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Serban A" EASARAB
)

' f n  +  -^  l . i r i  ^ t  1  a \n
.Lu_!:_jl:jtg::-r-u_!:_ji-3j5g::.=: i

In the fundamental p"p"* pe], J'W'Morgan and P"B'Shalen

giveo, among other nice thinge I an original procedure of compac*

t i f i c a t i o n o f a n a f b i t r a r S r a f f i n e v a l i e t s d e f i n o d o v e r t h e f i e ] d

C of, conplex. numbers 6p the field B qf real nunhlerso Reading
j

b3' chance their papero the authon of the plre sent vtork realizad

that their construction can be equ{.va1ent"\r dessribed in t e rns}

e , fRcb inson |gnan*g tanda rdana11 rs i s 'w rep1ac i . ng t l r esequeD*

ees of points on. the vari ety by n on-s't and ard pointe on 6n en*

large lnenl, of the. given variet.y ' flhe non-standard point of vies

has tha advantage to prat. ite evidenee an elementery extension '

qf, the base field, a, eoft. ef urriversal donainr, equipped with

a canonie riqn-archimedeag vatruation' playing the roLe of e '

*generic point" for the Rternan:r' opaces of valuations on thQ

fields of rationa] 'functions on the lrreducible cornponents of

the vari.ety" The author a1+o realized t}Iat 'che rsain Ttle orems

spE crP,ai, - s PACES- Al[D If o}?GA!'{*s I{AI,E N q qi/ipacrr $ 0 ATr oN
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r"5Jb, r"4"4 given in section r or [ze]een be alternatlvely pro*

v e d b t r r u s i n g b a s i e m o d e 1 t h e o r : e t i c n e t h o d s " ' I t s e e n e f r p g { p * a 1 '

to tr5r to exisnd the afore neutioned result 's to the ca$e $llen

the. base field is a local f leldu i"e" a Csuc$.eomplete discre-

te valued field with finite resiclue Eield"

f,he tta sk to give: ' an unit ary node'l t'heoretLc app*eaeh of

the Morgan-shalen cenpactlfication over qrbitrary locally cont*

pact f ields of charaeterietic zero is one of the main goalo of

the present, paper* fhe another one, {*t imately related to tho

first one, but having s loore genera]. characterr is to treat in

an unitary model theoretic rrray s orne signiflcant classe's of spec-

tral spaces induced by f irst order theories of ftelds"

The paper is organized Ln eeven seetions ae' fo11ows" Sec*

tion a introduces the reader to sone basi'e uoClel theoretr 'c re-

sults c onc erning the algebraically closed' the real closed and

the p*adically closed fields' As an origi ' t t"1 qsntl ibution rve men-.

t-ion the. expl.ici-t clescription of the substructures' ca11ed Sdu-

rnaine, of the p-adicalIy closed p*va-lued field extensione of.a

p*adica1ly c' losed p-val-ued bsse field $ (see Defini ' [ ion ] '"11e

Lenma I",12:, Theorea 1.14r i i) '  Seetions' 2 and ? are devoted t 's

the spectral $paces lnduced by theories of f ielde" BErsod on

Stone0s representation the orern for distribtetive l-stt icest tho

L,indenbaum Bool'ean algebra of a first orcler theorXr and Gddelu s

eornpleteness. theoreme' a general theory of spectral spaces asi6'; '*

ned to comrnutative rings is developed '' c'ontairring es part:icul"sr
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eases the Zari ski spectrutrIr, the Co ste-Roy real- spectrurE enil

t ire p-adic spectrun of'a ring" $ome ba$6c aJ'gebraic*geometrie

faets eoneerning the affir3b var.ieties defined ove'r erbiirailr..

fields are discussed in tiiis general f'.ame " tet ue mentlon

as sigrrifieant re.sults the p*adlc anaLogu&9'of the Artin*Lang:

honomorphi sm the orem and of the flnitenes# the orela for o'pen se-

mia.lgobraie sets' (see ' l treorens' 9"I5 and 5"'L6)" the goneral sehe"

ue developed in sections 2 and. 5 is. applieci in section 4 j.n or-

cler tc extend the ba36c eoncept' of Rienann *pace of s fieid io

adequate nienarm spaces of conmuta Live rings* including real ani

p*adic versions" Roblnsonts theorem on elimineLion of quanti-

f iers for non-trivial r,ralued algebraicalfy closed fields end

its real and p-adic ana1og4ts6 fhe orems 4"? and 4"6 pLay here an

inportant ro1e. The section ends with a density the oren on Rie*

maffi. spaces, (the orein 4.?), which is a basi'c tool for t'he las-'-

part, of the paper. SQme natural continuourl nlaps on the Rj" ei2snrt

space of a f ield snd a densj.ty theorern (?roposit ion 5.21 aro con

s idered in  Sect ion 5.  Sect ion 6 is  devoted to  the non-standsl rd

description of the. l,torgan-shalen orocet]ure of cor-irpactif i  eation

over arbitrary local1y eonpact f ields" Finally, the nain r 'esult 's

c o n c e r n i n g t h e c o m p a c t i f i c a t i o n o f . a f f i n e v a r i e t i e s o v e r a r b i *

t.rary 1oca1}y conpaet f ields of charactheristic zero make the

ot r jcc t  o f  Sect ion 7.
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l .  Some xoodel theory fon'ftelds

In this section, having a preliminary char'acter, some

basic rnodel th.mreti c resul't.s conce::nj ng the algebraical.:Ly o1.o*'

sedo rea l  c le ised and p-adica l1y c losed f ie lds are s ta ted"  Ths*

se results wil l  play a key role in the rest of the palrer"

The basic notione from modol thoor5t.used in thi-o pape:'

can be f ound in books like [s], fttl * L351"

Denote by L the cuot.omary first order language of :r:irigs

luhose vocabulery conteins besides the logicaI s3rmbol s and the

var iab les J* .1 . . . . ,  ,  two b inary  funct ion syrnbols  + and 's tanding
I  L '  L < C l

fo:: addit ion and rnult ipl icationu, a unary function symbol. - stan'

ding for the map x|.7 -xr and trvo constants for the neutral- e1e-

ments  Or ,  1  .

Let D" respecti l 'elf 49Ir be the unirrersaL tr-theory of

in tegra l  domains,  respect ive ly  the induct ive L l theory of  a lge-

braically closed fields" T.he rnain the orem coneerning tho J,-theo-

S'At I ,  due to ' Iarsk i r ,  chevs1leJ and Rabinson reads es fo l lovrs :

The or"en 1.1" ACI' aclrdts elirni.nation of quantif iere"

Equivalent$r, in geonetric terme, the projection map

K ngI* 
Cf algebreieally cl.osed) maps a constructible gubset

onto a conetructible one. ilquivalent\r, in mode,I theoretic t el-\i$s

ACF is the nodel eonpletion of'I)"

An analogous. resul-t clue to larski, Seidenberg aircl P. obi n-

eon hol .ds for  rea l  c losed f ie lds.

gg!|gl-t!Sg 1.2" An _or{erqd-clomsin io a pair {=(A, p)

vrhe re A is an integral doraain and P is; a subset of A" calr,ed
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order, subject. to the conditions,! f ) F+PcI,i i i)F"pCp;

{ii). PU-P=A and iv) fn-p=[Oi" T'he ordered domain A is

ordered fi,el{ if A is a field.

' :

Definit lon 1*1., The fiel"d
t

K=(K, K') is an ordered f ield and

lua u*""uu has. a coot in K.

K is real closgl if

each solynonial f€r[X] or

Let j,, be the language ! augrnented with a one-plaee re-

lation syinbol F, standing for order- Denote by _g the universal

}2-theory of ordered domainb. i€t 8gT be the inductive !2-theo-

ry obtained flon the L-theory of real c1os9d fie16g by adding

t
the sxion - definit ion P(x1)<+ (JrZ) (x.,=x!). Now the analogue

of T-he oren 1..I reacls as follows:

f.heoren 1-4.. RCI admits elirsination of quantifiers"

Equivalentg, the projection map I( nlLI* (K reat closed) r:raps

a senialgebraic subset. onto a senialgebraic one, EquivalentLyg

RCF is the nodel connletion of 0D.

I- quite sinilar result, due to Maclntyre. [z+] ana Preste.l

Roquette [ae], frofa" for the p-adically closecl f ields. More ge-

nelal results concerning the. relative, elisrination of quantif iers

for Henselien valued fields of characteristic zero are proved

by Weispfenning L79] by priroitive recur.give techniques and by

r 1
the authon L>J tV algebraic ancl baeic nodel theoretic'roethods,

Dejl i fr i t ion 1'5, Given a prime nlrmber p and the posit irre

integers e and f, a p-\ralqed fi l lcl-ql-tr l !  (e, f) ls a valued

field { = (Kr, v) satisfying i} K is of eharaeteristie zero,
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wlr: i le the residue field Kv ie of characterietic p;

i i) t le naxinal ideal mo of the valuation ring Ou- ie principal,

d: ^ r-^ -,sal Srr=JtOoi nutin8 v(Jl)=!, the ordered group of integers ? io

identif ied vrith a co rex subgroup of the value group rrK;

iii) the p*rqgg]-Sg!&g_jnd% v(p) is e and the residue degree

is  f  ,  i .e . ,  K. ,s  ! ' ^  wi th  q1f .
t  --- q " 'vrr 

\ l -P

Defj.nilion I.6" A p*valued f,ield K=(Kr vl o{ ,qppq (e..r.f )

i s  ca l lec l  p -ad ica l l y  c losed i f  5  does  : . ,o t  aami t  any  proper  a1-

gebrai.  e p-valued f ield extension of the san6 type.

By Zcrnrs lenmar if I( is. p-valued of type (e, f) there

exists a rnaximal p-valued 
"igU"ni" 

extension E of the sane ty-

pe" Any such valued fie:t6 f ie called a p-adic cfosure of -8,

fhe p-adic elosure of a p-valued field K ie not necessari-\r uni"

que. The nost prorninent exatoplesof p-adica1ly closed fields are

those which ar-e l"ocally conpBct with respect to the given valua

tion. fhey can be characterized as the conpl-etions of f inite

algebraic D,unber f ields with respect to a nonarchimedean valua-

t i on .

The next lemma is vepy useful in the follovring"

Lenrma 1.7. 1s1 (Kr v), be a Ilenselian valued fi eld such

that the value group vI( has a smallesL positive element. 1r say

I=v(i t)  for sone)c f K. Let n)/2 be s natural number whiclt  is pri-

ro .e  to  the res idue character is t ic  and G be a mul t ip l icat ive sub '
v . 1 . t -

group of K^ such t.hat lf"c G andJc f 0. fhen the valuation rin,,

o adrdts the <leseriptionr O.,r ={aeK:t+Jf aneGJ.
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Ienrnq l.B. Given a p-valued field

(e, f) and a f ield extension F of K, the

e qlri va lent r

i) there exist,s a valuat.ion w of F

J=(F, w) is a p-adieally closed p-vahg6

of type (e, f).

i i) There exists a

the condi t ion cbove.

i i i )  Ie t "U €K be such thaL v(Ja)= l  and 1et  U=/a6F!

,r n;-,"Zer2] if pf2, respectively p=faer:I *frnlrrJJ if pc2"

v(.4=1 fl=Ja6rri i i) Iet "t-€ K

lhen 0 i* * Ilenselian vaLuaticn ring of F ging ove! 0o. r

lenL13.,

/'\v 4zo
d r

I  I .L

the canonic morphism 0,,f-n->0f ^nis ag isonorphisrn (equiva-
" l, ".l7 

yv

ideal of 0 arrd the residue field

+-:*fqo Q=D') end the value grouP

#/ o - ls divis-ible.
iiaoo

Fro-S:l", Lbt I=(Fr w) be s, p*valued field extensi.on of K
- =

of t"ype (e, f). According 1o laal Theorem S"ln the nece, sal:y

and su f f i c ien t  cond i t ion  fon  F ,  to  be  p-ad ica11y  c losed j -s

that I is llenselian and its .rlaou 
"*oon 

wr' is a Z-group, i-.e-,

Jt? * the uaximal-

is isoiarohic to K

i e  aZ -g roup ,  i . e , 1

Boo:|* Fo:: i)1" I-et ue put Or*faensl +firs%S]. By

HeneeLrs 1ermra we get f+tri0nct)fxc Gn and hence O,rC0, ro:r i2t-

In particular', 0"c 0r" C,orrou"*e1yr, let g€ O, and sssume that

v(a)<o* .rr.s. tC-la*1€0.,a 0**Lu vre get (1*.fan)n*1 (1+7fl-:t6a*Lo-1-)t;

*fl-3a*n(l+fa*)neG, and heneeif €G, a sontradiction., consequent*

Iv,00=0r,  as required" o

$*(K, v) of type

next . $tatements are

such that

f ield extension of K

unique valuation w of F satisfying
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tirue, the lemma is imsediate r thanks toisf'/. .. ls divlsi ble "Zt

renila r"r. 6

Remark. According to faa] Theoren 6'1!"

-  . ,q  . -

0*yr={y(a),aaer} n rvherc tf(xt=.; 
T.-_r( (xq-x) z'-r

we may take

is .ths i{ochen*

lloquette ope:rator.

1fhe previ oue lenma shoyts: that the dlass of p-adical'Ly'

cLosed p-va1ued fieLds of type (er f) extending the given' p-va-

lued field 5=S(" v) of type (e, f) is axionatizable in tems of

the language 4. of rings augmented by constante etanding for

t"he e le roe nte of K "

t Lzf), 4"2) " A valued dornaiq is a pairDef in i t ion 1.9"

A=(A, R), where A is an inte;;raL domain anii R is a binary:r 'e1a*

t ion sat is f l ing i )  R is  t rans i t ive;  i i )aRb or  bRal  i i i )  aRb

and aRc *aR(b+c) ;  iv )  c lO=)(aRb4TacRbc) ;  v)  not  0R1'

Given an inEegra l  domain A there is  a  canonica l  b i jec-

t.i on beLvreen the structures of valued domains on A and the valut

t ion rings of tha quotient f ield K=Q(A) of A' given by

RPOn ={ f ;  r  a ,beA,  b fo,  bRa} ,  whose inverse is  g iven by

0u .) R.*r= J{a ,ul 6 Ax-rtr: v (a ) (v (b }}

Defj-nit ion l-.10. A p-velued domqln,qt-! l lE (er,f) is a

valued doroain A=(A, R) satisfying i) 5=(1(A), 
v*) is a p-valued

^ o--
f ieLd of type (e, f)r and i i), ttre canonic maP un--' '-uR/ng

t L  P v n

0o- {  eeArlie dnto, where Rai= 6Ln A.'
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efial-!1g!_1"]}.." Gi.ven a p-adi ca lly s 16 sod p-valut:d

field i:=t$,, v) of type (eu f)" e --gg1gi4 is a structure

A=(A" P'-i n>,2)" rvhere A is an integra)- domain extending I( and
'  l !

P*CA for n)? such that t.he ne:xt conditions are satisfied:

i l  an6ro fo* n)r2;

ii l rf=lorfoJ is a nonoid with respect

i{),:J'"r*na=l' for n72, i.e.1 (a(an

e€Prri

iii) KfrP*=ffor rVz;
tL -.-

i v )  1= .$  c iPo r  whe re  c1 r . . .  r " oe#  i s  a  sys tem o f  r ep resen ta -
L=L -h

! . :  - - ^ -  ^4  ,$  t  u^  .
l l l -vvn vI  I \  /  r .4r l  t

. 1 .
v),  &ln ?vnc vr i

a a n
vi)  tet  n={(a,  b)€Axl :  a '+tb 'e PzJ i - t  p l2,  respest i -vely R=

=J(a .u )e  gxa :u3*5 iu le  p .J  i f  p=2 .  where  . [€K  sa t i s f i . os  v0Z)=1 ;
c ' - - t - '  - -

then (A, R) is a p-valued dbmain of type (er f) extending I!;

vi i) i f  a€A, b€f anA ff in2U)R a thep a+b6Fn for n)2.

The next. lenma is immediate.,

to rnult ipl ication and

uero, eed and ac=b) *

Lemrna 1.12. tet X=(Kr v)

lued f ie ld  o f  type  (o ,  f ) ,  F  be  a

(P-)^r" be a f ar:r i  1y of subsets of

cient condition fo:r I=(r, Pnln>2)

t.hat F is a K*fielri) is. that.
= = -

i), trnc r* for n|Zi

be a p-adiea11y elosed p-va*

ftelcl  extension of K and

F. The necessary and st l f f i*

to be a K-domain (then vre saY

i i) ?I ie a subsrouPof Fx for n72;

i i i), the canonie morphisrn lZg" + ff ;x

f or n)r?1

is an isomorphism
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iv) n"l'n +PnCpn;

v) let  0=faelrr l+"f  az e vrJ i f  ple,  respect ive\r  p = f  aeF;
- e Z , ' )

tL l "J tar€?3J i f  p=2;  t ,hen 0 iu  n  va luat ion r ing of  F wi th  c , r : : i
ponding valuation vr and (F, w). is a p*valued field extension
oX {tr, v)' of the sane type as (K, v};

o t ,  torzv(n)* l -  n  + '^Y '  F\?;v{ for n7?'

I€nryq f "fl" Let. {=(1g, v) be a p-adieal1y elosed p-,6a_
lued f ield of type (e, f) ,  and A bo an integral dornain extendinp

K- rhe nap (Fnln)zt-+ e C{l-lr,r= f 
'$,nu%, o4}},rr, is a b,ijec*

t ion from the set of Kdouains with underlying domain A onto

the set of J(*f ields with unclerlying field F=e (A) , $rhose irve.rse

is given by (I,_)*. ^ r+ (p ^ A)r' n- n>rz " n' '  " '  nz?o

The proof is easy.

With X=(K, v) as above, let (!,.,)K be the

the language_ ! of r ings wi-th constants standing

ments of K and one-p1ace relatiorx synbols p* for
Lr .  T1

"J J$ tne r-xn-rvcrsial (!-)g - theory of !-domains=

augrnentati on o:

for the ele-

n)2"  Denote

and by pCF,,
'.5

the incluctive
Qr)f - lheory obtained fron the Ta-theory of

p-adicall.y closed p-valued fields of type (e, f) extend5_ng;gu
by adding the axioms - definit iorw pn(xl)<+ (?x2)xr=x| for

n2r2 - The follovring the orem is an analogue of Theoreffs. l-.1 and

1 " 4 .

Th-e-pre$ 1*14. Assuroe -K=(f, v) is a p-adieally eloserl
p*velued field of type (e, f).

i} 
{ES adraits elimination of quantifie.ns.



ii) fhe conplete

TI

-

11 -

)*-theory pll"g is the rnotlel conpletion of

Foof. i.) is tunnediate by fZe] ttr*o""n 5"6. In order

to prove ii), a model" theore,tic reforrnulation of i) accor<ling

,- -l

to fff J lheorem 11 .2, Ll suffices to shor,v tfrat p*=(nQ!'*)o '

the set of a]l universal' {1-)g*sentencers which 'o"o* '"o*

BCfo," In semantic te'rms, we have to show that, given an inte*
=

gral domain A extendj.ng K and s fanily (Pn)roZ of subsets of A'

4=(Ar Pa:rr>z) is a K-domain iff ! is an (L )**substructure of

some mode,l of pgfg- Qy Lemna 1.1T, we may assume that A=F is

a f ie ld . -

. Assune tr '=(F, Po:n)Z) is a substructure of sone model

5(t,, Lnrn7z) of pgFK, i.e., F is a subfield of L and Prr=

=Fn!n fon D/2.  ihen the condi t ions i ) r  i i ) r  iv ) ,  v )  f rorn lem-

ma 1.11 are. tr ivial ly satisfied. As the extension L,lK is el,enen-

tary and the groups KX/6., are finiti: for n>2 it follovs that
.a^' Y

the csnonic rnorphism K^,f*{n --> li'f"In is an isonorphism for

n)2'o end hence the condit ion i i i) fron L,enna 1.11 is also veri-

f ied. fn order to verify the colrdit ion vi) ft 'on the afore inen-

+ i n n a . l  r o m r  - l n +  o ^  
? " / ' \ + 1  

e o n s i d e r .  t , h o  n o l v n aur\r 'E\r  . !s! ,usr . -"  -+gqf, t  \ r r ' r - ' r r  n72, and consider lho polyncni  al

f  T .

f  (X)=Xn- l -a .O* ' IXJ"  Ag w( f  ( ] ) ) )2v(n)=2w(f  ' (1) ]  i t  fo1]orvs by

Newtonrs leinrna th.at f(X) ackdts a root b in L

=bn(fn Ln=Prr" ConsequentlJrr { is a s-field.

^^-"^--^'r '" ^,ssume that F is a K;field.oEQ'  t  < i  
:  :

of K*fields is inductive it fol lows by Zornfs

the

' |^^+

exi t;[s a maximal algebraic g*field exterrsion ot, F, so

and hence 1+a=

Since

leela t

c l a s s

t heFe

we n'ay
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is an i somorphi sra. for n)/2 " First let lrs cheeki

assune fron the beglnrdng tbat the K-field I is algebralcaLly

maximal, Lt remsins to shon.that f is a noalel of pgf.
=

Let 0-, be the valuation ring of F given by the condit ionw

v) of Lemrna 1.12'' First, l.et. us show that the valued fielil

(F, l+); is l{enselian.. Let (Ft, wo) be the l{enselization of

-(f, w) and consider the fardly Frl)r>Z of subse,ts of Fr given

b;r Fi\.F't , t"t us sho',{ that. j"r=(Fr'P;ln)2} io a [-f ield

extens ion of  T-  The condi t ions i ) , ,  i i ln  iv )  o f  Lenraa 1.12 are

obviously verif ied. According to Lenma I,Ia, i i i) , #/,Xn O
A

ry,X for n)2, so we, have to show thst the canonic ngrphi sm^n

l '  * . )
r

n

that FAPI=F' for n22. As. 1l nPi=Pn.(FnF'n)r it suffices to

Ftxl v
Pr , '

n.

show that  FnPrnaPo. Since wf=vrrF ' ,  we get  FnFrn=FntqT=

=rn.(l'.rofr), so rve have to show that rno|?cPn. ret *d, u"

subh that  *%r.  a t  (Ft ,  wt )  is  a  p-va lued f ie l -d  extens ion of

(F, l t) of type (e, f), i t  fol lowe that the canonic morphisms

0/ 
^n*O/,,n and C*/p + Our,/ k are isomorphisrns for kz1"
S'v s1a

r.,.t ycof; iJ 
"o.n 

thui**'f*-"lii.lf"l. consequently, xy-l€ 1+

*:fr1t"1*r , and hence, (ry-l)oe rrr(r+f1(n)+1;=1*?v(n)+1. rr

n - . - n  , - .  l w t l n ) + 1  .fol lovs x'?I" ' .(1*p\0" C Prrr according to Lem'ra 1,j_2r i) and

vi) appliecl to the !*f ie1d I. Next let us show that FtX=jS t,tXt ' n

Sinee wF=,wrFt' we get FtX=#"O{,, , uo it suff ices to shorv that

r:f.c $.r;x

/[s (1lr r wr )

"v.k0oY ,

. Let x€0*, anO ye0f; be such that wi(x-y))2v(n).

i t  fol lows by

r ,  1 r X
.0^T (r*.Pi ,

is i lenselian,

and henee x€(r^
\7

Newlonr s f emIua that

as re clui red. Final lyt
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the condition v) ftoro lemma 1.,12 follows by Lenrma 1.7, trhile

the condit ion vi) ig immediate by Newlon's f-emma. thus Tr is

a 5-fie1d extension of f. A,s F',/F is alEebraic and T is assumeal

to be algebraically naxinral vre eonclude that J'!=Fr, and hence

(F, r'i) is liense.l-ian.

I, low it reinains to shovr that Prr=1ilx f or n22" Indeed, if

$o, yJe get in particular t.hat wF=Z+n'wF fol n72 t. i-.e. r' vrF is

a Z*sroup. and hence F is a nodel of pCFta.

is a priner s

Indeed,  i f  P*
IN

Assuming the contrary, let '  B>2 be suchi that P;fFn. Sitt6s

Fkl=Fkn F1 and P*r=Pn.1Pa if (k, 1)=1r we r:ray assurne that n

power. Ilore o'rer v/e may assume thst

=Fmk for sone m)zr k)T, then tr.***ta

=t*:, I,*k,n 1= rr " l#l #^ p*t*r c *o'*nI . 
"*'% 

fl**t,
'L+ 1

nt- -
--a

Let a€P)Fn ano rlr be the valuatior, trn *n rvF-+vitr',/2.

First let us shovr that . ' l i(a)f *.*)n. Assuming the contrary, vre

i - ' r ' . Y
get a='fuabcn rvith O.-<i(rr, be0i, cel^ r so vle may assume vrithout

loss of generality t*at a=fiibr with Ogi<m, O<0f. as 0r/^onolnlo,

for k71, there exists d€Oi such that w(b-r1))2v(rn)' ByA/Cu,f,on I s

follovr:: aedulemna, ob-Iean, and hencc .trid=a" {au-1}<l*ntt=i$. rt

contrary to the assunpt ion.

Nor,r let t  be an mtth root. of a in the algebraic closure

of  Fr ,  and 1e t  us  pu t  Pr=F( t ) .  As  (F ,  w)  i s  l lense l ian ,  w ex teuds

rrn' i  nrp]w to n valuAtion wr of Fr - Usi-ng the same ar[gnent as in
l J r - r  Y s v  - \ J '

fZa]  tn.otum o).1,  i t  fo l lows t i rat  f r r :FJ=(wr-+r:wI)=rn snd

(8 t ,  s t )  i s  a  p -va lued f ie ld  ex tens ion  o f  (n ,  w)  o f  type  (e r  f )

le t  \F=  { *e f  
' : c , *nEF fo"  sone n71J  be  the  6poup o f  rad ica l  c lo -

n r-s a

- k+]
m-- -

i . e .  r

prlme.

-

v =* 'r*'l
m'- -



ments of Fr orilen

=r,u, (V tr') and the

-  l t L  ^

I'. According to

canonic norphi su

[zs]  tnootum ],8, ,  w'Ftr

V r / * + w ' F t /  * ! ! *  i s  a n
tr'' wF

, I -  :  \ z  1 .
isomo:rphismt so \F=Ut'tr4, i.e.r, t l ' .. is a generator o the

Or<L<ft

qyclic ,tooo /il r.
I.'

so it suff ice$ to show

(Frr  wr)  ie  a  p-va lued f ie lc

L.  I
t v ,

_i+1 F'i +2
IE

vre $ay choose so*e b1*r€d such that ai31=a1bfft

" * t * , '

#?*t '
, r * L 1

11. o=l1eK:i" =Il 1

l{ote that the b:s are uni que}y deterrd-ned modulo

r,x/*xn, ,+ rd* f
L F," '

-i+1 for i)O'

# - ,i  i -T
l l  b i  f o r

th8nks to the isomorPhisn.

induced bY the nap xltx'- 
"

i7rO. \le get to=t, tlai and

where

First. Iet. us show thaL tr!?=Frr!o,{!p.prn.1fi ror r92, Rs

q ^ v
*rpt=1.f+Zvrr (t)  

" 
vre get Fi=f . t . :"  U 

ir

Lhat0x,=!x",4T " ret x60f, . since

extension of (Fr, w) of type (e, f) ' there i" y6f such t 'hat

w'(x-y))2v(n), and hence x=y.(v-lXOf. Oxl by Newbonrs lerma

applied 16 thQ Henselian valued field (Fr, wr).

Now we define a family (Pi)-,, of subsets of Fr in such
, ,  - +  "  ^ V '

jnd>

a rvaf fS '=(Fr ,  Pr :  n)21 Ls aX- f ie ld  extens ion of  F.  Le ' t  n?2"  \ f

*|n:-"t r.rs put PJt=Prr.F'n, A,s we raust n"*u 
"it.rr=?^t; 

for i2 1

anA rn{n, it renains to define Pji for i21- In order to db this

we define inductive\r 'a sequence (bilDo of erements in # such

,  : .  n i  ^  , ^ - -  e \n  n - -  : - / r  - ^+  , , . "  = r  'Fhan
f ,naL  a ; :=a .  r t  o , -  e  P  i+1  fo r  i )0 .  For  i -0 ,  se t  bo=I '  Then ao=

- j=O .J n- 
.-

=a(p*. bv assumption- r,et i)o and (t'5)o-<g,<i t" 
".iilI":?cr 

e1e-

rnents in KX such that ar:€P;*I fo" o-<j(i . As K^ /tr !

Now let us Put- ti=t.jJ1oi



r  + - J  z  tAu i+ree i  \  " us ,de f ine  P ' i=P  -u ' * t r?  fo r  Q I .' n * m *

-l

i70. Iet

We have, to show that Ft is a !,-fielcl extension of T"

the condit ions i), i i) and iv) of Lemna 1-12 are tr ivial. i ly sa*

tisfied" ln order to check i i i) and the fact that g] extends .ft

Y  
- Y .

$re have to show that the canonic morphism F"/X -; 'Ft"Iorx i* 
"n

t n n

isomorphisn for each rt, e.

Tr/e disti-nguieh two cases:

!.g.se. f: n]tr. Let us show

=PPf\Q iL suffices to shol,r that

v  1 (7 ,  ,vo  ra t  f -=ok+hr  n  p t [

tna t  F t=F.P i=F.F tn .  As  Fr=

teF.Frn- Writ ing l-=kn+1n vr:ith

nequi-red. It remains to sholv

suffices to show thal P7-,Prn-

rhus xelF and its order rnodulo

fl oioid** n ancl m, the orcler of \E"X ? so x€P ana fErn.

t ha l  FnP l=P r r .  S i nce  P r=P  .P rn r i L

=rn- I,e I x€Ftx be such thal xn6F.

v
te f . t fCF"Fl r  and hence Ft=F.P;"  I t  renains to

- n -

ft. suff ices to verify that FA

Case 2: o=*ir i71, As tr 'r=FFrnt? and t=ti moa f, we get

shoru that f'n Pi=

1r.
T.o,F rra I l  !^ i6.T

t  r ' J - *

condit ion v) fbon

t.he cordit ion vi)

algebraic K-field

Iemna 1"12

follovs bY

ext e nsi on

is a consequenc

Newtonr $ lenuna "

of I', contrarY

be sucir ttat x--yntj €F. rhus y"< its"tf=rx',ta={F, and hence'

ve6, i.e"n y=zt5 with z€f , k(p. consequent\r, *=r*tl**i*4

and ml kn+i. As ,r=ri, i21, vre get wfi, ana hence x=znaftt-t 
* 

flO

t*lrrec ai€pr*"

Ii'inal\rr. the

of Lemna 1'7r, while

thus Ff is a ProPer



to the assumption that tr"
=

algebraical\r- narirnal, g

Given a K-field !r +.here exists by Zortrrre teft[aa,qaxi-

nal algebraie K*field extension -fl or r" Aecording to th+ 1:roof= =

of theorem 1"14, f is a model of pgli; e.a11 it a p_dic c_.t or;urt
=

of the X*fi el. I. l ihe following ct,atement shor,vs that the cone

cept above is a sui.[,ebIe un.1]6gus of the concepts of algebraic

closure of a f ield ancl real closur.e of an- orrlened .. j,j. al.d..

I leore& 1.15. Let ( be, a p-adically cLosed p_valued

field of type (e" f), Given a 5-field g=(tr,, fn:n72)r. i ts p_arl ic

cl-osure is uri que up to an g-i"ooo"pfriur.

Pr.',oof . r.,ct. 
fi, i--1n2, be p*adic closures of fl, anc let

-  f ^ - - r z  d  12t i= l f€r lxJ :  f  hes a root  in  p i l for  i=1r2.  Aceord ing to  T i roorenr

1."14, the E-fialds S, ana f, o"n elementari ly equivalent over

Fn and hence z.=z^" As the field extensions i.,,ff ,-.d i l /n or.=  L  Z -  
; r  z

algebrcic separable v/e nay appry [r] Lenma 5 end concluc're that
Y-e't  and Ft are i  s ouor:phic over F as f ieIds' Then, obviouslJi,  tho

..J

X-fi elds f ., and fr" ore i sorno::r>hi c over the IC-f ielcl F. s=  = - | -  =Z  
=  =

BgjBLE" fhe theorem above is an inonediate consequence of

l28l Corollary ?.11. A 6enenal. criterion f,or t,wo algebraic lJen*

eefian va luecr f ield extensi.ons of a given va,Lued field of charac

teri stic zero to be isoroorphic over t.he given vaLued fieLd is:
proved by the author in [eJ"

J,O

].a
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2.. Srr-estr"gl sqaqeq_j.nduced by theolilrs of fieldgr

, g

A l:ey role in t.he follovring trvo sections. is playe<l b;p.

the ce lebraLcd Stone rs  dr , ra l i ty  t i reorem. Consic lcr  the cate gory
DL whose,  ob jects  are t j re  d is t r ibut ive la t . t ices !=( t rq ,n ,0r l )
with the cust oinary binary operationo V, A , a_ snallest ele,:nent
and a greatest element 1 with respect to the partial or,cler

Lr(3t lt) of rnorphisns fr'orn3 to r' consist$ of the naps f:rr)r,,
sat . i s fy ing  f  (av  b )= f  (a )  y f  (b )  n  f  ( :  Ab)= f  (a )  A f  (b )  fo : r  a rb  q :1 ,

a n r i  f ( 0 ) = O r  f ( 1 ) = 1 .

On the other hand let us eonsider the categorSr SS rvhose

oDJects  eue usw&l1y  ca l led  spec t ra l  s ;nnceg by  r ing  theor . i "1u ,

respectively coherent spac-os by category and latt ice theorists.

Thug ihe ob.jec' ls of S$ are the t6pefqgicel spacos X sa.t j .sfyi .ng

i )  X  is  mber r  ioe . r  every  i r reduc ib le  c losed subset  o f  X  j . s  the

c losure  o f  a  un i  que po in t  o f  Xr  and i i )  tne  fami ly  L (X)  o f  qua_

si-conpact open subsets of X is cl-osed under f ini te i_ntersectior

( in part icular,,  X i t .self  is quasi-c ornpaet) and for,os a barie for
the topolory of X, A mornhisn f:X-+f in SS, caj i_led a coher:rnt

map,  i s  a  (cont inuo\ rs )  nap sub jec t  to  f *1 ( IJ )€  f (X)  fo r  each

r]6L (Y) .

Theo rem 2 " I (S tone rs  representa t i .on  theorem fo r  d is t r j -hu-

t i ve  la t t i ces) .  The ca tegory  D= l  i s  dua l  to  the  ca tegory  SS.  T l : j - r

duali ly inciuces

gebras and the

a duality betureen the

category Bj of Boolean

category 
S of

spaces ( i .  .  e.  r .

e

Boolean a1-

c ol"lpact to-

A.r,d r"i{s t?,
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t.al ly dlsconneeted epacejs).

Sgg{," lhe duality sends a distributive lattice L to

the prine spectrum S(L) of plroper prime filtere of .1.,; its open
.

sets rday be identif ied rirdth arbitrary ideals of I,, a point

I '  €s(L) being in. an open set I€ Id(L) iff Fn I is non-enpty*

conversel.y" the duality sendg e spectr*l space x to the distri-

butlve latt ice. f,(X). of al l  quasi-conpact open subsets, of X.

For detaiLs, u"u [:-f] ch.rr. r

Tn particular, i f  X snd f are spectral spacesr anil

f lX-)I is a, coherent. epi, l(y) ie identif iect with the sublatt i-

.u- Jr-lnr)ru€l(r)J of Lff)n and y ie canonically isomorphic over

X with the guotient space y,*/_ r where x"y4;>[.ref(y);f(n)eUJ=
f ' t

=luet (Y) ; f  fu)€uJ,  whose base is  the famiLy of  sets fx  mod, .  :

rf(x)€IlJ for all U€L(y). Thus, y is, comnLetely detenmined up to

a, canonic isomorphism over X by- a sublattice of LCf,), L,et usr

applJr this general schene to the folLowing more conerete si-tua-

tionl Consider a first order, Language, !r en &-theorTr t and let

&=E (t ) be tbe Lindenbaum Bcoleera algebra of X-sentenees up Lo

equivalence nodulo t; two lFsentencee e n.fare identified iff

tF(q€)V), i .e., t.he L-sentence Q<)y follows flnom T. Let X=

=S(8I be the Boolean space assigned by Stone'a duality to the

Boolean algebra B" The underl3,i.ng set of X is the set of BI1

eJass uod(r) '  of the nodels of r up to the elenentarv equivalenco

= I i f  Al, AA aro models of t (write AiF f" i=1r2) then A1FA2

lff for eachl,..aentence f 
" 4, F?eA1 F? . The farri\r of sete

complete fg.theoriee extending i, which Ls identif ied to the



i
l* =/ttrTc is a covrplete &-ttreony sueh that tCtr and tr f-?]
withf€ B is a base f,oe the topologr of X, Iet L be a sub:tat_
ti.ce of, B. then the soectral. space y=S(L) assigned by Stone.s
dualitSr to L is identifiecL with the quotient space X/_" r vr.he_

. L lre the equivalenee retation.*, ia given by.l f iStf i{d,{cf;t,

etiFFJ= fWrrrl F$ror t{eX, i=t,Zo or in semantic rerns,
, -  (Ar=aAz.9l,gel:A1F?J = {?er,:r," F?J ro" Ai6 r, tod(T) n i=1,a.

lir. other worder I is identifiecl vli.th the sqt qf j:thgo_q&q

rft=tr/!"uf7?:?€t\fj for a1I prine filters tr, .of L, with tl.le base

given by the fami\y Dr."p,=frp,Ve 
d*/*rn,ru1*pJ rorce e t.

Itlovr Let us. apply the previ ous scherne t o a. still more con
crete si.tuationl Assurae that ! is an augmentation of the custo-
mary first order language of rings and. t ie an L_t he ory of
f ie lds"  L ,e t  fT( f )  be,  the Boolean

to equiva lence modulo T.

a lgebra of al1 L-f ornr,.rl-as

Def i .n t ion 2.2"  A subset  M of  f

sgbst i tu t io i l  (abbrev ia ted cps)  i f  for ,

" , . rx* ) r .  such that  fmodulo f  be longs

po rJnon la f s  f . €  ZL r1 r . . .  r xn ;a1 r . . . . " " t  ]
the paranetu"*  

"1 . , , , , .  rak are constants

is closed unCer nolyr_"onrj.-q

esch I ' - f  or 'mula ?(x- ,

t o lii, and f or arbi tra:Ly

u where nrkC-lI, 15j.(m, and

, the ctria ss modulo

t  o f  the r - fornu la P{*r r , . . rx ' , r ) :=p( f r r . - . , r fm)  be longs to  L [  too"

Obviousg,given a farn-i- ly (eli) iet of epe subsets of fr

the intersection A l l i  is cps too, so vre ltray speak on the
i€I

subset of ! gene::ated by sone subset of I- Sindlar\r, we

speak on the cps sublatti.ce of Tr generated by some subset

Fix e cps eub;lattice L of I. Given an L_.etructure As +

cps

of F.

lqhie

L



Ls elso a comnutative ringr. calt it an tr-ringr. let J,o be the

augrcentation of the language & wrtfr

f o Y .  + h a  o  l a r m a n t . :  n f1u '  L r re  e  r .earer rLg  or  A ,  D Cnt*  iu  t f - ,u lss:lt irs diafz'ap of A,

i . c . ,  the  seL o f  a l l  a ton ic  !4  -  sen te 'cor  v , ,h i  ch  
" "u .  

l t r *ue  o '

A, and D(A) he the cE-gggg of A, i .e.,  the union of D(A)+ vsi.bh

the set of all negated atoniic IJA-sentence s, v,rhi eh are true on A,

Denote  bV ' In  the lA  -  theo: ry  TLrD(A)+  I  v rh6ss  mode ls  a re  iden-

t i f i-od rl i th the _L-morphicns A)F, rv..th F l= T, and let B(;) be

t,he Boolean algebra of al l ]o - sentenees up to eeuivalence

ntodulo TOr and L(A) be the sublatt ice of B(A) indueed by L,

cons is t ing of  the c l -ac.ges ncCulo T^ of  the l .  -  sentences
A 5 A

?( f l r " " " j fm)r  vrhere { (xr r . . "ox*)  is  an t - foraru l -a ,  such that

?  nodu lo  T  €  t  and  f -  r  Fh  r l ana ra-  r  by Spec*  , . (a)=S ( i , (A)  )  the
r t u

spectral space assigned by Stone duality to the distributive

lat.tice L(A) " One gets in this viay a contravariant funct or.

Specr-,, fron the category of J.,-r ings into the category SS of*  t !  :

spect ra l  spaces,  ass igned to  the pa i r  (T,  L) .

A particular\r inportant (for algebreic - geometr:i.c l.rp-

p l icat ions)  cps la t t ice wi l l  be the ot r ject  o f  the r ,est  o f  th is

secLion,  'yh i le  o thor  re levant  cps la t t ices vd l l  be invest , i  ra t ,er

in Section 1".

Given an L-thee py i of f ielctsl 1et us denote by

W-FZL(T> l,he cps sublatt ice of the Boolean algebraT{(T)o ge-

neroted by the class nodulo f of the J...f ornula xrfOr. and cB11

it the 4ri l islr i latt jce. assignecl to f " 
Tr ^ ; ^ ^- i  -__.' rr a rS An !_rrng \.JO

abbreviate Spec*rzl(A) by Spec, (A) *

- 2 0 *

constantg whi ch arq narnes
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In particularr, if 
! fs the language of r.ings andi T is

the theory 
$of fields or the theory SF of algebraical1y c1o_

sed fieLds, the spectral space Specr(A) ie identified with the
Zariski p::ime spectrun Spec(A) of the comm.itative ring A_ rn ge"
neraf if t is arbitrary, then speer(a) is identified with the
subspace of, Spec(A) consist.ing of the prine ideaLs p of a for
wh-ich the field k(p)=Q(Mp) ie exnbeddable in sone noier ot r"
In particular, we, get, Speer(A)*SFec*rfA) o whore tr{,lm*, no*
iilstans:e, if ! the the,6aySS of reel closed fields, in which
case tr is the theory of fcrna,lly resl flelds, then tho un{sy:l
lying set ef Spec*(A) consists of those. pespec(A) for which
kQ) is forroall"y. real.

L€t" us f ix for the rest of this section a baeo field K"
tQt 

fo 
be the languege & of rings augmentecl with constants rvhich

are nansa for the elenents of K and t{h(K, qe/aEKl be ths corn_

plete L,,. - theorXr of K. The models. of t are the elenrentarf er(-
teneions of the base field K" If A ie a K_algebrar we.w:rite
Spec*(A) instead of Spec*(Ai.SpecnG) is tho subspace of Spee(A)

consisting of those p6Spec(A) for vrhich K is existential ly com_
plete. in &(b)_ tfru

:3 s' spee*(A) ie Spee(A) if K {e algebraical\r

closed (by theorem,,l:l l l,,{f nrpec(a): A/g{KJ if K rs firdte,
( , q&rl:og//irqa 0#k=

f(Spec (e) :k(p)J/is reat EtoseA (by Theoren f._4) , andf pcSpec (A) :
=* (p)  ie  formal ly  p-ad ie over{ r  { .e"n there is  a  va luat ion vr

of  k(p)  sueh that  (k(p)nw) is  a  p-va lped f ie ld  extens ion of  K
ot' rype (e, fV if K:fKr v) is a p-adical1y closed p-valued fie.l
of type (e" f) (uy itr"o"*r 1.L4).

Given an ideal I of A, let Vr.(I) be the a16ss6 subsor
a '

f i (sreco(1r)rrcpJof snec*(A),  and 1et rad,,(r)= C,_.. t  bc r i re



so qaLted K-radical
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I* If I is the null ideal of An 1ot urof

"reaftrrJ" L.,.ezli:-]J , wheref€K, ,v(.f)=1,

**t- r e=Pr (see [re](x-a-x)--1

ttre nap IPvK(f) indu-

the K-radical ideaLs of

prt' Rad*(A.)r=rad*ff1" I ie cal"ted a K*radisellgegl lf Io

=rad*(I), In sorse eoncrete 
'ej.tuations 

rad*(I) adroits more expLi

clt descriptions, !'oe instance, nad*(I) Ls the n{.l.radica}- of Io

{f, K is oLgebraieallgr closedg rag*(I}=ffe*r-Fep2*f for some

&)1], if K is real closed fsee fffJt; if K=(n, v] is a p-adical.

\y elosed p-vabed fietd of type (e, r), a=rftJr 5=(Xrr..,rx*)

and r=(f1r".-rf;) o thqn rae*G)-fe€arsL€tifi with 12r.r

,t 4:
^1= 1@- r

F=K(I)" yl'={f,tsl:eePJ and 7-ft}=*

Eheorelg 1.1) "

Obvl"ously, vK(x)=VK(rad*(r) ) and

cec a galoisian corresponclence between

.A. and the closed subsets of Spec*(A). Aa Spec*(A) lo eobero

terula

equivalentr

i) nor everJr

ideal r,I sueh

VK(r) is irreducibl-e {ff radU(I) € Speco(rt). rn particular,

spec*(A) is irreducible iff Radg(A)€ spec"(a), Sincs Specg(l[]

is. a opeetral epace, the basic open sets Dt(f)=/n(Sneeo(A):

'sdp\, fCAr are quasi-c'ompact. and hence tira seL of K-ra<iical

ideals of A ie inductlve with respect to the partlal" order gi-

ven by inclueion, i.e.o the union of a chsin of K-radical j-deals

is a K-radical ideal" Consequently, we get by standard argu$ents

r 1
( see  l22Jch"6 ,  $1 ) I

2.9., Given a K-algebra 1,, the next gtatexnents are

K- rad ica l  idea l  f  there  ex is ts  a  f in i te ly  genera ted

that l=rado(J) i



xI l -Eivery asc enoan8

s t ati on ar1..

iii): Every non-empty

i rent .

* , t 3  *

chain ItC IA C "." "

set of K-radical ideale has a maxinal"

o f  K-rad ica l  ideals  is

e 1e-

ggf,!n13.!-?S 2"4" lL K-.algebna A satisfvi"ng the equivalent

condit ions sbove ia cal1ed K-noetherian.

Obvious.lyo A is K*noetherian iff the space Spec"(A) is'

noetherian, The next lemna is irrmediate bJr standard aigturerits' 
'-

F .'l

[see [ f  + l  ch. l '  $5 '  11l"ors!r  r '2 ] .

Leuna 2.5. If the K-algebra A is K-f,roether:ian then

snec*(n) has a unique deconposit ion in f initely nar\y irredueible

compone nt s "

Nbw let ltaxuft)=Ju(-spec*(A)tv*tl)=fg3Jbe the set of e]-o-

sed points of $neey(A)ro fhe closed subsets of MaxK(A) with res-

B e c t t ' a t h e t o p o l o s r i r r d u c e d f r o n s p e c * ( A ) h a v e t h e f o r n V K ( I ) =

=qG)AMaxU(A)" where I ranges over the ideals of A " I f f i e a r

it the J{ico-Ii.dea1 of, a, 1et "lrad*(r) be the tu""!G,r1gi cart
a

eon K-radical of I. Obviouslvn rad*(flC'IradKCI)'

Thoq-qell-a-.6-g qlgllgrc-llensggd. Aseume that the K-algebrr

A is f initely generatcd. Then

i) Maxu(A)=fpcsp"" (A) :A/p t 'K] ana Max*(A) is denee in snecK(A) i

i t) the map Vu$)|-)JK(f) is an isornorphisn of inf-conplete 1.atl

ces from tlb latt ice of closed subsets of Spec*(A) onto the 1at'

tice of closed subsete of 1!'iar'6 (A ) i



iii) rlrad*(f )=redg(f ) for every ideal I of A.

Proof, We may assume without loss of

ie a po\rnomial  aIsebr,"  {}J,  I - f f1". . . rxn)",

rn orderr to prove the theorenx, it suff iees to shovr that
for every prine idcra1 p€specK(A) and every f€A\rr, there exists' =

aGSpec (A) such that. M,q{R, p6q and ffq,.
= - = = i , .

let p end f be as above" and s_= , -. .- ol, , ., .,.g, be generat.ors of

P . Consi der the exi .=+ ^F+ . i  ̂ ' r  r  ,-  n
= I,  usrrLrar jk"-sentenee ? : = (Cx) ( A g. (x) =0) A-  i = l  ' =

(f(x) lO) which is obriously trus on k(p)=Q(A/p). As K is exis_
= -

tentialty eomplete in k(p)r,y is true on K too/ and hence there
is a€Kts such that e1 (g)=o for \:i..<n and f(-a)10. thus tho substt-
tution XF) a induces a K-nor?hisn u;A,/p _rK. Ihe priue ideal=  =  v s  s . 4 /  

=

q=Ker(u) satisfies the requireit condit ions. r

Thq theorem above, identif ies Ma1 (A)r. where o=4_{,
X=(Xrr,-.rX,,), n{-Nn with the aff ine spa"e lfr and the cl_oecd
subsete J_(I) of Msx.-(A) nrith the sube 

c n
!K . - ,  - -  - - -  

K  __ -_  _ * - r e t s  l g6K  : f ( e )=O  f o r  oach
? *

f<IJ of f ' ;  call the latter ones sff ine K-vqrieties (abbreviated

K-varie.!:es). CalI Zaristj IGiSEIgg on Kn the topolory whose
elosed sets are exect\y the, g_yaliuties in Kt. If I=V,-(I) is a5 K
K;vaniety in Klr let .Ir(y) be the ideal freel rCa)_o ro" *r*r,

4

9€V' According to gheore!0 z,.dn (k(y)=radra(r), and the map
rp .rK(r) ie a gal.oisian corre.spondence between the K-varieties

{a Kn snd the K*r,adical ideal-s o A-

ror r=f.$), denote uv r[y] the c_oordinrrte K-e:e!ry
A /  * ^  /^t,IO{f1-az*acl*(I) of the K-variety f. I ie iryedueible with res-
pect to the Zariski K-topology iff .I_(y)€Spec_.(A). r 'or an ime_K  '  

K - ' -  
- - -  " "

€lenerality that A



dueible K-varlety Yr, 1et us denote by K(ylsq16[r]l tf,e qipr"C,

gf rationlr1 functiels on y.,

uefinitloe 2.1. tet yCS" Z(ICe be K-ou*ietiee, rtr,

map fi,Y+z ic called regular if there exist fle"."rfrefffJ

zuch that .  f  (a)=(f r (a)r" . " . r f* (g))  for .every g4f"

rnho anrrr.a o^---,,ondenee f PKLYJ extends to an equivalence

from the cate8ory of K-varieties, vrith regular maps as morphi srn:

onto the calegory of f initely genereted K-algebras Ar. which

are K-reduced, i,e..r Rad'*(A)=O, lhis equivalence induces an .

equivalence betwe en the categorir of imeducib.le K-varieties

and the categoaXr of f initely generated K-algebras A fqr which

the rmll ideal belongs to SpeeO(A). A finitely generated field

extension F o,f K ie isoraorphic over K to KCf) fon son. irredu-

eib,le K-variety I if:e K is existen'Lially complete in F"

* 2 5 *

2"8, Ihe K-variety fCKl is defineg ffsli_ong-l)

of K if its defining ideal .I*(Y) ts genenated

by polynonials in t fx ] ,  I=Cxrr . . . rxn)"

If, f(X3 i* u K-varlety end k I-s a subfield of K, 1et

us denote W Y(kl=Yn lS tfr" set of k-pglnlg of I- If 3r is s

n o f i  n i + i  n ng-:i.-=::=::-=:

over a subfield k

f iold extensi-on of K, 1et. yqc F b.e the I'-varietS:Ib(,IK$)Ffu])"

The fqll-owing lenrmaa are inmediate.

and F

L.erLrna 2'"9" L,et I(Kn

be a f ield extension

be a K-varietye k be a subfield of K

cf K,

t) .rr(r@r"r')dK(rl rFJ ano !"[qq( rJ =r[r]e.icr; in parricular:
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Lerome 2,LO. Leb I'lK be a field extension.

Ijenlna 2.].1, The neeeQssr? and

the K-variety Y to be irreduqible is

is irr€.dueible.

suffieient condit ion for
. :.2

that the K-variety f qCT<

Froof. L,er *=K[rJr e=r[rqk fiJ= A%f" By renua 2.9 , the

eanonie K-norphisn r.r,:A-)S is injective. Thus if f 6 * Fis ir-

reclucibleri.e., B is. an integral domei.n, then A io an integr:al

domain too. o'r the other hand, A is K-realueed, i.e"r the nulI

{  A ^ ^ 1  - b

the F-variety t @"F is clefined ovep K..- rt.

i i) f.ff iKI' le the snaLteet. F-variety ACFn oetisfl ing yCn(K).

i i i) If X is defined over k, then y(k)Ckn is a k_vanietyr,

.Jk(T(k))=radg(,I*(rntft]l and r(k)&6KCf" with oquality_ if k..is

oxistential\r conplete in K,

t) Tho roap rCFne>*[IJ/,rof"l",rlil" 
{=(Xr;-,.iEo); extende to=eq

equivalence from the categorlxr of F-varieties. defined o?er Kr.

with regular mqps defined over K as morphi sms,. onto the catego:.Jr

otr finitely generateil K-algebras A fon whieh A qk.F ig F_reduced

ii) tfre functor IDI(K) from the category of tr-varieties defined

over K into the catego4r' of K-varieties is the left. adjoint of

the f\rnctor ZP? fgn g_

In the fol.lowing, let us fix the bese field K anal 1et

F-K be t"he: algebralc closure of K" .on an arbitrarlr algebraicalg

closed field extension of K. f,he K-varieties are identified with

the K-varieties. I defined over K satlsfling S*f(K) ADKf_
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n

exist .  pr1on. . r !u.(speco(A} such that  
A 

j t=O. As o€spec(A] '  i t

f,olIows irnrnediateLy that moreover 06Speco(A)r' i.e', I is irre-

ducib l -c.

Converse$n i f  Y is  i r reducib le,  then K is  existent iaLly

complete in the f ield F=K(Y)=Q(A), ancl henee the f ield extensiol, ,

F/K is regular. Coneequently', B* Q< E i." 
"n 

inte6,,,ra1 domaitr,

i .o . ,  I  @U lC is ,  i r reduc ib le .  e

I f  f  is an irreducible K-varietyr let ue denote by

I--- the Zariski open set of regular (simple, sroooth) points of
reE

t o

Froof . tet ZCIdc anO gef<[X]rJf(Z)" vle have to sho,^, that

{aeE""rea(a}foJ is non-empty, J ,r,",",fn€K[I] be senerators

of J*(Z\ and hence of J*(Y), where t=Zqf fi". Cioun a field exten

sion F of Kr the necessary and sufficient condit ion for a poi'nt

tr of f @€ F=n &,, f to be regular is that there exists a ninor

r - - '  ? f t .
h€I(LlU of order n-dirn Y of the Jacobian matrix 

ffi)f_.1.m, 1(j{n
.J

such tbaL hQ)10,, where dim v.=traeg(fr(Y)/K)=trdeg(I((z)lK). Let

/J .)

J--{ moa J*(Z)=X mod J,-(Y} and take F=K(I)=K(Z) @k K. Since y is
!  =  r r -  -  

=  i \ '  =

generic, there exists a rninor h(K[Xl as above such that h(v)10.
= =

As K is existentially cornplete tn K(z),. there exists g€Kn such

r l - ^ +  +  -  -r ' ' '1b r ' (9)=O for  1(L(m ana h(g)g(n l lo .  Thus a€Z_^_ and g(h)16,
=  I e g  - : .

Y.If Z is an irreducib'le K:-varietJr let Z*u*:=Zn(Z q K)reg"

Iem&a 2"L2. Lf % ls

is  dense in  Z wi th  respect

cu1-ar Z-^- is non-enptY"
r s t !

irreducible K-variety then

the Zarieki K-topology. In

r-reg

parti-
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as requi red.  s

The nerL stratif ieati6l fesma follovts fron Lefinas 2'5

and 2.12 by standard Brgunent$ ("e* [zZ] ch'l- '  SLA)""

&-W*2 "I5. Tf t is a K-variety then ther"e exists f inite*

Iy nar* irreducib,le Kpvarieties fLC Yr, I(i.<no sueh that

m l
v - t , ,  v r
4 * \ - . / . Y r A d

, i  * , t l  l  v 6 ;

J. Spectrsl- spac-es induced bv theories of f ields:

ReAularity and fini ten-ess nroperties.

K being a' f ixed base fleld, let l 'o. be the language L

of rings, augnented with constant.g stsnding for the elemento of Kt

t be,the L- theory Th(Kr,<B>a€K) and I be the Boolean algpb::a of

t.he I{, - fornulas up to equivalence modu}o T"

Given an -&6 - f ornuta f (xr, 
" ' ' ."xr), 

let ? (x1t'" o-rxmr

r -  m
t o*1) ,= (x*+f 0) A [Jzr) ,-- (3u*) p(zy-..,2^) A;!r"ior*r"'iJ ;

d

ca}I f the hornogqgizatiog of Y ..

Definit ion 5"1. A subsetr [t of F is called ho-msEeleoqs
=

If, whenever ? (xtr. -.rx*) ie an ]o-f ornuLa such that f raocl f, 6M'

then Q mod T belongsr to U too"

One checks eaeily that. the Zariski l-at'tice ZI=Zt(t) is

homogene ous

Given a cps subLattice t ofS and a K-a161ebra Ar lot

D(A)o r  D(A) ,  rAe B(A)  and snecorr (A) ;=spec*r l (A)  t re  as def ined
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in $ection 2' In the following we assume alwoye that the' gps

$qblglt.i-ce L icrntaj.ns ZI"r so.vre get a coherent epi SPec*r1(A')

-> SpeqKCA)" thusu the point's of the speetral '  space SFec*r' '(A)

ar*€ ldentif ied \ ldth pair:s (po f), vrhere le$necOCA) 
and f is a

K-eurbedding of the integral clomain V'O in'uo some model F of t''
=

up to the equival-ence relat'ion given btrr (|frfytLfo.r--1 F1)-(r2o

trrefn;ltz) itr:pgg* and F131(ri1g1)rz" one checks easil-v that

the underlying set of Sfec*u"(A) is the disioint union

L--/ $peco 
".(k(F)) 

if L is zupposed to be hornogeneoue'

pEspec*b) =
=

Now 1.et r be a K-variety ano a{fJ be its coordi nate

K-sl.gebra. As t'he set X is identified witfr Hom*(A' K) and

Spec'; " 
(K) is a singletonr vte 8et a canonic enbedding of I into

'  A l !

Spec,- 
" 

(A} , indueing on Y a topolory' called lr'lgpgLqg' vrith
L r !

the fanr i ly /  .={4,  r=Dt"nVnt}+nL(A)  as base of  open sets '  s i -nce '
I,L

by assunption" ZL CtF it fol lows that the L-topologf on Y is f i-

ner as the Zariski K-topolory on Y' Obviou"ly' /ToL is a subl-at*

t ice of t lre power set' P(I) with respec't to f inite unions and in*

t erse ct ionsl "

LeIlgll 1.2. The nep f ,tr,(n)*f,yr, I €erp* is an isomor*

phi srn of lat tices.

prs-ar. ,  Let / rrV"el ta).1 ' le have to show tnat lyo 
< !V,

CD), , ,  ,  r * t  F ;  (x1o." . rx* ) r '  i= l r2 ,  be I * - formulas '  and
u  ) ' 7 -

,  i=1r2,  be such that  f r *F i l r t )noa T fcr  i=1t2 ' '  1 l ;e  have to

rhBr TArx u D (A ) + hfr (f ,: + ?, f5, I' vrrite n=r[3'], v= (Ylo " ..'

+w
f . €aln

= &

s hov,



. r r . c r y & ) , and as sume that J*(I)=Ker (nft]+axr-lg 
J is generated

tr e1r..org:1o Denote by "F€I," the L--fonnula .{e; (4}=0,
i = l * =

Lemma ] . ' i  iar.+ i  rro

can be

5=(r1rr.,ra)o then gA=f uf 
}ut'Jo 

Since, by assunption,
. a'\

KS'ixer*-e(YrEr(g) \+Yrrcr(x))) ano Kp r, wc s.et r^F.fl(rr)
/ \  

"  
a ;

+V Ze;)  n ae required- E

- r Pht Ofrl bethe spectral space asslgned by Stone riuality

to the distributive lattiee f"r, . The points or 4r" &e the

prime filters of f,"," and the sersrrJ=/Fe ir;", !1!Jw;t'n D a

Z trt t" a base ot d"r,". The isomorphisn p, above inrluces n homec
. , \ / \

morphism 9r, f.., .,. -) Speer. 7 (A):-  !  r r !  -  { r ! -

f t+ rn,.r{?e r,1rt,f"mrcFJvfip:k€L(A) ,Q"tvl*.F} .

In particular, f is dense in Speco , (4,).
A t,JJ

Now 1et f,, be the cpe sublattise of J' generated by

LU/(xr=61nqa f]. ltms the nenbers or f are the classes nodulo t
] -  4 L

of the f,- - forrnrlas having the forn 9lOu{g)n f (rr r(x)=of ,
4  i = 1 - ' =  i : f  

r J q

or equivalent.ly, having the f orm 
AFr(x) 

V (t(x)=0{, where
4 . 1

f iSr  f i€Kl5J,  5Cx1" . . - r Ia)n and f t  inod T(L for  { . .< i (1 .  Cal l  the

nenbers of  the d is t r ibut ive la t t icef* r1  , t .e . ,  the bas ie  $ooen

subsets of ll) the f-gonglSCS.U.b1e subsets of I, the enbedcting

t(A)qfl(A) induces the coherent epis trrrspec*^7(a)?snec*,"(a) r.
. / \    - ,  i  |  . t -  

* t "  ' \ t J

q f .n- i+'tr- , such that 2..'f,- =h ql'i,
" l r  I  t !  I l !  L  . l -  

' ! t  I J

since zLcLn i f  fo l lowe:

? "3 .  The  map  z t , :Sneco  ? (A )+  Speco  r (A )- + r b
i s

(A)ihus, tkre unclerlying sets of SpecOrOfA) and SpecKT
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ldentified" and sor the toPologr

of  the topoloty  on Specn , (A) ,
\ t  r J

Ienuua J ,4 " td:t Ur,VC 1" be

Spec,, F (A) is a rafination-  \ r I L

UCY. The necessary and suffisient

onen ind;1rv t  wi th  respect  to  theI  L  
\ "  " * - . .

^ r' -)f
U=VnD for some l)cAv r .' t  r t !

?.Igg!.' lhe if part is trivial. Converselyr assun:'-llg thet

Ot'ful is L-open r" {1lCvl,. there exists a farnilv (?i)rur- or

elemenrs of t(A) such that$11rul4iI(Y)n!/DL,n." Rsdlt*,  t*

.open quasi-conpact in Snee*u1(A), there exists a f inite subset

"r of r such that{;1 tul=9;1 ff)n V Dr v " consequent}v, u=vA! r' . 4 - ' - '  ' L  -  
i e a l  t n ' i

t \ r t h . *
vrhere IJ ' tl 9a <0v , .

t  i 6 . I : . i  
r r !

!-q onst r-uct i  b le e ets

condit ion ror4f l1tul

topology of SPec,. ,
I ! t L r

such that

t o  be

(A )  i s

sets  such

t n  v .

thatl

golf*ISry 3,5. I€iN UIVCY be Irconstructible
r - T  ' - 1

thst q i-(u) i" t-open inf f" 
(v)- tnen U is r'n"open

lggiii1fu 1.6" VIe say that the lattice L hag tini.Lgg1*ry'

pLStrJf[ i f  the converse of CorollarXr ]*5. holdsr i.e"o for eve*

ry l*-va:' iety Y and arbitrary U"V€X F, if U is L-open in V then
r  s l -

ttr=vn D for some De 
'f,* 

" "=  =  r t !

Novr 1el us asaune that Y i.s an irreducible 1g-vsliet]r, and

fet A=KfYlr I,=K(y)" Assuming L houogeneous, the canonic morrrhisnr

of latt, icee Yr:f,(A)-) t(f) ier onto and so we get an enbedcing

/\

Y - tspec,- , (F)-Spec' T(I ') <+ Spec,. r (a) . t lote that L is horno,"ene ous
!  

'  A r L  
-  A t { -  r ! t !

too* thus we have the following commutative diagran



,  
*  t -

\ -  |
d 1  I

)cr,
L  r u

6 -
-=+ Speeo f (A)

\ li, l
t'!0l

Spec"- .,' (A)- l \9rr

\ v -
q \

<- 
L> Speeo .', (F)

dr l

T'he folloviing rosult is a generalization of Brurnf i e't t s

and hypothesis

r,4.? 6 ^? -hor.o, ,  -  _  . - ) , .  . . ___ -  _

abovo o

lJ =.l c: l-Y r

to the

Leritra 1,.8'  Assume that L is homogeneous and f is an irre*

ducible K-val iety" Let us denote by reg witL

ultrafilter theor:em fo:: or.dr:r,g [if] p,a:2, [a] f.,f"

le4qoe ].7. With the notations
4. .1  a  .  1

i )  rm(o"if,)=.JFe f,* ,:D*( F for eyery
u  u  !  r r . J J _ r

$ (aI*oJi
, ^ , 4 - / \

i i . )  I lo$i l rYi t=iF€f""f  :u is dense in x wlth respect

Zariski K-topologSr on I for e"ery [leFJ-

F:lo-gf 1} is trivial"
,^,_.5 A

i i )  tet  Fe r* t f t :Yf i "  Then there exists a f ie ld extension N of

F such that the extension N/K is elercentarxr ana fi =fQ:

1

t r€i(A)" NFqJ- L,et of f6A, tnenpre Fand hence vnPt is non-ernnty

for  each UGf -  
/ \'  

Converselyr fetF€'f,o i l  be such that U ie Zariskj--dense in
t r r !

t  for  every U€l - "  fer  N be a model -  o f  Tn=TIJD[A)-  such thaf
a 7

{iCftl=F " l ' le have to show that N is a f iold exbension of Fo Assu-

ming thc contrary, let OFf€A be such that Np (r=o). Then U{a(Yl

lf (e)=OJ€F, and hence UAp, is non-enpty since lI is Zariski den*

ee in Y' a contradiction' a

c fo sure
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retlpeeL. to tho l**t,oPoJ-ogr orr To end ny IlnCfS) t.he closure of

rrC?,1 in speco i.(A)', a=rfuJ" racnti{ving r with a oubset of
_ !  I \ r !  _ _ _ _  

T

Speco ,,(A), we have Yn In(fL) C YreB"

ltlqgJl" k*t- jcYn I]n(Yt) and f€L(A) be such that l}$" we
---x-

have to  shor , , r  that  Y-^^nD is  non-enpty"  As Dr , f rm( f t . )  is  non-
r c g - P : - l r Y

enpty by assumptionn there exists a f ield extension N of F=K(Y)

euch that the extensiore N/K is elementary and ? is true on N"

thus,  N sat is f ies  the lv -senten""  O:=( . fu)  ' l€ t i "g  n?k)  ,  (set

:c=y, t ire generic point of Y) r, and hence O is true on K too, i.e;

f - -^ -nDis  non-enpty ,  as requi red-

lSfui!1sg r.9" Vie say that the honogeneous cps lattice

L h a s r e f | l l a r i t y n r o D e r t y i f t h e o p p o s i t e i n c l u s i o n o f L e n r n a S . B

holds for every irr:educible K-variety rr, i .e.r for each?€L({YJ)

z \  - 1  
" ' r -D, ,^nIm(Y;) is non-empt;r (equivalently TUD(I{LYJ) vlteJis consis-

rrtY )r

tent), rvhenever Ir.u*A$ is non-empty.

Ienuna 7..1O" Assume that. L has regularity property, f is ar

ireducibl-e K-varj.ety and U is an t-open subset of f such that

Unf ie non-empty' Then tI is Zariski dense in I"
reg

Proof" Let a€LxAY*- and P € L(A) ' A=I{-fl be such that
=  r v c J

g€D-CU- As L has regulariqy proerty ana-Q,n I*"g i" non-cnJ)lJr'
= t\P

. r J . n ^ I \

tUD(A)Ui ( ( ]  i "  cons ls tcLr \  &nd hence 
!p" ! t  

is  non-enpty  1 'or  eve-

n
ry O.ff(A* i...r.!L (and hence' I"n) is Zariski-dense in I '  f l

fn the -Jta 
"t 

this section we app\r the general thesly
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above t.o 't,he Partieular case trhen

calIY closed, or real" closedt or

cps sublatt ice ofJ generated bY

the base fiefd K is algebrai-

p-ad ica l1 .Y 'g lssedl  and L is  the

tlre classes rnodulo T of the t'r'-

T of the L-forrurla (r" ftt particul'ar'

.: .i .t T'f

a ' r  4 1 .

i i i) If K is P-adicallY c losed then ZL( i '

?roof" i) l f  K is algebraically closed then tf-?, '(x1)

<-> (xrlO) for n)r2-

i i) If I( is real cxosed then TF?I!(xr)# ?r(x| if n is even'

ana rF(*(xr)<-+(xr*o) if n is odd" \rle get also lF (x'lo)<-+ (?2(.xt

V Y z ( - x t ) ) "

i i i) ff K is p-adical\r 'closed then d/d(2 is f inj"te and

/
rt- ()crfo)e V ?2(axt)"

f,t\ ''get\ / y,
K'-'

Leryta 1.12. Let Kr L be as above"Then L is homogeneous

and f ie the trhole Booil-ean a1$ebra F"

Pr:oof . Ihe tromogeneity of L is j'nuaediate' for the conve-

nience of the reader le{ us prove this in the case $ihen K i 's rr:a

closed. Ihen each member of L is the class rnoduLo f of Bome l- 'O*

.p );
\ , .  . r z  ̂ r  - \ 7  n  k  r o  . r * . ) t  r * i t h

formrla Yixrn." .ox*)  of  the f  orrn)  $"=r.Y,  j= i  
' r \ r i i \ - 'L ' r l  '

ri;(n[:], rrrus, tFi(x, ***rr<+fi'rz(*#1)^.9 {tr,{r,:.,

formulas (o(xr) :=(xr/o)A((Jxn)xr*x!) for a1l n)2"

Iegms 1.11. i) ff K is algebraical\r closed then L-iZl-,"

K is real closed then t is the cps sublatt ice of -E genera'

the class modulo
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1 T t  ) i  - r7:{ -))lvl.r.r-* -r^.\7 -4 v^(tri '{..t(:, ru*r)lJu . + t " J ' 1 t 2 t  ' f u - l  l " t i = l  j . " l  
t r " r g  r . J ' = i

deg f; .t xr x
fig(_:=* xra*r)*m*i tJ fij( ;ft; ,,.", il* )n

, f b Lf dee fi5 ie eveno
t ,  " = {1J L *r otherwise.

' Ihe last. part of the statenenL is im.nediate by

quantif iers, accordinq to lheoreosl"l '  I ,4 and

, vrh6r.e

elimination of

1 " 1 4 .  &

Lemroa 1.15. ],€t A be a K;algebrar

i) If K is algebraieal\r '  closed then SpecKlL(A) ls the

Zarlski prime spectrum Spec(A)"

i t )  I f  K is  rea l  c fosec l  then Speco 1, (a)  is  the reaL spec-
.\ t '

trum Specr(A), of A consisting of the pairs (pr P), where

pGSpec(A) and P i6 an order sn p(p)=Q(Mpl , *1il' the Coste*&ov

r - 1
topolory frf, r+_] given. by tho base of open sets D(atr'-.ra.):

(  t r  4  , -  -

,={tg,  P):  s i  roodl€f=p: loJ t*  r5i(n}with ay".- ,ao€Ao rn

particular, i f  A=F is a f ield ttren SPec*o1(F) ie the Boolean

epace of orders of F trith respect to tl'Ie

i i i) ff 5G' 
v) is s' P-adicalhr

type. (e, f) then SnecOr"(A) consists cf

where pcSpeg(tr) and P*Ck(g) euch that

fiel-d, with the topolosr given W the eubbase of open sets

p(fun)r={9" ("*)o72}*f mod jr{} r for feae m)2. rn particuLar,

l f  A=F is a, f iefd then Spea"l(f) is the Boolean space of all

K-field strurctures on !."

Igg€" i) ie tr ivial, trhi le it) ana i i i) fol low by Theo-

reus 1.4 and 1.I*- '" F

Harrison topologY"

cloeed p-valuecl fiold of

the pairs (p, (P*)np2) r

(k(p) o P*:n),2) ie a K-
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SeL Speep(A):'specre t (A) in the p*56j.q ease and eall- it

th€ p-ggle g!g.e!I.u]g of the K*algebra Ao,

ie the gtLolg

of generality that I {.sthe c"ffine

t opolo6y on Kn, ana p =Jg= (a1., . ..

I*W ,,14.. I,et I be a lr,-variety, a=f[fjn and {dentiflr Y

with e dense sub*et of SpecKeL(A).

i) If K is real closed then the L.-topologr on'I

Pro-o{ .  i )  is  imnediate.

ii) We may assu&e without loss

"po". 
C. 61 t be the product

$SBgtgg.f induced W the uni.que order of K,

i i) If 5=&o v) is p-adica1ftr closed then the L-topology on T is

the topolo6g'induced by the valuation v of K.

neighbourhoods of 3. 0" the other hand, tetD(f ,  n)  = D(f ,  m)n Y=

=f.,ol'.. r. tetJml +r-vfn1 '.- /.. v '!
l = - - . - . : , r " .  y r  - - - \ L r . J  r  ; | -  r ^17o r  . t n r ' t  u  m)2 ,  be  t ' he  subbase  o f

the lrtopoloEy on I. First let us show

ner as 't , )-.e ., g+Vn is L-open f or a €Y,

X
that v(Jt)=1, b€K be such that v(b)=d,

pi2, respect ively f i12(x)=1+ 
Hf

Oo=i cer : r+fc'n **' J if pf2 r. re spec t.i ve ly Oo=/c er lr+fre2e #t J it

p=2,  i t  fo l lows e*v,cApfr i  ^ r  rn^) r  where * -={2 Lf  p*2 
,=  ^ i = 1 =  r r P '  P '  

-  
P l ,  l f p = 2

i "e" ,  €+Y is  t -open.  Converse lyr .  1et  us shovr  that  t  is  f i  ner  as

the L-topology. Let f(K[X] , @2. Yfe have to show thatr(f, m) is

? *open. For each b(KIIn, con.gider the ?- open set

ug={ger:v(f (e)-b)) v (t,)"Zo (*)J ,  Since, by Newtonr s lemmat

tha t ! ( f  ,  m;=  V*  oo  ie  z  -open.
bcKer

that the L-topology is f i-

d€vK" r,et .9f€r be $uch
(xn -ao )'

and'f- -S)=1+ -*-.- i f
L r ! '  -  J L  b 1 -

i f  p=2r. for l( i(n. Since

,n*lutt'*ta Kxn , iL follows
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5"15'  I f  KoL are as above thcn. I i  has regulrrritY

.. '.t r *1

P::oof" Iet, T be an il"reducible l(-verrielyt a=K[IJ= ]:iiJ

and V€L#t) be such that T*n*AnO i" ttotl-umpt]'" lile hava to shovr

that TtD(A)Ufy! is consis:tent- I{e clistin6trrish t'hree case$:

i) tC iu ofgeurrictf\r closed:: As L=ZL, v/e rnaf" assume that y
-{

i s  the c lass modul .o  Tn of  the L 'n-sent" " "o  { f r (x)FO' '  
w i t i r

I  _ -L

f -€4, l(i(l" Sinee aegnpy 
t* non-emptv' vrc get ft lo ron l*<j-'<1'

and hence lhe required conclusion is inrmediate'

ii) 1r is real closed: By Lernna 5 .L]r, we may assume that y is the

class nodulo Tu of the Lo-sentence A Yr{rt(v)) '  vrith f i€A'

l-4i,,.<1. By hypothesis, there exisLs gd""g such that j i(a)'\0 ror

l( i .Sl. Thet concl'usion, i 'e"r '  there exists an order p ott psfi{X)

sueh that f*cf for 1<iS1' folLows by Artin-fang theoren fzJ r:rtt'

r en  1 "7 .

i i i )  E=(Kr  v)  is  p-ad ica11y c losedl ' ! ' Ie  r lav  assume thatV is  ihe

cLass rrodulo 5ln of the a'n-sen-Lut"" l . ,,kor(f i(y)) 
vrith m)2n fi6A'

X. " r 1

L<i-<1. r.et ge\u*rrla""nr?9(fi 'Io)' Accordins to !-BJ Corol*

lara A.5, |:.he K.norphisin A-}t(:yp} 3 extencls to a place Q of

F=K(Y) over K such that FQ=K' Let vQ be the valuation of f '  assi"g*

ned to Q and w be the conposite val 'uation to oQ of F'Then w

e:rtends vr O*=Qll(ov) r Fs,g Kv and vK is a c onvex subgroup of' t'r'F'

fn particular, wgf)=]. '  vd-rere iC is an element of K such that

edl)*l,, and the ordered group vI{ is existenti 'alI-y complete in

viF, by [:e] tr l"o""m 2,6" Accorcling to. the AK-Kochen-nrshov trans'

rer principru [:] , [.u] , [t] , ['o] , [:o] , Bt] ,[d ' the ]rense li an va:
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lr,red field (K" v) i .s eris+.enti:a11y conrp-lete in the valued fie1d

(F, w) , i .e., (F, vr) is enbecldable over (K, v) into sone p*sdi-

calry elosed p-valued field (Fr, rv') of tho $ame type Bs (K, v) 
"

In order to conclucLe that SIUD(A),J t ' tJ is consistentr i t  r 'enrains

to shorv that Q-l (d*)crox* for" n)2. lel, Qt be the place of Fs

over Ko extending Q, whose rraluation ve, is tho conrposite ntap

3'rX wlt $strir -+1'r'tFr/<vr> ,' where (vK)is the convex hull of vK

in wtFr., The,n K=FQ is: ir lentif ied with a.su-ot-ieid of the xlet: j 'due.

the residue cheracteristic of (tr"t, v.,, )'  ! d '

liense| e l enr'la to thc polyncmi aI X'- - a

as nequirecl, g

above then L hes finiteness

\P

&'qol. tet Y be a K*variety, and UrV6 Dy-F be such that
* e g

U is L-open in vo tie have to show that il=vn 
I 

for sorno 
!'T"or"

VJo- di srf. incr:. i  sh ttrree casegi

i)  K is algebraical ly closed: fr ivial,  si-nce L,=Zl '  and thus {r,

is t-he whole set of Zariski open sub$ets of T"

i i )  K  is  rea l  c losed l  Then the  s ta tement  above is  no th ing  e lse

fhan the funclamenta 1 f irr i teness theoreu for open serui-algebrai 'c

r " . r . l t

sets ,  conjccturer l  by tsrur f ic l  l t f  "Unprovct l  Pro.oos i t ion B '1 '2 t

r ' - f 1 r ' l T - l

and proved by various teclt:iques in lfOJ" lf:1 ' U5J rV7J"

ii i) I=(K, v) is p*adical\r c1osc1:: r 'et (fu)g be the lan6uage It '

uugmented wj.th ttre.one-place reration oymbols !n' n)a 
" 

and piiq"

f , ia ld Ftee" '  tet  aee*I  (Chlc Q'-1((F 'Qo)xn) ,  n)2,  s ince wr f .e Hen"

s€.Iian and 0-.-, CO- it foll-oi'rs' that' (Ft
v{ un G

Y

-  v^" )  is  Hensel ian.  As

is zero, wa nay aPPIY

and eonclude thBt *63"Xrt u

Tbe-olern- 5.16. If K."L are

property"
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bs the {b)n * theory obtained from the fu*theory f of p*arli-*

=

cal1y closed fiald extensions of s of the r:ame type as 5t bv

ac ld ing the def in i i rg  ax i .orns f r r (x1)<+( iz2)xr ' { '  nZz"  ao Ei "

t.he rvhole Boolean algebra ir 
the statement' vre have to prove ia

ecluivalent l,,rrit h the followlng one: given the l-,O - formulas

Yn(x) ,  4=(x r , . . .nx* ) ,  i=1 ,2 '  i f  ' r t sY:>Y,  
" "d f  

V '1 ]  i s  c los ;e r l
' j . =  

=  L

inf*^Jwitfr reopeet t 'o the product topology on Km lnduced by

z  r ,  I  .  *  ' )  ^

t l re  v t r luat ion v ,  where[V- l t= fger<m:rFYi (2]J"  L=r '2 '  then there

exists a posit ive quant^if ier rree (f,,r)* - forraula 0(x) such

+hat nclr--t9.qp{fa6}. In order to prove thc lattor statementt
9 . . 9 9 } , - - y | | - - , 2

=  r ' !

=

i t .suffices, according t'o van den Dries|: '; I6rndonrRobinson-type

ru**r [:fJ , to prolte that the forrouras YLrVz as abcve satisfy

the following lift ing propertyl given two models F'N of T' an

intermediate ring between K and F, a K-norphism f:A*N and a

point  a=(arr , . . ram)€Am' i f  f  (Anr" lc  rn fo* n)2 and FFf l (g)  '

then NF YrG C"l ) -t yr(f (g) ) .
, n

First ]et ua note that f (Anp')=f (/l)n N] n)20 i 'e.,

f (Anrn) rn72) _t- it sub{-domain of N=(W, t ' tn:n;z)- fn-
BF (f (A ) r' f (An I'-) 1.n>/z ) rs a sull*r!-\rl 'rucl 't v4 i '. ' I --

rr* 'rn v lfn

d.e ed , let x€A be such ttrat f (xX N^n". As I+=K^F^", there i s

y(Is euch that ry<fln., and hence f (x)y=f(x.il(lFn. Thus, yeISlNn*

=Kh and x(AA Is..

I-e t v'r vn be the p-valuat'ions of F" re spectiveLy Nt

tending v, and le-t^ I=Ker f', For xrll-A,, v*(flx )*(v,o(f{y) iff

o,'iir iJ i i-r. g4*Lf io c"l -' u, t!'i '
e,iI ir er',ru { * ),<.,'u {y)Gt|Jl-ffi ? l n n 2 i r 142]1fr e c t i ve 1v

ex-

,.5*6y5eann9 if p=2r, where fis rn element of K such that

v60=t., Applying f 1t€ get r(xle+fi(y)?n2' ir pl2, respectiveJ-v

, 6"; 1+.fr fu') ?elr? * i "e ., v*Cf (s1 ) .t( v,u (f (r)' ) - converselg, aseuue
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$N(f (x)\< viq(f(y) ! and v*(r)>vpfu), f.e", vr(xP7vp(f.r) ' consequen{'

lv, v*(f (v)))v*ff (x)))v*t$'rfr)), ie., x6l artd yGr. Ehus, the

prine ideal I of A is eonvex with r 'espeet to the valuation v1.r

i..'e., givan x6I, y(A-, if vn(x)..(vu(y) thea y€I" As we elplJ shor'rr

in Proposit ion ?,20r there exists a val"uation lr of F eueh that

Ur0.,r"aO* andSurAA=I" Thus, the epi A-+f (A) induced by f is:

identif ied r ' t i th the restriction of the eanonic eli- plO;?F*"

I,et F,,,=(r,.,, r*rn?Z)". Let us show triat il is a sub*5-cr;;ai;
: ; w  . - l v r  - 1 t t -  -  ' -  

. ,

a no*

del. of 9. ffre first requirement is obvi-ously fulfiled since on

is,Henselian of residue characteristi.c zeror, as O* containsl the

Hensellan valuation 
"in8 

OvF" Idoreoverr vu induces a Henseli.an

valuation ft-on !.* such that S'extends. v, (nuf6t/Frr;:K' and the

value group frn* is identif i"ed with an internediate convex sub-

group betrveen vK and v"F' rn particular G(6=n(fc' is the slnsllest

posit ive elenent of FF* and i lF* is a z-group" Tlnrs, (r*,  i )  is .

p*adica]. l3'  cl-osed p-valued f i 'eld extending 5 of the sene type as

T a  i - c - -  r '  i s  n  m n d g l  o f  f o  a s  r e q u i r e d -

So B is a connon sub-ld-domain of the rnodels 
-U 

and J n-F
=  =  

- ' ^ -  - - - - - -  
=  3 w  " *

pCF, .o  Accord ing  to  Theore lx  1" I4 r  S  and f *  a re  e lementar i l y  equ iva*
' € ? K

.  ^ - l  : , . ^ -  t ]  r -  ^ ^ h + . i  ^ , r 1 a n  + h a  a a n +  o r ' n o {  ( t  ( n \ \ - l V  t + f  ^ ll e r r .u  eve l  ne  r r !  pa ' t i . cu la r ,  the  sentence I  2  
(1 ' t9 /  t ' z  ) " t1 t '19 j  )  i s

=

true on N iff it is true o:r Furr and hence we nray assu:rre from tlte

beginnirg lhat A=O*r N=F* and f is the canonic ePi p:O*'*F*.

As (f ,  w) is l lensel ian of resj-due characterist ic zeror '  we

rnav i .denti fv F with an intermediate model of T betrveen K and F1



according to

r , .  '1
in lY^ |  rv i th

L  Z J

- ' " i i  " '
1 1  n , .  1
lz I  r l r ' , - ,^,,oi.hi nrr ' l  6, B"-, '  egsrrr,rot ion lK I is cl .orjecl
L . J " . v y v \ J ! ! . L v r l ! v ! f , - . - L , l J

respeet to the topo:l.ogy on Kn induced by v. Since

p (a) €[V,l*
=  *  . W

.. #fv 1' o . r 4 n ] / r L t . l J ! l
* * 

\ir

the prope::ty to be closed with resTrect t.o v i* J1. - dofinable

r ,  1
o..l ri, i .. nn a'l ama'.\tary oxt.enr:i_on of K i.t f ol_lol,rs that/ Y,r i

t 
r.f

f* 1 fu I I m 1l s  c l . oseo  rn l l " J  ,  whe reL I i J  =2bCF i : : :  F , , , 1=7 r (b ) f  o  i = l r 2 "
* E !

' u t  _  t t

0n tho ot i rer  hanC,  f f ( : l  is  t rue on P by Lypothcs i t r ,  Y/e hnve

to erhow that I 'J'.V2(oGi )-f fr(rr(_q) ) " .rtssumj.ng the contrary,

and there exists <ei l l ' ,u="r(4)  such that  z= (2. ; , , . . .

I 1  - dn*rencver gGF,-". arrc' l  w(zi-n (a, ) ))( for 1(i(m. As

F is an elenentary f j .eld extension of l ' ! -  and the p-valuations

i l  and v, arc I*-de f5.nable, i t  f  ol lcv/s bhat (F, vr) is an e lenen-

tary valued f ielcl  extcnsion of (fr ,  
,  i l ) ,6ry ihe other hen6, I

vp(ai-i:(ai) )2 a( since w(ai-n(ai) ))0, t5i(n, and frrr;vu({l iu *

convex sub6roup of vu',F . Consequent\r, fFTYf (n) , contrarxr to thr

hypothes is"  6

The rest  o f  th is  sect j ,on is  devoted to  the unproved s ta*

tenent used in ihe p::oof of the theoren sboye"

Siven a valued f ield (! ' , ,  v) and a sub*

o f  A  j . s  ca . I led  c  onvex  (v rJ .  th  respec t  to

cr.hi t-r"n rw r6T an.] htrA hGT urhr:rarrot_ . ' t .  v  \ . .  
}

1.9,  one gets  eas i ly :

Lernna 5"18" I€t (F, v) be sr valued f ield, A be a subri.nl;

of F ancl I  be a pr: i .me ideaL of A " f  ho necesisary ard, suff ici  ent

cond i t ion  fo r  I  to  be  convex  is  t ,ha t  (A . / I ,  R)  i s  a  va lucd  t - lona i .n ,

n . . f . i ; , i  + i  n n  7  1 ?

l t in,c A. of tr ' .  nn i  r loal I

the valuation vi i f  for

, \ ' . . ' \v (a / \ \ v { , o r .

Using Definit ion



r
where n={(a,  mod ln  b  mod f } :erb(An v(a)=<v(bf  .

L

Def , ln i l ion 7"1-9"  Given (F '  w)  and ACFo the eonve l r : :ad i - " * r

f  o f  A is  the se.L crad(1)=fa6A:v(b)(nv(a)  for

soure b€r, npJ"

Obvi ous13" n crad(I) is a c onvex idea1, containing

rrl lraclical of f o and crad (or:ad(f ) )=crad (I), fhe nacessary

sufficient condit ion for -L-=cracl (f ) is that f is convex ani

a n i l rad ica l  .  c radf i ) lA i f f  ICS'  '  One checks eas i ly  that

crad(1-)  is  the in tersect . ion of  a l l  convex pr ime ideals  o f  A

taining I,.

tt.glrg.)" J,et (I" v) be a valued fieldr,4 be a subring of I 'and f

be a convex prime ideal of A. their there existg a velluation rfng

Q* such that" A"U0'C 0* and An g*;I"

Procrf.  Let ir [  be the set of al l  peirs (8, . f ] ,  where

an interrnetl iate r ing between A and Ir,  J j-s a convex prime

of B and AAJ=I, part ial- ly otdered by the relat ion (Br ' I lS

if f  B( Br antL BftJrrr.  As (4, I)€l, i  and (Llr,r()r3inductive, i t

by Zorn's. lenna thet 1,1 has a naxims] efenentr so we may assume

c I
an"a 1,1=lfa, I)J" tfren obviously A is a local r ing and I ir: i ts

maxiraal idea1" l,et us show that A is a valuation ri-ng" Iet x(F\A'

e=a["] and J=IB. Assun,ing that 'JCmrrr crad(J)lBr and hence thero

e x i s t s a c o n v e x p r i m e i d e a l ! o f B ' s u c h t h a t ' f ( 3 ' S i n c e f j . s a : '

maxina l  ic lea l  o f  Ar ,  i t  fo l lov , rs  (A,  I ) . -<  {B '  p) ,  a  cont rad ic t i  on*

* ! " ? -

ca.l- of thc ideal

t h e

and

f  i s

B i s

i -dea1

( B o  , J u

fol lowr



* 4 1 1  *
t'1 ..

fhusr,,rfuuu and lience vif *rxl).{0 for som6 ai6ir' $'(i{n* Ael

T(m . one rets r. '(x)(0" Ar;surnitrg x

a lont""ai 
"t ion" 

\ ' /e conclude tfrat

4 , T ire-8.i- ejii,',n4--j:.pe-9g-of- .q c olu$!3!ive--euls

In 'bfro f ire! nal: t  of thi.s gect! on vte shovr that natul 'al  ge-

ne:ralizatione of 'Lhe concept of Riernan:n space of a f ield can be

g - i v e o i n t h e f r . a r n e d e v e 1 o p e d i n S e c t i o n ' 2 . - ' . ' . .

kt ],orf be the language of valuecl domainst i 'e" the

language J, of rings au8[Iented vrith a 11v6-place re]ation oynbol It"

we get sinri-lltr::1Y v(>l))Clt

a rrahrati.on ri.ng" 6

"tfo,

A i s

fhe t,alued fields (Ko v) are particular Lo-r-structures on v+ni ch

the relation R is interpretecl as f o] ' lorvs: sRb iff v(a)-(v(t ')

Let t=rlcul be the L---.,-the ory of non-trivlal val.ued algebraically
: :  = v c1r

c losed f ie lds2 I (T)  be the Boolean a lgebra of  ! r r " r -1 'ornu13s up to

equivalence nrorlulo T r and Zlu"l bt the eps subl-att ice of J(T) eene

Tatecl by the class nodulo f. of the Lval*f ornu:l-a xalOn xrRx, " II

as t ( -  (xrFo)<)(x, /OnxtRxr-) ,  the Zar i -sk i  ] .at t jce ZI ,  i  s  
I- t

contained i* &oul ,  and ZL.,-1- i  s homodeneous' ' I i re fol lowing ota- |
I

tenent i.s a re:f lorrqulati '  or' of a basic nodel'-t 'heoretic result due tci

r ' r i
Robinson L:oJ " I

I
I

.  Teooreg 4.1-" I (?)  is  generated as Eoolean algebra uv z l r r" r ' I

I
. Plra€" Aer r:|- (xt-O)()(Ol?x1 i, .bire Booleen srrbal-gebra B of ii

F(t) gene:rate<l by Z'Lu"a ie the cps l loolean eubalgebra genorated It
3' t

by the c lass nodulo, l  o f  the formula x1Rx2.  The equal i ty  B=r(T)  q

is  equi .va ler l t  to  t i re  fact  thst  th"  junt  -  theory f  ar ln j  ts  e f  l  n ino- j

; ,



t ion of q[antlf ierse i '€'r t !s the rno<le]-.complotloB of the

qnivelsal 1;haory fy of valued d'omains L)0 j '  G') " :
Gtven a conm[tjai i ive rine A l l i th 1-o ]-ot D(A)+ bo tho

posit ive ! 
- c.iagram o"f Ar$var)A be the au'gmentation of !n*1

v;!,Lh consi;an'bs standlne fot olornen'bs of A and' f4 be the

(1, -)n - i ;heorv l i lUD(A){' '  Tho nodols of [;1 are the pairs
\5\ r i j r  |  /  r l

i? l i i i ' t l  w]rcre (K,v) is a non * tr iv ial  valred al-qob:raical lv

cl-oslied fiel-d and f : A-)1( is a non - nirl-lr morphi'sm" T,ot B(A)

be the Boolean aleebra of $o4)1 
- sentences up i:o equivalenco

raodulo.91rr and [ 'o.1 (: l) be 
-tr ' !-sublatt ios 

of 3("i)" *:-":: 
:I"

ff i . , ta; . r.,ourtlr) is*genelatod' by tho cLasses r'roclulo $o of the

sentences a f  onaRb for  arb €A'  I - ' ,e t  R(A)  bo the specbra l -  space

assiqnod by Stono duality to the dist 'r ibui; ivq latt ico

ZJ,-..." (A), and call ib tho Bignann gpace of ' t \ '  The uncler' lyine

I l *" t ' * i^ i is iaont i f ied rvi th the sot of  pdirs (  ! '  v ) ' -

vhere 3€Spec(A) 
arrd' v is a valuation '  may bo th;trtviel

- ,  u \  ,1/ i  / !) ,  i -rhi le rhe topolony is gi lon by tho
orre r on l( \p/ = q\,{r

subbase of opon sets-p(a,b) = { lo'v) e"^i^j- '  " t+"" 
6i11 v6*" ' lp)

' r  ' - - -  a rb  €  A '  I n  pa r t i cu l a r ' i f  A  =  K  i s  a
)  v (a  moc t  2 ) !  ]  r o r
" r i"ra 'cf,en n(K),is the custornary Rlernarin space of valus't ions

"t-- 
C [uo], ch.6' -f1?), vrith the"z,ar!Fl4 tt-gt?1:1"^1ltti

b y  t h e  s u b b a s e  o r  J p n o  s e t s  D ( f ) : { v € R ( i ( )  :  v ( - e ) } ' o ' ! ' f C K '

Thus r lvo Eet a contravariant fu::ctol R from tho cateeory'

of comrutabive rings into the cateeoly of spoctral spacoso

l{ote a].so that tho canonic projection R(A)-}Spec (A) :

(prv)H p is  a  cohorenb epi '  r " ' r i th  d '  cohergnU canonio soct ion

i " ,  rXn; thc tr iv lar val 'uat ion on k (g)) '  
-* 

ori*nu otirer ha:rd trre may consitlor tho Soolean space

BR(A") assiEned by Stone cluality to the Booleem al-eobra

B ( A ) .  : ^ * + . r  r i

Accorcllns l;o Theorem +'f , i t" uncLe::lyine sot is id'entlf ied

vi"uh that of, R(A) , whilo its topoloey is fine"r {:}rqn that

c f  B(4)  and ls ,s . iven by bas i?  c lopen sets  D (a l - " ' red i  r

b 1  . . o o l b 1 1 i  c 1 r " ' r o *  ' " o r - " " 1 d * )  = .  {  (  p ' v  )  :  v  ( a i  m o d  p ) ' ' (

" i t t  
." .*1, '1 - '  i i " t ' ,  i : lu o(" i  1o1 !)<-v( d' t  rnod l) 2

; -;i i;i.-;n particutar , if A I it ts-a rield'"thon ii1^oallc

onoo ".*u 
of BR(I() have' l :ho fo::m D ( f tr" l l f l ; . ' -1,1-"11:^lr:

-T ;  
,  v ( r i ) )  o '1S  i (n  ana  v (e i ) )0  '  1 . . (  j " ( rnJ "  Tho  canor : te

proiection of tlR(ir) onto its Booloaa space sspec(A) ' tho oons-
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tructible spectrua of A, ir co.,-rtirrucrrsi anti i'cs

l. !s continuoufi tooe iderrlifying B Spee(A) with

ee of  I IR(A),

*anrrni e

a c losed

se cti on

eubspa-

under,
)

a va"

sps-

Given a f ield K and a K-algebra Ao yre may conc;ider the

cloeed subspaces R(AAf), BR(A/Ii l  of R(A), B CA)n havlng s$

\ying set the set of pai.rs Cp, v), vlhcr.e pGSpec(A) and v is
'i: 3

Luation of ]c(p) Lying over K, C1esrl.y, R(A,/K) ls a spoctral

ce, while BR(Alt) is a Boolean one.

lfow we introduce reaI. and p-adie versions. for' the Rienann

space of a ring defined above. First let ue consider the real

case .

Def,j.r]:.J.:,-Sg 4.2" A. valggg:grqgJg_g9u?ig is a triple (A,R,P)

whele (Ao R) is a valued domain and (rI . ,  P) is an ordered domain

satisfying t.he fol lovring cor,rpatibi l i ty eondit ionl (s+6)b€Po whe*

never bRa but not aRb, fo:. arb6A, A vg-.1-ue<1:orrler:e-{ fie-ld is a

valued-order:ed d onain (F, R '  P) ,  where F is a f ield- fdent i . fyi .ng

n rv j . th  i t s  cor rcsnonc l ing  va lu r t i .on  v ,  the  ccn i 'a t ib i  1 j . t y  cord j  t j -o r ,

above reads  as  f  o l l .ovs i ,  I t s r ,  Cp$ j  .e . ,  the  va l -ua t ion  : : ing  Oo is

convex in F rvith respect to the order P.

. Given a valuecl-ordered donain (4, Rr P! r there exists a un

que slructure (F, vr P3 ) of va lue d- 'ordere t l  f ield on F!:Q(A) sueh
( 'r .

;ha t  R= l (a ,  b )€Ax l :v (a ) . -<v(b [  and P=AnP' r "  I f  (F ,  v ,  P ]  i s  a  v 'a -

Lued-ordered f ield trren F={a nod m.ola(PAoo} is an order on the r

sidue f ield Po,o l ' loreover, i t  is vlat Orrot* that the runctjon PF]F

maps the set of ordere of F vrhieh are compatible with v onto t l- Ie

set of aL1 orders of F*.



- d,f; *

and t=R(iVOF be the L .
t=1:.:.-. G VA L*Of O

ordered re  a l -  c losed f ie6s"

f)re ore:..t. {"J "
m--T) /1  ( I r \ l r  ;  -
r  - l \ \ J  l ( l l ,  r i )

of quantif iers. I.t is t}re nodel-

rTr. of va].ued-ordered doinein,q.,

L.t lual._or. 
be the language of valued*orde:red rionains

-  theory  o f  non* t r i r r i i  l - va lued-

coioplete €rnd sdtnits

completion of the

e l ini natior:

J,-"r_orU*t-heo.

P:o_gl. fhe nodels of t are identif ied with the l{enseli.an

non-trivial valued fields (K, v) f or v,,hj ch the resj-due field Kv

is real closed and ttur va-J-ue group vK i .s divisible - Accorcl ing

to Ax-Kochen-Frshov transfer prinei.ple for. Henselian valued

f ie l t l s  o f  res idue charac tc r is  t i c  ,exo f lJ r [ ru ] ,  T  i . s  conp le te  and

raode l  conp le  be ,  s ince  the  theor ies  o f  rea l  c losed f ie lds  and o f

divisible Abelian ordered gr oufr.s are i !o. I t  reraains to shovi that

every valued-ordered donaj.n 4 has an up to i s onorphi sn un j. que

rjlima 1 extension io a nrodel of t, Qbvi ous]Sr vre rnay assune fhat

{= (I i ,  vo P}, j-s a value d-or:dere<l f ield, I i rst assume that v is non*

.J

t r i . ' r i ,a l .  Le t  K  be  the  : 'ea1  c lo$ure  o f  tho  orCerec l  f ie ld  (Kr  1 ' ) ;
. r 2 - r ' 1

thus P=Kf\ K',  By J,erngg's pl&ce extensj.on theorem for orders Ll-U ,
../ " a.4)

extends to a valuati  on w of K sueh that l+l ' r . ,Sl i-  .
=1,',/

is a nodel of T extendine 3"' The unicity up to

isonor:phiem. ie inmecliate since tl le real closlu.ree of the ortlcred

fied (K' P) are conjugate in the algebraic cLosure Ka of K snd

the valuations of Ka extending t.h€ valuation ? of K are e onjugat'e'

too "

trivial and 1e,t Kt=K(x) be a Pur'e

K" fher:e existe a uni qtre pair (vt, Pr )

. r  -7  A  ^  ] ( t
|  - I . ' t l  y c & ) c ,  f

.. /V r.r

i . e - 3 .  ( K 1 ,  w n  K q )

I'Iow as surne that 'r

t.ranscendental extensi on of



such that  (Ktu v t

(K,  v ,  P)"voCx))Q

-  q l  -

o Pt) !-r: a valued*ordered field

-",r-'land xG?s,  g iven by 0vr=Klx l (x)

extension of

and pr/\ r{frJ=

the

tire

{""rt*l:n)0,, reKfx], r(o)e#J$J" to it rernains to appl}r to

( l i r  '  ve ,  P.E )

llsirrg

procedure above "

previous re$ult,  vre may proceed es in the first

pa::t of the section to 
Fet 

two contravariant ftnctoltl^$ Rr {rnd

BItr defj.necl on 1;]re category of c ommutative rings rvj.th values in

+ ho ..^+.. .,.^rrr r 'f sr..7 -* *p€Gtra.l spaces' respectively Boolean dpaces "

Given a c ornmut ative ring A , the under13,-ing set of Rr (A) and

nnrCAI is iclentif i .ed wi.th the set of tr iples (3r vr P), rvher:e

p(Spec(n)  .guch that  (k(p) ,  v ,  P)  is  a  va luec l -ordered f ie ld i  the

valuation r ' '  rcaj/ be the trivial one. The topology on the spectral

space Rr(A), ca11ed the rga1 Bllmann-gpgce of Aris Siven.by t 'he

( .  Y
subbase o f  open se ts  D(a ,  b )= [ (p ,  vn  P] :a  noc l  p€ f  ,  v (a  mod p)

= = =
r l

..< v(b mod p) | for arb€A" rvhile the topolo&r on the Boolean space

mr(A) is generated by the clopen sets D(ar b) as above and the
C .

c l open  se t s  D r  1a ,  t r ) = f ( n ,  v ,  P ) r v (a  r nod  l ) ( v (b  moa  I ) J ,  a rb€4 .

Note that  the canonic  e f , is  nr ( l i ) - )Speer(A)"  BRr(A)*)BSpecr : (A) ,

their canonic sections and the canonic: rnaps Rr(A)-) 'R(A)' BR'p(A)

-+ BR (A) are coherent", The c onstructible ( serni a 1ge braie) real spec'

trum BSpecr(A) is identified with a elosed subspace of BRr(A) " In

particul-ar, i f  Asf ie a f ieldr the underly!.rrg set of Rr(F) and

BRr(f) is the set of pairs (1ro P) fon rvhich (Fn vr P) io a valued

ordered field" lhe topologr of Rr(F) is given by tho eubbase of

f  .  " ' t  r  -  . -  - l

cpen $ets Lu)OJrl-v(a))OJ, a'€F, vrhile the topoloey of ff ir(F) is gi-

ven by the subbese above extended with the sets fv(al)OJ* aef- Ci-

ven an ordered field K=CK, P) and a K-a lge bra A, w€ maar cons:i ,a?" tl



spectraL spacq Rr{A/K}
x

as unde rlJt"i ng set r the

to K(Oo and PCq.

Now Xe,t, u$ consider

P*adi ealfu' closed P-va1u*c1

such that. v(f\=T,

lenrna 4"5. L,et F be

ti.on of F/K. fhe functiorr

* t.it

and tt goorn*n spacs

of lriples (p, vr

the p-ac1ie ease.

fj.el<l of type (e"

Tlp* / ^ /I|\ r" -,,-i * *^r . r l . r  \ ra,  r \ . t  s  r rc l  r r r l :
=

Q) in nr (A) sub.ject

Let K=(K, v) be a

f ) . ,  Ie t f€ r  r re

!€i-gl-!ion 4.4n L vg!{eq4-slrcle is a structrnre

3=(0,  
R,  P* :n)Z) ,  such that  (A, '  *  , "  

"  
va lued domain,  (A,  Pot

:n)2) is a.Kdomain (soo Definit ion 1.11) and the foLlowing eon-

patibility condit.ions are satisf'ied:

1} gZ+.fuzenz+aRb if pfz, respectively *3*63epl*aRb lf p=2,

for arbf1"l

i i) 4na fon each a€K.

A valued K-f[el{ { .9 a valued K-domain F=(FrR,p*:n}Z),- 5 = . - ' , _ | L - . ' / '

where E is a f ield" Identi fying R with i ts correspondi.ng valua-

t ion vr, the compatibi l i ty condit ions above read as fo1lorts:

i)faer:r *f;r2er'rlc0* if p#2, respectively f eerr:t+fa?<eJco.,, tt

p=2; in other ryorcls, 0.. ,  C0,., ,  where rr.* is thc p-valuation of I ;utrr vt r

i i \ n  r r f  ^
L L T

There ex is ts  a  canonic  b i jec t ion between the K-d oma in

structures on an inte,qral dornain anC the K-field ut"l"trr"u* on its
s

quotient fie1d. the next lenr:na puts ia evj.dence a l-if't,ing Froper-

ty for valued l(-f ie1ds.

a f i- e l-d extensi.on

i / D  \  , s  / n  \'- n'nSZ Fl rL Pt n2r2 t

of K and lv

r
vrlr ar. a P =Jo" " ' *  "  ' n  L *

be a vo l.ne

i o o d ; n , , . :
= t1,



c r ] . v s

' 
*et of the K-fleLcl slrust,ure$ on tr v{hicha€orrn?rrlu maps the 

=

are conpatible with rr onlo the set of K-field structures c* F
.  = 

"r " 1' /o

Proof'-" One ehecks easily that tho map above is \,eell de*

f inerl, Note al,so !11o+ nnr. ^,'..' '^., l,P ) 
1'

ru  r - vJ .  l vv rJ  t . "n , s )Z  ss  above ,  PoA S  
i - s  t he

-  - ? X . .preimage of $ through the canorrie epi qlO**F*. It renaine tq

prove the surjec'Livity" Let (Q*)*r" be a K*fie1d structure on
=

?
[vr. Let Q= { ^\ $i, E be the preimage of A| thrargh the epi q,'^ 

t))r2 '"

a r rd  Q i -n  Q '  .  D ,- Denote by S the set of the K-fie1d structures
D/2 n

f=(Fr")rry,, on F which are compatible with w and satisfy F*=%
- rv/1 rt

f ar ni2, up to tho equi,valenee relationl Plt i f f  there exists

an isonorphism of valuecl K*fielcl.s (F, w, iP)+(F, vr, j t) inclucing

the i denti'Ly on f'r. lye have t o shovr ihat S in. non-empty. The set

S ean b.e described in cohoroological terms as fo11ows.

Denote by .t! the Abolian profinitc e,:roup Jlg dld g
nrz

-# i$u*x"rd;rtu

exact se quence

,$r
"v/ q;, , and 1at G be the group defined by the

r+{7n-+ {+.rt.

the exact sequerrce above induces the exact sequence

I .,!r X)
i lon(rvF, G)+ Fict(wf, $7q)+' Ext(wF, tr '*,

where l{cm stands for gr oup morphisrns

ffga= rJYf,.- is z-conplcte and rvF* h72 K*-

and nxt =Axtrt ., O"

is torsion free, it fol^1ows
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or [ tr ]  $]9, ,4 that Ext(wn, f f ]=0, i ,e"rhig onto* Denote by

Sr tho nr .o i  m:r "a thn6uph lo f  the c lass of  the canonic  exact

s e quenc e

1+rl /  Y  V l'r,/q: t;,/q,+ \lYa, +'F *7 l"

VJe def i r re  a  canonic  b i j r :c t ion l . rS: |Stn prov ing in  par t i .cu lar
I

that S is non-empty. If P is a representative of sono s(S, the

isonorphisrn" td.z ,.-: i trxf* , n)2 deternrine a canonic norphism
K"'  4

rt A'r

r,%,+<I+ /7_lylt , indtrcins tho identity on'k{' -rr>/z P. 
- "Xz''jy' 

Q "

t ionr  Tt (s)€Sr .  Converse ly ,  g iven f (St ,  there ex is ts  t  ruxfnr+{

.  : ,X, . .X,
such that (Y/^] t  hrrv:F /, . . ,r*wF) is the pul lback of the ptt ir
, l v  

o  - - ' t  
4 v -  . ' )

( -+  c ,  f : rvF)G).  r ,e t  Prr=h- ' ($ ' )u io , i ,  n) } .  W the un iversa l ib ;7

of the pulIback, the family 5(Fr.)n,z 
is uniqueJ;y deteruLined

by f up to an autoaorphisnn of the valued field (F, vr) inducing

+ha i  dan+i * . rr  nn r1 ,  One checl<s easi ly that p is a K*f ie ld s- i ruc-
' = =

tus'e on F vdrich is corapatible with w and Frr=Q, Thus v,,e get a

mapf :,St+S. Ib fol].ours iraraediately ttwLp and iy' are invcrse

each to of her:,

-\.

Rernark. If Ext(wFr Fy;/a)=O then Sryllon(wF, G)" In pa::t ieu*

Iar ,  i f  rv  is  c iscr"ete then Sge"  In  th is  case,  the l i f t ing o. f  Q
V /\,

is unique up to isomorphisro iff the canonic morphism Il '-+ f:: is- w . l

on to "

kt !,,^. .'. be tire langrage of valued K-clonaius and T be
:  v  <r I  t . l !  =

the *1/^i r.-the ory of the valu:ed K-fi e kls (Fr. w, f-:D,?) for vrhici:

The nor-nhi  sm :rhnve induce s

depend on the choice of the

a nornhisn & (s) : . r . 'F)G which does not

representative P of s. By construc-
:=



w is non=trrvi.al anct i,'

!o=F&, n)2" The P-adic

gls-s::gs 4"6" t

quantif iers". It is t}re

of valrrod li-dosains"

Ilpge" Ihe nodels of T

non-tr ivial valued f ields (Fr

_  r ; !  *

i s  p-ad icn1ly  c losedl  in  par 'b icu lae

enalbgpe of thebreu 4.1 reads as fo11o$19'

is corupilete and admite elinination of

rur:rlel c.oinpletion of the L-,- - '.. - theory
5  V A . L , K

are identlf ied with the l{enselian

w) subiect to KcO*, Fw is a p-adi.

cal\" closed field extension of K of type (o, f) an<l wF i"s di-

visible" The completeness and model conplet.eness of t is a con-

sequence of the Ax-Kochen-Ershov tran.qf er principle for llense-

lian vaLuecL fiel.de of resi dr.le characteristic zeror. thooreu 1"14

and the conpletenessr. model completeness of the theory of divi-

eibile Abelian ordered groupsi In order to f inish the proofu i.t

euff ices to thow that each val-ued J(-f ield.I=(fr wr Prrtn)2)

.-, aa -, ^l-

extendg to a modell '=(F, i;n t";n)2) of T, which is almoet rLini-

naL in the following eensei for every nodel J'I of f oxtending f

")
ther:e exists an e l ementary extension Jt of N such that I' is em-

-

beddable oYer F into Nr.
p

Firet supposa that w is non*trivial and let F be tha

p-adie closure of theJ(-f ield (F" P*:n)2}; By lheoren 1,15, F is

unique up to an isonorphiorn. .Applying FropositJ-on 7"20 to the
a.t .-.r

valued risld (F, fr), where 
"i 

is the p-valuation of F, the subrin;

r.r /J.

0* of F and tho convex (with respect to v) prime icleal-$or wF Ina.'

extend w to a valuation ffof f such that Ofc6#r, get.ing the re-

qui::ec1 nodelf of f- In fact, J is the up to isonorphisrn r-rnj.que

raininsl extension of I l  to a nodel of !*
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. l{o'ar ossume that w io trivial, and lat F0=F(x) be a nure

transcendentaL extensi-on of F of trangcendency degree one_ Let

we he the unique valuation of Fr subject to 5-C 0*o and wr (x))0,

Oure is the localization of n[xJ witfr respect to the roaxiaral

i d e a l .  x f ' l  x i "  r a  = x O  ,  ' n d  F r  = F  1 6 +  - -  7  v  ,  lL-J! s\..r --Jvry' and Flr=F, L,et pr=zf-I+"(l1I*, Ivfoj, nlp.

Then Tr=(Ft rn 'TrPl ln)2)  is  a  ve lued K- f ie ld  extens ion of  F.  Let= - r l
? v g

o be tfu rniniual extension of -fr to a nodel of t constructred as-

ab.ove* rn order to show that i'"ha* ilre required propertyl:it-s-rtfi

fices to show that, given a rin*triviaL-varued K-field extension

T" of I" Pr ie enrbe<1dable o\rer i' i-nt o sone e lenentary extension
2  5 - g  =  

-

of l i . ' t .  Gf.ven F"'as above, there exists orr $,-**orated elemen-g - =

tary extension of i t; take for iastance an ultrapower with res- |

pect to a non-prineipaL ultrafilter on the eet of naturar rumbers

thug; we aeJr assume from the beginning that j'"-(F,*, 1v'., p- : 4)2)
? /

ie  i t r -ss l r rated,  As w,, ia non-tr iv ia l  anct  F" ' isH., -saturated,

there exist* t{OU,& such that r#CVl)0. Sinee w ie tririalo y
n)Z

is transcenderrtal over F. the substitutton r|}y induees sn f-s6-
=

beddilg of jF s into Ef as required, st
r t r L

Rqrqatk, According to Lemon 4.5, the obstruction to mini-ma-

ficienl condit ion for the trivial-valued. Kdomain ! '  to have an
= =

to isonorphism unique nininal extension to a nodeL of f is that

is  onto"

Using Sheorexr 4"6, vrb get tv{o contravariant

and Lfr,p defined on the category of l(*algebras with

category of  spect ra lo  respect ive ly  Bol lean spacego

Ii(y in the trivial valuation case ig given by the efoup norphism
v' A\t \r.

@ :Il '*> l^=<]** f/X . ldore orecise\rn the'necessary and euf-'ry? }".
up

c'

funct ors Rp

values in the

Given a K*a1ge*



BRp(a)  is  ident i f ie id

with the set of $ystens g,:, P.,tn)?)r r,,rhere p€Spee(A) ancl

(r,rrPrr::n)Z) is a valued jGfield structure on nf-pl " The topolo;5r

on the npecbral space Rp(h), r:al lerJ the p*ad:ic_Rtenra4n sDagU

n f  d  i  <  r : i  r r n r r  h r ;  +  h n  c r r h h n  c a  ^ f  ^ * n " ,  q r- -  . . )  * -  ( , ! . v . r  v /  - , - :  s u l ' b o s e  o f  o p r l r r  s e t s  D ( n r b r n ) * / ( o r l u r F . , ; n ) Z
*rn)Z)

- 5 7 *

br'a A, the underl.ying set of Rp(A) and

f - -  , . ,  i ,  . - \ a \
\ P t  Y v l  L - , ' t t r . 1

la nood l€fl l ,  w(a. nocl p)..(vi(b mocl p)J for arb(A, m)2, rvhile t lre

t  a r r r o ' l  n r r r r  n f  t ho  F .nn  l  o : r n  . r nono  R?n  f  f i  l i. s ge neratecl by the

:w ta f foo pr ' \  w LD nocl
. =

Lg13f ave *2/ tfie clof e!

tets I  ( a r b r n ) i / $ c L s .  D r  ( a , " r ; =
ir

their canonic sect^idYrs and the canonic naps Rp{A}+R(A)f

B4p(a i+ RR(A)  are coherent ,  and BSpecp(A) ,  the const r r lc t ib le

is i.r lentif ied with a cl.os;ed subspaee of B:lp(A)"

exten,sion of K, ihe under:lJing sct of Ro (l i ')

set of vafued K-fields with universo.tr ' .  l i lhe

' i  q  r y i  r r an  1 . ' r r  l ' t r a  s . r rF  hq  oa  ^  l a  nnan  
"o+ .  

f  . , < :X  ]" ' ,  " "  L  " . ,  tnJ '

&rb€A.  The canonic  ep is  Rp( i * ) *  Spey{A} ,  Brp(A)- }  BSpec p(r t } ,

n-rr ' l  i  n a nr . . '  + r . t  ?r f t

If A=F is a fiel.cl

an<1 BRp (F) is the

topolory oq Rp(I)

[rto:70], m72, a(F, rvhile t]re topo1o6g, on ff i .p(r) is given'u;,

Lhe subbase above exLenclecl with the scts fw(a))d, a6n"

The rest of this sec.t*ion is devoted to a densi'Ly thooren

on Riemann spaee$ vrhi.ch plays e basic role in the follo'win{l sec--

t ions"

Fi .x  a  bar ;e  f ie ld  K,  assune d to  be c i ther  a16;ebra ica. f  iy

n l  nqor l  n r -  r . .oo ' t  n ' lns raA nr . .  n -o , r i  / ,D t tv  n l  os lpd  n f  tvne  fp  -  f  )  
"  

G i -\ ,  . ! v v v  u  
'

ven a K-algebra A, 1et ris consicler the Boolean space X(A) r: lrd j. 'bs

closed subspace Xt (A) r where X (A) :=BR (A/K) , Xt (1r) :=BSpec (A) if I i

ie algebraicarly closed, BRr (L/K) r, nSpecr{A} if K is real closedt

Bnp( l lo  BSpecp(A)  i f  K is  p*adica l ly  c losed"  Let  Z(n)  be t i ic  pro- '

image throu,gh tlre caaonic map X(A)-:P11(A,/K) of the set of i .);t14s

(p, w) for: vrir i  eh lt is. discrete vrith resj.due fie1c1 1c(p).u=9,
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Sheorem, 4,7. t/{ i th lhe

pQt ' (A )  n  t he  f  i e I c1  k (p )

Z(A)  is  dense in  the open

space  x (A ) ,  i - ; e ca  x (A )  i s

T.Ut) "

notations aljove r. &ssuroe that f"or

is  f in j , te lY generated over  Kc

subspace X(A) \  x t  (A)  o f  thc Boo-

the un ion of  Xr  (A)  anc l ' tho c losu*

ESl. liJiihout logs of generality we may assut'le that "

.A=F Ls a finitely generated f ieid extension of 'K' -the --pre$eiti:' - -'

proof is inspi-red by the proof of the nnin theorem of fafl '  wn

distin,6;usih t}ti:ee ca se s.

goqg I: K is algebraically closed' He have '60 shovt that

Dn Z(l') !s nqn-empty for every basic non-empty open set

D=D( f l , . . . r f  i81r - . . ,e ; )= fu r : ro ( r i ) )0 ,  K(n ,  w(e3) )or  L< i (n t '

m)1, g=8.r10. Choose some w€D and denote also by v/ some extc'nsion

to a valuation of the algebraic closure F of F. vr induces on

r - 1

Kt=K(g) a cl iscrete valuation l\r i th valuation ring KleJl*1 and

resj.due field K. tet t 'cfr be the algebraic closure of Kt vrith

aJ

the rralualion induced by the fixecl valuation w of F" fhus we get

a -diagrara of valued field extensions of I(

-[

I
K r.ea Kt

----t,Kr€

P

F

vlr i te r . f r t= i"  ( t , r ' * . r tur . t r ) ,  where t l r . . " rLk grps algebraical ly

independent over Krn so trdeg(F/K)=k+lr antl y ie

rable over fl '(t). tet v€{'ft,, :rJ te irreoucible,

a lgebra ic  sepa-

noni.c in T,
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Ti l  f . !  , ,  \  A l .F . . \

such that l l ( t ,  y)=O* Then tr=:.f f i# r 8-= 
" j ' t r ' t ' -  for sone

9 . 4 :

polynoni-aIs Go Fie G, v; i+Jr coeff i .cicn'"s in K! ,  l_( i(n, 2.< j$:r,
cL

.t .w

Ae the extension T/Rt af non-brivial- valued. a1-6;ebrai.cal-1y

/ l -"t l

c l o s c r ' l  f i e l d s  i s  e l e n o n L a r " y n  t i r e r e  e x i . s t s  ( t t ,  y t ) € K o ^ ' '  s l i t i s *
g

{ \ , - i , " ^  ;  \  I r l + l  , , ! \ - r  
a r i

r J r - r r s  r . ,  r r ! r , ' e  J  , - l 1 ,  # f ( l o ,  V t ) F { ) ,  a n d  i i )  v r ( f 1  ( l t r  V t ) } , 7=

' r (C t ' ) ) ,  G( t , ) /0 ,  l g1 '  <n ,  and  v r (Gr -q 'o  y t ) ) ) r v (G( f  r ) ) ,  z . . .< j< : : r "

LIov.r l.et I(Kt be a fini 'be extension of Kr ,euch that

( t ' ,  s ' )€ i l r+ - l,  P CL$r y) nntl  the goslgi.  j .ents of '  the polyrromials

Hr Gr f r .  (15 i -<n) ,  G;(2-< j$n)  bc long to  I , .  obv iousg the lnduced
" l  

- -

t.- . !\ /\
valuation ul L is discrete and L..FK* Let (L,, vr) be the comJrl6.l i6nVI

of the va' lued f i  e ld (Lr  rJr . , ) .  a"  or f  I  i *  d iscre 'Le,  ( f ,  C) is  l ren- i

selian" On the other 1sn6, f; is of infinite tran:rcendency cleppee

ovcr  LD s inca  the  conp le t ion  o f  t ,he  c l i sc re te  va lued f ie lc l  ( l i r ,

, . - " .
, ,4K0 ), isonorphic to the val. ied f i .eld IC( (7,.)) of for,mal. po\yer se-

.4.
r ies in one indete r:r ina'ue X, j .s er,rbeddable in Lo

/ \1, . r1

As the set  S of  l i re  po i : r t ,s  ( } " ,  y" )€ I - ' -  sa i is fy ing t .he

, 
ccrrd i t . ion i i )  a ' rove,  rv i th  r ' r  i .nc tead of  vr  and Lt ' ' ,  y" )  ins tend

of  ( . t? ,  s ' ) ,  is  open l r i . th  rcspect  to  the topof lg ,  in t lucet l  t ,y  # ,
" z r

there exj. sls eln open r-reig)rbour'ho orl LT C L of 0 such that
Ic

" i - l - , , . r -  r - " . r r ' , " - / - , 0 r T r \ r c '  / r n n t . t r i n r -  t h n  i , , l n f  i 4 i t  f U n C t i O n  t t r e O r e f f  f l q l
_ . .  

, ,  * r i , v J , ! \ J  . 9 . 4 \  o  J r ' J l . i r J f r t &  L r r s  r r . r l r r J - u f  u  I  q J t u t , L L ' l . l  r ,  l r u w a ( ' L l  
L L  

t J

f,heorem 7,4 to t lre I lenseli an valucd f iel(f ( i ,  f), uru get sone oper-r
/ \ ^ k

neighbour"hoods VrVr(L of O and a conLinuous rnap,zt : l I .  (t j+1t1 '9J"*Vtr
i=1

.  A r  '
su.ch thst  r {  ( t_ ' l )  is  the un ique r .oot  o f  I I ( t ' ' ,  YKLIYJ in  yr+V0 for

' _ =

c r c i t  t "  i . n  t hc  dona in  o f  l - -  f n  pa r t i cu l r r ,  i ( t t ) =y t ,  Obv io t t l l yn  t ve

"*o 
o l *or*  t i - ia t  VL/ViCU.  T i :us,  iL '  L"€6661)1 then I I ( t ' r f (1" ;1=6

= ' -

and ( t 'u ,  l  ( t " )  )€s.
. e =

As t : :deg (V t ) is infini Le. r 're mav irroceed r" i . , I"z t- l  to
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f in r i  t "€don( / ' )  such that ,  t : i  r . " " r t . . i j  are a lxebra ica l . ly  indepcndetr t

over L- Let N be t,he algebrai.c elosure of t(t" ' I  in ?" fn"r, tf ' ,e I

substitut ion

! t t  t  L Y I  J - l t L / ( - r
:

observe thet

. =

t l l t" 'o yF)2(t") def ines an L-errrbedding of the f iel-dl
= = =

N' ir:Cucing a Jir*emLreddingf :F*)If" ft remains to
't ,r\ |

the va luat ion ?"- ' ' (1 ; lN)€D4U ( f )  r  as requj " red,

e 9 e e ? t K i s r e . a 1 c 1 o s e t ] " A s ' t h e p r o o f i s q u i t e s i n i - 1 a : r ,

we point  out .  only the speci f ic  faci ;s .  In th is case,  the basic

open set, D has the forra { (rvu r}:w(fi))on 1.((n, w(gj)>0r 1$j(rn*
v ? / \ )

rn(-I+r XkSfJ vrith n)3., g=gf0" Chooeing (n, P)C-D we take F to

be t.he up to isonorphism unique udrliual extension of (F, w, P)

to a;valued real cloeed fiend. lhe minimal. extenoion of (Kt;

*K(g)* rr1Kn, PnKr) is identif j .ed with the algebraic cloeure of r

a\,
I t r . in  l ' -  ly i t t !  the notat ions f ron the case 1sui tab ly  nod: ' - f ied,

we get" by model conpleteness of the theory of non-tr. j .vi a 1-va ]u ed

real  c losec l  f ie lds,  some ( t ' ,  y t  ) ( - f ' l {+ I  such that  i )  and l i }
=

above ,  co rnp le ted  v r i t h  the  spec i f i c  cond i t i on  C( t ' )R i l t t ,  y ' )€ f ,
R;  ( ! ,  Y)

1(iS1, '/ri.th ri= =frF , are satisfieci.As above tnke r,Cfl ' to

be a large enough fi i:.tu extension of Kt. As the fixed valuation

w of F and lhe urri que order of F induce Lhe sane topology on Lo

the respeetive ccrnplet ibns of L, are j-denti f ied, and hence , ir fr f ' ,

is a He:rsel ian discrete valued-ordered f i-o1d extension of I , l  with

Lfr"K" the last part of the proof is qui-te identical with that

fr.on the caso 1.

j-s p*adi.caIly elosecl" Now we may take a
( - -

fo : :n  /  
( r r r  pn:n)2)  t ,u t f  

l )  
O,  I ( i (n ,

Ca so 7. W- ft ,  . , \_ / r  ^ - \ r \ r ,  \ r ,

sr:t i or thebas ic  open
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tr{ ksr"/

(vn Polrf2)€Du lve telre f to be the up to f.sornorphism unique rnj-i_

n:iroa1 ex'bension of the non-trivial*,,ra1ued j-field (F, w" pn:,.),z)

to a valued.p-ac1icall"y closed X*f, ielde ancj we i.deutify lhe lni6--

uel ex't,ension of the norl-t" irr i l f-val.uedJ(-f ielcl (Kr,,K{g) r roJ.rc,,

fa ct s:

I4Krlrr)z) with the algebrai.c elosure fro *f K, in fi" The proof

continues as in t ire case L. ITe have only to use the fol lowing

a) the nodel completeness of t-he theory of non-tr iv: i .a1-

valued p-adical ly closed K-f ie1ds, apol ied to the e"t,n.,nion f i / f ,  r

b) tne p-valuation v of f i 'and the valuatj,on vr of i iniu_

the same t.opologgr on the convenienl f inite extensj.on fci ir or

and t!n:s, t.he completion t of }, with respect to v has a cano-

strue'Lure of i ien,leU,en di screte-,ra _Lued K_field.
=

ce

Tar
" t

n ic

a  f ie ld

. Given a tot.alJy or<lered Atrelian g"oop i- r one defines a nrar

l - "  t - ' {o}+ Ruf l^, i  z(a,f t } t+d:B ,  as: fol tor,rs:  T,et A^be rhe conve)i  sub-- J  ' l  l  
- ' - - t t

group of l- ge:rerated bV,6lO, arrd/l be the marimal convex sub-

group of  I  proper ly  conta ined ,nA^ ' ,  i .e . r (b fA ' " .  Then the orde-
A  |  /  i '  I  

l -
red group I*/AO is erubeddable inthe ordered g,roup R of reals,

' l

Fix a norphisro of  order,ed groupsj  l ,d+R ui th *or)  =A'8.  I t4t^.*P 
l' 

*- 'F! ':))/

{+n, it sisn (4} --eisn (p}
u*4 rh =l

,  
L-a,  otherwise "
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/  t  ^  A M I  . \I f  4e4a ,  $c td : /3= f f i € -R ,  As  7 l  i s  un iquen  up  to  nml t i p i_ i ca*l )  |  ) \ p l

t ion bryr a posit ive conslqnl ,  the definit  j .on does not depepfl  6n

the choiee atrL"  t t  r r f+f  r  is  a no'phiern of  ordered Aber isn
. -  l \  a  r .

6roups,4( / spe/ \ Ker f , ther.r4 ,p=t@I*(ft) 
" Ifdef-s O*pe f una

\ l ' -  i  t l
tr€4l4; , then Arft =@:T) V.-fr), vrf..Lh the usuet convention:. [2 [2 | " 

-, 
l'' ( * ' o  

i f r ) O
t t "a) . r  =( -

LA^ i f  r<0"

The next lemms is. inmediate"

I'imps F"t* let. F/K be a field ert,ension, v be a valuatian
of !'/K and -A, he an intermediate ning betweea K and Fn euch that

A ie firdte\r generated over K., Define the mapo/r.:F__)vF by

a1.\r(f)=max(or-v(f)) ror f€Fn and tut fv.ro be the convex subgroup

of  vF generated by<v(A)"  For  a  syetem€s(g ' r . . . rgr r )  o f  genera*

toro of A over Ke ret. uu potpo-o = 
T"f._oo(n1 ). fhen f]-o is ttrr'  ' t :  
lS i -<n  u  - t  v t

convex subgroup of vF generated by ho 
rg. 

lr loreov€r, for each f€A,

there is a bound N"o*€,I" independent" l, ir, u,r"h that<*(f)r(No _
,,1 = 

g ' r '/{

l " rg "
=

With the notatione above, denote by R(tr./K)e the elosed sub

opace of, the ftisasrur epace R(F/K) eonsisting of the varuati.ons v
for  which.qdO*.  For  a  eyste*g=(g l r " . . rq*)  o f  generators  a f  tho

K-algebra A and sone ff4, aefi.ie the nap tr :t?rr,/r.l _.'fAsP u*r 
r:R (r'/K)a+for.o) c S

aeeording to the , og"r,v)-4v(f) t |."r*l one checks easily that

the roap u_ ^ is contirarile"
.gr r

Uo* tet g=(frl iar be an arbi-trary fanily of elements of A_  J  J s u

such that - ' f  generates the.K-algebna A" fn particularrt '  rnay be

the whole A. fhen the fanily of c ontinuous nap€r (u_ - ) indu_

ces a continuous map ue,r:R(F/Kla? fo"-)r -{9, 
",fJ;J d5f,ot;*o.

: i . 3
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De'ote byf'n the "projectivizod,'. version of the Hausdorff
F 't'

spaee lbrrold as definea in fzsJ r.,"_p? is the quotient of the
Ilausdorff space f-6roo)O.fOl Ou ttre cfo"'ea equivafence reletion' L a

identifving the points (t5);e.l otr6 (air5);er for a>o. rf _ __

(t+).., is an clenent or for*ytrr{oJ, tne point of p* determi.nedtl J{iu 
= ^b,

by ( t . )  is  dcnoted 
F ' l

J - I Uy LtjJ (" homogeneous coorclinates',.). As t1e

canonic rop fo,*;Jr!!*_*o is open, p-"' is a }lausclorff space,=  - r  '  - g  -  - -  - - - " ' " - - '  
_ : v ' <

Taking the cornposi te of  u. '  o with Ure canonic map abovegl j
we get a continuous map \rf:Rtr.nio--+_ro which doeo not depend onj j r -

the choice of  6 .  As the donain of  u ,  is  quas i_compact ,  i ts  inage

Im (u-) i s a c onpact sub.spaee of p_.=
I ' -- -: vr'
=

let us catl a point of f_ intcsJal. if it has the form

It;j;e.r r whele tr€f for every jer. Denore o" $"t the ser of in*
^,

tegral RointsYr"" rhe next result is an immediate coneecluence of

Theoren 4.7,

Propos:l  t icrq 5.2. fm(u-)n t int isr , tan.qa i-  r-- / , .  1 -
+ 

.  -o,  is  dense in Tn(ug).  . ,
=

i s  rea l  c losed,  le t  Rr(F/K)A be the pre image of  R(F/K)A through

the cont inuous eanonic  nap Rr(F, /K)+R(vK)c and u+ - :Rr(F/K) ,+r*
: t -  r !  " d r

.be the continuous map induced by uf. f . .Ls image is a comoact subs_
s

pace of P", Similarly, i f  K is a p-adically closed fie1d, we nsy

consider the preiroage np(F)a of R(I,YK)^ through the continuous map

Rp (F) j R (rr,/it) and trre corespontling c onti nuous nap u+, ̂ :Rp (F) ,i> p.*
: t Y  "  V

Ueing theorem 4.?, vre get real and p-adic versions of proposit ion

5 . 2 .
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6" Compa ct i fi ca t i oIr cL ai.f i rre -vaqi-et j. eq_.ovel 1c"c a-.1..l:t

conegc! l ield !! ngn-standard apr:roagI

Given a 1oca113r coppact l lausclorff space X, a conu4ti.f i-

."\ /\
catien of X is a pair (XrTj.- r,rhere X i.s a eornpact l lausdorff spa*

 
ce anrl l :X-+ X i-s a conti-nuous embcdding napping hoineonorphieal*

/\
I-y Xonto an open dense subset of X" The followj.ng general proce-

dure of eoupactif ication is described in [ZeJ f.]. Assurne that

f lX-)I is a continuous nsp and I ig a. conpact l lausdorff sp&ce., -.

Let. X+ denote the one-point compac tif i  cat i  on of X, in which X is

identif ied with the complement of a point +- Oonsider the conti-

nuous eabedding i:X* X+xf:xP (xrf(>t)), and r"t ? ue the closure

of i(X) ia X+ x I, and I be regarded as a map of X into X, Set
' t / \ - . -

B=p-t(+), where plX-) X' is the projection to the finst factoFo
n

.r-^ ^^+ ̂  \r-ol1' 'r |  'rt 11 (X) is onen dense in X and I maps X horneo *

morphi.cally onto f (X)" ffre pair (Xrl) ig called the c.onpaclif ic.a-

!fq!--gl X Sl9lg5g!-gg3--W fo the points of B are called the j-cleal

/\

U-gin!-C. of the compacti f ical ion. The project ion q:X-)f maps B ho*

neomorphical\r onto a closed subset of Y; vre rLay idenbify S vri th

q (E) r and also X. v,ri lh o2 (X) 
" fn the f ollowing vre give a desc::ip-

t ion of the sei B of ideal points in terrns of the non-standsrd

Analysi.s" The basic notions of the non-standard Analysis can be

r -''l l- -l r ''l
found in l3I), 112J, L23).

Consider the irrf lhep ol:der $trpet f f ,  Y, f)  and

+ ' l ' +
let (xx, Ya" ft=f) be an e*ough saturatecl ei!]. arge ng ll;L of (xrTrf:)

Fo* every x(X (sinj. larlJ for the points of Y), we deno'b'e byl,G)

the nonsq of  x  vr i th  respect  to  ths topology of  Xr  i  .e" r f t (x)=
^  \ t .=/ )D"', where D ranges over all open nei.ghb otr$hood s of x, l \ lore
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generallJr, if xeX*o felf.(x)=nD*, where D ranges orror ths 6psrr

subsets of X for which r:rtD*.. As X and, t are Hausdorff spaces,

FfxIAf 
(xr) is. enpty for3 er€ry pair, of gtendsrd points xrx€X(Gy,

euch that x#xr- Since frX-*y is.. eontinuous, ff.(x))!a(f (:r)) for
each x6X*. & point. x(Xf ie ca11s6 n..qa_r:slandgFd if x6la) for

some a€X., Ae X l-s llausdorffn for eve :f near-c,tandsrd poj.nt x6X*

there is a unique e(:X eush that x(ftat i eal1 a the gt-qndaqd ner!

of x and denote it by st(d" Denote Uy nst(X*) the Fet of al l

near-standard points of X*, Thus we get canonie retracts sti

:nstu(Xf;;4, st:.nst(y*)-)y" of the canonic enbeddings X-*nst(XI)

19 nsl(f*)- r.s y is conpacf,, we get neruG$)=y$_

Lenng 6.1" The set  Bgy

cstion determined by frE-; y is

of ideaL points of the coapactifl-,

t.he inage of X\nst(#) thr:oueh

the

the composite nop XS*+ t{ = netOfl ut> r.

PJ:qo.t"- Consider e onmutative dianran

xt > (x+ x r)**n$.r( (y."\ rt*l*(t'trf+.Jt* y*
f . /
I  - .  6 t /

E - : + x + x r l l

+
Let. (x, ] ')€x-XI be such that (x, y)t' i0clo i.o., either :r=,+n oF
x(x and yrtlf(x). $la have to ehon, that the necesaarrr and sufficient

conclit ion, 
"o1 

(xt tr) to 6elon* toil if i i  ie that:{::+ and yast(f kl

fior some sCX*r n*e(X*;o "A,ssumi.ng x6Xn we get (x, fr)C-f iff tt,u

intersect ion/((x"  v)  )n i  (x)*  is  non-empt v.  Asf((x,  y | )=/<(x)r7*k)

ano i(x)*=y'(a, f (z))raexf,J, ir farlows (*, y)e Q+there is z6x*

such that" ze/tft\ and f (z)dA.(vK*f (d=y. contrrrrxr to the assumptio;
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[xr y]g-i(X]" Assune x=+. Then the n:onad lv (+) . in 1y*1*;.,*, r r- t w \  r  * r r  ! 2 1  ,  - r r  , J / + 9

, L J

is {x3\nstftI) I^){+Jr and henee (*, ytdftXhere is z5finst(xx)
cruch that  tb)e/+$}"  i ,e , ,  y*sL( f fz) ) "  6

No-r* let us apply the procedure above to the, fol-1o_*rin€:

a}gebraic*gS0metric situati.n" Let t be & non-discrete )-ocalr.y
compact  f ie1d.  lhus L is  e i t t rer  

$r . In  on a loca l  f ie ldr  ioe. ,  a

Cauclry corrplete val-ued fielct vrj_t h a di-screte valuation v(*let vI;
=ZiI and finite residue fj.e1d Lv:fn, e*f,f i- i{.ahaq l,Tg_.-t l !en_.L. i-s

a f inite extensi-on of the f ield en of p-adic numbers" vrhile

IaP /rT) 1, r ' .r  nho- r |  |----qL\r/  r '  rr  c rrul:  r ,=p. Let. I  l :L+lOr"oy be the comespondirg abso_

lute value; i f  L is a local f iel i l  then f xf = q-v(x) for r.elrp

ancl  so v(x)=- logn( j * l  )  ;  "ut  
a lso v(x) :=-1og" ( lx l )  in the case

L=S, *-
r€t Yc r,n be an aff ine L-variety- r is closed in the aff:.-

ne space Ln vrith respeet to the topol-ogy induced f ' 'on !, Thus f
has, a canonic structure of Hausdorff Iocally compact space. Givel,

a fanri- ly 
3=(tj) j6, of reguLar functions in the coordinate l,--al.ge-

bra.LIYJ=r l {J ,  sueh that ; f  generaLes Lf f ]  o" . "  L ,  one r te f ines as
r l

in  fZ6J T.7,  a  cont inudus map @r, :y) { ,  accord ing to  the ru le :
. = d'  . l9 a . ( a ) = f 1 o 6 ( l f . ( a ) l  +

- -= r -  ,  d  =,  
eU j6 I  p  rvhsss c)1.  is  a  ree l  constant ,  r . rh6ss

oLry rore is to assure trrat the rogari th.rns are werl defined and

strictly posit ive, so that @1. is vrell-defined. According to [ZO]
Froposit ion I.r.r, the closule 

{6 "" 
@rCr} in ;,f, r" comnactl

i t  is  a lso metr izable i f  f  is  countabLe.  Thus we may eonsicer  the

conpactif ication ? of t Cetermi-ned by @" ana app\r Lernaa 6.L j.n
order to describe in non-stanAard termJthe set B(y) of the i.cleal
point-s of the compactif ication"

Thus we irave to consider an enlargernent IF cf Lo assumod
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to ber\l - saturated, 8or instance, we rna3r eonsider arr ultra-

power with r:espect te a non-principal ultrafilter on the set,
# !r,

of naturaL numbere. Lut Lfi* be the subring of to gsnsistir lq of

the finile el-ements of f,*fl vrith respect t.a the eanonic extens1o.,

-fin

r f-inf

ls a l lenselian

consists of the

infii:litesimal.s

rft], ns

we get the

I  l*rf+n* of the absolute value of f ,o 1.e., t fr , ,=J*rl tr : fxf,<a

for sone e.€fr., e>AJ- It, i-e welt known that,
$

valustion ring of L", vrhose naxinal ideal

of L*sL" i.e., afn*={*el*, /xJ5e ror every ecft, c;$

and whose nesidue field is identif ied with L. The corresponding

valuation * i" tr,. composite raptr*)X v> #-.7,d, *rr""u

i+V*q- l 1*{zts a divieibre ordered *io, uiu o ,* rhe cano,r-
:Yin

ni.c extension. Lo t* of the rup rr,f;f i in the local field case,

the extension of v to L* is the ccmposite vaLuation of the valua.

tion r;#72 and the valuatj-on i. fnu enlargenenta* of the to-

pology t of f, genexates a topology in the usual sense on L* whiel

eoiac:idee vrith the topolory induced by the valuation i. i,lot.

ttret nst(Lt)=rfi*r=o;r7A(o)=T.,fnfT* and the mep st:nst(a*)+r., is

the canonic eni Og+L$ = f,"

Ginen the L-variety Ic1,n, th"i.rt.rnal eet yx is iaenti-

fied with the L* -variety y @ f, L* and the internel ring LffJ*

ia t-generated by thc coordinate L*-algeUra l,*ff & 
" 

O{=

*r[r]@ , L*. rt folrows essily.Jhar nstlr*1=faerx: rft]cof J ana
.- 

-0r +* .:_* =l* i--_
the composite nap r*rneta*l 

"{>'S]E)*=tt"tC{Ft*l -s}6fff)

g P* is nothing else than the nap jpur6"y (i) for_a€Ix such thai:' * d  
i E '  =

T l ^  I / . \  r .

"L:JF"S I lvhele k'(al IR(L^/L) 11_.7)P.o is the contj .nuous nap as-
= Z, r, . lgJ _J

signed to the fanri, ly l9)=(f5(g) ) 
56" 

of generatoro. of

def j -ned in  Sect ion 5.  As a consequence of  Lenma 6" I ,
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descri.ption of B(Y')"

&ropoqit io! 6.2" B(y)+-, , C'i):n6f, 
"t"Ho+|.4  I  ( a l  =  , - " t  " J

= :

7" -eqprqtifr"eti

Let us essume that the locaI ly  eompact  base f ieLd L is

of characte;gis!!g-Zg,l'o, T(Ln i-s an irretirrcibl.e L.variety and

f=(f3.) j( I  i"  a ccuntable fami.Jy of generar,ors of tha L-algebra of
f - 1

eoorclinates r, lrJ. or Lemma 2*9r. there exi.sts a countsble subfiel i

K of L sueh that K is existential ly complete in L, y is defined

over K, Y=Y(K) 
Q f, ano;f eenerates the K*algebra of coordi.nateg

--f - -"'l t- '-l r}
KIY (K ) l =K / y ' l o f  t he  i r r educ ib l e  K -va r i e t y  y ( I ( )C  K ' .  Acco rd i ng  t oL  J  L . J

Iheorems L.1, 1.4, I.14, the, condit ion upon K to be exj-stential ly

complete in L is equivalent- to the stronger one; f, is en elemen-

t.ary exlension of Ko anrl also to the weaker onet K is algebraica]_"

Ig'closed irr L. Thus K is algebraiccally closedu or reaL closerlo

or p-adieal\r elosed of a suit.able; type (e, f).,

Consider the ron-eTrpty set y"*g of regular points on yo

and let Y r- '- +he closure of y.._* in f with respect to thereg "- *" 
r \*5

Ileusdorff local\r' compact topologr on I. ff L*C then y,.o 
",=yo 

ac-
I -  . ' t  c ' ( .

co-rding to lSaJ Cir.7 . Fcr. IFC it is possible to have I"*;fy. Fon

a deecription or {u* in the ease l+Ir or a l-ocal fierd of crrarac-

ter.istie zero (uore generally fo:: real closed and p-adicar.ly closc
r - 1

f ields) see lSJTheorem L.l0rancl Len$a 3,8, theorem T.Ig of $ec-

tion 1, Note that i-,^* i,* definable by a first order foryrula inl : ( ,{3

the }-anguage of Kn Now ]et C be a clopen eubset of il-,. ff L=Creg

then C-T sinee ! is connectea lfa.]crr.f, Sa. rf L= therr the serni-

algebraie set f l-^- ng" glpitely marnr connected components rvhich
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ar$ semj.qlgebrsic too frcl, and hence c is a union of $uch eon-

ponent.i in parti-cular c ie seniaLgebraic definabro bver the

countable real closed subfie.ld K of R. rf t is a Iocal f ierd

the$ r is totally disconxected, end henee there exists a lot of

clopen subse,ts of y
,e,*" Wn shsll assune only that C is definable

in tbe l"angi:age of fields nith parameter:e fron the field L. Of

courser vre may assu&e that the countsbf.e subfield K of L ie

rarge enough such that g is definabi-e over K" Let 0 b. th, oor-
pact i f icat ion of  C < le ter ru ined by the rest r ic t j .on to  C of  the

continuous r"p €r, 
"Ojg 

clefined in Section 6. According to

Proposi.t ion 6"2, the conf,act space of the ideal ooi.nts of the
n

cor,rpactif ication C arlnits the non-standard clescription B(C)=
{  - . -  +  r  . r ,  )= lo r {g ) (v ) ra (c^ "  LLaJd :A+J .  The  ma in  goa l "  o f  t h i s  eec t ion  i s  to

= ?

give an a l tentat ive descr ip t ion of  B CC) in  va luat ion- iheoret ic

t.erms .
r t t " l

Let A=KIY (Kf =t{IJ and F=K(r (K) }=r((y} be the coor.di.nale

K-algebra ancl the field of rationaL runctiins of the irr.educibl,e

K*r rar ie ty  y (K)cKn"

I i rs 'b  le t  us  cons ider  the  conn lex  case,  and lc t  u f  ;R  (F /y : )  , ,
=

+ P.F be the coirt inuous function defined in Section i..- J

Theoren 7"1 (conpare r r i th  lzCJt : ieoren I . .J .6) .  B(y)= iu(u")  
"

:

IIg€. L,et us shorv t.hat B (r) C rm (ut,) . ht := 
(ar, .. ", apey>:

r +1 r
b e  s u c h  t h a t  C l a  l f  O "

* \3"I- v " it/e have to fj,nd wgR (Ffi()g satisfiring
,  t .

uf (1 ' t )  =uf ( . r )  (v)  .  Dy the def in j . t ion givcn in Snet i  on 5 rr  ,  a,
5  *  \ g i  {5L  v \ r r r  . [ r r  r t j ( ; r ' r o l l  2 r  uy '  

1o ;  
( vJ=

f  '  . -  . . -  ^  ' a  =  ==L4+(1'j (g) ) rP,?rrJj6i;. r \Thcrc 4iG .i(a) ) =nax (0, -v{(f i (a) ) ) ,=
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O -o-  ̂ = , r"*  4c(,  t t
l ' *ol ikn "[ t*t ,=- l tk* 

v(ai)" L]y continuity or the po).yno* .,
rnial fun-ctions ryith respec.L to the val-uetion ., i ,  th"." exists
a fanrily (4r;,, of non-ne6atj.ve ele;nents ir, .,fo*=ri sueh t]:aL

B,: .=0+ * r,rrdd.l( f  ,-(e))d' i(r . ,( i ))  r ,I  
" g  

I  v r 1 j  V r -  v  J = "  - ' ) r ' e v e r y  b = ( b 1 u " " . , t f e l f

cubjecb ro #(j_:)= 
l1l- 

. f  fur_*r l)d
l5i5n -! r- ;" 

consider the countahle s"',r 'c.
ten of' fornulas in the languag:e of vat-ued fields with paramet,ers
in c, in rrariabrles 

Z=hr,. ,",2n}, , :e"f" j1 ;g_g)>4 ror. j (J"
Si .. 'o i l  -.F -'! r' ' ]r lrce Jreg=r' at fol lowe that the system above is f initely satis_
f iab le ,  On the other  hand,  the en large*ent  (C* ,  l l  t  o f  (Cr l  I  )  iu ,

-  l / '  + '

assumed to bei"lr-saturatecl, and honce the valued fiefa (C*, r i)
l /

is r:r-saturated too" Consequently there existst€If;u* sr_rch

that u" 1^1 (ii) =u*. r. 
' '' 'a ,r\ (d n*r : + -a

- : '='  * '3'  
' t ' ' "  A"i(v;"s=cr(r) @ K i*)r"e, i t  fol lor, 's

uy'lral corollary A"? trat there exists a valuation vi of F/K sucrr
t hat y Dlod ft r=h .or: 

--:-6i! -. ld I '#=K(b). Denote by n the composite of the

valuations * o"u ffd(r"1 
" Then vrcr(F/K)4 ano f.rgu) is identifisdI t  i  \ v , ,

with a convex subgroup of wrl. Finel\rn we get uo(w)=u (rf)=
. a  = '  f  ( b )

rorfo) (n)n as required. = =

.. Converse\r" 1et vr@.(F/K)O. vle have to f,ind sone aq_Tx such
tha t  cGldos  and u  ,o '

- .-s!, rs f (o ) tvl =u" (u) . Since the the ory of non-trivial
= = c =

velued algebraical\r ctrosed fielde adnite elioinati.on of quenti-

flerso (F* w) is a eqrntable non-trivial valued field and g*, .,?l
-  t /Ls an i l-saturated non-trivial valued algebrai,cally closed fie3-d
vtith tho col'mo' trivial varued nubfield Kr it follolrs that there
exists a K-erabeddingl I (F" vr)-) (c*, .r i). f*t a=l(y). Thon

: - =

S €rXu*, J[gl/o; as ,o,fo* and urro, (.,i)=ry{or} eince wr is identifiei
' = = =

wj"th an ordered subgroup of .,lC*=li. 
s

Next let us consider the real case - And .f ror_ n _ .pa /n.,_-\ r.-11
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te the continuous nap defined

-^* n ^+ F .t+ +..se t  U o f  t rugo t t  1o l lows,  hY

seeialgebraic oets, that thejre

u  l r - r '  lwr r r r  I  r1+  ( *  t ( t1 : .. l l i  . :  \ l l_ ' ; \  J  i !  L ,  I  a I { I \ l j I?  l - {J \ r " i  ,
, ! iJ

in. S*ction 9. Given e clopen slrb*

the finiteness theoren for open

exist. son€ polynomial functions
+r,' ! '

,-l "such thet  C= W /  ) /aGY_^-r
{ = T  i = 1 " =  

! u 6

subsct of nr(F/K)U given by
') /\,

lJ4 ;.(a))CJ" Denote bg C the elopen
-r- r.i. = n,

/1! '(h .<L -

A= J .t\ lt*.rle n, $/Kr^ rh" *kf ?,
{ - .}  j - ' }  c '  A r.J, J

fheorera ?o2 l"uroure vri.th l iel prooo"ition I"4.2)\ v v u y q r L . " J ^ .

N
E(c)=u- * (c) 

"r  t l -
:

IIgg{. first let us sho$,' thaL B(C)C*. -(6, r.*t 
"ec*j r'* :

a.t

be such that.RljrJtrO;" We look for some (rv, P[C such that

,  0 .
o.  - ( * r r  P)=us1*y (v i .  Pr :oceeding as in  the proof  o f  Theoren 7.1"

r f r

. !  q F  r .  . a -

rve f ind some b€ Yiof  C^ such that  u , .qn1(v)=ug1n)  (v) .  App1yin61
-  

* . =  t t  =

f . 1  . c

[-SJ Coroffary A,2, yre get a valuation rv of F/K sueh that

3 mod 3;b ana fvi=K(b). Lc't rry be bhe composite of t i :e valuat*ions

o  '  ' t  '  - c  i n h o y , - i + < r  f Y ' o ' "  t ? *  !  " tv nn i l  v . l l " (b) .  As I 'v /  - -  - -  * - . ; .  - r  s t ructure ( t / f  
16;  t

= a

Kqhjrz) of val-uecl-or.oerelf ield, there is at least one orcler P

of F such tha-,. (!nO,l,)rLcct n.,1=K(b)AR*2 ancl l+m...6>- ft follovsl
Y J  - 1 1  =  u  = W

( r , i ,  l )€6 ant i  u* .  * ( rv,  p)=r-r r (u)  (#)*r(n;  ( i )n ou requir :ed,'  
* r r  l i D /  r  t i l /

= = a ' / = =

Conuersely, 1et (w, p)€c" I ' le look for sone tl€Cx sr'rch tha'b

nlsldoo and u-.  .  ( i l=o^ (vr,  ?).  Applying t t"o""*1.3 t"o the
*  * = - '  V  1 ' ( a ,  l ' r P

I /  =  =  =

X, - saturerted non-tr ivj ,a1 valued-ordered real closed f ield
.L

.& ^ '1,1
(R*rri, no")o the countable non-t.r ivi a] valued-ordered field

i, ro O, 
"nU 

the'ir sorr'.non trivial va1ue6-s"6"red subfield K,

vJe get a K-cnbertdingl: (r, lv, P)--) (R*, #, R*2). Tnnrt



f \ -  -  . 1 .  ,  4 4  t * 1 ,  
*  u { J  -  

..r=4(ylQ v;:"nc^B lllgjf 0+ and rr.-r-) (vi=u* 
",(r,iu 

p) 
" m=  =  

' c t 3  *  t : J r  v  l t g J '  
- : , *

Final\r., Iet. us

v  t he  r esL r i c t i on  t o  K

I* (K,  v}  i .s  p-ad ica l l .y

u{. * :Rp (r) ^ *} p_ bc t he
. . *9y  ,11  *J

Ju"o 
" 

clopen $ubse t c

consider the p-adic case., Denote also by

of tho clir:crete val"uatj.sn v of L, Thirs

c losed of  the seue type as (L ,  v) .  fe t
. a '

continuous nap defined in Seetion f, Corr-

of Y,.o",. vrhich is definable by a f irrtr E 6

, 4 .(.r ,1 r 3r mod rr,",=b and I;-K(b). The residue f . i  et<l= \ / = w - a -

n o.Jtuoa K-field srruct.urc (fl 'o-r'.., '  , K(b)nlhr
:  I  . l \  \  rJ,/  ,

logue of the f initeness the orem for cpen seni algebraic-_setq. (see.

The oren 1 "16 ) , t jrere exi st sorae polynonial f unctions h. 
564=

-ffrfrcil, l(i.<n" 1(;(tir and a natural nunber s)2 such thar
111 L; .

c= LJ f i i  acr- .^ . - :h*, ; (g)(^Lxs/  
"  nenore u; '  i t t re c lopen subsc.b ofi - J "  5 = t , t =  

' u 6  r J  =  t ,  J

-r;;;. ' ; i ;" * *rg' fr i ,r, p,z n)21€Rn(F)r:hij6,t].

orcler forronla j-n the languege of l(" Aecording to the p_ac1ie ana_

f l l r o n n n m  7  ?  E  / r t \ - . .  / . 1 \

f *-  r P
a

t  _ * /
P*rof" Let a(C^ be such thBt tfaJf0o . As in the proof= -- -,

of Theorem 7"1, we get b( I l^, 'nCx and a valua.[ion # of F/K suc]r

: n ) 2 )  A r . r . n r . , l i , . . -  r ^  L c \ r , m . r  /  R  + 1 , . :  ^  . , + . ^  
=

. . t ' ( / . t  o  f ruLUrL , r , ! i t ]  { ,u  ! i : !L , rc l  . to )1  L j r I$  s l ruc .Lurc  can be  l i . , l teo  Lo  a

va lued l i - j i e ld  s t ruc t r r re  (  v . r  F  .n \ r \  ^ '  -  c
= 

u Lu r.e ry.,  
"*ry4l 

on _b. $ucn that ow=za GO.i:

la  noc. l  I l 'o  6n 
"1 " ' , ,1  r . ,  / \  n  r \  *^- r  -  - -1 ,  t t \  ' :Fn --- Jvr r (Inn Oil) nocl nr=l{(n)n i,*t for f ir2. Thus

= w  =
'/

(wr  Prr ln)2)€c and uf - r . , ( , r ,  Pr . , :n7z)=u-rn, ,  { -J)=u+i ,^ )  ( r i ) .  Therercrc
r , , ^ \ . -  ^ , t  ; t r '  : t : '  j t = 9 '
I J ( U ]  L U  T . }' F  h  u r ,  '

: r v

io*ne'""o1-.,r, l-et (rv, frr ln)2)€fl. l^pp1;,ing Theorera 4.6 to.tr i ie
U
/ t l-saturaLed non-trir j_a1-valued p-adica11y closed Ji_field

+ O
(L^nv, L"':*)2) and the countable non-.brivial-valued K-fielcl

=



I

_ 6 9 *

tL;' (w,

!,f

Lmu)2), Then g=2fu) € {"",n c*,
_  ' t i

tfa-ld o,
=*r r- V

_ tand u1. 
1n; 

(v) =
= =P^zn)z).. thus, r \  l t u \ A  D  r ^ \q-rr 

6 tw ', \, !r Lu ', c tn4  t ! ,
=

We now drop the assumption that the L-variety lf is ime_

ducibLe- the finar resuLt is an irnmediate coneequence of Lernna

2 ' .3 .5 ,  Theoreno 4. .2  and Theorerns 7.1,  T.Zr  T. j ,

'  
Corollary 7.4" Assune I is

F i
a)  ( [Z6J  coror ra ry  I .5 .8 ) .

dense in  B ( f  ) .

ul CfzO] Corotlary r "4.|r .
I ,  i .e . ,  a  un ion  o f  connected

d e n s e  i n  B ( G ) -

c)  I f  L  is  a  loca l  f ie ld

a first, order definable clopen

dense in  B(C)"

(F,  w,  Prr :n)r2) ,  we get . .  an emboddingTz$, w,  pn:n)2)+(#,  ; ,

artri trarXr L,-vari ety.

T,=1'! then p flrr r^ uintD \ r / /  t J t - J  L S

If L,=S and C is a c16psn subset

components  of  y ,  then BCCi4*nt

an

If

of

of  charac ter is t ie  zero  and C is
i n t

subset  o f  Io  then B(c)n.p; . . "  is
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