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3' Lrrys,gpuqtl-pli- $ryp sq&rgr,.rysT.. .g5' FEffigl

&et, s{ be a semifinj.t,s von i'{eu}nqnn algebr"a ss6 let J(t4)

bc ths nsre closed two nided ideal generated bpr ttre fi.m*"te

pro,jectioqs of M. gs1 $G K he & **bal"6iebra cf 
'&$* 

A derive*

tion bf IS ints tI(M) is a linesr applieatis,n c!*lg"*r,f {tr}

sat iufying [(ry;*$6"3yu"5(f]  n for xuy€ ]r lo For instance {f

K€.f(l.,I) then the derivstion S(e)*(edK),{xi*.k*r**( is af ttr-te,

type* $ueh de::ivations impl"euented by eLemente [n d{M}, &Fs

eall.ed inner. There are meny examples ef deri,saticns af
',***subalgebrae l{gm into the ideal ,}(H}r vs}rieh are not .inner

. A t , y p i e a 1 g u e l r e x g I a p 1 g l . g a s f o ] . ] . e w g g t e k e u 4 ( a ? ( s u f f } } ,

vrhore p ls the Sebesgu,e meesure on tl:e thoru* f, 3.et

s*C(11'F act on LZ(5P'FF by l,eft m:ltiptieation nnd define

E(*F*(ud F*A) (xlt whene P p is the projeetion antc the }}ar+gr
s[* Ht

subepace Na{trup}* Then it f,e easy te see tiiat 5{*l* K{i4y*

*rr{8f,/{}} f*r ses{s'} and that 5 *u rr** imp}etnenred by & **rs*

psaet speratsre

lYe w113. lisvrever ehsw in tlrie psper ttlet [g t{ $.s. se]"f*

adjoint and w*el.osed in L{ then, exeeps for eerbsin e:1tusti*ns

aLl derivationm of N ints 
"?{},t} are j.nRer* Moreeyer for uhe

moet t;rpi.ca]" excepted e&r:{s wee}l eorrfstruct a eounterexi::mpis,

Th{s derivstion*,probj.*m wss i.lnitlatd j"n ths a&se

I't*8q# and .r(Iu[b*Ktlt] by iohnson and Far"r*t.t ln a pspsr ef the

ear3"y ?ors (i}:l )* r'rl that psp€r! d,'ohnssn anct parr"ctt wanted



to
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eharscteri"se the eommltrant moduiLo the ldeal of eomr*

paet operatowsKf,UYg Sffi} for & von }*sumann al"gebra il$qfiq{},,

They noted that i"n ox"Ses to *dentfty S,t. vrith the eomi:net

perturbations sf the, eourmrts,rnt CIf i{ m Bfi4} it euffiem.e; ts

eh,ow t,?rat a:ty derivatien 5 s'mF-*ft(ff) 1e inner. fhey pr:srye€n

t,hat th$.$ {e indced the erese i.tr S hae no eeptatr,r t$pe SXU

faeters as direet sr:mmE*nds, To ds thie they first eoL'red

the sese erheR If f,s ebelian the othes. e&s@s bei"ng rmtirer

eesy oon€equenees of i"t" she generaS. type IEu efis6 w&s prs*

qed reeentSg :in I fj by different teeFrniqm*s and uein& ruore

of tho ergodie theery of tl:e tffpa fIU faetotrs*

fin L4J 
g,t ie studied th*.e derivation problem fn the

ffisre generaS. eetl;ing when gfitb is, replaced by a eemi.fil3ite,

son $eursarur eS"gebrs ,, Ktpry by the idea3. J (M) end the eentes*

CIf I{ is assumed to contain ttra eentcr of M* under t}rf,.e qy*

pothcs$.e it is proverS that if If ie either an abeLian sp &

properly tttf,inLte vsn Ser:manru elgebre €hen anry dex.iv'atisrs

of S lnto J(ht) is i.nncr"

To state in preej-ee terms o?tr ' results let uel f j . r*t

reeal"l tha'b e,t"{y I/0}L, I,}eum.ann e}gbbna l{ can t*e' de*omponeei' {nt,er

a di^reet eum, tr-tr*ll*@ffg wi.t,h N* * finite ttrpe x vom $eumsr,"n al"-

gebra and }tr* & vCIn l{eumarur a}g1e}:ra thst has me fimite *ype s

su.mrnqRdso T,fe srulltlrun soy that Ssu &s s suSsl"gebra J.n I.{u, ie

local$r e ompat*bi"e urith the eenter of, &[o ff(rsl , if therc exf st

a partiticn af the unity {oul ,., {.n t,he eenter of }i*, H{lr*} o

eo that for esch l" we have either d($o}U'e f{m}p, sr

F-tmln*e Z(r1)n* o
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Shen ou.* f*"r..*t theorem stqteer

{*t* Sheoremn tet B{ be & eemifinite von l{eurn&r}rr

aS.gebrm and qf (F{},f.ts ccmpaet, $"deaL erpace* &et I{CFS be &

weakly cl-oees **subalgebra of M and srrppsss ti:e finitq*

t"ype r eumrnand of It f,$ loealS.y ccmpati_hle, wit,h the. eentep

of ffi (in the s@nse dcseribed ebove)" shen arry cleri.vet$.orn str

trf into .r(3{} s,s inner* rn part{euran the e mumr*ant roodu}.m

.f (m) of ffi {.xr M equa]"s $un ffi + f (ffi}*

Tlnrs, theoren C."C. solves in th,e aff{rmat,tve the

derivation pr6bl.em if N f"e of type if, u* proper:.y infin$,*

tp" rt, aLso gives an affirmstive anewer to the reuCIi.ning

ease when F is flnit,e of, type f (e.g* vrhen I{ is the tfinsor

p r o d u c t o f a m a t r i x a I g e b r a s r i t h a n a b e } i a n m 3 " g e b r e } u n d e x -

en additisnal assurrption of Locsl eenBatibil"ity between the

eentere of 3{ enc B{* fhe *yp{*ml situation when t,}rip eondf*

tion $.e not fulfS.LrerS i"e when $ f.e ebeLien and diffnee .
({*e* wit}reut atome}s H${} ss aSes,diffuse and if ans ff{e{}

&re independent vorr seu.menn algebr-as* nane\r t{ and X{bty,trffi

nerate th,c. von Heuruann algebr,a, Xg 6Z{m} with }Uo fffhn} eitt$-ng

{nsf.de t.t as }f, @ * and t, @)f6m} "
The sacotd theorem that we will Frove fn thte pep*"tr

dea}.s with the most etmple sueh ess€, l"eft $psn by theerrcm

t*t* nane)4r whelR ns* tff [Su qJr'* @Gg * {'['rF] ] an* m*t @ b*{Trrp}

In th:[s c&ss we w'il]. ebnetruct, & eounterexampLe, ohovrin6l the

existenee of a derivaticn of lfr into ,]{}-U not inplement,ed by

an el.euent in ol(lr{)" Shis ie somehow r.urr6}:cpeeted end j"s }313s*
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bab'}y the f$"ret nonvanfmhS.ng **eohomologleal reeuLt fn

rron l{eumann a]-gebras. T.t practieal&y ehows thet the on+}

parameten varsioR of .J*hnson and Farrot& onig$"nal resnlt

mey faiL tc be true,3n order^ ts harre en atrternsti.ves mCIre

int,uitive $.nterpretatisn of the next tl:eorem, tlte remeler

sh*uld noti,ce that we mey identiff S{,*h*{ [SrfJ,p] ffi:,] ('Fupr])

r+irir r,*( [0, ]] "s 
ene {m"upl } } o -r(er} wi.rh t*( [s , 4 uKtna {'ttup }, } }

and I{* * 6i n*(trrF} rp,ith the eet of eonetsnt Kty.A(.rfrp}} ve*

}rxed fl.rnetions on the isaterval lertl .]

1n2 * sheore&* I#t nisgooo{ [Su aj ffa] ffi@n {S'sfi} } -

I{*t @ I:,"ogw;l*}c &{' fhere exiete en operatc}r g esg whleh eem*

mrtes moduXo ,f(Ef,) with al,X the eleulente i-n tr b@t wh$.eh is,

$St a compaet {i,s* e.f(M}} pertnrbetion e'f an el,ement,0*s}*

nrut*"ng wtth H* In particul-aru there e:ciete s derivat,isn:

3 (* ad S) fbom $ into J{M} whflnh le nst innsr.u ioes n,$t

i"mplenented by &n e lement in J (M) *

*ha, paper $"e orgnnieed sre f'ol3.ewee Sn sset*one

3*? we prc\re theorem t,& snd $.n seet*.on S rEe prsve thecrem

5"*3* Wc wi3"l";stsw preeent ssme sf thc ideae behlnd'*he proof

of thesreul 1,1u

A keg *dea of our pnoof f.e to work wgth e new nsrffi

en the slgebra &t* denoi"es Jf lll , whieh $"n sur prCIbles turne

ont tei be the righ* eorrespondent sf the uniform nor& sit

Q,EXtl* This nCIria has two nsin feetnr*es* 'it herps dea}ing

witrr the center of &tu wha:'n diffuse u and vrf"th the contln.uer:s

di"merusi"on of pr.ojeetionm, $eherr Io{ ie of type II** Tlle dcfi*
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ni.ti"sn end mei.n prsperti&ffi:of the norm tll lll &rs diCIsussed

i"ri $e*. ?,"

We thert ppCIve theorem {.t fn the c&se N $.$ ctcls*ie

and abelinn* T;r the proof we defins ti:.e aperatnn $"mplorneli*

t5"ng E u* Xbieu )e* u vrirore @t &re the, mtoms of I{ and, th*,
i- 

'r' "L

eeries im etrongl"y sonver"gent" end we mse en edupt'i.on CIf

a tni.ek fn fnJru show th,&t l5eei]e*€utr{ffi}-

Hy t.he atomis ebeli,&n ease anet b1r the s&mei ar6p,men*

se in 4qtr [f] efoe M*S#{} } we prove & oontinui.ty result na*
i

mely that f"f I$ Se'fin*{q* snd eountabfun deeompossb}e th.en b

is eontirru,*us from the un{,t bal"l ef i{ r+€th the strong &pe*

rat*r topalogy into .f {E{} r+.ith the nora lll ll{ * ffielng thie

reswl* w pross: *hat *n moet situationsif &n clement ff is

ln lf, **"{6(rr}#lw u:dtarSr etement, fn g}affi and imp}.ements

b om If then i? ie in .I(ffi) * From th$,s we eanity get the

p::sef ef tire thesren for ff.ni,te tprpe S {un6er ilre l"oea} Gs&*

patibil"S.&y' e onclition and prsperhr i.nfimite a3-gebras encS

aLso reduee the reraei"nireg type El* ea*e to the eitrsetion

when }[ is eeparabJ.e erid 3d {e eo"uantebSp deeon'rpoeab3"€* &$.ss"@s*

v€re b3r u*ing the Wl3**terdaewskL fS.xod poimt, the*rem {n bhe*

sea@ waSr it $"s usecl tcl pr$ovc the Keldtson*Sekaf theor€m sn

derivations of won l,{eu&€l.ym sl,gobn&s w* ruake t}rs reduettmn

to the o&se when l'Isf\ &A eCInf,re{es*} }rs f,inite pnojecti"ons of M*

FinalSy we irrsve the type rr* ceme under the abo'ee

as;tu-rnpt,i"en*e Tn eon$trust & eandldate for t-ire operator Ke#{},(}

i.:nplemontin6 $ o* N we shovs that $ hee a ma:rimeL abeLj.am

itr
**ubal"gebrm AcS$ eueh the* $t,tlxl{ eontatne ns fini-te proj'ee*
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tions af L{o she prosf sf, t,h$,s f,ac'b $.e imepired from [gj-

$ince A le abel.i-an by the type $ e&s:@ there exl.sts, K€*.}.{t{}

impS.ementing 5 o* A arrd tfre'r.est of the proof sheirus tha*,t

in faet this ffi i-niptmm*nte 5 en all ffi* $o th$.s end we FX.s*

qeed by eontpad'iet$.on fo3"]"o"'yin$ the },tr:.em of the pro*f lra

[f 1.' rne. aesumpt$.on 6**J*ad r#O shows that $n{*lfn f#r ss.

me unitery' eSernent ve3f* Thon with the help of A and v amd

uaing ssme teehnieel- devieee myni.Lar to p,L im [?] Bs&

conssr*e* q sequene€ cf abelian oubeS"gebree J[* i.n ]S on

whieh E^ buh""** as bqd as possib].e, [{ore pree:iue}y w*a  F - - - - -

eonstr"uret the eS.gebras Am together with sme finite projes*

tion"q o*effi so tfut, flf we eonsider jt as eeting c,n f*?{mu"p}

then tire ecnpreesions sf 5ol*o to the sp&ces #*a r-P{neoyl

&ra *patiel}y ieornorphta.to & sequenee of denivatiene

5*r s* (srp,) '-*S{ng (r'rp} } " tTe ets thi e ln suetr & we}r that, tire

derivat,ione Sr* b*h*** eloro end mope like acl F;p end mr:rffi,sver
{d

so that by the eCInti"mrity resuLt the i.imflt a* F- 2 fr:).howm

$s*stoFlrlio esntintrslrso fhis ts easi'ly $sen to he & eorltrs*i.e*

ttom* $Je mention thmt the ewstruet,ion of the ffnite pr.o*

ieet,f.ons @**o ry.rhich doosnet mppenr in [yJ- ,s.e eeaentia"S, heffffi

ara$ carrli- mo*t of the teehnieat diffj.eul.t$;em of pasmi,n6.E-pon

tlre s&s& f'i*$flj{} to tlr,* general eape" rn fact the reeder

vril3 not th&t6 aSthcu$h the pneof of theonexr $..t Ls {.nnp$.*

lred in eerta{n plaees fr$m l5.l mnr3 i?l e CIun eppreesir ie

rather nsw ev*n rvlren pertieuJ"arised to the cess *i"$/f)"

rt i"s oun foeling th*t the new techn$,qmee ws i"n'tx"**
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duced hene te dea} islth the s€es€) W $.s' of *y;:e IS* mmp

*3.so be qemed to prove v*leulesew, sr Jrndersen st*biSsty

type t}:es*ems obtained vri:en r.epleeing gW hy s ty'pe Ttr*

fs.cten M and *w hy # (u) *

A f$"ret vensfon sf th*.s, papsr has tseem eireu'}st,ed

es lI$Sft$SS preprtnb. f{o.?5/.tg8$ end hae been submitteel tm

this $*'xmnaX. *n t,ha& fsrrmo Unfortmaterlrys &s the referes

pointed out &o uqu tkre peper eonteined en esrsr in one ef

the prelims.neqy emstderations' e faet that aetuaLLy m*lde

thet pnoof o,f theorem **t eorcect en&y in the c&se the ee*

wifinS.te aS.gebra M ha$ stoirf.e eenter". We deeply thank thm

reffe*ree fon pointing-th$m out to us,o l{owevero in order

&s.make {fusr prCIof of {..1 werk $.n the generaSlty presented

in thi.s pepsr we $nLy bed to modify *he defimtien of, ths
; t t  l ,  I

nsrm ttl llt and to a&opt asserd{nglff eone of the e,tatemexa&e

and proofe 1n the pre}i.m;i.nany eeetisn {, a matter thet enT-y

sffeeted thelr fsFne not the$.r spirtt,* In turn* the fme*

tha{ {n eerLsi"n eit,ustisne the pnobSen }ras e negettve sft&*

wsr sseme t$ us of 6ven mors $.nteres* u and eLeerlsn des*pree

f,rerrthex, i.nveetigatiore*" $speeiel3y* oum theore& L*3 sher*s

thgt one prerameter vef*s,i"ons of s1asei"eal" derivatlon preitr3"eme

(en h*gher eCIhomo3"ogien3" grroblems} may have ne6at$.ve

&nSVfeFS &
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3 " Sgw*_ru&{$$,rs$ss$s
i

A,*[6 flet fd: b.e e $emif{,rsfte vsn $euruexm &}&ebyfte

Aseume liit hms ee*untnbS-e cleeomposehle (or eountabS.e type)

eenter X(H) snd 3"et Y me & rlCIrm&1" fef.thfra} eta"Le osa

Z(Pr}, f$-xed fr"om now slre -rFe wi33, assoe iater tm Y a napxnal

eeffiif*nit,e fai,thful treee Y en ffi in t,he foLl-oturing welrg

ne€ &.f dee,enp+se# in&o m*, dires& ffirm &s &t=.@ {ffii6ftf{* } }
ier

where: $fg ere finit,e venr Heumsnm aSgebras and dlmftX#

E{rA} is nsturel}S f,sexno:rphie te @{ o CIR eaeh ffi, there S"e

flnite f,ai*hf,u3, tnaee 9* which equmls V

&a X1 {here X I ie regerde€ as a m,ubalgebrn

*dimf{$ f* t#i" &et,ffg*&ra#, he t}re eenter of &'$g* trhesr

a un$,que n,ox"mal

when restriete&

ef @4.*X{Frr} ln the obwiorse wsr}u. *irtr'e there ex$"ets e r:sri*

que normel- eeniffin*te, f"s5.8hfic3. &reee' f on M wSrieh *qi:a3-m

?f @ s? *n Hj" 69fffg.), whene s'r $.s the usual tra*e on $ffi).

r#e dei'ros* wy*{* 
" 

H lY{xl$). *} ffidr fw- xeHu lls[{y*

*Y{xrx}gl?, y,et t{y be t}re l[$.]bert sp&c€: eomp3-eticn ef p,f y sn

ttae norm lt lly * l# l*cj"13 al"lwa&"m be regnrded in iffs sten*ar&

€pr€#ents{*,*scsu aeting ar" {Nf hy 3ef't, mu3-tiplteetisn* Bire

usua3. tanifcrr:an nsrm ef an *per:e'f,or f.n }.€ rqil3 be den*t,eeg {i il -

Note tlr.et *f ee&{ i.s a fi.nj.te pr*,fecti-on then u,e *.*

nst necessox.*"3;r ha'rre ee*4f (aetun3.3ry th*.s {.mplieation he},Se

true s'rr.ly i.n the c&,ee tlre properS,y infinite part sf ffi has

atoxrlc centor) " I{onever $o e }-ear].1r h&ver,

. 3'1-"to If eeld f,s & finite projectfon then t,hrelr,s

f s an inereesing sequ.enes: eif eentral proieetiene Pn€U (l'T) e s€$
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that pnT{ and ep*eF,fy fo:r nL1 mo

z *z * tse denote by Is'l**{knm,p \ tlmtt< {u Y(x"xpia I'(p}
I F T  L  t

fo,r s}l .Fefir$)J* altttonglt n"e wi"13 stot ume' in'hhfa pepsr-

eny reduetion theelsy exr6utgentt. it mny be helpful for the

readep.en Sntuition tt, nct,o 'bhat tf &f, $.m' regarded &s &{ ffiesp

eurabl"e f$"el.d of (eemifinf.te) von l{eulitsrer'! fsctCIre ttren
4

rough.try epeaking a prsjeet,ion i-e fn ffQry $.f in emeh p*[n*

it has di.mensiorr < f'

fhe next propert,ies *f d^ .,, wil"L be freqr.rentXy wsedg
YeY

r'

*.p*t* rf f€Ma l{*tl< *, then ot*o*a *h, rxnd
t f

Hi "  gg f f i . o  
v  6F

r * '  ' ? . ,

Ao,e"2* f f  *o** ere prsjeet ione in I$ with *#*
A

_ & 4
and e€H gr* then *ou H?ry s

t
2 ".2 *3 * 3f xa}l1* *' 9  r

*hen #e m1* n a$d lxie m1*u* 6

3,,2,*&n gf f i"s e &o&:,?:etrs projectian *,:a IS t,btc*n th^e,

R
re, exlet,s a projection eo#s fl* *yu* w'ith su{fo ff, *"m s*d*"*

tion e ie properls {nfirbite' with eentrs}- auppor€ F 'L}ies1 su

maB be eho,qen so t,]rat t"o ha\re aentral euppcrt gr and eo thet

Y(e*I*Y(p) "

Fropert ies ?o?*3 * f ; ,3n3 sro tx ' iv iel  eon$equenese

of the definLt ians* To prove 2,4*4 i t  ie suff ieient to sslr*
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rliiieiri;Iiq1 flr.rn{'a 1ryxT,4 6i4ltr'f} r."}-rryp+ $f f-r* :f*-ni'uc,r lEvit,h eeilt(ifr"r)\ i .|r;-*lr[# k],/ dJ \d Lf le i rr,: 'r '  i i  r ' ;r 
{} 

& I

.E(r* )ssldlA)"'X Y i$ & normsl feI.t}*ftr1" state on Yand
a

Y *z@ tT where u ie the unique trace on Mo whi.eh equalei

Y whea restrlcted te T{aro}*ts"rct then ef be a unininal prc=

jeetion o*$ ffi and eo* L O *i" qy the coupsr:i.eion theoren

thera exLsts a central proJection pets eueh that oof {fR

and e"(?.-pl lf(t-9}.

thus in partlcuLar tf f io properly lnffultte then f (lL-p)=O

so that 0faoP(foeg anil in fact p equaLs the centnal support

otr f (because eo has eentnal arpport one), Thus we allwaye

I
hsve a nonseno projeetlon e unsler f iiq gt, ancl lf in adili--  T l r

tion f ie properl.y infinite theq c ney be choeen to hqve

the trace equal te the traee d e"Fr i,e. Y(e)=Y(eoplsY{p}.

2.7. Deflaition. I'on Ee!tr sa put f,l f llJ *

I trorn on l[, ft will

plsg an Lmportant nole Ln the sequel, Ilote that t{ig lf( <llt ll

and that the

nonatomict

equaltty ho].ds rr u=E(ftt but fa{I.s {.f M le

The'next few propertles &F$ ee6y consequenees of
,{

the definitione and of the pnoperties at !$ O .
I t r

2,5.1. rf rtrser8eM rhen lll ngeril< tlrrll lll sill fisail

and I rffl =illr* ill = til l8t fi ,

2o5"2. ff t'eM and 
{eiln 

are diojaint centraL e.

projeeri.ons in M liren {llrFpoflt ?*T llJmn; ill 
* ,,



ry .R ,!R
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t3, *

f f ,fneffi, l[ f'sti< *. anet lilgtll* tll*r* t{[ . *he'n

{inff central" pnojection peX{m}.lllrplll * til mue lll f w

g*9"4* If f€$f {e e prCIpe*lg S.*finite pno$oq*

t"ion with eentral support peX(Ifi! then lll f tll *Y(p)ll*'.

Eu4* SIe denote by cf{ef} the not:m elened two sised

ideal of IK gener.ated by the finite projeetionE of B[* Shue

en elenent SeM is in #fS) if and only {.f a}l tho speetral.

projeettons E 
[.an.o) { tri }: or g r eorrespondins tCI int'er*

valo Itr*) wit]r t)on are f intte projections, &Ltennetivolg

.X(e$} rray be characterised as foLlolffEe

2.4nL" Kq.I(M) if and onl$r if given er\y t>0 there

[s a Koe}lt.p and a projection poeX(M] such that Y(pu)71* e

anil (Krodl{<e o

fadeed;, &ssuae Ke.f(m) nnd l"et *=n[,roo]( tgt)o Then

e le n f i"nite projection of Mn so that bV Z*L*I there exists

a projection poegEgp se thet Y(nu) DL*t and Y(qpokoo" triet

K*BKepo o Tlren Yffifxul< l{K[e Y(onn]< oo and ct-eanls llKpo4oll. e.

The other implicntton is triviaL and, ln fg*ct vr$-i.'L

not be needecX i.n the sequeS,

2o5, tet Ke,.T{M} nnd t*r*Jr, * sequence of mrtuel}tr

orttiogonal" projections in }fr, ff M*E(f{} then f,t f,oltows,

thet {[K*n{l*> S emel liu#i{*g* Thi"ei i"p no x"cnger true fox"

sp

x
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senera} ffi, but stj"13 w* trnve 11[re,*lll*z s srvJ lll**oK ll/*'**

SsrcleerX to prove ttri.nu sin*e K 5.m s }inear comhi.nation af

four posit : tve,elements $,n uI(M)r,we mc*y aslsiune K $.e pCIs: i t{n*

and M9" t#t e )O and peZ (l-t) u I{o*A(m}* su*}r {hat Yffifl}<*,

[Xf*rc*l{ <a^/5, Y(nu}aX**M3 as in 2"4"1* Sinee er* tond weakS"y

to sev,o we have, ([ mne*ti$* [{**K*il$' *Ye**gf,]n--*0. m*t i-s
*.

xeffig q,, then we irsve
,  t i l

il reox ll,g< tlnueoxll y+ tl {K*Ku} eurrx lly+

+il (K*K*)e&

+ ZEf,T *

on xem| 
, 

, $hus {ltKsolll " *o anrt slmil"ary lll**Flil '-* o*

2 o6 n If s'effi, we denote Uy tllr ille*F * f"f {fi{S*K lll /

Iner(ro)J* ttot* that if rd;emt then ll lslh**> s* trndeed, sinee

T*.l(M} there existe t)0 sueh that *[Uufl( l*l ] i.s sn inf{"*

n*te projection* Thnrs there exiets s sequenee of mttua}3gr

ortho$onal rcutualS'y equlvalent infinite projections {*rr}o

with sdfns sl*u".) ( lEl l ,  I lor esch a ws take e*<frrr **uu{V

{** , " ll V < i[r*e*tl rgP llme*nJl + Y(t-p 1< l$oe- ll y +

so that if n in btg enough then |lfeox llV. u independentl.y

eituat':i.ons t,hls xT0ma eesl

e; nutually equi.vaLent* f lrr.rs, tf K€f (L{} we 6et by ?"r lilr"m ll]a

? Sinosupll(E*x)**ll.f*}irn*rmup ilr** ItyVrli*n lly n wtrieh shovrs rhar

lll f'll{e * *7 t ll8& l[97s*

In fact 1n eertaim elirnpie

be eoiaputeel*
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"6"C-* Tf f $.s s prnponS;r infinite p:.oJeret,ion i

of centrul suppo't. p then il/f illes**y(plva={(glll" More g@n.s*
n

ral3ry if Bes6o ff?s $"s of the frCInu m-6ftcgs* far some c:L>s

emtl p:reip*rI;r infimfte mu,tual}iy orthog4onel pnogoetiorrn ti af

s&ms central etrpport p then lllrlii**u=(nqsx l*gJl Y(plR/#*

In,Jeed rve heve *k$k{ H<(nax 
f*ll }?U"i for a1.3, }cu

J

whi.ch $howe that the ftnst part inplies the seeond' $[ow

the finst part f,oLlows bnr taki.n8 a sequenee of nmtuelly

orthogon&I"p, mutua).3y equi.valent, projeetiosls e e -4rn uncler

f so that each e* has central support p and so th,ot

Y(e/ *Y(p) . Then for ary K€tr(M) we, 6eet tits*r lil > rimrrmup ll(r*
'Mz

*K) er*lly *Y(P)'

Let us sLeo note that we hawe fon the norm lll [[ 
**n

einilar proportiee ae the pr:cipertles 2 nlnls 2o3,? of,, the

nox'm tll fl .

z .6 ,a,o rf' B'eso€&€r ltErCI U4.t and fll tr fik*** l{l rru {ll q s{,

then tilrF lil*** *il rrop lll 
"** 

*or &ny eexLtral" pnojection peX($fr)

4u6.5. f f  {U"}* &re disjolnt eentrel- projee*' i"one

€n Isr t,hen ltleZp*lilz*ss *f,glrpltl8 
* #

2;7" llre nor:rns t{{ llt *a tll L"- wilt play in t}ris papen the siarilar ro

le ag does the r:niform and usual essent!-a1 norms 
'in 

tire proof of the case lF

=Sffi in[31 nne[7 j * Shese ns{*ms hever fsn $ur genera}. prob}em a}-i

the edvantege* tru& ons:for tv;s operaltpps of rliejn{"nt rigirt
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snd left mupports the nclrm of their *um Sees no& equ*L

the maxtmum of thei-r noi:sl& (e$ dsss the uni.f,onm end usual.

essential noR:rs ro.e M*.$(14))* Wo' vriLl ineteiad use the follo*

wil'rg weaker propertSr of the no:"r$' lll ill*r**

3len'lma* If ff€M ancl fUr fn are nutrral}y ortiro,gonnS,

projecbiein in 3S t,hen ti:ere ere e@ntre,l proieeti"elne PSopg€

€ Effi) suah that pt+FArsL and {llfi trfipilll sss= lll 6r*19*+

+feTfalnllll e,sss, *"*Lr&o

Froef * Letse first- ehow tilst tf ft?f*€H then there

exiets a centraL projeetion pexfilI) eueh that ttlqstilese 7::'

" l l l rnall luuu for aw projeetion q€E(H) r e{F snd

filnrq( *u*4 [f rnc lll *"u for enJr projeetion q€X{M} p E(t*p"

Indeed, by ?n6.3 it  fol lows ?hst there exi.st* a maxj-n$tr

projeetion p i"n X(M) ss that for any E<pr. qeftXH)) ws

have tlltgeltl essTttlg*q lil e,ss* I{ots if for se&e e*4{*r we irase'

lll qU*lil *uulllf9pe61l eo,e 
'bhen t]res.e exi"erts some F6({* e*,

that fer an6r e-4F* vae have ilie*e ltl*u*>lllxa(t ll{es€ , otherwise

by ?*6o3 anrS a maxiunsl^ity sr6ument we get, & eontrsdiet:iam*

F{ovc we }iave thet if ft*f,*.Tf*o Snrefgtrfp end p $-s the

centr"aL pr.ojeetS.ora eorrettpcndinffi ts S1r92 ae ebove then

Fls$lr p**l*p wiLL satisfy t!:o eondit,*"ons' So ds thi",s note

f i rsr  t ,har s inee I******en*r l* / r*r** [ "  [ *n Trp|  r  by 2n3" i ,

it fol^l"rysrs that it, is ,S.uffi.*lent t0 prCIvs f,his ssr:erti,nn

i ,n ths c*.se tT $3? 7 O $

let  8>0. tet  ***n€n&" b 'e eLementswi" t i r  f in i ts $p/sc*
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tr"uix so that xn) sx.s xg,(spor llmu*'n*llaelpu iixg**xliE:/tt*

$inee fllrnSllf **nzll] rF,q,lll uo,u r*o a]t q-<p, we atso hans

tltxx.qlll 6s*)'tilxut lll **u for. all q<p* fi{sreovero by strhsrrn*t$.ng

*f neeesselTr $ canpaet, operet*r fx'o,*l e,aeh K5 ive m*e&" e$Eums

xq=xn*rf '*r'*tt *fr* enn r{ ere praperlg i.*finite i:rojee*d  i & " r

tiens fCIr aLr irj* A**urne: in additieru t,hat alx f$ have the

s&ffis dentral eupportu Shsn by ?,6-,& sre have [[[ {XO+X*}pfl/ess*

*illE*P [1 *uu and el'n*" lllrem*nillu***ere > t1ix1pil[*u*{llexi+x*}F',{l**

> [l[{r*rrt€*fffa}nill ****VEt rending w{th I &o u erCI, wo get,

the reeult (tne rsverse inequalifly,ts trivfaL) [n the ess&
-

+
r !

e3f. f,{ have the ssms centna} zuppont, $ew the €generaL c&ffie

reduces inediately to thie one by p o6,7*

Q*E'D*

2.s* $ince the nonm lll ill fe a supre.ss]& of veetor:

nonse it is infee,ior seruicont{nuous rrith respeag *o th.e*

sseah eperetor topo)"o€y* fndeeid if ff! tends in tire vseek srr&*

nator topolngry" to f then {tfff it<I"{^rn',sup tl fi\ll so rhst

tll * tll * sue fllxx ll.g | *.xa\ uv]s ]f*isup(suB. 
frfxn"firl*.uh*J*

* lfrn*sop llltrtt1|"

?u9' tr!0e now prove a version of #*hnnon anc} Paruobt

tr ick *.n l$j"

r,,ei*mn* Let Is c &f he s vsn Neunann a)^gebre and fe[{

such ti:at (ad tr') (Iflc-T(.f/t} anel tr+,r([t]* $rrppmse the set
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,/a r' r\ |

f *{rerP{n} [$rrr:tll ,ru** tllntll*.,*']untain$ no ini"n.$.iaet proine*
L

tions* Then there extnf,e & e)0 en<l el sCIquence of mutunLl-y

oz,thogonnt proiectio:rs [-u,J* i* irtr sueh ths'b {lle*reu*tl[7'*,

for rall" n*

Freof * I-e* She e ftaxi-mnl e haim in f anct let f o*

*$.nr?. $*nce S rr** no mS.nimal proje*tfis$ttre f*dQ rhmss

e*([lls ll{***rl{lr*frf,u lll ****l'tr2 ) o* ff}ren t}re, chain g-*{r*r*lre?i

deerea$e:s to zero and otnee

fi (f*ro) nr(f,*ro! [il***+tl[ropr* lll **u z

li\ {r-ru}* (r*f,s }+f,exrofit *u* *

* Illrrrlt*u*] * fil n lll**u

i.t follons bh.at, lllflr*ulll*,o*7 ao fon env f,t6$t.

We ean &.cw construet z'ecureiveSry the required s€*r

quence lfol*nm *, Assume ff.r'"*rf,rl &r@ !] projeetinns in?o

with lll (r&-r,1t*#s(ri&*ru*1)ll[z;;c rev*'z*,* sinee E1 iw s eirstn

dacreasing to zero, by the inferior eemi"eontinuity ef the

nor& lfl il l it fsJ-l*vrs thelt there exists & projeetion

rfi*r$l wj-'th f&*.:<f,fi sreetr thet

llt{*rr*s;+1} r (rr:}*r;+} r lltz il rr-#r; lll /?'

slar'* tt[ rfinr; il[2fi{r**'*' lll * **z:." aoc sonseqtxmrt}y

( {r*1*r;*r)r(f&*f,r1+1 }lllz e ffio that f**rfi+1*f$ wi}} doo

Q * a n P o
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- 3oL"0u Let n#w Ail he srn arbitrsryi eemj.:ff.n*"te vsn

d'**subalg*bra 0f

cj.t* g,et E s$r"-.*O(e{} be a derf,vatj,sn* By [gi] 5 [s norm cftxr*

tinusus c*rxl hy [pJ i"t i.s weatri.]-y eorutiruno{E$* I'tt p be the'

un!.t ql* ff snd' K*$(r')p*p5(pla,l(rd)* then Kp*pKu5(plp*ppJeplp'
( - ^ r . o | . -

*p 5 t p ) * ( 3 {p }.- i, 5 ( r., } } * ( e 5 (,pe } p*i* [( p ] pa] *p [ fu ] * 5(p ] so r]rm.r,

()-*€rd lt) (p)*fl and {6*a.t r) (x}*(cf*uo K} (pxp}*p{5*ee} m} {x}p

which shows th€lt r! -ad JE t,ake$ vaX.m,e&, inr pMp"

fhic shows thst fn clrder to prove the theoretn **1.

we maf &ssums the weak}y cloeed * * suba?geb*&, If c M has

the same unit *s }rlr i,e" [I f,s a von Neumann subal,gebra of Sf.

fherefore tn al-1" the reet of the peper the subalgebra If wil.l"

bo considered to have tlre sems unit ss &d. !

A "11* Ler {n* ,.,

projeet, ions i .n the eenter

fauily of nrutueLly orthngonal

with Z p* * l-* As,$nme t,h*t
i L

b:e .a

o f M

for each f, thore existe Kie,J(M)pg'J(f,l*)s,uchthd Se"lu1sad ni(x)

for a} l .  xel{n Shen K*XKr' . i .e in r l ( I f i i  and 5*act K on $*
ier *

$inco in a semiJinito von Neurnnnn a}getrra there existl

mutuallry orthogonal cefitral projeetf ons FU rvittr Zng**. sueh

thst eaetr E(1,{}pg $.e eauntsble deaomposabl.e (or equivmlent}.g

has a normal faith:ful"l etate ), g.t fa:3"}owm by the ab*vcl ohser*

vatian t,hat to prove theorem {.*t for genenal. }-{ ft, is' suffJ.-

elenft to provs it for eaeh Mo. o in€o u:tder the aser.rmption
- l

thet M is of eountable typs" ffhus we r:ney and qritl ssmutme from

n"ow: am in tire rest of t,hs llaporthst i{ h.as eotrntabl-t} deconp

poeablar centsf,"ffeml , thst V ie & nsrm&l" faj.thfi"rL stste *Itn
'  h  ^ n  4 4 \ , (
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$(ml .{md 
'Lhnd Ytin the, nnf que normrrl fsrf,thful trace mn &f

aesoeisted te 'Yas,  1n ?ol . '

?*lii lu Ls{; NoC N bo a finite cli 'mensionall ' vCIn

I{oualarur embmlgebra of lV' t'U.n tne unj.taly eompaet gppu}: 1rf

Id* and ). tfre normsliaed Hnaxv Kerisltr€ orl %-
(, qh

fhen g* \Je *l uFo)"(u )e ; ftfi) sati ef*e s f oF anv *nut!,i

Thus ([*adK] (xo]*O for any,=*6lt*u In partieuLar

this showe that, if $ is a finlte direet sun0s then to pr$ve

lot fox. Ncls. i?, te sufficient to prove trt for. each eumm.sfid.e

9 ' fIffi A',ro[ffc ABSLIJ{N CASn

sn thi-s .qectiCIn ws prove theorem t't in the cspe

$ i."e ir*anmrphie to the al-gebra t*(f)' f,Op a s@t I of s'rbi*

trary earclinalitYe

. To do 'bhi.s let [*J U.f be the nrinimal projeetionn of

I$*fl*(I), and note first that the series X )(erle. $'m ooyr*

vergent in the mtrcng operator topol$ffif* trndeetlu t!:e $equrtn

( .  ' 1  -

ee ie boundecl because if o**eA g. o " r**tt*iJ *uf thcll

(uI* [ru^J(u],u*d
J r't

{**5 {u}rs*e l(u}

n;5 (u)$*dl(u)*

mi#eleol*{"nSt

Krxo*u*gffi f[t"1"**p

* f5eot,(ufrulscl(u),*
" F**Fu*exu)* f
* 5(,*o) {e'Irot".F-3 t

(u !*\

u X*3*5{u*} "



) es dtr{x}*

egl dl(s ) ,ffi2"

where ) i* Ut* nornaliced Hmar- m€&sure on ttre t,horus d'

and s=(Ngawpvn.,sff i*)  f f* ,  eql t ,hat

n  r  , ,  ( , , r .  I 1

tl ffib(esleu tl . lllA{S6"o-n} (uflnr*Ll{lo}c*}< li ,! ll"

Now if Ifi is normalSfir represented on some lli lbert

spscer?{rlal*"4 t>0 t"hen t,hene ex{sts a fini.t,e sot f cx.
0

que that. l l  i  *(#r**rrl[ l<e and thus for arry fini"te r*et

JoC f vith Jofl Io*S vre have

it "tr 5 {*il** | lkeulfl" {{ ( F" 5(eq]e* #,4 *s]lll* e fi[ {l
ie.ro t' j€fe d tr ief* '' v

which shotre that Z Sfui)*tB is e onvergent for any b*f( "
ieI

tret Ta Z 5e*- )e; " si-nee 5 f* a derivation and
l € r & &

'

* ( ^  a
(  2-. .-b(es )eq )e; *f ,(*,  )e* w@ have
l e l  r '  &  ' s  *0  *6

Ts., 4, r*S(e. )'*., *f;u- 5 {*u }*i s
1O iO t ro  : "o  reJ .  uu

* f,(*o ) *n - f 5(*{ e"i } e, '+f,6*. } f e." *
'0 oo S-eS r' a "G iel "r"

c -  c ,  .  f ,  ( ,  r=d (e1_ )es  *b (e t  ) eq  t j ( e ;  ) *A {e+  } '- s o 0 - s * o - 4 0 - - * 0

C
Since bot,h ) and sd T arb vreaklgr continuous on N and tl"rcc



linear $pen of,

llowe 
'ttlsrt,5 

*aa

We shcw

* * , s *
( 1  &
JCI*f u*r flm weskls d'enee in
L .\ '  r\ i&

T en lf{N

thnt ' . f  i*  {n t l (m}" $uppose

t{*f {x} it, f e}.*

t+,T {M} *, $eno'be

br

f *{*ufwr{tlir-rtll **u* [l* llfu**J *

then 9*orrtai ,ns no"mtnj.maL pro$eetlons' Jndeedn becarl*e t f

ee@ *.s a minimal projection af C and e*-<G ls a.r sninimsS.

projection of $ then eufeo*O (W the definition CIf, S} ss

that @*er^€$ra,eontradict ionn, thus by 2"9 there exiet e>S
s

anJlaeequence of nirrtusil;y orthogonel projectionm ifrrJ*r*r

in N such that

{llrrrrqill > e, fr:r st}. n*

Moresver, by the lnferior semieontirusity of 'bhe

narrtr fil lll we msy &ssu,m$ eaeh projeetlon f* is the eurs of

f ini te eet .F*c$ of ninlnal projec' t ior is in N* eut '  by'(*)
n

have

Tfn* *{"et, *.fr* *er}'e}{x} n

&

w8

.4  E(e*)a-*(5c Z
J e d n  , . ,  J J  i € d n

S.0

t

\,g

thmt

t i l r-[e Z
,L i€fn

ui*$", o6*ure,ylqllld]"(m) 7 lttrrrrruufrl >, c

f o r  s o r n s , t  = Z  t r " e .  &
{€'J* 

1 1 D
which impLies that



* fff,i, *

lfi r*[euo]$ff%ill >*-

Le'b mew u*Z-.- T{,.o fflrftn.n :f;mr eueh nr
ne{t{ r}

so { hat

rn $ ( rn ) $*r$t% 5 ('r*u ) u$****fu, 5 { rr, } rn*rr*5 e{ t 
"r*q*,

Itl r,, E{u } **r* 1[ *, ill rn 5 {u*}uo** lll 7 s .

1 . r &

sixr*e )(o)w* Le in,}(,t*t) 'r W 2"5 thle [s & centradle*

t iCIn"
<-( C

Thus Z_)(erle* ie {n -x(ixq}p"&t}rl  the case N*}*(T} {s
iefi & 't'

so lvede

4" EIm g0l,rffiNurTg Rg$UI,t

Fop the next result w6r as$ume lf c Id Le a finl1;e vsn*

Neumann al"gebra lrith a normal- fetitMul finite trae€ 6 r,

c({)*{* !Yc* denote by ltx{[e *a{x*.*r}\/e, }e€N*

4"1, FROPOSIttrCIt{* Le& }cXS"t#(m} be a derivatisn*

then 5 l.s eontj-nu*rr,s frcrn the un5.t ball of ltr with the etrCInl

operat,** topologr 5"nto ,f (f,t) rrit.h t,tre n.orm i{ t{l a

pnc0F* tr'I* firE:t px4svs th$t i.f hJo**1 So & "cleqllence

ef, projectj^ons irr N wit,h 6(f*)t.--+CI ti:sn lU ) (fnlli lr-->e 
" Suppn*

se fi[ef*"1 lll doee r1ot eonvepse to S* By tekins e sub*eqmen*

es if nece$serye ws m&y as$urns the* ltffr*llll Z * for sorile
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S}{I mnd s33 n nnrl thetta{f*}<oo* fiist gn b* the &gpx'#I'1lliir

of {-*k,)ur*Th*n c{Ek 
;#(*-*} 

tenels to repe nrunn Tr* }**

note by *t*u* t,he support clf fruqf** Then sffim{f* enfi U***

*,n niujsrf.xeii tiff sn and, thr*m G b*irqg m trs*er 6(m**)ga(m*)

FE* o o fon eseh m* sinee {glrJrn.rs is eleereasl-ng e

f r ( 1 - ,

i,Enq*,.*u*lneL* 1s, d,*cpeaaing ser tha'L t*r*J:nEfif $ls decrensi.ng

f,or e"noh m* Tlu$e lf***rr*1*-136 iRcss&ses to % *o thnt
( o  ' )

{,!{*o**r*}.fn"*q 
i.rx woakly convsrgent. to 5{r*l , Hp t,}re infle*

rior sa$ieont'inui{:y of the norn lll tl{ (ef' ?"8} it, follelws

rhat for a fixed m tf n is bis enoush {l{[ff;***]lllTola-

We may thue get by induetion an S.ncreasi,ng soqt$*n*s

of integ€rs &1rl ' l  p.?ec.e- slreh that the projections nU*o**

*s* _ _r,D- ssti*ty' ili[efrn)l{l Ve/'?* fheme projeetions a}eo sati"m*
"k+&e"k

ry e(hglse (frrn) *E?0"

Moreover since 
\* *** 

"nU 
snk+1*nn i.s the support:

u* t*n&un*gfrrO , by the definition ef hk we get

un&h**th"*h:.%x}a*x%**** %*nk+L * *n%*s *

*'}tu"s' h*%****0* in parbicnlar

\hf$ whieh &esn$J, thnt hg are CIl} rrutual}y erthogcnrnS, pr$*

jections, $ince we also have tlttren*}li{rc/3 tve obtain a contr.&*

dict*cnu tW the etei,ufle, abelien c&$e, ($S) and P*5*

$o,# we turn to the general cssrs"$ince lt ti * indutc*m

the strong operator topoL$mr on t' l4 unit balL clf }du w* havo

to sl't6s that ff (xrr)r. in a botrncletl soqutrnee in M wj.th (lx*til lr

f,.^. for 3.>k+t entl s0
t l

I



* ?3 dF.

t . r  f .  l i l

t}:enil l  beiql i l i -+0" Xe is clesr thst ws $nl-y n*6d 'Lo p:*{}ve

thim i"mpltcstl$n in tlro e&se are eeJ,fartjstnt e}*mexr'ts

and il)rn[ 4R- ', Mortrover, sineell I*"1 ll n.*ll"rull u, i.'b fot-1{r'r,rsr,

ttrat tf li%llfir*$ *lren tl g""p*llr*>CI amd li(*rnX*t[pl.*.>ffiu, ffiCI

that :lt $.e sufficient to provs tirat [f r*u are pomit$.we

elernents ranel llxoll O 
r.-}6 (equiva) errf 1"ff A ft{n}r--} 0} ttren

l]l 5 (m,-l [[\ *-+ CI"

3,et qoe4****H be the diedi.e deeoropoed.&$.on ef :v**t m>rs* .*r

It feLl"*v+e that 6(e*1,- *t O fer eaeh w.>&* Let g$2S *:nS

*u|rt se that g"**< gllz fhen by the first, pert of the ?rrCI*f

there existm no

p{eo 
" Bhqs p, f ffi

JL

:tr

ll\5 e"
m

tll lzrso'"*fiFf

eueh rhar f sr $)nsn lll 5 {e$} [l< * la for ans

nln* we 6st

a*sh ,l {efi}tli + listl Z **&'48 *
mlmo

Qoffi*P*

The a'Bove ccntinuit;1r re:eul"t will enebl.e* ue to :rCIcluce

the {heorem to more gpss{,sbLe sltuationp and to prove *"t *n

gerreral" ca{seso W{s will actun}3y uee t}re following ertfissensr}*

ce of 4*d."

4 u? *. C.SRSttAllg * T,et m.*ffiw [,S (*r}** {u uni tary e lern*nt
u u r

1

ln trJ* A*sume $ *^e fi.nite snd-eor.antabffi e1e*omp*s:eble alts

denote h,n 6 & norffi&l finiter fsithful trsee on it, c(1')*1*.

Siven F rg thero exiets x >CI sur:h that 3"f xelf, il:rlla l-e

llx ll A.."o( then



* H . + @

t l l  e  l i i  -  a . -  r r l  - - -  l l l  .  *
I\ltrxtlld t"l erld llt#trtlt<P fenr a*l" f,6*s 6,|  .  I  _ _ _ .  _  _ - d

saCI*r' By fheg Frx'ec*din# prspoml^t,ion tlu*re exi ntmr

c{ > 0 smch t,Pr.st t(gtl4 S.s {ln"ll u<*t 
.imp}.$.en lil Sevllli< ?"/y.,

*.aking ccnv€:K cambina*

nCI::ffi lll {tl Ls. week inf,e*

fer sSL TeKn" Siur*.1.eqp

sinse, Seol*% *af4p"F*w6g,u$pl mn,* 1l""yilu*llrllg j.t, fo]]ovrs rhat

tli I cul*sp llk iliJ(rttr + ttlJ(**rltliz aFlp

fee' ari6r uni.tarry eLement rs in &{" Sy

tions af 5(ulu* anrl ueing that the

rio:r. e*nstsanti,ntxorxs ${e g*t fiigflll< P

ilyTlll< p e

Q " E  * D n

Actualhn vre w{1.} naetTy une 4,{. snd 4*? throug}r the

next teehnical, results wirich eh*w thato in eer$r e&eese

whenevor there existe feK6 (defined as in 4"eI with ad . s ct

then n€.I (f.{} 6

First w@ eonsi.der the e&ss when tf 1s sbelian mn$

localT*y ccnpat5.ble with E{nf} (irl t}:e sen$& sf L*{} *

4 "3 * Froposition" Assusrs thst the vgn Neu$l&rur $xebr*

aLgebra Id of Id ie abelian and tlajt there exint, pn"o.jeetione

r 1

teiJ guf In N so thet I *i*f snd s*s th*t f,or each i vro,* Seqe

e:iLher 
.**i '€{ff)ei or Nagcffikl}ei, Moreovsr s$srrxi*de thse

ther-e exist Frr,ieet,ions [nSJ jeol in ]tr so that ZnU*tuilr. is

ef eeuntable type f,er eaelr $ and S vanishes sn the eet
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[u*J * -
rr s* s,i* **i$e")u* l'ne'i/eNx) $'s s$ thst sd $* E

then ffe# (pt) .

Fro*f* Assume E4 -r{nt}n ss thn"tl lllg{ll ***t s* I.,st

f*{*eg{N}: I ilere1il &ss * lllr 111 ***]. sr f contains ns mi.nirna]

projeetiolts 'bhen by 3*8 there exfst,m B seqtx^enee *f mn*uml*

1g orthegonal pnojectionr* {-"jo fl* I{ so that. !lle* ffe*l1{ z e

for some e>0 and 413. n"

By the lnfenior setrj^continuity of the nCIrm, ltt lll

for each n we can ff"nd I preiiecti"on F* in the von Ser:m&rul

a}gebra generate.d by {Ug} *u* sueh that *nr, ,* countab}y

deeen;:ossble and

of

f i ' p

1\1 errrerrF lil > e/a , for: al"L xr*

By construetien errp tendr etrong).g to sero 5"n Spi

I f  we eoneider $srISUr"ny{trp} def ined h3r $u {xp3*
ft

*3(o) p then oi:viausLy t-p € K5' e Shu,* by 4*P we trav*

tll errtcrrslll *+ *p & e *cl"tt"radietlon"

[\| *oT*,rp*ill zl{lensqn lll ess/? * e/2*

-  L e t p b e
-  ^ t i

{orlt.r 
(end

snd elearl.y

the supremum

tlurs 5 (p),*ct) n

{ t"] ,*. Then P belonge ttr

{"s esunts l,e deeompseubLe

Assume nors that F nn* minirnal" projection'$ sn$



A rr'
* d $ m

Sa*notn tl5' e sne* clf tlta*m*

Assume firmli:, thn'tl eegs$ for sfiffic], f. wi.th ]€m*cX(lu],m{*

I){:note f **esa n 'I}:csn \re al.so have }ff^cff(i{}f*, It f*}}o'nsr
s l t J $

thet for e.rnp r:ni'Lary elernen"L ue6l/.(u) therm' *^e a m'me#({/{$i}}

euei: thr*t Uformnr*f* eind vls heivq

ru $ {u } u**** 5 {rn} s** 5{ r* d.rfro*

*5(relg* * {fff*u*r*qs}w%*o -
*5 (f,slfn * {ffmuf,**m*fu*} -$*;-

*5{r*}*** {Hf **r*f }u*{f**ffo ,

Thuo* since T 6 f$t{5{u}t**lue11{rvl} we ser surfu*CI

whieh impLies that ePa*(e*fulT(e*f*)e #(M), ?hue e-f*epo

aontraetri"eting the minimality of e in I 6

$ow the only e&$* l-eft ie when there ls a nonerupty

eet; Iuc I so thnt s14€ feir all- {eTo and 
fi"***** 

F:Ln_*rm $.

'  in f*, ,+:, t i :  e*FO* If  N*r*H{m}e' then t}re f i }-sL es,ss appl$.es

, to get & sontradi**.ion, so we msy &$sums $eO$ffiIsle* ;*nd in

f&et vre ffisy &sfrume tirere exi*t,s ll* e{elileg so that l{efa

*ffi&{}d*fln It t}ien follows *}rat ther"e exists a p::oje*t$r:n

f*e},ie, eo thmt qe*fffffil) ei f e*r a.ry q,e **(3,{} * q$ff*

then by & *7,,'':. i.g follews that ther* e'xists a px'oje**

tion qiu,EeAt) euc,h that

il rr,"e"'.,lll *o* *, filtu_rlrti ill *u*

lll 'r (e**r5 ) f t-q I )il[ *,u* 
* llt -?'ei (t*qf ] [[l e **



we have e ide,o e!*e,o e le f tx l  a .nr f  bv 2n3.2.we ha ' re  t t l  re ' .  111 
' : :

- l_t * i  
) .  , .  r^ 

"----- -- r  'a r lr  eeg

= fi lrrial[ 3*uu l l lrt*r*ri) (t-q{) i l i  3**= l i]terui [ l 3** o

+ ll lrei (t-,ri) fi 3u*= ll lrou li l 3ss o

Denote by qr  = (e-o1)  +e j .  
t  

Then e e€No e u4e and e r*  e  "

Let .  then q{€g(M) be a pro ject ion sat - is fy inc l

llf reiul[ll *"* 
= lf u*"itlil *uu

[ i  r te*er) ( t*q. )  l l l  ess= l l l retr .- i1 i)  l i l  u"u

l l tr* l l l3""= l l{rte*er) (t-qr)ff i  3u"* l i lreiai t l i  3*"

= l[r(e-er) (t-qr) t l l  3*" + f l lreiq,-i l  3=" =

= l l lr reiar+ (e-er) (t-q. )) t i l  3=, I

-. l[[ r (ef +e-erl til 3*" = ilre'ft 3uu< 1[re il ]""

Thus f l l re t l less = l l l re ' l l l  *== which again contradj-cts

the minirnali tV of oe This ends the proof of the proposi{: ion'

4,& 
" 

Propclsit iono Let N e pt be a von Neumann suhalge-

bra of type TIC-, Assurne the derivation b :Nn--+Jr(l ' t)  vanishes

o,n a set of project ions inrJ, C ?(n) with Lhe property that

Zpr=I-  andN* is  countable decomposable for  a l l  iu  I f
r"l.

T€ I ( -  ls  su" t r  that  ad T= 5 on N then T€ J(M) "
d

Proof"  S ince N is  of  type l f t  there ex is ts  a c lecrea-

s ing sequence of  pro ject , ions fd . l . rn  in  N wl th  uo=1,  es+l .eer i
v  t L . t  t L  a /  v

-en+t  fo : :a l t  f l )20 'surrpose we have s l rown that  for  some n>r0

* 2 7

Thus i f  we denate bV el-f iqi  o (e1-ft)  ( t-qi)  t l ien

Then we have

Q . E " D .



we ha\re flieo. 'r*olll 
eou*' llir ili u** for atl ]e4n" Let r,{,. h* a

unita::y elenient in N such that Unen+LU*=err-err.1*1. t i ince

urrti."r€ J (t3) we have 1| err*.rten+l-e fii u*u= l[l*rr.rr*:-r*rrn#*q il efrs
= ll\urr*rr*rt{ ru,rn,r+.ru*.{ ill **"= {lj(er**en4, } T (err-en"rl ) q lii u*n
for  any cen.b. ra l  prcr ject ion q€ 

" { (M) o $ ince

lll errTer, fl *uu= lflerr.o-r.ren+].+ (*rr-*rr+dT (*rr-**.j-) tll *u*

b)'  2,7 and 2o3"? i t  fol loros that l f ie,.*rren+tf i l  es* =

= f l le,r terr l l l*"un 'rhus l l le,rrerr l l l  uu* l l l r  l l l*"* for att  n.

Assume r$; (m) e so that ll lerrrerr ll luu*> cto for all nr

Then the proof continues exactly the sarfle \,/ay a.S :

the f  i rs t  par t  o f  the proo{  
" f  

4 .3 to  lea.d to  a contradic t ion

Q . E " D o

4.5 " Lemma u Let A c N be an abelj-an von Neumann sub-

algebra clf N and. suppose there exists a -dlecreasing sec{uen-

ce of  nonzero project ions [*rrJ* in A such that e* Co no=I

ard err+l  is  equivalent to €n-€n+l  in N fo: :  a l l  nZT, f  f

T€K6,x= i6-v l - [ i t , r l t ; . * {  u uni tary element in A j  tu so that

a d  T = 6  c n  N  t h e n  T  € J ( t q ) .

Proof . If rrr.€N ar€ so t,hat tfrr.=*rr+1, vrrvfr=err-

en+1" ther: we have vrrT-Tvrr€J (l'ii) and for any g e .ff(f4)

tll*rr+r- r en+r.Qlll ess = l{rlrr*rrn, T *rrnj_ ,tfrq lli""" =

= iltn*r.ol-tfi t "r. 
er,+rtfiq lli ess= lli(err-err*1)T(err-en+l)qllJ ess.

The rest  o f  the proof  is  eNactJ-y  as the proof  o f  4 .4,
I

I

o n E " I ) .

InIe end this section bv provins a useful converse to

the preceding resul ts.  N<l te t i :at  the proof d.oesnpi :  use t i le
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cont: i -nui t l r  resui ' t  4*tu

4o6* LHM"!44. Let l{ be an arbitrar}/

algebra of lrt ancl 6sNF--?'J(14) a d"erivation"

K€J (M) such that J =ad K then there e>cists
c
d =*a.d. T.

von Neumann s:uil*

I f  the: :e exist ,s,

f e I(d ,$uch thart

PROOF" A$suine first that. Y(x*X)<.-. Let

c=dbt"[uK,r* 1r., unitary' element, i,n n ]

Then il V lt*6 ilK ll.p for all y in C and C is a weaklv compact

convex subset of M" B1z the lnfe::1or kemicontinuity of the

norm 11 [V it follows that there exi-sts a unique element

yoeC with l [  Vol l*<l lv l lg for  a l l  yeC" Sj-nce rryo#C and

lloyot 
*l ly= 

i l vo{ly it follows that uyou*=yc, for arl unitary

e l e m e n t s  u e N ,  T h u s  y o €  C f ) N r ,

Letts show now that also for: arbj-trary K, ther:e

ex is ts  some y€  Cn Nf  .

To this end note first that for each n there exlst

(by  2 '4 )  Fr r€9(#( j . { )  )  anc  Kn€ t ' tpcJ(M)  such tha t

[l xrrlf* |lr[l, Krrprr=Kr,, llt<prr*i<rrtie 1,/n and Y(nrr) >, 1--1,,/n Let crr=
- W (  * '  -  ' ?
.o*tuKrru*[u unitary eLement ln NJ and yn€ cnnt{ '  (cf.  f i re

f irst part of the proof ) ,  Then the Haus,Lorf d. istance bet-

hreen C* and, prrC satisf ies

o(pnC,  Cr)< i l  Kpn- I (n l i4  7 . /n ,

Thus there exists xrre Cp* so that l lxrr*:trrt l,-)0.

Let then y be a r,re'ak lirnit point 
"f {Vrrlr., . It fol-

lows that yel{a (because yr, € ltt for each n) *nA y U C (}:ecause

y is also a l imi t  point  of  {"rr} , . r )  "
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NCIvr denote

unitary element in

a d  K = 5 .

b1' 1n=1i*O'" Th.en K*yeK*C
"t

*.f* *6 ancl rnoreovert

= 6a* lr<*uxu* | r-r

s i n c e  y c N P ,  a d  T =

Q . E , D .

5. THA TYPE I AND PROPNRLY TNFII{ITE CASES

I^ie f irst prove theorem 1,1 vihen N j-s a f inite type I

von Neumann al-gebra locallv coninatible with ;€(1.1) ( in t l ie sen-

se expl&lned.  in  sect ion l -  and in  4. ,3n Since N is  f i .n i te ,  th .e-

r '  1

re exists a part i t ion of  the uni ty {Or} ru,  in the center

of  N such that No. is countably decomposable for  each i .  By

t  
-  

.  t i

tZ there exists an el-ement Ko€J( l1t)  such that ( ,5-aa Xo) (nr)=

=Q for al l  i ,  Thus we may assume that j  vanishes on {p*1 . r" t "
L '  A J  A g I

l lo reover ,  by ref in ing i f  necessary { " rJ i  
we may assume N;-  is

homogeneous for each - i .

The unitary .qroup of N has a*enable subgrounstL[6L(o

'  i i  
.  q l ' :  =?(ru)  -  Ler  r .=  i^ { (u)u*dpo(u)  where Fo. iusuch that ' ' l , t=l ' lo u1.o -Jri is/ o rJ _ 4i, lLo 

-dFo 
tui wnere

the invariant mean ot'tQ,{o and the inteq'ral has the usual' si(l-

n j - f iance (see €e gol "2T "  Then To is  in  the Kg set  correspon*

ding. to ff(N) and. by the same computations as in 2,L2 we

have

f ,uo-uoTo=[{uo),  for  anY uoe \ .

since hoth [ *1d ad % are vreakly continuous ancl'

f f(N) is the closed l inear span of cLf,u i t  fol lovis that ,\=ad To

on  f f (N ) .and  thus  4 .3  app l ; i . es  to  ge f ,  t ha t  TosJ (14 )  '  Thus ,  by

talci.ng i f  necessary 6*ad f. lnstead of J , we may assur' le

van ishes  on  # (v r ) .
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Since N^ i* homogeneous l^re fuava rrr r- M 'g'q
Pt 

u '*Pl-_"t t  ( i )  
-  

*

for  sOnie n(1) x n(t)  matr lx algebra larr( f i  and an abel l -an

algebra 'XL, Let Ui be the unitary qroup of M (i) & 4- anci

6Il= g%f n Thencll i" amenable witrr- an invariant mean ' Denote

f r d '
f= \ A(u)u*aU(u) ls in the K6 set correspondinE to N and

' W  r  < '  ( r
the intesral- p, l{ l"f  ,rfaptto)pJ=pi l lC",o*ap{o)n, ts norm con-- t"dlr l i  *  ' "14

convergent (sincetLt, ts compact. Thus nrTpr€J(M) (as a norm

l imi t  o f  e lements 5(n) t r *  which are in  J( I " l ) ) .  I ' Ioreover  ad T

equals 5 o1 tl ana also on ff(N). But{Llana ff(rq) generate N,

so rhar ad r=5 un N. Norc i.f r$.r(u) ana f =fee gtl{l i111et"l l i  ess
= lltr lll 1 arr"r, it fotlows that I has no ml.nimaL projec-

" ' e s s . J

tions (lf e would be such a mlnimaL projection then ePil 0

for some i and s-epi contradlcts the mlnimallty of e . To get

from this a contradiction we continue exactly as ln the proofti

of 4.3 or 4.5. Thus T l ies in J (M) and the proof of theorern

1,1 Ln the case N is f inlte type I is completed'.

Assume now that N 1S properllz infinite. Then N and
:

l , t  are lsomorphic to NIFSI * (n) and tr ln8$(l ' tDl respecti" t- ,

ly1 where NaCMn are von Neumann algebras, in such a way thab

a{ 8 ,Btr2 V.) ) c N=N4 *Btt2 @ I

rhe  Lnc lus lon  NcM becomes  wr6BCrz tD)cMt8g( t2 (n ) .  No te

ftrst that if the derivat'ion 5 :Ni--+J (m) vanishes on

then given a unitarY ueNn Ecl-

we have for any * * ctml8 Sf r2 (A t ,

5 (rr) *=J(ux) =5 (xu) =*5 (o) ,

so that, 5 rol € r (M) O tat m$rr2 cZ) ) ' 1,-'l }h 6&r2 
't!) 1=t (M} n

a

f l  (no&ct"  
e2 (Z) ) )  

=0.  
.Thus 

o =o

From thls it follows that^ to p::ove the oroperlv infi*

nl te case i t  is  suf f ic ient  to prove the case when
.'

f, rtt='g (r" tT,) )F--tJ (M) .

Let D be the cliagonal- von Newnann subalgebra of
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 ,
K(1' V) ) and iL. t,he von Neumann al-gebra

teral  shl f t  u"  Let n(x)=uxuf for  xqD be
7

D lmpLemented. by the shi f t  u" 'By $ 3 we

on D, Then for any x€D we have

which shows Lhat . f  t . rn)u-n€ DtnM

But if we take T to be a

d(n t )u -D then T€Dr f )M andr  ds  in

type I caser w€ have

i
t
Ir
t
t
t
I
r
,
I

generated hy the bila

the automorphi.sm of

may assu** Svanidhes

* 5(ot) u-r= J(*ot) u-n=r(un it (*) ) u-D=

= $(ot) i t  (*) o-t=$ (un) u-[.t  ( i t  (x) ) =5 {un) u-nx,

for  a l l  n€2.

(weak) mean (after n) of

the preced.ing proof of the

5 1 "  =  a d  r [ "

Thus ad T equals 5 on both D and' L. SLnce 5 ana

ad T are vreakly continuous derivaLions if follows that

5=.d T on the von Neumann algebra generated by D and L,

which is easily seeri to be fit]2 (Z) ) =N . Since T belongs to

the Kc s€t corresponding to L t  4,5 appl ies to get that
d -

T€J (M)  .

6. SOME TECHNICAL RESULTS

To prove the remalnlng type IT1 case of the theorem

we need some technical devices that we prove beIlow. As be-

fore, v.re continue to assume that M is countable decomposable

and use the notat ions of  Sec.1.

6.L. LEM.trtA. Let N be a von lleumann algebra wlthout

atoms, Y a normal faithful stat,e on N and' {tr]r, " 
sequence

of unitary elements ln N such that Yf*fl =t 0 for all* kl0.
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proof is the

it here any

r 1
{v  Y  in  N  such
L  N J NThen there exlst unj"ta::v eLements

. l t

Y(vfi) =0, k*a , ancl fi w,.-v^ll *-) o.

PROOF. The

in [7J but. we give

teness,

Since N has no atoms each w' is contained in sone

diffuse abelian von Neumann subalgebra Arr€ N with separable

predual and (A. r$h ) can be ldentif ied by sone measure pre-

serving isomorphism Y' with Loi(YrF) rvhere y is the nortnall-

zed Lebesgue measure on the thorus Tf. Moreovet Y' can be

o f

af

1- .  3

comple-

fo 1
To"'"
)tfl"ur

nOr. ttu monotone and

function i t  fol lows that ht*n

that [ l turr-f

be equal to

l l -*0. sinci anv

the identity f l

sdrfi€ as the proof

t^ray for the sake

that

: . - ^ , . , , i i * * ; : , i i . . , " i

- .
chosen so that Yrr(wrr)=fn,  where f r r [e-  - - -

nondecreasing function hrr: [Ortl *-+lOrtl . Bv I{ell1its selection
. f l
prlnclple there exists a subsequence thk \,ntend'ing everywhere

to some nondecreasing funct ion n:  [orr ] - - - ;3rr ] .  thus ,  Lf

r  ("2r i t )  =e2lr ih ( t )  
then

by Lebesguets theorem

L Uei.trg the Lebesgue

and hence f  (z )=z  is

the hypothesis implies 
"ftnuf=o 

for nfo. tn"." f<"r f rl ryJnuF
for Laurent:: polynomlals g so that 

JVttut* fnuf f.or anY

ger,'-(rrrpt) " rn particular lf we define Lrt";Ift=r={t lf ffi:i
t1 ,,

where 7="2trLL, rhen we get J a)-(s)= 
fo".rop=.[s"cf=toh  ( s ) * t

tends everywhere to f so that

( n

r---+\fvdu for all p, which by
J '

r - 1
measure on L0r1. l  .  This impl ies h(t)=t

the identity function on Tl" Nov^ro since

converge everyvrhere to a. continuous

converge ur: i formlY to h, so

ltmit polnt of f t  was shown to
n

it fol lows that l l fn-f l l ._-+
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we can now rake 
",.4;x 

ff t . since ,f rpa14=0,

Y (vfil =o fior arl plo . r'{oreover 11r^rrr-vnll = llf,, (wrr) - fr, (vrr) il = llr-q{l+o

Q . E  "  
f ) .' 

6',2" LEI'!I"IA. to. Let Nclt be a von lv.*u.rrn srlbalEebra

such that Ntn M contains no f in i te project ionsr, ,of  M. Let

e  >0  and e ,  f  two f in i te  p ro jec t ions  o f  M w i th  f (e )<oo.

Then there exists a unitary element ueN such that l lru-'el{y.t.

Moreover lf N is abellan then given any n71- there exists a

unl tary element ueN such that l ( rukel lv.n for  k#0, {k len.

2Q. I f  N is of  type r I1 and countable d.ecomposable,

M is countable d.ecomposable and Nrfl m contains no finite

projectlons of M then there exist an aproximately finlte

d,imenslonal type rr, von Neumann aLgebra Rc N which contaj-ns

a di f fuse aber ian von Neumann subalgebra ACR such that Arn M

contalns no f in i te project ions of  I r I .

PROOF, Lo. 
":a 

y' be the semifinite faithful trace

on M2n given by Yrr((xn) (tkrrrkfg) =Ef(xo), Denote by

*3=6*"[.{rrk.,r-k1 
[k[a nrkl. lu unttary elemenr of *J.r2t. rhen

Yn(;)<2nY(e) and llx tl.prr<2n llelly for any i'er<f," By the in-

ferior semlcontinuitv of the norm tt tl*rr, there exists a

unique erement ioex! wlrh llil"ll y.<llx\i v' for arl xer!.

But i f  N is abelian then for any unitary element u€N, i f

ff=(uk) lkl<n,klg then txlfirc r! and i{fr*ofi*[ y,r=ilxoti fn so

that, by the unigueness of foe t*ofi,*=fro. Thus if ?.='

= (xg) 
lk[; n, k*ot'a then xolO for some k and tk*u=*nrrk fo" .ny

unitary element u€N. Since ln a von l{eumann alqebra N anv uni

tary element veN can be wrltten as ,rk for some uel ' In i t  fol-

lows that vxk=xkv for unltary elements veN and. by tahing l i-
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near combinations, YXk=xkY for

and xOeN'0 Mr a contradl 'ct lon"
t -

M instead of M'" and the Proof

alt  yeN. But Ocl lxt l i f  g l let ip

If N is arbitrary we take

is the Same.

20, The argrument we use is s' imilar to the one

contains

{ r l
! : t

no
[6J . We f irst prove that i-f peN then *ifl *O

tion tn Nirr) Mn and z a pro)ection in the center of N. Then

zfeNff l*n and i f  f  is  f in i te in Mn then zf  is  f in i te in

M . Take z to be so that fzlT and pz divides zt say n times'
zp

I t  fo l lows that the inclusiot  N"CMz is the same as NrnE

&trrxr,t *"n8 *rrxn and that f t=zf' @r"€(NzP €) Mqxn) 'n (Mzp &

f i n l t e p r o j e c t i o n s o f i c o . T o s h o w t h i s l e t f l O l r e a p r o j e c -

@ Mtxrr) '

then f '

Hence f  r€Nt  ( )M*=r (N,n  MJzcN'O M and i f  f  i s  f in i te

is f in i te,  contrad' ict inq the hypothesiso

Since l,1 is countable decomposable' there exists an

lncreas]ng squence of finite projectio* {t*" in I'I.vrith f#o L\4}reovert

hry cuttlng if necessarry each fn wlth a central projection ve firay assune

Yttrr)<* a fi€rl{,

2) If  AO is the diagonal algebra of RO genera'Led

I  r -1  
' )  v

by t"l l . f  i ,p th.* l l"^in nu{(rn)t l1'<r:/4)" '

, n  ( k )  .3 )  n ( k r P )  ) k  f o r  e a c h  P = L r 2 2 " ' n 1

Assume we have c'onstructed these objects up to

some k. By to it foliows that for each g="t[ there exists

a unLtary element ue\ such that if e is the sunport of

We now construct

ce of f inlte dimensional

with matrix units t. l!]

p e r t i e s ;

t )  Each 
" : ; t ' '

recursively an increasinq s€Qll€ll."

vsn Neumann subalgebras RO in N

1-< i r j (n (k rp)  
sa t is fy inq  the  pro-

t-<pEm (k)

Is the sum of =ont" 
"f! 

o
J .J
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eaeh nonzero *r=*f!r*nr"T[ we have

f(eueu*) =[[eue t\]<Vzil"r1l.3 . Approximatins u in the uniform

norm we melz assurae it  has f*nj.te spectrurn so thaL u=X\e*

wi.thl*n=g and l?..* l  =t" 5--hcrx, sincef(x.uxru*)6t '(eueu*), t ie

have : I[ x, \$=z tt"rli i- i\"ri]i<li"rlii* n"$u(.i-2 f(x1ux*"*) =

= flxr-ux,,r*t$= l[f t]r]n

-a ltl*,"frl[i .

Thur 
\-arr 12 " ,") 

lohr we can appr { lu, *r.r i i  
$<tta i i" i l \ io Nohr we can applv the

same trick to erxre, instead' of x, and geL a refinement

, )1 ,t . . lt, T"?","1t3 € ;,,
{ . l . l r" t  

the project ions ui=u, so that 
= , '  r  r  t

-  3  . ,  , t  t t t  )  ) , ,  . . 2 .  "
.Qt+f E1]*1 ", "f 

tt 6 <3/4t't i  " i116 
. More seneraliv I"Ie ar-'plY

the trick k+1- times, to get projections gl =t}*t so that

l <- t2 < G / 4) k+L i| "r il 3 ana |nr=utl .t t  
1g f  

* i  9 l  l l ' g  <  t :z  *  I  t [ ^ r  r  I  r
& 

Now since N i.s type rrn each 91 can be dividecl into

k+t mutually orthogonal eguivalent projections' Thtrs we may

consider matrj-x units {nloiU.a,b<}i*r -i.g:il=fr rhen easv

computat ion show that l f  we denote by 
i " : t t ' t . fur t r r  

ut t  apro*

piate re label ins or  {" | [  n lo. lSJ * , roto i , j ,F then th is

*3. ) e*xre- ti$<+ 
fiil.,,*i*" 

l$=a 11 "til$-

nratrix unit and the von Neumann algei:ra Rk*l gen'erated- by

i t t o g e t h e r w i t h d i a q o n a l A i * r w i l l s a t i s f y c o n d i t i o n . s

o=GY " Then conrlit ion 3) implies tlrat R j-*
r- r\

1 ) r  2 ) s  3 ) '

Let

o f  t v p e  I I " .
I

Let A=[/AX" Supcse e€Arn'4s el6,  is  a f in iLe projec-

t ion of  Mo Then by cut t ing i f  necessary e wi th a project ion

in E(r't) we may assume Y(e)o*, .  Since fntJ-o there exists

n such that i i frrefrr-e\lq<L/2 l[ etly . By the const::ucticn of

A n C A  t h e r e  e x i s t s  a  p a r t l t l o n  o f  t h e  u n i t y  e t r o t c t e *  w l t h

project ions in A such that



3 7

\) X.ur.e.,l i .p<rZzti"l iY ' But then
i L r r

\\ !u i r,re r,re, ilg$ ll F 
* i r ",* i 

iig <{ / z ll * ii'f

so that ,  s ince *=Z'* i@€i  e
i I  

r

[ * lly= [{e1e* . \\*.Wr ( r,,er,r*e ) et ll9+

*\4"rt,ref'e, It<tl"1l* t

which is a contradict ion"

I , E " D "

. In the rest crf thls section N C M will be a type IIt

v o n N e u m a n n s u b a l q e b r a w l t h a f i x e d . n o r m a l f l n i t e f a l L h f u l

trace C , t(1-)=L. The norm on N given by 6 is den'oted

[ i * l lz  =61x*x)y /2,  x€M, r f  BcN is  a  von Neumann'  subalgebra

t h e n E u d e n o t e s t h e u n i q u e n o r m a l z - p r e s e r v i n g c o n d i t i o r i a l

expectation onto B (cf" [ttJ ) '

6.3' LEIIMA. Assume AC N is an abelj 'an von Neumann

sualgel:ra of N such that At f\  M contains no f inlte projections;

of  14,  Let  8)0,  n l t ,  e  and f  f in i te  pro ject ions in  MY ano

v a u n i t a r y e l e m e n t i n N " T h e n t h e r e e x i s t s a u n i t a r y e l e -

ment. u€A such bhar l i  f  (uv)k*i i?.-e for any klg, lkt"n'

PR00F, Since Y(e) o Y(f )< * i t ,  fol lows i :hat f(eVg)z "o 'Q

srnce I tevr )  (uv)k(*Vel l l 'gz l l r (ur ' " )k* t l i  n  l t  ls  suf f ic lent  to

temcnt *h;;  e=f o slnce i ie (uv)kel\ f=i le(uv)-k"l l f

we only neec to prove the esLimates for k ) 01. I{et 1} actually

t :rove the fol lor ' l ing more general nesult:
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I f  0 > 0 r  n V L o  Y c N  l s  a

one elements conLaining

project ions in Mg then

such that

f inr te sel faCjcint

the identitv and' eu

there exists a unS"tarY

li r*o
k  n 1

TT t,'*., ) "li6{  * 4  |

fot  any l -<k<n and xo ,xLr '  "  '  sxP€9 o

We f j - rs r  p rove  ( * )  1n  Lhe case { (xe)4cc(x ) ,  f ( f x )4

gce(x), xeNo , f 'ox sosr'e constant c)0' 
"t*1trr={vr 

partlal iso-

k  ' '
metry ln A \ llr*o 

* 
(rvxr)"[[Qre et*r*l for anv t{kcn'

xorxl, . . o 1xL8t' ]ana consJ-der ott Lj 'I the usual order: l 'ro<vrl

i f  wo is a restr ict ion of  w1, 1 'e '  *o*r t f ;*o" The seL

l s c l e a r l y i n d u c t i v e l y o r d . e r e d . L e t u b e a m a x i r n a l e l e m e n t

of  i t  and. suppose uxul t .  Denote by Ao=(L*u*u)a( l - -u*u) o
k

N (1 - ou1r ) and fro= f Ct-"

x o r x { - r . . .  e x n e T }  B Y  L " 2  1

&
u. l  ^O

n Lo. l

(TT  (ux . ' ) )
.r -rl

gi.ven ahY

( t -

5 > o

srrch

(v) eoff l<|zteo) ,

the convention that a r:roduct over

there exists a part i t ion of the unitY e1a o c o te* ln Ao

,r\-a,, ,, ) ,, - .,, 
11Ee (t_u*u) =

that,X{eiyei-EAo (v) etl l  i= i l  luiv*i-EA 
(v )t[ 2

=E|r(ei) for all v€So. rt follows that for some eo=ei we

I

have

(**) lleoveo-Eoo
c.N

Y€ t"cr'

L e t  n l r r s ) O ,  x e Y e  Y t r c e c " Y " E % '  * ' e & * ' Y L r ' ' c e  o

. " . ,yffff; and weA o€o,, [1* [( t and denote c( = lf(ex' f tyitf I

s
y' fy TT (wy-i ) xe ) 1 , wit-h

3 = L  
r

a void set  equals t"

rf s=t then bY

have c

the Cauchy-Schv'rartz inequality we
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.,4. { {lfyrvynxell,p [*r,'({x1**)],uf l la<tiel*"r*ullf l l"l lr -.' t  '  
, . _ . r  I  *  

I  L .  t  "  ' t

\ l *  - l t  r l  l l

vn"here 6 is the supremum of the left sunports of all the

elenrents of the form zyLx, vrith x#o y1€?o and ,rTL=

f k  r  ^ - )= i .m.Ea(y i ) .o  
|  

06k-<n,  Y1r  " ' .  rYpe. { jo  and f  i s  the  supremum
l i = l  

, *  v '  Y r

of the elements fy with y€?o"

If s>2 then vie have

rl g (wvr) *'Iif* 
;4 |l ]d,*r)w 

(nn(v, ) eo-eoyj"o)

ws-j,.Sruu (v.) ) y"xe[lr* t r*";dna (yj ) yu,,ellt.

I  Z{ f fu^(yo) eo-eoyo.o)* j r1,*ut t ,  
I r< 

j<s,  x€g'  yqayed{,

"eqJ+ ll iwsa llf ,

where E, f at* as before" Thus if P denotes the suin in

the right hand, side of the above inequalit ies then by

(**) r+e getp*< sxNlmrel/ztt/211"o112, where N, l{o and. N,

are the nunrber of elements LnqYo4o and respectively t"u '

Thus, by the Cauchy-schrcartz inequality we obt,ain:

e{ 4 [ [  ex, i  ,o i**)  y ' ryeo(ly tp* 6iws6 l ly)4

l\ryeo l ly (p+ l lr*s* l i l l  ,c1l2lt"oli2 (p+ l lrwse lly ) a

.  ?  A  l n  . .  , r .  4  / ) , ,  ,  r r , -  (

snNjmre */' 11 "olll+et/'Iuo tj2ll i**" il1

Thus if 5 is so that nmlwtc */2.e 2-2n-L and if
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usinE 6 oZ we choose w to be a unitary element i-n Aoeo=

:h rhar nL/z i lr*s6 l iycez-2n-r ifeo\lz, Lhen we
- ? n

g e t u 1 2  - " e  c ( e o )  .

I{e novr shcw that i f  w is chosen l i lce this fhen

uo=u+l^r contradicts Lhe maxlmali{:y of u" Incleed we have for

any  L<k<n  and  Xorx l -  t . .  c  E* *a f r

I r*o(+ (u+w)xr)eti$-.: i ir*.fi ,**r,"tl$ + f -<

where the c{ ts apnearing ln the sum are of the form estima*

ted above and there are 22k-L terms in that sum. It follows

thatf , .*  < 9.6(eo) so that

k  . !   J -

il r*^ ( ff (o**) x., ) ellk u(;(u*u) + G(vr*w) ) = gr( (u+w) r 1u+w) )
i =L  l

This  en< ls  the  proo f  o f  (x )  ln  the  case Y(xe)*c6(x )  o

f  ( fx)1 ca(x) ,  for  x€I ' {* .  '

To prove the general case, i.n.e;' for arb:[trar] ' €r

f in MU note that given any t >0 there exlst f inite projec*

t ions @' , fre l ly with i le*e' i11'< s/:  ,  l l f - f  ' l ly<s/3 and such that

f (xe , )<  c  t (x )  u  f  ( f  ux ) (c  f (x )  fo r  some cons tan t  c )0 .  Indeedu

s i n c e  f ( . e ) o  f ( f " )  a r e  i n  N * ,  t h b r e  e x i s t  X r Y € L t ( N r ' d ) - , -  s u c h

th+t  f (xe1= 6(xX) ,  Y( fx )=z(xY)  r  fo r  xeN.  Thus  i f  Er r rF '  a re

the spectral  project ions of  X and respect ively Y comespon-

dins to the intervals [00* i  then Err t t ,  r 'nf t  and

S(xErreErr) =f(rrrxune) = 6(B,rxE'rX) =z(xsr.X)< nc(x) and sirnilary

f (Frrfrrrx)< ne (x) 
" rt follows that l lnrrenrr-e l i i  }-.+ 0 o

llr 'rrfrnrr-f l l+_-+ 0 so that if uir, ff i  are the sr:ecLral pro:iectionE'

of SrreE' and respectively FnfFn corresponding Lo the inLerval-

It lzr*1 t,hen an easy computation shor'rs that l l" i*" ' l i1**on
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l l f ,1-{l l f  *0 and f(xefi)< 2f(xnneE n){Znuk) ; 
'P(ff ix)a 2 f,FnfFnx) <

<2ne ix )  (see  eog,  Ln4 ln  f8 l l  "  Now hy  t t ie  f i r s t .  par t  o f  the

pr6of gtven e>0 and nX- there exists a unltary elernent udA
tr

,r -l: , rt
such that l l  f  ox. ,  TT (uxr)  et  l lOae/ l  for  any 1"*k*n,  xoaxlr  o .  o

" j -=1 
+ "  t

(>J
o .  c  c  r " k e - f , .  B u t  t h e n

k R
i l  f*^ Ti  t , .* . ,  1* l{ ,a 2s/3+\\r 'x^fT (ux' ,  )  eul l+4 2E/3+t/3=t.'  t t= l  r  "Y  '  

"  o i=L  . t  " l

Q  o E .  D .

6,4 i2 COROLLARY" Let  A)0,  nVLr  €af  tvro f in i te  pro jec-

t lons 'r Mf and veN a unitary element. There exist a finite

projection ene&I and. a unitary eLsnent weN such thatg

10" Y(errwkerr)=o for any kt 'or

2a " err{ 
"n f (e-err)< I ;

30"  l i fwke, . l i<8,  for  k la t  ik IEr t t

40. [w-uv tl< g for some unitary element ueA.

PROOF" Flrst  we prove that given any y>0 there

exLst uni tary elements ueA and w'eN and a f in i te project ion

eneM such thats

a)  €n(€ ,  Y(e-er r )<  g t ;

(*) b) l i fwrker, l l<r, ,  for klo r tkl< nr

c) ltwt -uvll <ar ;

)  f ( e w t k u ) = O  f o r  a l l  k * 0 .

Then l t  fo l lows b] ,  a)  and d) that  lY(wnO*,. , r1< st  for  any

klO and thus lf Lt is small enoug'h and. t-F<t/Z by 6"L tlrere
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exists a unitary elen^rent we N such that llw*wpft < t/Zn anl

f(wken)=0 for any k#0" But then [ i fvrkerrt l {  l l fw'k.rr l l ' t  n l lw-w' l l ' { i

for klO, l t  lcn and l iw-uvl i  < t lw*wnll+ i lw'-uv'{< t '  /2n+s/2a8' '

Novr to prove {*} we let. gl 'r \Ou nf } l-" By the rrrececi ' ing

lemnra there e>tists a unltary eierneu{: u€A such that

.  L  r r  - -  r -  r  . i - - a  |  ^ t  

' l '

l \ (eVf )  (uv)Ke lLa t "  fo r  k lo ,  [ k \Sn ' "  I t  fo l lows tha t  ( - f (e (uv) "e [ '

*  /  r  k ,  t t  .  .  r i  u - i l  E ^ -  ^ ' r  1  t . . J n  l l . l  t  n t  r n A  i
'L

< t\*f\.p ll e (uv) tte llt < Ur l,l"il"f n for all k*a, [rlan' , and 
iI

t(e (uv) 
*kf (orr) ke) = [r (uvl k. 

i l$('n"' " rf e[ is the spectraL pro-

ject ion of e(uv)-kf (orr)k" corresponcl ing to the interval

(0r8" ]  then u i4ur-* i (uv) -kr  (uv)kef {4"2 and e*e[sgo ' - le(uv)-k

f  (uv)ke so that  Y(e-e{) {q ' * -1o"2=u" .  Let  
" r r=A[e;  l rc+0,

lkl( n 1 . Then err{ 
", Y(err)7 f,(e) -Zng" and {l f (uv) k*rrtk llr tuvt k

ti

eg l i (  e " "
Lemma 5"1 shovrs that if n' i-s large enough ancl 6" is srnall

enough with g'n<g r / (n+1,) then there exists a unitary element

rv'€N such that fg+}\=
ke)=0 for al l  lc l0 'and 

l iwtw t - u v [ { g f / n * 1 .

Bur rhen ll r*,o",rlirHdr (uv)tr (vrr-uv) (w)k-p-t"j+ llr (uv)kejeJl43 l-f*

P- u 
.&t

kg,  /  (n+ t )  +g ,  /  ( r r+L)=(k+ t )  o t  /  (n+LJ4{  t rh ieh  provec  (^ )  
"

p=0

Q  o a .  D "

7". END OF TI{E PROOF OF THEOREM 1.1-: the type Ift

case

I n t i r i . s s e c t i o n w e p r o v e t " l i n t h e e a s e N l . s o f

type r r t .  By 2,LL and $S th is  rv i l l  end the proof  o f  the

theorem, We hegj-n the sectiotl by recl'ucing the problem l-n se-

veral steps to the case when the type Ir, von Neurnann alge*

bra N ls separable, M is countably decomnosable and Ntf ' l t ' i

containins no f inite prCIjections of t ' [ .  Note from the beqi-

ning that by Sec.3 we may assume 5 vanishes on a set of pro-



ject lons

:^

),Pi=t 
and

a l

lnt.ii t"

N p .  L s- a

4 3

the center of M havinq the properttes

of countabl-e tvpe for each i.

7 ,L"  F i rs t  reducLion:  I t  is  suf f ic ient '  to  prove the

theorem for  separable N ( i .e .  N wi th  separable predual ) .

To show this let R CN be a copy of the hyperf inite

type.I l t  factor nith t l ie same unit as N tcf iSJ ) " There

exj-st.s an increasing net of separable Von I ' Ieumann subalqe-

.  - (  \  f f i : -w --  
-  t

bras {*r} ,  of  N wi th RcNi and $w[=u.  rndeed, i f  in3. l i * "
i  +  u  J '

is a parti-t ion of the unity in the center of N such that

*pj is countably decomposable for each i, t 'hen any counta-

bly generated von Neumann subalgebra of Np, ls separableu

so that if Nl are such that Nrpj l-s .o,rrrtt ity generated

and contaj.ns *pj for a fj.nlte number Jo of jeJ and if-

1{i pi=R.E nn then N, wj-J- l  do, Since R€Nlo each N,

o '  
j + l o r

type rr,  and l f  Ki€J(M) ls such thatSl*-=aa x, thena s

t
s$t

o f

by 4.6 there exists Tie K6 ( ln fact  in co*{ [ ( , r ) , . ,* fu uni tary

_ l r rK. , r  qrrr :h { :h:  ,=51. .  Let  r  be aelement of wrJcxg) 
""".: 

that ad Tt=ad Kt -rNi

weak l imi t  point  or{rr f  ,  .  Then ad T =[  on UNrr so that by

the weak continuity of aci. T and [ , dd 1= f on tn= U*I. Slnce

N is of  type I f t r  by 4 '4 rve have Te' l ( l t )  '

'1  
"20 Second. reduct ion:  r t  is  suf fLcient to prove

the theorem when N ls separable and I,I is COuntably decompo-

sab le .

Indeed., by the precedlng reduction we may assume N

is separable.  Let6l lo-be a countable subseL in the unl tary

group Qiof  N, dense incU 1n the *-strong operator topologY.

Let {nr} ru" 
O* an increasing net o1? cotrntabiy clecomp'csable

project ions of  M with pi t1.  By the densi t l ;  ofc l [o tnQrL t t
t  e  r  ^ , ' J  ,  t l '  , - l  ^ . ' l

follows that for each roflupru*1""'14f=V{"nt"* \"u'lLJ so that
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lf we d.enote th:Ls projectJ-on by si then it. j-s countabi-y

decomposahle (beinq a suprelnum of a countable set of cou-nta*

bl-y decomposable prcr ject ions) and moreover sr€No [ lp lo s: i ' i '1"

Def  ine  51  : l1*  .  *  = iJ  ( l { )  s r= ;  (Mu,  }  r rv  6 i  (xs r }  =* r . l  (x )  s r .  s ince
-L '-J- r "1

s.€Nrf lm,  A.  are wel j -  def ined,  der ivat ion"  I f  for  each j -  the*
'l

re exist,s an element KOGJ,**, such that 8r=ad N, then brr

4"6 there exist ,s r fcKS such'  that  srTrsr€K6icsiKSsi  sat j ' -s*

i t

I
ri
$
B

I'
ii
i:j

f i es  8 i=ad(s rT rs r ) .  Le t
c 1

ne t  tT i . \ i  
( c  M) .  s ince

identitlr, TGK, and ad

TeJ (I . ! )  ,

T be a weak linit Point in ItI of the

r ' )
-lutf 

t converges stronglv t 'o the

f=  3  on  N"  Then 4 ,4  app l ies  to  ge t

T,, (x) =ux,r*n- J (u) u* o Then TrrTrr=T.*' and since Tu (J (v) v*) =

7 .3.  fh i rd red.uct ion:  i t  is  suf  f  ic ient  to prove the

theorem vrhen N is separableu M |s countable decomposabLe

and Nt f lm conta lns  no  f ln l te  p ro jec t ions  o f  M"

l ,et  po=Vfe,e N,6lm\e,  f in i te project lon of  mJ" Note
'  r  I  -  - D r ^ c  * . -  - ' . l .

rhat  in  fact  po=V{. "p€t {s I l  u le '  pro ject ion wi th  Y(* ' )zoc3.

Indeed,  th is  fo l lows. immedLate ly  by 2,Lc because g lven any

e€ N'i lr-t  and, peff iM) we have ep€l1tnl4" Assume now that

^ r

E t"l =f, {x) no, xeN n Then 
\f 

=": po. For each unitary element

ueN define on K5 the weakly continuous aff ine transformation

=,, J [v).r*rr** 5 (rr) o*= 5(uv) t*rr*, 1t follows that *, (K6 ) c KJ o

Consider on M the seminorm" Y= f'f tro*** r 11'/Z for xe u le' 
finite

projection in Nofl m wiLh Y(*, )<.'"J. Then the semictroup of

transformations To on K; is noncontracLive, because lf

x r y a K S  t  x { y o  t h e n  t t t  f ( u ( x - y ) * ( * - y ) u * e ' ) = Y ( ( x * y ) * ( x - y ) e ' )

and l f  f  (  (x-y)  *  (*-y)  * '  ) '  =o then x-y= (x*y) Po= (x-y)  (  V et  )  -0

(by t f re fa i thfulness oe f  ) ,  Thus by the Ryl lsNardjewbki

f i xed  po ln t  theorem (see A.3  in  [ tO] )  t6ere  ex is ts  an  e le* .

ment X6KS with Tu(X)=X for al l  uni tary elements u€N. But
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d r  -  . { F  e .

then .uxuH+[(u)utr=X ancl thus *\1u1=Xu-uX and by l j-nearity,

3  tx t=X>r -xX fa r  a l l  xeN"  $ ince  N is  o f  t ype  r r ,  by  4 .4

we get  x r ;J (M) .  $ in i l ,a - rv ,  L r  5 { * ) *no5{ t  )  fo r  any  xeN r ' ve

obtain i-hat I j-s implenient.ed hy an element j.n JIM) . f t ' '  fol-

lovrs t ,hat  th.ere exists KdJ(M) sucb. that  (6-ad x) (x)=(t-po) f t j

acl  K) (x)  i t *po).  Thus, i f  we cief in* [ . tNt*p;* t ta-oo OO

Oot* ( t *po)  )= ( i -ad  K)  (x )  ( t -po)  then io  i s  a  we l l  de f ined de-

r iva, t ion taking values into ( t - lo)J (M),1*Po)=J ( l4 l -*po) .

Since * i*nf l l t -n. :  contains no f in i te project ions ot  m1-po

(see the proof of 6 ,2 r 2()) this shorvs that in order to prove

the theorem for N separable of Lype If, and M countable d'e-

composable, tre may j.n acldit lon assume that Nofl M contains

no f in i te  pro ject ions of  I '1 .

7 "4o In the rest  of  .bhis sect ion vre may therefore

assume N is sepa::able,  I . t :Ls of  countable eype and Ntf f  u

contains no f in i te project ions of  M.

By 6"2 there exists an approximately finl.te dimen-

sional type II" von Neumann subalEebra R C I{ with an al:ellan

vcn Neumann subal-gebra A C R such that AfnM contalns no fi-

n i te project lons of  lq,  Slnce R is apProximately f in i te di-

mensionalu there exists an amenable subgroup of unitary
f . 4l

eleraents crl,l" in R such thatCll"=R" Let K="!,1,",u^dp(u) '.^rhere

r ls an invarj-ant mean orrt l lo Then, l ike in. 2.L2u i t  ls

easy tg see that ad K equals ,l on 6lrl an6 thus on Ro By

4"4  i t  fo l lows tha t  K  GJ(M)  .  Thr is ,  by  tak ing  i f  necessary

5 - ad" K j-nstead of f, ,*n *u.y sopt)oue qi vanishes *n R and

thus on A C R. 
- l

?ie show that f 'f'sm the fact that ) h 
= 0 it follows

that 5 =O cn all N and this wil l. encl the proof of the theo-

r e m  1 . 1 ,
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. Assume $ lO. Then there exists a unitary elenent

v€M such that,  Jtn) lO. l ioreover there exists a f ln i te proSec-

. .  . f i a

t, lon efit4f such that f {ev^d tv)e}#0.fndeed, because othenniise

-  . { r n

f tn" ; (v)x)=0 for anv 1j-near combj-nat ion of  project ions
I

e € I'4.^, and thus, by taking norln limit,s, for anv xel.{ -o o wh.ich-  *  "  l E P  
- - - - -  - r  - - - J  

I
' ' I  

6  r

impl les v^d (v)=0s a contradict lon"

S' ix eql t  to be a f in i te project ion wi th f (e)=t-  a.nd

f ( .n*J (v )e)10 .  By  rep lac ing  i f  necessary  6  w i th  a 'sca la r

multiple of . it we may then assume ft" 'tt*j(vLd)=1. Ftoreovero

by sLight ly modify ing e we may assume f( .e)  is  a fa i thful . -

state on N,

We now prove that for any n there exist' a finite

projection en€M and a unlLary element r+rr€N such that:

t )  en(e,  f (e-er r )<2*n.

2) 11*,r*f;*,rl["r-t, for klor Ir"I.t '"

fo r '  k lO "

4) \Y(errwieS t'fit err) -tf< z-n ir nzp >0 and

If{*rr*-sJf*f i1*,r) t< z-n i r  pls or p(0 or s(0 '

To d.o this let feM be a finlte projection euch that

l i  Jcvl  t {--rr l l  I  (4n}-1r-n-L, I t i . - r l r r-16cv) l l /  (an)-t?-**1n

l l  5(,r*1tv( i .-r) i l  < (n,rr*1-r-n-L and f-, le. rhen by the precedins

corollary there exist, unitary elernents wn€N and urr€A and a

projection eneM such that

a) en6e, Y(et ierr)4 2"n"

b) l f  rwfeol l<(an l l5 l l l  
-  

fn-r ,  f  pa,,  {k la n, k+0.

3) f t*rr*f;",r) =o p

c) l l ,w,r-urrv[{(anll3tl1-12*n*r and f(e,.wf;e,r)=o for klo.
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It, foi-lows that if n7k70 thens

(i) lJa {*}) er,*n X-'.1(wr,) er,ll.1- |i ff-fl.!r*,,t 
*[-"-1u,, ll ,p

I ffi 11[t*,ri *k*s-1-*"1i1<H ii.I(or,'.1*k*s*1-*- ll{

+ (k-r-) llI{l tl. llg l1ou,r-,r,,.,{J =H[l jt,,1*k-s-1u,,[lf *

+ (k-u f,| d il lf*,r-,r,r.riln q ll Jt.,t ro,l-n-tur, llg *
r r  

s = 0

+ (k-t)  l i6rvl  r : . -r I l  +4-L.2-*-t  2-t*1,

(ii) {lJc'ikl""tl{dH[ c'*tl q,!r*[1] (',^l;t ) 
k *:- o **,, ttra

k*3- . a

H t[;r"*l),, t'llt 
]'*u",rlin* 2k ll6ll 1{ u,rv-wr, 1i<

s=0

k-1" ^ a

fi U 5(r,-1)vr (wil) o-*u,.lh + . "k un)-Ll"n*l-o
g = u

+ ' , '  2 k (4n ) - l ^ -n - t  " ' "  k * ' 'z <ltJt l  z-J 11f (wir)k-n.rr l i1+

+ (3 / 4t z-t*t s (n tiJ i! ( an lll ll I 
*t*s 

/ a) z'n-1.=2*rr*L .

Thus for n>rp > 0 ne have by (i) r k) and the equality

^ C

d tunvJ =und tv i  :

- , /

I f teowipft*iier,)-tl( [ft",r*;rJ tw,r) er,) -11

4 lf {",rrr-toit 5(u*v) e,r) -11 +z l[5 i[ tl*,'-"r,,'[i+z

< l{c*,rrr"tf, tnl e,r) -rl +'z-h=2*r.

I

4
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I f  n lp>0 ancl  s lp then by (1) e (c)  and ( i r )  r^re haver

I  r .  * s  i - ,  r r .  .  I  i  - .  - s *p * ' l q  
r r ^ ,  \  o  i  l " l  , , - f t ' L  ,

\T ( * r r *  
"0 (v r [ )e : , . ) i - ( { f (enw*  '  c } (wn ]en ; l - r  z  :1 ,

.  l .a r^ - .*s+p- ' i  * t  c .  I  .  ,* l -^-n*t  '  ̂ *n- '1 Z-4 l'{' (*rr*r, -unvv -d (v ) errt 1 
+"+ 2 + t

s  l * r^  " . " -s { -P .  
- ' r  -  I  - {  *n -1  - ' " - l -  

4€  [ { r € r n w n  
' -  ' . ' . - ' * J ( v ) e r r ) [ n 2 "  4  - 2  "  * + 2

4 [f (*rrri**pr.r*t$ {r.') err) t or'4*1' " 2-n*L+2-*-t 4

I  (+-L-rz" 4-1+t I  2-n-t=2-n,

Finally if p<0 then i:y (i i) ancl the caucl:y-schwart'z

inequality we have for anY s 3 
,:

lft",,*-u .i t*fi I ""t [ <ll,ft*[t *r, l1*<z**

This shovrs that en and wn as d.eflned before fulf i l l

c o n d i t i o n s  ( t ) -  ( 4 ) .  :

we novr defj_ne Anc M to be the von Neumann algebra

generated by vr , ra pn€f;( t2( l t r f  ) )  be th.e orthogonal  project ions

onto a}rr ,  the isometr ies unrf ,z i t ipt) t -+t2(Mrf)  . (vrhere F is

the normatized LebescTue measure on tlre thorus W) be defined

by un{"k)=f(err)- t /zor l*r ,  and the measure preserving isomor-

phism tyr.: l,F(r"uyr) F*+(Arrrf(err) 
-*ft 

"err) ) by\fn(tk)=*k' l4oreo*

ver we def ine E,r:r,*{4$) *.8i"' (T'rp1 ) by 5r. tr) =ufit(% (f ) ) u'

for fcl,+o(lrrF) ' since nrr=,rrrltfr*a;, an ea-sy computatj'on shows

that al l  6r,  are derivat ions and clearlv 116"111 l l6l i  "

Let, (^) be a free ultraf i l ter on 8{ and denote

A;L"c(r,y.) r-->S(r,2 tn,f*l I nv A(r) -t-l3b6n(r) o rhen A is also

a d.erivation and li6ti 4t{5tl " We show that lf P d'enotes the

orthog'nal projection cnto the Flardy space ll2 tqy-1=

+  ( ' L 1  1  -  J  n  j -  *  ^ ^ s . t -=5fitOlOrol Cr,Z tu"ap) rhen A =ad. p and A is a continuous
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functi-on from the unit, batl of r,"o(rrpr) ,r.rith the norm

11 liz intoQ(r,2{Ii-efr) ) wj"th t}re uniform normn To prove thr-

f  i rst  assert ion note 'Lhat,  by (4) dn (zF) t  ,**)=Y{*r ,o, is5(v ' f i )  err)

tencl to i- for p=s70 and to 0 otherrrrise so that, (AftPltras)o

is equal Lo :L if p=s5g and to 0 otherviise" S:i.nce acl tr also

satisfies 'bhese er1ual3-ties and A , ad P are derivatians it

f o l l o w s  t h a t  ( a { e p l  , k u * * b  ( a c l  n  ( z p )  z k  , ^ ' )  f o r  a l l  k r p u s € &

and thus, by linearit-rr and. weal< contir:.uity of A and, ad P,

[  =  a -d  P"

To prove the seconcl  assert ion ( i "e" the cont inui ty

resul t  on A )  note f i rst  thatS

for

have

(*)  Given F>0 there exists no/ and ^<)0 such that

any n.)no and aeAr.o with lfall <r and f(erra*ae,r)<"d c w€

t i l  Si"r l l l<F c
Indeed.o s ince N 3x * -+ f  ke)  is  fa i th fu l l  on I {  by

4.L  there  ex is ts  o rs>0 such tha t ,  i f  ae  Nr  l la t l<  Lp  f (ea , *ae)<x

then ll, tra)tt l<P . Let n. be such thaL Lf nlno thenl'(d.re;) #t/2

If vre take q=se /2 and' -tf f(erra*aerr)4 * then vre get 1(ea*ae)4

<f(e-e"l ([ r** l [  *< <,*8 lz+.a'/2** r so that [1 f f* l t l l< p.

Now the required' contiuuizty hs'se::t iol1'ro11 A states

that given any p>0 there existe.x)0 such that i f  fe lJ€(nrrp),

0ft i4 L and t i r i lz<o^{.  then l {atr ) I l i< P for  any \ . " '  ($,pt ,

l l ( l lZ-< *"  In fact  i { :  is  suf f lc ient .  to c l ieck th is for  E

LaureRt porynomiats , 3 
= 

,Z 
a 

,rrk 
(wi th Il< nl 

2< r ) "
"  [ k l 6 m  "

Let c( be the

l[a trrS [f < rini
R

l l  c -

-Z lim sup I d (arr)
n

. t t

( I, *"*f I *. l\p
l k t * m  

' "  "  I

one given by (*) .  Then l f  arr=Yit f )  vre have

",rp [1"i,, ( f ) { il =tim-_ sup tl r" 5 ( a,, ) p,, t,,p';t o*11:o*il) ",, tl yi
I k l e  m

:***) *,.t' = ll
.<--1-
Z-J'\.<
* - l L
L t J

But l lc fq
"  lk l i  *

,*,rti-i*r, 
ll a
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d
wl | , S"-r
> 

'R. 
| "+ 1*'

* i * t  A l -  .  t .
]. LTJ

. - ,
l- t2n+3-J7 

'V

Thusr s inc

l l  r ,
n lno  r  l {J  ra

lim sup
n

ilSta,rl E!*or^r[) en lie 4 F

We have thus Provecl

I  r ,  l n  i - i
i l l.{3 [ ttenwn

Tazm+I by {2)

I
lo{

I
l - '

n )

f or n lrro \^re liave iii5 t "r l ll["

r .il*kvr;) e,.lluctt"r ( 2rn+-t) 2
l K l i .  m  I

*,,11 and sj.nce 
# 

rj l*jl=tkrl f &

r.*ll) *,.|i ' I a+( Zm+L) 2*r'"

F 
j"t follolrrs tlurt' if

- " ,  
P u Hence

and thus llet r r\ 11; p, .

that ad P is continuous from the

unit ball of r,s(l 'r1r,) vrith the trvo-ncrm into St"'trrp.) ) vi ith

the uniform norm. But ad P takes values into the finit* rank

operators for all the polynomial-s in n2 (B'np) so that by

the above continuity it follows that acl P takes values into

t /

{,(Lz (rro&) ) on att r,e(rrp) . But then by tS (the abelian
. d I

case of the theorern) ad P is equal to ad K for scnEXeX(Lg(qP )

It follows that P-K € d- tng,t and thus P-K is a multiplica-

tion operator 
ftof 

for some funetion feL* (T'ay.) (since L*(I]"pf )

)
is maximal abel-tan in i$tr,2 (r'uy-) ) " But L=11;;< (9-K) zn,zn

( r
= \"-*f ,* dy-(zy = [ratrr.(z) =llm(tr-nl zft uzn]=a, rvhich is a contr:a-

) t ) l n r + " 4 t

d i c t i on  "

The tnit iat assumpt1otr I  lo is therefore false and

so theorem t . t  is  complete ly  proved.

8u The counterexample:proei f  o f  theorem 1"2

T h e m s . s t s i m p l e ' . i e { : t y p i c a l s i t u a L i o n w h e n t h e

condi-tj-on of local compatibil i ty between I{ and ff(t"I} ls

not, fulf i l led.o for a$elian (or more generalJ-y finite trlpe I)l

is r,rhen M j-s the algebra r, 'o{ [ortir\) 6 $f,.2(r'pp) ) and
_ , 1

N=L 8 fr-(Tr,.,r,) , tlhere f..t, is t,he Lebesc{ue measure t'he on thor:'rs
t

TI. and l is the Lebesgue measure on the unit iu{:erval [O r t.l "
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rt is well knor,in ttrat 
"""( Lo,rl  nl i  6.f;t"2(Tpl))

can l:e identif ied wl';h 
"*( LOrfl ,3{r,2irrrp) r,^rith l,re havlng

here the obvrgr:s sj-girJ-1:5,cance (i"eo weak )"**uo.u*r:able

- .,'\ ?
functions of LO r iJ iirto ii\ tt 

' ('lilp) ) a unj foi:mly bouncleCn con*

s idered moclg lo 6"p" t "  varr ish inq such funct ions i  "  Under  th i r ;

j-clent'if ication the icleai' J (M) may be identifiecl with the

f u n c f i o n s i n L ' F ( [ n , , . ' : ] 0 Q . " ' t r r , p t ) ) v l l r i c h t a k e r r a . l u e s . d n p n t .

ir,1( qt) " vte d-enote this set by tq'( [0 ,4 , NqLl I '

The subalgebra ltr= J- (9 too(T'rf) in tu::n becomes the

L constant, r,s(n'rp) va-lued functions on [nr{ "
I

Floreover tire center of I{ may be identified r''rith

the scalar valued" funct ions on Lort1,,  iu€. l f ( t t1= f i  FrtJ,

c,rle) '
rv

by N and z (r,1) i* ff=r,€f [0, r] , r,#iu',P) ) c m= r'r( p, { ,$t"t (u}1,d) )

Now ;-::  a general cbservation concern5-rrq problens on

derivatlons into J(M) i-s as fol lot 'rss by theorem l- ' l -  i f  the

von Neurnann subalgebra N contaj-ns t'he center of I'1 then an11

der ivat ion s  of  u  in to J(M) ls  impl  .ernented bv an e lenent

in  J( t4) ;  thus,  i f  N d.oes not  conta in ! ! (M) I  i t  is  natura l

Lo try to show that the uuique extention o$ 5 to the von

Neunrann algebra generated by N and ,fftir4l st,ill- take val-ues

into J(I. i) .  l{ :  turns out t}rat this is not a-l lways the case"

Flore preclsely we v;i l l  construct an element TEM=L-( f0rt: i  P

.'
,JjtL-(rop))) so rhat prmlc,rfi,il but so that l*, fr'lf,rto,ll .

Then if  I t€J (M) would be so that T-iteNen l\ te

that, acl r=ad K on fr 
"o 

t'hat [t,iiilcJ (M) I a

The keY Point of t 'he construction

T as above is the nexto

it vrould fol low

contradlc t ioR "

of an elernent

I " 1. Lemrna. There exi*te ron${r'2 ( l"rp) ) such that:
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l Q  r .r. " 
'.rlverl any meas:urable

point of LebesEu,e densj"fy 0 or I

set nc II with t € S' a

for Eu the projeet ion

20

Fo'""-idKt

There exlsts a projection eoer,"3(v'rp) such that'

(s"Y) ) '

u=4ei,rotu;pl sabisries ltou "-]*fr(t' 
(rrrf ) ) '

I

))

Before proving thls lemma let us shcw how one can

construct from the oper atot To the desired e]'ement' T in l'1'

B,2o Proposi t ion"  Let  u  be the uni tary  eJ-enrenL in

M=L@( [o,t] ,  $t l2tr ' ,p) ) ) defined bv u=(ut) o.r<* with

?  '  '  Lz ( r " r r ) ,  (u - - f )  ( .2T i * )= f  ( *2H(x+t )1 ,  xe [0* t l  "ua s L- (r,pl *+: . I  \-

let fro be the element To of lenrma B,1- regarded as a constant

function in M (i.e" f io= ' l 69fo) " Then 1'=UffoU* satisfies

[t, n]C.f (m) but there exists no KeJ(M) so that acl T=ad K on

N .

Proof  o f  Bo2,  To  prove tha t  Fr *J tJ (M)  i t  i s  su f -

f ie ient  to show that Ltraj€ J( I" i ) )  for  any projdct ion EeN=

t qp 1T(U,'F) " Thr.r.s vre have to show that girren any projec*

t,ion eet*(rrr1,t) vre have [u. ro uf , e]efl(l'f orpl t ror tr*al-

rnost all {:€ [0, tJ "

Now lf *=4 for ssm€ measurable subset E C It then

by Lebesguess theorem for almost al l  t  e[o , \  ,  *2?j ' t  h**

density 0 or l-, But if 'u is so that ez?rit '€$ is a point of

densi ty 0 or{ in E then the set Ea correspondinq to the

- - ! - - L r - *  , , * - -  t r  ' X , '  =  l r l e U n )  h a s  d e n s i L y  0  o r  Lp r o j e c t i o n  u i  u  , t  
J t " * .  

,  _ "

in the polnt LcTr' rhus bv s"fu ton [rouuf;*u"]*K6'fn"p))

which shows that f u" ro uf , "]efl'fi.,z 
(urpt) ) "
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rhj.s shoivs that [u, ro uf , .i1*{ ). - €r1€. in
r  1  P  . S  ? -

tefor:r.f and prove$ that t=uFouH satisfies [rrnJcf{tT"/ 
( 'Eof) } "

N o w  i f  K € J ( r q ) = r f (  [ o , t ]  u " f . t t , 2 ( r e p r ) ] ]  i s  s u c h  t h a t :

ad. T*ad I{ on i{ then, since the e}emenfs i* ff(tq} csmm'*'Les

vrith both T ancl Ku it foilovre t"ha{: ad. T=ad K on #=vru{I{r,W(I's)i)'

=Ls(,. l lorr l  o l*($o;^) ) .  But U ff  u*=ft 'and mor:e precisely

in d-(

meanS

-almost,

P roo f  o f  B "J - ,  Le t  A r r r

as follovrs: Arr=ex5r( Zt'i lt/r '"
r - ? '

L / z " " - l ) ,  f o r  e a c h  n 2 L .

For an element fsl,2 (:r, p) we

we d"erlne lrrJlXo ll l"xo . 
"2 

trt,,*) and
" n 2  " n

( r " 1  (  1
Note that"lE h U {"4 | is is

L 'n . )n  L  ' nJ  n

of vectors in 12 (T: pt ) ,
t

F  - a

tha t  L f , *J=
& *x7

o ut o ur eo uiJd

this contradicts

[0, *j o L* tn,p) ) sc>

that Fo, uJ =lu. t

atl ee [o,rJ " But

d= {ureout, n*.*, is

= b, -E^le 
,r rr'nl which

eg{{rz trr,p) } for }'

g . 1 r  2 0 "

n T r r n
\ z a s o v a

B'  be subsets of  T def lned

, L/22n-t) o 
"rr="xp 

(2rt Vrr'*

denote I :y l l r l lz i ts non;r"

l^=iiT* lt ;txn e r,2 rr',g) .
n n

an orthonormal- fanilY

r f  5r1ur,2tu'rpl  vre denote ou n{r l  the one d' imen*

sional vector ir, $tl2 (s'rp) ) def ined by

F , , , . ^ ( f ) = / >  ' ' \ !
,  Sr rL  

' t t  
"  l '  g

We define T^=Xl:\} 
". 

(the lnfinite sun is so*con\'/er-
"  n  { i ' i n

gent because b, .o fJ* are a1l  mutual l l r  orbhogonal  vectors) "' / r L '  L r r r  
)

Ncrte that in fact To iu a partial isometry vrith ,3=A.

Let, Ec TF be a measurable set of clensity zero ln l-"

we show that *=AEsat isf ies €To, roe$t( l?twr ld)  "

Indeed, vle have eTo=Zp. L 
, Since the vecLors

^eEJa,.
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( 1  . 1

pcg tnJo are mutually orthosonal l-n Lrtu'ryr) u to show thaf

*oT ls conpact. it is sriff icient tc shovr that

* x I - ,r r.--z n. nut, [ld,', \- il;"=-*ffi -'*mg*:':;;:*:3=l i . ' L  
E : l " r ' r j l  

'  v  - - * -  r i ' f ,  r n , _  

f  
( A n )  F  

r r h ,

and, t,hls last term tends tCI zero, because f- is point of

d.ensi'Lv zerCI for Eo

=Kg
F 

(*q? t21rLl-1/2t!)r't , i7z'n-'L1t)

Simi la rv r  w@ have To.= Ip  f -  t ;X  _n .1- * tnZ 
(s 'o ; -d  ) .

a,a ) 4fl 'LlrL

l {oreover i f  e correspond.s to a" set of d.ensity one

t then by the aboveFO:J l-eJef1Cl2Crf y"t t so that [*o, e-l

also compactu

'l 11

L s

Now to show that To also sat isf ies

"ton let fioC r be a measurable set so that. 
1,t

cond i t ion  B"L ,

(Eo n Arr) =

o 
to be the union

o r  B  ) .n' -.

A  - \  * h a n  
r -  1

*o-'"8 
- 

Lrrerr 
L'l'O r "oJ 

=
o

(r*t' ){* ll 2 = g"Jx* pttB"'fi ro)
' . ,  

"o 'Ln ' t2 f , ,L(An) ry

=f(An) /2 and ,u"(Bo0 B,r) =f(B) /2 (e"9. take E

of the halfs of each intervai A,.,

It i-s easv to see titut ff

=Zp G-xE )!r, ,x*J,,  
- I 'pteu\n,' (l-xr )?r, o

Moreover the vectoru'{Xo l r ro ( t - t r  )5rrr"
u  s o  r a  - o  t o ' L  t t n

( t- tn )1" Inl f  J are al l  mutual l .y orthogonaln
- o  L r r l  - ,  

-

Thris, to prove that l*or*J4 K$' (r,pd ) it is suffi-
f t L ,  !  i i  )  , t  , , 2 1

cient to show that 
f  

Kuo\,. l l  
;  

l [ ( t-  {Eo), i" t l lJndo"= tend

to z,eror

B"rlk""E" I
=  L / , 4 ,

B " t ,

rhr-rs Fo, "J$ft,t"2 
(r'rf) ) which ends the proof of
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B. 3 " Final Fernarks, Tireorem 1. 2 suggests that

in aLl the cases left, open by theorem i,1- the derivation'

problem into the compacts has a negative answer. fr fact

with some extra effort. one may easily extend. the methods

of this section to get counterexampl-es i l l ' , . '& large class of

cases" However let us point hefe one case left open which

deserves at tent i -on.

8"3.1.  Problem. Let  Mo be a type I I t  fac taruf f i

an lnflnite d.j.mensional Hilbert space and u=rj€t [orr], h)6

6 Mo 6 Sq,i.) . Let Aocrto be a (maximal) abelian **subalgebra

of Mo and AU Cgfi) an atomic (maximal) abelian *-subalsebra

of S(t).  Let No=l @ no 
Q 

t and N=(1€ Ao @ At" rs there

true that. any derivation of No or N into J (M) is fnner?
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