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C0l'11i0fi Jt$?ji Ct}.' A p0$IfIV]i - 0PI|IL{T0R

D*n Tudox^ VUZA

,0*, f$ttroduction

1r:r l.,is p3r)c:= [r;1. au Psirt,ir uroveri.
L " J ,  

s v , * r ' 1  u ' . i !  y ! w v c u  t i r e  f O l l O U i t i . : l  - L h C o f e i : i l

tui i0it l l l ' I  0"t" Let l lr ! 'be order eonplete I i iesp spacos srrsir tha* fX (tn*

order eontlnuous dual of F) separates P, fhen tho set of coraponents CU of e:ry
' / ,

po$stiive operator V:E *-p f' ean' be obta'i:red. fron the set trU of si,aplle eonponen$m

by a, three sstepsup * do',,rn processt mot:e precisely ,

(.r ) cu -, to*rr,r/u
. v

(sec  
$  I  and$a fo r  de f in i t lon f i ,  a iad  no ta t ions)  o

$con after, Alipr:intie effl But-kinsiraiw gave $.n.Ltl * shor-tor procrf for

de Pagtetr ts resuJ.to Actual l3r,  they asked for ]J only thc pr inctpal projeet iop

propelty lnstei i .d of orrJ.es.eonpletene$se l{el . rrsver,  thcy st i l l  kept i ; t ic;  hypct l icsts
V' that 

F^ is soparat lng

In this paJler we show; that theorem 0"1'  st i1l  holds when F belongs to

the so * et l -- ] -ed class f fo,  $-hiei i  strrct l -y ineludee t i re elass of order.eonpleta

Ri.esz spaces with separat i l tg ordcr ccrnt inur:us r iualo l , ioreovern we givo a,version

of theoren O.t  whic.h ho1ds for an arb,fNyspy order eompletg l l iesz $pace fo l , lor*

prec'rsely, we introduce the elass uu €*.( c( Ueing an arbitrary ordina.l) and we

sho{i  that tho three *steps up * dor" 'n procr:ss in ( f  )  ts rcplaced by nn up * d.oun

p3:oc'ess ciepenrl ing: on the indrx e( of the elass,to r .{h: i .c ir  }"  i : re1on6;r. ; ; r  eacir  or.c lcr

conplete Riesz sp.. lee is a. nembe:r of  sone

' tire paper' is dj"viriecl into four $ee,cionsn

$ t  f s  dcvo ted  to  bns ie  de f in j - t ions  and no tn t i c r rso
J

$2 t r rs  a  tcc imic r l ' cL rar r rc tc r ,  I t s  a j -m is  to  cons t ruc t  t i re  thcory  o f
J

?

Q* systens,  1* [ i r :h  is  a  bas:Lc too] .  to  bc used i -n f  4  for  t i ;e  proof  o f  o l r r  re : l r l t l *

rnf i  t i : .o ciass"* €n ai : 'c int i :ot1ucc,:  *nd. sr lx i le stnb. i l i .1; i r  propcrt i .cs of

TILB

!

!

g*

tlren ::re r-:i.vcn. It Is $ho'/m hhfi, S, s"Lri.ebly cortti,rjnli tr:e class of <,,r'd.e:: eo::,-;rlcte



r  '  '  ,  ' ' : d ' i , } ' *

Rfersr: $paees $:Lth s.rsptlra.tlnrs oir€er eontfnuo$s tlur.L, For every ordinnli. d , &i1
' 

/.r'2

exa$p1e of an order cof i i lp leto Riesiz Fjps.sts not i -n V&,t ,  prcduee<lo

f '  .  ,  ! r  r  -

r$ 4 contalns the mairn resnl ' ts o.{ ' , ' fhq p&psl-c Beside the extepsl"ons of
J  ; ' . ' .

*ireor:els.0.1 1r+ p:.e,;serrt som$ r€sults consernlng; the ovrler rr.PProxi.mp.t lom of the t

ope$a:toi-ii in tlre {,rder intex,vaL L*tVtrt"tJ hy.,,p1.emerits in the subnoctule 5lenerlrt*tl

by. V ( ' f  boing an ordar bounded not nscessnri ly poslt ive operntor);:  t trese resul-ts

are useful l.n tho c,&ss nhen Il lacks orqlor lroJoci;5-on** but instead is o. g:o "- *al"}et

'tprinolp*rl moiluleet. tr{o also give r{-rr up * clot*n tiisorers j,n the center cf L (ti:.1"}
r -

which represent,s a.n extension on tho l in.es of the previous discussi-on of ' the

corr6$pondlng resuLt proved by" Buskcs, Dodd.s, de Pag'ter and. Schep f 2] onfy for

Riesz spEees with sepr,:rating orCer* continuous dual'

1. Prel l-nninarles

1, wi:1l be the $dentity rn*p of a set S"

C(X) ni-1& bc'tbe Riesz $pnce of .al- l- eontlnuous re&l * vndued funa*i-or:s

oft tlre conpact..spaee X,.

nor'.alhy Riesz sp&ee E a.nd

genera.ted ty x and bF B* r the band

of, x(E* (tba'c tr.s, the elenrents y(H

Whenever E is Anchl,nedeano

, ,
j

any x(8,  wo denote by Ex tho.  orden ldeal

generatod by xo ftro sst of all. cc,rnponent$

veallfy:ing yn (x ^ 9) ,a 0) is denoted iry Cx

lre shaLl conslder the norrn fl ll-- om n*" x x

! .

6iven b,Ji:

lis a net

ther.e $s

tuplfes

l l v l i ,  *  tnd  t  " l  *€hR+,  l v [ (

tct (x. )o.-,r he a net Sn E encl let x{8.
b Dce' r

(v" )- , C E sueh that lx.. * xl(n. and 1'...' " 5 ' 5 c A *  b  ' -  
6  

- b

y(8 suef thst l l*6 *." l ly *F 
: .

A mep f  betueen two i l lesz $P&.cos

r(*s) :*a t(x),

i {e sLrq.l l  d.enote ty nX tho Rlesz

" l * lJ  .

lte ertte *, & x Lf tlrev'e

.!, o" l{e qm{te ,r, f* x *f

i"s eallod ortle:r eontl-nuous 1.f' :- 
QJ t

" 8 " 2 n

$paee of 'a:11 order continuous order
{'rfe say that E^ ls separa.tlng if for

+  o .
bound.ed linear fories orr the R1-esz spaee E,

€very xgn t tCrJ t i rerre ts f  € EX- l* t th f  ( : r)

If nr-tl are Riosz splssss ni"th F orrlos" sompJ:e't;s! !r(Srf) w'.j,,Ll be the

Rlosz spaeo of sl l  order bounded l lnear uirps from E lrrto F,
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sheltr alws{rs nen.{ e, p}rojscti.$r}

arder' proJectl"cns orl E wt-]-l

!

I

I

for eveuy Pf, P2,€P(fi) and xdE+ "

iit) lthenovorr &* ii.s a proJectlon band and P €P(E) n then p["] o [nt"]J .

Itrne*r oper,rrtdf;s {I on S
. i

Reeal-I the.t 2n, f - el8ebrx, iis a Rlesz spece .$. endowe<l n:i-th a', muJ-tfpl*.*

eationr euch that A+A+CA* an* aenb * caAb - 0 for an5r arbre€A+ trr i th aAb ,s,0.

I:n tlrls paper:, hor+ever, the word 'of = algebran slll be exeluslvely, emploged to

desfgn nn; /rrchlmedean f, * g1**6ra adnlttlng sn elennent 6 as Ln algebreatc unit

as,welL as a gt rong orderr  un l t "

As examples of f * algebras wtrlch r"r11l be used, wc mentlon the foLlow'ilrg

( f  is  an Archimedcn.n Riesz space) :

$) fhe eenter z(g) ef f i , . I t  ls the set of al- l-

for.nhich ihe:re ls a€ R* su.ch that **i 'U(U4 e,; lU .

j : .1.) The algr:b:ra Zu(n) genernted tr5" *r.t  PEP(E)o

. If A ls an f * al.gstr:ra.o f (*) wi-I1 bs the subalgebrn 1:lr A gene:iated try

C"  o  Fo r  t u rs tanee ,  r+e  have  zb (E)  . * : , ( z (n ) ) .

I,et A be sn f - algebnrlo B3r a Rlesr A * nod.uls t'e shall- nean ara Avchi*

ncdean Rj"esz snase E whj-cir ls a:: algebraf* n+clule sver lr" such thnt Auf;*(E.u. ,

It l-s r,rel.l knolir:r that ln ever17 Riesz A * module 'cfte equality lax[ "* la,ltsl ir*tAs,

f n y  r r r c " ' s  q / . h  q r , r l  r r f , . I l  f  " r a a  f n t ' ,  { n c t o n n r f " f l t r  f , y ' n m  t h { g l  { t  f n l f  . r u u o ' t y r  n * r y ' t { n t : ' l l q p

A bsnd & Jlrr a,.Rlesz spr%ee Ll is call"e,tl u,proJeetion band $.f *very "16.fi
t

ean be  u ; r t t te r r  s$  x ,  $  x . ,  t * i t i r  r "€ ,1$  a i rd  X^6I *  l l ' the  map X b '4  xo  is  ca l - " i .eJ  t l r t l' 1  
l - i  ( .  I

ord.er projectlon otrto E:" Sy,' nn ord.er: .proJeetioi:t '*e

aeso*iate* wlth irr: px'rJ*stian ban& i; the set ef aI-].

b{l  d,-, i lc 'r;rci b; '  Lj"(ni. .

Whenovcr B* is a projectlon br+rrdo rte shal-l denote Uy [+J the proJe*tf.ar:r

s.ssoc-{-F.ted vith ft" A Riesz $pa,esr]I ts sal.d to trave the Fr&ncfpaL proJectlon pr"s*

a  - r  $  , -  , -  . -  - - -  . - -p o : : t i t i f B * ' t s a p r o J e c t i o n b a r r d f , o r * e V e r J r x € E .

ior  tno progr*r t1es ef  order  pro ject tons"  ***  ; : ] " ' ! le  shal l  especta l . l -y

nced the fol lowing ones:

i.) Eaeh o:rder proJeetlon i-s an orde:r' contlnuous Rlesz lronomorphis:s"

$1) P(E) *,s a Boolean algebrai: we h*ve

PrPr (x )  * .  (P f  n  Pd  (x )  = *  P r (x ) r \P r (x ) ,

(P l ,V l  r )  
( x )  *  n r ' (> r )V  ?n (x )
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tirnt the maps y7t-+ r,g,r ancil bp-$t:ix atse Rie,sz hornomorphlsmi: for,'&ny e;GA and

- t ' f i, '  B & +  

. , r , : :
For a"n3r Rlesz A * module l lo anfif ,€E and I{CA' Mx wiJ-l denote the r*et

. -  I  . -  t

\ e > : l a € I , 1 t  o
L ' 9 '

'  l f '  Xsf .1rs preci-"dered sets, a na$,f:X -*pY !,"[]1, ' l - :e r;al led-,.- i tncreaci:: ig

t respeet l r 'e ly  decreastng)  f f  f (x)4f ( f )  ( respeet lve l -y  t (x)?C(y))  nhenever  xd.S"

lie.:.pfe::' the i,*ade:r to [+] fov the theory all ea.rillnal arrd. o:'tlJ:rn1 r:,urr:*

bers a

. For every ordlnal-s d , P 
we shall denote by fo(, P ) tho set o-tr at-I or*

dfnals f verifyirg ""(g[<{3 . In $a oo shall  6.ssumeo for' teehnical. reer$on$,

that *f (not o) fs tho least ordint:. l i :  hence, syr*bols. as f*tr" l  i  tr i l :-  make sense,

The s3rnbol card ff w111 be used to denote the ca.rtlinal nuinbea- of a set

11" If' d> O $.s any ord.lna)-n we sha].l r+-rite eardd instead of carJ fOrd )"

Ii.eeall tirat En ordlnal o( Is called"ini"tial frf card,p 1 cartlod +rh$ne-;

ver 6 € [-Ooo< ) " Fo:r' every ordina] &2, O r+o ]-et U^, ]re tire 0( * th initta] ordi*
a4

nal and !f, f,,*u"* So * It ls wel-l known that the map g( }*} do( i,s st:rictly

ir:creaslng and eontlnuous " 1de

any cardlnal number is at, H,"d,

shrsl.l as{iu&e *he axiors of, qhoiee to hclduso tha'i;

!{e ehall now deflne llst of ey,,nbolsto be used, throrighout sr,t1 thea,

oi.rr ear{iiA

col *'ol/o*-qo*'

c n n ,  *  *  o g * n , T '1 r
J-r , i'l
c{,

text, tet E be a.nyr Riesz rrpace antl let lri.be a subset of Bo rc qyL f.s anp *ard.lnal

hu,mterr, deflne Sfitl.l (respectlvelf llgrH) to be tho set of those xdF fon nhich

there Is ldCi:, l  wj"th card. N<$tt anrJ. x " s.uP it  (respectlvely'x n lnf, N). Prat

$K 'e' seard m M t D I ; {  s D  M-cardi  
M 

'"  "

Also, let  t ,"^I i  be t i re get of  t .hose x€E foa: shieh ther:e is a net (x-) . ,  C i . t  i , ' i * i l
? , [  b  D{n

cartl A 4fln ancl' xr. J49 x, If 
'1*'l 

th"e de;flnltion above we impose no re'striction

, r ie oi , teinr the set LM"

2
lll,ttr thd .afd of transfj-nlte indr"rction, clefine the sets Cn !1 *nd t* l'1

as f o11o''rs:

*6q "- r,f-{oo ,"{or*

t  F.{*u", cd H , t '1..n0 l{ * '  Li lu 
*, 

Lfi* 
*t

arrd



C , M
6t

t 2 ' " 'It* 1"

!$: J) fi. enndq \:f4 ilr e

* ? :  - -
lp tri

- $ * J s

l 1
I I

ma 1|rl t,f k@/

$*L0ra{ ' }
* ieardo( leo.r,l I Inpffi*t

iif" d .{s rr. Llnlt ordJ;:lall.*

irl slr,.;e 11 is r. r:ub-iat{,Lc:e, then r:.1_l ihe se.L"s C, M and f,$ f,l are suh]-:rtt:[.*

cesi es*rteq*ei,t1-y" the equattties x ,-N. slrp lI and x *. tnf ; r- ;;- :;r";;r;;";" ;;-

s3'Tnbors s*- a*d Dnl o"u,l  thrau-ghout *he eonst*'ct ion of th.e c-,rs cnn be ehairged

inttr. t:/i')r a;irr N-l,x (thase synbols ftean that t{ $s up,,r*rr}.* t*uu1**ti-ve1y do,,rnrnrd.c}

dlrected and x = suP iT {re spectively x * inf },T} ) " ft follol.rs trn, pni.ticul-ar that
. ,

C*ltCl, i  FI fon.any" sublatt iee FI s.nd.any ordinal o( 
.,

.

po 
S * systens;

Shroughout all the sectiott, E arld F r,.dLl be two flxed order eonplete

Rlesz spaqes and. T:E -+ F wi-lL be a flxed orde:r contlnaou$ rsg.pe
. r

AO* system ls a t r tpre (xr6rt l l  forned, by an preordored, set  x anci
two naps 6 rX -) E, Y:X *+ f such that the foltovylng hold!

. - F .

t) S: (X) Ss ordor* bounded,"

ff) \]| fs deereasirig.

-  -  I t r ,  -

t l f ' )  T ( ) { Q ( x u } } 4 V t " l }  w h e n e v e *  * r , o r o , r x * € x  * d .  * t ( * a ( , o o 6  x o

For any preordererl set x and any i-nfinite ordinaL d we let xd, be

I

a

t

*he

0*

Then (ro , $*

PR00I,. prop*rt ies

easily vertf i ,ed. In o;*C.;.r '  to

Sf  I t l 'N a. re two subsets"of  a

( r (p  ) ) ;

1) and ii) in the definftl.on

ve: '1 fy  i l i ) ,  Let  us mrke the

preordered set, we lrr lrte H(l, I

.P

of  a 'Q *  system are

f o1-1 o--'ri::g not at ion:

Sf ever3r,element *n

set of aIl- increasing ma.ps'1 r: f*t,ro( ) *+ x. Tl:e set Xd r.s preordered j-n the fo*

l-Ioralng ' ,+ay:. f ,(6: t i f  for every (b€ t*tr*) thero Ss f e f; tro() such ihat

( e ( f l ) . '
f (  p )s

tEtf,riA 2"1:, Lst (xrsrvt ne asa systen and l.et c4 be an i_nfi.ni+;e.or,_

d.i:ral n Def,i.ne 0* :t* *+ E n'a 
'S4:xd 

*

S* (*] *' '&
$el*r ,tr ) ;

$"trl ,E {\ V
. - ;  (3€t*1 'a(  ) ' *

,Vo)  is  a  O *  syste* .

* + F b r

V z i i
aJ ip  ,o  l  

Q ( r (  t ' )  )  '



*  ( t  * r

lis l.eer$, qr eqlxs"l- tr; nnyi el-ement, llnr l{*
. * /

L , * t  f . r 6 o o r L € I i *  1 5 f f  s u $ i r  t t i t r " b  f , " " t i f . r , { . o o 4 5 i *  o  \ , f e  r ; h a l : l  F } " f f r e  t h : ; t
r r x i l l

for  every k€. l0roooer l !  e  eveyT PO€1*t r "*  1  f t ,nd everJr  f j " : r i te  sr rb,sets  l i l1ro"*r I : , .C

- - ?  -  r t
d f , * t , r r { }  sus i r  thr*" t  l -F^J;  (  } i {d  oo,€ l4o a*r , l  * . ( t t * ) (  ooo:4fo( t ' t r , }  I ,xe r r r r r ls

l - ' r . r *  I  . t ' i  t  1  l L  , i

!'; ar
r t:} *(51 ,,0,p S (ro{i,r*}} v V #irs}}{"f (rr( pi l}} o\  t r , '

$=tr 
6 & 

$d,r+ti

We argo.e hy S,nd.uctton on i l  *  ko Indeedo for f f i  *  k *"  Or ' ' ( f )  fot tows

fy** tlre tle.i. ' i:ri.r:f$$r u'f r:;. qS * riir$t*it" 1{*w supposo tha€ t tl} Se tv'um f*:: k nn*i

net urrq prove 9tr for k * 1o As, fi-. ,6 f,r- , there $s pne f*f rd 1 sueh that Fit.-*(
[ * !  r l

I t

< tPoS s.nd trk_1(mr*r)([r*( F*]] . lf Ap denotes tho set of a,ll ff.nfte suh*

*"1

asl4g to Q"'(fo) i con"seguen,tlyo $t follows f$"ow

Fo : r . k  * .0 r  t t t )  g i vss

*u p ts arb,itnatrTf, ws oh"taln that the left

prCIof' ts. eoruplote*

p 6l-r,H ) ;;

std-e fs less tha:m Eltfrt anil the

t* We say that (Xd oJp.< ) Ss an tnductlve sys'beru of, preo:r,3ered. sets:

l^t A
tifijl are run,ntng ovel' a,n u.p:w.trds dir.eeterl set) tf iit iis an trnduetlve systern in ths

\ i

set -  theor"otfq:  sepse a-r ido Sinr ar ldl t tono each J,*- ,  $s $nereasing, l ler sh.al l  eonsf,*
)r\

I der' the sst * theoretic iruluctive limit X * l*.rn X-, as preondered ii.lr' the follo*
--+ o(
c{:

w{ng nay: x( g Xf there atre an index o{ p.nd x^, o {, e 4, such that 
"* 

( {< ,
C( 

_o/" (,\

.  x s: Jn (x* ) ana y o=lo(.(fo* ), wb.ene lX tL *gX denotes the eanonica.l mr.p;;

elea.rl-y, er.ch J . ls lnerea,sing fo:: the preorder reelati,on so cleflned.
...r

He say that (x"r oS* ,!L o$pd ) ls *.n tnduettve system of s * s;rsterns

tif the folloufnx hsldl :

r(vsrtul)(1g(f l {p )) ,

sets e.f

V
f,e La,"*
( e )

(tr -( t ) )) s.s ceere*rL " 
ft6 tp kne( )

$, tha* ( t') 5s .true for'lc - tr.

[p ,n ] ,  then (sup $ tr*(u]]me AB fs a net increa*lng to

1,
6 tf't.f)). .A.s we fiave h3n the *nr-trxetlcn tr;ppothesLs

for '  any'  Fg[Fxrw ] .  t lo.o+i  the n e t ( v
"$e [P 'c<

s(V *op 6 {ru(uu} } V sup S trn{r,r} ,t 
S., 

Sd ttrei }4U{rr( f*0} }

for 
1v 

Fe [P*u{ ) a-na an3r l,tEAtrr a:un f, es we]-I a,s the lat*fse eperxtfiolis

are order' *ontjjruousn it foll.orss from ( 2) that
' k - t  

\  |  n .
Bt r(yl *upS(r*(mu))v 

#b,*,b 
trntTllv*$,&otnrr){ri itr,,( p0})

p
I



i .) l lrrch (x"; o$a , $;), i,s ar S * sy,s"i;em"

$J.) ()lg rJ*r*) is an in$uc'Live oystemr of, preordersd sets,

ri$) !.iher:ev'ea' dg{3 r'ie hsrre 6a *,r}1f Jf* and Vg * 
Sr*ir*

t*r) 
f,.lS*ttt: 

Ji* er:der' bc,uniisd o

!h.,: trr-r'oof of tire fcl].o*ri-ng lenrme ls stratghtforwnrd and r,ril.I 'b(r 
Gt;iltii'*

t ed "

teins

ou:::lio 2,2'. Let (x*,, S* ,%,

a.nd, let X *. lirn, X,, .'6 ,*- lffn 6_-:_>'u. t = * 
#; :*<*

!r
an tnd.ucttve sy.sten of ,([r .* sys*

' r i t '  r - -  J i ' r l r - tr in+ Hl,  "  then (X,f f r$)  is__-+ '-\A
o(

'JB4 )  ue
* t D

and Lf '"-

o(

" Q -. system, called the ln<Luctive Limit of t.he above lnductive systenn"

Let o( ) 0 be anSr o:id.lnal nusb:ero We sayr that a p:reorrdered set X has

the e4 * maJoratlon property,, ff 'overy 
$ CX wd.th cardr.I{ < }j, is trround.ed f,rom

4

above" Le'b us c.gre6 that tne (*f) * majoration pfopert;r Grgans that X i-s up,,.rrr'<is

d i reeted.

Inr the rest of tho seetion we she;'J-l- fix an upwards itirectea preordered "

set X and se sha.Il eonstruct'the rets X* and the maps J^, :Xoq **) *F , 
'

o*(O,rp*> L(;, l(rp ) -rr o(€f} ) nv t:ransfinite lndirgtlono Put x*f *,X and

clef ine Xn for { .7 O as fo l iowsr

case *) : x"( nt, 
." x;dn1,

J d + 1 , d + t r  o ' P u + ? u s + f  * . o t * o ,  e

i d  + f ; , d  
( d ( f  )  *  x n

. P d  r o , o t ( f )  
- '  f ( - 1 )  r

.t .i .tu d . + l r 1 3  *  i d + t r c <  J v B '  & < d

n (3 ro  +1 
* 'PFs Fd oo,  * t  '  g<d '  "

: Case b,) : d, Le a limlt ordlnalo

xd f,s the set of th-ose ,, Flo "d ) 
*.**> 

.,!,1-, , 
*6 wd.th the f"o11.or+i.r:rg

properllles I

n )  r ( 0 ) € x 0  f o r  1 3 e  f - t r o ( ) ,

p, . f  ef* t i ,o()  . " -o l 'n?p(ut{3})Etr ( t }  

and f ( { t }  *nFl^( t r ( " f  ) )  w}renever

.  
The preorder  ve l -a 'c ion on XO ls  def l 'nec i  by:  f4g f f  f ,or  everJr  S€f* t rd . )

t t r e re  1 *  f  e f  - t , *  )  r+ r tn  t3< . f  o "d  J f {b  ( f (P ) )5 ,e ( f  } "

'  A.s eoneelnrs the maps J.^ and po, for f34o( n deftno them as fol. l .aras:



q  l l d  f  n p ,

w fl .*.

P*{l,.ri o' 3d*'*' t'kd

: ' . ; '6*r (x) if SolS .

TLre next lenna'present.s.  the propert ies of tbe sets and m'apri  60 constru;

c ' i ;c 'c i ;  j j t  e:)sl- l r 'os in par: t ."-cu1ar t t r 'n, t  tHe t{ef in: i . t ion of j .^ fn ens* b} is sorreet
- a(i,,

($ts vn, l -uesi  are indeed, contalnecl in X4 ).

Lm{MA 2.7*

i) '  Eaen Jp* 
' f ,s inereaslng, :

tr) p"tp * pcp npt^. , J[o = Jnp J(r* whenever <<F<f o

i i l )  P..t ,  ' l  s ' !  1ux F*n (x).( z lrh*nevetr d<l! and xGXB ,' dp  . r ( ) e r  - -  '&  t  
" 6 r ^  * i o  

4 r v r ' v  vv&  Fb - l J  
l -

fv) XU has the o( * maJoratiorn propert3l f,or anSr o() *'il"

r i)  For'anr o1.> -1' and any *e)u , the set nlro( +f 
(tx]) fs eoffnrJ

i o ' x d  n 1

PR00F. fhe pr"oof i-s done it,y transflnlte j-nduction: ve assurne.that a"l-I

the sta.terrrents a.re true fbr l3<*( and rrb prove them for { o

. il to ffil are straightfon+ard. conputations and 'we shal-l omnlt then"

l{e shall- r'erlfy only $v) and v) o

for'. an

o( {s. a

As X trs upr'rards dir:ected-r $v) ls tyru.e fono( * '-1o We slral l  prove lt

arbitrary d by dJ.stJ.nguisil1,ng tr+o casecn aenroidlrtg to the fact wtrether

el.ements of I{ may ile u'ritten

*> X, bv tra.nsflnite i :rr iuc*,-  . o (

f(*1') i.s an arbltrary elenent of t{ .

f ( f) ) is an upper borind f or the set

t r i r ) t  - 1 < s < F J  u t * d  ( [ 5 )  l - t s ;  f  < F 3  .
0bse:ive that an uppsr bound for the above set exl-sts as, by ttre induc*

tlon hypothesls, XO 
.has 

the o( * maJori l t lorl  propertyo

. Cl.earty f €X.1 .r-i, and ls an upper bounil for Fl.

Iimlt ordinal or noto ,

Cp.se a-): The proof for. d +1i*

Let lvlC*d *r, n eard rtr 4tV**, .  Tbren the

as a n*t  (16 )6e 
f*1n us nt l  "  Def lne t r : f* t ,  *0,  * t )

t loil:



* 9 ' *

Cane b] : d"' is 
'a 

l.l.rnj"t orcli-r't*r.J-"

I,et M(.I,  o *ard I ' t  4S- . ' lhen the elem*nts'of l*1 mnyr be w:ni.t ten as al
d , '  o d  .  Ir ly '  t I

net . ( f ,u  )*c  I - , - r  r , r  I  o  Def i -ne c  n in l?  f3 l * .1ro()  *# _\ ,J  Xe so tb .at  con 'd i*
0  0 ( ; L * t s a e 4 .  g € f * 1 r x )  l "

t lons d) e,nd l,J") $n' the.defl,nlt ion of X* holdo i,st f(*1) "oe an arbibraly el.e;ment

Ln X it,rii. theit dofine f( {3 } bJr trari*fj.nlte j"nd.uctlon hy dS.ntinguishi;ng tr+o cr{.seii!

Case a) ;  f (  p+t )  Is  ehoosen ivr  *p**  eo that  { t  is  aa i  upper :bound.  f ,or
D

t he  se t
"  S {  -  ( r f A } ) 3 U {  r f ( p + r ) l - r < i l * o p * t  1L , t  n  + 1 ^  A  \ a \  h i r ,-  

1 r ' ' y l r

and verifi.es the rel-atlon

n  ( f ( p + r ) )  - i f ( p )  o' '  
P  r P ' * t  

r r

existenee of su.ch an element falt  oras from the ( p +t) * maJoratlon propertSr

X ^ . * a.nd. fronru v) itr the statement of the l-emrna..
p - r

Ca.ee b,): l-et p€[*1rq ) be a ]-i:nit ordln.rt and supposa tha"t f was a,lrea.'*

define<t on f*t,op ). nu,t then f, as a mep ot f* lrp ),.pnodu*es an' elsm.ent of

, which rall-l be taken as ft p ) "

llhe

of

dy

*p
The nap f so eonstrueted ls an'element ef X., , S'o sse that ls an lrflper

- rnd  l . c t  FG f - t ' ,4  ) "
bound. for"' H, ret [€ [ -l rQ]fiffi*ryi,f 

'r"'a 
contlnuous n&p, there ls

pefr ,X )  such that P) 5 ana f ,6c"f1,  lde have

J  6 * , ,  6  ( r 0  ( $ "  ) ) 4  u T ,  (  P + t ) 4  t (  P + t ) ; '

L e t  x € f  a n d  f , € x , . *  "  D e f i n e  g : f * f  , U o 1 + t )  * - b * A
o (  K ' l ' l

as $ raas arbitrery, f,tr € f.
' 

Fj-nnely ve pnove v),

b;y t:ransfinite i:rductionl

g ( - f )  *  x i ;

8( F ) [s an upper'b'ound'for the

?he existence of such an upper

p::operty'.of 
k ,

Then for errery ItlCX *rtth card * 4{

t . - .  - . T l ' f r - " r

set {r(p t ju e(f*r,p } ) 5

hour"rd. fol-l-o",{s from ttre { * r:r*rJoratlon

Clea:r ly  poa 
, r ' .  nr (e)  

*  x-  and f  (g .  l

fhe maln rosul.t ln the seetlon 1s the lfollowing

Tii*f iOREli 2.1,. J,et txrsJff l  be aff* s;rntem r+lth

theorem:

X urpvards dlc'ectec1"

ther:e 1s u €C;f f (X) auch that r{n}{



' * $ $ * '  :

pR00F" (]ionsidelp the gierrrs X , f,rsElocl-s"i;sd to X errd. rlofinee{ #*. tx*t *n-$ jJ

anr i  
Q;fu*) I 'e ,$ 

fot lows((x;rS*rTLr i  is  tatcen to be equal  to (x,#,-Wt l*

F€f*1,u,x*r) S*[P-*t  *t ]
.Ar :k;  (r(F))"

p€ f*t',c;'ro +t)
l.s a 1lri:lt or:r1i-nrJ-"

l\
p€ [*r, d ] se tf,, x t"9"(r) -'p-fr-]vp (*(6l ll"

rt ls proved by trqnsfinlte inri .raetion that (x* u6*r$r) ts ari$ * syri*

V &*{*xB} i ,

tenr an' i  t l iet  (*p,@fyqtrJtrF) ls rn $nductlve system: cf f f* systerns when f
and p runi over f*trd.). In co.se ai, this ls a eonssqusrlee of J-ennar 2.1,, In cess

b), \ ' ie argrle as f,bllons: l-et ({ r$,,rf l, b'e the tnductlve tlmit of the i:rrluc*
-  

t n $ p ' I f , i f A  i  ( F , F € f - l n d ) )  ,  w i i j . c h  e x i s t s  b y  l e r u , n m  ? . t r  t e ' bt l v e  s y s t e m  ( x f r , r g f  , U / p r J t ' p  i  ( F , F € L - 1 n d ) )  ,  w i i j . c h  e x i s t s  b y  l e r u , n m  ? . t r
o\ ,\ 

I [- ct- 
.A,{ f< .*a 1*t"o j*$ r*114*n be the eanonieal nap; By reinma 2"rr, (Xl ,&;r$[i ts a ff *

systerc. Define 
t*O 4 tJ Ot'

r d  ( r ] ( p )  * L o , r ( p ) ) "

It ls readlly seen that Jn is increasing and tirar. 6r^ * &l * , lf- *-ffr* ,,

eonssquent:.1r, (xo, ,6o 
"$l 

ts also * S * sysrerro

I t  ls  easi ly.proved (by t r :a"nsf ln i te indu.et ton) ' t i rat  6* t t*  )C C-nb(*)"

sow Let lli cx, card * 4 &o< " By J.enma 2'*3, xu has the 4 * majg;'::r.tion

p*operty; therefore, th.e:re j-s an upper bound r6x* fon J* r*r,r*r. 
cons&quen*111,

*1s"c (f) ) ('qL(fl <TJL(J d,-,,,(") )=v

for* ' r ,ny x€Fl*  u" F*(r lgc.dQ{x),  t i re theoncr*r  l -s

3 ̂  fhe class *u Wd.

Let d )  0 be any ordi-na.I .  A R: lesz space E is saj .d

1f 1i; is ord.er conepl-ete nnd. tf f\ -- n, *- LO3
x€Dq.r  I ! ' I

I't a Qr ttor.

PRO1 'OSIT IO i {  ] . 1 .  An  o rde r  conp le te  I t i esz  spaco  U

Ca*re a) l

#o.,.ntr) *'

V*"''t'(t') *'

Case b) E cd,

S* (f) *'
T  

( f ( t ) ) '

( x )

proved"

o(- 
*.f

c lass

$ W]-* i ,h

g*
i.,n:i.

to  be long to  the

for any subset l'{

be lonss to  K l f f_ 
"d4

o f



i

of $ su.ch trrat PUf fu, r card l{, (8*g

n{tlon of '$ that tuf NS a O{, M " ?hen
\A

f,oLloss frcm the def:l-"

, v'e r:rst ha.ve P", (t y i)
s

then t{{O;, oorr*equerrt lSp', there are ar net (Pn ) C!P(n} and sa net ( i{,  } o,f .sub-qets

*-0 as P6 (intr *5 ) '  *,0" n"t\f  no , rrene* o^J;:.
pnOpOSf Ttr0l{, }" 2'* An orden coneplete Rie*:z spase E rloes not belong to

q& i f f ,  there are p)(  and a f ieereaslng net  ( * f ) f * [oncu*]  5n E*r fO]sucrr  *hr .L 'u

*r, lro and R*^ o H*_ for evelXr t o 5 e [ lor,":6),
u "-f ""6

PROSF. liuppos* f,-irsi that E Satl.sfies the conditj-on *r'r ttre stater:ent

of, the pr.opositlcn,. if M le *ny subset ef fOrUF) rEitb eard. I,idg$( o then l,i is

biounded from ebove b,5rz some $ g [frrQfr), It follows that fuuf *f ], .*, $ srl

-  . .  \  
' -  

, - * ,  d g t +  
s  o

( , \  Bo *=[o] rre oir ' tai: :r that u t i%, ,
b €Lo ,tJ$J 

F-6 d I <
\- Cnr..ru"se1y, .quiipo$o tEat n 4 #* and 

.l-et (t uo. the leaet orrl'i-nal- f or-

which thrre ls I, t(I{ with card I, t  *} ip e inf N e.0 and. f I  -.  B" +t.o} " Ler

at-so M be ehoosen accordin.3 to tho property of p. ,r.x,r-*r;ry-j-;" ue strr.r):  prove
I

and,

1f

ps (N6 )$0"  r r

y € n  s -
rc€I ) lfr

for e.vei*y, I,,1 CU w:ir;tr i{$o tnuru n.rs ix. net (P. } CFtUt aiul a net (m,. } of srrbge'Ls" b  h

cf. l . i  sui: 'h t ir ir t  I '*. t  1,,,  t : :*,rrL l '1. di{.,  nr,c P.. ( i ' i r .  } 'LO for eaeh S ,
} j i ' b , l , b t )

pR00F,  $u.ppose' th : " t  E €fzrnnd.  }e*  l ' l ( i {  w i . th  } {&0" 'For  er ly  } :€OM t ' l

let l l* np 11- * ["]  ,  As 1,1 is d**rr",.*rdo* Or*;;;uU, OH,r, also 1s;, *o*"*q,,*ntf]n

(f*) is a ne'i" i]1, irl,.poi;h.a$1s' *".t r,, , Fotr any x€li, $t thero Is I;|*CI*1 euctr tltr.*
tT*{

grarrl ll- r.; H , avid x *, iuif N', i theref one t
. I t

*inf 'P"(uo) * P.o($nf, 1{*} :  P*(x} "* 0"

The fi:rs.* part of the p:loof'ra*il-l. be coreplete Sf ws sh$w tiraik there $"* rur clo'*:rtrardei

directed set 14* suc'h that N'CI{*CM arld eard Mr$8*'o t '6 thls purposor. defin.e

fmluetivelSr the sub:se.ts f*| of M es f,ollow*, Set ffl * I{* " Suppose fUf is d,effneC

. and :-et p(iiil be the set of, a!.r.fin$te sub,,seirs ef nf n Let *o :F(sf) **plt be

a r*ap stth the pr'operty ttrat f,*(F) ( rrr F f or every r eF(nf) ( tr,e exlstezree of

tr* lis ensured by, the fact tha.t M j.s tlowrrraurd.s directeti) , $e.t *l*n * $f U f*(F(i+|l :

l l - . nths set. M* ',' 
I/O tf* satlpfltes a'J-1 the requlreroents.

Conversely, let i$ oatisfy the requlrenents 3-ri  the statement o-f, the

pnoposlt on; r$r 'IT: 

;;; ";; .;, .:;;".-



ti:at

r\( t,l { I H.,i*,o -, f,?01 s

f i l ieegi b: 'rrtr) jro$e ths ccrn"i; .rarsi" !e.r:o'Le by A t i :e set [}{ lNeMu c*.rrt N4&r$] 
"

' 
+-..{'r

For' every N eA , set PXni o t,* * fS*f
t  l l'- 'Yfr $ collse qden'L.Lyr b'y the ehofee

(ai f"\ D
L;sS I f
carrl Nt 6d*

For' every l i6A and every Nn€N vith card

lle tmve

l{e ,bavs t$f pF {n} ,* 0 'and. earrS PU, {t'l} d,

, we must hnve

BE*c Ps (Hu1 * to3 o l i  €A '

st (8o1 set e*u 
" ls fr* (sm6 Nulf .

R

r.5
I

$s s,

|*
N r l
t ' r l  o

.d

or: f0

PN0.Nr'n (frtr n' i .  o r*(:*:r nr) * r*[snr ul{mr ]st} * 0"

Ccnsequont l ; r ,  i l ' y€  
.n  * "  

Br  o  t t rer i  \ i ; r r r r ( l r l )  *p*e, r " ru  ( ly l )  *0  .  By (2) ,

."V QNI{, * r io, 'u*to n"rr*eu Pr*( lyl)  * o. a.s u,e have supposed that ( '*)  i . .s
} T S C N  

-  b

ear"d l{t 4,L
falser j i t fbll-ows that y'P$ * 1'* ir henc€r S s,0o Thus, we have otytaj-ned. t irs*

*, fi, *" =-103 , " If*;ietrl,o;, thenerore , (t) hor-dso
x( Dt1 I '1 

,** C, 
A)f u foror,p] 

be any enune::atlon of i{ and define ttre ne*

(r, )[e f oooF) *t td * 
oe]r 

'Ii * cl-ear':'v ru:&o" Au no.€Dco,rolau and'

ear"df, *8pfon everSi 6eforu.l*), it foLl-ows frorn (t ') thar s o t

r
f*f?o sft i  uf

*tol  o r f  t re let  P be t i re order project ion orr  B,  then ure nrst  i " - ; i ;a[Or*_,

defined i l . .y.xt * P(y' ) fra.s ai-I the requlrecl propert i ,es"

The next propositlon glves some stabfJ-Ity properties of the eLasser #

PRoPOsrrroN J.j .  

*d'

$) f.,et S be an orcleri eonpl.ete Rlesz spae6 with the propeltlq tha'[ for

everJP x Gn+ .t-01 tho;*e is F € @* atd a posttfve or',ler' con'tlnuorrs J-i-:rear m*p

f l ..B -*+ I ' sricir bhat T(x) t ' '0. Then rJ 6%* "

S$) Any (firrfte or not) pr.oduct of Rlesz spaees of elasr$

Rlesa space of  c lass'{3e "

l:J,l,) rf s€,S1 - then r,r(Err) €8a f 'o:r any'Ri.esz space E"

PR00F, To prove i),  l-et l . l ( I t  r.r i th inf I i  * 0" Repl-.rclng 1,1 by
n,

t A "- In,)r1r xu6 I ' iJ we uay arrlsurde tha.t l" i  ls ar J.ower subla-Lticrl" suppose t 'n:: i t

.tZ {}.. E* arnd y 74'0 . Then there r.s f e(4 and a posltlve orclen eo:'tj-nuous

gd



.  , .  
,  

, .

t ; I . l  * " ) ,F '$suoh that  'X( ly l l  
& O "  i rs  g t t { }$O t t t lere a l "e,  by 'pr ropoof t t r -o f f i  } .1 ,  a  rot

(p- ) f , :  f i( f ' )  r.nd a net {It t* } of srrb,set;s of I4 sush thrrt Peff,* ana : lnf, P" T{i ' i . .}*0. - 6 .  ^ - ' c J  
A  b  t r  E  

' S

for each. $ ; ws nrflrii A,s$Lims tbat the ii..8s; are aLso lower sub,l.atticeel" Then,
0

?-f { i - t - f  } { .  )  : * ,  L1i f  P. . .T( i , l .  )  , *  0 ,
) s b a

rrtr l ich f ixp1"los thet P.-f(tyt) * 0" Al* P.,S1* we ob,{rr in ff( lyt i ,*0, a, sont:r 'acl i**
5  D '  r t

ti.on* I{ense y * 0 a.rid tfre eon*l-ttsion fo}leiEso

{,{) is a.'cr !'nneciia.te eollsequenee of S} (u*;e th* projeetlons o$ sach

facton) as well as t i l )  (use the r,raps U F+ U(x) for x€It.") a

fhe c,lass €6 * of particular interest as the concluslon of theorem

Cr" ' t  Is  s t l1 t  t rue rshen F 'beLongs ,o  €A (see the nex 'b seet lon) ,  In  v iew'of ,  th is

facto we sha.Ll tnrl ieate sorne subel-asses of W.r.8irst, recs"l. l  some def{,nit iorne"

A Rlesz space E is eall-edi ord.er separ*ble. if Dl4 =* Df/ FI for a.n3r- i4d.$"
rJ6

A Riesz spaes It ls es.l led weaklyr(C o@) * atstr{butl.ve (*** fS} i f :

order eouiplete and for ove::y sequcr,ce (1,1,*) of uprra:rds dineetod subsetn of
tn.

that Ll^ UI* ls or"der'boundecl, ne have
n*O 

*

ff6 ""n i{,, o *"p [ ilf ""[ 
(**)!,,,o€Tt *,0] "

PROP0SITI0N 5e4* Any o.rden comglete order separabl-e Rtesz ,$paeo be).orrgs

*% o  o  Any  weak l3s  (du@)  *o ts t r i hu t * ,e  R i .esz  spaea  be l -ongs  to { /o .

PR00F" The f i ' rst assert l ,on i .s obvtous. To prove the seeond, l-et Jl be

a weakl ; i r  (  d  roo)  *  d ls t r ibut ive Riesz space and.Let  MCS'be sueh.  that  U*0"  t fe

aayr F.ssune that !1 ls, bounded fron above tiy x 6 B+ . There Ls. ar stonean space

X and  an  o rden ' i sono rph ls rx  T  o f  E*  on to  c (x ) "  ns  mtO,  th .e  se t  Y  *1 . *  \ t gX ,x '

inf T(;")(t)> 0 j  is meagre;: as E is weelcl^;r (drs) * atstrtbutiveo i. t  fo.!. . . ]r:r-s
trJ- lJl
r b " -  t *  - . 1  .
that Y *s nerr,rhere denso (see the proof of lemna L in Lej)"  tet  A be the set of

at l l  c: losccl  -  ope.vl  sub:ets of X vr i r ich do no'b i r lLersect 'bLie el-osuno of Y, Fo. i :  cver ir

KeA, set Fic * '  ro * txl  * f  r*t ' {XniJ e r* 'here f f ,n n*r,o*es the charq.cter ' tet ie

f ,unc,t ion' of K. Cler.r iy I ' f  i"- as X€A," 0n the otiren' slde, ];5r. Df:r i8s theorennri; ire-  K '

set of funet ions T( l '1) eonverges uni- fo:na1-;y ' tc 0 on eveyy K€A; therefere, the: ie

.  r l  -  -  |
fu ;o  fo r .cvery  t : t3 [  ,  a  subseb i , i f c l . j  s r re l r  tha . t  ca : :d  i { i " (  V0  nn , . l  ?* ( l , r * ) "L0 .  l l y

i$ rd

E such

l

propo:rI-t lcn J" 1u lt  fol lows that n €,€n ^
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l lv nrrpn;;j.tl.on 3.3c arlry nt'ri.s.r.-' coilap1.e'te Riesz siFftce uith a. scparatlr,g- ' J  
J - . -  /  e  r '  t

order eontlnucus durl belcn.gs u Ct^ (fu1 faet. srreh n, $pace i.s 1^vsnir$,y { du"ci}- o  ! - -  - - ' - - r

cl f i r t r ibut ive),  lJe shal.L soe iry three **":ohi ; t** that 'Lire el&ss ef,  oyr ler eor:plei ' fe

{;4
Ries;z strr ,r :ss ""r i i l i , ' , r4ppra-t ing ol ' i ic.p co:r t l -nuous dt inJ. is str ict l .y cor i f : l : i -ned. trn, ' [ i r ,  s

the fll::st exairpl-e is pro.rr:l.ded. h;r th* Dedekind e:i*enqlon.li af S([3r$1]"

ME is ord.er'seprirable, 3it belongs to 
-tir, 

;; howeven', 3-t is well knor+rr tha.' 'L

s i  
f r r J

spaee t:rom [:J . The spaee X hns the propertig that every meagre subset .of, it i.s

norqhene dense;'heneer. C(X} ls weakly (droo) * distr i-butive and., eonsequentlyo

r / l  . +
it bei-ong s tu ff g * Ho*sover', lt .is proved. m [{ that everSr Radon measure o:r X

. . X ,  r  )
has a l ior+herc der ise suppoi : t ; .  therefore,  C( I )  * t  0J

The tirird exanpl-e ts obtaj.ned, by taklng an uncountabl.e pnod.uet of co-.

pies of 'bire f irsb exarnple;; one obtzr:-rsa Rle*.rz space of elass €O wn:.th ls nelther:

orderr separable, nor r+eakly (d ,@) * distr ibui ive

Wb 
9..1'uU 

this.seetlon b,y showing that for every ordlnal. d thene is a.n

or 'der '  ccnpJ ete i i iesz spnee is t l ich does r ic t  beJ-ong to €,  G ,-F(

?o thls pu:rpcse, l"et X be the set of all decreasing funat'{-ons

t ; forc,Ju+1, i  *)  [oro]  1.  x ts a,  ctosed. subspac:e of  for t l i ' * t+t  ,  hence a c,ompact

spaee.  uo1 every  (3€ [0r64a1, )  ,  re t  xU€ c (x )  be  g ivcn  uv  rU( t )  * .  t (p  )  ,  I t  i s
t

eas;r :  to  see t l ra t  (x  
Bi*a t ' r6q(a.1, )  Is  a  decneaslng net  sueh that  xU$O i .n  C(X)

e.i ld. F-- = C(X) for every P €[0rd* a1) 
(as: the set on r+hlch xO vanl.shes 1:s

" "0
nei+he:ie dense t lr Xlo Therefoue, i f ,  we Let E be the Ded.ekind extenston of C(X)u

,- ;"H ;;, *,:"-:*": ;T,".";.u.il,:-1 5.'" ?;.;] ",::,;-"".;",,';,;*. .
[ 3 -  * 6

4. The mainu resul-ts;

$hnoughout the seetion lie shaLJ- be eoneerned with a Rlesa A * uodrrl-*

$ a"nd an orde:r '  conplete Ries;z spaee F,

Consir ler the nrul t lp l ldabion on rt  $jzo(n) (  t t re .  a. lgel :ralc tensor:  prccluct)

dcf ined ?ry

(aSry)(e:sS?f  t )  ,a ,  R.&t  & iY,Yl
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V
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. a ,

o  a " r a ? q A ,  F o T t d z D ( } : )
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to vorlfy ttri j*n note
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5- -' dh Tr
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l e l . *  X  i " ' * l@Pt r  ,
. $.*'1
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. We a"ffrr* ar structuro of, Rlesz A6UptF) * module on f,*(nun) *F
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for a'  €x, iY e zp(r),  u Gr,r(ErF) ar id xg E.

l

group of, l-enuna:.si b,el-.osn

2n f  ,  provJ^<lo the basie

Befo:fb bta.tlng 'bhe lemmar we descrlbe a construction" Donote by

-"et ef a1-1 systerns (a,1,r,""e&*) (n {s runni.ng'orr"* iN} of elenents fn A*
!x

thaf  E.  ,n i .  * 'e"  A pneorde:r  :ne l -at ioo is  def i : red 'on Du by s  (er ro**o 'am).d
a-- I

6(*t,0",*unfr) tf there is ar part*.t lon (**ir(*{* of^ ltrro*.nnJ sr-rch i l:.s*

*- X- a! .fo:r f * I 4.m," Tir.e Rlesz decomposltlon proper:t3r ensuros tlra..ti DO
Jei'i* 'r

vands dlrected.

Nci ,mr f ln  UrStGLr(Er f )+ and x€s+ ,  ' fo  evarSr  A *  (s l ro"r re l r )eDA

at tach ihe systcn P o (P , rP.* )  o i 'ord-ep pnoJeci ions;  syt r  F gfven-u*y"".a;;.:;;;::,":;:"il;;",:*'*',."
!-
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D, the
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of a; $ * system is gfven here Uy ftV) ,*l Vf(x).

PR00F. He

necessatJt, wC"th

' 'PIIO0F. 
Condttloss f) a.r*u'$.1) 1n the d.eflnltlon of 

", S * sSrsterr, ane

ohnrJiousl3r sattsfied. 'Itre ver{fieatlon of eondltion fit} w,tln. be dj.vlded $nte

three steps,

sTnP 1) .

( (e$ tu  *ASPAlu) (x )€  ?*19: (A)  ,  A€  DA ,

PR00F. Let A * (ar, o. o rf lrr) and pO ,* (p1r, o *r?*) o He heve
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(( :@1r * Aelo )u)(x) *  
F 

t?u  ̂  pr lu(arx) *

, n n-  
5rt i .  

*  t r)(( i r (a.x)+lr(er*x))n) + Etn,,  -  rs)(u(*r*)nu'(aux)).-4

; . $ " " 1  

r &

4 F,tl(ol*)nu,(***) * z*\qtA) .
Lo:t; 

A

srnp ?)" r,et A 
1., | +3 o A*€ Dn be sueh tharh A 
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Ar( * ", 

{A*. n fhen
D , ,

(  (  V A-@P4,)ur)  (x ld 2*1U( A*)  "tr*1 -. -i

nay cha.ng. t i" orde:: 'of elements inL 
1a*h 

Au and conplete,

zeros;: hence we ma$: assume th$t
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r 1r u i1 t
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This i.s done by fur.,iuctiorr o?: no For n =- 0 there is nothin$ to prove. S'apposing

( t) true f or"' n *. tr 1et us prove lt for $" l{e havo

( r .  V  . , * V P 4  *  ) ( u t ( a o  *  x ) )  &
. ; 1  . d 1 ' o " o J y .  * t t " n u n

: a :  { p l t V  " '  V P r g n , " J * } ( ( u t ( s J 1 , . * " l o * }  *  g ( . e J 1 r * . " J r r x ) ) u } .  +

+ t t l rY " "v lJ f "  " ,J* ) (u(e 'Jr , . ,  "J r r * )Aut (*Jr . " .Jo*) )  "

.  . . . ;

4  4  ( (u t (a {  . {  x }  *  I l ( n i *  -  - ,  x } } * )  . '  0  r
. J f , ' " o J n  . J 1 l o ' " J U *  1 t " o " J n

f,irst terrr in the r{ght sj.de of (Z) p equal to

( p . , V  o o o V P ,  _ - - r  ) ( ( u t ( * . ' , ^ - - 1  x )  * u ( *  1 1 1  1  ;
, 1 1  t r 1 1 o ? e . r } T * f ;  d T : o " d n  
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1 * ' " 3 ; ' " ' *
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J t  J l i o c o J g * 1 r  J t " o " J I "  J l , o o o J *  . , t o o ' J ' i
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J l . t o r o ! t l r r * r '
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J t  

f n " o J n . _  
t J l o r o r t *

( p * V  o o o V P {  {  } ( u t ( a . .  n  x } )  . , *
J 1  r l  1 + 1 o J 1 . 1 - . 1  

d f ! " 6 . J l X

I I I

+  q - *  ( n r V  * . o V l ' r  * .  * P . r v  o o n v r n  . 0  ) ( u ( a . r  r  x ) A u t ( a . ,  :- f--. r ' - - ' - -  {  . + 9 r  J f  J 1 , o n " u *  d t  J 1 o " J n * f  J 1 l o o o ' , n  . r l o o o J o
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taking into aecount the faet that, 
'

ri

f  u ' ( a *  . i  x )  *  u t ( a r  {  x }
: 1  * - l :  ' f ' o " Y [  ' r 1 ' ' a * o P * $
t r l

and t trc incl .uc-bi .on hypo1; iresiso i t  fol . l -ows fron (J) that (1) hol-cls for nn

Next observe that the r j .61ht slde of (  1 ')  is less thal

l r ^ .  - r t , l " 4
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+  f f i  ( p r V . , " V p *  +  * 1 . * V " , " S ? ,  . r  ) { t r 1 * .  o  x i y x t i t { * *  ,  x } } ,
J 1 r " . ; r . ! r r * 1 * f '  

' r f l  d 1 " o " I i i * f :  d 1 '  '  . ' j l o o o d f i . * Z  ' J 1 o o o ' J v 1 * J  J 1 a s " J v 1 * 1

l l .

*  t r * :  (  1r ,  " *  Po v  . .  ogPu *  ) t t i ta*  . {  : { }  Auo(a1 . ,  .x i }  ,
J l o o * . e . ' l , . - t ' J  

*  ' r l  { , ! t s c e . l } t * l  u t ' ; " o o  d l " o o J u o

the abcve elersent ls in tuyn l-ess. t l:a.n XU{*, x}Ail l{mn.s} .* f,*,J'WtA*i. ,, lu

s*e tbJ.si by i.ii:*tron orr n as fo,T-io1..r$ r*;lnn*,"l* 

11

( t 1 * P * V " " u v p o  {  } ( u ( a .  . E  x } A l r s { * n  ^ o  x } }  *
1  

J t o " o J n * l  J l o o " d x }  c I  
1 a + * r ) *

. m
( 1 r * P r V ' , " . V P *  n  ) . L ( u ( a o  + . x ) A u r ( a *  * x ) ) *. r 1  . ,  l o " u . r $ _ t  J * * 1  

d / f o * " . r l l  J f o o * d n

( t r * p r V u o o v r o  o  ) ( u ( a +  r  x l A t r e l * - "  . r  x ) ) .
-  d 1  d 1 " o " r r n * f ,  u 1 . . " u n * . f  . i . l  . ' o L t J : * 1 ,*

J 1 r o " " r j * * x

tur*

* J - {
J , l  t : . n r J p _ 1  '

The :rtghtnost

(+) up 't;o

m,

31 , r .  - ,  n  Jn* l

( t *  * p * v . . " v p {  *  ) ( u ( a -  *  x ) A u t ( a .  j  x } )  ,
= - . ' i '  f  J 1 " o * J n * ?  d 1 c - " d o * t  J t n o o J ' . t * 1

term. of the above l.nequaltty adds r,ri.tir the last b,ut one termi fyr

Fnom thts remark and. the i,nduction hypothesis the

ntnallg get the announced Lnaqua,liiy by

SI'EP l) " The proof of conClt icn 11..1),

t o t  A le r ra rA*GDo be  such  t l i a t  O 'n  "

f) and ?i

conel-u,gion ts o,?.rta,ined *
$.

observlns that V AASI^5 * ,

". 
4 A* . t{e have }r,3r steps

: f

l f

l lE } lMA 4 .2 ,1e+;  GrF bs  a : 'der  eornp le r te  R icsa  s ipaees ,  M t re  an  order

bounded subsst of s, ffC#tol anA TCL,-(GlI ')* be an up,i:a.rds dl:rr:ctecl set of

orcler continu.cus na.ps sr"tch tlra.t the f,bl.l or,rtng hoLd t

f )  ( 1 *  *  p ) ( . - - )  +  P (y )g l . i  v l re r reve r  PCt '  and  x .ny f  I ' i .
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u , * { x i  x G n l t ,  t ( P ( l r l } )  * . O 3

is non lrciil;l i lren let g *.'fnf ll, As rr and P aye ordel" Cgntinuous, l"b fcrllelr:l tira.t

f ' (P( l  r t ) )  *0  ; :  as ,F€DDI{  *DMr  l t  i - s  the  leas t  e loment  o f ,  I t r "  i " le  s i r t l - I  p rovc  t r ra t

y(0. Br,' cond.lt lon 3f1)e tt suff,tees to shorw that frts*) *0 fsr anr fO€3*. se

let ?*6Y- be gi:ien, There 1s sr.€ 9-suctr t i,at fu$x4,f? , SS, conditJ.oyr *i) ttreret ;  -  
^ .  2 '

are nets  ( r* )  CY *na ( : -  )C! ,1  such tha. t  ?g- t  t *  nnd f " (P{ . ( ;  ro l  ) }  o  0.  Consld.erb  -  
b  a  $  Z ' D - ' $ '

t tre el.eroent y =' (?n - P.,)(y) + P-(x" ) .  ny eonditton t) c y-gDie{. We a.lso havc" 6  - G  
f ; " " '  5 '  b  -

. T ( p ( l y . [ ] ]  " *  r ( p ( 1 , :  *  p s ) t t y t ] ]  +  r ( r r * ( t r , , t 1 ; g
) -  r r  b  

-  
e  $  

-

. . j  . -  
.

Consaquentl.y, 3';€N a.nd heneei F4; y* . It foll.ovs that
a b

Pc (y"){  r*  ( r*}
t o o

whJieh lmplies

Pr( r * )  *  n6(y ) *dn ,  (1  l *  * .  l r ( (x r ) * )€  pg{ txu l } ,

s i ( t$ ( r*) )  (  ta(P,  (y+))4 ta(n6 (  lxr l  i ) ' *  CI  "

,  r+e ohiah t t ( f*)  -= O"

llhe above reasontng; together witir con,J.ltton SSi. sirow that tLiei set

Ss non vold. i ;  let  z Fe th.e supremusl i  of  thts 'set.  Clearly z€SDM g *he

ic eonclu'led ff we shor" that z - 0, fhfs wt-]-l- be clone by pnovlng thr,t

pfi.0$}.r Coristrrier a f"lxed t]'€9"aird a flxed ?€f and a,s,$unr.s ths,b fire set

* modr_rle E

i,s densio ly! tha

Am Prf  r*

})u n ( "#*)
proaf ::J.1.-1"

3.'(a) *.o for a.ny t '43"" so l-et reT be given* B3r conditlon s.i.),and the flrst

parr"b of the proof, vca csn f ixd the nets (1, j€f and (xUlCDMn(-%) sueh t ira*

r r t r rn . "*  j j t '$ j . *6))  * ,s o f is  xOlz&o i t  for tows t i rat  r ' (e ' (z l )  *  C ,  as r r t r*
trle have T(;)VT# the proof is c'oirptete.

. r a
fn l?J we ha.ve defl'ed n.r principal rnodul.o a"s s.r Rlesz A

endowed wl'ch a ll-ocr.l1.y soliri topol.ogy such thie,t fox. rrn;r x(8, Ax

srs") } 'od even.Fl td.f 'hkr{,}re n:ie n*1is (r*}C f"uo*. {x*}CM ,sush tha.tr
3 - h

r r f  t ' *  a.nd r( I r ( tqt) )  = o : f ior*  eai :h 5 "
iu) t1-rr*ttlolt *t,3

,f fi?"

thom O6 fiff,1.
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an*crre dofLnj'tlon (fon fnst*^n*er ftrlg lJnnaeh ia,ttj-eo rryi.'btr a; ques$ s.nten:ier elsmen*
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c ipi t l . .  p i :ojeet lon proporty $s a pr inclF:el .  mc6uTe ovcn Z*(g) ( t f r ts fo)- Iovs f : io; ;r

-p
I 'nendenth i r . l !s .sr reet ra l  theorer ,  -  r -Tri  i .  $eo  L }J l  "

l,EI,lMA .t-"3, Iret E be ar prlnclpaL A * modul-e, F bo an orde:r,complete

Riesz space arrd.  UrUt€: , r r (A* f  )  be s t rch t t ra t  i jAUr oq0_ fnen

c' *L
I

l.=1
for  an5r  =€E+

Pj?00f "' It is baseci on tb.e f,art (wirieh.ls establlshed ln the $ame :*,ngr

as l -ernna e- t  fn  [ fJ)  that  whenever  x fe. . . rx*€\  ver i . fy  *  *n *  *  n  t t rene is  Fn
sequence (mr- .0 . . . ,  s&-r* )C Do such that  auox g+"- ' . r *  

***J* io**r (  f . (  n .

lce are noi+' in Posj-t lo:a to prove the f irst mais resurt in the paperr

THHOR.E' ' I  4.f.  Lei E be ar prrnclpaJ- A * mo.Jure and }et F be a.

Rlesz spaes cf elz.ss So . Thei.n

( t') [* , uJ *. socd fo , o 6r r,ul tr,

(z) 
[*u,n] * $Dco(L*Slr e €

t ro*  
"ny 

VgLr(nrF)+

i

I

F

ft*.) 6 I lt\ r / t * l Y
I-'

o, ' r tct  (Pt . )cP( j ' )  : i rd.  a,  nct  (ar . )c Do such t i rnt  pgt f ,  ,  cr . : :d ar(8o s. : i .d
uo  

tg (+)  
o0  f ,o r  eash rndeNf , -  I io r *b ; r  r -enrxe ;4 ,1p . {nur&rV i  * "  .  S*  s ' . s te f f i

wit i r  i*sp,:ct  "bo ,c l ie nr.p t , l l *( I lup) *._p.F given by f  (S) * ls!(*)  g hen*e
(DA, 

t0 "l$l,t) f.s a S - s.rystemr nc.th respeut to fire n,r,;p ?& 3 heno F den,rrss the
order 'p roJec t lon  oR L- (n rn i  6 ; l ven  by  s  p -4  pg ,  coy l r ieouent lw^  *nonrarn ,  r ) ,  * . * . r , .a : r^

FR00r'" Denote wv *A the rlght si,de of ( r) " l{e sha-r-r- ftrst px,ove tha*
eaeh com,ponent of . v belongs

F$x. for *he rutr:,snt Rn :{Gn"i

the s-ta.te;nent of )_6nn,-l eg,f.

u J$ * to tirts purpo;se, l-o{'

:-r.r,d. construdt tire ixrLps @ and

Then l-srnsapa 4"3 corablned wj"th

LI6 CV aer1 let Us - tr' * If -

]jl *rn deseribed bafore

p:ropositLorx 3. ft parCIciun* .



. ;* f;Jl *,

TOr' era.crl 1'r1{1eI "  b  # (  - u ' d  b -  5 "  $ ' S '

lJol{, co}l ' i lde}" " i ;he i l* g - ' l ; t  t I ,#f (r)} ^*a tho set ?- of nrf o,np.,

frou L.JilrF) to !* of tL;': -fo.n.li fj l--+s{x} i-r:.t }.'={l-F"* i cler.r-1.y g*:-* i;p:.r.nrcls d-i:'en*tr

ted a:iC. $cn*Ss'hs $f orrier s?*nt:i-i:ri-i$us pelsitj-"""s J-f::1ear Kafi$- Ttre r:,bcv"* r*rrsoriS"ng

sho', is that Cri[ . irre&t.. lV * U), y anrt $" vorlf '5r concl- l t lon l t ]  frrL t l io sta*e:::err,t .

cf lenrnar 4.?i as tLre otire:r tr.ro eondi.bj-on.s $n lrrat lemma are easjr1y cesn to .hol.ciu

I'cu e.tr ari:it:i+.r'y tl€to, 4 , ret c.lo be ihe se'b of ope::abor:s in fo,Ift cf
' q - - d

theform V 
*OUr.  x i" t i i  UU€C,r and *U€R, 0deud I ,  d,stA ts a subtat t lee et .c i red.  fcn

l.+l
trfrst pe:rt of ttre proof,

p hence l lesJf, *J{c tr.a

F1n"a1,l} ln iA) fol low,s frorn' ( t):  lnleed,

f-u,uf * F.,zvJ * y,* $D$*b,u& tJ*u * v *

$t fb. ! - l .o, , rs tbal ;  0dsDcE{([oou$tJv *u]  *  J{-"  un t } rar i . t ; ,  i ;€"ul fn"

rur*1tfp1$.eatlon b;p scal-ars tn ftlntJo tt follows b;r the

tnn* -fCJ,{..Fy Ireuclen"thal-!s speetra,I tirecre*, ,;ff u
_61(-t,l/

the proof Y1. i '  cc:r-pi-ete"

* sDcd(fo;eStJuu - v) * sDc.*f*€@ rrn o" " @tfrv
: . , : , : .  r  - t'  l le pahd now, to a variant of t l : .eo; 'em 4.1 in whieh I-O'OJ *s roplaced iry

CU. To this pu.l isose, let us introduce t lre notion of a P* sinipS.e cori iponent,

eonsj'd.eP a, prittelperl A * module S anrtr an or"den eomplete Rlesz spass

!'" Srappose that A * X(g) and. Let F O* an tdea.l in the Soclean algebre Co te

be{nd the unlt of A) with t lr .e propezty t i :at for.every xf$ therro fs p€P s,:* ir

that px o xo AnSi'  component ef V€Lr(nrn)* of the form

n,  
- .  ^  : , ,V (nosP{ )v

t J t  
L  1

f']) ,4\. .-l
where p*eV anrl  P"gVJ(n) wi l - l  be cal led. $- s lmpleg' tb.e set of  al l  such e, i r i - .- a  3 .

pone: l ts is a sublqtt iee or lo(t toF) and r,r f l t -  be denote* uy fu "

l ,et  rr .s con.sider. tr*o e: lanp. los* fhe f i rst  is provtded by the, eass l i i ren

f i  is a Riejsa space tst th the prLnclp: i -  project lon property" In thj-s casee take

h * ?l- . (E) a:: , - i  t 'ake ,F *o 
' i :e 

i l re set of  a).1 pr i"nct,nr- l -  orr lcr r : : tJect i .6rs.1 ) -

For the second exnmpre, ret u * *(") 'r tH' l ly r). lsconnec.Led e,ompact

spae€, l-et l f  to t ire.set of charaeter: lst i* fungtions o:f '  cl .osod - oFen subsetl of

X anrl l-et A be the sub:r,1.6ebra ef M genera'bod ly P * The frrct tha.t )l $.s tota.llSr

d.tseonlroeted ensures tirat E {s a. pl'incipal A * rnodule, 0bsol.vo that ln eass llhcr}



a . +  ; . i  6 *

IA Xs not gi * stonoft:'lr. *iren Itr h*"*, no* tire

liens.*o Ji'* d*e;; ne.b sa"tl.sfpr -fh"* hyp*,ttre,sI.*

ven*nt e,f de peg;berss rcs.r_rl.t., Hcwevgr,o 11;

I , t :evf; J;hnnrnm'

prlnc$.pmrl- pnoJ oe*i:cua propot:by arrd

tlf rll.3iprn*rtfSl and Fu:"nig*:i1111qr$ *l i*tpro-*

does sati,sfy the hyp*tiresis of,,  nur:

. f,lir,';HA 4.4". Let llrF ancl 
"f 

1,, u.u a.brrve and l"e'b a€Ea u S:tx ru p es

i r
{,

whlch px ** x and t.et f* bc ilr* s*t srf ..tr}l sys.teres (f 
rro,*epor) of ruutus4,L1;r dis__
I I J

Joiri& ele:rentii; gn F such -bha-b 
f. rro .* p (m $"Er runn{ng cr.ven hd }" fhom fo'
l= it

everjp UrUu(i  l : , r [Erf  )  .such t t iat  I ]Ai I t  : ' ' -  0 we hav,e

. . n

{  X .u tp ix ) , tu ' (n rx i  I  to r , ruo*epr , }  €F*3  So s

PR00F. by Ierum Q "J we irave

, a J e n o l S o ' ,- S . * t  - : '  3  I  J '  -  - - ' [ B ' - - A J ' -

I *  v ' t f t  t hen ,su f f l ee  to ,gho* '  t ha*  fo r  eve ry  (a r r , . ons* ) (DO the re  $ .s  (Fg ro " " r1 rn )6

€f , sueir th:.t 
f"(nrx) nu'(r,rx16 

F.u(arxln u?tarx) "J*f * 
A*-1 r' r

I r rdeed; ,  f . f  (an, r . , . " rp"* )SDO thcre e. re r iu t l ra l ly  d3-sJolnt  s luoo"ee$d Ge\
tto] sueh that 

S "*'*" 
* **u ea;*h ea has the fors

*'*' =* #.**.*
fo r  soare  * r$€R*  ( " * * *11  rha t  A  *X(a) ) "

fbr  t4 J 4ra.

con,sider the $ysre* ("abjl '*g-{m, 
f{J{n " rt Ls

(anr . .  o  r&* ) ,  Consequer t t l ; r ,

n n r y l

-2 . " (o rx )z ruE(e rx )  * f  2 i  . *nu (eox lAu , (eox )  *
J=: f  . ,  J  FGt  ]J  J  J

h

t i ' !- \rtq H
*  Z*  Z-u tauerx )  Aut  (a*  e . .x )  4  Xu(a . ,x lA  ur  (a*x )  a

JoJ *.-'J s ir '. a I Tffi L '"L-' q
'4\ ...1\As tP !s  ar r  rcer . l  

'h  
co i ra  herre r rn€? fo : -  16 j4  * .  ? i rerc forn-  f  ̂  , . , ,  ^

.  J  
j g  n .  ? i l e r c f  o - v ,  \ u 1 p e  "  o .  r u " u p l G

s $/* er:d

----.. than

E[

A u X . & 4  * e
*."*t

m

Eutaux)*uo(a*x)  c
trot'1 

4

m
5fu;5

we hs,ve Z_ s* * *. f
$,o-f 

iJ

an olement of D. f l rcrc*er

}}

Xute"px lAut{s . .px}  {
J *,i, 1! .)

fi:ulOR'Ei-l u$o?o. l,e.t ErF and. F ou as above and. su'pose tirat y6€, _ ?hen
q(

Cv * rnr* Fu

f o r  e v e r ; g  V € L  f  i i - p )



pR00, ' t "  I lo t  U€Cy 
"  

Con. l i - r l c r " : r i  ? r€H*  and.  de f fu ie  *S*  cys ten  tn  the

$*.rar sialn ag il: 'tho clls*uer:iei:t pr:ccerli:lg -l.emmltL 4"1 r+tlth. ti.r* onLy ar:*r*p*ior.l tha.t

Di ls repl .aced hy the set P* o* Len"*ra. 4,4 ( f ,  *u or.d.el"eC l .n thc same $a:3r aE D.A  -  x  
-  . "  x ' - '

arrd ss upi+a:rcls d.trecl;eci-), ob,serrr* thrt the p:ro*f, ef, lepcma: 4"1 s*ij-I_ wqr-ks j-n or*

de:r to'silot'i'r that r.ro li;r,vo Lt**eed trhtl.irl,*d a: W * slrs*e:wo lilten ths e:rffia asr61ilir.on*

as in thtr  prooof of t i rer l : 'em 4oS (ur lng l .emma;4.4 $nstear]  of ' lernny:e 4"3) 3ngol-cis ur.

not (1i) *:,*Fir) a,na.a, neb {se.} *m a{Fu * ui such thar rrf lu anc pulsnl(:ci ,*

"* 0o: A$, s wasJ a:.'bi-ir'a.r';', 'i;he 1rr'oof i-s *oripleteci l;y urii"rig l-ernna 4 "to
It S,s r*nr'lrhr,;&i1e 'to note th*.* for' h.l*sz slraces of elass € U " 

the

eoncluslon of theor,.en 4.2 csn be uestated to beccme i.d.ehtiaal .bo ttre eonel_usi-oru

of  theorrem 0, f  i  .

O0ROLIARY 4.?, r,et IlrF and F r* as aborre ancl suppose ti1a.h te€{t D

Ihen

fo r ' any '  V€ t  (E . f )-  r '  '  ' +

Pt00F^ Sy

c v * #*'%o

t treeremr 4"P,

A

q

and

cr?
u,J 

"

Cv : silC' .PV *- sD$g 
ot,VoPo 

=* $Dsrd" @u "
I t  sholr j_d be uent ioned t i rat  fn the general  s&s€ {6s, the stabenen,t  o; f

theore&s 4" 1 and' 4"? eould i:e lnprcved by reiaarkii:g that, as sJx tho proof of

eorool lary 4*t ,  ths frna. i  op l*o l tabsorired* b3r D; we ieave to the nee.<ter thee{
fo:rnaul-ation of tho preelse statemont.

. tle glve now {n up - dovna theoren fn the eenten of, r,r(Brr') s*rlch extendm

to arbit: :ary Riesr spa.ces the eo:irespondlng result of gushese Dod.d.s,, de pr.g:ber
!- -1

and l ishsp l? 'J Pr"o'"red o: ' rLy for Ries? spa(:es wlth separat ing order corrt lnuous r lnal" ,

Before gtv:,r:$ the the*r'e,r ll.et us rem*s,k that, ri,henever G is e Rler1rs

A'- 'moduler Lts eonter Z(G] '  eart  be tu:rncd lnto a Riesz A * module b3r d"of l , r i i *g

( a?'1 ( xl * ?'t ex) * a7{ x}

f,bn m &L, T e z{G} and x€ G" rn pa.rt{cu:1arp whenaver lJ is p; Riesz A * moclu.le

F is an orcle:r  eonnlete R*esz spa.*e, z(I , - , (arf l )  $,111 be ccnslt leyed as a l t iesz

ASZp(n) * nodulo. l fo shal- l- denoto hy e tfro unlt $f,.R,

Til i t0REl'I  4.J. Let l i  be n1 prln.cip:r l  A * module a-nd, let f  bolong to



tiren

{ ir} f o, &'l *.

(*) f.-f ,trJ

fori' everrlr t?"6 :i{L}.i fi ut'.i },*

Pil.il*I'" iirs $l:al-_l-

4

pror.* *n).;g { tri n a,s ( a} *-s d.eiluiced f:roxr { 1} as *n tire

q (1rr

-dl . t  t  l l

Consfulen al. 'so the r:et,3" erf a. l l  ma.I is f"::olo Z(tr(HrF)) into F of the

fo:n*r 'r-t** tX(u)(x) rqfth.U elr(arr)* a:ra x6$.* ;:  etoanty 9-*" uprra.rds dj"recteri.

ancl consl-sts of posltive er.der* eontfuruclus linear Etltpso '

l lew'3-et  dgfor" f  n  Ftx  fer  the n iu$ent  u€r , r (nuF)+ and x€E* *  As

C (u)EfOrtrtU[ , 
'bhere atr.e, acccrd.in6 ta. the proof of t ]rr:oresr 4.f * a not t] ; ]

r " , f c r l a i r c l a n * t ( s 5 ) r n c d f t l , e s l u 1 ' i f ( r r } s u e h t h a t P , t t , a n a

Pctsr ;  dtu)!( ;)  *,Ofo:r eaeh $ " The ml.p Tr*>? (u) $-s p.,r  or"der eontj .nuous
d 0

z( l*( i rn l ' ) )  *rr to t r (Err lu r ierrge l t  takes e*fore$l tJ ' f i -

;; son$equen'bly, *6 *?r(u) f,sr soine"'b* q^l]r:r*6ptU)f ,

? r ( t r $  *d

{P6 tr8 *d

C l c a , : r ! - * ? 0 t  , -' ' u  - 6  l  ' z ( L r ( f r r l ' ) )

As IJ er.nd x lleve a.rbitrargu the preeedlng reasonsng sho$$ that tire
t D  f v

sets I ,?]" and the orcley borrnded sulr: l*a-gtleu Cut fOrest ' f  i f  * g sntlsfSr to co:r*

Ci:;io:r. ij") j:l ihc s'i,ii-i,r-.:rrellt sf ].r."r,'ln*:4,?? nt c,rrldltiog:; j-) antl J.it) :-rre cii.uLicr.lel-r-

satJ.sf led, l t  fo1,1ows t irat 0€.sD(coo frrceoS]F - 6')o whtah 1"mpl.5.os the con*h.i*

e l0 : lo

Ttre eorresr:onding varte.nt. for pr"J-ne{pal eo:rnpouents ts proved l"n an

ar" .a l0dous.  Tai "  (  i ; i th ' t l ie  s ;ane uacl l f icat . ior rs  as ' ln  t i re  p icof  o f  t i reoycm 4-?)  i

1't tH0:i l114 4.2?" J,ct ErF.and F no ps J.n t ire e*a,ternent of theorem 4.f:;  l ie*

pnuof ot '  thec;rero r&"1

/e \  / ' \

iL.: i :  . i+rc) ' ;y, P ep{r, ')  r. : t  Fr;{,Jtr i(Lr(I l ,} ' }}) be d$fj. ir* i t  }r3e

T(?)  *  (esp)? ' .

Denore W V the set {T I p e#tr}} "

Rl"esz ircmomorrphl,sm f'ro:r

onto c*ftrre @rrj '? '(u)

lJs havg



. -  , ,  
- . .  ' 1 ,  r 1  

' .  ' . ] , . t

, , ' ,  ,  , '  '  '

* rueftrl$

I
!i'

pROoF{ tet u€}lvlelvlJ .  Thene is d6f -ro"(u,u} ,  no*(rrorn}J u'rch

that  I I  o  d(v) .  gy theorem 4,3 xo have

r -  ^--  r  r@r,  ,  e@tJr l " t ' ,F)  cfr€ sDgo( L*,

r,r,r,| t-*@tn o eE fJlr*tn,n) 3

Apply,tng lemma 4.5 to the map t h-)'U (V) we ob*afn

$ "q d (v) e Lr,I,l f-rsr, , e$r'Jrl o

For spaees of  e las*  %O, th .eorem 4"5 takes the fo l lowlng form i

c0ROLLAi.y 4,2. r,ot E be a princlpal A * modul.e s.nd let F 'nelong r, €o l

Lt vt ,l u {] * i,lr,;4of*e@ tu , o @tr].r

.r-1 ,,a (\_/
f,lno tte set $, er ff * rrim$Ie eon'ponents ef' Dvg ztr,n("*rF))* by

Then

Shen

*: $$**. CD.'?r,

fon' every lle ntn*(n,F))+ e

Thc-rrnoof ls hased on the remar:k tha.t C(u)6C.o(U) when$ver d€ ri,frr

and.  L le l r (ErF)+ ,

Theerem 4.J td.1-1 b,e used f"n order to obtaln a varlant of theorem 4.1

for non posltive operato:rs. He shal-l seod a lemma whose proof, is stralghtfonmrdg
a .

r i  IrEMil ' lA 4,5, Iret SrF be Riesz $paces a.nd Let.SrE ***1 F be'orden'eontlntr*

oug4 Then

r(rM)c tr(Lr) , *(d ntc r,j r(Fi]

for everJr MCE and everSr ordLnald + .

qt01ry 4,5, I,et E be a prlnclpa.L A.,* module and'let I '  belong to €. ,
o{

.Then 
'ltt

fbr '  evepy V€Lr(f irF) "

foy everrXr V €f,*{Urf'} .



l l l l :e 1.:rf,r* *r::: i :1.. i iryy. $.f: i i j  *ons,irlu.on*o cf .grer:r ' i :f i1::1 
4+,l is

q3i;i ig1'1ri11p t: l:t:.- ir cr, ' i- l '1i (Jt ' i i i ir. r lDtiri l l"* ' i i i . l  iL1*tn #il j : i .( je 
"re.;-cl:"i{-,t i i0 

i:onte

ti i*.t; ' i ;h,* e,;"j.e.i l  t+p*1 r:g;; *.:r a l?"j.rri ir $prce t1i 'r.:,; ' i : i :rpi;r_i 1;;; uho:,in
. . ' : ' '

f.tr,r-i:S i'i :r(ih 1,1 ,.n, ij/j*

fot '  every

d o ff' lrt:"'..J ,$ 
" $,

,  I  , ' " , , ,  t ' '? ' : ,  -( ;J . i l  i j : :  " t " r '  + . i i . , . l i : i ,1 . . " i .

cf.o*ed ,s*'i;$ ::.r.,:e -i,i l*

tlf'ljiOj,,j,,1t.il.:i 4"). Lc* jit he rr pr.j-rifj-jr3r:!. .d, *, mottll.l.e s.nti l-et 1,. Lre

cc;1r.1;-Lelbe ii.iLrr;:r srira{;\r}* c*nl;iclr,:;"til i l ey.cte;;: "boptii.og;y ox ilo{tirF) rend .1.s.b

L|rJt;r" 'bl' l{: OJ-r:i.;ir:lrs (i:f ' a se.;i-; i,15.'Lh r"ertpe,*.i; tO tliJ-s t*p*1*g;y* ?lr.e* t.e itzvo

r *T '?:*.*'*-T;-'*
l { . } , , V 1 *  l 1 1  " ' { i " t '  t r r
L  Y  . * L  

- ' -  
L t ' l \ r ' t i l J l r i l v

f ,br, cve::.p T&"Lr(nrI]+

f  or eve r"rr  V&L { t i -Tr1 -' E " - " \ u 9 -  t  t

f *eg$,1u" ,

' i;hn

*:rd.er"

l-\;tr iJ..*.*

---r{

t ' r  Is @

and.

f*lvooll. l l . "*.

r f  mu:, 'csvcr 11 an,J P r, i .c as lu t l t r :  statement of theo:_.cni  4o!,  ther i ,

rr
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$rasi t iensts Hath,  a '  (  t 'g5t) ,  t5$ *  f8z"

K. KURAT0I.ISKI and A. H'$T0'.,SKI : Set theoy3r. North - Hsllancl 
'

Ptt&,]-, Gomp,, Amsterd.amn and pl{I{ * pollBh Sel_" publop l{artszanr€us $96?_

5 
"'' 

tdJr'J* Lu)cEmuRo and A"c* iAaltm{ ! Rlesz $pacos r, Nonlih * Eolland

, Fubl, Comp", Amstenda&r * London, T9?1"

6 . B. DE PAGT$R a fhe eon5ronents sf & posttrve,€,pera,tonu trnda€u l{attr.

45  (1 ,9e1 ) r  a t9  *  24 f .

? . D* wzA : trdeails snd band.s. in pr5-nc:rrpal moduleso Arch,n Ftath* 45
( n985) r ]06 * 3?2,

d.Dol,l* URIGHt I the msa,sure extenston pnob)_om f,or vector, J-a.ttleesj

Ann* Inst" Foterten, Grenob,le, ?T ($g?t)e 6F * gF"

J.D.M" I ' IRIGI{T e An algebraie eharacterLzatlon ef veetor. lattfees

r'&th the Bsnel regularity property, J" londcn &lath, $@e, ? ( tg?}) !
?ttT * 285, r


