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case). I{hen A is a dom$in en(l l i )  = e(A)'rank ( l \ ' l )  by t[ I2] (t+.s) so

our Theorem there are indecorn posaL' le [ '1C14-modu]es of arbitrary

The proof fol lows cntirely [Y] our contr ibution being rnainly to

(2.10), (2.12) in the foi lowing fornr (see (4.8)):

in the hypothesis of

h i e h l a n k i f n ^ = - ." t t

extend his Lem mas

be a reduced exeel lcnt hcnscl ian local  CM - r ing,

the ideal  def in ing the singular locus of  A, i 'e.

(1 .3 ) ' fheorem.  Le t  (A ,m)
' k : = A / m ,  p :  = c h a r k  a n d  I r ( A )

I..(A) = O q. SuPPbse that
o qf l icgA

i ) [ k :  t < P ]  ( " c  i f  p )  o r

i i )  i f  pA I 0 tnen for every q € RegA containing pA Ao/PAo is regular,

.  i i i )  Ir(A)i  m, i 'e. A is not regular.
' lhen there exists a posit ive integer r such that

1) A MCXI A-module M is indecomposable i f f  M/I '(A)rNI is indecomposable,

2) Tlvo indecomposable i\'1C itl A-modules IU'N are isonlorphie iff [{/Is(A)rNl and

In the hyporhesis of (1,3) we get nA ( n6 (see (4,10)) where A i ,  tn" completion

oi 'a. tn i jart icular rue can improve the result from I l( ]  and [BGS] for excel lent henselian

locai r ings (see (4.11)). Though (4,11) can be also obtained l tsing the propefty of Art in

approximation of excel lent henselian local r ings (see IPo] (r.s)) as we indieate in (5.6) '

we choose here an easier method (see ! !  3-4) which is entirely self  contained and

proves to be more powerful for these questions. our section 2 contains just

prel iminaries arranged more or less after IY] which we include i t  here for the

cotnpleteness. tve supply here a proof of (2.5) because [s] l{as not avai lable to us.

lve rvould l ike to thank A. Brezuleanu and N. Radu for many helpful conversa-

t ions on Theorcm (4.4 ).

2. The singular locus of an ev-ccllent local ring'

N/ls(A)rN are isomorphic.

In part icular this Theorem gives large

there exist Dieterich ID] reduetion ideals.

open

v(rs(A))

classes of isolated singularities for which

( t ?

L e t  A  b e  a n  e x c c l l e n t  r i n g .  T h e n  R e g A = t q  €  S p e c A  I A O  i s  r e g u l a r J  i s  a n

set and l--(A) = I I  q defines the singular locus of A' i 'e '
.  c l R e o A

= S p e c A  \  R c g  A .

(2.1) Lemma, Let u :  A-+ B be a f lat morphisnr of excel lent r ings. Then

rr(B) (lfiiJAl)u.

Proof.  I f  q 4 RegB thcn q O A € l tegA by l l t l r )  (21.D) '  ' rhus a pl ime ideal



' :

from B containing u(I"(A)) must contain also Ir(B). n

Q.2) l t  wi l l  be useful also to expless lr(A) os thc radical of a certaiu ideal of A

v,,hose el.enrents can be precisely describerj. This is ah'ea<1y well known for rings A which

are essential ly of f ini te type over a perfect f ield i< because in that case t lre Jacobian

cri tcr iorr for sntootlrncss [] \{11 (29.C) appl ies and \{e have Ir(A) = l lOr,. '  In general,  giverr
'a f ini te presentation A-algebra Ei = A[X]/g, X = (X,, ' . . ,Xn), thc nonsmooth locus of B

over A is defined by the fol loning ideal

/ s  r r  . , - ,
Hnla ={ L'ar((f) : g)B

where the sum is taken.over al l  systcnts f  of  r-poly lrornials f rom a, r  = 1, . . . ,n being

var iable (see [Po] (2.1)) .  Using [Yl  j  2 vre wi l l  present such a descr ipt ion of  I"(A) when A

is a Noether ian complete locai  r ing having some addit ional  propert ies.

.  (2.3) Ti t I  the end of th is sect ion (R,m) is a reduced Noether ian compietc loc-al

r ing ni th a pcrfect  residue f ic ld k.  Then ei ther.R contains k or R is an algebra over a

Cohen r ing of  residue f ie ld k,  i .e.  a complete DVR (Trt)  which is sn unramif ied

extension of  Z,- \ ,  p:= char k > 0,  t := p ' l  € T. t fhen R contains k we put T:  = k and t  = 0
\p , / ,

in order to unify both situations.

let R(r,R) be ihe set of ell prime ideals q -6. 1l for which T'----+ Iio is a regular

nrorphisrt l .  Clear' ]v R (r,n) € Reg R because T is regular and regular morphisms

preserve this property ( l l \ ,111 (33.b)). l \ ihen R contains l< the other inclusion also holds' k

being perfect. \ . \ l  hen R is in the unequal .characterist ic case (pRI0) tnen we suppose

that

(+) RO/pRO is rqgular for -evcry q € Reg R

Thus jn both situations tce have '? (f  ,n) = Reg R

(2 ,4  Le t  x  =  (x r , . . . , xn)  be  a  sys tcm o f  e lements  f rom R such tha t  ( t , x )  fo t 'ms a

system of paramcteis in R. From now on \{e suppose that R is a cohen [ lacaulay g!19

(short ly a CNI - r ' ing). Then the canonical nrap T[[XJJ--rR, X = (Xr," 'rXn)----+ x is f ini te

and f lat (hence free) by Cohen Structure Theorems and IX] t l  
(36'B)'

(2.5) Lenrrna (Scheia - Storch [S]) '  There exists x

ht(HgTrltxi l)  )  1, i 'e '  for every minimal prirne ideal q < R the

Fr(Ti lxl l ) .-- t  R^ is (f ini te) separable'
9

as above such that

fract ion f ie ld extension

Proof. l \ 'hen ' I ' f  k thefe is nothing to show because char T = 0' Suppose T = k'

Let a.. . . , .q. be the nrinimal prime ideals of R a;rd tal<e an arbitrary system of

po .o 'n - " te ru  y  =  (y l , . . . ,Yn)  o f  l i '  t f  thc  f i c ld  ex tens ions  d ,  :  k ( (y ) ) - -+R^ ,  1  <  i  (  s  a rc
, Y i



- ' . '

ai] scpcrable then ht(t lor,. , tvt l  2i  by the Jacobiau. cr i ter ion for smoothness IMr]

(29JC). Suppose that (cd1)ra14e are not scparable for a certaitr  e, 1( e ( s. Then p) 0

. and for every i ,  1( i(  e t frelc exists an elenlet l t  
" tn 

OO,t k((y)) such tt tut rrpe k((y)).

Since of . ' is f ini te lve havb.

,  .  .  . '
k((y) )d  R :TT R^ '

t<ttYll i=l Yi

'  Thus we can find one z € l l  and w < kttyl l  such that z/w corresponds to (21,...12",
'  v - , . , . , y - )  bv  the  above isomolph ism.  Then h  ="8€  kL ty l l  and  z€  k l ty l l .  Add ing  a, "  n

constanr to z we can suppose that h€ (y) kl tyl l ,  I f  h € kt lypl l  then h6kpttypl l  (k is

perfect) and so z € k[[y]J rvhich is not possible.

Subpose that h f  k[[yl , , . . ,yn-1, yH]].  After a coordinate transformation we can

suppose also that h is regular in yn. Applying \\reierstrass Preparation Theorem for U - h

. in k[[y,U]l  we f ind a dist inguishecl poiynomial

r ! i - r - l.  (1)  p  = y '  +Z.a iy i  ' ,  a ,  €  k [ [yr , . . . ,yn_r ,UlJ ,  a , (0)  =  0
t = l

and an invertible formal power senies g a ktly,U]l such that

( 2 ) U - h = P s

Subst i tut ing U = h in P we get

I
- r'-: i(3)  vn + 2. ,  a t (Yt , . . .  'Vn-  1 , l r )vn 

'=  o
. l=J

becausc g(U = h) I  0 since g(0) /  0 and h(0) = 0.

(a  P/a yn)g + P(a g/  zvn)  = -  2h la  yn l  o

and substituting U = h we get (, P/ a yn) (V =

equation for yn over k[[yr,. . . ,yn-r,zpl).  In

A n n l \ r i r r c r  2 / 2 v in (2) we obtain

f r )  y '  0.  fnus (3) def ines a scparabie

Dart icular v is seDanablc over'  - n

We haveS: = k [ [yr , . . . ,yn_r ,zJJ.  Denote V '  =  (y1, . . . ,Vn_1,2) , '

IR.  :  k ( (y ' ) )J , , , .=  [n . . ,  :  k ( (y) )J , "* -  o
- Y i " i

for  every i  = 1, , . . ,e,  wherc I  l ,n,  denotes the inseparab]e degree. Repeat ing this

proeedure induct ively we f inal iy f ind a systern of  parameters x in R such that

k((x))<--+Ro. is separable for cvcry i .  n



r

.  (2.6) Renarl i .  I f  l< is not perfect then the above Lemma doesnrt  hold.  I f

a 6 k.kP then A = kt tx,Yl l / (xp + aYp) (af ter tYl  (2.?))  is a counterexample.

t ) -  - \  -

{2"?) Lemma. Lct q € Reg It .  Then there exists a systein of elements x in R such

(i) ( t ,x) is a syston of palametcrs in R,

/ i ; \  l r  t  ^"R/r[[x]l r Y'

. .  Proof. I f  t  = 0 then we choose a system of elements y in R which forms in Rq a
regular system of paraneters. I f  t  € q then by condit ion (2.3) (x) we get RO/IRO regular,

Thus there cxists y suclr that (t ,y) form in R^ a regular system of parameters. By
Lemma (2.5) there. exists a system of elemen"t, z in R lvhich fornrs a system of
parameters 7, in R/a, g , = tG; such that the nrap (T/T n g)ttzll --; R/e is generically

smooth. (Note that R/(t,z) is CNI (see [ l ' l1l  (16.C)) and so l l /a is C l t ' l  too), Since q is a

minimal prime ideal containing & we get (f / f  0 q)tt7JJ -> R/g separable and so the map
' l ' [ [y,z] l  -  Rq is etalc. Thus x = (y,z) rvolks. :

Suppose now t f  g then as above we can choose y in R which forms a regular

systern of parameters in RO. Take a system of elenrents z in R such that (t ,z) forms

modulo q a system of parameters in R/q. Then (t,y,z) forns a sJ'stetn of parameters in R

and T[[y,zlJc,,-y RO is eiale (char R/q = 0). Thus x = (y,z) works, n

of elenents x such that ( t ,x)  forms B system of parameters ol  R.

P roo f .  l f  q€  SpccR docs  no t  con ta in  H- , , . , r . . . , . ,  f o r  a  cc f l a in .  svs tc rn  x  then  the

map T[[x]l--+R^ is ctole and so R^ 'r r"gri; 'r"JJlluse rttxl l  is s"o. conversely ifq q
q € Rcg R then by Lcmma (2,?) there cxists x such that q y '  I i i t / f t t* l l .  t r

(2.9) Lct  S c R be a rbgular local  subr ing sr ich that R is a f in i te iy gcnerated

free S-module, Re: = R 6.R the enveloping. g]Ag!$* of 11 over S and p : Re--+ R tlte

mu l t i p l i ca t i on  n rap .  I )eno te  l=  I ( c r  p .  Thc  i dca l  . ' i " 5  =  U(eun  - l )  i s  ca l l ed  the  Noc the r
J  R E

dif fcrent of  I l  ovcr S.

th at

(2.10) Lemma. "l'3 
.9o1, = 0 and I'tor. =.,,[f'3.

Proof. The f i rst equali ty is tr ivial because 9n/s = l /12. Let q € R be

idea l .  l f  o  l " , ] /S  tbcngo 
/S= 

9 t t /SenRO = 0  as  above.  S ince  S q  R is  f in i te
" q

a  pnme

free we

get S --) Rq. ctale, i.e. q y' Hn/S. Conversely if C I l]nr, then S--z Rq is etale ancl so
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n r .
\an /SenRq =  0 .  Thus  t ,  =  I [  fo r  a  cer ta in  p r in rc  idea i  e  g  Rc,  e  ? ]  such tha t  p (e)  =  q .

By Nal<ayama Lemnra rve 6Jet I . . ,  = 0 and so Q I Rnn -I.  Thus "f!  t  o.-  t {  R e  S  r - -

(?.11) !Ve encl  th is Sect ion by l ist ing some facts f rom l . lochschi ld cottomology,
which can be found in [P] Ch.11. Lct  B s.  A be an extension of  r ings. The n'h l lochschi ld

- . ncohomology functors I I ;(A, -),  n ) 0 are defined on the category of A-bimodules with
values in the eategofy of A-rnoduies and have the fol lowing propert ies

n  / , r \  r
i )  I i : ( A . l \ { ) = t u ( ^ '  I  - " ' i  "  1
.  b  

' :  =  
t x6 i \ i . l  ax=  xa  l o r  evc ry  a  €  AJ  fo r  a l l  A_b imodu lcs  M,

' .  i i )  t f  U,N are two A-modulcs then I . IomR ( l \4,N) is an A-bimodule I the ief t  1resp.
r ight)  act ion of  A on 1- lorn'( i t i ,N) is given u" ' - th" on" inducecl  f rom the act ion on N
( resp . l r l ) l  s i )d  l J3 (A ,  Hom-  ( fu ,N) )  =  Hom ,  ( t \ j .N ) ,'  I J  ] J  '  '  - - A '  ' - ' -

'I

i i i )  I I ; (4 , [1 )  i s  a  fac to r  A-nrodu le  o f  DerU(A, l r1 )  =  Homo(9 .  , ^ , t r . l )

iv) I f  A is a ploject ive m odule over B and 

n A/.8

- 0 --+ l\'lr--------+ M .--; 14'l-, g

is. a short exact sequence of A-bimodules then there exist sonre A-morphisms
{ n )  n  h + l

" " "  
I  F l ; ( A , i l l " ) - - l l B ' ' ( A , l u , ) ,  n  )  0  s u c h  r a t  t h e  f o l l o w i n g  s e g u c n c e  i s  e x a e t .

0  - >  l l . ? ( A . p ' )  " o / "  " \  " o r .  r r r \  .  r r l r r  n . , r-.8'..r, . , ----------r nB\/r,'nl, ----> n3(1\ rr\r "./ --+ ll 
B( 

A ' l\l 'J -----) - . .

, r D r  ^  n n , \  . -  r : h , r , r  n , r \  , , D r  ^  n n l r  , ,  t t * I r  ^  n . r"  '  - -+ l l l J ( / l ' l v l  , /  - >  i lB ( l \ ' l v l /  - ->  r lO (A ' l \ 1 " , t  - -+  l l g  
^ (A r l \ l ) - _>  

. ,  .

tlt R
? ,  s

(2,12) Lemrna, Let S e R be as in (2.9) and I\ ,1 un R-bimodule. Then
1

I I I ( l r ,11)  =  0 .
D  ' .

Proof. By Lemrna (z.to) rve trave ,.'f I (L. ,^ = 0 anc.l so
D rt/) lrf$.uonr*t9o7s,r\t) = o.

3. CLl -  approximat ion

(3"1) Lemma. Let S c l i  be an extension of  Noether ian r ings such that R is a

f in i te ly generated project ive module over S, x an clement f rom 
"/ f  $ 

and IU,N two

f ini te ly gencfatcd R-mociules sucir  that iVI  is project ive over S. Let e e l r l  be p posi t ive

i n t c g e r  s u e h  t l r a t  A n n " x e : =  { z c X [ x e z =  0 ]  =  A n n "  x u n l  r n d  s € N .  T h c r r  f o r  e v e r y

l inear R-map {:  M ---+l ' l /xc*t*1N t l r . r"  cxists a l inear R-nrap f  :  M ---+N which

mal<es commutat ive t l te fol iowing diagram

Now apply (2.11) i i i ) .  E



1-

e+s+ 1
0 ---+ N/N, "' 

' 
i N/Nr ='-_-> N7N'+ xe+s+1N .-7 g

t t lr l l
( 1 )  x l  i  I

J u * , J t
0 .---+ y75, *" ' 

, N/N'----> N/N' + xe+sN ---+ 0

in which the bases are exact, Indeed i f  xe*sz €N' for a certain z€N then x2e1' ' ,  = o and

so z 6 Ann*x2e+s - lqr. Applying the functor t lonr( lvl ,-) to (t)  we get the fol loning

com mrr ta t i ve  d ia$am:

0 --+Homr( l \4,1{/r . - - ' ) - --+I lomr(hl ,N/r '*- ' ) - -*+Honrr( l \ l ,N/r t* '+ 1e+s+1N;---20

t l l( 2 )  x l  I  I
t f l

0 -> H o m, (t,l r N /N') .--> H o nra( [i,N /N' ) ---+ I t o m a 
( tr'l,N / N' + v e* s5 ;'-2 g

where the bases are exact because i \ i l  is project ive over S. Clearly t l rese bases are also

exact sequences of R-bimodules and applying the Hochschi ld cohomo).ogy functors we

get the fol lorving comntutat ive diagrarn (see (2.11) i i )) :

I Iomo(l\1,N/N') ---> Homo(l\ l ,N/N' + xc+s{ ]  N ) --;  l r l (n, H omr(l \ l ,N /rr- ' ))^ l l \ -
l l l _( 3 )  \  I  \ -l { , , t ,

t romnint ,u/N')

in tvhich the bases afe exact (see (2. f t )  iv)) .  Since the last  vert ical  nrap is zero by

L e n - } m a ( 2 ' 1 2 ) l , v e g e t a ] i n e a r R - m a p o J : l \ l _ - + N / r . * * ' s u c h t h a t t h e f o } I o w i n g d i a g r a m i s

com n] utat ive



&

* ;, *r*e+s+in' /r--->
6 + c +  1
" " - NN/|11 + x- -

I
,l

517pi * *e*tNI

v i -
I
I

I
I
I
v
N/N

(zr) J

Note that in the fol lorving diagram

N/N '

x€*s.., o *r1".,*

N7*er-s+ 1p
l\;1

il
l l
lt
M

il
il
ll
M .

( 0 /

*,1, . .i.,"
the srnal l  square is

. Remairrs to

y = x€+sz. Then o =

car tesian and so thefe

show tha t  N 'n  xe+sN

""y 
= *2"u t,  and so z

exists t  which nlokes (5) commutative'

= 0. Indced let y 6 l ' { '0 xe*tN and z e N with

4 n' ' ,  i .e. Y = ae+s2 = 3. i :

.  Rernsr l ( .  Roughly speal<ing Lemina (3 '1) says that given M'N there

funct ion 4 :  ) 'L ---+ N sucl l  that every l ineat '  R-map tP: 14 ----*  N/x 
' \ " ' \ ' '  

s  e

lifted to a linear lt-map f : Iu---> N strch that (ni xsn )sraf = (n/xsR)f,'n'?'

fo l lows easi ly f rorr  a l incar form of thc strong approximat ion theoreln (see

which holds i t l  Iact  in every Noether ian local  r ing R for every element t  € R'

importancc of  Letnma (3.1) consists just  in giv ing to ? a precised fot 'm'

(3.2) Lcmlna. Let B A be a f jn i te f lat  extension of  Noether ian r ings'  a c A an

ideal and x € I l r l i l3 an elelncnt.  Then there exists a posi t ive integer r  such that for

evely f in i tety generatet l  A-module N vvhich is f ree over B i t  hoids

.  r ,  r , + 1 .
(aN :  x ' ) ^ ,  =  (eN :  x '  ' )n ,

t \ -

where (aN : xt), ' .  = ./ ze x I xrze gN] .

Proof.  SteP 1 Reduct ion to

Since r \  is Noet l r€r ian we

in tege r  n .  I f  xY6  a r fo r  a  ce r ta in  Y

( a : x ) = a .

haye a': = 1a I xll) - (g :

e A t h e n * n + r y E o n , . t , l

exists a

ll can be

But  th ls

[1'o) f  1)

Thus the

x "  ' )  f o r  a  ce r ta in  Pos l t l vc

so y € ar' i.e. (g' : x) = a'.



Supposc that r '€td satjsf ies our Lenrn'a ior x and at '  Ther

indecd, iet I ' l  be as in our Lemma' I f  xsz €.BI ' l  I  a'N f cr some s € N

"t ' ,  
€ u,N because (g, l . l  :  xl ' ' )N = 1a,N , xl ' 'n1)51. ' l 'hu,; xt 'z € xna'] ' i  g al l .

I icmark. Asso(A/g') = { oe Asso(l i  l9)[x { c:} '

Let g = , i  n, Ou an irredundant prirne decomposit ion of a' qr '= d4'
' e

q !  : = q i 0 B ,  Q ! : = Q , f l  B ,  b : = a n  U = l r n t  a n d  k i  <  k ,  t h e  r e s i d u e  f i e l d  e x t e n s i o n  o f

B^, I  A^
Yi Yi

SteP 2. Caq9,$19n kl = k1' 1 ( i ( e'

B y  S t e p  1  v , , e  m a y  s l l p p o s e  1 1 1 n 1  ( a : x )  =  a .  F i x  a n  i ,  1 ( i ( e ' C l e a r l y x f 9 , b e c a r ' r s e x i s a

nonzcro divisor of A/a. ' l 'hen the nlap Bqi-AO, is etale and so <lrAO. = q!AO.' Since

k! = k, the extension UOi. OO, is dense..In' f ,ar t icuiLr v"e have .1

B^ , /Q iD^ ,  ?  A^  /O1A
9 i  t  9 i  ' l l  ' l  

9 i

and i t  fol lovts QiAq, = QiOOi.

.  we sho\,/  that r = 0 satisf ies this case. Let N be as in our Lemma, and z6N such

tha t  xz€  gN.  Then z  €QiNo.  =  a iNo. .  Th t rs  there  cx is ts  an  e lement  V ;  €  A  r  q i  such tha t

yiz € elN. Since n/C! -+ Ai ic, i ,  f  i l i t .  rve get (y,A)0 (e r q') I  y ' t  .  rnus changing yi by

one of i ts mult iple lve may suppose that yi  € B\ql,  i 'c '  z e QiNql 'Since N is free over

B n,e have e
o N = O e l n

J - r

of N associated to bN. Then

'F rr worl(s.

z €  N  t h e n

suchthat for gYgIJ'

and

and QiN is exact ly t i re q ' , -pr imery submodule'J 'J -

Nn QiN^, = Q' iN
.  J  Y i

ancl so

z € N n{n Q!N^,)  =b,r-  !  oN.
j--l ' "j

Step3. Case when there exists a !C.i-!lf$[y ilat B-:gtsebra c

c a s e  C 9 D ,  a D '

Plllfg j-qcel--g cssociated to C EOa in D : = C dlBJl the r  esidue f ield extension of

C  ^  ̂ *+  D^  i s  t l i v i a l .
q { l u  q  - -

I'V e aPPIY SteP ? to lhe
D,x ' =  1 @ x € Clear iy
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. . i , -  n / q  r I  C r r^ = - eA,,A/B -,,D/C. Then thele exists r such that for every f ini tely generated

I)-moCule l l '  l rhich is free ovet 'C i t  fol lov,rs

(aN '  :  x ' l ' ) * ,  =  (n5 ' * r  t  * r rF l ; ^ l

Let N be a f in i te ly gencrated A-nrodule which is f ree over B and tal<e

N" = D 6AN. 
' Ihen N" is f ree over C atrd so ive get in part icular .

(an - " :  x ' r ) " ' , ,  =  (aN" .  * ' ' * 1 ) * , , ,

But (aN":  x ' l ) . , , ,  = D8o(ox :  xr)ru,  Indeecl ,  {aN :  xr)^ is cxact ly the l<ernel  of

,  the. -r
- t-y'conrposed map f : N *-i-+N ---+N/aN and by fi.atness I(er (D @Of) = D @AI{er f' Thus

the inclusiol  u r  (eN :  
" t ) r . - - ' {oN 

,  * tol)*  gocs by base change in an equ.al i ty.  Since D

is a fai thful ly f lat  A-algebla we get u suf ject ive too.

Step 4 Gener&l case - reduction to Step 3

We need thc fol lo!r, ing

. denote

c,, ,. = rrax Z ([k(q) : l<(q')] - 1),
q r e  S p c c S  q € S p e c R

q ns=q'

(3.3) Lemma, Let S g I l  be a f ini te f lat extension of Noetherian r ings and

rv l rere k(q) dcnotes thc rcsidue f ie ld of  RO. Then dR/S <- and dge.R/ l t  < dR/S i f

dR/S ) 0, where the structufa-l  rnap R->R d5R is given by y->y 61 1.

Applying by recurrence the above Lemma v"e get f inal ly a f in i te f lat  B-algebra

C of the fot 'm A 6gA {} . .  6BA such thut dC, lOA/C =  0  i . e .  k (qnC)  =  k (q )  f o r  a l l

I  € Spec (C CUA). Since a f in i te f lat  extensiotr  is fa i thful ly f lat  rqe are ready'  a

Procf t : f  i ,emm& (3.3).  Let q '€ Spec S. ' i 'hen

"R/s,o' - z (k(q) :  k(q') l  -  1) < rank*10,;k(q')8SR'
q € Specl i
qn S=ql

the last nuntber bcing boundcd by the nt ininal number of generators of I l  o" 'e| s. I t  is

enough to  s l ro iv  i l :  t r t

dnc5R/tt,q < dlt/s,q'
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for every q € Spcc R lying over q' and such that do/S, ' ,  '  0 '  So by base change t 'e

reduce the question to the case when s = k(q') =: k. ' lhen R is Art inian. Let (kt)tatau be

its rcsidue f ields. l t  is enough to sltolv that

1 ' t  dkrEut 
, / t  ,  

1 tnnkkrkl 6[ l<t = rank' 'kt = du,/o o t

T'he equali ty holds oniy v/hen k1&,.k, is a f ield'  But kt9,kt is not a f ield so the second

inequal i iy l )o lds too. t r

( 3 . 4 ) L e r n m a ' L e t S 4 R b e a n e x t e n s i o n o f N o e t l r e t ' i a n r i n g s s u c h t h a t R i s a

f in i te ly g;enerated project ive ntodule over S, x an element f rom JPtt  and a q R an ideal '

Then there exists an increasing funct ion I  :  N -+N such that for every s e N, for

every f in i tc ly generated R-tnodules ) \ ' l rN which are free over S and for every l inear

R-map t , 1'1 --.,1',t/(a, x! 
(t))N 

th"ru exists a linear Il-map { : I\'l --+l'{ /aN which mal<es

com nrutat ive the fol lowing diagramr

l \ {  €  > g *l {r),*

*t)r'{

/ (a,

I
I
J

/(!'N

drr6ot  
, / t<5 

oo, /0 . '1-1 i  - (  e  
"nd 

t l l  
r&, .k ,  

< 'J l  
r /k  

i f  k /kr '

! ' i rst inequali ty is clear because

. , I

I

. l

I

I

Y
Lr  / , -  i \ t
t \ , /  a r \

Proof.  Let r  be the integer gi i ren by Lemma (3'3) for x and 9'  Def ine Q by

I (r)  -  r  *  n,"*  {r , r }  .  Then given I \ ' l ,N,s,  $ as in our Letrma we f incl  t i le wanted f

applying Lenrnra (3.r)  for x,  N = N/aN and e = r '  D

(3.4) Lemrr la '  Let x = (x1,. . . ,xn) be a systcnl  of  eletnents from a Noethef jan r lng

R such that for evet '5,  i ,  1 < i  < n t l rere exists a Noether ian subr ing S, of  R such that

i )  i i  is  f in i te f ree over S.,

n
i i ) x , e - f i .'  * i

' f h e n t h e r e e x i s t s a n i n c t e a s i n g f t l n c t i o n l : N - * - > l ' i s u c h t h a t f o r e v e r y s e l ' { '

every f in i te ly generated I l -modules J\ l ,N rvhich at 'e f rec over al l  ( t i ) ta ian and for every

l i nea r  n - rnap  q :  I r ' 1  .  >N /x l ( t )N  thu . "  ex i s t s  a  l i nea r  R -n tap  9 ' t  l t - - - -N  wh ich

makes
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com m utat ive the fol io iv ingdiagram:
q

c x )

T,1
t
I

..1/ I

I

,,1'
hI

com mutati  r , ,e the fol lov,, ing diagram:

Proof .  Denote . !1  =  (x1 , , . . , x , ) ,  i=  1 , . . . ,n .  App ly  induc t ion  on  n .  I f  n -1 then

apply Lemma (:,+) to| x, and a = 0. Suppose noh, that i t  is given a function - 'Jt rvhich

works  fo r  bn_1.  Le t  s  €  N snd i3  Ue t t ,e  func t io r r  g iven  by  l ,e :n rna  (3 .4 )  fo r "  x , ]  and

u=! ; - ' l t ) .  
"ner tnc  

i : I ' t -+N !v  l fo=  l ' ( s )+  Q. (s ) .  Lc t  iu ,N bc^ tn 'o  f in i te ly

genelated R-nodulcs vrhich are free over al l  (Sr)ra'1n and cP: t i ' t  ->, x/9r]\s/ l ;  a l inear

R-map.  T l re r r  t l r c re  cx is ts  a  l inea l  R-map .< ,T i - - - .N ,=NA; :YN v , ' l t j c l t ,makes

i't /*i 
(s)].1

l
J

N/xst,t

N^4!'1, -ilN
I
I

N/b.:N

^ t ,  ,
r ,  /L-.t  (s)

' - n -  
L

n - t

N/b-{(")N

| "

*-)al"*"
.t

FlxiN 9x t \

a l inear R-map

Y
iu

I

I
v

m : ̂ rroll!'i, *,,01,",*

Nial!'], ";)N
Thus thefe exists

f n l  l n r , r ,  i r r c r  d i . r , o l nn r

I  :  n, l  -----+N which mal<es commutative the

tvl ---,-,-----,>

v
'+

Clearly Y mal<es also (" . . )  commutat ive. n

(3.6) Let A be a CNI looa} r ing and \ l  a NlC[1 A-module.  Then every system of

paranleters f ront r \  is a hi  - t 'egular sequence. Let€ c- A be a propcr ideal '

The couple (1r,3) is a CI\ i  -  approximat ion i f  t l icre esists B funet ion 'J 3 1q --_79

(callecl CI,i - function) srlch that f or\ cver.y s € I,J, every two Ni C l\,1 R-modules [\'1'N and

cvery l incar l t -nrrp r f  ,  fu l  - -->N/g! (s)N 
fh"r .  exists a ) incar R-rnap f  3 Nl ->N such

N !

\
I
I
\
\y

N/b
J
N

that (A/-gs)SAcl g (n/elSO* in other wot'ds the fol lou,ing diagram is connrutat ive:
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(3.?) ProPoslt.ion. Let (R,m) be a

resi<lue f ie id k,  p:  = char k and Ir(R) the

that fof  evcry q € Reglt  containing pR

(R,ls(Ir)) is a C li'i -approxi tn ation'

Proof. Let T I R be the Cohen r ing

(2.10) and Corol iary (2.8) n'e havc

--......-

reclucecl  col t tp lete local  C) i I - t ' ing

idcal  dcf in ing the singulsr locus

the  l i ng  R^ /p l t ^  i s  regu lu r  and  I- 9 9

I,r '_--. > n76$ 
(s)5

_,1,_
I
I
t
I
I
v
N

rri th a perfe ct

of R" SupPose

,.(R) s m. Then
s -

of residue f ield k (see (2.3)).  By Lemma

I D
r  r r . r  -  l <  r P r r.  rs(n;  - \  Z*rr  T[ [x) ] ,

where the sun.] is taken ovcr al1 systetns of elemenls x such that (t ,x) forms a system of

pafameters of I t .  Then v,,e can f ind a system of elements y = (J'1," ' ,Vr) in ir(R) such that

l)  I ' (R) = ff i  
r  rh,"ra o.,. ists s svstem of elenlents x(i)  of R such that

2)  fo r  every  i '  i , . . . r r  there  cx is ts  a  sys te [

i t ,"( i) ;)  t*nr" 
" "rr*,n 

of parameters of R and v, e / f !11*(i)13'

Sinco R is C I\ ,1 the inclusion S , = ' f t tx( i) l l  c R is f ini te f lat (so free)'  Let

Q'3 N-)lJ be the tunction given by Lerrtra (3'5) for y'  I f  IU'N are two niCNl

R-nrodules tnen (t,x( i)) is a r:egular I ' i  or N-sequencc for al l  i '  Thus iyl  and N are f ini tely

generated f lat over Si,  1 < i  (  r  (see txl1l (20'C)) and:;o f t 'ec'

Now }et u ne a posit ive integeJ such that Ir(R)u c: yR and note that I  given by

\ (s) = u \ ' (s) rtorks. a

4. CI"i - reduction ideals
\

(4.1) l ,enma' Lel  (A,g) be a Nocther ian local

fol lowing sta tc m el l ts are eqtt ivalent:

i )  (A,a) is a C Ni -  aPProxi  tn at ion,

i i )  (A, {4 is a C tr l -  aPProxi  rn st ion'

r ing and a c A an ideal .  The

Proci. Let u De a positive integer sucn thst ('/_ti)t' c a' rt i) holds and

{ :  N *-+l 'J is the associated Ci\ ' l - function thel l  as in the proof of Ploposit ion (3'?) the

function 
'{  

given Oy T{s) .  u i( .s) *,orks for (A,Va} l f  i i )  1o}ds np4 I is ' 'he associatcd

Cl1-function then the lunction 1 givcn by ! (s) = 
'S(su) 

wot' l<s' Indeed' let Iu'N be two
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MCI \ I  A -modu les ,  s  €N  anc l  ( t

Iinear m ap * : ltrl _->N such that

n
4  o l r n  nm r r  

-

J - r .  I  I

^ , .
M --->N7on(s)N a i incirr n -rnsp then there

the fol lowing diagram com m utes:

exists a

M -l+ ,rn{(su)* -+> N/(,v;){(tu)N ---> }.tr/asN
i - l - \ l

! ' l  I  l l
i' -r-=---*2 ui|fil'un ---, u)u"w

(4"2, Lemrna. Let A *+B be a flat local morphisnr of CM-loeal rings and a c A

an ideal .  t f  (B,an) is a Cl\ i  -approximat ion then (A€) is too.

Proof.  \ \ 'e c l&im thst the c}\T-funct ion i  associatB4 1s (B,38) works also for

(A,a).  Inclced, let  xI ,N be two AICNI A-modules,s € N and . f  :  I \ ' ) - ' - -7 N /a 
r  t "N a l inear

A- rgp .  Then  I \ -1  =  BGn l \ ) r  N  =  BA,ON a rc  I \ 1C l \ l  B -modu les  s i r t cc  by  f l a t r ress 'dep th

M= depthA NI + depth (B/mr) = depthA + depth (B/.mB) = depthB whcre gr denotes the

maximal ic leai  of  A. Thus there exists ,a l inear B-map Y :  I \ i  -*> N such that the

fol lorving diagram com n) utcs

Bd,^  f
> N/" 

l( t)N-

\

T
/otN

N]
I
I- i r

Y '- l

v
ii

Since I\'1,N are finitely generated nto<lules, the existence of f , lil --->ll- such that the

above diagfarn conrnrutes means in ot lrer wot'ds that a certain } inear system of

equatio:-,s L ovcr A has a solut ion in B. Incjccd, lct l \1 = An1@.,.. .r2^), z, = (z' . . \

n ,  ,  
" : "  '  

"  _ ; "  

" "  

" " : "  

"  " " l ' , " ' ' , "c "  - i  " ' i j ' 1< j< ' t '

1 '1 = 4n'712r,. ' . ,  z '"r),  z '1(r 'onrr<i,a,f  ,  cr - \d1'. . . ,ov/ d system of gcncratot 's of as and {

i s  g ivcn  bv  thc  mat r ix  t , * . . ,11 , , , ^ ' .  r ' l tu t t  L  has  thc  fo l lou ' ing  fo rm
' l l l  I  \ J \ r r

1 ( p ( n l

5-

et
>-

Yl , . '^ t r '  i  < i< nA i , r  -  * ' i r  r  
-

Clearl.y Y gives a solution of L
( v  , r r  u t  r r  )  i r r  A  a t ) d t h e' ^ j U ,  , i l  '  - * j \ '  - o ( j p /  , , ,  . '

d iag-ram a: i  above commutes.  q

in B. By faithful ly

matrix (xj ]r) d ef ines

flatncss L has also a solution

a m up * : I\1 --7 N sltcir that a

a  U . .  1 -
"( "( JU

et.;-



{r1"3) Proposi l . ion. Let (A,n) be an excel}ent local Ct\t-r ing, p:= char (A/nr), and
Ir(A) the ideat defining the singular locus of A. Suppose that : :  ,

i ) f o l e v e r 1 ' q € R e g A c o n t a i n i I r 8 . p l l t h e r i l ) g A ^ / p 1 t ^ i s t ' c a ; u } a r ,
! q

'  i i )  there exists a f lat,  rcduced noetheria'  complcte local A-argeb.a ( l l , ' )  such
that

( i i r)  (B,n) is CNI'and i ts resicjue f ield I( is perfect,

( i i r)  for every q € Reg A the nap AO *.>Aq €AB is regular ,
( i i i )  I . .(A) s rn "
Then (A , l r (A) )  i s  a  CM-approx imat ion .

Proof.  Let qr{  Spec B and

i i r )  and  so  q '6  RegB.  Thus  i f  q ,

q: = q' 0 A. i f  q 6 Reg A then Aq* Bq, is regular by

I ls(A) then q' y '  Is(B), i .e. i"(B) =, I"(A)8. i \4or.eove|
Is(B) =dT1\D by Lenrma (2.1.).

I f  q'  contains pA then OqlOOq is regular (see j)).  Since AOlOAn -_>BO,/pBO, is
regular by base change we get Bo,/pBo, regular too. Applying proposit ion (3.?) ' to (Bt)

we note that (B,ls(B)) is a Ci\ l-approxinrat ion. By Lerrrma (4.1) (B,ls(A)B) is B
Cl t l -opprox i rna t ion  and so  (A , t . (A) )  i s  too  (sec  Lcr ln ta  (4 .2 ) ) .  D

reduced excel lent locol  Cl \ ,1-r ing, k:= A,/m,

singular locus of  h.  Suppose that

pA t l rc l ing A^/pA^ is reg;ular,
\ J V

(4.4) Theorern. Let (A,rn) be a
p :=  c l rn r  k  ond 1 , . (A)  t l rc  i c lea l  dc f in ing  the^ S

i ) t k :  k P l < o o  i f  p > 0 ,

. i i )  for every q € RegA containing

i i i )  I . . (A)  s  rn .

Then (A,lr(A)) is a C [t-approxim ation,

Froof. I f  k is pelfect then apply proposit ion (4.3) for e = t the completion of
.\ ,/\(A,tn) ( the rnap A --)  A is regular because A is excel lent and A is reduced because A is

so/.

.  I f  k is not per. fect  let  I ( := k l lP* and p j ts pf ime subf iekl .  Then frotn tne

fol lovi ing exaet scquenco

r , / - ' oI I</p = o --tn/rrn )tr.lp 6[l{

l - o n Twe get rankl,  l1;7p ( ranl<plLg.7p = r 'ank1.i  l</kp <€, where I 
X/1, denotes the

imperf ect ion modute [f t l1] (39.8).

Using [GA (22.2,6), or '  [ tr"P] Corol lar,y (3.6) there exists a forma]iy smooth

Noct l rc l ion  cornp lc tc  loca l  A-a lgcbra  (B ,n)  such tho t

1) B/n t ! i
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2) dim B = djm A o runt,r, frro.
Then the structural mo|plr i>^m A -> B is reguiar by AnCrJ-Radu Theorem (see

[AnJ, or IBIf 1], IBRl]) because h is exccllen-t.,l\{ oreorrer IJ is a neduced CI\4-ring fry tt\'lf]
(33.8). ) ' lov,,  apply froposit ion (4.3). E - - ' .

(4"5) Lemnla, Let (A,m) be b Noether ian henscl ian locai  l ing end a. <:A an ideal .

Suppose that (A,a) is a Cl\ ,1-approximat ion, Let {  :  N --+}. i  be i ts Cl \{- funct ion and

r = { (r), Then a I\4 C I\,i A-morlule Nj is indeconrposab}e iff [4/ar[,1 is indecomposable

.  
ovei  A/ar.

Proof.  ( inspirated by [YJ (2.10)).  Clcal iy x] /arNl is decornposabie i f  l \4 is so (use

the Nal<ayama's Lemma). I f  iv1 is indecomposable then DndO(l \ l )  is a local  A-algebra, A
. being hensel ian. Let f  be an idenrpotent f ronr [ndO(Nl/a ' l \ ' l ) .  Then thcre exists a l inear

A - m a p g s l \ , 1 - - + l u s u c h t h a t 6 r = ( e / t ) S g = ( A / . i l ) . $ f ( i i s a C I \ ' 1 - f u n c t i o n ) . C l c a r l y g i s

an ic lcrnpotent.  Since l lndO(i \1) is locaj  the sub-r\-algebra
' ( r l

. l  ( A / a ) O h J h e  E n d . ( l \ 1 )  I  c  E n d ^  ( i \ l / a x l )
L - a r

is local too. Thus[= 0 or g = 1. Then a"( l \ l  /gr i i l  )  contains either lnrf or lm(l-f) .  Since f

i s  i d e m p o t e n t  w e  g e t  e i t h b r  I m  f  =  t m  f r  =  o  o r  I m ( 1  - f )  =  I r n ( 1  - f ) r = 0 . T l r u s f = 0 o r
a -  r  -
I  -  I .  L I

.  (4.6) Lemma, Conserving t i re hypothesis and the notat ions from (4,5),  let  lu,N be

t! ' , ,o LICM A-rnodules such that l r l  ( resp. N) is indecomposable and h :  l \1---+ N a l inear

A-map. Suppose that.(A/€r) !"  I )  hxs a retract ion (r 'csp. sect ior)) .  Thcn h has a retract ion

(resp, seet ion).

Froof.  Since (A,g) ls a C l | l -approxi  mat ion there exists a l inear A-map

r '  ,  I  *2 i \ '1 suei l  that (A/a) l  g is a retract ion (r 'esp. sect ion) of  (A/s)8r h.  Then

Im(1  -  g l ) )  c  s l r l  ( r ' csp ,  Im(1 -hg )  I  gN) .  S incc  Endo( I \ l )  ( r csp .  E r r { (N ) )  i s  a  l oca l  r i ng  r r ' e

get gh = 1 -  (1 -  gi)  ( resp. hg) bi ject ive. Thus h has a retract ion (gh)- ]g (resp, a

scctic,n). tr

(4.?) Let b be an ic lcal  in a Nocther ian local  r ing (B,n),  Thcn b is a

CIU :  feduct ion ideal  i f  the fol lowing statenrents hold:

i )  A l ! ' lC i \ ,1 iJ-moduie lu is indccomposable i f f  l \1/bl l  is  indecon)posable or/ef  l l&r

i i )  Trvo indecomposablc [1Cft l  B-modules NI,N are isorrorphic i f f  l \ ' l lb l ' I  and

N/brr* arc isornorphic over B/b.



(4"8) 'I'ir':oi:cm, Let (li,[) bc

k r  = A/m, p:= clr&r k and l r(1t  )  the ideal

i ) [ k :  l ( P ] < c ' '  i f  p ) 0 ,

i i )  f o l  evc l y  qcRcgA con tu in i r rg

i i i )  i  ( A ) c  m .
D -

as rn LDJ.  1I  l )

u lcduccr l  cxccl lcnt herrsci iarr  local  Ci l l - r ing.,

c lc l l in ing thc. . j ingular locus of  A. Suppose thet

p1t  thc  r ing  A^ /pA^  is  rcgu la r .q ' q

such that is(A)r is a Cn,l-r 'eduction

4Y

Note thBt our CNI-reduction jdeal is not ncccssa|i ly n - primary

is a Cl\{-rec}uction ideal of I l  then bs is also one foi cvcr.) '  s € I , i .

ideal  ofThen thefe exists a posi t ive

The ploof follo',t's from the l,em nras

Let n^ be the cardinal  of
A

A-modules,

(4 .5 ) ,  (4 .6 ) .

the iscmorphisnr gq$g! of indeeomposable I\4 C I\,1

of Theorem (4.S) let  B

g. = 471r1,1;r.  Since

SuA and so B 6AIu

(4.9) Coroi lary.  Conserving t l le notat ions and hypothesis

be  the  co rn t  l e t i on  o f  A  \ r i t h  l  cspec t  t o  I . . (A ) ,  T l r cn

i)  A IUCI\1 A-modulc I \1 is indeco:rposable i f f  B 6O I \1 is an indecomposable NICNl

l l - r r rodu le  )
i i )  Tn'o indecomposable l \ iCl \1 B-modules ful ,N are isornorphic i f f  B @AlJ, B @AN

arc iso orphie o vcr B.

In  p l r t i c r r la r  Dn (  D, r .

Proof, i )  By Theorenr (4.8) thclc e>:ists r6l ' l  such that I . ,(A)ris  a C Nl rreduct ion

13 6ONi is a MCI\Ji i lcal  of  A. Lct  I \ i  be an i l rdc com posabl e [1C[]  A-module.  '1 'hcn

B-nrodule by f latness anc] f i  . '  l ' l / ls(A)r ' i i l  is  iudeconposable over

[ 'J n/ t"(A)rn i t  fo l jows that (B xAA) 6A] l  is indecornpcsable over B

is indcc<.:rn posnlr lc too.

Conversely i f  B QA i , ' l  is  an indecomposable l {Ci \ t  B-modul.e and x a systenr of

pafameters in A then x is a 13 C." l 'O i l I  -  r 'egular sequ€nce. Sjnce A -)  I l  is  fa i thful iy f lat  i t

fo l lows t i rat  x is l ' l - regul l r r  scquencc, i .e.  X' l  is  a i \4Cl\1 A-module'  Clear ly i  must be

incleconr posablc beccuse iirs\ 1\'l is so.

i i )  I f  t l  6Axi  !  B6o,.-  then I3eol i  :  nootJ and so A &tNi t  f  ooN' Thtrs I t4-Y N

.  - . ^ \ r .
becausc  l " (A ) '  i s  a  C l l - t ' cduc t i o r l  i des l  o f  A .  o

(4.10) Corol lary.  l ,et  (A,U) be o rcduccd excel lent herrsel iat t  Iocal  CX' l - r ing,

k,= A/nr,  p = char l<.  Suppose that

i )  A  i s  an  i s< . , l i i t t d  s in3 r r l a t  i l y ,  i . c .  rn  =  l r ( i \ ) ,

i i )  t t< :  t<Pl <r. '  i f  p > o,

i i i )  for  cvery q 6-I tcgr\  containing pA t l rc r ing A'^/1>A^ is t 'egtr lat"

T l r cn  n .  j  nX ,  w l r c l c t  i s  t l , e  c c ,mp lo t i o r r  o f  (A , r r r ) '  "  
l ,  " ^  ?qg t0
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Retnat'k. IVhcn k is pril'fect anc) pA = 0 then Cot'ollary (4,1.0) is atl casy

consequ€:nce of lYl  (2.1 0),  (2.L2) and [Po] (1"3) (scc our (5"6)) .

{4"1.1) Coro} l1:r 'y.  Let (A,ni)  be a reduced cxcel lent hensel ian ,  . . iocal

r  jng. Suppo: je r"h0t

i )  A is an isoiated sirrgulor i ty of  equal ch.rracter ist ic,

i i )  k:  = A/m is algcbraical ly c lcse. i  and chsf k /  2,

i i i ) ' lhc complet ion A is a s irnple hypersurface singular i ty (resp. a s ingular i ty of

. type Ao., , D*, ).
i  

l . ' l ien A is of  f i r r i tc Cl l - type (L 'esp. of  coul l table C[, i - type),  i ,e.  A has a just  a

f in i te (resp. countable) set of  isornorphic c lasses of indecornposable I \ tC[1 A-rnodulcs.

The proof fo l lows by [Glt ] ,  fKl ,  [BGS] and our (4.10).

5. Bounded multiplicity Cnl-type

(5.1).  For beginning we l ist  somc def ini t ions and facts f rom. the .  .

A uslander- l l  e j ten theory for the i \ lCl l  modri les.  (see [Au,] ,  [AR.,  ] ,  IP] ,  IYa],  or IY]

A  ppend ix ) .

Let (A,m) be a hensel ian locat Cn{-r ing and l \1,N tv io indeconiposable iUCIU A-

rnodules. A l i r rear A-map f  :  I \1--> I ' l  is  i r reducible i f  f  is  not an isonrorphisrr  and given

'  srny factoi ' izat ion f = g'h in the category Cil i (A), g l)rs a section or h lres a fetract ion.

The AR - EfUgI -o_! A is a dirccted gltrph v,,hicb has as vert ices the isonrorphic classes of

in<Jcco r n posable l , lCXl rnodulcs over A and. theie is an arrotv f lom the isomorphic class

of l \4 to that of  N provic icd there is an i r reducible l inear map frorn iVi  to N. A chain of

j r leduciblc rr . :aps fror:r  i \ ' l  to i . {  is a scquence of i r reducible l inear mapsj:

t  l  ' r t

Nt- '  > l \ '1.--r ' .  - ->l l .  lv i th al l  l t i ,  indecontposabie i \ iCNi A-modules; n is cal led the
o  l  i t  l

lc l l { t l l  of the chrin. I f  A js an iso}ated singulari ty then the AR-graph of A is local ly

f in i te,  i .c.  crrch vert ix ma5r be incic lont to only a f in i te numbcr of  othef vert ices (see

lAurJ ,  IARrJ  and [ )1 ]  (A .1 .8 ) )
' I 'he fol lowing two Lenrnas are jusi variants of IY] Lernmas (3.t ) ,  (3,2), or [D]

3  r .

(5.2) Lernma, (FIarada-Sai lentnta for i \1C lu -modulcs). Let n be a posit ive
" "  ^ .  - ^ l tintegcr, I \ '1,,  0< i<2" sonte indecornposable I\ iC11 A-nlodules and f.  I  Nl i-1=-+i l ' i i ,

l -  < i  <2n some norl ison)orphic l inear A-mips'

Suppose that

i)  mr is a Cl, i-recluct ion i<. leal of A for a celt tr ir l  r  6 l 'J,
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ii)  length (t \4,/mrM.) < n, 0 ( i  (  n.
I -

r hen  (A / [ " ]D ( f r n . . . .  , f r )  =  0 .
The proof fo l lorvs easi ly f  lom [ l lS]  Lcm ma 12  and  ou l  Le rnma (4 ,6 ) .

(5"3).  Lemma. Let n be a posi t ive integer,  I \ { ,N two indecomposab}e I \4CM
A-modules and f :  nl  *+N a l inear A-ntap. Suppose that

1) m' is a Cl\{- leduction ideal of A for a certain r
l t . . ,

? )  l A  / n r ' l < \  ( ,  * n
. . ' \ . . | _ l v \ t . 9 ,

3) there iS no chain of

€ N t

i rreducibie maps from M to N of iength ( n which is
nontf ivial modulo mr.

Then

i )  there  ex is t  a  cha in
'  f 1

I\4 = I\4 -:: l\4 . -->o _ t

of irueducible maps
f

'.. -!> lr n

and a l incar A-map g : Mn_->N such that (A/mr) 6 (g " fnl . . .  " f  L) f  0
i i)  there exist a chain of irreducible maps
. g n 8 1
N 

n-:+ N n_ 1----+ ... 
*:-N 

o 
= N

and a l ineaf A-map f  :  I \1-+Nn such that A/mr6r(gr" . . .  "en. f )  /  0

1'he proof fo l lows as in IYI (3.2).

(5"4)

k:= A/Ir., p =

Suppose that

i)  A is an isolated singulari ty,

i l )  f  o is of bounded mult ipl icj ty type, i .e. thele exists n < I, I  suclr that al l
indecomposable l ' lCNI modules iVI whose isomorphi.e classes are vert ices in [ 'o holcj
e(Nl) < n.

i i i )  tk :  kpl <"" i f  p ) 0,

iv) for every q € Reg A containing pA the r ing Aq/pAq is regular,
.  Then j" = f  o anC F is a f ini te graph. in part icul ir  A is of f ini te C[1-type.

' Iheorem. Let (A,m) be a reduced excel lent hensel ian iocal  Cl \ l - r ing,

char k, .  f  the AR-quiver of  A and I 'o a connectecl  cornponent of  l - .

Proof. ( inspirated f lom IYI (3.3)).  By

is a CM-reduction ideal of ; \  for a certain r

of pararneters of A and M a NIC[l A-modu]e.

i)  we have Ir(A) = rn and i t  fol lows that mr

€ N (see Theorem (4.8)). Let x be a system

By [ ] 'a rJ  ( ' |4 ,11)  n ,e  have

lengthO(l\1/xi\l) = e(xArNl )

becausc x is a M-regular sequence. Let u € Id .be such that muc xA. By [ l \ ' l2J (14.3),



(14 .4)  wc  ge t

e(xA,l\.1) < e(nru,l','l) = e(ttt)ud

where d = dim A. Chocsing x in mr i t  fol lorvs

"  " '  '  r ' - )  <  e ( l \ l )ud( r ,  l cng I l l ^ ( l v l /m rY l  _

' Let ,)(, Ou tt'ru class of a]l NICM A-moduies

vert ices in [ 'o.  Using (1J we get

(2) lengthn( l \ l  / r  
t^ ' l  

)  < , ,= nud = constant for every fae , . tL.

Let [1,N be t lo indccornposable I \4CjU A-modules and f  :  i \4-+N a l inear

A-map such that (A/mr)c} t  f  0.  f i  I \1€,/ , {  1;r"n thcre is a chain of  i r reducible maps from

M to N of length (  t :  = 2s which is nontf iv ia l  modulo mr,  othert ' ise there exists a chain

o f  i r reduc ib le  maps  as  i n  Lemnta  (5 ,3 )  i )
f j  f r

. I\4 = Mo__5 Mr__+ ... __:+ [4 t

a r rd  n  l i hon r  A -mqn  c |  .  l \ 1  - - J  N  q r rnh  f  h . r fg : Nit-+ N such that A/.! '6,(9" t{  , , .  " t1) /  0. Then
a/nra  $( . . . . f  t )  l0  wh ich  cont rad ic ts  Lemma (5 ,2 )  ( } , ' l i  a re  a l l  i i r  f ' o  bccaure  f  o  i ,

conex and apply (2)).  In part icular we get N€c/6, Conversely i f  n e"{4 then a dual .

argument (using (5.3) i i )  instead i)) sho$'s that l \ l€l( Bnd there exists a nontivial chain
of. irreclucible nraps fronr [1 to N of length < t.

I f  l \J is a f ini tely generated A-module there exists a l incar A-map f :  A ->Xi

such tha t  (e /n r ' )O f  /0  (choose x€Nl \mNl  (M is  f in i te l )  and take  f (a )  =  ax) .  I f  M€ "4"
thcn A eJrL. I \ ioreover i f  I \ ' i  is an indccomposable A-nrodule thcn i l I  e , / [  because A6"/.

Thus l 'o =l '  .  Since f is local ly f ini te and every morlule from "l{ can be connected with

A by a chain of ir ler iueible nrapiof length < t we conclude that f  is f ini te .  u

(5.5) Renralk. lVhen A is Art inian then our.Theorern is a consequence of [R],

[AurJ. l \ 'hen A is complete, pA - 0 arrd k is perfect the]r our Theolem fol lows fronr IY]
(1,  r ) .

(5.6) Remark. Another possible approach to study the C[4-type is to use Art in

approxi irat ion theory (see [Ar],  or [Po]), Let (A,p) be a Noetherian local r ing v/ i th the

property of Art in approximaiion (short ly A is an Al>-r ing), i .e. for every f ini te system

of polynomial equations f over A, every s € N and errery lormal solut ion $ of f  in the

c o m p l e t i o n t o f A t t r e r e e x i s t s a s o l u t i o [ y o f f i n A s u c h t h a t y : : f m o d n r s A . L e t i \ i , N

be two f in i te ly  gencra ted  A-modu les .  I f  A  i s  an  AP- r ing  then

i) I \4 is indeconposable i f f  A @A l l  is so, I

whose isomorphic classes are
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t,", 
/\

i i )  I {  g  N i f f  A&AI \ I  5AOAN.
For the proof note that the question can be expressed by the compatib i ty of

some systems of polynomial equations over A (as in f lre pnoof of (4.2); but this t ime thi
equations are not l inear). In part icular the cld-type of A is f ini te i f  the cM-type of t
is.so. Since excel lent henselian local r ings are Ap (see [po] Theorem (1,3)) we note that
our Theorem(S.4) fol lows from [Y]( i .1) when k is perfeet and pA = 0.
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