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Creat ion,E-du1 PHci i '  22O 179622 Bucharest , l lonania

I n t r o d u c t  i o n

gur  a lm ls  to  character ize those Banach space operators which occu-r  as ] :es-

t r ic t ions of  operators r+ i th  r " lch invar iant  subspace la t t ices.Tne star t i ,n5;

po,lnt for our intei"est was ihe observation that each rest: ' lci icn of a de-

composable operator  onto.  one of  l ts  c losed j -nvar lant  
,subspaces sat ls f ies

B i s h o p ' t  < : o n d i t l o n  ( P ) .
'-t!...i'.r

' I n  the  f l rs t  par t  o f  the  paper  we sho, , r  tha t  converse ly  each cpere tor  w l " th

I t i s h o p ' s  p r o p e r t y  ( p  )  a d m i t s  e x t e n s l o n s  i + i t h  s u f f  i c i e n t l y  r i c i r '  s p e c t : ' a 1  C e - .

cOmi los i t ions . ln  ihe  second par t ' i ' e  p r ,ove  th f i *u  a  na tura l  s t rengt l ien l r :g  o f

B i s h o p ' s  p r o p e r t y  ( p l  c a n  b e  u s e d  t o  c h a r a c t e r i z e  t h o . s e  o p e r a t o r s  b c u r r ' i n l {

a s r e s t T i c t i o n s o f g e n e r a 1 i z e c s c a 1 a r . o p e r a t o r s .

.  .p roper ty  (p )  k 'as  in t ro t luced.  by  U. i t snop [1 ]  near ly  th i r ty  yea. rs  ago ln

- c o n n e c t i o n  w l - t h  a  g e n e r a l  d u a l l t y  t h e o r y  f o r  s n e c t r a l  d e c o m p o s i t i o n s . i n

our  to rmino logy  a  cont inuor :s  l inear  opera tor  T  on  a  Banach.  space X 1s .sa- i i

t o  p o s s c s s  B i s h o p ' s  p r o p e r t y  ( 0 ) , i f '  t h e  o p e r a t o r

T u ' .  l '  0 ( u , x )  #  0 ( u , x ; ,  ;  f  P T  z f = ( z - T ) t

.  i s  a  t ,opc lcg iCa l  l t cno tnor :ph ' i s rn  fo r  carch  opcn 
' se t  

l i  i n  0 . l ie r "e  O {U ' ;< ;  .

deno!es  the  r r5che t  space o ' ;  ' , r11  l { -va lued ana ly t l c  func t ions  on  lJ .

.  Thb proba b l ; r  nos t  Ln teres t  ing  resu1t  concern ing  i ] i s i top  I  s  p roper ty  . (  p  )

knor+n so  fa r  i s  the  observa t ion  [ , t rJ  tha t  a  cont inuous  l lnear  o i ]e "s to r  on

' a  
c c m p 1 e x  i a n a c i i  s n s c e  l {  i s  i e c o n p o s a b ) c  i n  t n e  s e n s c  o f  ( i . l o i i L S , i f  g n ' 1



*2*

on l . ' /  i i '  fo l ,h  f  and i t s ;  a i l . jo in " ;  T '  pos : * less  I i I ' o i )e r ty  (  
P  )  (  fo r  a  p . roo f  in

i ; l :o ' ( : iL i : i "-  of  r ' : . j '1c; :1. t ;e lJ ' : l i : r .ch sp:1r j+.sj  : ;e 'e l t l )  .

Obvic-rrrs1.; , .  Drol)ct . ' r . i  (  
f ,  )  j  s -Lnl i+r j . 'cccl  on r .c: ; i l ic i ic;ns to c- '1ot;ct l  l i tvr tr  i [nt

s16: ;pace l : . l - to  c [ i c ] ' i  nubr ieccnnos l rb l .c  <>pe la to t ' , i ,e . 'an  opc i 'a tc r r  r+h ich  is  up  t r l

s j - rn i . l s . r l t y , r l ie  r :es t r i c t ion  b f  e  dccr ;n iposab le  o i le la to r  on to  a  c lo t i cd  invn*

T ien t  subsn; l . ce ,sa i i$ i ' i es ;  p rope l ' t y  (  p  ) . ' , {e  a re  go ing  lo  s } tow tha t  convcrsc ly ,

'each 
orera tor  r i ih  p rope l ty  (  B  )  can  rnodu lo  .s i rn .L la r i t y  bc  ex tcndcd to  a  c ie*

' I

conposab le  o ie i -a to r  o t i  i l  s t r i c t  ( i , l ' ) *space.

In anal 'oJJ- , ' l  tcnt lnt :or ls l ineal '  operator T on

O o n : u "  
.  

p r o p e r t y  ( ?  ) + " , i i '  f o r  q e c h  o p e n  s c t  I I ,

.

.  c r  .  ? .  i t t  , r \
J .  I  I a \ U r / '  e ) \ t r t / " ) 1 " t - z  \ a - L l L

z

n

i n

i3anach

0 ' t h c

space X

opera t  o r

sa i c  t o: ^

/ -
i s  a  tcpc l .og icer l  nonor : io r -p rh is rn . l i c ' ' e  4 . ( f i ,Y , )  c icno tes  the  l ' r ' echc t . ' s i )aec  c f  a l -1

X*ra" lued C*- i lunc ' r i cn5  on  IJ ;A  pro i ;c : ' t . y  con in { j  vg} ' y ' c lose  t ,n  eond: ' - t i c r r  (7  }+ ,

. r ra .s  used in . [ l= ]  to  .shou t t ia t  each ] ry ronor ; ra l  opera . " t .c r  o11 a  t l i l ber t  spaec  is l  '

Subsca la r , . i .e ,  i s  up  to  : ; . ln i ia , - i ' , ; y  t l i e  res t r i c t ion  o f  a  genera l i z 'e 'J  sga ia r '

n n o r n t c r "  o n t o  a  c l o s e c i  i n ' r a r i a n t  s ' , r h s p a c e .  " :  .  :
\ J p U J  r r ! V -  V l I e

'  
The s1 ;co t1Cl  ma in  res l l t  o f  t i r i s  paror  i s  *uhc  observa t icn  tha t  a  cont inuous

rnr on i ' i  cnrnnle is .s i tbscalarr l f .  anc cnly i i '  j - t  .  t
l i nea : '  ope la to_r  on  i r  co :np lex  l lanac i i  spaee

t  
s t r t i s f  i e s  c c n d i t i o n  (  p  ) x ,

The p lan  o f  the  paper  l "  o "  fo i l . c l+sr in l  sec t ion  1  i ve  3 i io " "  t i re t  a  Banec i :

o l  T  has  r ; r 'ooe . r t . ' r '  (  F5  ) , i f  and  en ly  i f  fo r  each open covor ing  o f

:n " : " . "n : t * ] lo t '  
t '  t tn ;  j ) r 'oper "J  \  l J  t  '  

. i i i ch  $ i ; .n i ts  a  e  osc-
.  t  the le  t3  an  e :< tenSion  o f  T ' to  a  l l : r .nach specs  coe l^a tor  H l i l cn  ! r (1mrrs

- - - r  - ^  -  4 l L :'  t fa l  , leeonpCs i i ion .v r i lh  res i iec t  to  th is .  open cg ' re r ing . ' l ' h is  resu l t  i s  use i  in

.  sec t  ion  z  to  ex* ,end a  ,3s .nach s racc  opera tor  w i t l r  p |cper t ; i  (  p  )  t c i  a  t leccn-

l ' s  seve l .a l  eqr - r : ' ra ien t. f o s a q r e  o r r e l : e t o r  o n  a  s t } l c t  ( f , i ' ) - b p a c e . i l e c l : ' o n '  j  c o i l + " a i r

t i e s c r i p t i o n s  o f  p r o p c r t y  ( ?  ) + , ; ' h i . : . . h ' f c r  l n s t a n c e  a l l o v  
" o  

s h c v  i h a t  l i * h : i p o -

nor f i l ] ]  opera tors  sa t is fy  th j ,s  con , : l t l c rn ,1 [ 'he  anncuncer i  cha lac ter iza t !on : l 'o t '

su l l sca l l i r  cpcr : i to ; ' s  i s  4 lven  i .5  sc t l , . ion  r l  . : jec3 io .n  i . .  Ls  ievc te : ' i  to  a  fe ; '  ao*

p l i c : r t  ionr ;  cancern inS d  i . . r i . s icn  p : ' cb l ' : :ns  f  o r  d i -e t r ' : .bu1 ;  ions .

- i ie  t l :ank  i l i co iae  I rc i l ;a  fo r  n r . "  u* i r tab- le  aC ' r l ce  concern in j  topo log i t ' ' ' r1

t e t s c l  p : " o ' r u c t s " .
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As cxp la incr l  in  the  in t rodr rc t ion  r  l , .oundcd l incn t  opora tor  t  on  a  corn ; : l "cx .

B a n a c i i  s p e c e  X  j - s  s a j . d  t o  p o s i r i e s $  j ) - i . : ; h o p ' s  p l o p e r b y  ( p ) , i l  i h e  r r n p  ,

A  z ' , '  , '  r

, t . . " P ( i J , K ) - r 0 ( u , x ) . ,  f  F > r r f  =  ( z - T ) f

i s  a  topo iog iea l  i r iononorph isn  be t r , reen tn rJcnet  spaces  fo r  a l l  open se ts  U: -n
:

C, I t  rs  q r r i . te  ob ' r ious  tha l .  p ' ropor ty  (P i  io r  T  i ; lp l ies  p l 'oper ty  (p  ) .  fo r  eac t r

res t r i c t ion  on to  a  e losed invar ian t  subsoace.On the  o ther  handr l t  l s  we l l - '

knoi;n ihat eai :h operatoi '  ' " rhich has a . . rui l f ic icr i j iy r ich rpectral  leeori tpcr i-

t i n n  { ' r r ' l  f  i l ' l  s  {  p  )  , s e u  h ; l  a n c i  t } : e  p r o c f  o f  T ' l : e o r e r n  1  . 1  b c l o u . T o  g l v c  t i r e  .v r v r r  J ,  \ ,

fo l lo ' , r ing  eor rp le te  cha: 'ac ie r izn t icn  o f  p rcper ty .  (p )  dcno ' ! :e  fo l  each opcn

set  U in  C by  n2( t l ,X)  t i re  Banach space o f  'aL l -  squat 'e  in icgrab le  ana ly t i c '

func t ions  on  l l  w l t i r  va lues  rn  X ,equ ipped w i th  i t s  canon ica l  norm l l  l t  
2 ,U..  \ . '

?heorer.r  1 .1 l 'or.a cont inu!:r . rs ' iL inear oneralo-I  T on a j3an+g!.  j ipace

..!o@ra}eti,:
:  . ,  ( i )  T l rq- .s  nroPj l i . f  (p  )  .
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( f f  )  I ' o r  eaph  onen  co f re r r  6 (T )C  U1  ,  . . .  -Un  
r y

. n ; _ ) _ n

J  :  x - - - - >  O  A ' ( u . , x ) / T . L ' ( u r , x )  ,  x t . - - l . @  [ * ]
. t 7 .  1

i = 1  
r " ' z r 1 = 1

i s  a  t oao lo ; : : c : - ' 1 .  : : onc " i c rp i t i . s , t .
. ; n "

l i i i \  I . ' n r  o + . t h  f n a . n  C o : / n : -  C = I J . L J U ^  t h e r e . ' i S  a n  e - x t C n : : - o n  T  q ! , 7
.  \  ! 4 *

sult j rble Ban?ch spaqe ,Q. '^,h j ,ch ar ini ts .a "dee-c$pos 
j . t  ion of*!he fcrn

f  ( T l x .  )  c  u . ,  L = 1  1 2 't ' r

A
. -  Y  ,  Y  ' N Y  - Y=  A {  T  4 1 t  I n - s  i \ i . ,
. t z . L r

t l op i .  (  i i i l =?  (  i )  Le i  U  be

0 (u,x ) vrith l i% r, (f" ) =

' L e t  D o , D  b e  o p c n  c i i s c s

X1, , ; { -€  i ,a :  i i  )  e -s  c iesc : ' ib ' - 'd

i ' l n  o i e n  s e t  j n  U  a r r . t  1 e t ' ( f  )
n

a .
i n  C  w i t h  I .  c  D  c U  a n i i  c l t o o s e

t t

: -  . t i i . i \  . , . ' + !
: r r .  \ r ! r  I  t L . J L i  I ' S ' 5 1 ) C C ' ;  i O  

* " h e

a n Y ^  I

n r )  n  q o n l l P n n o  ' - 1

' r \ , \

e n  e x i e n s i o n  T e i ( K ) :

cc"er j "n .J

x

,
]

' - t

J t J

? j



,  .  "  " . ' : :  i , , , ,  1  :

f i _

A  i - n a a r
!  r  rr \ - .v

.

, / \ \ A

f < - I r n  Y / ' Y  \  -
v  \ r  t r r l  r r 2 l

,>.

and since

I I  . w U , .  ,  [ l  . = I ) ,  U - r = 0 \ J ) r ' . , '
1 Z i l v

a\

f  ( r . K .  / i . n  x ^ )  c
l '  I  a ,

9v1.

t onds  to .  ze ro  i n  O

that  l . : . : . r  ( t . - /X")  = o
n t ' o  i l '  .

, \ r \  A

(u  \  t r l i , ; .1 :< r ) , tL /xr )  
tne naxi r : r - :n  ! r rnc ip l 'e  lup l les

 
. i n  O ( u , ? / x ^ ) . i u e  t o  t h e  e x a c i n e s s  o f

I

:

o =+ g(J, :<) I  -  O(u,x-)  *  A' \ t l  'x / ' l^)  *  o '

$hgre the f i rst  map.is t ' l . re lnclusion anci i i le seconri  . is in iuce' :  by t je tuc-

t l e n i  n a ' p , " u  * * ,  c o n c l u r ] c  t h i . t . ( f n - t ] ' . ' ) .  t e n d s  t o  z , e r o , ' . i n  o ( i ; ' : { )  . ' o '  

1 .  
.

: . r r -  t

.  su! tab1;r  r :ho.sen sequenec (d, . . , )  in  g(U, I r ) .Therg iore 
l i% h-" (3-)=O in  'O( i I ' l {2)

- .  ;  and treca'.rse of,  c.t i ,xr)c c r-f , ,on"^:Ua* 
is 

true i 'cr i6n[ o.) ' l i1s 'u: *o"

sho , *n  tha t  ( f . )  i ends  to  ze ro  i n  O(Dc ' y ' ) '  .
. . .

' ;  

- -  ^  n n  - a  n L .,  ( l )+ ( i f ) .  S ince  f c r  each  bpen .se t .U  1 "  b  the  Eanac6  space  * ' opo logy  o f

a' .  
Ae  (U,X, )  : -s  s t ronge l  i i l gn  the  tcpoLo53y incueet l i  f ro rn  O (U 'X)  '  i t  su f  f i ces  to

|  
"  ' v U -  ' t h e  c o r r e s P o n c i n g  m a c

show tha t  fo r  each open cover  t r ( i lC  L i , ,  u  n

J ' l

such tha t

a  r 4 n  l t D n a q

s e l u e n c a  i n  X

n  * i : o r p  i q.  t  r r

n

x  ? O  [ ' ]
' t a

\  _  :  . -  J  \ -

"t

i ' s  a  topo log ica l  mononornh isn ' i ' c r  (x - )  be

t e n a s  t o  : , e r o ' - i n  o t l : c : ' v c i t i S ' i l ?  e 4 c a  i = 1

.  A t r r  r r \  - - . : + ;
l n  t / l U . r A J  r i L v r r. I

( * x - T = ( f . : _ , * ) )  - ?  o  i n  0 { ; . ' : ( ) .

-)

Due ia  i i i a  : rcPeT ' l l i  'F ) r ' l .  
j  

a

5 . , i

: r n i  i r . ' t
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i " l " ' ,

( t r , o - f i , , . )

. V

f o r  1  - <  j - ,  j  g  n . " ' h e  ( l e c i i

t U . , = ( U . ) . '  .  o f  U = U . V . -
] -  I = l  I

i - . 4 / r r  ^ ' r r  v )l r r  g z \ ' r i , ' . ) , i r r r ,
* r r l

, l

ro^tolr-r t  i .on 'with

. U U
n .

n l l f ) n  f ' e , \ / O Y r- t ' - "

n - 1 . 1  { o
" , - -  

r  
t ,  t  5 .  v  .

-------> (\

0 -+  9  ( 'u ,x  )  - .4o  ( . r  ,6  6  y ; 5 -p1*, t

l s  an

Since

e x a e t  s e q u e n c e  o f

t i : .e se.qr ience

/
c o n t i n u . o u s  l i n e a r  o p e r a t o T s  b c t w e e n  F r e c h e t  s p e c e s .

t^.

( 'o) i=o :  ( ( f i , t - f j ,k)r  - .  r , j .  r ' r ) i=o

o f  1 - b o c y c l e s  e o n ' J e : ' g e s  ' r , o a 6 y . 6  | F 6 r p  i q  n  a p t r r p n n 6. , 9 .  v  '

, 1  ( 1 , j < n , k V 0 .

' & . ' &
l n  \  ( l n  \  \\ t k / k = O  =  \ \ 6 j , . k / 1  - .  i . (  n i k = O

of  O-coc i :a ins ,xh lch .  ccn i re : "ge  S +uo zero .  and sa t ls f  j -es '

Hence there i 's  a sequence ( fk)  . rn o (u;x)  wrth

a  l '  a 't k l t i  =  ' i , k - 5 i r k

r

, 1 - <  i (  n r k T  o .

Since 1i : :' -  
K+e

(2 r r  i ) x , .  = :

eornpletes the

( i i )  = ?  ( i i i ) .  I f I ' l  r l ; l
" 1 "  " 2

' i n .  
C , d e f  i : r e

' ?  
4 ) €

.  v  / n  r c l r '  . / \  / f , \  . ' l t t  ' r \
A  =  t f , ,  - .  A  i t r f  r . , r , / . - - {  \ r j r . r ;

' : i I

anx no i , i c ' i  i i l 3 t  ihe  opern , tog  i

stan{.a:d nrg::neni:

- t  
i t * (z) ) iz  

-T '  o

^ n 6 n  n n l t a l ' l  n , t
v '  v 4  - r . )

i  ? ! s

!

h ^ i r F , 1  6 . 1  A n s n  : i ? qi s  an

^
z  i  i ' i  I  r n i : i n
L  r -  \ r r
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regardec as 3n extension

!=1 12 thc sPectru-n of  the

- t - _ .- { i r ' '
.  r F , . .

o f  T  v i a  t h e  e m b e c d i n g  J : X - v

- , , ' r  +  i  ^ 1  i  n n *  i  ^ n  ^ n P l ^  ' t r t ; f ' t f
l l t L r - L  u  l i r r : v u  v  a u i r

1  f . r l
\  t " r .  t

L ,

1s .  g iven  b i  c  ( l i z )  =  T i .S ince  fo r  each ve  c  \T i '  th1  reso lv .en t  o f  !1

)
maos T  At (u ,X)  in to  i t se l " f  , r ' re  eon i luoe tha t

. ;

'  . \  J  - 2 - - - - ' ^ ' -

6 ( T , t " ( u l , x )  / l  r t '  
( u i ' x )  )  c  u .  .

: . r

T h u s  t h e  p r o o l :  o f  l l h e o r e n  1 . 1  i s ' c o n p l e - i e '

, i+irnt lninor :r^odi i icat ic:rs the s:ame et l l r i .valences holC for a cont inuous 1i-

t h e  s e n s e "  o i
bear operdtcr on a frdche.t  spece with conpact sp' :c i iu:n,( in

Haelbrobtr)- ; . t*  c, the n'-qber t , ' ro of 'open sets in.  the .s-taternent 
i i i i )  q lal ; .

.  ^ ! t , , ,

o b v i o u s 1 y r e p i a c e c b y a r n a r " b : . t l a l ; f ' ' i l 1 . n . . i : b e : . . .

.  BI  the above equivd. ionces ' . ro ' . learn 
:on: ' : : - : t , " : ,1 : | . l -as _subnot : . :

opez .a - i c r s  , r cs :esq  p l c i r c ' :  t ' J  ( . ? ) . i ; t t " -e r  i i s t i nSu lshcc  c las f i s  o f '  cpe ra t ' o l s

. w i t h p r o p e r t y ( P ) w 1 1 1 a p p e a r i n . . : * ' o ' ' o ' * i n g s e c i i o n s
.  As.  a i i  appa- !ca ' ; ion of  Thcjc : 'cn 1t1 ue 'present  a ' l ' i f ferent  proof  fo ; '  a  s ia-

J  t j *ne in  [ ie l  even j -n  ihe case of  ccnnutat l ' ;e' t e rnen t ' p rove i  f o r  t he  f i r s t  t i J i l e  i n  L l  zJ  eYe i l  ' r i  ; i " r v  L4 'e

n- tup les  o f ,  ope la t ' c rs .
. l

C p r o l l - a r . J  i . Z  T f  T €  i ( X )  h ? s  l r o g o : ' t J  ( p ) , * t n ' l g  f  ( T )  h a s  n r c o e r t v  ( p )

gqeh-Ang ly t ig - f r rnc t ion  f  €  O(  6  (T)  ) '

X, lgg,€. Assune the"t  T has pr.cp' : : ' ty {p) l : : i  consi ' is:"  : tn a:r3'1;*uic

. d e f l n e c  o n  a  b c n n d c i  o p e n  n e i . 3 h b o r r f l : c o d  u  o f  c i ? ) . I f  t = Y 1 u  ? ,  i s

c o v e r ' : ; : i J , , i r ; - . n c  : 1 . = i - 1  i T i ) , '  l ( '  =  ) ' 2 ( u i '  x :  i * z 7 | ] ' ' ) ' ' i = ' i ' 2 ' i l n r i

r . r i th  1 .he  no ta t . !ons  ' ; i '  ' ' heorc :n  1  '  1
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:j;.::b,,-l

. f ,or 
i=1 ,2.l 'ht is t+e

- b p e r a t o r  f ( T ) .  -

t 'he ccnver ' ;e .  c f  Co: 'c11a:"y  1 '2  is  a . l - rnos i  t rue.

Corollary 1,3 L27 T€ l,(X) gg a gontl l . i ro'-r,s-- l lne:ar oi lei; i3r . i .nd let f  € O(u)

- - ' .  ^ -  - l  r t  - 8

t e  an? ] - t ' t  j - c  l r , *  r n - i ; i c !  ne !g : - : l o i r " - ' : c rd  l I  o f  d (T ) .

T f  f  (T )  l i a " r  n r . ^ ,noz . t v  (B )  r rnc i  f  . l - s  no t  cons tan t  on  eac :h -c ' gJ r .nonen t  -o f  l i  '
4: r \^,r  -- : : : -- : - j j j - - : j - -- ;  \ ( i

t h e , n  T  1 , a s  n r c o s r t ' r .  ( p ) .

'  
p l , q - o f . . ' ' C o n s i d e r  a n  o p c n  s e t  0 ' i n  0  a n d  a  s e q u e n c e  ( e r r )  i n  O ( C , X ;  s u c h  ' - h a i

t t -  -  ( g - J  =  O . S j - n c e  p r o p e r t y  ( 9 )  i s  l o c a l , 1 , r e  m a y  o f  c o t t r s e  a s s u m e . t i r a i
- I

.n- '  ao . 'Z 
-:  

n'

G C U . F o b  e a c h .  p o r n t  a e  G  t h e r e  i s  a ' c l o s e d  d i s c  D = D ' n ( a ) C  G  ' " r i t h  r a d l u s  r '
(  , .  l.  

such  tha t  K=21)  has  empty  i n te rsec t i on  ' * i t h  t he .  se t  . \ . r .  
U ;  f  ' { z )=aJ . l i cncg

t h e r e  a r e  o i ) e n  s e t s  i l n  r . . ,  i U *  a n d  V ,  , . . . , V k  s u c h  t h a t
. l

. :
.

K C U . u . . . v U , - C G, 1  E

{  c r  n  *  a l n l 4 , r  i r . i r ' l  r r n n r . m n - n } r  i  < : , , r  r r } t  i  n } r  i n l ; f r r J : r . r i  n C . 5  I t
I J  ( l  V \ r y u  l . w r ) 1 . \ . ( r l  r l i ( / - , \ i l l l v t  j J r t l _ j i i t  d r l  L \ / f

  ' s i r . , n n  
, { - i l " i f  6 ( T \ ( .  I l n r r r l  c f ( ' l ' T  \ a . € { T ' \  n U .D L l r u u  v  \ r /  L  v \ r / u  u  { 4 l i u  v \ r t r r i /  - -  -  t " / '  ' -  

j -

? ^    r  -  . A t' T - ( . / m \  r / n l \ i  < - / " / r t r \ l ' r  \  - -  r - 1 f ' f . t r l Y  \ l /  1 I
d r \ 1 /  =  J . \ I / '  d r  v \ r \ 1 1 1 t i i )  ' ;  v t r i r L \ . r , u  ' .

'  !  
'  

] "  ] .

. 4 . ^
a n d  T  e  l ( X ) .

foq  i *1  n  2 ,  i t  f  o l - l "ows t i l t i t

L ;  l ^  ^ ' 1  ^ s n r . ^ l r - l  n
U I l M V r , l V a

z , v  e  U ,  t h e n  f  ( z ) - f  { T  ) =

h a v e  v c ) " i f i e c l  c o n c i i t i o n  ( i i i )  c f  ' l ' h c o r c r l  1  . 1  f o r  t h e

I
i
I
l . s
I
i -
1
I
!
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;
i

i)
1- ;
I
'!
I

"1
.t
r l .

. t
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and such tha t  ecch

. r f  F € g ( u x u )
. t l  o  r T  \  / , l - T \  h n l  f i SJ i \ ! r a  J \ . ' - L

res t r i c ' !  ion  f  .  = f  l l l  .  ;  I I .  - - -+  V ,  i s
] - ' r ' L r

s s t  j . s f i e s  t ( z ) - f  ( w ) = ( z - u ) I r ( z ; ; )  ,

on lI and

( f  (z)-f  (r  )  )  (er l  ut) __-;-+ o

O  ( t l . . X )  f ' o r  e : r c h  i = 1  , . . . , k . T i r i s  i m l ; l i e s  t i t a t
'  

l '

-r:+ O
( l

: ' c : '  e a c i r  i = 1  1 . . . . , k . S j - n c i :

=  o  rn  
'O ( i i .  

, i i )  i c r  e ' r . c i i

f i i l )  has  pr ro rer i ; ; r

l = 1  p . , . r k . ) i o : ^ t  i t

iA )  : . ; e  conc lu : i  . :  t i ' , 3 t' f '

s u f f i c e s  t o  e p ? 1 : 1  : h e
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' l r i e  no t i ce  a t  t he  eno  o f  i h i s  sec t i on  tha t  o rope r t y . (P )  i s  h iS i r l y  un : ; t ab1e
\  )  

' l  '

. r . r i th  resr ler : t  to  pc: l t r rba i icr :s . l l r rs ta i r l l i ty  wi t .h  respect  to  per t 'urbat ions
-"n i "n 

r t "  s l r 'a" i : l - ' in  nor ln  is  ob.z ior rs  s i -nce ench neighbourhooci  o f  zero cohta ins
i  - .

opera tors  u i iho i i t  p ro rer t -v  (p ) .  in  i t  l l  + "here  is  an  example  whrch  c iemons-
' \ /

t r a t e s  t h e  u n s t a b i L i t y  w l . t h  r e s p e c t r o  c o n p a c t  p c r i u r b a t i o n s .
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2. Plgperj{ ( p ) and .,ce-cornclab i l  i t . 'L

A n . i r n p o l t a n t  c l a s s  o f  o p e : r a t o r s ' * h i c h  s a t i s f y  c c n d i t i o n  ( p )  i s  t h a t  o f  c e -

c o m p o s a b l e , o r  n o r e  g e n e r a l i y , b f  s u b d e c o n p o s a b l - e  o p e r a t o r s . l l h e  o u r p o s e  o f  '
' .  

t a  \ '

th is  sec t ion  is  to  p rove  tha t  any .  op .era tor  w i th  p roper ty  (p  )  i s '  su 'bdbco l r lpo- .

sab l 'e .Howbver  to  cons t ruc t  e  decomposab le  ex tens ion  we . leave the  ca f ,egory

o f  Banach spaces .

The or ig in? l  not lon of  deccmposable operator '

in  196l  ,but  a f ter  s l 'on je ] 'ecent  o l 'ogrcss in  i l ; 'e i  i

l ow lng  aonaren t l y ,aeeke r  de f i n i t l on .

.  A  bont lnuous  l ineer  oDerpr toT T  on  a  separa-Le 'J  ioca l l y  convex  space l  i - s
7t

sa id  to  be  dss-q i . ]2  g , i f  fo r  every  f i i i te  open Gover  (u i  ) l_ i  o f  the
-  

*  .  , - :  . .  
r  : =

l l i e rann sphere  tJ=Uu{* i  rhere  ars  c l -csed invar ian- '  s ' ibsoaces  l l -  fo r  T  such
l-

that

Fiere for a ccn's ' inuous i inear cpei '3torTon

space B ' ;e denot.o l :X {r ' i?) t i ie spectrr- :*qi  ln

comolement  in  i i  o i .  r - i ie  F :e t ,  o f  tncse  po in rs

nei::h.nc:-l: 'hcoa ll c; ' ,\ '  in D s-rlrl: i  -ulat .

l r  r  -  r  ' a a .  r
\  ! ,  . : . 1 : r  : :

I

( i i )  t i . ' :  - s e i '  c ' r '  D s e i ' j i ; o r s  i ; - i ^ 1 ' '  r : t  €

c f  z l L  r c n t l : : ' ; c r . l s  1 i - n e e r  o n 3 : ' : I i o ; ' 5  o n  E

pd in i ' "  i ;C  t :  onv3 r , ' j o t ] c0 .  ;

; .

was In t roduced by C. l 'o ies
i  e ' ' l  , i  - - . r )  - .  , r ' l r , i n ' r ' 1 " ,  t i . . O  t C - l  -r Y : h  d U  { :  J  : l u v J  !  v r i s  r  u . : -

r ; ; :e  se la : :a :e i  1cca11y con i / :3 : i

the  sense e  f  i ' i t ' o1  b roeck  ,  i .  t .  the

X e  U , i c l r l i l c h  i h a r e  e x i - s I s  *

' t

I

i

n
n - T '
" - L r{ {

! = l

. : , . ' tai '  A 6 t1-n

: ' A  f  :  r  . : , ^ . .  -  :
i i | \  w  t + g  u i / i : . r

e lu incec i  ' * l - t i t



;:1.1,:i;1j; l;r ; 
il;,

.  - t .

bor tnr ied open .set  in"q; , i ts  examples.  o f

nr r ' l  l :  i  r r l  i r - n  L  i nn  o r ;e t ' n to r '  t r {  w . l t } r  t her i r ' . .  j .  r '  4  I / J , z

\ '
Proposit ion 2.1 lagh .gqcomLcr-sa qle. goera: lot '  i '

s a t i s f  i o s  n r o n e r t ' r  ( . b )  .

T
-  h / r r  w \  Z

0 ----ir u\u rA ) -->

.  l e t f l b c a

we nent i-on the

the spac.c

d e c o m p o s a b l e  o p e r a t o r s

coo l ' t i i nade on  oac l i  o f
I

:
' : : .

I

^  e  q -

,o f rp"u  H* f f f  ) ,H ; (5L)  a re  the  ord inary  I l i l ber t ian  Sobo lev  spaces  o f  o rder 's .

S i ,nce  a l I  these spaces  are .  ln  a  na tura l  way  €(C) -moau les , the  deconrposab i l i t y

o f  l r l -  fo l iows eas i l y - .
z ,

In fact . , the above 
-exarnples 

belong lo a subclass of  decomposable operators,

wh. ieh  w i l l  be  c i i ' scussed ln  the  nex t  s 'ec t ion . l l ' he  < jecomposab le  opera tors  m,ay

behave nuch worse  than o l r  exdrnp l -es ,see fo r  ins tance f t? ] .

.  A s  a n  a p p l i c a t i o n  o f  1 , h e  e q u l - , . r a 1 e n c e '  ( i ) + > ( r . i f )  i n  T h e o r e m  1 . 1  w e  s t a t e

fo r  the  conven ience o i '  ths  vgader  the  fo l low ing  ve lL -kno" rn  resu l t ;  '

/
on  a  l f rec i , i : t  snece ' , ; i th  o (T  )C C

fn  [a l  we lave prover l  tha i  a  Banach' .space 'opelator  T is  deconposeble i f

and  on l y  i f  bo th  T  and  i t s  ad jo in t  T t  possess  p rope r t y  ( . p ) . l ne ' re *su l t  was

prev ious ly  kno ' ;n  i ; r  the caso of  re f lex i ' rb  Panach s l )ac€s tZ l .

I '  Bo fo"o  we s ta te  the  main  resu l t  .o f  th is  qec t ion  wb reca l l  ' uhe  no t ion

a sheaf  noCel  fo r  an  opera tor  w j - th '  p roper ty  (p ) . le t  X  be  a  Banacb '  qpace

f  e t  t  €  t ( X )  b e  a n  o p e r a t o r  w i i h  p r o o e r t . y  ( p ) . f o r  e v € r y  o p e n  s e t  t h e r e  i s

/
e iac t  sec | lence o f  Frechet  snaces

o f

and

an

, . r h e r e  s ( u )  =  9 ( u , t ) / T z e i t 1 , ; { )  a n c  t h e  l a s t  r r a p  i s  t h e  q u o t i e n t

I t  i s  rcu* , ine  ta  check  r l :a -u  i ! :e  p res i iea i  UF*z  t r (U)  . i s  in  ' iac t

t i c  l ' r J . : :he t  s i rea f  ' , r i th  the  topc lo$ ica l l y  f ree  reso lu t :cn

' :

oJ C t i le shei i f  o-f  r 'n: :1yt j .c t ' r tnc. ' ' i , ' -c- ls

n n  a n n l ' / -

9t-
.t- *7 O.o

' a

^  ^ ^ . i  ; . . '  E - l  \ t  .
i .  i : t u  u J  v  L '  ' _
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the  bheaf  o f  X-va lued .ana ly t l c  func t id r : : ; .

In  [1  2 l  i t  wns  shown tha t  T  (C )XX cr inon l .ca l lV^ .  Tn  par t  i cu l r i r  ,  the

T  o n  X  ( j o t " r c s p o n d s  t o  t h e  m u l t i p l i c n ' L . i o n  o p c t ' l i t o r ' . r i t h  z  v l a ' 1 ; h i s

f i ca t ibn .A un iversa l  l ) r 'oper ty  ins r r res  the  un iquenesr - i  o f  the  sh .ea f

e ia ted  to  T , rvh ich  i las  ca l led  the  p ] iga f - -Eoq9-L  o f  T ,see F  Z l ,  [+ l  '  [ .1 ]

*r.,i-*.--._-- . '
f  lna l l y  remark  t l ia t  supp (9  )= ' ,  , . , ,  ,  .

Theorenn 2 .2  f f  a .^ tn+ ; in r :ous  l  lnqar  o lg . ra to : r  T  cn 'a  i } r . !qch  s r ,a -ce  X rs l t i . s -

f i s s  c o n < l r i i i q  (  B  ) , t h c n ' l t , e : t e n d s  ! o - a  j C e o n r o : a t f q  c n e r a
- t

( u ' ) - p p a c e .  :  :  , , , .  i  , ' . , , ' , " .

.  .  \ "
p roo f .  Le- t ,  T  be  a  Bnnach space opera tor  wh ich  sa t is f ies  ionr i i t ion  (p )  and

* t  g  d e n o t e  i t s  s h e a f  m o d e l
t

I n C u c ' f , L v e l y  o n c  c a n , . i e f i n c  a  s e q u e n c e  o f  f i n i + , e .  o p o n  c o v e r : n g s  A J . r ,  
"

n 7 7  1  , ' o f  t h e  c o n p a c i  5 e t  d ( T )  s u c h  t h a t ' f o r  e a c h  i r i i e g e r  f i 7 t  1 z
'  n r ' r  n  t rn+Z fo r  { .1  ,YeQl( i ) ' .  1 / 2 " * ' <  d i a n ( u ) <  1 / 2 " ,  c i a n ( u 1 t t 1 <  t 7  .  . n ,

( i l )  each e lenont  o f  %n* l  i s  con ta ined in  an  e lement  o f  r ) ,1 . - . (wh i .ch  is

u n i q u e l f  d e t e r n i n e d  b Y  ( i )  ) ,

( 1 i i ) e a c h e l e m e n t . o t C U ' - l s a u n i o n o f . c 1 e m e n t . s o t % n * t . . . , . .
. ^ n

lr l r l te 6l ,L^ fo,  t i re coveping co.nsist ing of thg singl .e set
. U

* = u ( u ;  v e 6 L L 1 )

and dci f ine

=  +  S t u l' u  
eQl. n

f ro t ice that  for  each n

j n t  n n *  E n * 1

which  ig  a  topo log ica l

p rove .  tnc  i r r ,p i i ca t lo r - ,

opera tor

ldent  i -
-.j- as.so-

,  I t e  u \

thero is a natural- nnaP induce-d

rnonomoipi : is i l  by a rea::onin"5 sini" la: '  to i i iat  usai - ;o

i i ) + ( : - : " )  o f  T h c o : ' e , r  1  . i  . i l : e ' " c p c 1 c 5 : : a L  : l o r i o r p j : i s :

a

by rest r ic t ion

7 ' !
i ,  v -  q -  i , . t
^  - ,  r \ a /  r  n  r - >  [ x l  ( c f  .  L 1  2 i )
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' a I 1 o r . r s  t o  t d e n ' L l f y  X

I n i l U , C C S  a  C O n l l n ' . l o u S

r n i n o c  4 n  ^ n n r n { - n l l l ll l r r l l Q . D  c r r t  v l r i ;  |  : L  ! v r

i "  . /. ' / '
. t \  

J  

'  " ; '  
. , j

. ..\- \  :  '
and  I i ^ . i " iu l t i i r l l ca t  io r r  w i th  tho  coord lna te

U

I  i r r s ) n ? "  / r ' r n r ^ , 1 t n r .  D  n n  o n n h  i l  t i ' l r n  f : r m  i ' t ' rv l / v r  c .  l v r  I  \ _ / f  r  v ' r v r r  . . l J  l e . r r t i ! Jn : n
on thc  s ' t ; r  i c t  (L i l ) -space

' . , .

r U n C T ,  I O n S

( ' i '  )  deter-- n ' n
.

n  . l - , , 1  l t  i  \
t i  =  I l l u  \ r ' r n t . j n , / .

n

?hc canonical  mannitr : r^s I l  -*> S are. - - } , r , * . . o . , " n

X can be regarcied as a subspace of
,^\

t h e  r e s t r i c t i o n  o f  T  o n t o  X

It  ls"our aim to- plorre thet T

that

Chobse a  pos i t i ve

w e  c h o o s e  a n  i n t e g e r

e a c h  p = 1  , . . , r k

then vre obtaln a

t n n n ' l  n r . '  j  n a ' l  n r n n g q l g y p l i ^ . t l i i S ,  i n  p a r t i C U l a f

B . l i e  l c i  i v e  t o  t f , i s  i d e n t  i f  i c a t . L o n  T  i s

is ' .a  d .ecomposab le  . .opera tor  ,  F i rs t  ,  ho t  i ce

b

Jt

i

I
t' t

r a  r .  ,  A
r / m l  a  \  , r f l r r '  \  f  l f / r r r \u \ 1 /  \ -  \ /  -  \ i _ , f  r  v \ r / r .

n € li.i 
rr

T  ^ ,  n . ! .  ( , . ,  )
! t ' v  w  = 1 n r  r . . .  r Y , - t  b e  a n  o p e n  c o v e r i n g  o f  C . : I l t h  n o  l o s s  o f  d e n e r a l i t y. ( t K )

w e  n a y  
' s u p p o s e  

t h a t  ' , { *  C  H  f o r  j = 1  t . . .  , k . F o r  a  s u f  f  i ' c i e i t l y  s : n a l l  8 7 0  t h e : ' e
. J

l s  a  c o v e r i n g  V ,  1 . . . , Y , -  o f  f  ( T )  s u c h  t h a t ' Y . . C . i { . ' ; 1 - .  j . ( k , a n d  . ;
_ t l t J J

k r . - T
l l r i n  l  e i s t ( v  . . c  \  i t . J  l  >  E

L  '  . ' ' l '
j = t  ' .

' A -

each u  a6 l / -  w l th  T .$) la- n

*  f l , \ f  ' * e  d e f i n e ' f : .

S(u ) lo  u t  o

/f\

E - - =  € D  g  ( u ) ,
n r !  

$  e % -
.  I t r p

/\
s p e c t r a - 1  c e c e n p c s i t i o n  f o r  T ^  r ' e l a t i v e  t o

in teger  n wl th  1/2n < ' .8  . .b 'or

i r , . t  , . . . , t ]  s u c h  t h a t  t l n l r n

., -^I'n - t  )  
'%  = l u E % . ,

-  . t r r P  t  n -

4 9w :

.

n
= S 3 . -

F = l  
"  t  Y

I

r {  r m  l i r  \ a
r  v  \ r h l , . n  * l L. ^ t "  

u

I ro r  mln  we. \ le l ' . : .ne  
q-L

i - t l \ i ! - iCi  i ' . 'e ] - .y
I I i r P

i  i  n . r  * aa u  \ -  u r  u  ! r : 5  u u



% =
f f i r P

Then for il

n-1

as abovc

-1 2;.

l u  * % n ;  Y c  u fo r  gc ; rnd  I l  eU

@  F ( u ) obta in

,01 '

r i l rP u €%_ *u r l !

k
E  - " e E  , r r i h  \ r'  t ' n  -  

f t " m ' P ' t  
v \ " r n l " 6 ' o r -

' :

I lach E has a natural  direct
. .  E r p
s l t l o n  E  = i l  S F  " r e d u c e s

m  r 0 ; p  I I I r P

we

D

{ -

U ^  ,  f r 7 n r 1 - <  p (  k .
P

comnlerent F in I l '
r n r P  m

the induit lve spcctr i rm

such tha t  the  deconpo*

/ n  {  \  {  o
\ - r r t J m I ^ a ,  n t r . v .

J * ( E * , p ) c  D m + 1  
, p  '  i * ( u r , o ) c  F r * ' i  

, p  
'

Irt

- t

!

:i
!

. t
I

j
, l' l
I

, l
l

, : l

i l

There fore  t l te  eanon ica l  naP X

. I f  w.e ident i fy X. '  and i ts
\ . y

k .
E .= ,S, Xo , 6 (a l.1o) C ̂ y,-  P = 1  

' ' .

= i n d E  ?
p '.!>ti\ in t P'
lma$e ,  r+e obtain

f\

< 1 6  |  r r  \  /  r . t
u  \ i *  l , ) ;  * , ,  

-  n -
.  l l r  u r t l r '  y

E is  a  topo log ica l monomorph isn .

, 1  - <  p (  k ,

and the  proo f  i s  conp le te .

l lo t i ce  th€ t t  , *o 'even ob ia j .ned a  d i rec t  sum deconpos i i ion  o f  l J
A

.  to  ihe  g iven open cover ing  o f  6 (T) . I , r " ' t  us  : :e r ; 'a : ' k , tha t  the  above

equatr iy wel l  for cotr t inu.cus l inear operators on l ' r5chet spac-es

. . . ( p ) a n d 1 ^ / a e . ] . b r o e c k s i e g t r u n c o n t a i n e d l n 0 . .'  ' t  '

i .

relat  ]"ve

p r o o f  w o r k s .

' . ' i + h  n ? ^ h 6 r + r .n  ^  v r r  y 4  v i / e ^  v J

3. Iaq,pert.',I ( p )* : 
': :

I

O u r  a i m  i s  t o  s h o w  t i l a t  p r o p e r t y  ( p ) 6  n l a ; s  t h c  s a m e  r o . L e  f o r  S e n e r a l l z e c i

s c a l a y  o p e r a r o : . s  a s  S i s h o p ' s  p r " o p e r t y  ( p )  d o e s  f o r  C c c c i r p c s a b l e  o p e r a t o : " s . -

lo  t l i s  enC l " .c  - f  : - rs t  co l lec t  
' , , .o ,no  

equ iv r :1en i ;  Jcscr io ' r ions  o f  p : 'oper t3 '  ' .p  ) . t ,

Le t  us  r .eca l l  f ron  t l le  in t roc iuc i . i -on  . ihn . t  an  opqra tor  ?  €  l {d )  i s  sa i *  io

p o s s c j ; s  : ) r o i r c r i  i  ( P ) 4 , i f  
.  
f o r  e a c i r  o o c n  s c t  U  i . n  C  t h e  : r ' a p

D

T _  t  & t . u , K ) * > { 1 u , : i ;
' t
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' D

1s a topolo; ica1 rnonol r )orPhlsn

l 'or hn open ^set .Cr in S and an integev' nV O let

type space

rs"( n ,x)
?  ' >  - i  )

I  f  e  L - ( f r , x ) ;  ? ' r f  e L - - ( 1 2 . , x )  f o r  i = 0 , . .
{

where '  the  < ie r iva t ives  w i th  respcc t

b u t i o n s . I t  i s ' a  B a n a c h  s P a c e  w i t h

n  - i  ?  1 l

l l  r  l l  . ,n  , ^  =  (  t  l {  ? r t l l ' n  .  ,o
r {  r r L  

t { ; " v  L ' t Z r f u t
- l  

J : v

,  a q ,_ t  ) *

l s  a  topo log ica l  monontorph tsm.  S l inbe

r - r i { h  ^ A h r \ n ^ +  q l l n n a r l :  t } - ;  i f t  r ' r r l l ( l  ! l  i ^ n
i ; - L  L I I  U ( J l l r l j f  l .  u  J L { D P u t  ! ,  r  u i r - 1 . )  t ' u l l u J . u r v r l

r n  . 4 l r  Y \  - 9  L ( t . ' t \
t _ i  t O  U U  t . - , 1  

'  e 1 w  1 r r , 1
L '

,n € lI{,U (c l?

& ( r r ' x )  = ' p r o  j  ' ; i n ( u , : i ) .
'u (c f r
n€ l {

the  fo l i cH lng  i r rcPos i -1 ;  ion

'\.. :

there  arc  su f  I ' j - c icn t ly  many C*- func t lons

i s  e q u i v a l e n t .  t o  i ; h e  f a c t  t h a t .

i in( n ,x )

n I
t .  t . , )  ,

be the  Sobo lev

a  n a * i r v q - l  ? . ! o t /
s  a r s  v I r  s *

p: 'oved' one can
.. . .  '  t
l f r 6 ^ i a o t  q n n a O

I

I

1
I
I.{
I
. I
I
I.,1

i
t .
t .

. t
I

i

' I  r

: {
I

T

I.l

ta  V '  es 'e  forned in  the sense of  d is 'ur i -

respect  to  the norrn

'  n (n ,x i  : - s  a  l i i l be r t  
' sPace  

l nI f  X.  is 'a .  Hi lber t  space ' then i ' I .

]n  the same . r lny as the u.sua1 Sobolev embedCing theorern is

s l row  tha t  € tn , : { ) )  n i  
; l n ( J1  , l ' - ) . ' . l onsequen t l y  ?& ,1 ( )  

i s  a

togethet 
"r i th 

the seminor:rs

l l  ?"r l [r , , ' ,

, .  
: - - . ! .The c lose< i  g raph t i ,eoren  inp l ies  t l :a t  + .he  topo. logy  i 'n iuceC by  t l :ese  sEn i -

r - - - a  e  1 '  t  t - ] ,  v \ ,  m l r s  c 4 ' r 4  r r f i r m o n - i :  q h n u s
norms.cotnctoes ' , ; i . t l i  the usual  topology of  l tn ,X) .The.  sa i i le  e : 'gunent  shows

that  1 ,  ( fe ,X)  has t i :e  nat ' . ra1 representat :cn

' de  ' JSL:  thc  uc- ' - l - ' ,  ionT n

IT
v

!
=  4  s e  { ;  r  i s t  i z , X ) . r l

f c r  e  s u b s c t  (  o f  f .
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Propos i t l on  J ,1  f : g ! .  T  €  f (X )

f o . l  l o r + i n i ,  r - ) l ' 0  c C l l L v e l c n t :
=:**-_*:*.,T* -*-1_:

( 1 )  1 l  s { ' i t i . . ' i f i e s  e o n d i - t i o n

, (ii) 1IQJ e'rqr.y oj-.en Citg 1)

. .such the t  .

fr : o (r ) I,ej--!ssneg {-.srSjL*s9:t . rhg

E>O thore  are  C )  O and ne  S ' I

( ? ) t
i n 0 and evsi..r

and I  e t

qJ

. n -

l \ r l l r . , . . , - .  c f  i l r " ? k r l l r ,  ,  r €  € ( c , x ) .-  < - ' ! )  
'  k = o

( i i l )  Tl !e. le,  are C)0 an-d

l l r  l l  2 ,e . .  c  l l t r t  l ln . ,n

n e ${ --quci\J,!rat

, f  + %  ( f l  , x ) .

n
It f l l i ^-( c 5_r a  t t  j  t t  . @

p l q e { .  ( i ) + ( i i ) .  F l x  E >  O  a n d  l e t  D  b e  a h  o p e n ' d i s c  i n  g . S i n c e

t r z  t ( D L , ) r , )  - - +  f , ( n t , r . )  i s  a  t o p o l o g i c a L  n o n o n o r p h i s m , w e  c a n  f i n d  a  c o r r

stant C ) O .anc an open disc Dt 
'v i th Ddd( DE such that

l l  m  : i k r  l l
l l  L _  a  r  l l t  Y \'  . r " d

'  
- 2 r - .  r ' \

h o l d s  f o r  a l l  f  € - ( " ( D e , X ) .  .  "  .

( l f )  = +  ( i i i ) .  S i n r p l y  f i x  a n  o p e n  d l s c  D  w h l c h  c o u t a i n s

C  >  O , n g  S l  f o r  g  = 1  a s  d e s c r i b e d  i n  ( i i ) .

( i 1 ! )  +  ( i ) .  r , u l  { f r , )  b e  a . s e q u e n c e  i n  € i c ' x ;  w i t n  } i X  
T r f r ,  =  o ' r f  u

i s  a n  o p e n  s e i  w i t h ' U  C ( J 2  , , c h o o s e  
g ' i n  S  ( S Z )  w i t h 0 =  1  o n  U , I r r o m

'1 f  
f l  ̂  , ,  . . ( 110 f  (1 .  . ,  f o r  f  €  L1 ( f2 ,X )  and  the  es t l na te  desc l i bed  i n  ( i i i ) r 'we

_ lf.

" :  

"  2  'u  t  ' JL  
f  bv  ?  

^ - f  ' *e  ob ta ln  '  tha tc o n c l u d e  i h a t  l l  :  l l ^  , ,  i o n c s  t o  z e : ' o . I t c p l a c i n g  D ,  -  n
r i rdko .  l l  r  t " la l ' fo  o .u ro  fo r  a l l -  k€N,U C,c . { - i  open.There fore  f i ig  fn  +  o
\ l l  q  , n t t 2 r U / n  ' u " t t * "  e v  z ' e ]  v  ' v

ho lds  i n  
' 4 (n ,X )  

. 3 ' . r t  s i nce  6 ' (T )  c  5 - f  t h i - s  ce . tn in l y  i r : p f  i ' es  tha t  ( f n )

t e n d s  t o  . i e r o ' t n  4  ( 0 , ; i )

dond i t ion  ( i i . i )  tu rns  ou i  io  be  use fu l  thanks
t

r * ^ - ' l 1 " lr r u r r r . L r . / ) . '

Lenraa .  1.  2

stant C,-t
J L

l2  ,ahd choose

t o  i he  f o l i o : . i Lng  l cn i l r .

l , t - ' t  - O  h " -  q  i ' r ' . t n i ; i ' d  ' l c ' : : : l n  t ' i : i i  s : - . n o i r - l :  ' o ' . l n : r - : ' ; . * l ' l :  a  i s - 1  
- :  c : l -

::.3.:1 J - ---:--:--i

. s r re l r  t i :a t  io r :  evorv  onera lo r^  T  c  L (X)  and eve ly  . t ' r tnq ! - i -oF

t
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4 l :
. _ t  ) "

' :
t I fi,( ft,X ) UrS-IS,Ll-Wiry:L est irri++;o hq],.dF-:

I t + ,  l l  . 1  r  / t t  r n  4 e \ t  , l l c ,  6 z + l l  \
l l . I l l o  . \ - - L , ^  \ l i  ] ? Q t l l r . \  " r  l l 1 i , . O  L t l  

,  n l . .l t t L  l a  h  ( 1 L L  7 t  a 1 t l -

T h e  i d e e a  o f  t h e ' p r o o f  i s  t h e  f o l l o u l n g . T h e  C e u c h y - P o m p e i u  f o r m u l a

.  y ie l "ds

( - o

( r - r= 7 i l ( r )  =( l , r r i l  \  t i t l r ( l  )  u,  "  dt  ,z€rL,

,Q

T h e n . a  f a m i l i a r  e s t i m a t e  f o r  t h e  c o n v c l u t i o n  p r c d u c t  g i v e s  t h e  d e s i r e d

lnequa l i t y .
-  . L ! , -  2

By cornb in ing  Lenn:a  3 .2  w i th  p ropos i t ion  i .1  we can s la te  the  fo l lov ing .

P r d p o s l t r o n  J . . 3  i , e t .  T , S €  l ( X ) . . T f - l h e r e  L s .  a - g . o n s t a q t .  C  >  0  s u g h  t h a t  f o l

e y g l . y  x € . X  g l ) d  z e  C

. '  r r  , -  l r  -  r t  l l

l l  t z -s ) *  i l  -<  c  l t (z -T  )x  l l

holds,lhe! t leS--,rr.g.g9-LjX Q )c 
'

An  Lsrmec i ia te  app l i cq t ion  o f  Propos i t ion  l . f  i s  o f fe red  by  the  cLass  o f

n o r n a l  o p e r a t o r s , l n d 6 e d , i f  N  i s  a  n o r n a l  o p e r a t o r  o n  a  I I i l b b r t  s p a c e  H '

. :  . , - ' l - -  
b  - a  

, ,  *

' * p p } i e s t o F ' - h y p o n o r n i a 1 o p e r a t o r s T o n $ , b e c a u s e . b y d ' e f i n i t i o n l l T ; h l t - <
r r  l l  r n  5 l l  i n  t t i s  e a s e .l ' 1 . 1 1  I r r r  l l  l t r  u r l l o  v s t v .  ,

i ' :

.  . r1.  $ubsc?lar".-Plrera iorq

T h e  a i n  o i ' t h i s  s e c t i o n  i s  i o . s i r o u  t h a t  t h e  c l a s s  o f  s u b s c a l a r  o p e r a t o r s

c o i n c i i e s  ' . r : - t i r  t h e  c l a s s  o f  o n e : ' a t c r ' q ' ' + i i ; i r  i : ' o o c r * ' y  (  3  
' , *

- i t t

Lc', T { t (;i ) ,-i;i.X: : rn:-ci: s:- ' l 'ce .'-' l ie oncr"g-"-'rr T is sa iC to bc ':gjb:I'3-l-:--i

,acatar" i i '  there exists a cont j -nuous algebra hornornorphisi l t
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z  f - ' ( t )  - *  i , (x )

v r f i n  4  t l l = I  and  Q(z )=T . i f he  rnap  S  , y r l r i l . e  no t  necessa r i l . y  un iquc l y  de te r -

m ined  by  T , i s  ca1 led  a  spec t ra l  d , r - s t r i bu t i on  fo r  T .Due  to  the  fac t  t ha t  t he rc

are snooth par t i t ions of  un i ty ,every genera l iaec l  scala. r  on""* to"  1s c iecorn-

. .posable, i .n  par t icu lar  sat is f iDes condl t lon (p) . tnor  a thourcugh d iscuss ion of

-  tne prbper t ies bf  gener :a l ized scalar  operators see [e l

Due to the cont inu i ty  
" f  

Q there are 'n€ i iT ,C 7 O and a bounded open set
' . J I  )  q (T )  i n  0  such  tha t

: :

l l d ( f ) l l  - < c l l  f l l  n  r € e l f t v \' l l l l l " r J 2  
.  ) r E  b r \ t l / t ^ J '

Since each iunction in 'aln(Q ) whlch vanishes outside a ccmpact subset of -(- l

1s  the  l lm i t  i n  ' 4n ( f l )  o f  a  sequence  o f  f unc t i ons  be long ing  to9 ( f I )  ( c f .

T , e m n i a  J 1  . 1  i n  t r O ] )  a n d  s i n c e  t h e  s u p p o r t  o f  O  i s  p r e c i s e l y . t h e  s e t  6 ( T ) ,
' the 

sp lc t ra i  d is t r ibut ion 0 lnduces canonica l ty  a.  cont inuous l inear  operator

. , .

$: lrn(f l) ---r t(x)

agaln denote4 'by +.The unlque

n A

V : i{"(JZ )on x --+ x

wi th  V t { s . * )  =  Q( f ) x  sa t l s f i es  the  re la t i on .'
.

n A

V(z f  )  =  T  \ y ( f  )  f o r  a1 l  f  € ' , , 1 " ( J2  )An  x .
- 1

As examples  o f  gener -a l l zeC sca la r  opc : :a to rs  we ment ion  the

t ion  opera tors  I { -  , x i th :  the  cocrd ina te  func t ion  on-  the  func t ion
/ r - . i

wn(51  )  , cp (n  ) , r , p ( rL )  o r . ' ny  l l anac i r  f unc t i on  space  wb ich  i s  i n

.an 4 (c  ) -mociute.
'An  

ope: 'a to r  s i rn j -1ar  'es .  i ,he  res t r . l -c ' r ion  o f  a  ge ie ra l i ze  ' j  sca la r  ope l 'a r .o r

to  a . ' c losed invar ian t  subspace is ,ca1 led  gg-bs ! - * i : I . i ' i c i i ce :hs i  eyer .y  s i ' l b -

sca la i '  opera ic r  i ras  o ; 'ope l ty  (P) .

+

t

-o

contlnuous I inear operator

- - - 1  +  i  - a  I  ^ ^
I I I L l J -  t ,  I l - r *  I U  a -

q n q n a a

a natural '*ay
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'  
. l lheorem 4.1 $. gon"t l$lgrrs. l .Uear. :>nelgt-o{ on a LanAcb gg.g iq su!$qqigl- ig

ancl oh1.y i f  j . t  .s.1t i - t i : i -cs con<l i t  ion (  h )  "' r  ' I t

'  P roo f  .  The su , f  f  i c  i cnqy  :

y ^ +  t r  /  T  l ' l  \  l ^ ^ . ^ -  + ^ r  , , i * l . r  /  q  \  l . l i r o *  , . r o  n n ^ r r o  { lr r v v  a E  u \ 4 )  b e  a . n  o p e r e t o r  w i t h  ( h  ) s . F i r s t  w e  p r o v e  t h a t  t h c  c a n o n i -
D l l o

. "  n o ' l  m A n
r v  

! .  r  r r r e l r '

'  r '  v '  f . ( a , x ) / f 3 @ f ) , x p + [ x l'  J  !  , r ' : -_>
u '

.  l s  a  t o p o l o g i c a l  i s o n o r p h i s m . T o  t h i s  e n d  l e t  ( x - - ) . b e  q  s e q u e n c e  i n  X  s u c h
. -  

r  - - - - ' - -  
n '

t h a t  l i m  ( x  +  T _ f . - )  =  0 l n  4 $ , X )  f c r  a  s e q u e n c e  ( f _ )  i n  f i $ : , X ) . I t  f o l -
n ; :a  . - -n  -  z -n '  n :

,  lows that  l j r (Tz? fn)  -  o  and hence by assu.rnpt ion ihat  l iL?fn 
= o.Cf , : :se- '

. quen t l y , t he re  ex i s t s  a  sequence  (g - )  i n  O(C ,X)  w i th  the  p rope r t y' - n '

i m  ( f  - s  )  =  o . w h i e h  i r n p l i e s  l 1 n  ( x  +  T - g - )  =  o  1 n  C I ( 0 , X ) ' L e t1
R; ; .  n  "n '  '  n ' ' c9  n  ! ' - ' n '
. \

\

f , :  O(0 ' x ) *  x .

.  . '  j be  the  un ique  con t i nuous  l i nea r  map  v r l t h  f , ( f  ex )  =  f  (T )x  fo r  f  €  O(C)  and

x€  X .S ince  * (T -g )  =  0  fo r  a l l  g  €  O(c ,X ' ) , i t  f o l " l o i vs '  t ha t
0 z -

I .

l5b*n = lgttr(*n + T186) = o' ,
'

On ' the  o ther  hand ' ,  i f  J  i s '  a  topo log ica l

a  b o u n d e d  o . p e n  s e t  f l > o ( I ' ) ' a n a  n e  N , C )  o

monomorph isn  ,  then

t . , , {  + }a

we can f ind

I
t
1'I 

5
I
1
t

. (  1  )
(

l l x l l - < C . i n f . l l l x(
*  
.T r f  f  l  nn,r t  ; ' r  '

r \

t

€ ( c , x ; 7
)

for  a l l x €  X . l l h e n  t h e  c a n o n i c a l  m a P

N t \

J  :  X - > ' X  =
h  - ; -

t l " ( f f  , x ) / \ ; t "  ( e , i : ) ,  x  r - - r [ x l
L

t

1n

is  a  topo lcgJ -ca }  noncnorph : -bn .To  see

6 ( r I  a n d  1 *  S e  g i f f  ) . i . e ; a r d  l l = i - T z +

and  .no t i ce  tha t  l l r g  
( *n  -  

.T " fn )  
=  o ,

l l n  ( x  -  T - ( e R ( z , T ) x - + l l f - ) )  =  0
R ; ; ' n  z -  n  n

th is  f . i x  I  n  I  G. )  x i t i i  I  =o  ncar

R ( z , T )  a s  a  f u n c t l o n  i n  I  ( f | ; T , ( X )  )

f  € , r ' ' ( . r t , ; i ) ' f o r  a l J  n , i n p l i e s  + " h a t
" n  .

a  compact  su .bsc t  o f  J2  anc i  there fc re'dn ( O ,X ) .  tsui i i f '  van-Lshe s out sice
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.  be longs

1 l m  w
'  n-too n

inducod

t t o b e

sat  i s fy ing

\. \

$ ( z f  )  . =  T ' V ( r )

.  L e t  u s  c o n s i C e r  a

It  suff ices to-.  sho'*

T ,  f t (q r ,x )  - ;  4 ' ( r , ,  , x )

a topr ; log lca l  rndnomorPh is rn ,o r

f  , l  t  & (-.)  '6 x '  ---- t  €(,"r  I

l s  on to  ( fo r  the  ident ' i f i ca t ion

( .  * o "  ^ +  I - c l ) .
. J  ) t r t  c  w t  L )

1 n  o r o e r "  t o  n r c Y e  + ' i ' a "  t '  i s

muta t ivc  d iagram:

t ' ( -

equivalent ly that.  i ts dual

v ?  ^ ^ ^  r F L  4 )  i n  O h  )
n  D U C  l l l  .  I  c  + "  v ' : ' e I

a t  t h e  f o l l o w i n g  c c n -

. n - r .

t o  t h o  c l o s u r e  o f  I  ( S L , X ) .  l n  l { " ( A } X ) . l l e n c e  ( 1 )  i m p l i e b  t h a t
' 

.?\

0 , S i " n c e  i  l n t e r t w r n e s  T  a n d  t h e  g e n e r a l l z e d  s c a l n r  o p e r a f o r  T .

^\
o r ,  ?  l y  t l te  inq l t ip l t ca t ion  w i1h  the  coord lna t -o ,we have thus  shown

subsca lar

. '  ,

T h e  n e c c s s l t Y - .  D

t  €  I ( x )  s a t i s -. > . I t s u f f 1 c e s t o i p o v e t t i a ! a g c n e r a l i z e d s c a 1 a r o p e r a t o r

- f i e s  c o n d i t i o n  ( b  )  e . [ , ' j . n c e  t h e  a d j o i n t  T . '  6 l ( X ' )  i s .  a 1 ' s - o  g e n e r a l i z e d  s c a l a r ' .
- . r  b

the  argurne.n ts  f ro rn  the  beg inn ing  o f  th is  sec t ion  app l ieC to  T '  y ie }d  a

bonnded open se t  5L . in  0  ' , i i th  6 . (T)C.1-L  anr l  an  in ieg€t  t rTzO suc l t  t t ta t  there

is  a  cont  j -nuous  l inear  oPera tor

n A

f :  H " ( A ) @ n x '  >  x '

t

:{
;l'

I

\

for  a l l  i  *  wn ( f t  )6a x '  ,

smal ler  open set  6J wi th  . the propei ' t ies d(T)  C 'u Cc Q '

that the S*P .

Ls

' E  X I

2 t .  . v \ r  Y  1 t ( t d- b \ ( ^ l r . r /  =  U  \ '

o n t o  u e she l l  Look

) 6

' a  r { J
1 v  '

) S  x '

@
I
I
I
l
Y

n A

" ,J^ ' (n 
)  @r,x '

I
I
I

'.,

a*(\ )6 x'

) E

J
t
t
{
I
I
. t
7

.i
!

i
,!

i
i,]*
I
i

1
t .
1

( w - z ) e  I
{ ' ( u : ' t

n l
l,

'ln (rr ) 6r, *'

[r '

I 8 Y
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'  T h e  m a p  V  l r a s  X t  * >  ' l n ( f } )  6 * X ' ,  * ' l * r l e . x r , a s ' n "  
" i g h t  

i n r r e r s e , h e n c o

1 @ V  i s  o n t o . l f  w e  n a n a g e  t r :  p r o v e  t h a t  ( w - z )  o  I  i s  o n l i o . , t h e n  t . h e  p r o o f

w i l l  be  f in ishcd. i l i r s t  r+e  iso la te  t l ie  fo l lo r+ ing  
'obsbrva t ion . .  

.  '  ' . '

- . '

Lemna 4.2 J,cl c<.r c 0 lLg opg4,l' l a l ! i l .ber t  sr race ? i i r i  n  eL{  4,  (c . . ,  |6  i t ' ;  .

sarre ls  t rue for  .

A   

t ,  ( u ) e i i e n  X '  : *  € '  (  c . r  ) O  l t

to  the  fac t  tha t  h  i s  a  topo-

+ ' r a +

Jg h ' +s 9-ur j ecji]re '.t-hgn Lbc

,i

t

J

I

i

: t
it

i

t
t:l .

i
:
I
.t
i
.t
I

wher:e- X l-!; aq arbi_llar.r i-:langqhivpace.

Pro-of .  The surject l ' .z i ty df h '  is ecluj-valent

logical  nononorphisrn,and therefore i rnpl ies

h A a - /a  

h e l  r  4 ( ( . ) ) € i i ' & e r  - j - - - - j r  t i u ) € l i ' 8 E X

'  
- , 1  ,

1s  a  topo3-og ica l  monomorp i i i sn  [ -61  ,9A+ ,4 .  (5 ) .Bu t  t he 'dua l  o f  t he  Ranach
.  4  a \  F ' \

s p a c e  l l '  Q .  X  i s  i s o m e t r i - c a I 1 - y  i s o m o r p h i c  t o  H  @ * X '  .  [  6 l , ] ' 1 5 . 6 .  ( ! )  . T ] r e r e f o r e
v J .  A '

t h c  s u r ; e c t i v i l ; y  o f  h '  i r n p l - i e s  t h a t  o f  h t @  f  o n  t ' ( u o  ) e H @ * X r . .

:

h t l ? r T4 g r @rrx'  ,

r t  space K there  a , re

r i  t r  / ( \
a ' r .  ) .  \  )  )

,\
pro j  ( i iLa6 . i t )  )
"  v .

Thus ue  have red .uced the  proo f  o f  Thccrcn  4 .1  to  thb  prco f  o f
  n

su : " j ec t i v i t y  o f  ' t 1e  map  (w ' z ) r  + '  ( c . - r  )eh " " ( J^ l )  - t  & ' ( ' ' o  16 ; l n {Q

any non-negat ive in tege: '  m.To so lve th is  prcb lem we make use of  a

. r e p r e s e n t e t i o n  o f  t '  ( c , . r  ) .

Assurne that D j"s a nuclear local ly eonvex space ' r ih ich

the  l im i t  o f .  a  reduced countab le  p ro jec t i ve  sys tem

*1 . ,  a

I  ^ v L

.  s tancard

i s  rep resen teo  as
i

.:l

rt

1.

I.'| E = pro j  H,-
. A' t L

o f  I i i l b e r t  s p a c e s .  l ' o r  e a c h

i sonrorph isms [ .c1r f  a t . ^ .  (1J

un j -q r te ,  
"opo log ica l

i l h o

n o Q

II

a

A - .

.  E @ K  +  P r o i
k

a e t  i n ; i  a s  ( : < , - )  o  Y

sit  lon crf  the i 'o l

{u,-O- K) (r

^ * ^  :  T -  - . a - +  i ; . , 1
' . . - )  ( * rO.  . r  )  

' cn  
e le r : ren tary  tcnsors ;  In  t r ra r : t  i cu la r , the  ; 'onco-

lowing  na tura l  nePs
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n
nr^ i l l  ' iq
l , l  \ / d  r l ] . v f

! -

. - i \  i .

B@K -> pro. j  l lk&rr l l  - -+
K

r !  t '

/\
w h g r e  @ 6 -  d e n o t o s  t h e  I I i l b e r t  j - a n  t e n s o r  p r o C u c t , i s

p h i s r , . l l e n r : e  t i : e  l a s t  l a s t  m a p  i s  s u r . j e c t i v e , l j i n c e

pro t iuc i  i s  fa i th fu l  ,  i t  i s  a l  sb  in ;cc t  i ve .

I t  fol lor,r$ t i rat  the canon. lba.I  map,
-

A ' / \

B I K -' pro j (li '.@o. I()
k

i s  a  t o p b l o g i c a l  l s o m o r p h i s n . S i n c e  t h e  p r o j e c t i v e

r e C u c e c i  a n c l  c e f i n e s  a  r e f l e x i v e  s p a c e , b y  s t a n i a r d

n  t n n n l  n r r i r . n 1v \ r y v +

rnc i t i . i  oor l  l -an

i$omor-

tenso r

system on the right is

ciua,l i ty results

h o l d s  t o p o l o g i c a l l y  I r  C ]  t n .  \ v  . 4  . 4  .' )
In  bur  cpse K '  wi l l  be the l l i lber t  space A ' (J?, )  o f  a .11 square in tegrable

func t l ons 'on  an  opon  ̂ se t  Q  in  0 .Then  the  abo rTe  i den t i f i ca t i on  beeomes. "  :

E r & K r

' ' \ ) 2
E ' @ A - ( n )  =  1 n d  n - ( n , i l , 1 ) ,

. l r  '  f

A

^  2 ,  2 .
b e c a u s e  H , '  E - A - ( t 2  )  =  A ' ( n , H , ' - 1

i ( " f , .

l fe  need the  fo l lo r r in6  Ranach

Legmg 4.1 l ,e- t  T € i , (X)

. oDen  ne i . . ; hbo r i r i : co , i  c f

b e  a  F a n a e h .  s n a c e  l n e r a t o r  a n e  l e t

in a canonr-caL

q n a . o  r r n v . i  C n ' l :

t . rq r i

n  f  n  r . o  q r r ' l  *

j '

i n  l ' 1  2 l .
L ' 6 , r .

11 be  a  bounded

t r(r)  in 0.L!.sl

J  z  X  - ,  . t 2 (U ,  , u . ) / I z : l ( t r ,X ) X F I X J

i s  a  teno lo r . : i ca l islrli,nhi.sq,dl!s@

t )
A r ( u , x ) / T r A ' ( u , K ) - ?  x ,  I r l p r f , ( r l .

p r o o  f  .

$ :

< l i n n a  * h o  . ^ n m n n c i * i n nr r l t l L  s  u r . v  L 9 r . 1 y v - !  u  r ( / r r

1 2 ( u ,  K )  / T  r i , t ( u , t  )  -  ]  - t  O ( l l , x ' ) / \ :  z O  
( r J , x ) ,

.  .  r ^ r  r ^ t  -' d n e r e  r L l j =  l r J l o r  i . '  € . L / ( l i r l { ) , i s  a  * , o i : c 1 o g i c a 1  i l c : ' , c r i : h i s r n

x  J r

r,v [r ?l , tr'c
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. ' r ' r ' ra to r  , I  i s  a t ' leas t  a  topo log iea l  monomorph lsn i . . i Jecause o f  d (T)C U thev l ' v +

A

m a p  i  i s  i n j e c t i v c , w h i c h  i n  t u r n  i n r p l i e . s  t h c  s u r " j c c t : , v i t y  o f  J . B u t  Q  i s
.  ^ 1 - , , . i  n r r c ' l  t r  o  ' l  n f  l .  i n V e r S 0  f O f  J  a n d  l i C n C e  a I S O  a  f  i l f h t  i n V e f  S e .v v v  4 v u ^ r r ' J  c 4  . ! u ,  v  { J

:  - '

d  , [  i n  0  ; - i t h  t ^ t c c f l a

4. (cd  )  =  p ro j  i {k (u )  "
.  k€ u{

.  | ,ccw

As exp la ine t l  a .? ;ove ' th is  l -eads  to

For each k and U t t ie spectrurn of the

k k
T=T,_ :  l { " (U)  -+ ' { " (U) ;  f  Fr  r+f

. I f ,

.

ie  conta lned in  f l  .There fore  a l l  . t ,he  bequences  ' (c f .  Lemma

N o w  a s  b e f o r c r c o n s i d e r  b o u n d e d  o p e n  s e t s
' r l le  maFg use o f  the  repre .senta t ion :

i

J
J

I

1
. i
t
' t

. l

t
. t
, !)
I

j
' . j

I

" l  i

t

. ?

) v
o  . - +  A ' ( f I  , H ^ ( L r )  , )

'are 
exact. i rorrning the

rr-z | 4.'(.)

l s  o n t o

, \  )  . , , o

O - -e  t ,  {w  )  E  A ' ( f I1  * - " '

mult ip1 icat ion. ope.rator

induc t ive  l im l t  we ob ta in  the  exac t  seq .uence

Lemma 4.4 For. q.ach .n?irg-o:f 
'botrndeci-oJ.9.g-S.9,t^9. 

u ccst anrl everv lrte,'rel

n), 0,!!g-qgp

)6 :v*(rt  )  -  +" t ' (qr )d i**(.n )

Proc f  ,  ' l ' he  asser t ion  is  Provod bY in i iuc t ion  on  . r r .  i l o r  n=O th .e  s ta te re  n t



o
. 4' l

( . ,  (w;6 ,*n=1 1rz
.f
IZ"
I
^ m

L,  (c- t  )  O i { "^( f i  )
t
I
I
I' l

j ' ( ,  o 1 6  a z t n  )
4
I

I
. l

I

o

t \ . .q:r..
fo l lows f rom the  observa t ion  tha t  norn ia l  opera tors  have proper ty  (F  )+' .  t2

u s i n g  d u a l . i i y , s c c  P r o l > o s i t i o n  1 ' J ;

.  For t l ie proof of the induct i .on s ' i ,ep we consider the fol lovl in ' i  
"ot31611]: i )-

t 1 v e d | a g r a r n v l i t h e x a c t r o w s a n < ] c o 1 u m n s : . ' . . . .
: .

. D ,

f iere C. . stands for L' G.: ) .
.  I  ?$ . .

.  
'By  

the  ' , re lL -kno ' *n  serpe  n t  ' s  lenma therg iS  a '  na tura l  exaet  sequ.encg

n r . .  ( r o  * h r t  * h a  n n h n u n r j a ? v ' o o e r a t o f .  d  i s  s r r r i e e t i V e . T h l : ;  S U f -
\ j u l  o ! l : l  r o  v v  P r  v  '  v

: "  lo 
prove that the cobounda:.y o.perator u ro aur rJ\ .v v!

. f l c e s  . t o  f l n i s h  t h e  p r o o f  o f  t h e  i n d r r c t  j " c n  s t e p , s i n c e  t h e n  C r = 0 . .

l , le  make u .bb  o f  the  nd t r r ra l  topo log ica l  iden i i f i ca t i cn

- i

/ \  m . ' l  * ' {  '

Z,  Gt  )4 . ' , , ,J t t - '  ( .Cr)  = Lb(  4. ( " ,  ) , ' ,y ' " - '  ( rL)  ) ,

see  [ rOJp .  525 . to r  g i ven  e rcnen ts  a€ :v * -1  ( J2 ) , k€  O I ,  )4 ' €g ( r - ]  )  t h -e  ope ra t ' o r

.  :  m - 1  = k . '

. . .  d t 4 @ ) - - - +  
' 1 " - ' ( . c l ) ,  

f  F = > ? ^ ( r c q ) &

:

be l -ongs ;  modu lo  the  above ident i f i ca t i r :n  to  the  space K=:



' , :  
,  . ; i

f f . p e 4 ' ( l . , o 1 6 u m { n )
of  ( r - " )F  in  C, ,  . I t  i s

' . .*  , ' -  : .. /

i s  a  s o l u t i o n  1 1  5 , , p  -  o {  , t h o n  d o (  i s , t h e .  l m a g e

standard  to  check  tha t

/  - V

( F(q ))(z).= (zn i-,-t I 3-rry1ru 'd5 ^ d5
tfv

alrnost a1J-

e f L

z  €  CL and de f ines  an  e lenent
A m

P, L ' (cu )o  * r ' ( rL)i s  ve1 l  de f i ncd  fo r

G u c h  t h a t  2  & = d .
.  z l

lor almost al. l  t

=

7 '

l ( .9  t l f t l  =

whore  t l ie  las t  oqua l  l tY

r , t  ? " a '  €  t '  (  a r  ) . i l s l n g

is  . ]us t  the  Cef in i r ' l on  o f  lne  d is t r  ibu t ion

tensor  p roduc t  nc , ta t ion  th is  means

wo obta ln

r
- { .  I

( 2 r T i )  '  
\
I

J
t
v

7  .  r k { -1  - -' \ : r , ,  J l

Itt"-r1 p

The def rn i t ions  prec :ed ing  tenna 4 'J  there fore  sho ' . r  tha t

. . . .
' r r 1 '  - 1  : *

d d  =  ( - t ) ' - * '  r - '  ( > c ? ^ e ) .

'
- l

B u t  e a c h  d i s t r j - b u i i o n  u  <  t ' ( q )  i . s  o f  t h e  f o r n  u = w ? " a  1 ' o r  s u i t a b l e  u ,

k  a n a  a  a s  * i r o v e , h e n c e  t h e  c o b o u n $ a r y  o p e r a t o r  d ' i s ' o n t o  a n c . t h e  p r o o f  o f

T h e o r e m  4 . 1  i s  c o m p l e t e .

i le  summar ize  ce lou  fo i ' tbe  conven i , :nce  o f  the  reac .er  sc i i ro  c f  t ,he  e i lu i -
'  

I  i n  t h e  l a s t  t w o  s e c t i o n s .v 3 l e n c e s  p r o v e c i  l n  t n e  r a s t  r H o  s e c r L o n s .

Pr iopos i t ion  4  .5  I ,a I  1 '  €  i ,  ( t (  )  ;The

b)  J  :  x  - : - - -+  { ( ' c ,x  ) /T  
"  

L (c , ;< ; ,  x ro lx ] '5
, '  c 4 ' t " ' - \ t  ^ ' . : t ' h l t' f ,  C  ( z r L  r - r

' i .

( z - ! '  ) u  =  0  e " r l . c ,  : l ( 1 )  =  x l .

.N
.-l

I
t

t
j
I
I
I

I

' {
i

: .4' . i

t
I
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r i \  t l  e r + i q f i c a  f  0 t t -u ,  I  \ ) c . w . l \ r r . r . L . r  \ V  l d  .
t ' L

o \  ] f n r  n r r o l i r  l r n r : n i i o r l  r r n ' i  , r l r h n r r r h n n d  O-w 
J r \r 'r \i 

" 
\i, r .Y _u-,-ja:)l:-:_:j-:-,j::::v.4i 

/_:y:ja r q

sss-b-i-be!

t t  f  l t  ̂ ^ r < - c  l l  t - r l l  , , n
l t L L  [ :  l l  . l L L

: P r o q l i .  
1 ' h e  i m p l l c a t i o r i . s  d ) + u )  a n d  b ) + a )

Thcorenn / r ;1  .

. ' l ' Ie  ha , re  to  exp la in  the  no ta t ion  in  par t

o f  X  i n t o  4 ( t . , x - )  i s  s i m p l y  t h e  n a p  1 @  I

v  €  f . ' ( C ) G  X '  ' ^ , e  v r r i t e  u ( ' l )  ' i n s t e a d  o f  1 &

d u a l l z e d  v e r s i o n  o f  p a r t  b ) .

o p e r a t o r  d n  a  } I l l b e r t  s p a e e .

.  2 )  I f  T  i s  a  s u b s c a l a r  o p e r a t o r . o n  . a

genera l tze t$- .sce la r  ex tens ion  cons t ruc ted

< r f  n ' \  r ' ] , a r a  o n n  [  7  O  a n d  n <  l i . lU \  J  / .

are  conta incd  in  the  proo f  o f

c ) . T h e  a d j o i n t  o f  t h e  e m b e c i t i i n g
,\

I  L '  (  c )d  x . '  - . *  (g  6x '  :  x ' , 1 'o r

I  ( u ) .  T f i u s  p a r t  c  )  i s  j u s t  t h c

t

'  . , (
B a n a c h  s p a c e . f  a n C  T  €  t ( X ) .  i s  a

e s  l n ' t h e  p r o o f  o f  t h o  s u f f i c i e n c Y

fi,r

+ / - c x  l o  v \
,  ^ * e  \ + G t / \ J .

Rern3. Iks .  1 )  The proo f  o f  t i re  su f f i c j . cncy  par t  o f  Theo: 'em 4 . ' l  shovs  tha t  a

su .bsca lb r  opera tor  .on  a  l l i l bc r t  space can bo  ex tend.cC,  to  a  genera l i -zed  sca la : * '

par t  .  o f  Thoorcrn 4 .1  '  then

r-

l i c r e  A * ( S )  d e n o t e s  t h e  a p p r o x i n a t e  p o i n t  s p e c t r u m  o f  a n  o p e r a t o r  S . '
.  J l  -  '

3 )  l l e  h a v e . a i . r e a d y  n o t i c e d  t h a t  a  n a n a c l i  s p a c e  o p q i a t o r  T  . i s , C e c o m p o s a b l e

i f  a n d  o n l y  i f  T  a n d . T '  b o t h  p o s s e s s  p r c p e r t y  (  p  ) .  t t  i * c u l d  b e  i n t e : ' e s - b i n g  .

' t e  
k n o w . r + i r e t h e r .  t h e  c o r T ' e s p o n r i i n g  r e s u l i  f o r  p r o p e r t - v  (  ?  ) 4  i t  t r u e , i . e .

w h e t h e r . T  i s  g e n e r a l i z e d  s c a l n r , i f  a n d  o n l y  i f . T  a n d  T ' , b o i h  p o s s e s s  p r o -

- - - - ^ . -  /  A  \pe]'ry \ P )4

4)  l io t i ce .  the  equa l i l y  be t ' , ieen  the  orc ie I .  o f  t l  Sdnera l i r :ed  sca la r  e :< ten-

.s ion 'o f  
a  subsca la r  opera tor  and the  in teger  n  in  the  es ; t lna te  e )  In

Propcs i t  i on  .1  .5 .
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5 .  Ann l i ca t i ons

I ) .  The fo1 lowin5;  theorcm
' I  

. :  l

T,e t  g  be  an  ana ly t : -e  co i rc ron t  sheaf  on  a  eornn l .ex  nan i fo -1< i .T4en TAot
v

' ' ?

1g a  sheaf  o f  i r re .chet  spaces

..
: . ,

Our  a im is  to  p rove  tha t  th is  s ta tement  i s  no

rent sheaveg,even they afe gen€ral ized coherent

sense. I ' io re  p rec ise ly rwe prove the  fo l low ing .

Lemma !.1 There is an anal."r t ic funqt ion t  e O (c; i , (u))  wit i f  H a l l i lbe.r- t

space,such tha t  fo r  bve : ' . y  open,  se i  YC C the  inc iuced nu . l - t in l - rca , t lgn  on" , ra !o

8 :  9 (y , t t ) :+  O( ' f  ,H)  i s  one- io  o lg j r : th  c l .osed '  r 'F . l :e ;bu i  there  are  onen

s e t s  U  i n  0  s u c n  t n a t  F :  L ( r l  , A )  *  L ( . U , U )  l : n s  n r  l o n . " - r  e l o s c C  r a n A q .

aohsider the cokernel T dt
: _

gets the exaet  seguenee . :
l s . '
t . - .

-    ^ t r  ' r

9 e  n - - - +  9 8 i { - '  ?  - -

;
Thus F is a Banach coherent analy*, ic l ' rdchet sheaf in t l ie terr , i inology of

I . e i t e r e r [ 8 J o r q u a s | c o h e r e n t ] t n t } r e t e r m . i : r o 1 o g y . o f t h e } ' r e n c h . s c h o o 1 .
.  - , \

.Lenrna.5 . i .  s ta tes  tha t  a  na tu : 'a l  topo log ica l  tensor  p roduc t  T  dUL wh ich  
'

ex tends  the  a lgebra lc  tensor  p : 'oduc t ,vhen 
'S  

iu  cohe ien t r i s  no 'u  a 'sheaf  o f
/ .

Freciret spaces ,  ,

:  . , i

.
p roo f  o f  lemna 5 ,1 .  Le t ' t  be  a  quas tn iLpoten t  cFere tor  on  the  l { i lber t  space

} l . w h i c h . ! s n o t n i I p o t e n t . , f e d e f i n e f ( z ) : z - T f o r z € C .

.  T h e ' s t a t e r e n t  i s  e q u l v a l e n t  t o  t h e  a s s e r t i o n  t h a t  T  h a s  p r o g r e r t y  ( 9 ) '

. but not proper.tlr ( ? 
j 
+ .

:  .  Slnce 5:(T)=ln] ,"rnl i t ion (  p )  is  t r iv ia l ly  sat isf ieci . i f  T ' , rould p" i"""" '

proper ty  (  $  )c  , ihen '  i t  wou lc l  have a  quas in i l .pc ten t  genera l l re r i  sca la r  ex !
' . - t - !

tension.As errery quasln!1 pof,ent gen'eral  Lz.ed scalar operator is nipctc; : t  'T

w o u l C  b e  n i l -  p o * u e n t  , t o o .

' * l  i -

. .

longer true fo:r  non*,cohe-
: i  

. .

i n  a  na tura l  tono log ica l

1".
r i
I

L{' {
4
4
I

{
::
.t

t
. 1

{

i
t
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: l,,

I

- l
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t
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I
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r ,  ; ; .  : i i  1  , i . , ' r l :  , , . r : ; 1 , . : ' : " i ' ; , ; : ;  .  . ; "  i ' , t .  : l ; r : i , ; ' , ' 1 1 1 ; " , t 1 ,  ,  

" ) G _

:
0 f .  course

' ( t t )  ( x )  =

V o l .  t e r r a  o p e r a t o r

f ( t ) d t

def  iner l  on L2 [0 ,  i l  by

rrd (n

h e+

x
r
\
J
o

can be choose,n for T in the above proof .

:

I I )  Theorern  4 . i  p rovrc les  in  i t s  dua l  vers ion  a  very . .genera l  resu l t  con-

cern ing  the  d iv is ion  o f  vec tor  va lued d is t r ibu t ions  by  cer ta in  l inear  func-

, t ions . I t  i s  our  a im to  p resent  in  the  seque l  a  coup le  o f  par t i c r t la r  cases

of  th is  abs t rac t  d iv is ion  theorem.Thus , , re  f ind  aga in .by  th is .  way  the  d i ' r i -

s ion  theoren o f  < l i s t r ibu t ions  in  a  dorna in  o f  0 I  Uy  complex  ana ly t ie  f 'unc-

t ions .The reader  w i l l  eas i l y  inag ine  o ther  s imi la r  app l i ca i ion-e  c f  T l ieoren

4 , 1  w h i c h  r n a y  b e  o f  a n  i n d e p e n d e n t  i n t e r e s t .  "

p r o p o s i t t o n . 5 . 2  T , e t  S )  b e  a  d c r n n i n  o f  p n , n 7 z  1 , a n d  l . e t -  H d ( f f  ) . d e n o t e  t h e
' : i - r l t |

So-Fo l .ev  sqace  o f  o : ' de r  . deV ' . l o r  anv  func l i o r l  f  €  C ' " ' ( i l ) , ! ! e  mgp

. :

^ t

z - 1 ( H  j

i s  o n t o .

-  P Ioo f . . .  The mul t ip l i ca t ion  opera tor
d

i i* (f l  )  . i ' ' loreover, l i f  {b 'ob' 'r iously th.e

.  ope ra to "  M i  ac t i ng . .on  the  (p re )Cua l

-  Theoren r  4 .1  the  app i i ca t i on

i ' f ,  i s  genera l i zed  scaLar  opera tor  on

.dua l -  opera tor  o f  
. the  

gcnera l i zed  sca la r

o f  t h e  l l i l b e r t  s p a c e  H d ( f I  ) . n Y

f f l \ , o

,!

z - r ( w )  z  ' L , t a l 6 t t d ( n )  - -  )  f l ' ( { : ) G l i d ( s r )

i s  on to

An argument. based on

f ,e t  us  po in t

p ropos i t ion  bY

t h e  s m o o t h .  p a r t i t i o n o f  u n i t y  e n d s  t h e  P r o o f .

o u t  t h a t  t h e  s p a c e  2 ' ( c )  c a n n o t  b e  r e p l a c e d  i n  t h e  a b c v e

a s tna l l c r  space.  i io i  ins tance t i re  app l i ca t  i cn
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w-n ' H;:^ ( c; ) 6rrtts1 ,.  I o c '

is 'no1;  onto ' r /hencr , 'er  .<J>>1'

w -? ,  l i es  i n i o  t he  ]<e rne l

app l  i ca t  i on

P ( z , w )  -  z n

\ '

' - - r A t

r+h ich  is  no t  t r i v ia l

'
n

Propos i t  Lan 5 ,3  Le t  KC IP , I I  b .9  a  connact  se t  ,1  :  p  -<oo hn i j  le !  P  be  a  nen i -c

.  _ c O / _ - \pof. l 'nor.  Lal ' , r i t r r  cqq!_!- ! ,c !-Qn!s_j4 L- '  (K )  :

a ,  e .  L - ( K )  , 1  - <  j - <  $ .
I

)  O.  lndced ,  j -n

o f  the  na tura l

' ( f l ) ,  
u B  f

tha t  ca$e the  range o f  the  map

rcs t r i c t  ion  a t rd  mu l . t  ip l  i ca t  ion

t--o f (ulfr.) ,

l+

Then the* nr"r1 i rplica-Llgn rnas

- ' h n D  
n-  ? ' ( 0 )  e . t t ' . ( ; , : )  - - 1 t  3 ' ( C )  I  i , Y ( K )

l s  o n t o .

:  . ' '

F roo f  .  ! ' i r s t  . ' '  assume t l ia t  tha  po lyno: i r ia l  P  h-as  orc ie r  one,na ;ne Iy_P(z ,v r )=

z- t (w)  ' *here  f  e  L f  ( ,Y) .?he onera tor  i4 , '  i s  gcnera l  i zc< i -  sca la r  on  f ,P( f  )  anc i  i t

i s -  tbe  dua1.  o f  a  genera l i zed  sca la r : ' cpera to : '  : rc t ing  on  the  preduat  o f  * ,ne

n .
t sbnach spece Lp(K) :Then ' " re  conc lude as  be fore  t iLa t  the  nap

:
' \  ^  (c ;  6  ; ,P  ( i : )z - t ' ( w )  i  . 9 ' ( l ) o r , " ( ' l )  - - - = r  $ r

o n t o .

s ince  the  .po lynon ia l  i l .  can  be  , ieconpcsed in to  fa . ' c io rs :

' P ( z , w )  =  i , ^ - f i  ( w i  ) . . .  ( " - f * ( w i ) ,

H i t h .  t  .  e r f  ; x )  , 1 - <  . j  (  r i , i i : e  p r c o f  o f  t n e  n t - o p o s : - i
-'l

c a s e .

! s



I

The c ieeosrpdsl t ion bf  P ln to
' i " r

l i near  
' fac to rs  

r t rns h s  f o l l o w s . C o n s l d e r  t h e

appl icat ion

6:0m--+'
n  \  ^ -  / - . \ \f t " '  < l  r y \ - l  t <  1 , 7\ t ,  r  o \ . r , 1  - \  u ^ \ L ) t . . . ,  v ^ \ h l ) ,

' l l l l

o  r l } a o
, . . .  t

u l

/ ' c o o  f  n r
\ v v v

n  i  , ' V r *  i ' n r r o n q oI 4 i i f r v  - * r r v  v .  ! v .

where  d . , ,_ .  denote ' the  fund-anenta l  s iynmet r lc  po lynon l ia ls  in  z ,
- l L

j l oca l  s t ruc tu re  o f  t l re  f in i te  a lgebra lc  cover ings 'as  d  above

' i n s t a n c e  
[ t . r l  ) , s h o r v s  t h a t  t h e  a p p l i c a t l o n  d  h a s  a  m e a s u r a b l e

.  t l r i s  i n v e r s e  m a p  g i v e s  t h e  p a r a m e t r i z e d  r o o t s  r . , ( w ) , 1  ' <  J  - <  n .

Thus  thc  p roor '  o f  Propos i t ion  5 .2  l s  comple te '  '
' i

.our  nex t  a im is  to  c le r ive  i rom' thc  las t  p r .< ipos i t ion  a  p roo f  o f  the  fo l -

Iow ing  we] I -knovn d iv is ron  theorem,see [9 ]  qna I tO]  fo r  fu r ther ' in fo rna t ion

anA the  or igLna l  p roo fs  cven in  the  'oa l  ana ly t i c  case

i n  o f  ( l t r - n )  1  . a  
'  

;C o r c l l a r y  ! . . 4  I : e t  f /  b e - 3  d o f a i n  o f  0 ' " , . t ,  1  , a n d  l e !  t 4  O  ( J ? )  b e  a L  a n a l ' r t i

fnnn f  i . )n ,no t  i r len t ic .?L l . l r  e -n -ua1 tb  ze lg .Then the  m' . l1 t i r :1  iga" t ion  nap.
: - = : : - - : - - : - : : , - - - -  

-  
" - ' ' -  

. -  
- L - '  - . '

' f

i
{
t
i '
I

I
I.{

i {

I
t
t
I

I
I

1
i

I
!

i
t
I{
I
I

t '

J .j

.{ -t

. i  - r .
I: {
I
I. t
I

i 5  o n t o .

vhere g €

P ( 2 ,  w )

Slnce o

re f l ta ins  to

?  ' ( ' u ) .

?' (ft )

Xro"-t-  The problem is obviorrsly loeal.  Fix a rroint  a e S1- '  l3y i r 'e icrstrass

p r e p a r a t i o n  L e r n n a  [ f  g l  C h  . t  9 5 , t h e r e  
e x . i . s t s  a  l i n e a r .  c h a n g e  o - f ' c o c r d i n a t e s

a n d  a n  o p e r i  n e i g h b o r p h o o d  t l ' o f  a  1 n  f L . r s u c h  t h a t  i n ' t h e  n e w  c o o r d i n a t e s

. .
:  .  n - 1 .

( z , t ' ) e  L i / 1 A x p '  ,

O ( i l )  i s  no ' , . rhere  van ish ing  on  i l  anO P is  a  rnon ic  po lynomiaL in  z :

' m  m - 1  ^  / - - r
=  z " '  +  a .  ( w ) z - '  +  . . .  +  a  ( w ) ,

I  m '

l r . p r o b l e m i s _ j ' n v a r i a n t t o l i n e a r c h a n g e s o f c o c r i i n a t e s ' i t

b e  p r c v e d  t h a t  t i r e  m u l t i p l i c a t i o n  w i t h  P  i s  o n t o  o n  i h e  s p e c e

f ( z , v )  =  g { z , w ) P ( z , w )  '



"  I ' J *

' ' '

A f te r  shr lnk ing  U tc r  a  t ibmaln  l i l as  T . I=VX W,such tha t  t l i e  coc f f i c : lon ts

a .  b e l o n g  t o  t * ( 1 { )  f o r  e v e r y  1  r <  J  r <  r n , w e  t * . k e  a  d i s t r i b u t i o n  u  e  S ' ( U ) . n y
r J '

the '  local .  s ;o l - ' , 'ab. i -1- i ty  and tho regula: r i ty  o f .  the ?-opelato l , ' r re  m: :y  cxpress

u as a - l . inear  combinat i -on ot i  d is t r ibut ions of  ' t i re  form

;{ t  ld '*' 0 1 . . .  d r , '  3 ,

DD
. ' )
t i t t r  f f  € l :  ( U ) - a n d  d . + . , . ' + d  -  l a r g e  e n o u g h .-  v  l o c '  , '  1  n' :  

Rr r t  the  lunc t ion  g  ca i r  be  regarCed er1ua l1y  as  pn  d lcment  o f  the  spo.ce
. ^ )
9 ' ( i ' )O i ,a t , ' i ) , r . l re l '€ -X  is .  an  arb i t : ' a ry  corn : :ac t  s ' i se t  o f  l f  .Thus  Prcpos i ' ; ion

' 5 . J  a p p l i e s  a n d  y i e l c i s  a  s o l u t i o n  o t .  t h e  e q u a t i o n  P f = S  o n  Y X K . S i n c e  t i : e

m u l t i p l - i c a t i o n  v i t l r  P  c c n n u t e s  w i i h  t h e  c p e r a t o r s  ? . ; 1  * (  j - (  h , b y  p u t t i n g

togethe::  the cistr ibr: t ions ;nt  idT'L e "^ 
4

I  . . .  d  n .  '  " r v  ; ; e t  a  s o l u t i o n  . l  E 9 ' ( V x  X )  o f

the ,  equat ion  Pv=u.Th is  comple tes  the  pr 'oo f  o f  the  coro l la ry .

.  2 .
n n l ' r  t h p  s n e c e  L - ( K )  h a s  b e e n  i n ' , r c l v e d  i n  i h c

L e m m a .  3 . 2  i s  n e e d e d  i n  t h i s  p r o o f .

Let  us  r€n ia fk  tha t ,s ince

p ioo f  o f  the .  cc ro l la ry ,on ly
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i l e f  e rcnce s

1 -  n i s r l r n n . l l  . :  , \  r l r r a l  i 1 : r r  t l r o n r . o u l  f o r  a n  a f b i t l a r y ' o p e l " a t o r . I ' a c i f i c  J .  I ' i a 1 ; h . .
I  r  J ) l - i ) r l ( r I r t l . / . :  i r  w u ( a r * v J

9 , 7 7 9 - 7 9 4 ( 1 9 5 9 )
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