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Abstract .  ' [ {e  g ive a way for  obta in ing on f in i te  e lement

subspaces the best  constants  of  norms equiva lence in  terms of

precoadi t ion ing between the Gramj-ans of  the l  bas is .  As appl icat ion

o f  t h i s  mbde l ,  I e  ob ta in  fo r 'H3 ( , f / , )  ,  &c  Rd ,  d€2 ,  t he  bes t  es t ima-

t i ons  as '  i n  c lass i - ca l  I i t e ra tu re .

1. I}TTRODUCTIO}{

l, Ianlz of the practi-cal or theoretical probl-ems concerning

the f in i te  e lement  d i -scret izat ions request  a  norms equiva lence

est imat j -on.  For  th is ,  us ing l  Lhe natura l  f ramework f rorn [1J,  for - .
o (

mal ized in  [2J,  here shor t ly  presented,  \ {e  g ive in  th is  paper

an pract ica l  too l

Let  " I I  be an real  separable.  Hi lber t  space for  the inner  pro-
lt

d u c t  (  . , . ) ,  a n d  l e t .  I r f r . t  ,  L = 1  , 2 t . . . ,  a n  f  i n i L e  d i m e n s i o n  c l o s e d
l_

!  subspaces sequence in ^1{,  corresponding at  the discret izat ion ]

parameters lhr t .  The main supposi t ions on this sequence are l

' 1  l

( 1 . 1 ) S .  c S .
* i  

-  
^ i * 1

and the f  o l lorv inq approx imat  j -on proper ty  holds:



( 1  . 2 1  ' ( ' Itr-P, u
ni I r : =  i n f  l l'  

veS ,
n .

l_

u - v l l r  q  0 , h . . ' v  0

for  every u* I ,  equiva lent ly  wj . th  j -zco,  v lhere pr .  is  the or thoqonal_

p ro jec t i on  ope ra to r  on } {  on to  Sh .  The  f i r s t  i s  t he  na tu ra l  cho i ce

of  the mul t i leve l -  d iscret izat lons and the second i -s  a caracter is-

t ic  proper ty  -of  the f in i te  e lement  met i rod

ltrow, let sn be spanned by the l- j-near independent family
. i

t+ i3  j=1  ,nn l  in t l ,  and  R.n  be  the  Euc l i -dean rea l  space o f  same

dimens j -on ,  equ ipped w i th  the  Euc l idean inner  p roduc t  4 .  r . )h .

consequent ly,  we use same sucscr ipts for  the induced norms and

for  j -nduced operator  norms on sn and B"  respect ive ly .
l

I f  l  e i ;  j =1  ,n .  I  i s  t he  canon ica l  bas i s  o f  R ._  ,  l l e  no te  byc  n ' '  '  - ' h

, lh  the b i ject j -on operator  . rha { ( [ th ,sh)  def  ined.  as fo l rows:

h a

. r " " f=4 f r ,  j= l ,nh .  Thus ,  fo r  every  f ineRn ,  yec tor  o f  the- -components

( u h ) i  ,  t h e  c o r r e s p o n d i n g  f u n c t i o n  i n  S h  i s . u n , = J h [ h = # , O r , i f i .
r - l

Le t  Jn€ { t sn ,en )  t he  ad jo in t  ope ra to r  o f  . f h ,  i . e . ,  r o r  eve ry

un€Sn , vneRn ,

( .rnun,Vh) h= 
(un , JhVh) i

I ' I i th  th is  usuaf  not ions,  v /€ can abre to  construct  our

f ramework.  Let  Gr .€ B(Rh)  be def  ined by

( 1 . 3 ) Gn: =JnJh=cfi>0

whose matr ix  representat io 'n  in  canonica l  bas is  is  the Gram matr ix

co r respond ing  a t  t he  bas i=  l f iE ,  deno ted  by  conven ience  w i th  same

s inbo l -  Gh,  as  we l - I  any  r inear  opera tdr  on  tRn.  By  (1 .3 )  Gn admi ts

a  Cho lesky  fac to r i sa t i on  i n  Rn  I



( 1 . 4 ) Gn=LnLfi Lh€ B (Rh)

where Ln has a low-t r iangular  matr ix  representat ion.  Then,  for

every u,^ : =J--ur-G Sr- ,*  n  r r  r r

( 1 . s )

Then A n 
i"

serves the

( 1 . 7 )

11 un [ . ,= l l  t ;unlt 6

I f  Eh€ ,B (Sh) ,  t he  co r respond ing  Ga le rk in  and  p recond i t i oned

Galerkin matr ices,  are the matr j -x representat ions of  an=.fnlhJh,
A - 1 - *

respec t i ve l y  o f  An=Ln 'Oh"h " ,  i n  cannon ica l  bas i s  '

( 1  . 6 )

1  .1  .  pROpOSr r roN .  Le t  An t { (B  (Sh )  ,B  (Rh)  )  de f  i ned  by

, H - 1  . e h - *

A n tan)  = (Lh 'Jh)Ah ( , r " r ,n  )

' i

an isomorphic maPPing

spectrum and the normt

G 6h (Ah) )  =G(An)

. ll ar, rinr ll h= il xh ll 1

.  . r ;  . ' . : . . , .

of operator

i , e . :

a lgebras what  Pre-

( 1 . 8 )

f o r  eve ry  An€  B (Sh)  .

P r o o f .  S k e t c h i n g ,  f r o m  ( 1 . 3 )  a n d  ( 1 . 4 )  i t  i s  e a s y  t o  o b -

se rve  tha t  (1 .6 )  j - s  a  s im i l a r i t y  re la t i on .  Th i s  obse rva t ' i on  and

(1 .5 )  a re  used  i n  [  2 )  f o r  p rouv ing  ou r  a f f i rma t ion .
I

2. prscl lETE NORI4S pQUTVALENCE

Let  (  .  ,  i  2  be a d i f ferent  inner  product  def ined on TI .

wi th  J ,^  1.  ,  k=1 12 we denote the adjo in ts  of  ,Jh corresponding at
I l l J l

the ours inner  products  on H,  aS above.  Then,  for  everJa uhtvh€Sh

we have:



(  un ,v5)  1=(Gh,  1 [h ,3h)  n
1 z  . 1 1

where 6 '^ee(s '^)  is  the one of  the operators of  the d iscrete normsn n '

equ iva lence :

( 2 .21  3n ,=?n  , 1 ,2=J f , . 1 , 2 rh ,1

Now,  by  (1 .6 )  t he  spec t ra l  equ iva len t  ope ra to r  o f  t h i s  on  Rn  i s :

(2 ,3 )  en ,=3n  ;1 ,2=Ar r , z (d r , )= " ; ]  2Gh, * f , * ,2

what  i s  symmet r i c  and  pos i t i ve  de f i n i t e .  Then ,  ho lds :

2.  t .  pnOpOSff fON. The constants  of  the d iscrete norms equi -

va lence on s . ,^  are o iven by the spectra l  norms of  the precondi -n  
- r  -  -

t i oned  Gram mat r i ces ,  i . e

( 2 . 4 t  
" l ' )  [ * r , l 3 1 l 1 u n l {  ? - . . , 1 ' )  g  " n [  3 , ' h " s h

where

.

( 2 . s )  
" l t , = (  

3 n , z , t l l  n 1

t  l t  A(2 .61  c i - '  =  l l  Gr ,  ;  t  , z  I l  n

and th is  is  the best  choice of  them:

Proof  .  ' i ,Ve prove only  the second inequal i ty  in  (2 .41 .  By

( 2 . 1 1  a n d  ( 2 . 2 1  ,

l l "ni l  ?=Cdn"n,uh)2 <l ldn [  ,  l lun t t  }=l t trh,2( inr l l  n 1,rn l l  !=

4 -

-h  - -h  \=  ( G h r 1 J  ' ^ t 5 r J  " v f  
n  

=

=  (Ghuh ,vh )2

t -

=  t l  3 r .  i t , z l l  n  l l " h  [  ;



,f :1 );

5 -

I  ) \
C, \ ' '  i s  t he  bes t  cons tan t  because  i f  c  i s  Lhe  bes t ,  t hen  fo r

I I

9y '  -6  S-  the e igenfunct ion corresponding at  the largest  e igenvalue
r n n

. ' r X  )  t H l t = i l  f , - i t  ̂ ,  t h e n ,\ r r  ' \ r h  r  / .max  ,  n .  , r  11  r ,  z

llY r. lt f =<inyn,Yn)2= lldn lt , il vr, [ 3

t h u s  c : t [ 6 n I  r .  B y  a  s i m i l a r  w a y ,  t h e  f i r s t  i n e q u a l i t y  i n  ( 2 - 4 1

can be proved.*

2 . 1 .  R E i { A B K .  o b v i o u s l y ,  i f  s h c s h .  t h e n  
" , 1 1 ' * " 1 1 '- " i  " i -+  1  ' " i  " i+ .1

because fo r  f  h ,  
as  abover  w€ have

].

l \y  r , .  11 ?= l  inrr t  2 t tynr i l  l r l l?nr. , i l  , l lYn, l l  3
:

Hence . ,11' ,  
"J, : l  n and anaroqously,  . [ t . ' r " t l ]  

l .  
.  Now, i r  the sequen-

l -  i+ 1 
-- i  ^ ' i -  + ' l

I  ^ ( 1  r 2 1 ,  ! 1 - ^ *  l ^ . '  + L ^  - ^ ^ r n r z i m r # i n n  rces  la i . ' " ' l  a re  bounded,  then by  the  approx imat ion  proper ty
l-

we can ext ind.  a t  the whole"H the norms equiva lence.  Tn th is  case,

(2 .1 \  c ( z )= * t  " l ' ' , = l : t  n  An .  t , z t l  n= l l t  3 (3n  ;1 ,2 t  .

Th is  i s  a  way  to  ob ta in ,  as  app l i ca t i on  o f  ou r  mode l ,  t he

best  constants  of  the norms equiva lence on Sobolev space Hf  tn t  ,

wha t  a re  as  i n  t he  c lass i ca l  l i t e ra tu re  o f  i nequa l i t i es  t  5 l  .

3. \oRl4s EO9TvALENCE. oN Hf tJt).

Let  $L be a bounded domain in Rd, d.(2.  I t  is  knowed the

c l a s s i c a l  r e s u l - t  b a s e d  o n  t h e  p o i n c a r J - F r i e d r i c h s  i n e q u a l i t y

1

( [ 6 ] ,  t 7 l )  ,  t h a t  f o r  e v e r Y  u $ H o ( s l )  ,



( 3 . 1 )

( 3 . 3 )

[ | " t t  ? 4 c ( s r )  n " U  j

where the Sobolev norms in  (3.1)  are g iven by the corresponding

inner  products ,  changing the c lass ica l  notat j -ons in  our  context :

( u . r v ) r = ( u r v ) ,  * ( u r v ) r
'  

L-  ( fL)  '

( u r v ) ^ =  f ,  ( o i u r D i t )  - ,z  
l i t  = 1  L ' ( s u

l {o reove r ,  i n  t he  fo l l ow ing ,  t he  subsc r ip t s  0 ,1  ,2  re fe re  a t  t he

)
no rms  t z  ( sL )  ,  i l '  l l  t ,  [ .  [ |  2 - respec t i ve rv

In order  to  obta in our  est . imat ions,  the choise of  the f  in i te

e lement  d iscret izat ion is  such that  the Gram matr j -x  in  (  .  ,  . |  Z- inner

product  be the d iscrete Laplace matr ix  corresponding at  the f rn i te

d i f f e rence  d i sc reL i za t i on .  So ,  Sn  i s  spanned  by  a  p iecew ise  l i nea r

funct ions fan i - Iy  for  the uni form gr id  J th.  .For  d=2 th is  is  obta in-

ed  by  a  t r i angu la t i on  where  i po tenuses  l i es  on  the  l i nes  x+y=kh .

In  con fo rm i t l z  w i th  the 'p rev ious  sec t i ons  we  have3

3 . 1 .

l i ty  holds

(3.2) tt " l \  ?s"j ') tsrt '  l l  " [  |

wheie 
" j "  

(o)  r=cj2) i "  the best constant,  approximated by

" j ' ' (cu( IL)= i  
.  #

P r o o f .  F i r s t l y , l e t  t 1 = 1 .  T h e n  5 ( x h + 1 ) = 1  a n d  w i t h  p r e v i o u s

notations we have

PROPOSITTON.  FOr
" l  

t  t0 ,  1  )  
d )  

,  d . t2  the  f  o r low ing  inequa-

. - 1
172

" h r 1 = G h r o  
*  G , . r z



', jir-ir

where

,=*",1?l- ch,r=*

Choos ing  h r=2h . * . ,  and  Shr .Sh i *1  ,  we  have 2 . 1  R e m a r k ,  t h a t

t  
" r l l , t  

i s  i nc reas ins ,  and  bounded  by  (3 .1 ) ,  because  
" f1 '  

a re  the
' - i  

, . r  , , : \  l -

i :es t l  Thus ,  there  ex is ts  
" j ' ' = I im " j ' ) ,  

and  th is  cons tan t  i s  a lso
'  

h *o  
r r

the best  on the whole H:( f t )  by the fo l lowing argument .  Let  ue l t i (O)

by  the  app rox ima t j -on  p rope r t y  (1 .21  ,  f o t  eve ry  61  0 ,  t he re  ex i s t s

h  s u c h  t h a t ,  L f  h a n a , r ,  ,
t r t l  

q r U

ll u-Pnu lt 1 
g €

0 lt;1
* [

-,1

- 1

I  , '

1 . 1 -

.  -1^ lo )
n  n t z

n, xn,n n

" h ,  
o

( 3 . a 1

( 3 . 5 )

n. xn,
n n

By  2 .1  P ropos j - t i on ,  t he  bes t

/ .  \  \ . 2

"['' 
= lt rn.{"{:}

l l  u  l l  14 l lu- rnu l l  r *  l l Pn* l l  r (  € * ("1 ')  )1 /z l f  rnu l l

(  E + tc jzt  11 /z i l  Prru l l

by

Now,

Because

l lprr" l l  z
l imi t  for

I n" tl z-.t[ n,-,o 11 ,l e
- )  l l  "  l l  z  for  h?0-

h '+ 0 r  w€ obtain

l l  u 1 1  r € t * t . j 2 ) 1 1

I u-rnu ll , 4 lf u-entr ll ., we have

I n  t he  l as t  i nequa l i tY  Pass ing

/ 2 l r  u l t  ,

to



l F r l : r :  
- - r : - -  - .  *  . -  - : ! , -  

. - . ;  
- , * , - . . . - : : , .  - - - - : - -  

- - : ; . ' - : : - . :  i . . - - . . ,  l

fo r  any  t  ,  i .€ .  our  a f f i rmat ion

M o r e o v e r '  ( 3 . 4 )  P e r m i t s  a

( 3 . 2 )  h o l d s . '

very good upper bound a F  , - ( 2 l  .
v !  

" d

h 4 1 *n2 / t  min rc{ l } r

by Gersghor in,  theorem appl ied for  g (c lo l ) .  Because the eigen-

v a l u e s  o f  
" l : )  

a r e  t r h , k = 2  ( 1 - c o s  t h , u )  ,  I  h , k = k T h  
6 ( 0  ' l l )  '  c o r r e s -

pond inq  o f  the  e igenfunc t ions  Y [ " ]=" i "  
(k ]1x) ,  x f  Qh '  t [g ] t  r  w€

obtain

" l ' ' .  1 .* t"J,?l- ' l t  n . rr "l:l tl

F o r  h l  0 ,

F o r  d = 2 ,

1
(51 )  =1+- -  ,  d=1  .. f i .

of  f in i te  e lement  subspaces conducts at

G, 
,2=

, ]  ,
| ' ,

L

- 1

4

- 1

[ r  1
, 2  |

G h , o = %  
|  

1  1 2

L 1

.  1 _

1 z , d = 2 ,

REi{ARK. If  . ! l  c n1 is an interval of the length o( '

" * ' '  
4  t+n2 /z (1 -cos l r  h )  .

, a l
r t \ a l  t  f
"d = "d.

our  choice

is  the local -  matr ix  representat ions.  Because the e igenvalues of

"h , ,  
a re  hn rO,  L=2 (2 -cos  

S  h rk - to "  
I  

h r l , )  
we  ob ta in  j ' n  same manner

tha t ,

i . e .  ( 3 . 3 )

3 . 1 .

* l r a n  h  t n -  + 1

"j'L
ho Ids .

cd (R) =1* i

I

) = e {  a n d
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9 -

- 2
cr ( f t )  =1+\

ct It'
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