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PREDICTION OF NOWSTATICONARY DISCRETE PROCESSLES
. T, Constantinesecu

© TR TV INT T O T
I IHTRODUCTION

The present paper is motivated in part by. gsowe guestions in
Elkl, Roughly speaking, the problem of explicit structure of .the

Y v b )

Koluogorov decomposition of a positive definite kernel on the.set

=4

of dintecers ig teken into ‘sccount. Sucik & descriptienm was fbuL]A%d

(S

¢

intthe paper &Gj on tne basis of the so-called Schur analysis of
toe slven kernel. The sterting point of this fofmuligm ig a
clugsical paper of I.ocpur §;g3 and then, it was developped in many
ways in DuOClm of w«G.Krein ( for ilnstanuce, de [1]) , 1ln tne
contractive intesrtwining diletions tneory(&}& ana obuer-p@pe:a
quoted tuaere) v, 10 @ yefe direct connection with AOdut&Bluﬁu”'
.DTQGGbSQS in gFﬂ ,QQ},KQI, end so on.

Tne content of tne paper is the following. In Section 2
briefly describe tue Schur analysis and the forwm of the koluogorov

Geconnosition based on it &s presented in @& . kiOTreover, we dlocuss:
1Y 9 :

soue standerd waterial on wWold accouposition. 7% i
in Section 3, we associate with & wositive definite kernel on |

the set of integers,. its maziwsal outer factor as an adaptation %

. A )
3 Thoz e SR L lnatl Sa < P S IR s A L o, e T A B s NEHES :
vie ponstatluiiely case 01 Tie classel cal method ol Lawdecnslager h ul i

fne next section corteins sowme elewents of prediction tieory-

o4

a cow.utation of tine prediction-error operator and gome eleuwents of

filtering nonstationary processes. In the last section we discuss &

general result of ewbedding; a nounstationary process into a stationa-

e =1 ¢ : ]
ry one snd nhere, some connections witu papers as {45,\31 are Luposcle
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Phroughout this paper Z will denote the integers; for two

Hilbert speaces<tand Pt éﬁ(éé,ﬁﬁ’) will denote tuae set

linear bounded OgcruiOTb from ¥ into ' , and most of the notatbion
for Hilbert space operators.will be taken from Llo\ ¢ Thus, dopr. &
contraction T& L (e, fer) (i.e., i< 1), Df—(i L% )‘ and
§5T=ET(§L)_are the defect operator, respectively the defect space
ol T« "Ihe unitery opérator
HD ROV x ——> RON,
: DT*
JEm)s %
L
U

is the eleumentary rotation of T. iie will consider OﬁL(Iﬂt ) as
being the zero ( identity ) ooer@Tor on ‘the corresponding Dpuce and

for a closed subspace ek of iﬁ
projection of J& onto &

A. Positive-delinite Kernels on Z

will denote tue ortnogonal

of the

. Vie are- concermed here with the followin: objects for a faumily

; % :
of iiilbert spuces 1ﬁzvgw‘ﬂ. ¢ buere ds piven an.&gplication
Y1l g ds 7

GJ ’

Z.tx!"? SUuen tJ'Lu QJ(J_,J

ljé i( J 3 ;‘fﬁ{l) and the operators
J
s W)z-“ K »@ 3‘?.. —"—_-b '1:\ gﬁ\ Tr
ool sl S o
K=i k=1
M. .=(T e E
508, <*mn>1&1aﬂaé j
for i,Jj€ 2, i% j arc positive. We will suppose, without loss

senerality , taat Tiizl for.each ic 2.
The objective of the Schur analysis is to
CBJ by mesng of.a femily of contractions i

mmreu =0 sPoriie Biand ol 1l 88 4% Ju G :%ﬂ'

Actually, we have an explicit oorrc~~ouaelce£(63)s

m

ekte
i g i ey

fop i 7, end Tor. b 060 % 143, _ , ;

~g
G om
(2l
of
vtion of
j b
AlsJ“]
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o s e lUL+l,J JC

‘k ...um$ G S

QG.D"{
by e

1%L,3 G

woere Rij’ Uij and Cig are ziven as follows: for a fixed i€ 4,

family {p i defines a row contraction

ik21 4
E’\\._L; @ 6‘((\3 6 soaic. g\' i
= Brdwle o dsd gk
Ra=l8. . . Dak G s )
: : e i+2°?
ak d,d+l 51,1+1 i,1+
-y . - g 3 . ) P a
and- when Jds Rl ks the wrastriction of B to @& &%~1 .

ig L

Loty ] d=L4.d

{

(2.3}

the

By duality are also defined the coluum contractions . and C,..

Finally, the unitery operators Uij’ ]

lized rotations, are given by

e oy
flor 1(‘LLLm~ior J):L, *

Ui" CB R R —n Gﬁé%

J beodl =z, Je=d s Pik
Us J"J (ul 1+1)J3k9i,i+2)"‘Jj(uij)(bl+l,j%)L55G¥ )
iJ

winere tlie subscript J at J(Gi’i+K)--ea 18 tuat tue eleuentary
rotation of G was extended wita : vuthJ on corresponding

1,14k
Spaces. . '

B. Wold decowpositions

Consider a family of liilbert spaces %fé;%:, 7
sl ng '1 l

Ne zV{~w) , Hezuiwl , N4u and a fanily of isometries

Wit
v.edi(8. *,7§m). For N<n<li+l we define tihe spaces
1 n+l n

and we discern two cases:

~-for M€ Z, we also define 2L oy and for N<n€ui,
] % L‘L+l \l+l
e ;0 L L1 : ;0 i
e ; & v °c 0o @ V : !
Lwd ® .‘,_\“)1 ‘1 a+k-1 Motk
A L
leading to the following “trenslation model": ! :: define the

unitary operators

&

dd

sometimes called genera-

(2l

(2.8

{
{
i




v Lo

- 4L~
: . aan
dprfj%r1 }g? Eﬁﬁlr
(2.9)
/ i ¥ =€ ecog
QP (C Vi n+i’°"’\n'f'fmem+l) (Fn’en+1’ ’Cm+l)
and it follows immediately that (@MVq:B (§ nel @ waere
\ If-n i1y Tl it :
Ly e N PRS- _‘"_ :’ ’
M, nd "@Oi n+k+1 k@o L n+k
K= = ( [,3 : lO )

b+,n<en+l""’em+l>:(o’en+1’?"3eM+1)

~when li= =2 , we wet for every nyil and p> O that

; 2. S i
‘%11 PO \[ 00' \/'_}_ l). l \i fl .lf{ Q \[ o “Vl}i-P ‘l” 11“‘p|l (lze.x.l)
and it is unecessary to taxe into account the re ual spaces
e
= 1 iV -9~ ’_)'_‘ =
J\url p:___o fll. o /1'l+p Q-U-"i”t)'f'l (C. _Lﬁ)

‘such tihat

<5 A RS ' BaE

rml n n+k-1"" n+k n
and wita respect to tuese decompositions,

e () s
V}I'Jxl ) V&l ' (2.14)

winere Véa): @i&,l‘“““* gin are unitary operators and Vil) nave
& L

ntranslation models" ag (2.10).

C.. Boelwosorow decombusition,

The noluogorov decouwposition produces an operatorial model. for
a proces. associated with a given covarilance sernel ( see for
instance ﬁkﬂ). gnen tane kernel is defined on Z (l.e. an object CBJ
as S (2.0 0] jodtmerTenily \% ssegciabed o it bpales2) and (2.3)5
can be used for an explioit description of tne lLoluwogzorov decoumposi-
o : :

tdon of .({Q&). Phis construction zoes tarough tihie following

steps: for a contraction of tue type of Ri P - B
T:(ml DT*ITZ".G )
. il
wita Tl g contrachtion in 51(§Q1,;%‘) and Tt contpactiong in
Zﬁ(jﬂv ) , we give an adequate identification of the defect
.lx"‘l " R,

spuces of T. Definefor k3% 1 the operutors 1 :

PIEs B

AT P R




: f ¥ =
3 meom my ; H m
.iJ{I‘ ’".Ll_l.z ¢ 9 @ "‘.L:LJJ\TF%. ® ole\ il{

1 s e

Tpo1'k (2:15)

and
g}

=oJ (1T)
J 5

J (2.16)
e “' I3 1 o SM - .; T I,Er\ :) L |
: D iy kiﬂguKLJlkuﬂ
<D : 4 E
where = @ fe g end s-lin weens the strong operatorial liuit.,
) % ! .

Joae =) s
L=

Now, tne operator
SR e OB ()

4 (T) Dy=Dg (1)

is & unitary one. Jurtuer on, we defiue tae operator
r ! ,') (}'/.)
H (e a—=%3C
(5 5 : 2 R
? 1 o (Z..LO)

Hop(T)=(s=1iu QH%...Qéf,..DT%)g

§ 5 L
e i k

and tue opercior
AR e

O (T)DyF=ilg () - £2i29)

is also a uniiary one., The next step is to consider

(1) 18y () @ I—e P (1) |
T 2 ~ gotel (2420
K O ol

=
) L/

H(E)= y i
O vl ) S (1) O

|-

and to ftake into consigeration t.is operator for tue row contraciions

Ri Siven by d2.4)




-

Cous equpntly, Ne define. the spaces

R.= =8 Dy (R) @ R ;  ®D (&) (2.24)
J==e0 ]

and the unitery operators

.o | —— Y

‘&Ji Py :L{L, l";”’_ih \Jp\ 5 (
with respect cbvious decoumpositions of the spaces. dinally . the
kolinogorov deconposition of QT/ is given by {Y(Qr)=NY:%;Vﬁz%_ﬂe 7

) i 5 b ;

PV(n): é@ ol B

.‘ i)i: ,)}T & D ’ <
¥ Wohe ee < Il
=12 2 ”IV/J‘11 5

V)= (J?k‘3 )

Wl o .W oA B30

@il g I

in the sensethat Ti v(l)*V(J) for i,je 4, and K \\/ V(”)J? 0
J ned,
luoreover, the last winimality condition yields a natural

n=0 (2.23)

O

widel ty,

R - L o AT
ll.l -] fJ Ja—‘glx«—l‘)«&.&h.}‘t Oblu]’u 4‘-L<J'j _L

-

cIn this section we describe the maxiual outer factor of a

positive definite XernGICEJ on 4 in terms of the associated paraie-

ter ‘?r . The method follows the classicsl ides of Lawaensleger

i
§
|

of using the wold decouwpositions. General results in stutionary cuse

4]

were obtained along this line in tldl for tue pounded case and in)

for the generel case ( of a se¢ “*ufectr 1l measure on tae 1mit cirele):

actuelly, & sitrong comnectien tuocre exists belween these two
cases. Thus, Tor & sucn a seulspectrul weasure, i.e. a positive
1ine&f application on tne set C(P®) of continuous functions on the
unit circle T with values in L(42) ( we can suppose #(1l)=I) , we

dellne in & standera menuner tue analytic function y(z)=

=E((elt+z)/(eit_2)> wiilch has also the property tact Reg% ¢ on tue

unit dige O, Then , we define nh(z)=(glz)=L)(z(z)+I) ~, tuis funecbioi

being analytic aunu contrective in U and for zeD,



e
B((1-122) /et 21 2)=(T-0(2)) "L (T-h(BH(E)) (2-n(2)) 7

Thies relation gives us afl ides on tane nature of tue maxiumal

-puter fadtor of R Ae\}ﬂ\ ‘or details). Now we pass oun to the

nonstationary case.. lWie fix 5 and ite %ﬁ and introduce & new
Oudoct for a famlly of niibeft spaces la&pkrc s take dlnto
- &

that @”J.(i,j)uﬁ‘ Qeﬂ(ﬁ aj%

, P..=0 for jri and col.F are contractions for every i in ZJ( by
ij i -

account application :; on A »iosuci

o

N : : : ey s G i o :
cuiikﬁ' we denote the i-th colwsn 01 Qﬁ Yoo el e called

outer if S/ (colcg )5& =@ 5&, for k€& %. Starting with such en
izk ivk

“mpplicc ba.on QDC’ we Cefine tae POul tive dgefinite kerne kﬂgg on X A&

("Tg; (i,j)=(c§>ljg )*coli(?ﬁ%‘« ;%(bfﬂj,éfﬁi). (3.1}

We also need the standard order ror positive definite keruels,

wiil e mesns tunat fox ngl and QTz we neve C3’1‘~QT2 et QT'Q- QE)l is

N

" & positive definlte kernel. after tiese preli.inaries we can state

tae lisin result of tae gection.

3,1 TPuB0RB.  For .every positive der.nite kevnel I’ guere exist a

TR 3 ot (P Ol . ) e
fanily of Hilvert spaces >Eﬁm S and C? outer such thats
v g ¥ L g 8 € z[-: .

(2) /for sny other femily of rpilbert spaces %ﬁ’ E iy oI

noh &
s e
Qr such tuat gﬁ} é<ﬂ , We nave 44_5§T By

ERCOR ve will follow tae metnod of Lawdenslager X}S& and -toe proof

will appear as an adeptation of the one of Fropogition 4.2 V\é@} O
P i ;
Theoreil 4\!@&0
Tor tihe unitery operators g& kv . .given by (2.24), we define
= nr e 2
=%, ® VR &
and

TR e Y sk
S

- F +
i s, W =W > k
' _ o ‘1/ 3L3-
are 1 sometries for i€ 2. we now use bae wold decomposition for tuls

1u”¢l of isometries; deiine
7




and

i, ' 'j/ .
pE . kg ol 143
njmlauowlc’ivi
!
B e ‘ s 5l
y a4 :

A% h,_-&aawim

'y 5 O z 38 O
la:i/JaJ_ L

C};O

“We proceed with tne properties of o Pivslt of all, beving In

mind' the structure of the spaces jci’ the actlon of Qi and the

. - ) 2 | y 0] & i i
second eguality in (3.4), we iumiediately set tnat Eijso for J »is

The contraectivity of col Qf is also obvious and let us prove

) »-«O ) o~ . . nisy - 3 3 ‘L
bhat-GE2 die outer. as ﬁiJ:U for j>i, we nave ounly to show taat
e - £ ;Q'
S . 5 wdi © ‘ . )
E,JO/iﬁ.:§2 ang take B.a & -suca. Shatb (e.,.kif)x) =0 for h; e 3
S i ' i 1N
l 9
Using wgein the second eguality in (3.4), we obtain tnat ei=o
o) i
3 O L3 e = 3 ) ry
Feaglol vc%' T8 soben. Poety To% n §€ g LT Oy n e niy Wiy RS A
19} n % '
e "(‘1 O - O y= 3
0 ((J(\.o (‘-{lx,cjhx)il P i ((col C" Veend. - SE” M b Bl
= : J Lk HEgma
i eg=0 120
n -~ n 2 1
e == O 2 ~ A . ; e <! e :
\\ 2__.! COl L’_c;;‘- Ill\\ é— \\ ').’_“p “1{ o 60 E i &*:L ..L‘“‘J. \\ = 2—-’ (L & oae 5 i“l’ull-i. 9 Ll )
T..a. . 47T s . N 8 ey (290 2 .
i=p i=0 | R ATER. J
and this proves (1).
; : e e e : : ’
Congider S8 gucn tnat S5 €Y and the application
n
= {\J € pt
.A. ( \]K l'}'u)lx _>: ,___.,;k/U]_ N ;‘3" L. 3 i ZZ!.
s 3 l'{‘l‘. A\
l) K=0
lience
u ol v 2 1, .
2 v G 2 Mty RS T ; /
al - 3 i — L v W G O N S b ra
“ 1(f' V(i+k)n, “ ~h2;Jcoli+K:ruK“ S JQG\l(a,Lnd)ui,uj)ﬁ
k=0 k=0 Ky J=0
D ' n 2
< :\,_,‘ (Mi%_;;g oo 'hi 9 h.: ): \\ (-L‘* JX)-U “
k,j=0 - S )
Xi extends to a contraction between jlz and J‘i[, .

loreover, :
:’ /‘g\ _- e 0o o k/ o ‘1‘.4 '— .{/’\\\ C’Ol..; ‘q K (Q': i’ -3 ,):O
L.L) O el ] ; K%

conseguently,



sy . 5 e = é
Zid'(cmg»(i¢K,i+j)ni,hJ) “K;Jool %Eiuh\ =
K, j=0 ‘ K=0

':“X Zf;V(i+£)nK\2:“K,ﬂficblk._Qfoﬂk“2 Z

lK:O l! =0 5
i . gL BTy !
<\ Zoeot ;FOmNZ T (Folink, 143)ng,h,)
£=0 Kﬂ u=0 <

L A - vy "
for h, @ . and tais means In&bci#éQ§rp.
é 3

o o 5 i
@ 2 ; '\. J‘..J.;l;.l\:J
2

(1)’ Prow the proof we also have the condition for equality in (1))

ey R - T A
tast is ﬁwi:o Lor every 1& By
(1i) 48 inotane stati BTy cace We heve an obviews “unicity™ of

2 i ot 3 B e . 5 ; ; ;
FC. Gor this reason we will cell it tae maximal outer factoxr OICFJ,

ot

(iii) e nave explaned at tue level of the parameter “% tie
interplav given by the Wold decomposition vetween tihe so-called
Cnolesky factorization and the trianzular st tructure of the

loluogorov aecomposition., &

I\f Lo \ _3»)...1..1__1. ;.‘..LL fig ol ..JN[:C(_.?_LO |

It is well known in tine stationary cuse that the maximsl outer

S —

= ) L i) ey - . AN "1 - ¥ 3 “"{' aipes ;
ractor plays & LUAQu;GML&L Tole du predietion m“ﬁﬂﬁaﬂy&A}ﬂAﬁﬂ g1rd leod

ol . 1% 18 expeé cteu tuub rdmiler results anold for noastatiousxry
processzes. actually, we already useu tue corre;poudenoe o el
in some &aspects of nonataﬁionury predictiva in.KSK end & uonstatio-
nary Levinson a.goritiim is siven in§§ﬂ~w a scalar version cppeared

[l%}. Conseguenily, we are concerned here with & Tew facts
suzsested by sowe questions iﬁ&ﬁ&].

A. Prediction—eirror onerators

Pie prodiction-error operators are

v )5
Ai(w'}z i~ ;-ii“ I Rt it Ldel

Ry Ry

R A et e e .
ang ., 1n the.gtationary case, o clasgical

L--
e
C
>
S
{0
i
n
&
H
(0]
{
}._
¢
9
[
i)
e
-.9

'

Ly, in tidls cage luere is only one such &n




-~10=-

Another formule (known as Verblungky formula) express ﬂs(Q?s
directly in terms of the parameter i ae \@) for tne scular
case and &ﬁ] for the operctorial variant. Similar results hold in
nonstationary case,

~S ‘%‘(
Dy Ty ’G Yoo ‘,;2 ol o ,.‘\O "QO =
4‘1 .EMLLU.L (hodiiuly A lk j )wh'eg-“i,)-—(-hii) ‘—li

PRCOZ wotice tunat
L ({;3/): L o= P 5 ooP L 'lfx!"i_tli u‘ S
i i . g%zl i l.L.S{? "l ij
sineel ‘
. Wil g
kkl R"

=Pie(_"‘wi(1 - ﬁ:k-r YW

ot
and the first equality follows iumediately from (3.2) and (2.22).
The second one follows frowm (3.5). &

B, Orthovonsl - polynonials

e - briefly jres~nt sowe elements of orthogéﬂal polynowizals (
whicn represent in fact prediction filtersvfor tue underlying
process) especially for pointing out tnat in the comtext of the
) PR

enulysis vased on tine correspondence s Gduiension

: : . el TN =
ecsumptions (i.e. 4L ulmcéi are finite or not ) czi -be avoided-

see 9 1d in.\;uﬂ.

For other developuments on orthogonal polynomials in tne scalar

{
&)
@
@
iy
C
},)l

end matricial case- as a conseguence of wany applicavions
. i . r, ‘-s i
instence \_&:\ }%Ql ,\l“

Pix i€ Z and define tne left orthogoneal polynouials

(z)=

VAN S 1z +..e+t‘~n

b 3
Pi n “nia 11, Y1 0

and the right orthogonal polynoulals

o (BB zn—l+..,+b§0 : (sl
. &

Tneir coefficients appear as coluwins and rows ia tne inverses

of “the Cholesky fucterization (i.e. the maxiuegl outer fector) of

@ (V U“*‘) ) ard. ( we suppose tne deiects
T il wERIN L . g S SLLL REvaR = We: s A P 2
M1, i4n g€ mn’ig w,ne J i,i+n TR e B

o
P dpvertible; %uls yealding tae:invertibility of | ond

&, o R
lJ._ = 9

o b =1 i, (4 2)'



Define also tue polyncumials Py ard R, "oy Rdaviding!

Pl Aol pi,rx
and r, . by their highest coefTficients, &0 that,
e :

T oL s i = e
,P.-. o= ,U(J 3 . ecag)u eoeJJG' ) i 3 )dpj i (4".*»9 4)
i+f~L,d+0 1540 i+n~1l,i+n ;

=1 -2 o = b
e _‘...l) R .-..uG!v' TR . (4-5)
igdi+d Lyl i,i+1

e : } ‘ 2 PRy < L~
One more notation is also necessary; taus, Py (2)=27P, T
' Wi o I
where tae coefficients of Pl L, o ere obtained as the adjoints. of tihe

coefficients of Pi o woere gacn ij ig replaced with the adjoint of
5 9 &

LIAL

25

its evumetric about tihe second dizzonal ( in the triangular maetrix
v £ e &

formed by tue oufauete‘” %‘u L/lé‘ué i4n-1,1i+ fézbulk ¥ gnd in &
§E5E

AT RtES Syt i . r’i‘ e . . R R S B 2o ey A o

S.Ll;kllc«‘. Wa = We {-)e-t ° .L)J CAne el Col.l_',)hbuu.l.o.’l USLils o 1nsctance

S
T2 n \ G o (2L, (217 ) in Q(& we verify the reccurence
G § o

fTormulas:

D R e VB :
ek P : (4.6)
e S =1 o~ ok -

i 5 | lLi ___1(11)

and

Ri,a+l<z)zzai,n(z)"
i &é‘)i—) OOG-L)r u‘_: J,“vl? ﬂooij')Q'

- : — j
d+l,n & ; il L L o e e
e Fitn,i+nel fa ddmed  TATT TR i,1i+1

; . 21 R -

which represent operatorisl varisats for res yults in {f?j « We end

with a remcrk about Curistolfel-Larboux for.iles. Tous , by direct
coriputation bused on (4.6) and (4.7) we check tiuet

i el Lk \ 5N
(ri,v+1(“>> ! W+1<“)_pi,n+l(Z)pi,m+l<h)”

e (4.5)

AR = e i e
=(ry (7)) C (W)“ Wpi+l,n(b)pi+l,nk“>

snd- it ds- clear tuaow-dedining

b
¥
i
£
i
i
¥
1
§
1




s

= T 3
H(Zaw)u(lv ,,(Z))TT (%”%wﬂﬂx

Ak S & +1 n<z’w):

. : (43
A T I . '-n:r R :k 7 ) o \‘ ‘ i Y o A il 1y A
“<ri,n+l<“))*i n*l(“) pi,n+l(4)91,n+l(”)Féw“i+lym+l(&’w)’

§ 447V

p

Of course, when the stationarity is assumed, K =X, 4 Br

e dalnsd

i ) 2 \,i i lhs (RIS .VI:,, i W s | TR e v o romy o g  epinae e T o e RS e e T i e Al o
(4.9) is the Christoffel-Darboux Tormuls, In the general case, the

relation cen be iterated in order to obtain an expression of Ky

7

ingermesof ri . 4 this being snother form of the duvelity between ti

ettt

)

d

left end the right orthogonal polynomiuls. K. . lost its meanine as
iy < e T Yoo S

s 1

& reproaucing kernel for a certain Hilbert space of functions, but

instead some triangular objects are iuV‘beo These yuegtions

cgeserve further investigation, but as the way is rather transparent

s we ‘stop now here,
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C. State~sgspace senerators o

In [lﬁx it is proposed an approacin to the moment problen by
using state-space generators.That is, for a pogitive matrix h,jz
(Tmn)iiiuﬂlé;j tonere are determined watrices A and B such that

* %un.n.
T "J) £3. ILA JLj e

Wl
In the paper‘}ll treating the stationary case, it wasg reuarke
tie connection between. foruulsation and dilation theory. But , tae

connection goes iurtner, suca that in tae nonstationary case, the

construction inTIC. zives an expliéite deccription of the state-

space generator, extendingthe results for the stationary gase.din

[ 247 ai;d_\;\ll\ , and thus answering in a certain sense the question
B iniﬁﬁj

1

AT QM AT AN T T T
V STATTIOHARY bR UDOLNG

In this scction we gsaow that & nonstationary process can be

d

always eiwbedded into a stationary process. U¢ courece, such a result

can be derived frowm general dilati.n tuoeory, but we will point out

b N Rt : o L,
1ts meaning at tie level of tune parameter ~J .

i
{
{
1



o

R

ilore precisely, let be given & pogitive definite kernel - and |

. 2 i i ; : .
its paraseter <2 . First of all, remark that such a kermel is

Toeplitz (i.e. the corresponding process igs stationsry) if and only
1if the perameters G.. satisfy G, =G for k1. Purther on
i ¢ pare .n 3 (Tl;} ablely 13 .L'rx,t}‘lu\. r kaz rir By

m
%5
i

§
&
Lo

is agein arbitrary and we defin :O@rand for

*r\(;'zlf g~

v c@a

&'\' = uiﬁ )%%“"“ @%w )
bp-1 wex Vi, k+n+l ‘ *1—- m—a Yk, k+n-1

P L dedan, BE 7

ij e
(8045 i (5:1)
O in rest .
el (u/&o . & . ; ,
The seguence G generates by (2.2) end (2.3) the
e g r~
et e K g R .. . .
coefficients of a Toeplitz kernel Y and let ﬁeaj:(jé) be the
P

Keimerk dilation of Q¥ , i.e. the unitary operator obtained in.
(2;2&;)0 :
5.1 MBURHw A nonstationary process V tfé?J) cen be embedde

into tue stationary process generated by J R o -
. et

Al pn
e gtk 1
V(LL)“P:),{.Q W /(fe_n
PV
) o ) o ) o = P E ..p . :
(we do not write the natural ewmoveduligs Ol ign and $io 1nto'jl )

PROCE The tueorew can be easily read out on the associated

d

tronsuission-line models in the wanner of ﬂ\i} . A forwal proof can

s e AR - o ) - ,\‘ . ¢ - - - « rJ
be given as follows: & shert 100K at the élémerdts involved in W

suows that all of them "split correspondingly" with regard to the

NE
elements of tue Tauily iﬁﬁ%pe g, ¢ S0 tuet, citer reordering, W is
I

appropriate direct sum of Jq and now taking (2.28) into account, we
-

cet the necessary equelity. @&

3 o

b B .} AT T.
De 2 hEuARRKD

o

(i) vhen & displacement structure ( in the =ense of&ﬁ%) ig

pointed out , enotuer embeddlng can be taken into account ({ﬁj),-L

us restrict to & siumple case (anulized in detaills iﬂ,tzkj) p WG

neve a positive definité matrix of the foria

= (e
= B

el

We




where T is Toeplitz and B ig strictly lower triaguler Toeplitz

(i.e. it is zero on and above the wain diagonel) and n is. the order

of the matrices. AS mn apne rs as a Schur couplement, we can tale
rn [ peY
i o]
il my{\Lﬂ )
oo T B i
e

where Py is an appropriate row inter Le@iln, natrix, diu-crder to. have
47 5

&

the (Cnolesky) factorizeation

i I y o
w Y B <
q.= P i
=5 ol B - I
i Iitp10 I
AN Rl =y ‘3( & » i N 7t e | i G s - k1 T Ja ,-' sy
where li=r, ¥, 18 the Cnolesgky factorization of L . ln tals way,

the cowponents ( but not the elements mi-) ox mn were embedded in a

. 5 - . 4 Il
larzer block Toeplitz matrix such that the Cholesky factor (i.e. 7Tue
maximal outer factor) of b, WES embedded into the Cholesky factor

Of,wn~ For the embedding (5.1) , we have that also i, 1is contained

Bl _ ‘
in o but the price is the growing of the size of mp; for. il dbs
& F B
| L e R S N

gime ig Z2nxluw-and fer L. it is n xXu-,
il

Actually, tnis can be viewed even wien (5.1) is applied to a

©

Noeplitz kernel: in tihe passing frow general holuogorov deconipositiorn:

s

to haimark dilation, it is also involved a "cancellation® procegs;
(2) The embedding obtained in &}; was furtner used in order fto
construct a certain object (as ortaogonal polynowiels) in the
nonstationary case by sifting it from the corresponding ( and known)
one in the stationary case., But, in view of the precedent renark, it
is desireble thet such kind of objects be airecfly obltained.
(3) In (24| are also investigated Soume indefinite mouent

patrices, but by imposiung & certaln signature. Ve treated giailar

yuestions , but without imposging tne signature , im.%gﬂ. The

foruelisu using tihe pureaneter I works well in the matrix cuse, but
in toe operatorial (nonstationary) case, sowe care-is necessory ol s}
connection witn the applicability of Proposition l.l&ﬁ} . lowever,

in the mebtrix.case tue considerations include siungular matrices,

Iy e AT
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