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A TTME DEPENDENT SCATTERING THEORY FOR STRONGLY

PROPAGATIVE SYSdEMS WITH PERTURBATIONS OF

SHORT-RANGE CLASS

by

ARSU GRUIA

1.  INTRODUCTION

In th is  paper  we prove the asymptot ic  completeness for

s t rongly  propagat ive systems wi th  per turbat j -ons of  shor t - range

class by means of  t ime dependent  rnethods.  Usi -ng a su i tab l -e mo*

di f icat ion of  the thechniques,  developed by E.  ]4ourre in  [3 ]  ,

we in t roduce a s imi lar  decomposi t ion of  the ident i ty  1  -  P+ + p r

and we prove a basj -c  est imate which enable us to  prove the asymp-

tot ic  completeness and the d iscreteness of  po int  spect rum in

R \ { O } .

We shal l  formulate therrproblem to be d iscussed he.re wi th

severa l  assumpt ions.  The operators to  be considered are g iven in

the fo l lowing form,  "

4 n
( 1 . 1 )  A  =  E ( x ) - '  l  A . i D i  ,

j = 1  J  i

( 1  " 2 )  A o =  
, l . , o r o i  

,

w h e r e  o j = - t - 8 / A x '  E ( x )  a n d  A '  J = 1  , . . . , n  a r e  r i ! .  x  m  t { e r m i t i a n

matr ices sat is fy ing the foL lowing assumpt . ions:
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( A .  1 )  E ( x )  a n d  t h e . d e r i v a t i v e s  D t E ( * )  t . . . t O r E ( x )  a r e  c o n t i -

nuous and bounded on R.n.  Moreover ,  there ex is t  pos i t ive

constants  c  and c '  such that

11
(  1  .  3  )  c I  SE  (x )  5c  '  I  f o r  a l l -  xeRn ;

( A . 2 1  T h e r e  e x i s t s  e > 0  s u c h  t h a t  I n t x ) - I l = 0 ( l x l - 1 - t )  a s

l x l - n " '  '

. 4 n
( A . 3 )  T h e  s y m b o l  A ( x , E ) = n ( x ) - '  I  a . , 6 - ,  s a t i s f i e s

t2 t  J  -J

( 1 . 4 )  r a n k  A ( x r E ) = m - k  f o r  a l l  x e R n  a n d  q e p n r { 0 }

Let  7(  denote the Hi lber t  space of  a l - l  measurable Ck va lued

funct ions u,  def ined on Rf , ,  such that

l l " l 1 3  =  I  E ( x ) u ( x ) . u ( x ) d x < -"]t
Rn

and K o the Hi lber t  space 1,2 (nt )k  wi th  the usual  norm. Then we

can  eas i l y  show tha t  t he  ope ra to rs  A  and  resp .  Ao  de f i ned  by  (1 .1  )

and  resp  .  11 .21  have  some na tu ra l  seJ - f -ad jo in t  rea l i za t i ons  (de -

noted by the same symbols A and resp.  Ao)  in  7{  and resp.  X{o wi th

t l r e  doma ins  g i ven  by  S (n )  =9 (Ao)  =  {ueK .o ;Aoue f fo }  ( see  tS l  }

Le t  U ( t )= " - iA t  resp "  Uo{ t ;= " - i ^o t  bb  the  one -pa ramete r  un i -

tar lz  groups tn7(  resp.  7e o 
generated by A l :esp.  Ao.  The wave

opera to r "  W* ,  W_ assoc ia ted  w i th  the  g roups  Uo( t )  and  U( t )  a re

def ined by

( 1  . 5 )  w a = s . - a 1 ] * * - u ( - t ) J U o  ( t )  P o

where Po=I-Po is  the pro ject ion of  V(o on1o (ker  no) t  and J j -s
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the ident i f icaLion operator  o f  X(o.  onto KzJu=u.  I tLr ,has been shown

j-n t1] that (ker lro)t --Jtou", the subspace of absolute continuity of

40
/ \  LN dLo o

The main resul t  j -s  the fo l lowing,

THEOREI4  1 .1 .  Assume tha t  t he  hypo theses  (A .  1 ) -  (A .3 )  a re  s€L -

t i s f i e d .  T h e n

( f  )  The wave oPerator"  W* ex i -s t ,

( i f  )  Range W+=T(. (L\  ,  t f re  lor . t inuous subspace of  A in  7(  '

( i j - i )  I n  R . , {O l  an .  e igenva lues  o f  A  a re  d i sc re te  and  o f  f i n i t e

mut t ip l ic i ty  wi th  po"s ib l "  accumulat ing points  0 and +-

pr .oo l  .  t r , i )  The ex is tence of  W* was proved in  tzJ under  more

genera l  hypotheses.

>elow bY meansThe other  par ts  of  Theorem 1 .1  wi l l  be proved t

o f  t ime-dependen t  me thods .

2:  DEOOMPOSITION OF THE IDENTITY AND THE BASIC BSTI}4ATE

Le t  A  be  the  we l - I  known  d i l a ta t i on  g roup  genera to r  on f f i o .

Denote by p*  and P the spectra l  pro jectors of  A on the posi t i -ve

and negat i -ve par ts  of  i ts  spectrum

Le t .Ao  be  a  se l f -ad jo in t  ope ra to r  onVeo  such  tha t

(2 . 1 ) 
"* 

iAtAo"-iAt = 
"-o 

tA 
o for some cr> 0 -

D e n o t e  n y  X i  =  X R t  \ { 0 } .

T H E O R E M  2 . 1 .  L e t  9  n  C ; @ + \  { 0 } )  a n d  0 5 p ' < p .  T h e n  t h e r e  1 s

a  cons tan t  c  (depend ing  on  I  ,  F ,  [ r '  )  such  tha t

( 2 . 2 1  |  l x * ( t )  l A  +  i l - p e - i A o t s ( A o ) P * l  l s c l t l - t ' ' '



1-:::--"_---- 
-. '

Proof

1 " .  L e t  O < r < R  s u c h  t h a t  s u p p ( g ) - ( 0 , r ) .  B y  C a u c h y ' s  i n t e g r a l

representat ionr  w€ obta in

- i A  t  - 1  '  - 4  o t -  - 1

e  
- - - o  g  ( A , . , )  =  ( 2 r L )  

- ' J  
e - ' o  

' ( z - A o )  ' g  ( A o ) d z =
v c

m r  - m r  . - ' i " ,  - L z L ,  ^  . - m , - 1  . .
=  ( - 1  ) r ' m ' !  ( i t ) - " '  ( 2 n i ) - '  1 " . - - ^  

' t z - A o )  ' g ( A o ) d z

where the path C of integration is composed of the segments

[ - R - i 6 ,  R - i 6 ]  ,  [ R - i 6 ,  R + i e ]  '

; 1 1 + 1 e r  - R + i e l  ,  J - P + i e  r  - R - i 6 l

Hence,  bY le t t ing R+* r  w€ obta in

" - A o t g  
( A o )  =  ( - 1  ) m ' m, !  ( i t )  

-m ' . -6 t  
(2 r i )  

-1  
Je- ing1n- i6 -Ao) { ' -1  

.
! C O

. 9 (Ao) de+ (-1 )m: 
*1m, 

! (*) 
-m' 

"'t 
(2ni) 

-t 
i ;int (e+ie-Ao) 

-m' -1 
g (Ao) dB .

. *

Let t ing 6+* when t>0 and le t t ing e-+*  when t<0 we obta in

_ @

(2.3) 
- i lotgtAo;=+m' 

!  ( i t ) - rn ' ; let12ni t -1 J JtEt(A;n; ie)-m'-19(Ao)dE, t io
- C O

2 o .  I f  t > 0 ,  f r o m .  { 2 " 3 1  i t  f o l l o w s

" - t n o t n  
( A o )  p +  = m i  !  ( i t )  

- m '  

" ' t  
( 2 t r L l - 1  .

.  . i . - tu t  lo* i  |  
- *  

(Ao-E- ie  )  
- * ' -1  

g  (Ao)  r+au
- @ ( )

F o r  O < a c b  s u c h  t h a t  s u p p ( g ) - ( a , b )  w e  h a v e
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t ^  r r  I  r  r  ^ - i E t r . , *  t - R r n  - F - i - r - f r t - 1 o ( A  l p + o g l  l s( 2 . 5 )  l l  J  e  l A + r l  [ r t o - r - r t - ,  o '  , ,
lP r. F;r h]
I \  \  L q t v r

s " o = c o ( A r g r f  i t t ' ) '  o < e 5 1  '

3o.  We shal l  est j -mate the norm of  the operhtor

I  a+ i  |  
- *  

(  Ao -E- ie  )  
-m  ' - t  

n  (Ao  )  P+

uni formly for  E e [a  rbJ and e e (0 r  1 ]  .

The problem can be reduced to the study of

{  la+ i  l - *  {no-n- ie  )  
-m ' -1n .  

, : :  
16 ;? ]

because  l a+ i l - *g (Ao)am i s  c lea r l y  a  bound .ed  ope ra to r  f o r  meN:

i  [ v ( A o ) , A ]  = o A o g ' ( A o )  b Y  ( 2 ' 1 )

us ing complex in terpolat ion,  th is  proper ty  can be extended to

rea l  va lues  o f  m-

4 o .  I f  m e l R ,  n € l N ,  m ) r l r  a 5 e S b ,  0 < e 3 1  ,  0 S 0 S r / 2 a '  w e  d e f i n e

F ( e , E , 0 )  = l e + i  l - * ( A o " - t  
- E - i r , - n . - A 0 n +

wi th

F '  ( e , E ,  o )  =  |  a + i  |  
- *  

( A o - E - i e )  
- t P *

s -  l i m  F  ( e , 8 , 0 )  = F ( e r E r 0 )  .
0 + 0 +

F ( s , 8 , 0 ) i s t h e r e s t r i c t i o n t o t h e p o s j - t i v e p u r e i m a g i n a r y a x i s

o f  t he  ana ly t j - c  f unc t i on  o f  z=Oo+ i0

F  ( e , E ,  0 o * i 0 )  =  [  a + i  [  
- *  

{ n o " - o  
(  o o + i 0 )  - n - i u '  

- n " i A ( o o + i o ) P +

="iA0ola+i l-m,*" 
ioo-n-ir)-ne-A0p+ by e.1) .
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Then the Cauchy-Riemann equations' impiy

(d /do)F  (e ,E  r  0  )  = -A l  a+ i  |  
- *  

{Ao" - ioo-n- ie ,  
-n " -A0n+

This impl ies that

|  |  a+ i  1 -m+1  (Aoe- ioo -E- i r r -n . -Aop*  I  I

a

S i n c e  l e + i l - z  i s  a n a l y t i c  f o r  n e ( z ) > 0 ,  w e  c a n  g i v e  b y  i n t e r -

p o l a t i o n  a n  e s t i m a t e  f o r  ( 2 ' 6 1 :

I  I  l a *  L l - ' , no . - t ou -E - i r , - n . -Aop*  I  I  s

5 c  ( A )  ( E s i n  g 0 + e c o s  a 0 ) - n S c  ( A r 9 r n )  0 - n

R e ( z ) = m

|  [  l a+ i  l - '  t r t o . - i d0 -u - i . , - n " -AoP*  |  I  =  I  l r ( e , 8 ,0 )  I  I

Then we get

( 2 . 7 1  l l t a 7 a o ) F (  e  , 8 , 0 )  l I s c ( A , 9 r n r l n ) g - n l m l l n ( e  ' E ' 0 '  1 1 1 - t / m

5 o .  T h e  d i f f e r e n t i a l  i n e q u a l i t y  Q ' 7 \  i m p l i e s  t h a t

( 2 . 8 )  s u p { l l r t e  , n , o ) l l ;  0 < e 5 1  ,  0 < 0 3 r / 2 a t  a s E 5 b } = 5 ( c o

For  v€N suf f ic ient ly  large we def ine

s v = s u p f  l l r ( e  , E , g l  l l i  u - 1  s e { 1  ,  u - i 5 | s r / 2 a '  a 5 E s b }

T h e n  l i m  s u = s  a n d  t h e r e  e x i s t s  a ' s e q u e n c e  {  ( e u ' E v ' 0 v )  i  s u c h  t h a t

u - 1 s u u ,  o v r  s v = l  l F ( t v r n v ' o u )  I  I
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I f  s=oo then ] im e '= l im 0u=0 { i f  th is  is  not  t rue then the Uni forn i

Boundeness Theorem impl ies that ,  the sequence {=ui  is  bounded) .

F r o m  ( 2 . 7 ' ,  w e  c a n  d e d u c e  f o r  0 5 0 5 0 . ' S r / 2 o  t h a t

1 - n / m  ^  1 - n / m ,
f  f r ( e , E , 0 ) - F ( E , r . r 0 ' ) l l s c ( a r 9 r n , n ) ( 0 "  

- 0  ) '

l r - r  ' , 1 - " 1  / m.  s u p l  l F ( a , E , n )  l  l ' ' t " '
0 S n S 0

t

Rr r  r . ' l ^  0=0  ,  0 '= r /2s , ,  E=E- .  i t  f o l - l ows  tha t  t he re  ex i s tD J  - , I O O S L n g  e  = e  
. , 1  U = U . , r  A - = ' f f /  z A t  ' r r - f r \ )  L L  r ( r - L '-  v '  

-  - v '  v

f  two constants  Cr  C.r>O (not  depending on v)  such that
l -

1 - 1  / m _ ^s  S c s '- v - - - v  '  v 1

From th is  re la t ion we conclude that  the sequence { "u}  is  bounded,

con t ra ry  to  i im  s . .=co .
V

I n  pa r t i cu la r  i t  f o l l ows  f rom t2 .8 )  t ha t

l l l a + i l " * { n o - n - i e ) - t P * l l s s . -  E e  L a , b l  ,  e € ( 0 , 1 1  "

6  o .  L e t

L  ( t 1 =  l a + i  l - m e - i ^ o t g  ( A o )  P *

w i t h  m e  R ,  m ' e  l N ,  m > m ' + 1 .  T h e n  t h e  s t e p s  2 o  a n d  5 "  o f  t h e  p r o o f

imply that

I  i  l t t )  I  |  5 * '  ! t - m ' " u t  L c o  ( A , g i . m , m '  )  +

+ c ( A r 9 r m ) s ( A r 9 r i l r l n ' ) ( b - a ) ] , ,  v  e e  ( 0 , 1 ]  ,

Th is  imp l ies  tha t  fo r  every  (m rm 
'  )  eR.xT{ ,  m>m '  +  1  there  ex is ts

c=c  (g  r f l  r l r l  
'  )  such  tha t

I  I  la* i l -me- i^s tv  {Ao)  P*  I  I  ScL-m'
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Furthermorer we have

I  l " - i ^o ts  (Ao)  P*  I  I  s  I  l g  ( ^o )  I  I

Now the theorem fo l lows by in terpolat ion wi th  respect  to  ne (m)

( I f  0 < p , < p  o n e  t a k e s  m ' = 1 + [ m a x { 1 . l ' r l r ' /  ( l t - p ' )  i ]  r  f f i =  l t ' / p '  ) m "  P = m ' / P '  '

1 /q .=1 -1  /p .  Then  one  app t i es  Hadamard ' s  t h ree  l i nes  theo rem in  the

s t r i p  { z i  0 < R e ( z ) < m }  t o  t h e  a n a l y t i c  f u n c t i o n  h ( z \ = l a +  L l - ' * - i A o t '

+ _
. g ( A o ) P  ) .

Q .  E . D .

g ' R O L L A R y  2 . 2 .  L e t  g u c ; ( n - r { 0 } )  a n d  0 5 } r ' < t t , .  T h e n  t h e r e  i s

a  cons tan t  c  (depend ing i  on  g '  U r  p ' )  such  tha t

( 2 .2 i  '  I  I  xT  t . )  l a+ i  l - pe - i ^o t s  (Ao )  P :  I  I  s "  l t  l - p

Proof

We apply  Theorem 2 '1 to  the operator  -Ao and to the func-

r ion  E.c l1P+ ' . {o  }  )  ,  {  1x )  =o  ( -x )  '

3. ASYMPTOT]C COMPLETENESS

As a  pre l im inary r  w€ no te  the  fo l low ing  resu l t '

L E M M A  3 . 1 .  F o r  0 S g S 2

a  - 1  ,  , 2 . - & / 2
l e + i  I  

o  t A o * i ) - ' 1 1 +  l x l  
- )  F t  -

is  a bounded oPerator '

Q .  E . D .

Proo f

We need only to prove the case g=2 '  and"Lrthen use complex



in terPolat ion.

.)
A "  (  A -  + i ).-1)

i s  bounded-  Since

g that

AO (  Ao)  = i  Ao9'

Proof

'Thus 
we need to Prove

4 ' > - 1- n  
( 1 + l x l ' )  ' |

that

A  s a t i s f i e s  Q " 1 l  w i t h  o = ' l
o

we f ind for suitable

( A o ) + g ( A o ) A

By i terat ing th is  formula we get

1  -  . 2  r r  r  A  r  , . :  A  ^ t  I  
?

A - g  ( A o )  = - A o 9 '  (  A o )  - A j s "  (  A o )  * i A o g '  ( A o )  A + g  ( A o )  A "

B y ' t a k i n g  g ( t r ) = ( ) . + i ) - r  w e  o b t a i n  t h e  c o n c l u s i o n  o f  L e m m a  3 ' 1  b y

u s i n g  t h e  e x p l i c i - t  f o r m u f a  f o r  A  i ' e '  A e 1  / 2 ( D ' x + x ' D ) '

Q . B . D .

LEMMA 3 .2 '  SuPPose

fu l f i led.  Then for  every

( w  - 1 ) q ( A  ) P l'  +  -  \ r ! o ' -

are comPact oPerators

that  the assumpt ions (A '  1  )  -  (A '  3)  are

s.c ;1n i+r i  o i  )

on ?0o

L  ?  iAP  - iAos  +  -
( w * - 1  )  g  ( A o )  p * = i l e  "  ( A J - J A ' )  e  

( r  g  ( A o )  p ' d s

"o  i 1s  -  - iA^s

= i J e  ( n - 1 - r ) "  
- " o - g ( A o ) P * d s

o

The  ope ra to r  (n -1 - r r " - t no "s (Ao)e+  i s  a  compac t  ope ra to r  f o r

any s)0,  as fo l lows f rom the d iagram

- iA  =  E -1  - I  A

Jt  ,* -  w^ 
u o I  (Lo\  

.9 (Ao) Po 
"  zt  rn" l  

'E j  - r  
f t1*r{nn} c - / to

" O O
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In  the papers [s ] ,  to ]  i t  was proved that  the th i rd  ar low

is a bounded operator .  The last  ar row is  a compact  operator  by

Re l l i ch ' s  Theorem.  Fu r the rmore  the  i n teg ra l

@  .  
- i A ^ s  r

7 l l , u - , _ r ) e  
- " o " s ( A o ) p + l l d s  

i s  w e l t  d e f i n e d  s i n c e
o

- 1  
- i A ^ s  

* r  r  -
I  I  t r - 1 - r ) e  

- " o - s ( A o ) P + l  
I  s

s  I  I  ( s - 1  - r )  ( A o + i )  
- B . - t n o  

s  ( A o )  ( A o + i l  B p *  
|  |  s

- 1  - R ,  , , ' l  * e  r r  r r r . , . t - 1 - € ^  
i A o s

s l l t n - ' - r ) ( A o * i )  " l a + i l ' " l l  l l l A + a l  e  '

' 9  ( A o )  ( A o + i  t  B n *  
|  I

F r o m  T h e o r e m  2 . 1  i t  i s  s u f f i c i e n t  t o  v e r i f y  t h a t B  > 0 ' c a n

be chosen such that  (g-  1  - r  )  (Ao+i  '  
-B 

I  a* i  I  
1  nt  

is  bounded on 7{  o . '

By  Lemma 3 .1  th i s  i s  t rue  fo r  B=1  because  we  may  suppose  es1

Q . E . D .
i n  ( A . 2 )

c o R o L L A R Y  3 . 3 .  S u p p o s e  t h a t  t h e  a s s u m p t i o n s  ( A ' 1 ) - ( A ' 3 )

c o .

a r e  f u l f i l e d .  T h e n  f o r  e v e r y  g € C ; @  \ { 0 } )

( I { - - i ) s ( A . ) e I
+ -

a re  compac t  oPera to r=  onX(o '

Proof

l r le appty the above .  resul ts to the operators -Ao, -A and

t o  t h e  f u n c t i o n  g . C l ( n + r { 0 } ) , 6 ( t ) = g ( - t ) '  H e n c e  L e m m a  3 ' 2  i m p l i e s

that

( ! [ +  ( - 4 ,  - A o )  - 1  )  g  ( - A o )  P i
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are  compacL  ope ra to rs  ( -Ao  s t i l l  sa t i s f i es  (2 '1 " ) )  r  wh ich  means

that

(w - -1 )  s  (Ao)  e I
f

are  comPact  opera tors  on7(o '
'  

o . E . D .

F o r t h e p r o o f o f T h e o r e m l . l w e n e e d o n e m o r e e l e m e n t a r y

result whose proof can be found in t9] '  l l)

LEl4t{A 3.4 - Let ge cl  lnr10 } )  '  Then

s  ( A )  - s  ( A o )

i s  a  compac t  oPera to r  LnT to '

END oF THE PRooF oF THEOREM 1 '  1  '  ( i i )  v le  g ive the proof

fo r  t he  pos i t i ve  s ign ,  i ' e '  Range  (w+ l= / t c '  Assume on  the  con t ra ry

that  Range IN+l f f fc '  Then the subspace K"  o Range , (v I+)  reduces

the  ope ra to r  A  and  hence  the re ' l l i t t t  an  e lemen t  ue  K"  A  Range(W+)  '

u l l ,  such  tha t  E ( Io )u=u  fo r  some compac t  i n te rva l  wh ich  i s  d i s -

j o i n t f r o m z e r o . L e t T o . I n t l , w h e r e l i s a n o t h e r c o m p a c t i n t e r v a l

d i s jo in t  f r om ze ro ,  and  geC l ( f  )  such  tha t  9 ( t r )=1  fo r  ) ' € Io '  Then

g ( A ) t l = u . S i n c e l i s a n i n t e r v a l d i s j o i n t f r o m z e T o w e h a v e e i L h e r

I cR  \ {0 }  o r  l cn .+ r {0 } .  Le t  us  cons ide r  f o r  t he  de f i n i t i ness  tha t

r c n - . r i 0 } . T h e n u s i n g c o m p a c t n e s s p r o p e r t i e s o f o p e r a t o r s i n C o r o l -

l a ry  3 .3  and  Lemma 3 '4 ,  we  can  f i nd  a  sequence  t "  *  * co  (Lemma 2

in tg j  )  such that

' )  - i  n + .

l l t g ( A ) - g ( A o ) ) e ' " ' n * l [  
+  o  ;

1  ) s ( A o ) P * . - i ^ t n " l  I  + ' o ' 2
- . i  A -

I  |  ( w * * 1 ) s ( A o ) P - e - a n t n u l  I  +  o
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F ina l IY

( 3  . 2 1

we get

- /
o l l  l u l l " = r i m l  l e ( A ) e

11+oo

= l i m  ( g  ( A ) . - i A t n o ,
n-tco

- i  A r ^
+ I i m ( g ( A ) e  

* " - ' ' u ,

n+co

( g  ( A ) * o  ( A o )  ) u

( W * - 1 ) O ( A o ) e +

- i ^ r n u l  
l 2 -

w-g  (Ao1  t ' * * - i ^ tn  r r l

J A

w + g  ( A o )  P - e - i l t n  u )

te rm is  equa l

the  fo l low ing

+  - A t .
P  e  " u ,

to  zero bY

term:

hypo thes i s .
The second r ight  s ide

The  f i r s t  one  i s  t he  l im i t  o f

iA^tn
( w I g  ( A )  u ,  e  

L '  g  ( A o )

which tends to  zeto when tn++"o '  because

norm sense by vectors belonging to  the

2 . 2 \  ,  s o  w e  g e t  a  c o n t r a d i c t i o n '

!v |g(A) lJcan be aPProachecl  in

r a n g e  o f  l a + i l - P  ( c o r o l r a r Y

( i i i ) T h e p r o o f o f t h i s a s s e r t i o n i s q u i t e s i m i l a r t o t h a t

o f ( i i ) . S u p p o s e t o t h e c o n t r a r y . T h e n w e C a n f i n d a n o r t h o n o r m a l

f a m i l y { * r r } w i t h A t r r = t r n ' r r a n d t r r r * t r e t r t r { 0 } ' B y t h r o w i n g o u t f i n i -

te ly  many orr '=  we can suppose that  each t r r ,  be longs to  a compact

j r r t - - e r v a l l o d i s j o i n t ' f r o m z e r o ' T h u s n ( T o ) " = * r r ' T h e n t h e r e i s

o . - *  r ^ 1 \  ( i f  r ; l R + r { 0 } )  s u c h  h h a t  g ( I ) t n = t r r "  S i n c e  * r r  9  0 '  w e
9 € C o ( [ t  \ t u i ,

f ind

( 3 . 1 ) ;

( I ^ r _ - 1 ) O ( A o ) e

a , - :-::t 0 ;
n

c

u --->
n

b
u --'--->

n

S i m i l a r Y  t o  ( 3 . 2 )  w e  o b t a i n

1 = I  l  r -  I  I  
2=r i *  (ur r , t rn l *9  (Ao)  P

n+@

+' * r r )

trr)+ I im (ur, , I{-9 ( Ao ) P
n-)oo
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Since , r ,  r  ds an e igenfunct ion,

we get  a  contradic t j -on '

Q ' E ' D '

r  REMARK 3.5.  One can use the abve arguments for  prov ing s i -

mi lar  resuLts concern ing the asyrnptot ic  completeness for  the opera-

2  2  , - 1 - t r  -  ,  - 1 - s  
o n L z 1 * 2 ) .t o r s  o l - o i . t t + l x l f  ' - "  a n d  D 1 D 2 *  1 1 + l x l )

Le t  ho  G l  =E . r12  o r  ho  g  =E? -E l  t " t  6=  (6  1 'E )  and  re t

v :R2*Rbeameasurab le  func t i on  such  tha t  f o r  some c>0 ,  e>0  we  have

is orthogohal to Range Wr- U Range l^tr-

l v t x )  l s c t r + l x l  ) - 1 - e  v  x e n ' 2

L e t H o = h o ( D ) a n d H = H . + V b e t h e s e l f - a d j o i n t r e a l i z a t i o n i n

H e r e  w e  u s e  L e m m a  3 . 1  f r o m  t + ]  w h i c h  i m p l i e s  t h a t  V ( H o * i ) - 1

compac t  ope ra to r .  Th i s  resu l t  i s  a l so  used  i n  the  p roo f  o f

3 .2 ,  so  one  can  p rove  i n  the  same way  the  fo l l ow ing '

) )
L -  0 R - ) .

i ^
r b  a .

Lemma

( i i i )  I n  R r { 0 }  t h e  e i g e n v a l u e s  o f

mu l t iP l i c i tY ,  w i th  Poss ibJ -e

+ c o .

H a re  d i sc reLe  and  o f  f i n i t e

accumulat ing Pci in ts  0 and

THBOREi .4  1  .1  ' .  ( i )  The  wave  ope ra to rs  W+ (H 'Ho)  ex i s t s '

( i i )  Range  (w* )=yQ(u )  ,  t he  con t i nuous  subspace  o f  H  i n  r ' 2  (n2 )  '
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