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The equations of the abelian surfaces embedded in P (C)

by Nicolae FManolache at Bucharest

The aim of this note is to present the equations of the

Horracks»ﬂumferd surfaces (HM surfaces,for short),thus being
called the zeréeaets of the sections of the Horrocks~-Mumford
bundle E. In general tﬁey are nonsingular,ﬁence abelian surfaces
tcfQLZ]) and; up to aQtomorphisms'of P4 = P4(C)._a11 abelian
surfaces inApé are obtainable in this way. Some singular HM
surfaces were already mentioned: inf2] , others were found in [4] .
and their complete classification was given in-[l]. We shall put
the equations in such a form as to be able to write explicitely
the Qinary sextic which,by [1], gives the classification.

- We remark among the equations given here the “dcterminanfal“
hypersurfaces given by éhtéT}h@Ejv=€'(0(5)),where s,te T (E).
The general member of this family haé loo nodes as the singular
locus. A remarkable déterminéntal hypersurfaces of this type, with
125 nodes, was thoroughly studied in [7] . ‘

THis note is a natural continuation of L6] , so that we shall

use the notations from there (which are congruent with the nota-

tions from [2]), recalling only those which are strictly necessary.

and using freely some of the others.

I want to express my thanks te C.Borcea and H.Lange who asked .

- whether I can give not only the shape of the minimal resclutions,

as in [63, but actually the eguations.
. The method runs as follows :

1) One makes explicit the minimal resolution of the HM bundle

E—given 4n Iﬁ], namely one writes down the homomorphisms from there

£3

as matrices of polynomials. In particular ore obtains E as the
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cokernel of an explicit homomorphism

Hit 5 O = Ol ——— 4 0®l1s 0(-1) .

r

2) One obtains the equations of the zero set V(s),for any
s¢€V(E), via the composition :

U

W, | 40 @®150(~1) S R T
where u_ is the surjection from 1).
| 3),The equations are arranged'by chosing a convenient basis
in T(E), so that one can write the classifying binary sextic of

li] in terms of the chosen homogeneous coordinates in P(F(E));qPE,”

The minimal N-invariant resolution of E is’ :
ou»wo(-5)—-»,7#\;10(»3)->(L_+\;¢)"\/30(m2)._>TQ€9UVZO(-l)_,;--»E.——m :
wﬁere, as in [2], N is the normalizer of the Heisenberg group H
of level 5 ( in flact Nz'H>Q8L2(K5)'), T,U,V, etc. being certain 
irreducible representations and the signs for tensor products
being omitted. It must be observed that all the homomorphisms are
S | ' : ' .hephese‘m’f‘a*icigi
prificipially known,as they are induced by certain inclusions ot' N .
From the resolution of € one deduces the minimal G-invariant

resolution of the zero set of any section s¢{ (E) , where

G HX Z, <N .
g

a3

o -—7280(-4.0)——»4@0(-8) —> (5V,+2V3)0(=7) —>30(-5)@ 3V, 0(-6)—Iyz o
1f one doesn't take into account the symmetries,one writes the

.minimal resolutions simply:
L(3 ks M—,-_ LL4 = uo
0 —» 20(=5) —> 200( =3 ),—> 350(-2)—> 40® 150(~1) ~E —o0
Uy Ue “1(5)_ , o (s) '

o ~%20(~1Q)—+ZOO(—S)f~>350(*7)ﬁ*?50(~5)69150(~6),~%»IV(S)~% 0.,
where,modulo a shifting in grading,the superior syzygies coincide.
Moreover, ul(s) differs from Uy only in the lines of degree 2, in
the sense that a linear combination of the first 4 lines of Uq

goes to zero when composed with (.../\s)auo .
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In order to write down the rather big polynomial matrices

~which give the-homomorphisms in these resolutions, we make some

notations
' = : - : A mel
Let Y‘i > léxﬁﬁ be the homogeneous coordinates in [P ; for

any'f,mefﬁg consider the 5x5 - matrix °*

/‘\em i (gj,—ff’\] Yl+m)1 -l (Oé ipjsljr )

(159 i+m being sums modulo 5) ; for any k=1,2,3,4 ‘ang any f,me,Zé

consider the 4%5 matrix

By fm = (é;kyj+fyj+m)i.j : (Lsi1g4, ocjg4)

for any f,mcSZS consider the column :
o = N '<<A
Cfm 3 (Yi+f‘i+m)i (R sts e
Recall also the following basis of the space FH(O(S)) of

: = ore RoE L v B
H-dnwvariant (quintics 1Y »(WY. el _Zf(i 2 Z:Y Y1+1Y1+4 5

.‘uh“‘zjr = : e A
Q= 25Yi¥i+2Yi+3 y Zz‘YiYnaa pigt ol By Reag \‘ 1+1 S

Theorem 4. The Horrocks-Mumford vector bundle E admits the
following minimal resolution : :
- w ch e
0 -520(+5)—>260(-3) —>350( = z)-»4oeaLcu 1=

where :

{Byiot Bzl 211)( Bosa) (=Bop)(=Byzg(Bgq =Bp2) (Bypz=Bq4qy)

isbnio) et llni 0 T-lpd (ohgais o 0 .
. Ay o 0 o (-AOQ) L oa g
o o 2 B & '
& o4 ~01 (-61?~A45 ) "AOQE
il : 0 ks
O y ._AOO AOl
0 AZQ ‘A34
Ao v i i
.”Ada : "543 —A10
S bl e o0

0L s 0. lo mhigg )
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Proof. A method to obtain the homomorphisms in the minimal
resolution could be to see prec1 sely the action of N on thp various
representations which appear., This path seems very labOFlOUuo
Instead of that we shall determine firstly the minimal resoclution
for special zero-sets V(s), s€ {(E) . This task is made easier
by the fact that we already know the shape of ‘the minimal reso-
lution and all what we have to do is to produce at every. step tﬁe
required number of ihdépendent vectors of p&lynomials of the
prescribed degrees such that to be in the kernel of the previously,
obtained Qi . To make the beginning we must write uo(s) » namely
3 independent equations of degree 5 in I{v{s)) and 15 of ﬂegree
6,linearly independent modulo the ideal generated by the first
ones,

We shall take as speciél V‘s) the union of 5 quadrics Qi{x)
given by the equations : Yimo g Yi+1Yi+4 -o<Yi:+2Yi+3 woog Lot [21
and Lll ). Then we find the following minimal set of generators
of the ideal V(s) :

L =Y , Mi= R-kQ , N t= Q' =R

P X

i 101102143 1040V 140 504 " XY 142 503)
25 2. ¢
Qg 4= Y1Y1+1Y1+4( J+1Yi+3 * ¥ i aap = ST LAY
R, 1= Y.Y ( Y. - xYZ Ly el
g i¥i+2 543075 500 543 i+3 i+4 is2 i+17)

. where ic¢ ZS . : _ ". ' 7 : . = |

By the method already explained,one proves :




Lemma 1. The union V = V(s) of the quadrics (&) admits
e : 3

the following minimal resolution

0~ 20(~10)—> 200(~8) —>350(~7) ~»30(-5) @150(~6) —> I, —>o

where
Ugbe k= thp M e e b SR )
S 1 (”A21)(“A34 (“A42)(“A13) e e
U:v;“(S)::.
o - Ao Ajz O 0 {Asl (»A24mA31}
R et TR o T
and U, , uy are those from Theorem 1.(Here Blf are. 3x5
% o g} = # 4 \" - - " ~
matrices B il (5;k\j+f\j+m)i,j lg e %, jéuzs ,s%mllur

tQ_BkEmo)

Proof of Theorem 1. All is done if we obtain Ql from ul(g);

One shows that,modulo the 18 lines of ui(s) » there is only one

(up to a scalar factor) line vector v such that vu, = o. This

2

.gives a unique Us LUp to an isomorphism. In fact we chosed as

the first line in uq the first line from ul(s) for of =00 and

as

Theorem 1,

the vectors of polynomials K™ =

€ 4T (o(5)), .0

Lt - fg e ¥ m et pt (Y141Y1+avl+ayi+4 I

O i Moo Sl R Y PRER e
T R P = Yl+1Y§+ZY§+le+4 Eo

0% = ( Y2Y§+1Y§+4) '_‘Rz il Yl+1Y§+ iy = YiY1+2Y§+3Y1+4 )i
e ( uR‘,'Q, 6 - B=0 ), P = Y~Yi+iYi+4 & Yf+1 1427344
Yi+1Yi+3Yi+4 & YiYi+lYi+2Y§+$ 2 iY§+2Yi+3Y§+4 nYi%2Y1+3 %1 ,

the

Lemma 2.

second, the same line in u,(s) for o= o
1

1 Sq s are the sect

B e

of v(si) are respect

82,

then the ideals

i s Wt TR W
P07, RT)

(L

e 57 (0(6)) , as follows

ions of E from
ively given by

P LY (L§)$ .

L U
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Q3 = (YiY2+l 4 Y1Y1+4 L Y1+7Yi+2Yi+3 : Yl 1Y1¢ Yi+4

SR G SR R R
myilxb1{i+o 3 Yi\z+IYi+4 o §+1 i+2 > 2Yi+1Y§Q2Yi+3Yi+4 %

7 Yi+3Yi+4 )

L4 i (~Qé' R, 5¢Y-8, o ), PA Bl Yiyi+1Y§+2 Yi+4 +Yivi+1Yi+éyi+é
*Y:ui e Y?’i-&- e e et Yiz\"i}s\"iw)“i

4 =l Y?Y§+1YL4Z s Y;Yl*%Yi+4 o OYL 1 J+2Yl+5Yi+4 5 Y§+1Y§+3+
o Yi"iil\'im)i 2 Y e i’ danl e X

i Y1Y2+5 - i+1Yi+ S Yi+lxi+ZY§+4 2 Y§+1Y§+3Yi+4 e
'"Yi+2 ?+3Y;+4)i

Proof. One shows that Ki = (Li, Pi, Q?B Ri)v are a basis for
the space of homogeneous homomorphisms K : 40® 150(-1)—0(5) .
such that Kou,l = o0 . But these homomorphisms are those which.
factor.through E—»/\ZEESO(S) and any nonzero map E~%>O§5)
corresponds to exterior multiplication by a section s¢lU(E) . A
oecfion s decomposes in s xZ%xisi in our basis iff > .,L, = o,
where .Li are the compoﬂents of Lo dm vk im L Patn s An
examination of the sign distribution in the 5 degree part L will
convince us that.Ki give +-» generators for IV(S.) and these
generators are those obtained via the Composition

20@150(-1) (30 %4 Syve s bs Lo Asues

Remark, S-5Y io the determinantal hypersurface s,N\ 85 = ©
studied in 7 , swept by the pencil As, tpsg = 0, the generic
member of which is an abelian surface with real multiplication
in Q({E ). They are special Comessatti surfaces et LS] for new
proofs about their existence and their geometry),namely Jacobians
A with Q({g )C;EndQ(A) . The automorphisms of S=5Y = o produce‘
‘6 copies of the line spanned by s,,s; in P LU LE L) For the if-

terpretation of these lines as certain lines on.@. cubiec surface
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in P(T(E)) see [3], there being given the interpretation for

all 27 lines on that cubic surface (which is the unique cubic in

ot 1

P(T7(E)) invariant under the icosshedral group (25

From Lemma 2 one obtains directly :

Theorem 2. If (= {Wi,ab el Sy “A)GKP(T(E)), then the ideal

S———

of V() = V(sq), where 84 m:?dis. , is generated by the components

i
"ot Zi aiKi =:(L@(),P(x)lg(d),ﬂ(x})‘.
Remark. It is clear that we have a linear relation among the
4 elements of degree 5 , namely 2oL () = o , so that only three
of them are essential .

Corollary 4. The schemes V(x),x€W(V(E)) are classified via

the binary sextic G (x) =& V2 Lol Nl Y DT e 0L YT+
i kAL o M e 2 102 i A2 AN

E— ; .
+2Y§)Jin the sense that V(X) is one of the schemes : i

abelian surface
RV
translation scroll

\

tangent scroll (double) quintic scroll 5. gquadrics
S\\\\\‘ﬁ (double) 5 glanes'
.acccrding to the following multiplicities of the zeroes af LA
(1,1,1,1,1,1) ’
(2,1?&,1.1)

(3900 (2,2,2) (aas )

v
R SRR

Proof. In[i] it is shown that the classification of V(s),

s¢ U(E) can be done as follows : if L is the line Yoz'Y1+Y4
NoaYaso00 , then ‘E\&? O&ﬁG)GBOuﬁwl) and T{E) is ddentified as ap
LZ%> - module with the space of binary sextics generated by

24 P ey ARRRON. o s s
o ats \1(Y1+ZY2)., Yz(«2Y1+Y2) « Then the multiplicities
the roots of S\&_ correspond in the way recalled in the corol-:
lary to the geometric significance of V(s) (cf. li], BB |
order to obtain explicitely o(«) , we restrict the exact sequence

of vector bundles .



350(=2) —> 40 ®150(~1) —> E

to the line L and reobtain E‘\Q, OL"(G;@,"O&«K} and besides :

AD 2 A \ 5 )
o - f & S PN S NS o P Py S 3 ool
J"L\[L__ Y? A oa\q" ‘T/l\? e By 1 “{2(2\{1 Y2> s »«A\ﬂvz
s 5 5 :
= Yallw

Corollary 2. For obefP(V(E)}), the “determinantal” quintic
y i i

sl NS Cie wavmnthy 3 0., = gy o AL RN Aoty IRE

+ (og_(aé - wgfy 0 - ooy = af ) - (a?_@_ ~dyfy IR ¢

(d3{;4~ 0(4{53 y(8=5Y) . 5. SRR Kol
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