . 3 )  o

L

The-qrg$l 2.,1, Coneid,er an even p > 6 such that (A.- r**. ' , ) holds.

Assunre rhar E^ rurrits (2.27) , s(E ,orrmrW ;l!. ' lureirsr g

( ? . 3 )  n  f 5 "  f u L f i l s  ( 1 . $ o ]  & e l n . . a  a n d  1 1 m  . ! H t  e  )  =  0 '  L e t  X  b e
I  L  

€ . - + O  
- . r

a a

the  soLut ion  o f  (2 ,6 |  ( ln  wh ich  
f  " . (s ,  ) , x )  a re  rep l "aced.  by

?  
r j  ( s ,  )  , x  ( s )  )  )  a n d  x  e  t h e  s o l u t l o n  o f  ( 2 , 2 g 1  .  T h e n

i
l i m l l x F - x t l t * = 0 .

'  t  e  * '  0  r v r r

(J.1"> 
_ I ;  pe.(- t<re ** cuerS €.> o a.vJ t  <tte

Pggpl: .  Denote 
,

# l j  ( t ,  ) , t u  )  *  C *  t  ( e t j  ( s ,  )  , x ,  ( s - )  ) a u ! ( s )  )  ( t )
0  e  ,  € ' l l e  '  u '

d  F  i p  o ' ; . i o

eTr \ rs i '  
ts )A;u (s '  ) 'xn  (s)  )ds



* 2 3 *

V{e shaLl prove t}rat

{ 2 , 3 i . )  r l m  [ , f i j  t t l  -  -  o .
E  *  0  

v  +  b ' ' r t

i P  i . i P  
I  

{ ic { n r - r e  r t r u  A : ' , " n  € ) 0  a r g e c ; u a l l y b O u n C e d ,  T i t ,  € >  0Y  -  t  " ' e  .  s  ' .  v  s L V  ^  
u  c -

- t  € "

f ' , r l f i l s  ( J - r - , - ,  ) .  So ,  t l r eo re rn  2 .3 .  v ; i 1 .1  be  a  consecJuence  o f  Theorem
l ] - r I

z " L "  a n c l  f i . g r l .

L e t  r r s  p r o v e  { 2 " 3 1 } .  K i ,  i  =

on p anci  T only .  We shal l

famlly rsf functions srlch that

i'lot,e that
- 1 r  - i  L( 2 " 3 2 )  A ' l  x :  <  K '  (  € .  +  v ; ) ,- L  

a  -  J  L

L ,2 ,  .  .  . .  wi- l l  be constant,s depending

denote  by  o t  =  o r (cd) r  e  >  0  any

r i m  e * L  u ( i o e 1 n 1 l / e  =  o .
t--t' o

l . (  c .

l r k t )  { ( d )  =  o * ( c . r }

{ k a , }  , a t  } ) 8 .

We shal l

( 2 " 3 3 )

thc.t

y l j t * , r  , o . ( s * , . 1  ,  . ) ) t r " i € ( s , . )

u
- i  P  ;  + P*  

k ,  
q i ' ; ( r .d  )  o ; ' ' "  ( ke ,  A  ,  xE

l r - L

T h e n  b y  u s i n g  ( 2 " 3 2 ) |  { 2 " 3 f )  a p p e a r s  a s  a  s i m p l e  c o n s e q u e n c e  o f

(2 .33) .  In  o rder  t .o  p rove  {2"33)  ' *e  wr l te  t } re  therm in  t } re  le f t .

hand sl6e as Tl  *  tZ r-  . ,3J| * J; + .r; r.rhere

* l  (  4 i  .  ,  \ \  - i i .  .
, J l  -  E (  \  q * r  ( s , 4  ,  x _  ( s - ) )  q - ' ( s r  l  ,  x - ( k a )  )  -

e  r u  l c  e  l L  L
" I :d. -E

L  Dn  f  | j  ( s ,  X  ,  x€  {ke )  l  r x } r s - l  -  x? (kE}  }dM:  ( * }  l r i . s }
f+=t  

! l  I  g

J2  =  u (  l - *  f  
i j  1 s ,  )  , > : e  ( k6 )  ) ( i t l l { : : )  { : oo r ) ,: s  - ;  

i f  t  .  
\ v  r  i !  r ' ^ e  * L s  r  ' * - - t '

1 3  =  F _  u (  f  .  ? n  C j t s ,  ) ,  x * o c E ) )  t x l t s * l  -
e  " 6 ; r  

, r :  r : , r  &  L  /
h a

x' j( ice) ) ara; (u) I rra) .

T a y l o r ' s  f o { m u l a ,  h y p o t h e s i s  ( 2 . 2 7 )  ( i }  a n d  ( 2  . 3 2  )  y i e l d s

.  1  l c  )  l : ,  1
1 J ; [  - <  n ( (  e  +  t t i ) ' \ , t f  t r . . ) .  r t  f o l l o w s  t h a t  J ;  =  o ( e , ) .

.:--,--: -

prove

* ,  (

" ' r  J .
t K
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qtJ  ( t  r ,
t e

l r S t  (  K e  €

I , xu (ke.) )

u (4 t rr*)

dn' l(s) lro*)
a / )

Nexr r  &$ u t  a | {u  lF :oe)  =  o ,
' t  f  . t - {

t i  =  E (  \  . , _  (  q - r  { s ,  }  , x ^ ( k e  )  )L " r l l g ' .
t-

(2 ,27  )  ( l i )  and (A1)  one ge t ,s

2
J; Ls also an t ls "

us now evaluate ; j .  By (2.71 ( i i )  one deduces

\  ' f i  ^  (  h
a r, f  i '  

(ke , ,A. ,xu(ke) )u ( lr* (x[ (s*) -

4 , o e  ) ) a m | ( s ) ) l F k u ) .
N e x t ,  b y  Q " 2 9 1

By

So

Let

_3ue

wtth

. _ 4' \ ) .
e-

_5ue

, 6
E

d

= o  +  fs" h=r

" , lu tx l ts - l ' -  
x lu .u ) )a i 'n | (s ) [ r re  t  = ; j  *  o :  *  r f  *  t l ,

L .
L

.  (  h .  \  ,  ^ h  1 , . . r -  \* ,  ) r l  ,  p i ( s - ,  ^  , - )  -  p r ( o r  ,  h , . ) ) e n l q s ) [ n o r ) ,
L

u , f r * t n l ( s - ,  l , * r )  -  
" f ( ke  

. ) ,  x r ) )a * } t * ) t  r r . e ) ,
d- 

-e 

. (k+t  ) t ,  s-  .  n
T- E(  {  

- ' ' ! * -  
.gh€ ( , r ,  }  ,  xu(u- , ,u* f ,u)oul ts)  [ r *  ) ,

t = t  ' n n  J o . \ t

,(u+l)t.a d ^ _ /.)
u (  \  \ i -  f  n t " / r , * ) A h " ' r l ( u , ) , x r ( u ) )  +

i k ,  
i t  *o { ,=L  z '  t '

+  y l ( " , 1 , x s ) ) c i u  a m l t s ) f  r o * ) ,  
@

Lhar i ,r! t ( K: e F( vl f 
'fff,")' '

1g an os. uslng the boununu*" of , ' ; ( ,  a[ ' ' t  ^nd 
YJ

cludes that ol  is aLeo an og. Then

d  , ( k + l ) e  .  s -

o +  E  f h f ( r . e , r ,  x e ( k e ) ) E ( !  
' - !  

u m f t , r ) e m l ( s ) j r o u )  =
e  ( . * t t e  

k €  k g

*7
u ^

' i ' :

follovrs

wA;"4,

one con

_6
IJ

6
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d

So vre have proved that
i
i r

r ^ d c l'  r l  =  o"  +  f  ah , f j j  t re  ,  > ,  x r (ke)  ) { -  y le  ,n€ ,  } ,x . (Jcc)  lv lc t r le  =L  E  
$ = t  

- n  
l E  c ' - " { a  l e  

\ ' - E  ' " ' i ' E \ ' ! q /

d

=  o *  +  f  u : ,  j € ( * t , h ,  x r ( k e )  r r r r {  ( w l e ,
L { = t E c e K . /

and so the proof is completed.

* oe * 
& 

yf;e we, l , x{(kr ,, n}lo( a, ) c .

Q . E . D .

The convergence froblem presented above *uy Lpp*.r from another

point of .vlew: someone dealing wlth a stochast.ic model may be

interested ln the equatj.ons

. . 1  - { ^ {( 2 . 3 h )  x i { t ,  } , , c r  }  =  
F i . f * ,  

} . , o  )  +  c { e ' ( t ,  A ,  x " l  +

d r
C  r i  i .+ / _  )  c ? l r ( " , h , x e ( s - ) ) c j n j t s )  +

i = }  
' o  l €  < -

+  f  g i { u ,  } ,  x . ) d s ,
)  l e
o

1 <  d ,

and wonder if Xg converges as €. -+ 0 and wha.f, is the l imit"

In th ls case no "compensator"  appears,  nel ther exac0- one, nor

as/lrmptotic, It is natural to look for this compensator in the

l imit ing equat ion.  fn order tO sotue thls problem rve hAve to

make an a<ldit iorial assunrptJ.on on Fte, 6 > 0:

(B- - )  There  is  a  cac l lag  ad .ap ted  p t :ocess  gr [Oro-1  xAx- . f f - r rLoxRd'  
1 ) '  

!  J  L

such that,

r ' i m t t  g ' : j  n t j t t  
n  = 0  f o r e v e r y  T ) 0 ,  j , , i . ( d .

€ + 0  
c '  

P r T

Thls  hypothes is  l s  an  ana logous o f  (A .Z)  ln  /L /  Cap.VTt7 .  There ,

this ls a starting assumpt,ion and 
.of 

course lt is fulf i led by a



I  shal l  a lso assune thatlarge class of  exarnPles.  
-We

r n  i i  i {  ^  I
( 2 . 3 g )  l i m ,  s u p  s u p  i  ? r . q j r ( t , ) o  x )  d o t f * ' ( t ' i \ '  x ) l  *  s' ' - - ' - - '  

i * o  h e n  t - { T  K I E  &  |

- * \ ^ t ,tt t J 7- / 3r o r  e v e r y  t  >  0 , ,  I  (  i , j ' k . (  d "

Uncler theeg supplementary as$lrmptions X€ wil l converge t 'o X,

the solut ion of

, t

( 2 . 3 6 )  X ' ( t , z \ , 4 " r )

d t
f

+ L )
j * l  o

d t

=  p i { r ,

c p l  
j  ( " ,  )

I

+  E  "  \  o t e  ( s ) a r  ' i f  6 , A  ,  x ( s )  ) d s  -  
J  Y t ( s ,  ) , x ) d s ,

f l ,ove- p*eeisel-r
' r {

o

aqggl-Lggy-&3: In the context of Theorem 2'3 and the supp}ementary 
,

assumptions (B^) and (2 "351

I  lm  t l x  *  x ' {11*  =  o
€ - + a  

* . t *

where X !s the solutlon of t2'36) ancl X, ls t 'he solut' ion of

,  n  - )
J r f , = l  o

i l

it

( 2 " 3 $ ) .

t rs rof .  . In  orCef  bo ne a 'Ole bo apply  Theoren 2*3, l1 te  adc i  agd subsbrac[

d t

Fl (r ,  )  ,4r )  = 
:$=rf  

,n19,-,  o 'r ' t t  (s,  ) ,  x*(s) )

-  s j f  ( " 1  A i '  
j /  ( s ,  ) ,  X e ( s )  )  ) d s

in the r i-ght, hancl slde of t2.34,; Ide get an equation of the same

rype as (2 .?g)  wi rh  rhe perrurbar ion 
F;  

*  
f "n  l I , .  

Note that

xL-.it - Ai, :4 1 tr, tr , x) ." t

and the lrroof f inishes a

Q . E .  D .

, .  _ . r  A  , ,  i l  i f , ,A  -LI t  P ; l i  p , r  r (  K:  T?" l ts i " -  s" " tb , r  *
I t L

I  : . + K z T a . x ^ s u q  s u P l
" : . - '  . -  

L r j r (  t ( T  
\ *

s y  ( 8 " . )  n n d  ( 2 . 3 4 )
Y

. . -  {  n
'  

l l i  
tt P;l iP,r =
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3 . tr*l!.S"I.*F"Ul1ii ApilIlOXrl{ATI(iH iio.R Ti{f.t $OLUTro},}s
0r r.rrArlr{i" ;i;*,*;;;;i*-- 

-*

rn this section we siral l  s*irdy e"J.most'bu.re convergsnce" Ttu- Llr in

end' al i" the set of hylroth*s.is vi i l l  l :e strenEthened.; t tre parainete::

I  v , ' i11 kre a rea l  m, , r l t i .c l inrens ional  one,  t ,he cocf  f  ic ie l+;s

T ( t ,  A ,  " )  a n d  f  
( t , l  .  ' )  v i l l l  d e p b n c l  o n  ) r  i : y  m e a n . s  o f  x ( t )

c,nJ"y ancl "( r^,r i l1 not depencl '  on X. fndefinite cl j- f  ferent1.a53..1ity

w i th  respec t  t o  )  anc l  x .  w lL l  be  assumed"  Then  bo th  x  an r l  x6

wi l l  be lndef in j - te ly  c i i f ferent ia l : le  in  A Uncer  the assumpt ion

tha'{: (Arl) hol-ds fc:r every i l  € I ' i  his shal-L prove that the derive*

t j-ves of 3nY or4*r of .  ) ig corlv€rc{r;ro in every LOn p € Nr to t}re de*

r l va t i ves .o f  X .  Then  by  us ing  Soho lev ' s  l nequa l l t y  l - n  t he  sane  wgy

as  I keda .and  l r ' a tanabe  c loes  i n  i l r opos i . k , i on  Z .Z ,  Chan .V  i n  / I / ,  one

obta ines aLrnost  sure convergeneer  unLform wi th  respect  I  en ani l

t  1n a corirpact intei:rral, botl :  for X €. 9 X anct t i :eir derivatj .ves

o r  any  o rde r "

Let  us in t roduce b l ie  nevr  hy lothes is .  r ix  & 6 l l  anc l  n  g

cons j - c le r  some func t i ons  f  ,  f o  ,  [ 0 ,o .  1  xA  x  Fd*+  R . ,  e

such a farn i iy  o f  funct ior ls j  we s i ra l r  make the h i 'pothes- is :

( 3 . f )  f h e  f u n c t l o n s  f *  a n d  f
L

are  i nc te f l n i t e l y  d i f f e ren t i ah le

vr i t i r  respec t  to  )e  A  and x€Rd.  For  every  r  >  0  there  is  a

cons tan t  K*  such  tha t

i )  [ f e ( t , ] , x ) |  . 4 , n T ,

i l )  l f [  ( k e - r " i ,  l , x )  f r ( ] i € ,

f o r  e v e r y  h e n ' ,  x € R d ,  o  ( t '

i t i )  L i n r  s u p  s u p  s u p  I
t - + 0  ) E A  } '  t < T

)  , x )  I  - ( .  Kr€

\ < ' I  ,  €  ) C '

f t ( L ,  I . x )

. ( s ( €  a n d

( r , X , x ) l  = 0

and

x .( Tle .

order  o f

consi-de*

i.t

r

The

f

red

game propert , ies i t re assurnecl  for  t l rc der ivat j -ves

anci ,.€ (ttte constant Kf deirends on' i lre or:der

d e r i v a t i v e ) .

C.on.si.der i lo\r? & farntly of functions

c l r r ' l  i l  n r l o a  . l - l ' n  L { , h ^ . t - l { , . ^ . t  -

n {: ;r ?1\t

of the

fr?zr

9 , 9 e  ,  [ 0 , o . ' )  x A = * I t ,  € > 0 "
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( 3 . 2 )  T h e  f a m l l y  g ,  9 A ,  e  >  0  f u l f i l s  ( 3 " 1 )  l n  w h l c h  x  €  R d  d . o

not appear.

Flnal}y let  us introduce a notat ion:  for  a funct lon

h t I O,'"") x A x -() --p' R w]rlch is i-nclefinitely dLf ferentiaL'le

w l t i r  r e s p e c t  t o  ) C A  a n d  f o r  a  m u l t i * i n d e x  # =  ( , { . , ,  . . " , , } 4 , o ) ,
u i / r u l t l

1 ( 
f,1r( 

d we denote

'  '  

^. r 'a \ 11 -\ )( 3 " S 1  D * h ( t ,  ) , ( . 1  )  =  A 4 ^  } r , .  h ( t . l . c t )  )  w i t h  d  b  =  * ; : -  o
d  a 1  l m  d l r

Cons id ,e red  now some func t ions  
f  ,T ,  ,  f0 .oo1 x  Ax  Rd->  Rd x  Rd,

Y , Y r t  [ O , c o )  x A x  R d * r n d  a n d  S , o ,  r f  o , o o 1  x A  - >  R d ,

e > 0 . A s s u m e t h a t ( 3 . r ) h o 1 o . s f o r f ' ' , f l j , 1 , j r ( C 1 , € >

a n d  ] u t ,  Y i ,  i - (  d ,  t > 0  a n . J  ( 3 . 2 )  h o r a s  f o r  ( 1 ,  ^ u t ,

i ( dn e > 0. The equatir:ns r.re are interestecl in are

i  r  d -  , '  i d
( 3 . 4 )  x I ( t , l , o )  =  o 4 a q t , ) )  +  T ,  \  - p t J ( " , ) ,  x ( s , A , e ) ) c l l t i ( s )

j = t  J o  I

y i { " , }  ,  x ( s , , }  , o  ) d s ,  i  - (  d  I

( 3 . s ) x! t r ,  ) X  , x e ,  ( s ,  l ) ) auf (sl

, ) i r ( s r )  r c , r ) ) d s

&

r
+ \

I

o

t 0 )

l

f

. t
t \

)
0

d t

)  =  " . j t t , ) ) ' +  " 4  JJ * r  o
d r

ry  "  t  n t t  rs ,Gr )n i ' j f  (
, ( = L  " o  

e

q i j  ( u ,
I F

s ,  )

t [,)

anol
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^ {  -  r( 3 . 6 )  l i t r , h , c s  t  =  x f t t , ) ) { r
d r

{ -  I -  i  r t j  ( s n  } ,  I u ( $ ^ , ) , u  ) i a f i i n t u t
j = t  i  l e

d e '
f  i r l t ( s , c * r )  o : ' j f l ( " ,  l ,  f r { * , \ , e ) ) e s  +

l , t = t . !  L  L

t '
+ (  u r i r ^  \  ;  t ^

)  , * ]  t n '  ) '  '  x u  ( s ,  I  , Q )  )  ) c i s ,  i  (  d .

o

In or-der to prove t.ire annonced result we have to give tt.lo 1:relinri-

l la . ry  lernmas.  Consider  for  ever :y  1.4 ' i r l r8  r< d and g > 0 a cadlag

a d a p t e d  p r o c e s s  
P i ,  [ 0 , m )  x A x J l - * p  a n d  t h e  f u n c t i o n s

: ; 0  i i  ; l
g:3( ,  ( t l  :  [o ,oo 1 xA x Rd - - -p R,  lnd.ef in l te ty  d. i f ferent tab le

int  (  f  , ' - i*  n * ud. Consider the equat, ions

( 3 . 7 )  v l t t ,  ) , e )  )  =  F l . t * ,  ) , q r  )  +
d t :

+  f  (  6 - : j 8 ( u , . \ ,  E e . ( s - , X  ; - I l v l t " - , ) , c . ) l a r ' r f t s r  +
. ,  j , E = L  

d  
€  E  L

d { :

+  L  ( g 1 j ( s , 1 ,  . f ,  ( s , l , c d ) ) v 1  t " , I , . . ) ) d s ,  i s d , ,
j = r  ;  

J ,

wl"th Xs the

Consider also

(J^) There is
v

fuJ. f  i l ing ( I^ )
v

. - 1 : ,  . . v -

s o l u t . l o n  o f  ( 3 . 5 )

ttre following stronger form of (.rJ:
p

a famiLy of  cadlag adapted processes Ke, € > S

and such that, for every € > 0 and k € N

X f  B -  <  * T t o e )  ( ? 5  + e ) .a r 6  
J r € r r  

- € '  L  
t + Q  { i

!ggg__l*, Assune that (A^) irolds for eveny p € t '1, f:" ' f i"P  e  . i 4
A - \

r ( 1 , J , ( <  d ,  o < € , I e n  f u l f i . l  ( 3 . t )  ?  a

-  ^ i  a  ra n d  F ; ,  1 \ < 1 ( d /  E

t i^ l  for  every p € N" Then ,  Lf  v] ,  r  r (  i . (  d,  t  >
P t

(3 .7 )  ,  t hey  fu l f i t  ( r ^ )  and  t } ^ f  f o r  eve r l '  p  €  N .
L J Y

Pqg-of.. The idea of the proof is the same as for Theorema 2.3. s one

uses Taylor 's formula.  To avold-notat lonal  compl icat ions we slral l

fu l f l l  ( rp )  and

0,  l  64  ver i f y
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consi.r ler tht 'r  one-dimensiorral. catr,e only i  t there are no re;i l  exbrp"

dif, f i .culh,;Legj tn t ire r:mLtidin'.en:::r-c,nal cas;e) .

l l j . : r  p € l {  a : : . c l  T > 0 .  I ( . ,  , e ' * ) - , 2 ,  v , r i I l  b e c o n s ' b ; l n t s C * ; r e n *

;  t i lng on i )  a t r i i  T  only" - i r laLe thaf -

(3"8) XI *,  (  Kr rVf * e I  (  Kz u:/*

F o r  N > 0  d , e f i n e  * $ = i n f  { t } 0  r  l v u t t } f  >  m }  a n d

Y l r , , g { e o } r d d }  = v r ( ' t o } , c - : }  f o r  * < t r ? ,  Y H , a ( t , r \ , c . : )  *

, . - 8  \-  rg t ' r ' * r*rA ,qJ )  for  t  )  T$

Then I vroru | ( td ( o<' " 
'i'trrite

I I: yrr,* l< Al p. , - i xrv,f,.((k+rvg ) (q +f, ) ' .(

(  Q(rt f rxel  n 
" , f ,s(kn))  

(q +r )  + e xue3/8&f 
" ,0.o

wlrere KE, S > 0 are the proces$es assocJ-at,ecl with F, , € )s in

? / 8  3 / 8 - L .
( i p )  "  F o r  s n a . I l  t  ,  2  K S  t  t .  s o ,  b y  p a s s l - n g  2  K S  & " ' " A ; Y * , u , n

the left irand. sid,e of the inequ;rl i ty and qet

(3.e)  Ef"* ,u \<
, + 6  x  * k'  K* ( r , ; (ke)  *  Yr { , r  (kF)  )  (q  +e  )  (

d K6(rlt:.e1 * v,,f, (k a I ) e 3/:

Lett ing l{ tend to S"nfinity one gets the seme lnequali ty fcr

Al"a. so. i f  v{e prove {rp} for Ye , e }oo t} :en tJol fol lows

f r o r n  ( 3 . 9 )  "
F

I'or t < TJ oD€ rri&$ u'rite

Yu,e  ( t )  =  
Pr t t l

t
+  (  c ;  ( * ,  )  ,  ; r ( s - )  ) -

J L
o

6 . _  i

"  y , . ,  o  ( s - ) c l l €  ( s )  r  r r  /  ( ' r -  v  
" d i . : s )  

( t )  +
r \ i r L  '  e  

'  " 8 t  J t €  
* N r e  a ' ' ' '

t , O
f . \

+  \  g ( s , A ,  x r ( s ) )  Y n , ( s )  d , s ,
J  J e  L  i \ ' v '
a\

F i . x  0 { ' s '  H n d  0 \ < s \ < 1  s r , r . c h t l : a t  S ' ' + $ * < T .  B y  ( } ' } 0 }  a n d

( I , , )  f o r  F "  ,  t>  a  one  ge ts
t /  l L



A  .  
*  3 t '  

, r *  n
(3 .  r 0 )  l l  v * , r l l  

o , s ,  ns '  - (  Kg  +  I ( r gs * ' o  l l  Y r , r ,  e  l l  p , s  ' +s  +

. a A
+ l l  ce  ,5  q* ,0 ,u , f f i * l {p ,$ ' ,$

o

We wish to evaluate the J"ast terrn ln the rlgltt hand siCe of t l ie

inerluality. To this end r.re v;rite
A

(
\  q ( s , 1 ,  T * ( s - ) ) y n ,  o  ( s * ) d f r * ( s )  =  T . , r j t r o l,  

r I  " v e \ v ' . '  
r

with L

t ( f. r i t i . l  =  . \  I  q tu , . } ,  T * ( s - )  ) v * , r ( s - )
.  : o  r - E  6

tE

%(* ,  
)  ,  Te (kE )  ) v r . , ,  ( ke )

t  q (s,  )  ,  f ,  t : *a)  )  Y*,g ( l *a1 tT,  ts*)  -  3a (ka) )
a?( -'l

q{s ,  }  ,  f ,  tne)  )  (v r , i ,  
e (s* )  

-  Yon,€  (ke)  [  a l i * ts ) ,

. , (
. t j  f i * )  = J.  %(s,  

) ,  3,  1t<a) )yt { ,8 tke)di [e{s) ,
( -  

T h  
" ' E

-z

=i: *
( 3 . 9 )

p r| u.rl { *r, r Efr. At o*,a *

+,  a l - r , ' " , I r ( { t+r)& )  ) i t  <
, x  f f

t-( K,r(xf (ic a ) + Yr (ice) )

T h e n ,  I e t  u s  w r l t e  *  =  A o  *  B r  w i t h
e . e c

(
Ac  =  J . , .  t  q (s ,  )  ,  E*  ( k€ )  )  $ ( l ca ,  )L r *̂ e

. k -
Be= [0<e ,  

x , 'T r {ka )  ) " * , ,  ( } re )  a i l l ,

t9 . /8

, frr(ke) ) ) Y'v nr(ket)afruts l,

r l  t r . t  = t  2-A (s,  r \  ,  f ,  l tce) )yn o ( tce )  ( fo (s-)  *  T"{ i"a1 }afr*ts),
E- vt *" -a c- ta ,d- .-

r f t  . r  9
't dt-

A

r :  ( k )
L

B y  ( 3 " s ) ,

one gets

( 3 " r r 1  1

(s ,  I ,  ?e  ( ]<€J  )  (y* r (s - )

and Taylor 's  for rnula for



3 ?

B y  { 3 . } }  ( ; L i }  l r , s l ( K r t " , , n * ( i r e . )  * 1 1 / 8 .  i r e  l : t a } l r  l l ' j r s ) *  0
.  . k *  r  o  , t ,  k  

, , k  , ^ 3 / 8 t ,l r i ( A f u * l r , * l [  e l o ( A f r l r ,  * r  { . e  , i ' k * } {  E :

.  nrvf ) €

* l r r ra[r , t* ,  r , ' r j> e 3/st**u] l  (  nt  |&[r"rulz: t r , .*)L/2 '^

' i * lua* ) f ' -d  u ro* t lu f  l s  >  € ' l ' o r l r / l  € t / t<

(  nr+ f , - t  '  r  tv ' [  [s tu: .*  t l /z (  Krs € .

$ ince rT;  1"  bounoed,  i t  fo l lovrs  that  In tnr t r re l t . (Kr , " f f * ( }qe )€ .

We conclude that
') ,f.

( 3 . r 2 )  l r ; t r f t t ' t { r o * l l  (  K r z  t , i , € ( k € ) € .

B y  ( 3 . S )  a n d  ( 3 , 1 )  ( i )

'  ?  ' r - \  r : : r  \  /  1 )  ) G  ' ? k f  , J t  l r ,  \  I(3 .13 )  [ t r ( , l i  ( : r ]  l r i . a )  r (  K r i ,  Yo r ,g ( ! - "e ]E (ae* iqv f  { r r , , € r \ s

.< nrnnfiu (ke)r-:t tuf + s )u[ tur-u ) *( Kzou*,Tu (]:a)s.

i 3y  ( ' i . \ j  ( i )  a r :d  b l i e  f  i r s i ;  l nequa iLby  in  ( j . 9 i  on*  gebr

(3.  - r .+)  n t t . r f  ( ! : ) l  t tnk*)  (  Kzt  n t  6FN,*  Vf  I ront  g

$nrr . l  {  x f rxer  t  " , fe( f ;u l tn t tv f  
+&ivf { r 'o* t .<

P  * . -  ; 6

6 K z l  "  (  r < i ( : < e )  *  Y x , e ( k 6 ) ) s .

R e s u m i n g  ( 3 " f  I )  - .  { 3 . L 4 )  a n c l  n o t i n g  t i r a t _  K € ,  S  >  0  f u l f  i l s  ( I p )

lJe conclude that

l l  Cr t  iq t* , raf ru l t f .s , ,$  . (s  r '  za l  + $vbr ,ut l f * , . r ,  ) .
. p o

T h e n ,  ( 3 . 1 . 0 )  Y i e l c s

t t  
" * , u { l f , s , , s  

(Kzs  +  I ( zu  r t / e t t vo ' , ,  l t l s ,+s r (

t  / r ,  . .  n  -L /p 'u  -  , ,  
^

. (  K z 5  n  K 2  5 s ' t  
y  

t t y l g r s l l  p , s ,  
+  I ( 2 6 s * " .  t l  Y i , t r r [  p r s i r , s  '

1  / t t
By taking S such that KrUS'" ' '  1 & o*u yeta

l l r r  , , A  . / w  t l  - r -  l l v  , , A  )t " * , * , , r . , s r , $  \ < K 2 T ( 1  +  l l  Y i r n 6 t t p , s ' )  ,

B y  u s i n q  t h e  a b o v e  l n e q u a l l t y  f o r  S '  =  0 r  s r  2 s , ' . " . ' t h e  p r o o f

f l n i s h e i  "  
'  

0 . 8 . D .



LBb ust

'Jt, * '
aclapt*d

3 3

nOr,g Uen*te

I  i t . ' i t l , * )  x A x - . " [ l * *  R o  S >  o s
L  r t

pr*ces.$cs fuJ- f i l t i rg  { r : - r }  a : tc l  l3p}

f3* ,  e  > o

for every

&re *acl^l-eq

p  €  N } .

nu
"  p r T  '

the rfgh'h hancl

trl"th resp*c't:

&*S*"*.."1-:*Q* 7{^ f* closcd unrJer suni:nation, producl; and rnult,ip)"i*

c a t i o n  b y  a n i r  . i l r $ e e ! s s :  f u l f l l i n g  { 3 . 1 } .  I f  (  
4  

) € > 0 € H n '  t h e u

r  f  
'a  

a i l  r  ; ,  t  f  n"  cs)  . . , *€ l {1  t f ru  is  one or  &! ,  a lS*)\ J* l 'e 
t,, 'r 'er 

e > o' '  
J /3t 

*-' g)

p*fcof-. The or:ly nontriviai- point ie tl Prdt\t€) g> '*Kn " Fj'x 
f l 

€ ld
o

anrS T  >  0 ,  As  above,  K i ,  i  3  L ,2 ,  o .  o  w i l l  be  cons tan ts  dep( } t r r i i ' t :g

CIn p and T only" K€, e > 0 is Lhe famJ"ly of  processtes assoclated,

with /3.., 
6 > 0 b"y (5p) " l lote f irst t 'hat'

hl i .  , '  } ( -  .  - : i< *1.-

(3.15)  A[ l j  prdru)  < (  p; f i€)  '+ '  a i  Pul" ' i * (
a - + 4 * * l i * k

6 t  p i r t r e  t  +  K ; ( ] : € ) ( \ t  + € ) ) \ r r

ancl so i?p) i-s. Proved" Tiren
'  

- *  . .n  ;  r . . -  , ,n  .  r r  . ;  - : :(3 . IG)  u5f . ru f r . [o , *  (  t t  ip*4, f rE{ l f , r ,  +  l l  c r ( }  Pe#t )

By (1 .10)  and ( rp )  to r  
f r , ,  .E  >0 ,  the  f i rs t  t ' e rm ln

side of the al:ove inequality ts fuoundeqr, untr"fcrmly

r o  t > 0

ltrot,e L,hert

H ( n: pottiin',. )..d

,( 1(2 
fi{"e 

I e +

) I  <  f t : . r )  la (At ,n  l i 'u* l l  +

r , | t i r )E  {  { i ;  *  e  i { l  F re  }  (

r ( - - t . - . .

I E ( J-o prx.l'l*l rj'i,g
q E  ' *
a g

We conclude that

f i n i shes .

. x  x .
. (  K 3 (  p - ( i ; a )  * , , ; ( k s )  ) t '

' , 4
sqp t tc. .  (  1 i j . .  dfro ) l l '  

'^  
- .  4 c* and so the proof

f . -  a  . ,  t - b  a  , f  
i L

e o

n r.t T'\
\ J . r i / . u '

A lasf remaris'e ls veeessoglin tse : iequel '  we shaLi" cl i f ferentiafe lrt

( 3 . 6 )  r v i t h  r e s p e c t  t o  h g n

K e and j - ts  der ivat ives up

ancl consiCer thel systern verif iE:ct ] :y

to a iyiverr orcler k.



Tiris new eS,*ten of equaticrtlri nray l::e i'rrit'heiu in a square fcrrn btrt

ari<ij-ng il'ulI coe*j;fiC:i-CtrLs. one i:aB a"l-|lio to rrer'i'fy that Lhis: nslil

sl ,stern is " i+*: i l  cori i i len$il . i-ei i" !n the '${:}11'$e i"n v; l i ictr t3'6) is '  f i :a' l :

|  ; ! :  r r ' ' i  - i i )

l s ,  a  d r i j : h ,  o f  t h t :  f o r m  7 ;  ^  i  g l t  { * l ' i l ' i t  ( s '  }  '  E } d s  i r a s  t o

' 3 ' t  
6 ' 1 ^

appesr "  l {ere A e 'n&rr .  . r* ' t ; i lcu.1atecl  by (2 '  ?t i )  start ing wlgn the

coef f j.cien.Ls of tlr.e Lew r:ys't.e"r,ft anir 3 is the vector nrade r:f X s

anel its cierivat' ives ' A rat?rer long buL' simple cell"culat' ion shovs

.that, the neeried crrift, appearFi ' ' : ty clif ' fert;nilating wi'th respect ko

} t l re j "n i t , ia}  , .ass1,1, .pt 'ot . ic  ccrrFensator. '  ln (3.6).  I ,n le leave out

thJ.s calculat ion '

We rnay nqvi etate the ma'in r:*sul'L of this section;

f!g:?IS9J-:Jr- Assuttte that' (i'p) l's fulfilecl for every p € Ni f ' Ya'

w " t y , E } 0 , } € n f u 1 i i 1 ( 3 . 1 } a n # o ( , V a , s . } 0 , ) e A f u l f 1 }
T  '  Te  '  -  

be  the  so iu t ions  o f  equat i -ons  (3 .4 )  ,
( 3 , 2 )  '  L e t  X ,  X  *  a n d  ) { g  l r e  E n e  $ u r u L r r  

1

and  respec t i ve l y '  ( 3 ' 5 )  and  (3 ' r t )  '  Then  i

( i)  One t ' ' ta1' c1:oose a rnoir i f j 'cation of X such that '  ) '*r X(t '  'h 'a"r )

is inclei i .nit-ely cif  ferent. iabie for ever:y t )r 0 and a) c JL '

(ii) r'or e-rer)i p € i'Io t }. 0 and every muli:i:inaex ft l

, n
I j- rn ll n*x _ lo:=tt p,l 

= 0 .

€. --p u

FOr every sequellce en+ 0 one niay ciroose a subsequence vlhi"ch 
Ii

we denote aq:a i 'n  by €n '  n  6 N such that  
l

( t r i )  i  l m  s  u p  s  u p  l D + x { t '  }  ' d * l  i  
" #  

f r u -  ( t '  }  ' c - r  } t

ry- -+*  l *n  t=<b 
'd '  s  -n

( i - r )  f  i n  ; t  up  s  Tg  lD , t x { t '  }  ' a :  )  o f .  * r r , ( t '  }  ' co r  )  |

n - | a a  > . 4 n  L ( T  i

for every T > 0 ancl every mul'L5---index # "

e l g q f u A s t h e p r o o f i s - q u i t e a n a i o g c r u s r i l i t i r t h a t , o f T h e o r e n r 2 " 3 "

L z t / L / C a 5 1 . I 1 { + e l s l r a . } l s k e t ' c h r t o n l . Y . . . ! : h e f l : : s | s . b e p i t i t t r p r o v e

tha!,- for everY mr.rlt i- i 'nciex 'f, I ' '30 fr '  € 2 0 fulf i ls (rp) a'nc1 (3tr)

a " . . -  -

f o r e v e r y p 6 N . , f h i s f o l t o w g } : y i n d , r r c t . i o n o n t h e l e n g t h o f { b y
a

*  0  A ' S ,

n * ^
=  u  c l , . i f  A

l
I
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ur:"Lnr) Lcnrin;r 3.1- arlcl L,Smraa 3.?, i lons!,- ier then T e and al. l-  j .{*$ cle*

r. 'r-vgtj-vee *p t.o,* i l ivclr o: i :ci"er: k. J\s wc: rem,{rr iLecl above t)rey vcrify

\  . i * i l . r . ' . , : iv i ,  n f  i - ' i l r :  i : j ; l i f te  f r : : :m i lg  { : }  "S}  $f  {2.29}  ( t " ' * ih  c} f r*  i r :St*nd{ }  _ r  y  i :  l - s r r l  L r . L  L . r  l t ;  t }  \ a r . t v  1  r J  n  \ '  ,  ' -  
3 .

of  c i t , i . ) .  I ln fa .*L:ur :n t* iy-  th is  *ys**rn has r :nbr :u: " ic ie tc l  coef f ic i *nfc"  By
.  a -

t#"1'5-,5-g:':e.-"i:l*::r--i}"9-'::$'::3:9
ui;inS a tn:i:,cat:i"*n ariJu-:eei':rli-,ascti oil (I.,. ) , Dlle niii l, ' reLi{Llcs$'*h* prcl*

p - '

blem 'to t l : i+ case in whlch t l ie cceff icients a.re houttd.ed"

l l i len, 'ny using ' I i tr*orema 2"3 (t ire fact, L.hat dMa is replace<l l :y

. l r f .  r loes not  l :epresent  reat  c l i f f i -cu iLy:  see tne f ina l  pa:c 'h  cr f
t-

the proof of Theorena 2 "2\ clne conclucies t, i lat Dr,oXr '  € .) C i 's' t a

r".arrr-nrr  rrnr l r : r  l t  .  t f  1 nr$ An al : ! : i i lxgnl 3. ;r ised an Sobolev's inequal- i t1 'l L r u v ( r . r  u r . u u r  
H t J

(s ' :e  l i roposi t : i - r :n  2.2 Cap,y .11 ' t  /1 / j "  ensu: i :es that  one aay shCIose &

sequence t:^* O such {:ha'b D^f * ,  u G id 1s Caucliy under
{ '  t r i

s u p  s u p [ ' .  l .  T h e n  ( i ) ,  ( i i )  a n d  ( i i i )  a r e  p r o v e d "  T h e  ] a s t

). grr. L -{ T
po in t  f o l l ows  f ron t  ( i l i )  a r l c i  ( 1 ' 5 )

Q . E  "  D .

A co. ro l l&r \ r  6 f  t l le  $ar i ie  t : fpc as Coro l lary  2.4,  ina1r  be g iven;

ggfgll.a-.Ex *?"r*-. I)nder ti"re trypot'hese of Tl:iearein 3.3 * n if (2 " 34)

ancl (13-.) I iolci fo::.  every p € l{,  t ire :rssymptotic cornpensator rnay be
fJ

noved in tfre l imlt, eguation ( '

4 " &3 P-gI pIXi* + ]-ir RlLo Lt*gg- F uISS9!!'W:'A -S-i AQ-u 3&I tI
FOR DlS;Clii;irH l4AlTrtic.rJ,rs

Le t  (g , .F ,  F )  i : e  a  p robab i t i t y  $pace  w i t l r ,  a  f i l t r a t i on  ( f i r ) l nu  
w

ancl I4,,:  -!2 --r i i ." k 6 N a rnart lnl l ;r le. For a f ixed €-rven natural
JI

n u m J : e r  p = 2 q  d . e f i n e

&g.1g1g-L:t .. For every p = 2q, q € I{ t'}rere is a colr$tant K^

<lepenii ing olr Ir only s; ' , icl t  t irat fc-rr every nrart, injale ( l tk),*g 
* 

anC

a.\rery n € i{
:a-- ,--  -

-  , - q ; . 4 , - .

n _ l
( r {  } ,  (n)  =  .x"  

- f r  ( i } iL+r
I r

K 3 I



I

l

( i l . I )  [ i ( i n a : e  ] l k
k { n

Freiof ,  I icnote

L** '
K.I

By tlsi-nq inductivelir 1"i't-1s ti'pe

,  n * l  ^  q - l
Ft (i]q) I T* Ii (Ir:t) + K" I-u  \ r , J l ,  \ \  

Fo  
,  

t .  ,  x= t

Nk * (t{ i .* l- - **} '  anrl

By BurkkrOlqler's fnequali i ;y for r$iscrete martJ"rrgales

a (T 
"j 1r lt'tkl!') ,( n:. n rxfir , !

*i#" ldn (aa -:,*-1, . 6y/"*t) mrw *'afunta *,leyewda*p * t' s{#'

Let us ,ro"* *vliuale i:he t.ernt i'r bhe right hand side ' of ti:e ab*ve

i neq l ta l i t l z :

n(m})  -  u( t f f ; - ,  o  { r , - i }q)  < H(f r }* r }  + El l l f i * r t  +

q--l -rr*1r k - .--c[* u, 
H 

n(rI]:T uf-rt * n(Iif i-i i 'r" nqnfi-r) +

* r , ,  f r  
E(sJ:T B( l{ l*r lFn-r)) .

We r,rrite the same inequaltty for H(Ii}*l) ancL cioml'nate ftfi:t

It::t. one sets q * 1

H(N}-r)  (  a( f i : - .a)  + s(*3-r)  + Kz 
5,  

E(NH:t  n(I IX* ' I rn-z)) '

= n (  ( i " i> * ; i )  +  1 (2  
H  

E( , r ] : i d i " i> r * (n ) ) r (

tr n {i lq - 1 (<i-k ) /q -r( (u } zr (*;e/lt f./q
\< E ( < t{ >Tl) + i{2 

,k 
n (i{, i-r} '-

Denore x  = EtF l [ * r t ,  f  : .  
=  IL(  <H) z :*  ,nr r /2k11/v  an<l

40 = r'l &'x ,Y
u  I . ( k ( c i  * " f i '

Wit.h this r lotaticrns the above lnequall ty becomes

oil inecSua.l i l ies one concl-uctes t i :at

. "11'- 1
t . ,  r f i t * 'K r  T. -  r , t r r 's  16 1 t  \I i ( r ( ; - i , A o " , n g ' * g  i  r  l *
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:
I

I

r l

Elementary oi:erat1-ans yield

of the :terms ln the surn has
1  / 1 t

at 'Ieast, one k r /i,t

complete.

a - E  ' D .  .

A nore generai form of the above assert,icln w111 be useful r

gg1;ojL-elg*4-.2: For every even p 6 N there is a constatrt

such that, for every sequence of lntegrable random varlables

ft* : q -+ .R7 k € N such tha'B fk ls nO #easurable

+ P 't /-. n-l n 1 /v-,
( 4 . 2 ' )  E ( m a x l t f l l ' ) ^ ' o . (  E ( l - t _  E ( f u * r l r k ) l  Y ) L t Y  +

h r(  n i=,1 
' '  -  

k=0

q

.(  K2 r *(+-k) lntrt l
l i=r

,+
N

t  (  *  
( , f  /xr / i>r*"k"  Ar teasr

l ; = 1  v  
_ l

dominate  K3* ,  (q  KZ)  * .  T t ren ,
1 / n

= K4x" r and so t 'he 'Proof is

x r (

H.Icgg- (4.21 ls
n-1

gal.e ry. = L
K=U

q * 1

12  *  o ,  T  * (u*x l /u  f6 l C  o k = l

+ K  m a x
P  t r (  i  (  p / z

n-1
a (  ( 'E n (  l r r+r  I  2r l  ro l r  /2rrL/P

l - * n

one

for

2k

x,

t(}

t / p

Kp

.a conseque:lce

( f r * r  E( f : .o r l

of

{  t -
tL

L€r{uno 4. l .  applled t,o the martj-n-

) ) .

?
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