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?lirJ,.ilCfI0r 0rr r'iuilSilAiili.0i,ritiy' lJIi:jCiitllji FIIC0l-lSJlJ;:i

T.  Ceus 'bant inescu

I  i i ; t f i .CLrl i i ; i IOit

T i .Le prere i r t  i l i ipes '  is  i - ro t ivaLea in  pei r t  by so i i re  quest j -onn in

F ^ r  " r

[aif J . i iouq,rrly t;peaii i ing, t i:.e "[rro'ir]-err of explicj-t struc'bt.lre of' .t i te

loJ- i ro ; ;o rov  deco i , rpc ls i t ion  o f  r i  pos i t i ve  c ie r ' i . i l i te  kerne l  on  t i r .e  se t

of  i i r teoerg ig t r r r l ie l r  into a,ccouir t .  Suc;r  & t i .escr ip ' t io i i  'uvas reu. l ized

ir i 'b i le 1:ai ;er  LCI ojr  t r ie t re.s is of  tne so*cal lec Scnur anir lysis of

t i le , iven icernel ,  l r ie Sta: : t in5 ;coir l t  of  t i r is  I 'or , . ' t , .1 is; j l  is  a

classic i i , l  Di ,per of  I "$clrur htJ,  arr<l  iheiro i t ,  v,reis aeveloppec, j -n t r€ i r"ry

/ ' . ' r " t s - 4
lvL.ys lr i  pt i .per$ of , . . , ,G.1:.rein ( i 'or ins"Lit ic*, U/rJ, L.,{J ) ,  i t l '  t ;re

co.lr ir ,6,ci ive ir i te-i . ' t l r lr i i l : .g cr. i-ra.t j-cn* t i ieoi 'y( f i" l  atLc, o' i ;rrer p.;.pe:r$

quo'bed. trrer:e) or ' ,  i i r  ar, i i rof i€ ci irrrct Coil i leci lon r ir i i rr i ioirsta' i , icirarl i

processes in l ld ,LteJ,Lf l  ,  a,d. so e*.

l i ie  cor i tar i i ;  o f  t le  r r i rper  is  tne fo l . , -o , , ' l i i l ; "  I ; i  Jec- i , ion 2 t ' Ie

brier '}y ciescribe -i ; ; 'e Jc-i iur a.r;ai i ; 'sis &ncrbr' Ie fort i t  of '  'Ll ie i ' 'ol i ; io3orov

i i cco " rpos i ' t r o t r  i r a ;ea  o t l  i t  t " s  p ruse i l t eo  i t t  f 6 l  '  l 'QseovQr 'e  l ve  u i * c t - i ss I
i

$or- ie  s tancLa.rd r , . 'a te i ' iu l  on ' , /o lc i  c iccr : t , rpo; i 'b io t i "

i p  , : ec " i r , l 1  3 ,  we  [ , ssoc i i " t e  i v i t n  * r  ' . , os i t i ve  c ie f i n i t c  i t e r i r e i  on

- ine set  o i  i i r regers,  i ts  i i i i i l i , . .a l  outer  f 'e lc .uor  as &i l  aut lp 'ba 'b io t t  io
f. _-l

r , ; i€ r ion^,- i ; l t i -^ i i . . r ; r  c i isC of '  t r te ci l ' ;ssica-L ' : : .et i rot i  ol '  - l ,avlci"uiLSiai ,cJ'  Ugl.

' l ' i i c  i ie : ; i  sec" r ; r ' . . rn  co i r te r i : i s  gor i le  e le ; le : : " i ; s  o f  p ru . . i c - ; i "o t } .b " ,eo . r : ' ] i - -

.L  Co i . i ,L t tu t io i i  o f '  t r re  p r .O ic "L ion-er ro f  o ; ie re lbo- t '  a l ; : c i .  go l r l€  e le i ; i cn ts  o f

" f i ' l  + n - , . i n , .  ) ' , n v r - * . , ' f  i  n n r , - r " r r  ̂- ^ O C e S S e S "  I n  t f i e  l a S t  S e  C t i O n  V l g  d . i S C U S S  { A
J  I I  t /  ( : I  J - I L i !  I I \ r M  U G  U l v l l u l  J  y f

6ei iere*  rcs i i j - t  o f ,  er , l i . . recuin. ;  a  noi ig taLt io , r i r ry  proce, : .s  in to & s t i t t iu i i t ; -

ry orle uncl irere I sor; ie coi inec'bioi:.s ' ,uit* pi- ipci 'c *- f .+1 [U] e":re ir ' . i ,r-rbeci ' . i



pl ' i )er  ' tLvt t -LL c le i rote 'u i ie i t i te*ersI  fo l  i i ' to

ftr , {,( dE, $Lt ) vri l1 derio'i;e ' i ;r ie set oil t i ie

tc.rrs froi;r {t into $gt , eind. ; i iost of t ire noteition

e::ators rvil l  be taiien iron [e"J . ' i 'nus, 'for a,
.*- :'

, $ ( . ' )  ( i . e . ,  t \  ' i l l - < f ) ,  D r = ( r - ' t ' t r t 1 2  a u r l c l

o - i , c n 1 :  n n r : ' ; ' . : .  l r r r  - r t r : c : : : o n f i  r r , e l  r r  - F i r c ,  r l a { : t a : n {e-LeCI  Ope i l . L ' .UOI ' r  I e$ i i ( i  O IaV€ry  u l ru  r - i . e r cu  i ,  gp i rCe

erator

) ,$e O& rx 
----b {t'O&r

{^m ". 
-1

I  r  , rn* l
J  ( t ) = l  '  I

It, -t*l
L - -

-bat ion of  T.  i i€  r ' ' r i l l  consider  0gg ( IJg )  as

r i 'b i ty  )  operaror  on t r i€  corre ipo i r .d ing spt rce.u. r id

*? ,- 4o t(
e c^" of '  *( ,  i ,g- lvi1l oenote t.^e c:rtr iogonal

<p
o c(.,

n+a

lii:.

for

co l i

v
o Q , , t

' t

o f

1 r \

b e i

for

pro

*2 *

f. l irou-;irout Iri is
.0,

bert  spi ;ces'}{  an<r

ear bounc.ed operei

l i i lbert  spLr"ce op

tre,c'bion t€ d,( ft
=*7:fr==Dt( lL)  i r re t l re c i

T. The unil""or,l

the eler ienterry ro

n6 t i re zero (  ioe

e  c losed su i :spac
J

j e c t i o n  o r  d e  o n t

l ! .  Fos l t i ve -cc f ' l i : i t e  ke r r l e l s  o i t  ' L

f i t  _  ; 1' i  
,  i + t -  " i  r  i + l

{ 'or  L6. '&+ ;nci  ror  Lr i6" ' r t " ,  j }  i+1,

. .  r i€ elrc concerned. -nere v' l i t i : .  trre r 'o1to',vi-trg ob;ecr: for eu i 'eu-i i ly
f ^  1

of r . , i lbert  sp,-ces i&Jrrg Z,  ,  t : rere is ; iven ar.  a. , ;p i icaLi lo l  W oi l

' L u x ' &  s u c r i  t , i i , , t  Q " i + , j ) = T j i € . g ( f C , , & . , )  i : r u  t i r e  o t ) e r r i t o r s
',J i I r- .i

, , r i . ;  W)=, . r , . :  r ,6  Jq-  j r *  q i )  # , , , , -
t f - : i  i r - i

( 2 . f )
r ,  / r , r  )' ' ' i j  \ t j , u l / i €  ; . i r r ]<  j

' -  f o r  L , j Q ' & ,  i <  j  r - r c  p o s i t i v e .  i i e  i ' i i L i  s n p ! . r a , E C ,  i r i t r i o u t  1 r : s s  o f

/il n O r.r i-r -i a a i: i rrr:. .. -f, 'l- ..' ^r *v  v  vc ,  v -  , r  " . - )  o f  1 , r Ie  ,Jc l ru r  a r r i : " ] . ys is  i s  to  3 ive  e I  c iescr i1 . . , "L  j -on  o f '

oy rneans of  a f 'e i r , r i ly  of  contrerct iorrs I  ={ , ; .  . l ' ."  - L " i j J i ,  j  8 ' i * r j * 4 .  i '
' vy r i .e re  G i i=0  fo r  i€  A  a i rd .  f 'o r  i ,  j  € :& ,  i< ; ,  G i i r&U.  - ,  . : -+  Q"U. I  ,* i + I ,  j  -  ' ' i ,  j - f

. ic tu i"}1; i ,  we .r . r i iv€ d" i r  e: i1, ,1 ic i t  corres. . )ot i ic t r"u( [€r1l ,

( 2 , 2 )



;,i
rl

!

. i

t l j *Ri,  3-tui* t ,  i*1ci*1, in ' r , t ,  i+1
. . . I ) r , ' g  G r * D r 1  . . . 0 r :  ( 2 . 3 )

n X  \ f ; ; J J l r  r l r l r 4 r  \ f - . J / , |o i , j - l  r J  * i + l r ;  * j - l , j  
i l

r r r iere Oi j ,  Ur j  ancl  C* are ; iven as fo l lovrs:  for  er  f ixed iG- ' f lu '  t i :e
' t ' 1

far;ri ly tG'r5i{. k defi ires a rQ'v'/ cor:trac'Lion

I l . , r  O S ^  - " 8 J .
a r>T+t u j_n-] ,  k  r -  

(  2.4)
n  f t t  : \  - .  ^  \* i=  \  o l ,  i + l  '  Dc f  

n  * . ,  
n ,  

, i +z '  
'  '  '  )

ar ic i  rvr ien i>  i ;  R i j  is  -ur re  rest r ic i ion of  R,  to  , -  6-A-  -  .  .r k=f+l *i.+l 
n k

j

i  3y oual i ty are al"so ctef ineo the colulrn contract ions 1. ,  and Cr-, .
d r J

a

! ' inal-}y, tne ur:. itary operr.r.tors U. ., soi;ietj-nes callecl genera-
+ d

<, f  ized rotat ions,  are given by
n-

/ n  r \

.  U l i = I  \ ' 2 . ,  )

r o r  i € . 1 & a n d  f o r  j > i ,  '

u+- i :  d  S , .o  - *  SS"
L t t  r _  - i  v  r _  _ .  1 -  -  " " . k_  , r = _ J  _ n r  J  r ! = r  .  

(  2 . 6 )

u i - i = J - , ( G n  ; - r ) J i ( G i  - i * p ) . . . J r ( G r - , ) ( u r  r  . O  r $  *  )
J - . J  J  J - ' - L ' | - I  c J  . L l r - ' T t -  d  J - < J  f - r - l t d  ' ( ! T  

]
" i j

.  vy ' r r€re t i ie  subscr ip t  j  a I  J(Gr . , . , -u)  . r . ieans t . ra t  t r ,e  e le i , tentary

rotation of G., i_r_i.- wa.s exterrd.ed r,vitn icreri. 'bity on coruespoirdir i ;
I ,  I l - l I

s p a c e s .

9. -i.q},t *{e-e%rps-q]**-9ilg
r,-  *)

Consiuer a fa i i : i l ly  of  t r i lbert  spi ; .ces l€r .1r , (  ' ( ,  *r" ,wi . 'uh.

l i€ T. !u[-*J ,  l i€ a u["ol  ,  ] l  { r*  &rd ar f ' r r . r l iJ-y of  iso; , retr ies
I  

Vn€'E& (4**r  ,*n).  .1, 'or  l i (n,( i i t+ i .  \ , ie c lef ine tne spt lces

> t  - - 9  - \ ' ! r  ' g  t t  ' 7 \
1 2 "  i /

; ,  
* n =  6 u  I  v n 6 * + 1  i

and r're cLisceru tlvo cases \

- fo r  fuI{ ' .B, ,  lve aLso ci .ef ine * , ,  , - ,=€ -r  and for } I (n( i , r r
,,;+f -#'itf r; i ' l- l

f  , - ,  :  ,  \f ru={r . ,  o ' -  c  t / r r . . .v : . r+k- r  4  r * i ,  (z .u)
II iJ' 

k* I 
Il al"r $. - -L rl-r tr!

l eao i r . g  ' Lo  t l i e  f o l l ov r i uo  " t rans la t i on  r l ode l ' r :  j  c re i i ne  tne

uui tary  opercr tors



& ' t€r ,

-4-
ir+}-n .

'@' 4"-k
t t - l  \

and i t

- \Yl1Q1L

(  t  u \

(  2 , 1 o  )

( 2 " ] t )

f  A  a ^ \

\  z . I d  )

(  2 .  1 1 )

( 2 " 1 4 . )

, r s
-tt /\qrn= $)

K = O

S ,a (er ro t t r r reo+1,  
.  . .  rV^ ' :  'V i . ro i , r * t )= (en ,  € r r+ l - t  '  o  c ,  e i . i+ l )

f  o l -Lows i i ; r : - recl iately 'L i rer t  
Sr,-V*=D*.* Q ,r* f  r  l roere

, I ' i-n i i#l ' ;n ^ '" '

; i .  - . : 6 d . ,  : ,  . r  . *  6  { , . - 1 .
-f , t '  l{=0 

rf,-rA-r -L 
k=0

S r -  , . ( € r - , * l  r . .  o r € . , , : . + ] ) = ( ( ; , € i i + I r  c  "  t € . r + 1 )
1- t  . i I  l i - l . l  i [ f - . !

1,1= sQ , we 8et for every ri)ir anci' p ) 0 'i;irai;

n

,r=,6 vn': 'vrr"- ' lr- l  d ,rn'k O vrr" 'vo-, 'p * rrn'p. tt t  
k = o

4 .1o  i t  j - s  l - eo€ i . : s i r y  t o ' La . i e  l n to  e , ccoun t ' t r re  res iouu i  Spaces
s$

(? ra .$ \r .g^ot=b-J i l r r ' ' ' '  v r r *p%rt+p+l

sucli tiri iut

vrr' ' 'vn*k-l-* ,ruk O g"

err id.  'uv1tr ]  tcespect i ;o 'bu€$9 d.eco,r iposi t lor ls,
/ r  \  (  - s \

vrt=vr\,' ' O v;'/

(2\ a ------+ Au/r rere V:" ' :  \K, .^  . . ,  #  \5L
r .  -n+1  " -n

r 1 )
are urritary ope:ratorl l and V),*' iraLve

I}

I t  t rans l -at ion r , iouel  s t l  a$ (  2  .  l -0  )  .

C .  i r O l , ' i O . ' - O f O V  C i e C O t , L l l - . r S i t i O r i----

L,ire i,olrltodorov ciecol,rposltion produccs en oI:;e-' ir-bori-eil ir ioci.el fo;"

a proces- u,ssocicr teo lv i t i i  a given covar iar ice *€r 'oel  (  see foz '

f ^ 4 .  r ,  r - V

i i i s 'uanc* [2o1) .  i iuer i  t r ]e  * r€r r le l  is  c ie f inec l  o t r  'At  ( i .e  n <zTL obiect  \ { I

as  i n  (  2 .1 )  )  ,  t i : e  1 'a l , r i - l y  
\ 3  L i i soc i - - f ec1  ' Lo  i t  b ;u  (2 . ' 2 )  a .nc i  ( ' 2 .3 )  ,

can  be  used  fo r  an  exp l i c i i  oesc l i p t i on  o f  t ne  i ' o l . r ro6o l ' ov  deco r , i pc l s i -

-.>J , in'l .
t iop oi '  !J-  (  LGj) .  

'Juiu cor istn-ct j -on 60es t , r rou3h i r . re fo l lotr i ' r5

s t e p s :  f o r  a  e o i i t r a c t i o n  o f  t . t i e  t y p e  o f  R t  ,  i . e .

lv-i-tr. T,

{, { $eo,

C ( n 1 " i n O C

t = ( T t r  U t t t ' . .  e

er. cor:traction i- i i  { ' (

&,,, . t  ) ,  i ,re 6ive i ln
ii-l-

o1 '  I ,  j l e i ' i i r e  f o r  k )  I

\

. (  
{ l r r  \  , - . . , ^  r i r  ^ ^ . ' . F - . , r ' t i  n{-]  I  d(. '  J Aito -u1- uurl  tr fLl,u t ,ruI iS l- i : I

. : r r l r : , r r r ; - rJ .o  ' i  r i r -n t i : - ' iCa-b iOn Oi  t i te  d .e fec tu u v ! 1 4 e  v v

- ' ! - , ,  ̂  n v \ / \ - n |  . 1 '  a v , c ,
i r r . : . V  W l J s J -  c l  v v !  P



,  - t \ -
J

'  1 . I .5' f r_"1 lt

j r . - ( i l ) :  @k  j t= 'g t " - t )  * *  6Q,nr! -i _-t 
- - 

.,t ..Yi i";
d - r  L i  - J  J

( 2 . 1 5 )

(  2 . 1 6  )

:L ITILI L,  .

( 2 . 1 7 )

/  / \  a  \

\ l . J _ 5 , i

( 2 . i 9 )

/  r \  4 / .  \
\ { _ . ( v )

cont r l r i  L io i i s

I

t ,

"k
* r i '  r i l* 1 *  2

I]u rt\
f r r

I

0

)*.-T'. iJ-.+. .'rz
'k

-T ;Drn* .  ,
u  J _ r

1
J

' . .
.1 , "*  t r -

J ' 1  &

'l'\ rr rn
.  s f ; l  , \  r l .

J l .  1  aD t r ( ? ) =

a  a a

a a r

a

a

t

n

anG

iili i1 o 
-/. 

4

too (  ' r )  :k --b 6 "A n =ob(r)
j = l  ' j

D *( T) = s- l i r l  iJ,-  (  , I)  Pf. , . ,s.-l E_e op 
/k\ * /.ftC'KI

sC
- t t= 

Qk , ,  and s-J- iu i . re i i r ls  -bhe sr i "or iJ oper iatoi ' ia l
k=]- 

A ia-t Gt5

i , lorvr '  t r ie .opera+tor

or( r ' ) :  Q.  - * " i  o0 t f  )
I

oa( t ) i - t t= : ; *  (T)

is a uni tary- 'one. r , iL l f . t r rer  crr i ,  v/e t re j ' i i re t i }e oi . reJ, i r iOf
:  / , ,  \  * . )  -*  JC)I r o 6 [  ! / =  { c

l r . , o (? )= (  s - I i r , r  r , ; , f  .  . . n? r t . .  .Dn , *  ) i -
K -.r .€ -f -li * _L

and t : '€ Oi.rcf ; , ' lOf

' r ) ( t { ' ) = & a . ( f )

cons ider "

i ' j 'or t.*€ I'o\..j

(.  
I  , i c f ,

/ l r r \

. i -  . . . 1 - a * .  ;  ^  + ^u  n u E p  r | >  r / u

' ' t ' @ $ t ' r
r . - .  '  - 1

, , , t l t  " J -  I* t  |  |

L-$ ( r )  oJ

t , , is  opei ' iL i

&'ro .-.-

) uri*=it*

'ltne ne:c'

( 'r) o Jr-
o1

I  . . i  ( l
o t ( r I

oe; 'a t ior r

$ ( r ) ;
h  / - .{5 ('r'

also a unl i i l l ' y  one.

t ( T ) : o s . r

{- r,
\  r '. , . - \ _  \i r \ L - l =  |

L0

to  ta l ie  i i r -uo co ls i

; iver . : .  by (  2 .  z i )

&1r.0.

t?
t_



, 0oil.seuiuiently, 
* 
uu;: de{' ine ti ie sp&ce s

{ 'r=:g' $* 
( i iJ) e &., (D&, (i i i)

J = - " Q

c.rro- t i re uni t i : r ; -  operuLors

w . i l  * - -b 1)
" i - '  t^-  i+l_ 

q 
i_

' i r= I  @ ; , ( i ' , ' t )

v ' r i t i r  r espec 'b  t  bv ious  c reco i . i pos i ' b io r i s  o f  ' b l re  spacesc
f'x/ ^V -./

l io l , r ro*orov c iecor,rposi t lo l i  of  wJ- is . ; iuen by U (U

'  V(rr) r &, ,.-1* t o
( , o $ . ,  i i t , . . . r i [ / d t *  n (  u
t  - :

v( , . )=i  t l$" l*  i l=o
I
[ , o , / i . . , ' ; { i , _ i l $ (  n  n )  o

'1n  
the  sense t l ra r t  T i j=V( i ) l kv ( j )  f o r  i , j €  14 . ,a .nc t  t o

.  i ,oreover . ,  tne ia is t  r ; i i t i i i , i lL l i ty  co: rcr i - t j -on y ie lc

(-

( 2 . 2 * )

( ; 2  " 2 t )

r ' iui i l ly ,  
'brie

. ^ Y e 1
)=  u = 

lv (n{  L : .g .  ,Fo,

( ? ^ . 2 3 )

\ t + ^-  V  V ( i r ) d ( . . .
\e'i., '

,g a, natural.l

ui r ic i  iy .

1.I I -T$4-:*i,'iI;,':;! -Oii 1' l.'jFr_f :i C Kil

'  , .  i$ t r r is  sect ior t  r , 'e oescr ibe the r . ie. i ; , i : , iu" I  ouLer t 'erctor of  \ .a

posi t ive c le f i r i l te  . l ier r ie l -  W or .  '1 , , : r r t  ter , ;s  o f '  t i rc  associ* tec i  pa l l€r ; . .e-

ter  3  .  ' j i ie  I re tnoi i  fo l lor ,vs t r re  c lass ica l  ic iea 'o f  i - r i iwoer . is l r . - :der

of  us in. ;  t i ie  i ioLc.  r ieco, i i i :os i t ions.  Genera l  resui ts  in  s t i , i ; ion l r f "y  c lF jc

Yfere obLaineC. along t:r is l j-r ie ir i  [2,o] t .or tr,e oound.eu cr,.se alo i irUtl

for  tne ;e i iere l  cer .se (  o i  a  s€ i , " ispect ra. l  r i le&sl l re  o i l  i . ,e  ur : " i t  c i rc l -e) .

^c- i ;L t i l l  r j ' ,  qr  s  u1 'orL.  co i r r lcc t ic t r  i r r -J ' r  ex ig 'L ;  Lre ' l ; i ;e  en l . r t ;ue L ' , ,1o

cases.  T l ius,  i 'o r  r "  guc. ( r  a  $oi r r j -spect ra i l  j i r .e ; t ,sure,  i - .  e .  { ; r  pos i t ive

i i r rear  -pp l icat r io t t  or , "  t r ' :  set  C(" )  o f  cont inuous f ' r - r i ic 'b io i :s  on -L i :e

ur i i t  c i rcLe f t  rv i t i i  values iu EL( je)  (  lve can supt josc i , , ( t )=I)  ,  we

ciei ' i i :e i . r : i  a sta.nd.. . ra jnai t : i ier t !1e air i i lyt ic j 'u. i ict io i l  , "(z)=

=r ' ( (u i t ' r r )z (e i t .  z ) ) .  l v i . i c t r  he ;s  a l ; :o  i i r c  p loper ty  t r i " - , t  i i eg) rQ o i r  t r r€

ur t i t  d is ic  CI .  t i i en  ,  u /e  ' c te l ' i ue  : . i ( z )=(s (  r r ) * I )  ( ; (z ) - r i ) - 'n  t , r i s  fu r ic 'L iu i .

be i t i .5  i - i r la l ; r f iq  a i iu  cor r t rLu ' i ; i ve  i i ,  (u  u r .Lu-  r 'o r  z€ .1) ,



. .  . "1

r  - i . , t -  D  - 1  - .  * " r - \ \ /  :  t . t ' : " \ \ - l

, \ r  / - r  _  r  o . \  2 )  /  l  e r r t - r \  , - )= ( I - * (Z)  ) - t (  r - r r (Z)  l i (Z )  )  ( . i -h (  Z)  )  
-  

.
l " \ \ r - \ u \  / / 1 e  - r

t r i i ; :  re la.UiOi l  , r iv*S i , tS i ; I i  iCCu Oi f  t r le  t f i ' tUfe Of  t ' ie  i ' i i ' r " i i i ; i ' r l

,  f . , ' a  -  \  / \ 1 1  { - n  r l t a
' ou te r  r 'ac to r  o f '  l t  (  see \ l ' {  f ' o r  ce tu : i s )  '  r ' i o " ' i  \ /€  p t l s ; r  u r1  uv  r r r rc

r . ' to; is; t i i ' t i , i t tary cuse. \u€ r ' ix  W t ; r rcr  i ts  g ;"uu introd'uce a net/

ob . iec 'b :  l ro r  i "  f i * . , i l yo i ' i i i l i :e r i  sp i - , , ce"  i * r . } r ,e  a  '  v r i c  ta*e  i r ' ' " to

f'or every i i i t lL (

^J
*n L*  rv i l l  be cu i lecr

1 . . . ,  -
U V

\5}

( corrG ) S{.i --9n d, i f ov k Q W" star bir:s uir

I  uu.  Cei ' ine i i re posi t ive uer ' i -n i ie te,cnelQ[

uitt:  sl icr l

oir Zx 14

&l= {er G) .\ tnr l

r,l:g.l*i --*

r:Jl=lYi/ i l

crre is ' .o i , te t r ies fo : l  iQ.77"  r re  now use
':-:_.: :

l ' i , -  , i l1 , .  o f  i  so l ; re t ; ' i -er r ;  c ier ine

-{r *
J ( a

-L

L

i-

t , i e re  e : l i sh  a

sucn ' i ; i tut:

/ ^  z ' . , \  r ^ f i i : . e
\ 4 . i 4 ' / ,  

v . l t :  L f , u

I  a  . r \

\ J ' 1 t

/  1  ? \
'  \ ) c J l

. t -  , ^  . ^ l  , l  , l a r . n . . - - ^ , ' . - i  " { - ' j  r " ,  ' i j ' n - n  ' L f l j - S' i i r I€  
i r  C) l -  \ .1  $ ! j  \ ,U l t ! - iL r  i ) I  t / IVr r  r  v r

e,ccourl t  [1;p- ica'biort  W on 'Lx' tJ '  suct l  i ; i ler. t  f f  t i ,  i  )=tr ' iJA {,  (  d' i 'Rr)

,  F i j=O for j> i  " int i  col tW .  . . . , ^  ^ n  ! 1  + . - / r . - -  r ,  1  - r  
O l i Sa L  v  v v l r  v r

c o l i \ /e  c renote  the  i - in colu; i r i  o t  ry  ) .

outer i f '
i > L

*ppi icci t i<-rn S

by

e d -  ( i  i \ - ( ' . o r . . ' s , f c o t n Q q " " P r 4 o  4 p  t  ( 3 ' 1 )
J g  ( i r J ) = ( C O l . ; . r  /  - - * i * ' . ,  * ' , \ o r i ' , s L i / c

i le  a l -so neeci .  tne s tar ld .ar t t  orcer  r -or  pos i t ive c io f i r r i -bc kernelso

v i r r ic r r  . . reL j :s  ' t * , i ; i  r 'or  W, i ; r tc ,  Y2 \ ,e  ha- le  cJ ' I  1V,  i r '  C"Y 
2-  

q ' i  j ' s

e pos i - , , , ive c ie f i t : i ie  ke l . 'ne l .  . , r . i ter  t r rese prc l i . - ' i l 'a r i 'es  iYe ca l ]  s te ' te

tne t lu in  res i - i i 'b  o f '  Lr re sect icn '

) .1  - i j : . jV; i+ . ' :  ror  evef  i '  pr : i ' i i ; ive d 'e i - l i i te  ' i€ ' ' ' r i€1 V

f 'u.i;,i l;r o.r,' rj. ltue:"t spaces t{lrJ',rn t aricl cd o oi.lter

( r )  % : , ' <V
(z)  r 'or  t ) :LLJt  o l r rer 1-ui . r i -11' .  of  i . i l 'bert  €p&cee &*trr , . : :a i - rn 'o '

slrcr-r tr.rai VW <ff , \rv'€ :rDVe \ {o$'*o'

i : i9 , i i r  , i€  l ; iJ1 fo- io i r  
' ' 'e  i , ie t - r loO o l ' i ,a ivc ie t rs lagel  USl  & l : id  t - te  proof

rv i i i  r ippeer  as an acraptu, t io : .1  of  t t ie  o i ie  of  r ro i ros i t i  5 ;1 t ] '2  Vf r . t ' l  or

.  f  , n1' i-rte; orei, i  + UtCl .

r , 'or  t ; ie ur: . i tar ; ,  o l lc : raLors { . , r r3 t t€,h 6iverr  by

rfliCi



{ , i= ( ,  s r ] f r i+t=i{ i ( . . .@ o e&*(Ri)  6 o&r-.r .  6)  . . .  )

and

*8-

(  3 . 4 )

Prrf

r{-t,

P+o
l-

J4r
T d* ii/r r i .

U

,r,= |
L

' 4 n

'  ,rF-f o/ dr' a- l  c  o . l l i  { 2 1 , i  . J . *

/ * i

.s Q rlp il
iil o(r ; ,/ dr- ';

a . l l ;  . l  &  . )

i 4 j

- i \ " i
L {  d

( 3 . 5 )

. ir irst of u,l}o having in

- -  - . l - - , ' ^ . ^  ^ 4 ,  1 ' raciiotr ot '  r; i  alnd t ire

. ie t  t i :a t  r '? .=O for  i  )  i .
t l

obvious ar ict  let  us prove

nc;ve orily to sl.to'ff thc,t

F.J  

l l f  e proceed. wi th t r re propert ies or \ ' f  "

.-l)

ia i r ic  t i : .e structure of  tne spaceo 
"* i ,  

tne

second.  equa l i t y  l i i  (3 .4 ) ,  ' ve .  i ; ' i : ;ed ia te ly

l i ie  con t rac t iv i t y  o r  corns  
o  i s  a lso

t t rat .  So is  outet .  as r r?i j=o  fo r  1 )>  i '  we

P -+-o
t_

: k ;  : 8a  -+  o
; t9/ X- != 4 1, 

t ' rr lci take e, a i{- l
r., lJ
c{"' i

I sucn ti iat

ls ing a.6ain tne secorrd equat i ty in (3.4)r  i ' , 'e obtr i in i . t lat  * i=0

a r , d .  q 1  o  i s  u u t e " .  T L t e i l ,  f o r  n r e " k r  r i = o 1 ' . .  e f r '  i ; e  ' 8 ,

n xr r  
, .  ,  \  i ,  \  - +  /  /  -  

'  t  
L * / o r ; .  i r  \ -

f ,  (Q i l p ,  o  ( i+k ,  i + i i ) i r r rh ,  )= .  X  .  
(  (  co l .+ *S" )  (  co l t r - t c$  " ) ' i i  , n j , -

i r g = o  
v J l -  a  ' r  i r i = o

n  
t o " , l t } t  l t : 4 ,  

A  1 L
=\ E coir*o% ,, i , ,  = , l i?o'rk. o . , i ' l r+i- l -r tr \ \ t=, 

3="(t i*- i r ,  i+kt ' i r i r ,  )

t i r : c i  t i r i s  p rove$  (1 ) .

Cui .s i ier '  
t , f  suc i . r  -bnat  

$  { t l 'aaa t r re  r "pp l icu. 'b  io i r
n n f \ ,

/  \ - r . r / - i  : - \ , .  \ - - F t , . ^ r  V +
,r i  (  2- ,  V ( l -+ i (  )  LLk)= Lcol i *ko t t lc

&  
k=o  

o  
l i =o

^ n
\\'= i\;lcorr*\ \ ; i r(*u( i+jc)ho . u 6

it

n  . 1 1

k , J i o \ - i + k ' i + j " i '  J ' ' k = o

rr ^-*^.i., ic *n a coiitractiori betr, 'reerr .Jtt and. .@ d, *-ri .,ti rg4

I t io reover ,

nrQr="ifruiil. . .ni *r*it l+i+i c 
ficot*nr$ 

(,9^{ i*',,) =0

t :  , { r l

( ei , r |oh, ) =o for hie !e* L,

,  l e ' & .

i i a n n a
I t r  V & V  V

t l

irol\2=
n

*?

/-r
i -  l -a t  d -

,  ( # -  ,  . t  i -  r  - l  \ ' , . ,  ' .  
' \  

l -

-  
( ' . l G  \  J - * ' K r  a - l ' J  / r l l r t l j  i  e

C"O J:i Li e UrUei..t l;r,



- 9 *

"n" 
(ct'W ( i+"K, i-,.i )hi u nj ) = 

\ecol,-.n!j ) = \t,X col'--r$iitr\ t=
t J  l r - . n

l.or,,.nSn,r\\n
- n

I  < )  
- : "

l 1  . . o  r .  1 1
=\\.t, X v ( i+x ) h,r\\'=t\rr. f, ,ur**raf o,,,.\ 2 4

r - l \  l r - - n

1') ?l

1[ A*o1; ,n- iWot, , . \ \  
'= 

.7:_. . , (WWo(i- r - tc , i+ i  )n* i r ,  )
I ! - V  : \ r . j - V

foi: n.,r€t(3 anO t-r:Ls i,.€crrrrj ir.,'iri -U, 4Q.r-, . ffi

3 .',. rt* +:&d,
(i) '  i , 'roil i  t lre p:'oof lve also rr6,'v'e tne eoiiri i t ioir f 'o:: equ-erij-t lr in (1)

t ' ]c . t  is  tR'=Q f 'or"  every L< AJ
:

( i i )  r ls  j -n t i .e stat iunary c{ ise vre i rcve ern obvious rru- i , ic i ty ' i l  of
- rA  .  |  . "n " /

:  \ ' { r - .  - r 'or  t i r is  rJasot l  ! ' re  lv i l }  cu, l i  i t  t i ie  l . ra ; r ina l  outer  fac 'bor  ofvJ.

(  i i i )  , ie  hc ivQ ex;o lur reo i , t  t i ;e  levei  o1-  tne j )arc . i . re 'ber '  *  t r ;€

in ie l i :J -e,v  g lver t  0J-  r , i re  , ' ;o Ic l  oecoi , ipos i i ion ue L ' rvecn -bne so-cal lec i

C;,ol-€s,: ' ;r  factorrzatioi i  i ;r le t. tre -r,r iah5ular s-bructu-re of tr ie

r .o l . iooorov c l€cor ; i :os i t ior r .  f f i

j 'L is,,;el- l  Jrr iot lr i .  iu trre s-La'Llonary ci-, i .su t.r i i r t  t i le i ,ra>li t , . i . ;1 outer,v  v w  v & v r r q 4  
J  

v s p v  u r f L !  v  v j

r'a.ci;or p-La;-s a iu-,ciri.:eir.tal ".ole i.,i ;rr.euic'Li"r, -\t^1,tr?-.{,['4J3'{,[A] ;,r,,f iio

o11 . l t  i .g e)lpec' l ,du t i i .r t  -. i . ; i i r  ur -r ' , ,  su;-ts Jo-Lq i 'or r lor.r i ; i ;at io::.ur.y

i - roce$;€s.  ; rc tu i r l ly ,  \vc  a1r 'eu<,y u i reu t ; ;e  cor . 'J 'es i )o i r i re i lcc  w *- - -* '9

i l  so. i . ie  L .s i iecrs  of  r : .or is ia t ic ; i i l ; r l i  pr .ec ic t i . ,n  in  f l ]  ; r ic .  i l .  lor is ta . i i r - r -

rICLry i ,evi i ison ir-.3ori uir. .r j-s .; ivc.r in fat] 
* a sci" l i ,r  version a1-.,,1-rci: ieir

j - r r  t  t f l  .  Uoi lGe i lue i r l ' l -J* ,  we iJrc  conuet ' i : .ed.  Jr€r 'c  v i i tn  & i€v i  i 'ac tcL - ' - s

su. jces Ic . .  u i -  so, - ,e  i . iuest : i -o i is  i i i  t2+] .

A.  yre i r ic t i r - r r i -c- , ' ror  or re i ta l ,ors

!.r.e irr' - d.i c i;iOn- er!'or o r-r €ri,;-i,t)i's -;f.;

Ai(w )= i  t  .  j r "  i r t l * i ' t i

Li i iG ,  i ; i  - i ; r ig -s: i ,a-uic.rr i . ; ' r ' ; -  wizi i i ,  'b i ;o cl i rssicai  i 'o:r-- iu ias ure . , ive tr  for:

co,, ipu'u-: i - i ;6,  '1, 'c iu( cLc [Li i i ]1y, i r"  i - : . is case ' i l i -e- i 'c rs o; l i ; i  o i tc gt iL)-r  . : ; I
:-:_: ..

oi;ci;.l i;or). t.e ,"ro(-:'b iir-o\rir io ti ie ;-tze;ii| r 'o' ',^-ulri (Llfi ,ta}],UgJ I

( ' + .  i  )

ei i t), .es:s: j-rL; ,& (q') j-n ter.. ls of -t , , ,e i ,r l .)r j . . . i i : i  ot-tter '  . i ' i icr,oi '  of 
qf ' .



, ' .  : r n ' F  ]  r  a n -  - i - ' , , i a r : t l 1  i  l j tj l l ! V  L , r r g J  *  \ / !  r i t q * e !

; 4  r . \ - . ' {  
- ' l  . r  - i  n  { - e l l : . l g  O f\ l - J I  \ - : \ r '  r r J J  L L L  u

. .  l r r. , " , : i  l J t  I  f , r w ,  ' l - . ' c r
ua ; i u  c . l l f  \ r "  u l J  

r  v r  u r4v

t l  r ^ )  t ' r  l i  1 : i : . i ;  i  r l r  r  ' i i . - r ' - . i  CLJ  C  .j . i v l i l J  v k  v a v r r \ 4 4 ! /

- I O -

l ' . - - ,  ^ , - , - .  , ,  ^  
- 1 I n . n h " l  

r l v r  c , i z r r  ' { - ' r r i " l , r r r ' l  r - ,  \  r : - t a r - ) ' l 4 r > r - . l l
| \  l ! r . r U \ V r I  c x $  v  t i J  u r L { r l p r r J  - L V ! i r i u r u l  v A I J 4  u } J v ^ (qr)

tne pEr,r'alleter

o i )e r l "o r ia i

* see Lq,l 'j'or -bne sciilllr

vr;r i i ; i r i t" Si i i i i lcur re$ults irold ir i

.:i::-l--li.-vi:*};*:.. A, t(ii =i,3,ii ) = ( o'ii f ,'ii'

I r i i0O.c '  r ro t ice t r i i ; t

*1  ) .
J\

=lJe;

Ar{ff')= I n#; ,'rrflijl 'lrf: =

arrc i  i i re  f i rs i ;  equai i ty  fo i lorvs i i . , i : ieo1a. te ly  f ro in  (3,2)  a i rd .  (2 .2?, )

T n e  s e c b n d  o l l e  f o i l o l s  f l ' o i r i  ( 3 . 5 ) .  m

jJ . Crtno , .o-ilgl--g911,r:9!*j*L s

,/ € brie'; ' ly i . :re.er.,t  i j r). i ;re ele,. ieri ts of o: ' tho;oriul 1;o1;nro,. i i i , ls

r , ' ;n i .n  - raFr i r '1 . r .sp- ' r  ' : . '  ' ;1 .  ̂- i " '  * -e . . r ic t ion f i i ter 's  for  t i . re  u: id .er ' ly in ;! t l l . L r v . t . l .  : y - L  u I f , q i l '  U  I r I  I C ; U  t /  P I  \ ' \ ' t J t . '  t / J w t r  f , ! 4  I

process)  e)pecia l ty  for  po int i r l . ,  out  t r i t i t  i i i  t l ie  co l i 'be: t t  o f  t i ie

. - r l . - r lySiS buCed On iu€ cor l 'esFor tuence W'- - - - '9  ,  a i , . -e i i1 ; lOn

&tsuj i i j l t j -o1s (  i .  e .  i f  o i i l i *  -  are f i i , i te  or  r ro t  )  c . " r1  be e ivo id.ed--

see c) j-i iir Ll,.fl .

lor  otr tel t  cefelop:. ients oI? oxi . t to6oi l i . r . l  pol-y.r ;ol : I iar ls i i , .  t r le ect l ie;r

a r io  r : t t . t3 ic r i t l  C$se-  i ig  'd  Cor rsequ-en0e o f  l l i i l l j r  t ipp l iCa- ; io r i s *  cee  - i ' o r

I a4 | r r '1 fq r. ' i
i ls ta, : ' ice L6J t* f  'Y4-1.

J i :c i€ ' t r -  at :d.  oef ine t r te lef t  orL.no.roiLt l  poi ; rne1. ' ieLis

pi, r,. E z) = ui-zttooir, ir*1 r*-1* . . " *trLo

ario i ire r i ,rhi ort l ioi loir i i l  poiyiro;. i iais

" i , r r ( r )=bi- ruo*bi , r , -1o*-1*.  
.  "*b lo .

1 i ; a L )

( z l  " 3 )

Tr ie j - r  coer ' f ic ie , i -bs . . rppeer  as coIu, . . ; ig  * , t t i .  r . ; t l ; . ;  i r l  t i te  i l :veI 'ses

o f  -b i re  C ;1o ies i c ;  f ec 'Lo r i z i i t i o i i  ( i . e "  t ne  j , r t , xa i t a i  ou te l ' f ac to : ^ )  o f

- X .
( .  = ( , : , F ) .  \  ' - ' , r r l  (  l t e  l U t ) ; O S e  t i t e  d . e , . e . C t S 'J ' i ;  - i  

, , ,  \ i ' , ;  
i = \  

- i . u r /  
i 4  t , . , j r  e  j , /  

* r 1 u "  t ' ^ i r  j - + r i
I t - L - f r r  4 r J  i . s 4  4 -  r r l t : ' r  d  

. . \ t l

i , .  - i ; r . v e l t i u i e e  t , r i s  y e a i c i i i i -  t r l e  i r i v e r t i b i l i  L ; y  O I  1 , i - '  i  r i i  i , ' i i o '
u i  i  

- - - - :  -  u  -  r t L ' r L L

*_t
. \
i ' ^ *  * , - . )

+ r * r - 4



Define- aiso t r le poly i ' iouiaiu Fi , r ,  **d Rir*  by "div id ' ingrr  Pi , r t

a r rc l  r *  by  t i ie i r  i i i 5hes t  coe f ' f i c te r t ts ,  so  t i ra t ,
J . 9 I I

. , a I ! L -

p  = ( u f }  . . . 0 ; 2  " . . D ; t  ) = ' p n  . r )  ( 4 ' 4 )
' i ' t : t - ' -Gi+rr-: ,  

i+n sir  l -r t t  ui+rr- l ,  i+n 
- . '  t rr

anct

*11"

€incl

-I lor ,nlu'ull*rr, i+n r 1' 
' 'olln, 

, inrr*r{, i+n-.L'Gf, ,

v.rhich represent operstor ia l  val . iants for  resul ts in

rvith a re:-i i .r ic about clrr"i-stoffet-.l i ,.rb';ux for"..ulas. -:--

Cor ; ipu te . rU iOt i  b i rsed .  on  (4 .6 )  iu .0 i1  (4 ,7 )  l ve  c l rec i (  t r r f j - t

( n I  . . t <  T  1 , . . \  " . ' 1 "  (
\ * i ,  r r - r I (  r )  ) "  r l ,  r r + l ( l v / - P i ,  r i + l  \  2 ) P i ,  * + l ( v r )  

=

= ( 
"T, o( r, ) f"T, r,(rv) -atpft 

,n(r) pi*r, n( w)

i:.rrci i-t is cj"ear t"utOr_.,.Uutiiiii 'r;

*r,,:( z-'v)=rfi Pf, t( z)Pi, i i( ir)

\Ye 6e'u
'a*-= : 

.

a

.  * T  / - . \  - . Z I ;  r - - l '
One . , i lo rc  no-b i r t ion  is ;  e . l so  necessary ;  t r rusr  P i , r r ( r )=z- 'P i r r r ( '  

-  
)

rvhepe tne  coef f i c len ts  o f  Tr r *  a re  ob 'ba inecr  as  t r re  ac l jo in ts  o f  tne

coef ' f ic ients of  } , r ,o lvr lere eacn G.-o iS replaceci  iv i t i r  tne aci j t i i l r t  of

j - ts syiuiretr ic about tne secdnf l  d ia{roner l  (  in ' the t r ian;ular i la i r i : ;

fo r i , ied .  by  i r ie  para ; . re te rs  I  
* , , ,o / t1 t , i l i+ ; t - i , i+ l  <k '4  i+ i i ]  )  and '  i r :  k

t l l  r . - - L i  ^ . ^  . -  - - :  -  . ,  - r r ' a u  i  r r o l - r r l r

sj-r ; i i lar  i , iay r le 6et RNrrr .  . r :y d" i ruci  coi i tput t l 'b ion using for i t rstance

.  r - n 1  / A l \  l r  
n  ' l

(1 .11)  in  fG '1 or  \ / .L) ,  (21 ' )  j .n  LAt  J  \ ' /e  ver i ' f5r  t i te  reccurence

for i i tu las:

, ( 4 , 5 )

(  4 . 7 )
"  D" 'F

\ J - '  r '  r - l
I 1 J'1- -J-

.  ,r ig end

1 ' r * r  n i  - n a r . f
I  v J  u + f v v v

(  4 . 4 )

g

r . . - n
t  l J  t
L I I J

flLIS



( 4 . 9 )

!
i

i
I
I'
t:

,

(1

0f cc,u.1'so, ' i l r i Iu:;r 'uItr;  g'ui,- i ; j -oni. lr i  by is irssLL.reLl, I i i  
r  Ia-lrr-+l r:r+l 

l tncj

( , i . .  y ) i  c f ; ; .e Ui*- i ; . ;  u,;r:r 'el--. j js,r,bor. l ; ;  . i 'or:, iu"l-; . .  - i- i t .  t ire ;en*:i . i ; l  cir.$e, ,; i ie

re l* 'L io i i  cc ,n be i 'beratec i -  i r r  orc l "er ' 'bo obta in e i l  e l {press j .op of  j i i r r - ,

in te:: l , ts of 
" irrr,  

t ir is being a:notirer i 'orr; i  of i ; i re ciue.l i ty bet.,.veen t lre

left a.ncj. t t .re r i6irt  ortt iogorral polylror;r i-u-ls. I i i"r: .  1o"t i ' i ;s rneEirr ing &s

a reprod"uclir. i ;  xerriel- fol '  rr.  certain l l i lb.erb Ejpirce o{'  f 'uncti .ons, bu'b

j .ns 'Lead sot j ie  t r ian6ule i r  ob jects  &re i i . rposed. .  t i rese qr . iest ions

oeserve fur ther  i : ' rvest i6at ion,  bu i  as the vray is  r l l tner  t raLnspare i i t

\ ' . t o  q t r t ; ' '  i r n l r  n n z - r :I T  V  U  U V I J  ] I V  t J  T T V J  U  .

,S' [ i - i t  e- s cai .c e . i  e i teJ'L-to] :s

-  A r r ' 1
In LJJ{\  i t  1s proposed an Erpproacrr  to t r .Le r-ro: , rent  problei ; i  by

, ,  ^ ;  -  , . .  ^ . t -  . . .  . { -usl-ng s 'u i r l ;c-sp&C€ ge1.rerators.Tnart  1s,  for  a posi-bive ura'br i :c i , i *  _,=
J J

( ( n  \  r  . i - - ' - ^ - ^ , . - : - ^ ^ - l(Tr . . t r ) ia  
, , r r '4  j  i , . t iQi '€  are qeter tu ined . ' . ta t r ices , i ,  [ ]n .c i  3  such tua.b

m ,)f lkr., n
t i . r r . l = ' " r i ' l , .

I t t  t j re  p l rpe i - ' [ ta ]  t tua i ln ;  -b i ic  s tat ionar 'y  c i rse,  i t " l ras rer r rar ]<ec l
' frrQ coilrLec*r"ior.r. be' i ; lveen for;.:uLi,, t ion anci uiLa.t icn t ireo:ry'.  j :ui e t-t l€

n r . * - i . ' ' "L:oi i f iec uloi ]  Eoes i 'ur tJ ie:" ,  sucn tnat in tne l ro i rsta 'b iopt: l . ; t  case, t i :e

coirs 'L; ' t " tc ' ;  j -on 1t : .TlC. ; ives E' ,n expl ic i te c le*,cr i i : ' i ; ion of  t i re st i t ' i ;e-

a q .  - t - a -  ^ - . . { -  ^ , , . . . 1  i  . . .$pl iue del lerLror,  e:<tef ic l i r tgtne ; 'e$ui ts for  t ] re stat ioner]r  case i i r

LZ,,J "tr"f lz-], 
a.nu ti ius c.ir.s;i 'rering in a qe-r'tuilr ser:1sc tire ques'blolr

|  ^  - a

9 i iii f*ltJ .

' '  I i t ' i ; i r ls  s . ,c t ion l le  s i to i " /  t t i l ; 'L  r . r  l lonut i i t i -or 'ury  p i 'c ,cess c l r i l  De

eil lvays ei,, l iedd.ed. ir: . to a statj-oi: . i i r)r iJrocesli .  0r '  course, guctl el recuit

cein 
'be 

cie-r'lveci frctr.t i,er:.ercLl dilauti,,n 'br:.eory, l-rr-it lve wl-11 poili'b or-it

i ts r: iei i i r ir :5 irt  trre level of tr"Le pari" l . ie"bnra € .



:t'- rr,,
r i iore preeisely,  let  be givei i  a posi t ive def in i te kernel  

v- f '  
e inci

h

j - ts  perr t l . ,e ter '% "  r , ' i rs t  o f  a l l - ,  : 'e tne*rk  tnr i t  s r ' tch a kernel  is .

f oep l i t z  ( i . e ,  t i : e  co t i : e r ,uo r r . J i r rg  p rooess  i s  s ta . t i o t1 l ; r$ )  j " : f  e i , i l cL  on l y

if  t ire pixri-r. : ; iciers *r j  si l t i -s-irr G,i. ;=L,i-. irr-t ]*K for k ) 1" ' i : 'urther ot:,

Cy is a-&ii; arbl ,ro"u ano t,'e oefii:e 
:i i, =s "ft"' , t^=01- *nt1 fo:r

*+H u Tt
n 7 L ,

N C r A / - " Q \G ;sary . (= os,. )-*p fr tr" (= @{]{r* _ ). _ n . ,rr,.-1 t4E-rt ,k, l;+n*] 
*ir_r Ke ai _,i;, k_rn_l

N  f  G * ,  ,  j = i + ' r t ,  i € ' A ^
r l i  r  _  \  r . t  ( 5 . 1 )( G . , . / i  - i =  {

\  o  i n r e s t  .

T'e sequellce ltJT-L t'll 11= O
g e i r e r a t e s  b y  ( 2 . 2 )  a n d  ( 2 . 3 )  t i r e

coe.f f ic ients of  e i  foepi i tz,  kernel  t ] ' .  ra '-  + ,"1 t  1 r
tr.;ro .t" et ii b or' ( J< J De trrie

i . , ra i i , iark ui lat iorr  of '  Qf ,  i .e.  the ur i i te i ry operertor o 'btained. in

/ 6  n : \
\ 1 . 1 1  ) ,

5.f  i i t ; r . j i i ; l i :  A nonstat ior iarry process
,l.f 

=\), ff) carr be ei-rbeilded"

in to  t r ie  s t t , t j -o l t r ry  i l r :oce$s -e l l r ; r i l tec i  by 
' ' i  

,  i  '  € '
" & '

' A l  N

V ( iL) =Y; ',,n i{t n..]La 
v- r'L 

,1r

(ve tlo lroi r ' ;r i 'be ttte na"tur-l ei, i lrect i i t-s of ft n aricl fr 
o irr-Lr: ?- ; '

l i i lqi j Tire t.rreor'er.i. cun be ee;sily reeud or-rt oll tne associi itecl

t r i :nsi . i iss ion- l - ine i ; locielg in t i ie, , ianner of  \ - \ : l  "  , i  forr ' ia l  proof i  c i l ] l

be . ; iven eis roi lo.*ys:  r . , ,  cho?i ;  iook rr t ' tbe dldrrreats invoiveO inT

s*ov/s -l,hat all of tne:^ii ,?split correspot'ro,-ngl.yri rvj-t ir re*;circl to tire

"-  e le; . ,ents of '  -Lr*e f  i . r i . r l ly  l , tJ* e, /h.  io t r tat ,  c*- i tcr  reorr- l .er in3. i  j -s * i i

appropririte dj-rect suil of ' , ' i* eiid not't ta.-trini; (2.2$) irrto i:,ccouil.tr we

Tet t l r .e necessary equal i ' fy .  W

5 .2 l" '1" '-*-ir 'J
'  

i . . ' I .

( i )  , i i ren a o isp la ice i i ien 'b  s t ructure (  in  the senst l  o f  \ '1{ )  is ;

. ro i i i tec i  out  ,  a lo t . r t€r  e l rbec ia l l rg  carr  be ta icen j - r r to  account  (L t . ] ' ) .  i 'e ' [

s  rest r ic - i  to  ,c)  s i i , i i r le  cLSe ( i lna i izeu i l i  oe i ,L l i ls  t r i  fa l fJ  )  ,  
" i , lQl l  

r ; /e

r rave a pgsi t ivc  c le f  i i i i te  i , t . , t l : ix  o f  t i ie  for i , t

, , r ,^=1. . , - ; - .5{



- l /1.-

y, i i lere tn is foepl i tz ar i ld"  i jn is str ict ly lo lver t r iergular Toepl i ta 
f  

]

( i .e"  i t  is  uero oir  r r r r r l  rLbove'Lire i , r i i in d" i t r6oner l )  &rtd- n is tue or i .er  l
I

of' tr ie urirtr lces. r\s i ,rr. ,  €Lppeiirs i j f l  a ; johur oor,rpiei. ietLtr we can 'bake 
r

,, | -ll 
';;\ 

I
*1r.* ' rr \  ox ,  \" .  i

L D n  r J  
I
I

vrnere P* i ,S an appro,oriate rolt j-n. 'berl-eeivin6 r ' i&t}.. iX, ln ord'er to i}ave i
t

t i ie (Cnolesl ly)  f 'e;c" i ;or iza"bLott  i
t ,r* ol [' -:r- r];l 

iI *n ol [" .i'r, "];l I
,  -  ' t i  I  

--  
I  \  "  "- l  

t . .  i* n = r r r i . , ) <  r l l n  l l ' i r  iL t n  r - \  L v  
I

.  *  - '  i  -  r : . ,  - -  , , 1  - . ^ ' 1  , . , . ,  1 . . .  * r ,  n { . z r r . i  , z r : '  ' l ' - i  n ' n  n { : '  i . ,  -  T i r  { , ; - i  , c l  g ' 1 ; : 1  ' , 7  
t

wriere l;r lf=jra , 'o is trle 0rtoleaky fl,ctclri i"r 'rt ion of .1' '-. I11 t ': ' is we}'r j

-b.rre c.oj-rporreiits ( but ziot tt ie eiet;:ent$ rir i j) of' ir in were elrrbed.cled. in' a iI
l a rger  b lock , ioep l i t z  r , ia r t r i x  such-bnat  t r re  C i io tes l ry  fac to r  ( ,1 .e .  i ; . , . te  

i
I

r, iaxii;taL outer fr:ctor) of ;,,r, ! ' /as er;ibed-cec1 into i ire O-noles"ll;r factor 
i;

of *r, , .  I ,or tne et i ibe, ioln,- (5.1; ,  lve nave that ei lsO i"r ,  is COnta, ined. 
i

i* ; ;  ,  but t i re price t l ie 6rorr inS of the size of ?ir ;  for J*r,  i ts 
i

s ize is 2:. i :<2i i  eint i  ior?; i -b 1s ,r2,t ,2. I

. i
i i c tua i lyo tn is  carr  be v ie izec i  evei i  ' f t ' r le i l  (5 . t )  is  appl i -ec i  to  e l  

i

Toep l i t z  .  
; e r4eJ :  i  l  i r r u  p "s " i ng  f ' r o l i  se r i € ro i  i " o i l r i o ;o rov  Geco l , ; ; r os i t i o i '  i

to  i , i : i l , iar ic  d i ia t ion,  i t  is  a lso involvec l  a  t tce incel ia t lo i ' t t r  proces;s .  
i l

(2) , l l le  er i ibec ic l ing oo 'barned i r :  f4J too fur t i - rer  used j -n  orcre: r  to  
i

const luct  & cer ta. j -n  oblect  (as or t i ro15orrs l l  po iy i io i , i ia ls)  in  tne i

noi. is-ba.rr, io1a,ry cuse by si l ' t in3 i t  I ' ror; i  t ire cc.i ' l te sponcLins ( i lncl l i i lol;n)

one  i i r  i r r e  s ta t i o ; r i ; z ' y  cc , so .  ' , , u I ,  i l i  v i e t l  o i ' t i l e  p rccc ie t r l ,  r u . . t t i r k ,  i ' L

is  c ies i rab le t i :e , t  sucn k i ; :c i  o-d obj  ec ' l ,e  be cL i re c  L ly  o D' r ;a j ' I reO.

I . ' t - l  r r  - ! ^ r ,
(3)  fn  phJ are a iso i " rvest ioatee so i . re  j - i ldef i ; r i te  r i ro ; . rent

r, i i ; t ; ice s, bu-b by i : i , i :osi i i ;  & cerLaii i  sf,; j l r t t ture. i ie tr+alted- sir" l i- iar

q" ieSt iOnS ,  bUt t  t , , l i  t r toUt  i , , .pc;s j - t r . ,  i r ie  s i - r iLr ' tUrC ,  in  fSJ .  Tr ie
n

i 'or,, ' . t t . l is:t i .  usi i ig 'b. ie pui ' . t* i lel,er Y t ' , iot ' l is ' ; , 'e11 arl -b,; iO r, iatt ' ix c[ ise, bu-i;

i t l  t r re  operaLor ier l  (  i ronstat ion i t ry  )  cr ise 2 so i . i€  
.c i , re  

is  i lecess; : :y  i i t

co i t l rect iu l i  rv i tn  t i ie  up1: l rca. ru iJ- i ty  o f  t i ' r 'oposj . ' { . ; ion f . f lSJ.  i ior iever ,

in ine r,ratr ix cr,-se t ire cousieeri: t ioris inciucie si" i , ; i l . i - : i l  i ' I t i tr ' icest

l ' ^  r ' t  . *
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15.  D.  iJ .  Lo\ / r^et ts lager ,  un J 'a lc 'bo; ' in , ,  i . ; iu ' t  r i : t  v i i -Luei ,  l lunc 'b io t rs ,  e i r i r . r .  o i '

r . , ," I t i r . .  7dz 45u-4r+(1yb3) .

f  , -  -  . . - . {  J -  ^ - l - J  L -  I - L . :  - -  ,  . c r i  r  llb . r . r . .  r . r€ ' / - : , f l ,  r ' ionsta i ; i i - r r ter : :y  la t ' i ice- f l l - ier  noc iet i i ig ,  Sta in l 'ord.
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4

orLa l ' y  i l r oce ; ,ges l  J " ' 1 ' oc . i n t . ' Jo i ; i ' . ^ cous l , , i pe :c i r  i r l . r . c [  S i ; r ru i  ] r roce -

t r  ls i i r ; ,  i  L lant i r ,  . r i ,  lyo i  .

l iJ .  J .  Sc, iu- r lUbut^  I 'o  ue, , .zre j - t ien,  r ie  i re  i i r r iern d.as - l inr re i ts i i rc ises
I

oesorre l i - ik t  sJ- r ic} ,  J . i ie i r . ie  ^ i t , je l ; / . , , , i t t i ] .  l -v+8 t ' i22-L45(1yf  8)  .

l a  f  Q r r r ' i r r  
' T '  " r l ' . , i  -

. L - , t . r - . D u u r u r  r .  V i j , J u v e s c U . r . , i ' u c i o f  i z i " t i o t :  t ; r S o r c r - i S  u . i i c t  p ; ' ' c l i C t l O : . f  
' b r t e o r ) , - ,

l ] .ev. . i iou i , : .^ . .a i r i . i iuree et  I , i - ip l .  ,C{ :  : } -A93-1t12)  ( f r76)  .

2U .  :> .3z . - r : i . i " 6 f1  C- i , ' o i a ; ; r . t r a r : , r r : t i i c  a i : a rys i s  o1 'ope rL ;uo rs  on  i i i l be r t

spLrcel ruortt i- . lol1eind-. i i . , idic|e;; i ial i  . i r i t . ,d.61-:. i ,rstcr*eir l-3uc1a1res f rI97A "

2L.  D.  ! i i , ro t i t r r , - ' fcc i ic t io t l  t i I€or i r  i : t r ( i  c i ro ice seur i - ler rces: r rn a l -ce.  r r t  ' ie

/ approeich, i i l  r 'Crvti l lceS ir i  irrvarf iari t  oui: lpt ices anci O'birer '  l :uSiL ,- t ,S
:

r f  ope ra io rb r reo ry ,  L , l  se r i es ,  vo l .  LT  r j . g i j 6 .o f  o p e r e t o r b r l e o r y , 0 t  s e r i c s ,  v o l .  L T  , 7 . 9 u 6 .

.  23"  . , .  r , iener ,  r  . , , ,OB&Id-r  ? i ie  predic 'b ion t r reor) . -  o f  : , iu-Lt ivar la . te

s t o c . : . r a s ' b i c  i i r ' o c e s s e s ; r i r r I  ; i c t r i  . i ; r & ' b i r . 9 E : i 1 i - i 5 0 ( } g t 7 )  r g 9 z r J 3 - I 3 9 (

I  ( t e 5 o ) .

:  24 .  t l r . l ' a i l i - r t r i r J .Po ra t ,  J tu . t c - sp r i cc . ;e r l eLa l to r r ;  f o r  o r t r l o . , onc , l  po l y -

noruiuls, j-rt  rt 'cuic'Liori tr i€ory i ;nd tta- ' i ,roi: ic e;i : ; i ly, is, ; ,rort, i .-

no i i anc l ,  l r b  j .


