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‘meter moment problems,we derive our solutlon from an analysis of a pal

A two-dimensional moment problem

Nihai Putinar

e Introduction

The purpose of this nonte is to characterize the moments

(40) < : & o0 = zmind‘v(z), n,meM, . ..
; : v

of an arbitrary finite positive measure d¥ ,which is compactly supporicd cn

o

C ahd is absolutely continuous,with a bounded weight dV /dﬁ € T7(¢),with res-
pect to the planar Lebesgue measure dﬁ .0ur approach uses the theory of the
principal fumction of a hyponormal onerator,

The solution of the uwo—aimens1onal moment preblem for finite positive
measpfeé:goes;pack to the terules,see Hav1land [7].Th, Yaracterlzatloq ot
the moments. of a finite positive measure,which In addition is compactly sup-
ported on C,has bned more recently treatéd-by'différent modern methods by

Devinatz [5) ,itzmen [1] ,Szafraniec [41] and

= ’ s 4 . f Vg o "
otheras.Let us staté;for Lator use,

the following form of the solution of this last moment problem,

s A, el i o0 oy 5 i & g
<THE OKEM 1 The' sequence - {a. ) .. represents the moments (1) of 2 flnite
. mn’m,n=0 e Torei e s
positive messure 4y on C,uwifh upo(dv ). compact,if And only if
 +;« 1 11-2 g S T : 5 o
a) “the kernel kMl " xWN —>C, k{p;asry8) -5 ,n o se!L is positiee
. ’ = : L ;p+s qQ+T. -
definite,and
'b). the shift operator corresponding to (1 O) is owndpd in the norm asso-
ciated to k.

For a proof of the theorem see F1) or [14] .The terminology used in condi-
P (3 _

tion b) will be explained in the .sequel.

form of the kernel k,which-is replaced by some polynomial expressions (depen—

ding on p.q,r,s) in the entries a”q.similarly to previous works on
& i



(2) Z b Xm‘ﬁ ‘Ln~+1. = 1-exp(-

s .

of self-adjoint operators.This time however,they are subject to the  commutator
condition 1[A,,a170. :

The paper .is organized as follows.Section 1 contains the statement of the

‘main résult,tosether with & few remarks on it,Section 2 gives-a brief recall

- of the needed facts conccrning,hyponormal operators and Section 7 1is devoted "

to the proof of the main result.

1.The formzl transform of the moments seauence

Léf (a )

mn‘m n.O be a double sequence of complex numbers with the property
9 = -

a =a , n,mé N,
mn nm

. ¥

and let & 'bé & positive real.We associate to these data a function

.ng . Wox ne —» ¢

which will be the analogous of the kernel % in Theorem 1.
= .

%
o .
~

',A

[¢2

7]

Let consider two commuting indeterminates X and Y,and the formal:
1 L kel 141
‘m,n=0 N “k,1=0 -

.

‘Notice that the expression under .the gxponential'belpngs to. the maximal ideal

i of the formal series ring Q{[X,YT],SO that the exponential function convers
ges in the m-adic topology. ' >~

Tet o =(1;0) and w =(0,1) denote the generators of the'semigrbupiﬂ2;and
& ={0,0) its neutral .element, ° ; '

The kernel Kg will be recursively defined according to the following

‘rules:

.\ % . v, rd 7§ ' A~ i nr2
(1) X (% ,%) = K, {mn,nu) = b{&L) for any d=(m,n)e I



-and only if there 1s a constant ¢y 0,3uch that:

) ‘_ : g : " |3 "v _'2 .
(it) K;(d ;%) = kg(§ , %K) for any d,?ehlfané

e

r==0

(1id): Ksﬂd L, ) - KS(% ,§»+¥) =‘ZZ2 KX(K,rF)b(M —(r+1)L)}fo;= %2F£ﬁ¥ S

.

‘We put b(o():bmn for « =(m,n) and we take by conventlon b(m’)'tq be zeT0 if
a% least. one of the entries of « is negative. ' | '> .
Since the matrix (amﬁ),was supposed to.be hermitian,the rules (i),fii)
and (iii) are consistent And sufficient for the definition of ¥y on m % m2
Next we recall some terminoloéy needed in the statement of Theorem 2 below.
Let ¥ denote an abstract commutative semigroup.Ry a positive definité kernel
K on f wé mean a map K: Yy ¥ —» €,such that
Z K(s,t)f f. 2 O, : e un » '
g,teY R - L '
for every fuﬂc*lon f: ¥ —> ¢ with finite support.Lé+ F ve the space of all
tho%e function.Tf +bo kerne’ ¥ is UonitWVP definite, t*en it endowQ the vector

Space ? with a hermitian scalar product

<fvg>K Z K(DOV)f s f'gé?cj = o A . - E " '_ . i ‘.

s,tel¥

" The shift operator Su sociated to an eleweqtuls “chned on fé:@ as fol-

lows:

(s, £)(s) =¢

We may assume¢ for our purposes that the element s-u is uniquely determined by

s and u.

. ' . - - X A
The linear operator § : 5 —% F extends up to a bounded opgrator in the
vy e ) . I"-
.- scparate ililbert space compl otion of ¥ with respect to the norm -1 .if

S 1 .
ileoin . taulf = & 5 “Kis t".’ e
Kis+u, L+ 3 < S,0,1

2 <+
s,t€¢¥ - - "’ She ¥ SCh
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for every £&F.In this case we simply say that the shift Su is bounded with
respect to the kernel X.See [14] for more details, - ETN i

Kow we can state the main result of this note,

oo 1 #, A: . - . . i
) corresponds to the moments (1) of a
mn‘m,n=0 A
. 3 3 . i ¥ 3 = 1 >
finite positive measure 4V ,compactly supported on € and absolutely contli-

THEOREM 2 The sequence (8

phious,with bounded weisht,with respeet to the Tebesgue measure on C€-,if and

if there is a constant v 0,so _that:

0

onlyif a -=a for any n,me Il an
only if 2 =& = for anym,

a) the associmted kernel ¥X. to (& .) is p
s § = ' 'mn

O
{6}
1
+
‘LJ
<
D
(e}
@
=y
s
=]
}.J
<t
(]
-
Q
3
o

b) the shift S(1 0) is bounded with respect to Ky .
] ] )
Moreover,in ihis case dv/drﬁgkr and supp(dv ) is containgdd in 2 ball cente-

Remarks. 1) The reason for the condition amn=5;m to be stated explicitly
® alita al

in Theorem 2 is only +the aesthetics of tﬁe definition rules of the kernecl K.
This condition may de dropped after an alternative choice of.the generating
rule (ii);However,The new form of (ii) looks a2 bit more complicated. - |
2) The.noniinear nature of fhe ehtries of the kernel Ky ,rcgarded'as func-
tions of amh‘s,takes away from Xy thé-important feature of the kernel k-ap-

pearing in Theorem 1 to be of the form - g

K%, B) =1+ p*),  KpeNt,

e

: ; : . il .

with suitable involution "x" on N and function 1.
3} It follows from the proof of Theorem 2 that,if the kernel Kg satisfies

conditions a) and ¥),then,for any X‘?JEWthe xernel Kg* sétisfies them too.

Moreover,it will be also proved in the last section that

ess—sxp(dv/d%(z)) = inf{gy,!xw satisfies a) and b)} .
ze (€ . . c

«= - 4) We ignore if there exists a direct proof of Theoren 2,or at least &n
Crai

explanation of the form of ‘the kernel Ky ,not resorting to outer objects as

hyponormal operators.,



. form a complete

2.The hackgrou

uet H be a

actinﬂ on H l% sa

[r*,1] = 2'T -

P

If +the operator

nd of hyponormal nanalysis

-

plez sownrablp Hilbert space e.A lLDC&T beunded operq tor T

id to be hyponormal ifdhs selfooxmutathA;s'non nolat'vc'

»
m“K >
<

T 720,

T has not a  ncrmal operator as a direct -summand,then T is

sald to be pure hjnonormdl

By a straighfo

that the complex

rward comnlnatorics with commutator identities,one proves

numbers |

<Tm *ni mPed ﬁﬁ? ; n,m,p,qe N, , ?;7eRanET*,f},

T,sce for instanc

operator A.
Ariother type o

to the additional

tion gm,introduced
1

by ilelton and Low

(%) trace{?(T

Qhere P and Q are
”he order of 1t
by the assumptlion
supported by the
tely determined b
mediate.lor these

For the rest o

with rank [7%,7]=1 .1

system of unitary invariants of the pure hyponormal operator

a [8].%@ have denoted by RanA the closure of the range of the

f unitary invariant of a pure hyponormal operator T,sﬁﬁject
agsumption that {m T] is trace class,is the. DrlnClpal func—
by Pincus.It can be defined bj the next formula established
e E6l:

.o, - 77\ Grae-aridiey o

s
s

COmpleX polvnomlals of two varLaoleo.
he factors T and T doecn t affect the trace of the COﬂmutatO”
on [2%7 m} Tig p incipa functlon & of the perﬁtor Tis
Spectrum of T,is non»negative and summable,hence it is'Complew

v fomula (3).1Its invarisnce under unitary equivalence iz im-

¢ y ~ ¢ ~ar h P - -
toplcs. see Pincus f;] and the books.of Clancey [B;Qnu ,yitg},
£ this section we assume that T is a pure'hyponormal oparator

ERPN g } ~ P e o 3 y ~ <
nwis is the best understood class ol hyponormal cperavors.
4 T4 . -+ ¢ ¥
1 and it provides a complete uniiary invarisnt for T,sec [9].
S | < i ’ ERY Sy 1 ~~ P o -~ o~ -~
-rahle,sompactly supported Iuncilen ‘ rgd an Pysuni shas
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. and conversely.

_the next propo sition,which+is a particu

i < . :

: X Cars ~',"‘ v '. 1 B -‘ »v - 4
sional selfcommutator,see 9] vore exactly,the ciass of g in 1, determinos 14

Let us denote | R EQE,HO cently, Jlancoyfhas proved'thc'fbliowing fofmulq@]
> ] Ry : o
24 # - -1 1 z : ; N
(A) <(’1‘ T (g p s el o /zq,(},:)—j ,d/u. & s
- (2 -g) e e

which is valid in an extenced sense for every palT (z,w)€ C .However,we need
(4) only for 1arge values of 17\andlw{,z? ere the inverues exist and the inte-
grand is obviously summable.For the elvnlflcance of the vornel appearing in (4)

see. J4lana f10].

The last identity can be transformed into:
: o

2 o k0 e E K=l pem e
& E>u ‘5 = 1-exp(- AT e (T )z o )

1

m,n=0 & k,1=0
which holds for large values of lzland fwl ,when the -two series are_abéqlutely
convergent. :

The coolecwent° of the left side éeries'are-among th

e SCF
riants described at the beginning of thl sectiecn.Since YT ,'1‘.(——.C ® the
% 3 Gy W 1

complex numbers

¥ 'mp }kq
Mok, B) = ST e B
G : : 2 ;i va . 3 it
where,d =(m,n) -and p::(p,q) run over i ,form a-gompleﬁe~system of ‘unitary in-
variants of T.In fact only the values i f

I\T(« ) =<TmT"“E 5 oy (m,n)e m?

.- appearing in (5) completely determine N, ,and hence T .This fact follows Irom

£ Th 5.2 in [8)
ar case of Theorem 5l 240 8)s

‘noSicive definite varnal gith the

) . 2 :
PROTFOSITION 1 et Ni-biTxal —»¢ he a

s y
nroner v Le8

1) ihe shift S, -is wounded with respect to M




A R T~ = o s

for any o =(m,n) 2nd 5 in[ﬂz.

m?«v

'2) There is a_ function /\,:m2,,~,c' S0’ th’)t J(% « )—\J(mw nw) /\(cx) ,and

N(O\ﬂ*i-.b, % ) = H( 0< ,? {}(,) = >_: LI( « T')./) /\( r’ r~?1 ) '
=0 :

Then and conly then +there exists a4 pure hvoonormal operator P ,uith one

dimensional selfcommutator ,such that V"NT and A= A
i &

®

The proof of the prop yosition uses only commuta uér jderitities and the well-
known Kblmo orov ?acorlzatlon theorem .of a positive definite kernel.

‘Thus we have two complete unitary jnvariants for pure hyponormal operators
with one dlmens1onal selfcommutator:the double sequence AT'and the principal

func*ion gT.;hev'uro related by identity (5).

n

The ideea of the proof of Theorem 2 1s to exploit in both senses this re-

H,

latior%hlp}bv ynowing the ranges of the two parametrLZat1ons the operators

T.More precxselj B may be any integrable function w;th compact support and

such ihat O~.g <1 Pnd /\ may be any sequence. with the property -that the

fvhermiﬁian kernel,bulloed on AT by the rules in poxnt 2) of Proposxtion 1 is -

positive definite and has property 1).-

.3.7he proof of Theorem 2

* Let f be an into*‘able flﬂctlon on €,with supp(f) comp + and o0& f€,a.en,
with M < @ Let & ’/” and *aVn by Carey and Pincus theorem 2] ..a purs hyponbr—

mal operator T with [T* = ‘QGXS and pr1n01pa7 function éT,uO that gT g in s

TIn view of relations (5) and (2),compared in the formal series rlng,we get

m. %N o : 2
b =TT b B MOl | o
mn < LS T i . :
: : + 4 /\/ . " r2
or,in other nod ations b ) A (&) for any KL< Il
Then Broposition 1 and the rules (i),{ii) and (ii1) imply

,ﬂ(d,p-)su,r(oz,g) 4 ‘&,fﬁﬁh :



g iR AT
AN
. \\
-Above'brrn and R"T‘ are associated to the moments of the function f.
148 1Y ' =
Corncluding,the kernel KW”T satisfies conditions a) and D) in Theorem 2
Conversely,assume that the sequence (a ) satisfies a e Tovapny
: ; : _ mn’. “mn o nnm
m,ne l,together with conditions a) and b),;or a given oonotﬁnt 5770 2

Then thn kernel Ky fulfills the hypothesis of “ropooltlon 1,wbenrb there.

OYlSt° a pure hyponormal o"nra{or T,with [T ,f]: Tot ,such-thut.

>~

Ké(o(,%):NT(K,%)_.ﬂild bl ) = A (e )y - ;

for any &,pe mz.According to (2) and (5) we obtain the relation

RNl s (AR BB ) auieE).
B e - Fells oyl W) - 5

whicl holds for |zl x“d lwl large.
Dy ta king 2=w, butn expressions under exponential become positive (the

matrix (2 n) is positive definite by & part of condition a)!).therefore

= 5% gy (5)4k(F) ,‘k._lgﬁ-;-._ .

This proves the converse implication 1

n
It remains +0 remar“_t“ﬂ.the norm of the shift S relative‘to thc kernel

£
N in Proposition 1 is precisely HSani 17),see [8].0n the other hand , supp

¢ (7)C B(O, ITH),2nd the proef of “beo”eﬂ 2 isg coh ,lete.

Mihai Putinar - . 34
National Institute Tor Scientific and
Creation,llepartment
B-dul Phcii 220,79622 Bucharest

. Romania,

(gT)
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