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A,t  i ro:dlggfr  s tqnal | tome-ntJJo4 ery

.

t " l { h n i  P r r t i n a r
l ' l  s r r w *

Iltro'dqct ion ..

The pr t rDose o f  th ls  nc te  i . s

a

t
( 1 ) .  a  =  \ r t z t a v ( z )n n J

r
t /

to characterl"z.e the mornents

.  : - .  . ' :
,  n r m e [ N t

of an arbi trary f in i te positLve neasure d$ ,which is compact ly supported on

c  a n d  i s  a b s o l u t e l y  c o n t i n u c u s , * i t h  a  b o u n d e d  w e i g h t  d {  / d r  €  i - ( 0 ) , w i i h  r e s -

p e c t  t o  t h e  p l a n a r  L c b e s g u e  n e a s u r e  d y . . c u r  a p p r o r c h  u s e s  t h e  i h e o r y  o f  t h e

ion  o f  o  nuronoprinc ipa'L funct ion of a hypon ornal o nere' tor '

.  t t re -sol i r t ion of thc two-dLrnensi 'onal moment prcblem for f in i te pos. i t . ive

neasures :goes . . . tack  to  the  th i r t ie .s ,see l lav i fana [? ] .The characLuer iza t ion  o f

ihe ,no* .n ts  o f  a  f in i te  pos i t l -ve  measurerwh lch  i1  add i t i cn  l -S  compact l  ' ' lF - ,

por ted  on  C,has  been rnore  recent ly  t rea ted  by  d i f  fe ren t  nnodern  methot is  bJ

Dev ina tz  [5 ]  , . r - t r .u . "n  . [ rJ  ,sza : " ran iec  [ ' i t l  ane  .o t .hers .T , r - t  r l s  s tn i ,e , ' fo : '  ia * ' ; ] '  l i se  '

the  fo l low ing  fo r rn  o f  the  so lu t ion  9 f ,  th is  las . t  mo11nt  f rob . le1 '  :  . ' . ' ,

.T}INOR:lM 
1 t e n l e s c n t s  t h e -  r o r 6 n t g  ( 1 \  n f  n  f  ! n ' i t r ^ . '

I  v -  '  
" ^ ' ' -

l i J  i c  n , r q i i i r r a

\  a ^ n ^ o n *  i f  n n d j  ^ n ' l t r  i f
,,. u (.: j': |) 4e L, + l___iljljl__-::-::__.--

'  
a )  . t h e  k e r . n e l -  k : l l t r 2 x  [ . I 2  *  C ' r ,  k ( p r g i r r s )  = . 4 ,  . -  - . - r P , Q r T , s e, _ .  _ \ ! , 4 , . _ ,  _ .  , ,  

p + S r e + ? . . . . -  ^

d e f j - n i i e , a n i

.b ) .  the  sh t f i  o t j r r l to l  cor r  esnon*L l . i  to  ( t ,o )  i s  bo : . rndes l  ln - th .e  go l rn -  a ryo- -
. :

g l a t e d  t o  k .

.  For  a  p r "oo f  
'O f  the  iheorem see t f . l  o r  [ t  t ]  . f  ne  te rn ino logy  used ln  conc i i -

t ion  b)  w i l l  be  exp la inec  L1  th€ i  ' se r1 t te1

t h e  s o l u t i o n  p r e s e n t e d  i n  . t h i s  n c . t e  t o  t h e  n o n e n t  p r o b l e n  s t a t e d  a t  t h e

h e u i h r  i r :  o i  ; h i s  - : i r c : r i i : t i o n  l s  p c r f e C t i - ; '  s . i - : l l - n : '  i . o  1 ' l ' . . ' ' l r e  q  1  , c x c ' 3 n 1  t : e
u 9 i 3 ; i { r - . r ' i r ;  v r

fo rm o f  thu '  kerne l  1 ! , . " ,h ic l : . i s  I 'ep laced by  scne po lyncmia l  exp : 'ess ions  (cepen-

d i n g  o n  p , q , r , s )  l n  i h o  e n t r i e s  t * " ' . S i m i 3 . a r l y  t o  p r c v i o u s  r " o r k s  o n  t w o - P t r r a -

mete4,  moment  p rob lcms,wo der lve  our  sc l r r t - : -cn  f t ' c rn  an  ana lys is  o f  A ,  pa i r  A ' '  rA ,
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. l r . '  . ; i . ' r ,
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'  

'  
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' t  ;  : " . , .  :

\.

o f  s e l f - a d j o l n t  o p e r a t o r s . T h i s  t l m e  h o w e v e r ' t h e y  a r e  s u b j e c t

r  ^  12, , ,cond it  ion i  LAI , A?l / /  o'.

T h e . p a p e r i s o r g a n L v , e d a s f o l l o ' " r s , i ' ; e c t i o n - 1 e o n l ' n i n 1

ma in  r csu l t , t o8e the r  w l th  a  fe l v  remarks  on  i t , sec t i on  2

of  the nee det l  . facts  conce:rn ing hyponormal  operator :s  and

t-o the proof  o f  the main resul t

1.The fo rne l  t ranqfor rn  ! r f  , Ihe  rn 'om'en ts '  seonenee

t f r o  s l a t c m e n t  o f  t h e

r r i v o s  a  b r i e f  r e c a l l

S e c t i o n  J  l s  d e v o t e d

cornplex nunbers with the property

t o tho '  commutator

a .

. l

' O o
l e t  ( . r n ) i l , n=o  be  a  doub l ' e  sequence .c f

t :

a  = &  '  n t m €  [ ' I t
mn .nn

. i
' '  J  

|  
'

and  le t  5  be  a  pos i t  i ve  rea l . ' { e  assoc la te

: --Z .--2.j K. : [I- x l[l- -+ c
6

t o  t h e s e ,  d a t a f ' r n n i  i  n n

t '

'  |  - ,
. :

a

which  . ,+ i11  be  the  Ana logous o f  the  kern61 k  { t  
Thqorem'  1 '

Le t  cons ider  two conm.u t ing  t " t " t : t | " t9 "  

1  

and Y 'anC the  fo rna l ;ser ieo

\- ..m+1 .,n+1 . -.., 1 t= r: ' r r r' l
( 2 )  L  ^ b * n x " " ' r ' "  

-  1 - e x p ( - ;  / - - -  t i . r - * ^ * ' Y - ' ' ) '
'  

I I l  l I l=(.r k 11=O 
^:

- . .' l {o t lee . tha t  the  express ion  under , the  exponent ia l '  bo longs  io  the  max lmal  ldea l

g !  o f  the  fo rn ia l  ser ies  r l -ng  0 ' [ [X ,y l l  , so  tha t  the  exponent i 'a l  func t ion  eonver :

g e s  i n  t h e  n - a d i c  t o P o l o g Y .

L e t  9  = ( 1  ; O )  a n d  x  = ( 0 , 1 )  d e n o t e  t h e  g e n e ' a t o r s  o ' f  t h n  s e m i g r o u p  I I I ' , a n d

n  / ^  n  \  i + s  n e U t f a l  e l e n e n i .  t  \
t l ,  = ( U r u , ,  i L ' : .

.  The kernel  K5 w111 be recurs lvs l ,y  c ie f ined accord ing t i i  t i re  fo l lowing

'  ' r u l e s :

ol = ( j n , n ) e E i Z
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30

' )

f=0

r'
\ ,

\
\.. ^

u , ? n  l t l t , a n d

for every function f: Y -- C with

t h o s e  f u n c t l o n . " l ' f  t h e  k e r n e l  E ' i s

space 9 with a hermit ian scalar

K * ( o ( , r u ) r r (  d  - ( r + 1  ) u  ) , f o r
d "

' )

le tt{' t

b e  t i r e  s p a c e  o f  a l l

i t  endows.  the  vdc tor

, :

o<,

' : . ,

. I | I e  pu t  b (o (  )=bnn  fo r  d  = ( rn ,n ) ' and  u ,e  take  by  conven t ion  b (X  )  t o  b1  ze ro  i f
l r r r  ̂

at  l cas t .  one o f  t i re  en t r ies  o f  o (  i s  negat i -ve '

.  S i n c e  t h e  m a t r i x  ( a - * )  w a s  s u p p o s e d  t o ' b e  h e r m i t i a n , { ' h e  r u l e s  ( i ) , . { i i )  
^' m n - ) )

and ( l i f  )  a re  cons ls ten t  anr l  su f f i c ien t  fo r  the .de f in l t ion  o f  Kg on .  l l t r -x  [ { " '

l l ex t  we reca l1  some te rmino logy  needed in  the  s ta tement  o f  Theoren.2  be low.

f 6

Let  J  denot0 ar i  abst ract  cornnutat lve semigroup.Fy a.  pos i t ive def ln i te  kernel

K  on  Y  w i  mean  a  map  K :  Yx  Y  *o  O ,such  tha t

K ( s , t ) f s q  7  o ,
s r t e  f

tf
f i n i t e  s u p p o r t . L e t  V

po.s l t rve  de f  in i te ,  t l " ren

product

(f ,s)r =
\-1

) -  K ( s , t ) f = 4
s r t e f

;
,  f  , 8 € J .

' ^ d ' -

.  The sh i f t  o i?e ta to r  S , ,  assoc ia ted  to ' '  an  e lenento is  de f j -nad on  f  e '$  as  I -o1-

lo t+s :

.  f  ^ t  r A

{ f ( s - u ) , i f  s e u + I '
2  '  

.  ( s . , f ) ( ' = )  = { " ,  ^ o h . r , " i " o ,U  ' L  u  t  u  u r : u l  / { r 9 s  '

We may assume for oi j . r  purposes that thc element s*rr  is rrniq" iely deter:nined by

s a n d u .  i

T h e  l l n e a r  o p e r c t o r  S , r :  5  - -  T  e x + , e n d s  u p  t o  a  b o u n d e d . o p - e r a t o r .  
: " . t n ul r  l l  . a

: t i o n  o f  g  w i t h  r e s p e c t  t o  t h e  n o r n  l l ' l l " ' i f. ' s c p e r a i e  i l i l b o r t  s p e c e  c o n p l e t i o n  o f  ' +  w i t  '  K

a n j  o n l y  i f  t l i e l ' e  i s  a  c o n s t a n t  C )  O , s r r c h  t h e i :

x
s r t €

\---'

s, t< 'J i
i r i ( s + u , t i u ) f " i -  - a  C

. '
.  , - . /  ^  + ' ,  f  i '

l \ \ J r  u / r o r +  ,

a
J



h : l r f,il -4;

.  . : '  . /' \ " . .
\ --'r- 

: -

. fo r  every  feF. In  thLs  caso we s imp ly  say  th ; t  the  sh i f t  S , ,

respec t  to  t t re  l rc rnc l .  K . l lec  [ f  f  ]  f c r  more  de ta i l -s '

l i o i , r  wc  can s tn te  the  ura ln  resu l t  o f ,  th ls  no te '

]ir,::"rli

. ' ,

,i:.

. :
t ,

:

i s  bounded w l th

,a ,.

. : .

Tl{aoi i i l l l  2 '  T}e srqf l rrcnce. (uo,rr) l ,n=o 
"o. l lgsnnn'tg 

tp t t ' 'e ryol :rnn- iq (1) gg=a

)
f i l r i te r icsi l ivc nca:: j j ie dV, cof innci1. l* : l : lpel lg 'd -g! U anrl  nbsqlrr lojJon!. i . -

n f r n r r q . i . r i . t h  h o l l r l C . O C  ' r f C I l l I 1 I . \ ' / . l . t , r r  I  L l r _ 2 ! j _ i  u r ,  ! r r L '  r , q r / (  r - ' ' ' "  v r " \ ' s

onlv il r*rr=f,rr", for an'/ n,ne IiI and .!.fl t\gr"e is a cbnstant d z o'!9-!l$!:

a)  the asg,rcre. ted kernef  Kg b . ( "* i . r )  is  oopi t ive ig l ln :LLg,3g!

b)  the  sh l f t -  Sr ,  , . , , ,  i s  b lu - tded w i th  resnec t  to  Ky  '
' - - - - - ' -  

\ , r - r  p

l , ' torecvsr , iL t ! - i ! - 'c35e.  a t /? f ' r /4  
" t , t i  

supp(dv )  is  conta i 'nc i  in  a balJ-  contg-

red a * ' A  a l  * o A i r r c  l ' -  
l l

i 1  r ,  u r ( , r  r c . ^ r ' r . : 1 1  J 1 ,  n t l l  f -  .'  
\ l r v l  ^ 5

,  Rgmarks. 1 )  The reason for the condit ion . ,""=fn* to bc stated expl ic i t ly

ln  Theorem 2  is  on ly  the  aes the t ics  o f  the  de f in l t lon  ru les  c f  the  kernc l  K5"

Th is  cond i . t io l  may de  dropped 'a f te r  an  aL terna t i ' ro  cho lce  o f  the  genera t ing

r u l e  ( f i ) . i - l o y e v e r , t h e  n e w  f o r r n  o f  . ( t i )  l o o k s  a  b i t  m o r e  ( : o n p l l c d t e d ' '  .

Z )  The non l inear  na tur .e  o f  the  en t r ies  o . f  the  kerne l  K I  , regarded 'as  func-

t l o n s  o f  a - _ ' s r t a k e s  a i r a y  f r o m  K 5  t h e  i n p o r t a n t  f e a t u r e  o f  t h e " k e r n e l  k ' a p -
mn

pear ing  ln  Theorem 1  to  be  o f  the ' fo rm
;

, ( ,pe.h, lx,

' ,
"  * . "  on [ I - 'and funct ion 1 ' .  '

p r o o f o f T h e o r e m 2 t h a t , i , f t h e k e r n e l K g s a i i s f | e . s

,  for  any t  7  E ,  the.  kernel  K 
U 

sat is f  ies thern tQ.o '

p roved  i n  the . l as t  sec t i on  tha t

wlth sui table involut i -on

9 \  I t '  f o l l o r r s  f r o n  t h e

c o n d i t i o n s  a ) '  a n d  b ) , t h e n

M o r e o v e r ,  i t  w i l l  b c  a l s o

e s s - s u p l a v / a y r ( z ) )  -  i n
z e A

proof  o f  Theor"" t  2 ,or  a t  least  an

,no?  reso r t i ng  i o  ou te r  ob  j ec i s  a ' s

{
( v  . l

t l 5 / n . l { ,  s a t i s f i e s  a )  a n d  b ) f- L  ' . 1  ! " d  
' J  

i

.4 )  ' r le  ignore  i f  ihe?e ex ls ts  a  d i : rec t

exp lanat ion  o f  the  
' fo?rn  

o f  the  kerne l  K '

hyponorna l  oPera tors .



' ' . i . -  ' 1

: '

oDera tor  T

t lon:nesat ive i

.  |  , a '. "  I , . .  : . - - , _  /  . . . .

1  .  \ . \  '  i :  .
..r.4

t ' 
2.3I,q }r.ks"n.lnd gJ-lJ.pQgnt*gl' aqnlvslg " "' "' . '

'

let  t l  be a cornplex sepa.reble l l t lbert  spa:.e:A ' l inear bounclet l
'  : :  

'  
o ] f ^ n n q r r t t n t n t ' '  i S

a c t i n g o n l i i s s a l c t o b e h y p o n o r m a l i f i t s s e l l c o n l ] u T a t r o } : . , I , -

[ t* , t l  = T*T -  TTKzzo.
+

I f  t h e  o p e r a t o r  T  h a s  n o t  a ' n o r m a l  o p e r a t o r  a s  a ' d i r e c t " s u m m a n d ' t h e n  T  i s

said to be Pure hYPonorrnal.
-  f  .  , -  c ^ * . . ^ ; , r  n a m h i n q  m u t a t o r  i d e n t i t i e s  r o n e  p r o v e s
By a srrargnforvaid combinator lcs"wit f t  conL -

tha t  the  cornP lex  nunbcrs

t
D

i  ! l r r n , p r q e  l l { '

' I

, / .h.n*nf ryFn*9+, \
\ I  L  Y t L  

L  ' L /

r r t . 1

'  T,o?nRanl-T" 'TJ ,

ponormal  opera tor

o f  t h e  r a n g e  o f  t h e

' :
pera tor  T . ,  sub  j  ec t

the  .  p r inc iPa l  . func-

fermgta.,  e stabI j .shed

rce  o f  the  commuta tor )

:e operdior T is

: ' ,hence i t  i s  cornP le-

e . lu iva lence is  ln -

Ir : : :c ey [ : l  "nc 
: :  i*  l t  z l  ,

' hypcnormal  
oPera tor :  -

o n o : ' r a l  c P e r n i  t r s .

r i i : ' t ' "  f o : '  T  r s t c  [ ? 1 .

i : : . l i : , ' r  0  r s : : l : :  
" n : - i' iat  

or with on c i  i rnen*

o f  the  Pure  hYP
forrn a complete systern of uni tary invarlants

Tnsce fo r  ins tancs  [a l ' l i e  ha ' re  < ieno 'ueo by  f ianA the  c losure  c

o p e r a t o r  A .

An'other type of uni tary invariant of  a pure hyponormal oJ

to  thc  add i t iona l , .assurnpt ton  tha t  l f t l l  i ' c  t race  c lass ' i s  1

t i o n  g r r i n t r o d u c e d "  b y  P l n c u s ' I t  e a n  b e  d e f l n e d  b y  t h e  1 - e x t :

by  i le l ton  and i iowe LUl ,  '  ' "

; (

( 3 )  t r a c e [ r t r , t *  ) , Q t t , t *  ) ]  =  t t - t  \  
1 , i p l q - ? t i ' a ) s ,  d f  '

) ,

shere  P and Q are  complex  po lynomia ls  o f  two v .a . r iab les '

a n d  T *  d o e s n ' t  a f f e c l '  t h e  t r a
" T h e  

o r d c r  o f  t h e  f a e t o r s  T

uy  tne  assunptc icn  on  [ t I ; t1  ' ! ] rq  p r inc i 'pa l  funet ion  gT o f  th

suppor ted  by  the  spec t rum o f  T , l s  non-negat ive  and surnnnab le

te ly  dc te rminec  t ry  fomu] -a  (1 ) . i t s  invar iance undor  un i ta ry

m e d i a t e . i r o r  t h e s e  t o p i c s .  s e e  ' ? i n c u s  t l l  a n d  t h e . b o c k s ' o f  C 1

For  the  res t  o f  th ls  sec t ion  we assume tha t  T  1 -s  a  pure

?  *  ' ' 1  r  i : L  i  c .  i  c  r I r , - .  b c s t  u n i c : - s t o c ' j  c l a s s  c f  h y p c
w i t h  r a n k L T " ' : ' J = l  . 1 : ' . 3 1 5  i ' s  L I : L

In  th i -s  case gn ,  (  1  enC i t  p rov lCes a  conp le te  un i ta ry  invar

11or ,?o 'e : ' , r : ^ . j '  i n t : ; : ' t r l ;1e  '  " j3 : r ' : ' : : ' c : i l i '  s i ippo i  * - ' ' : ' i  j unc t  lo : :  :  ' i  c i  j

o 4 6 (  1  i s  t h e  p r i n c i p a l  f u n c t i n n  o f  a  p u r e  h y ; o n o r n a l  o p c t



, . r . :  ; . . , '  . . . .

t r . '

,.:*i;rSierisir;,;i

- r  . . a i + 4 ? ' /  i n L
O . l  u r r r v * ' . 7

-6-

..\,

: 1

.^1 .Hnre exoci l -y ,  the c l ;ss gf  g  in  L '  det l rminos T '

s i o n a l s e l f c o n r r r . u l ; 3 ' t o r ' s e e ' ' l l  . : , . . . . ' .  .  . , . ' . .  ' ; :

ancl c1n' lerrsely. 
,-.* ^ 'r t^T ' ' ,nnnnr.r.,  t :rancs;" n.a ptot 'odl tho fbl lowing form'1a'83

I , e t i r : ' d e n o + , c [ l . ' ' r 1 = , @ , . l \ . u U v - 1 . ' - J l
n  

n  f  -  / ?  \  / . r . \ \  
.

- 1 r  t n * - v , - 1 r . )  3 1 - e x p ( - + [  t " l ' t ] : :  o f  t ] ) ) ''  , .  {  - . '
( 4 )  ( ( r ' - u )  Y  ' \ r '  )  7 /  '  - - - r  

n ) ( T - z ) ( E - n )  t  :  .

d in an extenied sense 
, I : '  : "" . : i ' : - : i : : l l  

02'r iowever ' -v le need

( 4 ) o n l y f o r l a r g e v g l u e s o r i z l a n d i w ' | " ' r h e r e t h e t i t . : : t " : , e x i s t a n d t h e i n t e -

grand is obviously surnnable' l 'or the signi f icance of the kernel appearing in (4)

(  , ' l  - . -  .  [ r  a ' \see  L4 l  anc  L r  v  I  '

f i "  last  i 'c rent i ty  can be t ransformef  in to:  
-

e  (  r '  - ]  '  - - k -1 - . -1 -1  t
\ -  r -  - m - 1  r \  ' ' t

(5)  )_ <rornnT, \>u-" ' - ' - - t t - l  = 1-e>:p r -  + #:r ( .  \T:T ' t r ( )  
)ap )z  ̂ - ' r  )

IIi 1fl=O

t  I  |  " 1 r ^ n  * h p  ' t 1 . I o  s e r i e s  
' a r e  

a b s o l i r t e i y

whlch  ho l -ds  fo r  la rge  va lues  o f  l z l  and lw l  ' vhen the ' two

convergent '  r  c l  iscrete un i tary j -nve'

'  
T h e  c o e f f i c i e n t s  o f ' t h e  l e f t  s i d e  s e r " i e s  . t :  

: - : l *  l n :
s e c t i c h . s l n c e '  i t *  ' t l = 1 * !  ' t h e

r l an ts  desc r ibcd  a t  t he  bcg inn ing  o f  t h i s  
.

eornPle:<. numbcrs

_ , /

-  apPear ing

. -  t .he  nex t

PI iOf cl l  l ' l ' I0 i ;  1

pl 'o i lo: ' t ' : ' - "  s:

Nr (  d ,  p  )  =<TmT*nE ' t n t * t }> '

wh 'e re .  o (  =  (n ,n )  ' and  F .= (P  ' q . )

va r i an+"s  o f  T ' I n  f ac t  on lY .

/ u f  q  )  = ( T * T i n ! , T l c ( - ( n ' n ) e  N 2 '
' T '

i n  ( 5 )  c o m P l e t e l Y

- ^ i + . : - h . . ' h i C h
p r o p o s l u i r r r i  t  ' ' r ! ! \

2
i ,e t  N:  'U i -x

^
run ovel' IIII ,for:r'

i h e  v a l u e s .

de tern ine  N^rand hcnce

!s a part icul-ar c.ase cf

a  .comPle te '  sYs ten

T.Th is  fac t  foL lo ' *s  i : :om

T h e o r e n  5 .  2  : - r  [ e 1 '

1 )  t i re  shi f  t ' .  S,



.  \  . - .

,  so tha-t. '$ () '  . l i t  ,  d  )=N( rnY ,n ' . )=  A (x  ) n n d

s--\
- - , - /  n  ' \  ) r * ( x , r r , ) A ( P : ( r + 1 ) ! ' ) :  , '  

,
N ( d , . ' t ' . t t ? ) - I t r ( ' ( ' p + l c ) = ; = o  

. , . . .  :  :  .' ' 2 " ' ' 1 "

,,..Islgjl l t d=(m.,n) glg p ln [l{" .,

nl-',' then ihe'''e cxiits.; nr'rre hvnonOrnal ober'a'tor f 
"r'l-!Ii-'lttl'

N = $ T 3 ! g A = n T . . , ' . . , ' . '

T h e p r o o f o f t h e p r o p o s . i t i o n u q e s o n l y c o m r n u t a t o r i d e n t i t i e s a n d t h e ' n ' e I l -
Pos t t ' i ve  de f ln i te  kerne l '

known l io lrnegorov facoi^i 'zat ion theorern"of a postt : :  
: : :^":--^: : : - ] i ' . """"

rhus we have two complete unila" 
. :"":: l:::"^:::^:::"nttt":"i:*-:::::*"""

wlth one dirnensional sel fcommutator: the double sequen"u AT and the pr i-nc- ipa1

f u n c t l o n  g ^ . T h e y  a r e  r e l a t e d  b y  i d d n t i t y  ( 5 ) '
- 1  

' o  e x P l o i t  i n  b o t h  s e n s e s  t h i s  r e -

The ldeea o f  the  proo f  o f  Theorem 2  ls  1
-  ^ f  ' t : h o  o n e l ' a t O f S

. . y k n o w l n g t h e r a n g e s o f t h e t w o p a r : a m e t r i z a t j - o n s o f t h e o p e r . :
Ia t  ionshrP ; 'o ;

a n y l n t e g r a b l e f u n c t i o n ' , i i t h c o n p a c t s u p p o r t a n c
r o P e r t Y ' t h a t  t h eT ' ' l40re  prec ise ly rS '  may 

.be  
'  

ence.  rv i th  the  n"oo* rar ' tha t  th

s u c h  t h a t  O * < g T r (  l r a n d  A ,  m a l  b e  a n v  s e q u l

herrnl t |an kernel ,bui lded o, ,  AT bJ the rules in 
1.oint  

zJ or Prolos| t ro ' '  
1 ' ' "

pos l t i ve  ce f ln i te  anC has  proper ty  1 ) ' . '  
,

' : .  ;

. J .The  P roo f -q f  T leo ren  ' ?

. . I , e t f b e a n i n t e g r a b l e f u n c t i o n o n C , w i t h s u p p ( f ) c ' o m p a c t a n < l o ( f . < l ' i ' . u . 1 ' '

rcus theqi"*  [  z l  a  Pure hYPonor-

noal operator T with , fr{ ,r1=f e.} and principa)- fulct l" l  
1: ' :o :nut- l i :u.1"-t- '

l n v i e r * o f r e l a t i o n s ( ! ) a n d ( 2 ) , c o r . n p a r e < i i n t h e f o r r n a l s e : ' l e s r i n g , w e . g e t

= 4ToT*n I-  ,  T > ,  (n, n)e l i i /  '
mn

+

'  
o ! ' , i n  o t h e r  n o t a t : ' o P s  b r  d

Then l l roPos l t ion  1  an 'J

r  A  / ^ l  \
l =  / \ - \  v \  /

the ru les

any /e l i lz.

11 ) '  and  (  i i i )  i nP lY
f o r

/ { ' \  t

. b  )  t

h',. 
( o( , [3') = l{r( d / ,F 'N2  '
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' !:r-'l \' :

. A b o v e ' b a n d I ( " - a r e a s s o c i . a t e d ' t o t h e m o m e n t s . o f t h e f u n c t i o n f .
tti]r 

'i''iJI'

ser t l s f ies ;  cond l t lon-a  a)  anr l  b )  j -n  Theorem 2 '
Cor ic l  ud  ing ,  thc  kcrne l  I ( - t  *

Cot rv r - r r : ;e l .y ,ass ;unre  tha t  ' thc  s ;equencc  (on ,n) .  sa t is f  ie "  t *n=1*  
1o"  

any

m , n e  l i { , t o g e t i r , : r  u i t h  c o n d l t i o n s  a ;  a n d  D )  ' r  o r  
. .

T h e n t i r e k e r n e l K s f u l f i l l s t h a L : ' y p o t l " : ' ' . o f : > r l o p o s i t i o n ] . w h e n c e . t h e r e

exis ts  a pure hyponor . rna l  ope 'ator  T,wi th  [ t * , t l=  T o ' ]  ,such that

K . ( (
6

for anY

exP (

, f  )  = N T ( , ( , P  )  .  a n d  b ( x  )  =  A r ( t (  ) '

4

*  , ? ,  [ I ' .  Acco rd ing  to

@

, , ,  \ -  -k-1-:1-1
;  /  a , . l "  

"6  k , L = o

w e ,  o b t a i n  t h e  r e l a t i o n

s f l )6 n \ 7  /  d a ( S ) ) ,' \ 3  - " )  ( t  -w)  t '  i

t (
J T \
. J

w h l c h  h o L c i s  f o r  l z l  a n d  l w l  l a r g e '

o s i t i v e  ( t h g
Iy  tak i f lg  7 '=v ,bo th  express ions  under  exponent ia l  becorne n

i te  by  a  par t  o f  cond l t ion  a)  !  )  ' ther 'e fo re
m a t r l x  ( a - * )  l s  p o s i t i v e  d e f i n  I  c o r r u r " . : ' "  - "

'  m n '

( 2 )  a n q  (  5 )

)  =  e x p (

( 5 ) ,  k ,1e  ! , i .3  ) d l .( l

- r
5 r  k

.  a - -  =  -  \  \ ^ '- ' k l  
J t \ /

J

T h i s  P r o v e s  t h e

I t  remains  to

t {  in  P : roPos i t lon

f ( T ) c ' B ( 0 ,  l l  r l l )

7 E i
)  o m \

c o n v c r s c  i r . p l . i c a t i o n  i n  h h e b r e m  2 '

remark  tha l  t } :e  norn  o f  ; the .sh i f t  S"  re la t i ve  to  the  kerne l

1  i s  p r e c i s e l y  l l s . l l r r =  l l  T l l  , s e q  I B l  ' o n  ' i h e  o t h e r  h a n d ' = u p p ( s ' ) =

^  ^ "  
j " r . , r . ' n  

?  i s
, a n d t i r e p r o o f o f T h e c l r e n 2 i s c c r . . p 1 e t e .

l4ihai Putinar :

Nat ional  lnst i tu t  e  fer  l ic ient i - f  ic  and Technrcal -

Creat ion , i)epartntent of lr lat!ten"' i  i"  
"
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Iloman ia
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