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Lucian BXd.escu

Introd.uct ion

Tbroughout this paper r*e sball  f ix an algebraical ly closed. f ield k. Consi-
der tb.e follorir:g3

ryq!&m.. Let (Trt) te a normal p.olarlzed. varie.ty over k, i.B. a nornal

projective variety Y over k together with an anple l ine bund.le l ,  on. y. Then
one may ask under whicb cond.it ione the foLlowing statenent bold,s:

( ' t)  Evury norraal projeotive variety X containing T as an anple Cartler di-
visor sucb that the norrqaf bund.le of Y ir i  x is L, ie isonorphic to the..projec-

.t ive 
cone over, Y.

Recall  tbat the projective cone over ( lrf ,) is

v a r i e t y  C ( y , l )  -  p r o j ( s ( y , t ) f r ] ) ,  w h e r e  S ( f , l )  =

k-algebra asgociatea to (frI ,),  and. the polynolnial

varlable) fs g?a.d.ed. by the condit ion that. aeg(sft)

is honogeneous.

by definit ion the projectlve.
A . i

@_r" ( t , l * )  i s  t he  g r+ded
LTro

k-atsebra s(y, l ) ts]  (T is on

-  d . e g ( s )  +  i  w h e n e v e r  s € $

Note that (*) ls not true in one of the most obvious

rrhen I is a. snooth hyperplane section bf d. imension 7r I

Z of  a  pro ject ive spaco pn,  ard.  L  -  or ( l )Eol .

Exa'nplee of polar ized var iet ies (yr i , )  sat isfying (r)  may alread.y be found.

in  the  c lass ica l  . l l te ra tu re  (see e .g .  f r r ] ,  [ rg ] ,  o r  a r .so  theoren .d ,  be low) .  Fur -
ther such exaraples mav be fourrd. in [a], [3], [a],[g] ana f9l. ret us mentio:r tbo
fo l lowing cr i ter iqn g ivon by Fuj i ta  i " [91r  r f  ( r r t )  is  a  snooth polar iaed.  var i
e ty  of  d . imension 7tZ such that  t t ( r r f r& l f  ;  *  o  for  every i . (o  ar :d .  char(h)  *  o ,
then (yrr.,) satisfy ( '*). fhe nain id.ea of aLl theee papers was to use tbo srothe
d-i.eck-tefecheta theo.ry fro] to" (xry) in ord.er to d^ed.dce that x f c(y, l).

fn this paper, fol1or+1ng an entirely d.i f ferent approach, rre &re going to

sh6r'how the theory of r ieid sinf ir leri t ies (see lrql" f tgl l  can be used in order

sltuations, narnely

of a smooth subvariety
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to get a cri terlon for a (ponnibly sir:gular) polarired. 'variety (Trir) to setlsf

(X"). let ur* f irst reca}l two alread.y knoirn results. fho f irst ono (wblch is

d. i rect ly  eonneoted.  wi tb  the above probrem) is  c lass ica l "

$kgggg-{, (c" $egreo 0" $corza, fte st,a,te_rnelt (.)fr\ lrgigu
see fr1], [re] ).

i f  e i ther  y  *  pT {nZzt}  end L * $ ( s ,  ( e i )  e ) ,  o r  Y  o f,Xd, f* 7t\,' n )zz) ernd
I*_'r'. g(], r I (.ttre_ ,by"gg.t*keg__tgg!3sq_b_qffi1of x p n gi th  recpeot  to  i te  $e

. r . 1 .  i r : i  , . .

proof of i t  is given.

d.i f ferent (nee the dis-

' . , : . . . : : a :  .  :  I  '  :

'  -  Theorem A was i 'edj"scovered. in fe] ,

l lote thai  the ciagsical | ;  forrnulat ion of

cuss ion  i "  [+ l r ,  ! , 3 )  ,  .  - . . . . .  . :  
'

where a modern

it '  ie sl igbtly

, . l .  : ' '  . .  "  :

0n tbo other handn one knowe tbe f,ollowingr

-T4?of,eq F (Grausrt, Kerner, $ehlossing*r, se6 e.g. [f:]1. @
!.e+ gf .!bg-:-c-o:re .Cl{u.t), yhere (Jr_t_)_ts eirher (p*.0(* n 7 7 2 ,  s )  o ) .  o r

]v rigr4 1q:!-tq_genge_gt frL].

. .our theoren 1 below inplies inmedlately tbat theores I is then a consiequenc
of theorem B. l iote arso that some kirvl of c.onvsrse ls also true. Nanaly, theo-
rem '&  lmp l l es  the  r i g id l t y  o f  t ha  p ro jec t r ve  cone  c (yo r )  ( r r t h  ( v r r , )  as . l n  t hec
rem a, seo [+]), and. by [rf]  o* know that the r igidity of c(x, l) ana ite r isi-
d . l t y  o f  (C (Xr&) : " )  a re .  c lose l y  re la ted .  : :

Tbggg$ 1-. LeL_-,$_ b_e -gu no_rmal _&raded k_algebra of finite t of d.j"mension

23.,.and3e_note by p Lhe lrrelevant_1qea1 $.T.-:- +
tle rtoll?wing three sg44.iti?ns !lold.:

a*{ ,bf_T I _proj($). *ss_l,l4e that

i )  0 . , ( t )  i - s  i nve r t i b le .
'  l r  

* - @ - .

i " i )  E'(Y,oy( i )  )  = o :g3y9f@j: .eg*g39l  depth(sp)>l) .
lii ) fb?-1oca1- k-ql-EebrI Su -1.g- rJtrni.re si3atlr,.{LSit .

. . rb?s .t-hs_""sgg&s ,

Theorem 1 wi l l  be used. to get the fol lowiqg lmprovenent of the nain :esult
o f  Bu iun . ' s  papur  f6 ] :

fhsorsm 2.. Let r. qe'L'ceisht-gq.-p{oiqqb,:L-t€ spems_af d"iraension 7 a. Tt
cb,ar (t) .*.-o qnri. cod i*r{$ine{ T}}> 3 kgora jiitg(t) d.qnotes _Lbg*g13@_?g.*lggllg
of JL.- Lhen T.-qa.t-!s.fjgq (F) {}tb rqqp*gl t? er\r eap*te li$q-*bun4te ri€pi.(y\.

Sgleqgi*f,,- in PTn1T1).

e"P"r- hen the nirur*l
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Suiuru's proof d.oes not requlro any i 'estr ict ion on char(k), but uees tho

strongbr krypothesis that eodinar($ing(Y))74.0n the other hand., we ehora by

oxamples that  theorern ? fa i la  to  bo 'brue i f  eodin"($ i .ng( t )  )  =  Z,  A noro proc:

form. of theorern 2 is g:i .von in corol l .ar), j  of je.

fhe paper is d.ivided" In two sections. rn tbe f irst ono we plove theoren .

and. in the second we indicate some applications of theoren 1 (the most imporl

bgits corol lery 2 whlch impliee theorem 2), give oxanplee and make some reruar

. UnLess othernlse specif ied., the termlnology and. notations used are stand.{

$r. Froof of theorem 1

Let X be a norinal projectivo variety containing Y as an ainple Cartier d.i l

sor eucb that the normal bund.le bf T in X is 0r(l).  $ince S is normal, a lemn

o f  Oro thend . leck  ( see  e ,g ,  [ a t ] ,  p ropos i t i on  ! . 1 )  shows  tba t  s  f  s ( rno_ . ( r ) )  =
A  r l  Y '

= g* I i " (Y ,Ox( i ) ) .  Pu t  s '  =  s (x ,0 " ( r ) )  =  
$ono1x ,o* ( i r ) ) ,  

p ,  =  s '  ( t n "  i *e te
van t  i d .ea l  o f  S ' ) ,  ,  -  tU  anc l  B  *  S i , .  Le t  t €S i  =  no (X ,O* ( t ) )  Ue  a  g loba l  eq

t i on  o f  t he  0a r t i e r  c l - i v i so r  y  on  x ,  i . e .  t  i s  such  tha t  d . i v * ( t )  .  y .
x

stee- :. fhere ls a natural honomorphiem of grad.ed. k-algebrul s, /ts, € s,
and hence n/tn X e,. r:

Frogf g[.-gtqq 1. 
.consid.er 

tho stand.ard..exact ssquence (i  e z )

( r )
' 

Since X is a normal projective variety of dlmension 2 Z and, I is an anol

car t ier  d iv isor  on x ,  a  resul t  o f  serre (see [ rg ] ,  or  a lso [ ro ; )  shows that
1 .

H (x tOx( iY))  = o for  every i ( (o .  Then the cohomology eequence associeted to
(1 )  t oge th .e r  w i th  hypo thes i s  i i ) . ehows  by  i ncuc t i o r i .  qn  i  t ha ,  ' " 1 / *  ^  , ' . - - \  \; r ,  f ,  \ A r U X \ f I l i  =

for  every Le 2. .  This  la t tor  fact 'and.  the cobomology ssquence or  ( r )  y ie lds

tbe  asse r t i on .

Step ?. There is e.n isomorphi.sm of, local_ r ings f 
" 

OtCtl]  euch that t€S

io rnapped. to T und'er this ieonorphisnu where f iu tt* t-ad,ic completion of B,
z -i'l

and i LTTJJ is the f ormal power series . lr*algebra in one variable T.

n'ggf ol *legjl. By step 1 we know that
 ^'s/ti x n/tn (e"" [r];" nuuo 

'i/tfi 
e-a. $ow, we

Z/tn X 1." f t  is a general fact t l

csn view our problen as a problt
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the commut ative d.lagrare
, ]

i . a f 7 t f i x n / t z : r :
,fl '!r :
I
I
I
I
t
I
I

k

beceuee r+e have

/\,
8*-;--_-?

/t\
I
I
I
,
I
I

r -  |  l d  I  IK L$Jl #---i>

Y

- -  ^ 1
rhere kLLTJJ ie the forrna] power series k-algebra in the variabl" Tr the hori-

zonfal maps axe the natulal surjecti .ons, and 
f 

is the homoraorphisru of k-alge-

bras euch that  
f  

( r )  =  t  ( i  i *  t -ad ica l ty  comple ie) .  s ince t  is  a  non-zoro d iv

sor in t,  
? is f lat. Thus 6 iu a d.eformation of the k-algabra A over'R. Set

Ri  = n/ t in  g k [T] / ( r i ) ,  i77r .  s ince by l i i )  A is  an ln f in i tes lmal ly  r is id .

k-a lgeb:ra,  there i 'g  an isomorphisx '  o f  R.-a lgebras u. rn/ t ia  ! - * ' " ' ' * ,a@nR, x
{

E Al:tJ/(r-). rf  we coutd. choose the sequence t"r],  7tr 
of such tsono::pbisms

'euch that tbe following d.1a6ra,rnS

:

t ,r l
l l: V Y

$/tif AIrJ/(ri) 
.

ery iTl I  (r+bere the vert ical  arrows are the na,f , i ral  our ject ions)cornrnute for ev

t h e n w e g e t t h e c o n c 1 u s i o n o f s t e p 2 b y p . a s s 1 n g t o i n v e r g e 1 i l u i t s .

of d.eformation theory,

3ut this is indeed the caso since A is inf initesimally r igld. over k, and.

hence we may apply ' lemma J.8 of  [ ra ]  to  ehow that  e \ rery  autonorphism of  the R.-
a lgebra a[ rJ / (T l )  can be l i f ted to  an automorphlsm of  tbe R,- ra lsebra a[Ty( f i *

This al loit '$ o.re to proceed. by ind.uction on i and. replaoe. ( i f  nece""I1) 
"+f+

with s, composit ion of a suitable autonorphis:n of the 4r*r-*uebra aLrJ/(Tt*r)

* t tn  * r* ,  such that  the above d iagraro becones conmutat ive

-$Le"g l  (conclus ion) .  x  ie  lsomorphtc to  tho pro ject ive cone c lv ,or ( r ) ) .

Foof of. step*}. Consid_er the f i l trat ion 
r i  )  I  i  r

.:;_Tspectr*l"i^oJrined 
uy rls = 

ffrs, 
a'd"r1l,-jtte il ::.t;:i;t;i;,,'

iF-BIr.7r, unl 
lo-, !r> o 

be the fi l t iations of tho 1oca1 k-algebras .A,B and 6' irr-
duced ur f r tst  7ro "nd {ut t , I - r r ro resrect ivety.  For every i77o wa t tave

n1*7ri*1a e rls/Fi+ls y si and" ri$/ri11$': r,i lrrri*ln f, pis,/r,i*ls, € s: ,
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and hence,  
:denot lng ny gr(B)  ( resp,  gr ( i ) ,  resBa gr(A))  tue associated grad.ed

r\

r i n g s , . w e  g o t  g r ( B )  X  g r ( n )  g  S '  a n d .  g r ( A )  a ' S "

a  r - t  .  .

0n the othr:r  hand, we have r t f f t r t " ' f fX r 'a/ t r r - r 'B e"r lA.(step t) ,  and the

ident i f  icat ion f ron otop z eaoi ly shows that r i f  g-r ie@trr- la@.. .  (ETi- l r la @
i ' t

@t'8 ,  and thero fore  '

Fif/r l" '$ r  qr i* @tri- la @.. " @ni- lr ' Ia@Tis)/(Ft*tn@ortA@" . .  @ t ir . la ot i* l f i ; ;

g  s -@ rs -  .@. . .@Ti - r s ,@Ti ($ /F1 i )
I T - I 1

.d sr@rsi-i@. . . @Ti-lsr@ ?iso ,
2  i - 1  t

or  e leer  t i :  s r@*sr - r@T-sr_r@). . .@T-  
-s l@T-so 

fo r  every  !77a.  Th ls  p"oves

that Sf is i.son.orphic (as a graded. k-algebra) to S[tJ, r+bere tbe polynonlal

g-algebra Sh] is graded. by d"eg(uTi;  = d,eg(s) + i  for every hcmogeneous element

s € s .

Step 3;  ur .a  tbereby thqorem 1,  is  proved.  $

an id.eal of  A = $o such that V(f)  is the singular ]ocus of

be  the  tangent  bund le  o f  U * 'Spec( / i ) -V( I ) .  Denote  by  theorer

theorera  1  except  tha i  the  hypothes is  i i f )  l s  rep laced by

< (rra/rtnto)@ r(r,i-ls/rtu) @. . .@ ri-11nle/raa; ori($/(r1*or$;; *'

Remark. Let I be

of tbe fol lowing equivalent condl-

{'l
. a

ii

gpec(A) ,  and le t  TU

l ' t  the statanent of

the  fo l los ing  one:

' . . . \  , r  / . \  -  ^i i i ' )  r *dep th ( r )  7 . :  and  E - (U ,T ' )  -  o .

Recal l  that  l -depth( .A)7t3 neans that  one

t i ons  ho lde  ( see  f i o l ) :

a)  fhero  are  tb ree  e lenents  & , i  a^ ,  a .€ I  wh lch  fo r rn  an  i *sequence,  o r' r 4 5

b) n'or everlr prlme ideal p of .& containir,g I one has d.epth(l)V3.

Then $chleooinger  proved.  in  [ f .5 ]  ( "uu af  so f f6J)  tUat  i f  .a  sat is f ies i1 i ' )

then A is an inf initesinally r igid. k-algebra. Thorefore thoorem 1 inpl ies theo-

r e n  1 r .

0n the other hand", since. the fornulation of theorem f is -a priori  - i .nde-

pendent  of  d .efonaat ion theory,  one malr  aek wbether  iheorem 1i  could be proved.

wlthout usirrg d.efornation theory. And indeed, theorem 1f can be proveci in char.
f a

zero us ing the rnethods of  L loJ(especia l ly  6xpoo5 IX,  proposi t ion 1. { )n and thus

avoi r l ing the defornat ion theory ( in  fact ,  on ly  s tep I  requl res such a proof) .
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$ 2" ApPltca!.igns

r T N
Iet TCP" be a srlooth projectlve eubvariety of P-'gi,ven by the honogeneous

idea. l  I (T)  o f  the polynour ia l  a leebra t l - f  , . . . r t * ] ,  ard"put  $  *
L O -

= k lT  ecco eT. .  l / l (X) .  Assws@ tha t  the  fo l low lng  cord l t ions  are  sa t is f ted :
L O '  -  

N J '

a) The serre map (seo [rg]l oc:$ .-- ':------_-+' goto(tl0r(1)) is an lsomor-

phis;n of graded. k-algebras (in othe* nords, Y is projectively norpal in Pr*),

. ' l.  
u)  u '1vro-( i ) )  r  o for  every i  e Z (note that  a) aieo u) together nean -  v ie

I

a  tenma o f  Gro tbend ieck  ( see  e .g .  [ t t ] ,  { i )  -  t ha t  d .ep tb (s r )73 ,  r r i t h  P  =  $  ) ra r- r +

L ,
c )  H '1 f r f r ( i ) )  =  o  fo r ' eve ry  L€2 ,  where  T ,  l e  t he . ' t angen t  bund le  o f  T "

These  th res  cond i t i ons  a re  ve r i f i ed  i f  e i t he r  ( t no r (1 ) )  =  ( rnoo (s ) )  (w i th

n2 .2 ,  s>o  a .nd  ( r ru )  /  ( z r l ) ,  o r  (Y ,0 , . (1 ) )  -  (p "xnn ro ( r r r ) )  (w i th  m771  an6 .

n772) .  Then the f i rs t  consequence of  tneorem 1 is  the fo l lowing:

IT 1T

Corol lary-J .  $ .YCPa i .s  a  smooth pro iec- ! - ivg subvar ie ty  of  P"  s?t i$y i+q

the cor id i t iono a) ,  b)  and.  c)  above,  then the condi t ion (x)  ( f ro ;n the in t rod.uc-
l

I

i'tl

i
t lod hol"{g-fgr (

,l|ggl. fnd'eed'
l -  - ,

UrJ, the k-algeb

SgIqg.rP&. Corol

quoted. in the int

holds in  pos i t ive

cha,r..  zero).

r r  n  1 r  \ \r ! v y \ * / , r .

,  i f ,  a)n U)  and c)  nota,  then by a cr i ter ion of .Schless i4ger

ra S- is inf initesimally r igid, and hence we may eppiy thebrem
E

f " ry  1 requi res much st ronger  hypothoses than Fuj i tars  resuLt

rod.uction (eee. fgJ). I io'revet, - i t  wes uentioned only because it

cbar , ,  as wel l  (whi le  Fuj i ta tg resul t  is  proved.  in  f9 l  o" fy  i "

cSlg4g"y a-. Lel tcG-L(nrlc) be a f ini le .sqbFroup-gf l inear trans{ormations

o{ X: (n7z]} -guch that--Llre .order of--G*-i.s*pr}ruj* to char(E), aird d.enote -by I- t ler-

k-a,lgebra kFrr...1Trr]0 of -Ginvariaqt .polynomials i4 Trr n o. rTrr. 4qgurag--!-bai.!

.  i )  .o_(r) :S*_ ),  4!q.v -
I

r l  )  cod i rnr (s ins( r ) )>z 3.

Theri,_Lue propertJr (t) hotgA_qgf lt,or(r) ).
- G

I teq t .  Tho fac t  tba t  S  =  kLTf , " r . rToJ  1s  a  g raded.  k -a lgebra  ie  a  genera l

asser t io .n r  a r l l  thus  i t  makes  sense- to  cons id .e r  T  *  p ro j (S) .  Le t  H be  the  sub-

gfoup of 0 gerierated by al l  ref lect ione of c ( in tne ssnse 
"t  

[ j : l )"  Th'en by

|-
e theoram of Chsval lev-shephard'*Tod-d.,  the k-algebra kLT',  r . .  '  tT* l-  of  H-iavarl-
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ant polynornia.ls Ln generate<l by n s.l8ebra'lca1ly lnclepernd'ent hono8gneous elemenl

U. ,  ro . . rUr . ,  (see [ ro ] ,  thoorern 4.2" .5) .  i r ioreovef  r  H is  t r  r ror" rn&l  subgroup 
" lO9*"*

r '  r r  F rE 6,  '  J  +.  .quch a way that  k lUrr . . .  ,Ur ,  1 ' ' '  
^  =

G/H acte on k lTrr .  o .  r$r rJ- -  -  r lure o '  o  tur .J  t t  t

rG 
- 

\* r" l-rr .II l of-  r . l - *  _ .0 l r  -  $ . ( tne act ion or  c /H is  by eutonorpb^ isrns of  } t l -u t r . . " ruro j
*  * L . 1 r  " . . 1 * n J

grad.ed k-algebras). Since only tbe refloctions of 0 6ive r iee to oge-codinegsir

nal conponsnts of the ranif ication locus of the canonical surjection

.  n  . Y L ,  - .  / - \
f : k

p * - f 1 " i t ? -  
" i t - x t / E

\ /
r \  , /r '

\*r-1 
spec(s)

where the raraif ication locue of f  t  is of codi 'raension 7t2'

0n tbe otb.er hand., let p:Spec(S)-fS+} -*---+ Y = Proi(S) te t lre canonica]

norphism. Then F is the oanonical projection of the G -bund'le (C* teing the mul

t ip l icat ive group k*)  associated to  the voctor  bundle V(Or( t ) )  (and onta ined b;

d.e let ing the zer-o sect ion of  V(0y(1)) ,  because by i )  we know tbat  OT(] )  is  inw

^  t !

t i b l e ) .  By  i i ) ,  ccd . i u r (S inS(Y) )V  l ,  a r i d  t he re fo re  i t  f o l l ows  tha t

*dr*$n*"1g1(Si"g(Spec(S)) )7t3.  By the theoren of  Zar iek l -Nagata of  the pur i ty

of  the branch locus (eee e.e.  f fo ] ,  6xpos6 X,  th6orbne J ' { )  i t  fo l lorvs that  the

ran i f i ca t i on  l ocus  o f  t he  res t r i c t i on  o f  f r  t o  kn - f ' - 11S i "S (Spec (S) ) )  l s  e i t he

a divisoi", or erepty. The f irst possibi l i ty was exclud'ed' by the construction of

r t  fo l lows that  the rarRi f icat ion d iv ieor  of  f i  is  conta ined.  in  3 ' - t (s lng(spec( l

(Y^ n ' f i  
aits on kn leaving the origin f i :

and henceY6f codirnenston / 3 in k"" Since G/l

(bdcause GfH acts on tfUrr.. .rUJ by automorpbisns of graded' k-algebras) and" ac

freely outsid.e some G/H-invariant cloeed algebraic subset of codimenslcn 71 3t E

fund.amental result of schlessinger (sue fr5l, and. ar*q [re]r Pase L55) ehows tL

the k-a lgcbra S,  (co l , reepond. ing to  the ver tex or  spoc($))  is  in f in l tes imal ly  r l

.g id .  .S ince S,  ls  a lso Col ian-Macaulay ( loc.  c i t . ) ,  we can apply  theoren 1to get

n
the conclus ion.  S

Non, we ehal1 use corol l .ary 2 to prove theorern 2. First, recall  the defini-

t ion and sonf lo  e lementary proper t ieg of  weighted '  pro ject ive spacest  for  which th

reader . is  re ferred.  t "  [ f l  or  [AJ (o"  a lso io  the rnore recent  survey [ i ] ) "  Le i

X l - f  , oo .eT  J  Uu  the  po l . yno rs ia f  k -a lgeb ra  i n  t he  i nde te rm ina tes  To rn " 'T r '  g rade

L 6 -  
-  
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' :  .  ,  _ g _ .

by. f ix ing a syster :a  Q = (eor"oo rer)  o f  r+1 posi t ive. . .  ln tegers (ca l le iL  weights)

a n d "  p u t t i n g  d e 6 ( t . )  *  e i ,  i  =  o r e o r e r o  D e n o t e  U y  S ( e )  t h e  k - a l g e b r a  k f t o p . n . e l

e indo, , red"  wi th  th is  g: rad.at ion.  Thsn the pro ject ive var ie ty  p(q)  = f  (qor" .  "  se*)  :

:=  Pro i (S(q))  i "e  ca l led the weighted pro ject ive sp&ce of  d . imension r  and.  rve ig l

^  |  \  - rq = (eor . . . . rQr) .  Then i . t  is  obv ious ths, t  f (q)  is  a  nornal  var l "e ty"  One ca,n prc

that one can always mo,l l fy Q it t  euch a way that F(Q) remains unchanged (up to

l s o m o r p h i e r r r ) ,  a n d  m o r e o v o r  Q  i s ' n o r m a l i z e r l ,  i . e "  g : . c . d . ( e o r . " . o Q r .  . r e r )  =  1

" he notation ,t A. t t  means that q. ls to be d.roppe
1 t

f o r  e v e r y '  i  o  o r . . o 1 f  ( w h e r e  t

fi 'rom now on we sbal1 asslunp that Q ie norrnallzed. The Picerd. group of p(Q) is

isonorp l i i . c . to  Z-  and.  a  genera tor 'o f  f i . c ( f (e ) )  ie  the  c lass  o f  0 - r^ , , ( ru )  fo r  so
r t q /

m )o. As a matter of  nota.t ion, i f  S is a grad"ed. k-algebra and. n)o ie a posit i
/ - \  / * \

in teger ,  we sha l l  d .enote  by  5 \ " ' r  the  grad"ed k -a lgebra  euch tha t  S) ' " /  -  S ,_  fo r
.  ( n )  t  } n

e l 'e ry  f  eZ-  (where  the  nu l f ip l i ca t ion  o f  S t " /  i s  induced.  by  tha t  o f  $ ) .

Proof of theorem 2. Let X ba a nornal projecti .ve variety containing the

weighied pro ject ive spaee Y = F(Q) (wi th  r772)  as an g.mp1e Car t ier  d . iv isor .  S i i

p i c (p (q ) )  i s  ge rp ra ted  by  0 - r ^ r ( * )  f o r  some m lo r  t he  no rma l  bund . l e  o f  T  i n  X  :
r \ i"{/ 

th
ioonorphi*  to  O*(* ; ( r )  fo*  eome n)o,  * "ut  ; | .nbe the ou.bgroup of  G,  of  aL l  n

r-ooto of 1. Th-;X acts on s(q) = kftu,, , . ,nJ !y S.*l  -  stu*, ?* *o*",

t e  / L -  and .  i  =  o ru . .1 r ' .  Then  i t  i s  we l l  known  (anc l  easy  to  eee )  t na t  t t r e  AL  -L t
) / n - ' r , / n

va r ian t  k -suba l .geb ra  k fno r . . . r * " ]  co inc ides  to  s  *  k fTo r " . . rT " l ( t J1  r t  f o l l ou

thet  Y is  ieomorphic  to  Pro i (S)  ln  such a way that  0r r r^r ( r r )  correspond. 's  under
'  r \ q /

th is  l sonorph i$m to  O*o  j1s ;  
( f  ) .  In  par t i cu la r ,  O*o j (S)  (1 )  i s  

' i nve : : t ib le ,  
.en$ '

/  * ,s ince  cod im"(S lng(Y) )7 t3 ,  the  conc lus ion  o f  theorern  ?  fo l lows f rom coro l la ry  2 .

We note that our proof works in poslt ive char,  as wel1, provided" that _the

in teger  n  (such tha t  the  normal  bund" le  o f  Y  in  X  ie  0* r^ r ( r ) )  te  p r ime to  char (
r \ q ' r

Now rse  want  to  s ta te  a  s l igh t ly  more  exp l tc i t  fo rm.o f  theorern  2 .  In  o rder  t

do  i t  r+e  need.  oome fu r ther  e lementary  fac ts  about  we igh ted .  p ro jec t i . ve  spaces .

L e t  P ( Q )  b e  a  a - e i g h t e d  p r o j e c t i v e  s p e c e  w i t h  Q  =  ( e o r . . " r e r )  n o r m a l i z e d .  a n c l  r . , } , . i

One can d-ef ine the } lor l 's locus of f (a).  in t .he. fol lowirg r*ay (see [ trJ,  or also
r -  1 .

LlJ) ,  For  evely  pr ime nunber  p d-enote by M (a)  the c losed subscheme of  P(Q) d"-

f ined by the homogeneous ldea]  o f  S(a)  generated by those T. rs  euch that  p  doos

n o t  d i v i c l e  q .  ( a n d .  w r i t t e n  p  y ' a . r ) .  p u t  a l e o  E o ( q )  = # { t e t u , r . o e r T /  n  /  q i l

p  d . c e e  n e t  d i v i d e  a n y  q .  ( i  =  o 1 " .  .  , r )  t h e r- - i

r ^ ^ . . ^  r , r r l n \  ^ +  n / n \  { a  l r r r  r l a f { v r { t { n n  * - h e

and. s(q) = mi"feo( a) . /  p rr ime ] .  rr
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etr,sced. subscherue l- - lM"(a) 
'of p(Q) with the'red"ueed struct*re' Tben:

p Prine

a)  One Uas g(g)>/2 (Q f*  as a lwa,vs normal ized ' )  anr l  
"odt*U(nr(m(O))  

*  C(A' )

( obviouo ) .

b )  ' n e  b a s  g ( q ) 7 J  l f  a n d .  o n l y  i f  g . . c o d . ( Q o n . ' . r t i t . . . r t i t " G t n r )  *  f .  f o r

e\rery o -d i'4. 3-{' r ( obvious ) '

c )  tne open subset  p"(q)  -  p(q)  -  M(0. )  or  r (q)  is  snooth (see [ ra l ) '

d )  ro r  eve ry  teZ  tW shea f  op (e )  G) / v ' (e )  r *  l nve r t i b le  on  Po(Q) 'and  po ( t

is  the largest  open subset  o f  p(q)  wi th  th is  proper ty  (oee 327'  or  a lso [ i ] ) '

e)  For  every iez the she.af  Op(Ol( i )  ls  re f l -ex ive of  rank one,  and the d iv :

* '"r"J- iv [or1*r(r)]  1*"" [e],  or also L>l l

f  )  The Serre ruap o( :S(a)  - - - - - -+ @:ro(p(e) ,Oo(nt ( i ) )  is  an i i ror r rorp i : ism
izro r \ '{/

of sraded k-algebras (se Lt7, or [e]' o" fi])'

g)  grre has s i&g(p(e))  = M(a)  (easy consequence of  a)  a)  and e)) -

h)  ror  evory neZ,  0r1q;( r )  is  inver t ib le  on p(g)  i i  ana onlv  i f  n  is  a

. c&nnc r r ' I r l u l t i p1e  o f  Qu , . . . r ; ; ' ( eee  e ' s "  f 5 ] '  t beo rem 
' f  ' 1 ;  

. boweYer '  
an  ea r l i e r  r "9 '

' f ,e'ence is af. .Amrani, classes dtid6aux et groupe d"e Ficaf,d d'es f ibrdo pr.ojecti :

t o rdus ,  Pub l i ca t i ons  d 'e  1 r r 'R " ld 'A '  I  s t rasbourg '  (19s1 ) ) '

corotld.rLl" i ,e.t l(q) qe 3 
' ,r-eiebt Q * (Qo""- 'Q")

g t r  t h a t  f g r  e v e t y  q { i ( j L ( r 1  $ o c " d ' ( q o r " " t ' r " " S i l " " 9 " ) ' -  l '  
+ T *

">r-u,rra "b*'(t*) 
=.o-. r,et-X Ue a nolmal pJ%ieglilf'*-yarlely gq,!tainig-p10,)-3s-ql

. ar:ru1e Cartier d.ivisor. Then there is t.p_gltive-i-ntegg 
qr+l t^rhigLjg-j--g-ggr0g!

gg4&]r--ng. Qo,.-. rQrr sy9!-th?.b,--P{tt i l f i  Q' = (9o""'Qi '4"*t)t I '  iq-i5gggg}l!

!g tii,1*{g]lshted qlo:]-g.gbive-sp-ege_i(Qi}r *a:td' the -it9!r41i,9g-}9"rx corresgond"g to

t.bg*sur jec-tLo-.-€-Sfa4gg.-x-elgebtas-j:[q:-):**t -qG)-L*.L*Lqev-;j rf g]xqg

1 @  T " * ,  t o * 3 g g g  ( O e g ( t ' )  =  { t '  i  *  o r n n ' e r l r + I ) '

E L o o . { . 3 y a ) , b ) a n d ' g ) a b o v e ' o u r h y p o t h e s i s o n t h e q . ' s m e & n g e x a c t l y t b a t

cod im* r^ r ( s ing ( r (e ) ) )71 .  l , e t  oe /o r ( t )  be  the  no rma . l  bund le  o f  p (a )  i n  x '  Then
P(q )  '  r \ " { /

n)or  an<i  pu i t ins Q"* ,  = I t r  Q"* l  i "  a  sommon raul t lp le  of  gorn ' rQ" by the propel

t y  b )  a b o v e "  B y  t h e o r e m  2 ,  X . ' *  i s o m o r p h i c  t o - t b e  c o n e ' c ( P ( a i l l : C g ) ( " ) ) '  a n d t a -

k ing in to aooount  the proper ty  f )  abow we get  x  G" pro i (s(e) t " ' [ tJ )  (wi th  aeg( ' r )

=  1 ) .  r f  s ( Q ' 1 =  x [ t o r . . " r i " r i " * t ]  { * i t r '  a e g ( T . )  * c ' r r  i  *  o r " ' ; } ' r + 1 ) '  t h e n  i t

' a
l
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slear tha, t  s(Q')(")  t ,  s(a)(") [ -1 ' - | ,  whence x ?
' # r

r  p (e ' ) '  t r  :
Y  F r o j ( s ( q , ) ( " ) )

4*..ggr's. 1) corollary } is an j.nrp::ovore,orrt (in c}.ler.. zero) of th6 main resu]"

of Bur.um,s p*pur f6J" Suiuisrs result is proved ln [5J in arbitrary char'u but

t -

with the s t ronser  hypothEei is  that  codt* r (q) (Sing(p(q)) )>4 (arrd wi tbout  tho in*

fo rna t i on  tha t  Q"  ,  
i s  a  eommon nu l t i p le  o f  qo t " " rQr ) "

:';',
2) I f  ther norral bundle 0n1q;(") or p(q) ln X is such that n is prime to

cUar(t<)r our proof '*orks in posit ive cha'r '  a'a well '

2 ) o n o m a y . a s k . w h e t h e i . c o r o l l a r y J ( o r t h e o r e n 2 ) r e n n a l n s s t i l l t r u e i f

codim*,^ . . (s ine(p(e)) )  -  2 .  Tbe answer is  negat ive becau*,e of  t i re  fo} lowirg:
f \ b l /  . l  

I

Era*pl?, Take the surface S = P'XP', and let B be any curve belonging to

tbe conplete l inear  systen lO( f rn) l  for  sorse nTt I 'Then B is  a oonnected '  snooth

-1 1 
"*t ,u the emboddinc associated to

rational curve, and if $ = P-X P c-*->P

f o(r,r,)l (siven by (xorx1ix",rr)--- q*ovf, 
"u'l-t '  

j" '"o' l '  "r"l '  
*r 'f-t 'r"

2n+1 2n+1
n . .  - - - - a  - . ^ ^  r r  ^4 .  'DC t "a  -  

o , , ^ } .  * hq * .  R  =  S / \ t r -  T ' ' . r nbgd "  P
. .  rx1y1)) ,  there is  a  hyperp lane I l  o f  Par t+L such that  B = Sf)E '  f tnbed'  P="r -  in

c I planes of Pzn+' 
"orr-,2n+? as a hyperplane and take the pecil i *tl, 

€ pl of hyperl 
..,;

tainlng the 2-co*imensional Linear subspace I1 of P2nn2' 1tre nay assume that for

t = or s- is just the hyperplane eontaining s and' paseinSl through the vertex of

tbe cone C(S) aU2n+2 over S. Pu'tt ing Xt = C(S)flH*, ne get a f lat farni ly

{x  }  ' r  o f  sur faces such t l ra t  for  t  /  o '  x '  f  s '  and s ince s  is  pro ject ive ly

::: l : f  f- , '*t ,  x,^ is jusr the cone i, . ,  pz'* i  over B v pl with respect to the

verbnese ernbedd-ingu .PL -------urzn (given nv lo(2")l  ).  rn other word's, xo ls
. f i

n o t h i n g  b u t  t h e  w e i g h t e d  p r o j e c t i v e  p l a n e  P ( 1 r 1 r 2 * ) .  T h i s  e r a m p l e  ( c f '  I ] l J t

page 46)  shows 1n  par t ipu la r  tha t .P( l r l r2n)  i s  a  hyper :p lane sec t ion  on  the  nor -

m a 1  p r o j e c t i v e  v a r i e t y  C ( S )  =  C ( f ' x  f ' , 0 ( 1 r " ) ) '  S i n c e  t h e  d ' i v i e o : :  c l a s s  g r o u p

o f . C ( S . )  i s  e a s i l y  s e e n  t o ' b e  i s o m o r p h i c  t o  Z X Z ,  C ( $ )  c a n n o t  b o  i s o r n o r p h i c

to a r .reighted. project ive space in vie '*  of  the property e) abbve' This shows

tha t  in . t teorem 2  and coro l loy  3  ons  cannot  d rop  the  hypothes is  tha t

c  od im* ,  ^ , ,  (  s : .ng(  P(  e )  )  )7 t  3 .
r \  c /

Pnn. r (s ro t ( ' ' ) fT , l )r r u J \ ' . r \ u ( /  L r J

J

. i

l
I
J
.i
i
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