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Introduct i  on

Consider the f  011orr ing:

Problei i r .  Iet  (Yr l )  be a nor lnal .  polar lzed var iety cver an algebraical ly c1o-

sed f ie ld" k,  i .e.  a norrnal  project ive var iety y over k together with an anple

Line bundle L on Y. [hen one may ask undc i rhich condit ions the fo]1owj,r ,s sta-

ternent holds:

(+) nv"ry norrnal  projecttve var iety x containing y as an ampLe cart ier div. i -

sor such that the r iormal bundle of  y in x is 1, ,  is isornorphio to the projcot ive

cone o!-er (YrI , ) ,  and Y is enbedded. in X as the inf ln i te aect ion.

Reca l l  t ha t  t he  p ro jec t i ve  cone  ove r  ( y , l )  i "  by  de f i n i t i on  the  p r -o jec  j ; i ve

var i .ety C (Y, L) -  n o;  (S[t l  ) ,  where S is the sraded k-aLgebra S(y, I)  = $.  Ho1r,  r , i  ;
associated to (YrI) ,  and the polynomi.al  S-al8ebra Si t l  (wi t f :  T an indeterminate)

i s  g raded .  by  aeg (sT* )  =  deg (s )  +  i  whenever  s {s  i s  ho :nogeneous .  The  i n f i n i t e

sec t i on  o f  C (y rL )  i s  by  de f i n i t i on  V_u(T ) ,  and  i t  i s  i somorph ic  to  y .

This problenr h: is crassical  roots (see [ : ]  ro.  some histor icar hints).  rn

[ t ]  r  [z] ,  f3]  u"a f4] ,  t tong other things, we produced several  exanples of  pola-

r i zed  va r ie t i es  ( t r r )  sa t i s f y ing  ( * ) .  r r  y  i s  smoo th  o f  d i .mens ion  >? ,  and .  i . f

Ty is the tangent bundle of y, tr'uiita subsequdntty prov,:d. in [6] trr" folJ.owing

genera l  c r i t e r i on :  ( y rL )  sa i i s f i es  (+ )  i r  a l l r r r "e l r ;  =  o  fo l  eve ry  i { o "

In this paper we prove t ivo main resul ts.  The f i rst  one (which is in the

spj .r i t  of  j "4l)  consiaers the case wheie y has singuLari t ies,  and j .s a cr i ter ior.

t o r  ( l r t , )  t o  sa t i s f y  (+ ) .  l i r i s  c r i t e r i on  ( see  theo rem f  i n  ! f )  tmproves  a  resu l t

of f4J and involves the space of flrst order infinitesinaL d.efornati.ons of the

k-argebra s(Tr l ) .  rn f2 we apply i . t  to oheck t i rat  the singular Kumner var iet ies
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of dinension > 3 and the symnetr ic products of  cel . ta in var iet ies sat isfy (a)
with 

"espect 
to any l ine bundle" In {3 ,* .e rnake a fev remarks when y is smocth

and- state a 'n opcn que-st ion. r t  shoulci  be nobed- thar in the f i r ,st  two sect ions
thc  gq i r l gss i rge r rs  c le f  o rm i , t , i ons  rheo ry  ( * " *  l fC ]  ,  Fg l )  p lays  an  cssun t i o . t  r o le .

l l rhe second nain l .esul t  (see theorem 6 in {4) shoqs that i f  y is a pn_bunri l  e
(n)1) ove::  a srnooth project ive cur, , /e B of  pcsj . t ive 6enus and i f  X rs a normal-
singur ' . .g project ive var iety co]. t ta ining y as an anple Cart ier d. iv j .sor,  then X
is isomoiphic to the cone C(yr l ) .  The case B = pl  r , ra s discussed. in [3] ,  ,*hi le
the case rrhen x j .s snooth, i r ,  iJ" j  ana r-2. / .  p,r t t ine .Lhese resul ts toSether,  r , re
get a complete descr ipt ion oi  a1l  normal ploject ive \rar ie i ies cor i ta ining an
P--bu'dle (n) l )  or i ' :  r  a curve as an ample Cart ier div isor (see theorern 7 i r r  r l4) .
.  'Unless'  

otherwlse speci f ied, the terrr inologX and the notat ions used are stan_
dard.

3 1 . The f l rst  rnai  n resul t

rn the set-up and. notationg of the above problem, the grad.ed. k-aJ-gebl.a s =

=  S (Y ' I )  i s  f i n i t e l y  gcne ra ted  beoau ,se  T ,  i s  amp le  ( see  e .g .  LB ] ,  chep .  I I I ) .

Let arr . . . ra '  be a minir .al  system of honogeneous generatols of  S/k,  and dencte
. i-_by  k lT r r . . ,  rT r . , J  t he  po l ynon . i a l  k -a lgcb ra  i n  n  i nde te rm ina tes  T f  , . , . rT r . ,  r  g t : aded

by  the  cond i t i ons  tha t  aeg ( t r )  =  deg (a .  )  =  e ,  f o r  eve ry  i  =  l r . . . r n .  Then  S  i s

b e

, n (t is ttte kernel of fhe homomorphisrn

rainimal systen of homogene ous genera-

where S

( r )  d  -  m a x ( d a r " . . r d " ) ,  w h e r e  d . ,  =  d e g ( f .  ) .

Then we have I

Theorem 1"  In  the abovs notat ions asqurne the foJ lqning:
.  \  , , - / . ,  - r \  ^  .  a  - ? ,
r , ,  S  ( Y r I  )  =  o  f o r  c v e r : y  i €  L  ,  o r  e o u i v e - l e r r t l w  d p n f h / q  \ > . r

is  the iTrelevegt maxlmal ideal  of  S.

isomorphic as a graded k-algebla to X j -Trr . . . r7nf/ f  in such a way that a.  cor_

responds  to  ! . Lnod l  f o r  eve ry  i  =  l r .
I

r a a p p i n g  t .  t o  a . ) .  L e t  f r r . . " r f r € f

to rs  o f  I ,  and  se t3

i i )  n i ( - r )  =  o f  or  ever-y  1-< i  <  d.  where d is  ! r rl = rl 1s7r., s I
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the gP?ry -.the k-alsebra s" and
t i = 

r!911(i) 
is the-dur:or.oosition;.r.isine rro:r u:e rr-*li*=f_:.fOuroo*

5a1g913e_S,, ( ?e g. -[],B-]'_ oL at s.9 -1-i 4 j g,r.r: . t he- Le f i nt t i on of rl ) .

!tr-" " 
tt, ErpSft: (*) t" _f-).

Prl :of .  1,et  X be a nornal  project ive val tety containing T as an aepl,e Calt icr
div isor such that 0X(Y)EO' = t .  l ,et  t€- Ho(XrOX(y))  be a globat equat ion of  y

in Xr i .e.  divx(t)  = Y. lenote by Sr the grad.ed" k_algebra S(X,0X(y))  =
-  , , [ ,  s o / r - o  / i Y \ \  o r-  

i jc ,  "  \^rux\r i , / , r ,  r 'nen using the standard. e4act seo.uence

o ---=-> 0x( ( i - ] )y)  -  t  
t  o"( i r )  - -y, i - . ro,

the  hypo thes i s  i ) ,  and  a  theo rem o f  se r re  say ing  tha t  u l1x ,o " ( r r ) )  =  o  fo r
every i (o,  one imnodiately sees that S,/ tS'  iS ( isornorptr : .sn of  graded. k_alge_
brao ,  where  aeg ( t )  -  1 ) .

?hen  choose  b1 r . . . r b r r€$ r  honogeneous  e lemen ts  o f  deg rees  e r r . . . r 9 r ,  respec_
t i v e l y ,  s u c h  t h a t  b . r o o d t s r  =  . i ,  i  -  1 1 " . . r n .  T h e n , ,  =  k F '  1 . . . ' b .  r t ] .  l " " o t "
by  P  the  po tyno ; . r i a l  k -a lgeb ra  i l t r , , . . ,Tn ,d  i n  n+ t  i : r i e t J r j r " " r " " "
g rad .ed .  by  deg (T .  ) .  =  q r ,  i  =  I r . , " rn ,  a f i l  deg ( l )  =  1 .  Fo r  eve ry  - r . rn : " ; " 'T " ' ? '
s- '= s ' / t ' "s ' ,  anci  consider the suxiect ive homonoxphisrn 

i r . :p *--->.  sm such
tha t  fm(T i )  =  b l  r  i  =  1 r " . . , n ,  and  ( / r ( r )  =  t , ,  where  to ,  o . , . r " r y  b€S ,  r , / e  have
deno ted  by  b t  t he  e le inen t  b  mod tms , .  J ,e t  F r r . " . rF "  be  a  s i r s tem o f  h .o rnogencous
gener .a to rs  o f  t he  i dea l  . f  =  xe r ( tp^ ) ,  and  pu t  e .  =  deg (F r ) ,  i  =  1 , . . . r s .

Nor,  aes63f l ipg to [ fO],  ! f  (o" " . .Lso f14l) ,  r re can conside"r

-  The sm-rnodule nx(sn/krs) of  al l  isomorphi.srn classes of extensions of  sm
o'er k by the sn-rnoc1u1e s -  5n6,sn (recal l  that an extension of  sm/k by s is
a k-alg€bra E together with a surjsqtive hononorphism of k_algebras E __+ Sn
whose kerneL is a squsr.-rero ideal  of  E, isornorphic as an Sm_*nodule to S).

- The 5n-.o6rr1"
1 -

r-(s" ' /k,  s)

Y

def ined.  by the fo l lowing exact  sequence

,Hom 
r,n 

(J/J 2, 
s) -rl(st/i<, s),_-> o ,

(z) l ""o(r ,  s)

where Dern(?rs) is the Sn-module of al l  k_deri vati  ons of p in S.
defined.t l  tO" fottowins way: i f  D€ Derk(p,$) th",. ,  nf(D) i"  th"
Eomrn(J/J- rS)  def ined b] ,  the rest r ic t ion D/J (which necessar i ly

f t  turns out  that  t , - t (Sm/krs)  is  ind.ependent  of  the choice of  the

and -\1" i s

elerne nt of

vani she s on ,r2 ) .

presentat ion



, n
P / J o f S "
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tsee Lro. l  ,  t i lcorem I ,
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that the"e is a

pa.ge 12, o" also

canonicaL is omorphism

ft4.j, pase 4\a)t

of Sm-rn odule s

n

a :.]at ural grad.at i on T,] (S."ifk, S)
m

S (see  l I l J ,  paAe  L ) ) .

\ J i s4 : ex(sm/tt, s) --_---> Tl (s'l/k, s).

Since Sn is a graded- t* . lg"bra, f l (s)" /t, s ) rras

= :e-Tl(s ln/k,s)( i )  ar is ing rron t i ,e c -act ior .  o f

Returning to our s i tuat ion, consider the element of  lx(Sm/t<rS) giv-ezr by

the exact se o^ue nce

(r*) o -_-:. S +. 1m5,71*-115, ---_> Sm+l -----, S* ---> o

r r i e  n c e r i  t o  c o r T r p u t e  c t ( ( " - ) ) €  T t ( s m / k , s )  e x p 1 i c i t 1 1 , .  B y  t h e  d e f j . n i t i o *  . f

thd isonorphisra or- (see lie] ) ae need. to consid.er tile c onrnutat i" ve drasram

r.rith exact r oi.rs

l lu l l
, t J

s ----* s**1.-----=.r* _-------*_* o

f rom r1z .  Thus v(F.rnot iJ2; = t tc.  {1a,. .  ,brrr ,c)oro4im+lg,

ho;nogeneous of degrce e.-n" Then w.v€l tonrn(. f7. :2rS)

c i , . . . , c l r ) ,  r * i t h  G l  =  * ( t t c .  ( l a r . .  
"  r b r r , t ) r o o d t n ' * t $ , )  =

l l ing thi  exact sequence (2) we have

uced

e . - m
1

+ f

ed

e c

nd

m+

2 .

m+

de

) (

YE

/ t

J/J

I
. l
I
,t
' / t

ap

, an

he

) '

v l
I

{
m

q r

-la

n

th,

( ( " , 0 ) )  -  c l ass  o f  w"v  €  f l ( sn /k , s ) .

iccording to the expl ic i t  d.escr j .pt ion of  the

in  l f 7 ] ,  page  1 ! ,  t he  e t "emen ts  o f  T l (Sm/k ,S ) ( j )
, 2

elemcnts of  Ho;rrm(J/J"eS) given by vectors (har.

o u s  o f  d e g r e e  u i + j ,  i  =  l e . . , r s .  S i n c e  a " S ( C i  )  =

irnpl  j -es:

(+) oa 11"^ ) )€  11(s t /x ,s ) ( -n )  fo r  every  m)1 .

No'nr take m = 1. since s1 = s, i t  fo] lows tnat oc((a. ' ,  ))e nl(s/r. ,s)(-r),  and.

trence o(((ar)) = o by hypothesis i i ) .  tsut the t l i .vial uitur.," io.,  of Ex(S/k,S) is

o -+ s s q's i-.nJ ttr?\ ---------'-s rrl /r',Fz ,tv  -  l w t " r j l  \ L  l - -  D l r - l \ r  )  . J L . L J /  \ - , i  =  . )  _ _ _ > o ,

o __-___+ i

where u i -s  the

u i t h  G .  ( b .  , .  . .
a l

corresponcls to

-  t ^=  u ,  \ d f ,  . .  .  t d n

' I -

gradat ion or  t * (S" ' / t ,  S)  g iven

of  degree j  correspond to those

. . , h - )  w i t h  h . {  S ^  -  h o n o g e n c -s  1  e . + J
I

e.  - rn,  the foregoing d. iscussion
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and t l ierefore there is  an isor , torphism

o ___--+ s : rs[rJl(rz)_____-_o -^--*--.}.o

of  extensions

li
o -,-----!* S :: t r sa

,s i_r
t .
t i
t '
,t
2

such that  the ver t ica l  isonolphism in the r i j .d .d le maps Trnod( t2)

,.-,,;;i = ":i ;:'" ::";:l I :;, T,i';.;: ;:: ;i; :::., : "=
recal l  t j ra t  there 1s a genera l  exact  scquen"u (s"e I_ f  B; -  )

S -..---:-o

r 1 ( s'/s, s ) ------- 11 1 s'7r, s ; =---* 11 I g7a, s ;,
' rhe le the maps a ' 'e  hon ogene ous and.  the secon.  one corresponds to the . inc lus ion
s c----------+ Sln ohtain.d by coroposing the natucal

the i;on;rohrsn s[r]/(nm) = s'. u"j.ns ,nr* ."ut;;::;;"",:;t]:j jt;i"; ']"
map T ' ( s " ' / s , s ) ( -n )  - -= - - - *  r l l s tT t  r s ; ( -m)  i s  su r j ec t i . ve r  wh ich  toge the r  w i th
(d )  i np l i es  tha t  t he  e :

.  n+r 
: tension ( t*)  

"otut  
f rom Ex(srn/t i rs) :  t l (st / i r rs) .  rn other

lzords, s is an g_61*6ra and the canonical su-r jective ,.p Sr*1 ______-_____-___>. Sn isa..  nap of S-alg€bras. Then ' Ie can easi ly d.ef ine an isomorphisn of  extensions

r - n t o  t r .

an is onorphi sn

tmod.t-St .  fhen

o.- ;-$

ll
ll
ll

o ----) s = 1tg,  71tu1

I
I
,1,

o ---------) S

nj/(t'n; =--,.oD L

I
l l
t '
i

Y
m

S

where the n iddle

t rod(Tt* ] )  i r r to

vert icaL is omorphi sm

t '  = f , ;1661n+1gr.

--_--**--.>o

j-s the honom orphi sm of  S-a lgebras mapping

Sunming up,  we have proved by induct ion on n
of gra.cled. k-a16ebras S[ql/(fd*]) .=- 

Sd*l sush 1;hat
.  .  d + l
rmodt  Sr .  In  par t icu lar ,  there is  a comntutat ive

that there

rr,, oa 1 rd'tsl 1
diagram

is an isonorphism

correspond.s to

^d+1 5 '  71d*15 '

canonical  sur ject  i  on



Choose homogene ous e lements

. . r n ,  T h e n  w e  c L a i m  t h a t

Rernarks.  1)  The orern 1'I

lhat T: = o, '.vhcre lrd had
J -

^ \  r ,  ^4 /  u n r o r i u n i t t e l ) , ,  t h e

r1ot kno:,r ?rh.ether the oren 1

i f  one assrraes for  example

sec t i on .

nnothel  innedi .ate c)onsequence of  the proof

purely algebraic re sul-t r

- 6 -

" . ,  
€ S, l  such that h(a.  )-i

d a l=  c i t n o d t ' - ' * S ' ,  i  =  l r .

\ ) / t .  ( c r r . , .  r c r r )  =  o  f o r  e v e r y  i  =  l r .

r n d e e d ,  s i n c e  f .  ( e r r . . . , " r )  r n o d t d + l g ,  =  r r ( i , r ( r r ) r . .

f o l l o w s  t h a i  f .  ( c ' r . . . , " r )  C j  t o * 1 s ,  f o r  e v e r y  i  =  f r . ,
would havo f  .  (car ,  . .  rcr , )  /  o ,  i t  r ' , rou ld fo l tow that  d_.  =
a  c o n t r a d i c t i o n  b e c a u s e  d  =  r n a x ( d r r . , .  r U r ) .

I iaa l ly ,  us ing (5)  l re  can construc i  a  hornonorpldsn

f  rS - -_-- -  S '  by put t ing f  ( " .  )  =  c . .  The equat ions ( f  )
ls co.rrect. Then we get a uni que homomorphism of. grad.ed"
such that  g/S = t  and g. (T)  = t .  Then i t  is  c leax that  I
an isonorphism, beca_use lo tn S iT]  and Sr  are domains of
othel  words,  we have p:oved that  X is  iso,noxphrc to  the
Q .  E . I .

.  ' n ( a r r ) )  =

.  r r .  I f  f o r

6 e g ( f .  ( c ,  r

h ( o )  =  e ,  i 1

some i I{e

. . . , c , . ) ) . 7 d + 1 ,

of g?aded k-algebras

show that  th is  d.ef in i  t  ion

k-algebra.s g: S I-T1 -__). g '

is  sr l l  je  c t  i  ve,  and hence

the sane d ip lension.  In

p l o j e c t i v e  c o n e  C  ( y ,  l ) .

had beed.  prove;d in  lA l  i "  the s t ronger  hypo res ls
i n  n i n d  a n  a p p l i c a t i o n  t o  1 1 ' e i g h t e d  p r o j e c t i v e  s p a c e s .

hypothesi .s  i )  o f  theoren 1 is  o.u i te  rest r ic t ive.  l le  do
st i11 renains val id  i f  one dr .ops hypothesis  i ) ,  even
t i ra t  char(k)  -  e  246 1,1/  .  r

S \ - 1  /  =  o  t o r  e v e : y  i 2 1 .

co ro l l a l y  1 .  
ho lds ,  Le t  x  be

a -nornaf Proiit j!yi"o,. =r"'lil
the nornal  bundle of  y in x is r , .  r :  u](x,o^( ly))  = o for every i )o,  then x is

Indeed, the exact sequence from the begirrnrng of
gethar with the hypothBsis that Ef(XroY(ry))  _ o for
d t  / L ^ t  

" '  
^  / .D /rD. = U (rn the proof of  the orem l  the hypothesis

this isomorphisro ) .

the proof  of  theorerc 1 lo_

every i) o inply that

i) was used. only to d.ed.uce

of theorem l  is the fol lowrng
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C o r g t t a r y  2 .  l e t  S  =  t [ t . , " .  . , f  i / t  b e  a n  a r /
r -  . l  .  

-  ,  
n . , ,  

-  - -  l r \ '  -g raded K- i1 l {cbr ,a ,  r \ rhere

t h e  p - o ] y n o n i 3 l  k - a ] g . b : ! "  t ;  f . , , . , , , t  I  i n  t h u  i . : t . r c t r i n . * _ t c , j  0 _ r " . . , T  i s  , o : : a d e d"  J '  r  i l
b v  c * . q ( t  )  = o ) o .  i -  1  . . j . , . L . . , - + ^ -  ̂ F . - . : - , - , -  /.  

1 .  
- i  ,  . l  , c , o r n , : O - n  r j o : l i  l t . t { e \ l  i j v ; i c : i t  o f  , , r , i  i . " t " t .  l ^  

7 . . . r q  ) .< - -  _ v  . - :  \ : 1  
n

and f is tlie i-d-eal- gei_ruraterl !y. sone h_crrn oge ne ous pol),ironials f1r . .. r fr. of p csj.*r
t ive ief : r :qes. let  S'  b{,  i r l - - jh i i  - / ra.ded k_al€, jbra*such t i rat  S,/ tSr i$ iscno:: i lh ic

n1es4-ir!-el.

The tools for ver i fy ing hypotheses of type i i )  of  theorem I  have been t leve_
1oped. by schressinger in i r9- l  .  fhe remna 1be1ow (which is essent ial ly d.ue io
sc}r lessi 'ger)  provi .d-es examples of  s ingul ' r  normal poJ.ar ized. var iet ies (yrr)
sat isfy ing the condit iorr  i i )  of  the orein 1.

Start  wi th a srnooth ploject ive var iety V and r i th a f in i te group G act inS
on R lenote by y the o_uotient variety V/G and, b;r f : V *____+ y the canonical
morphisn" Let L be an anpre l ine bundre on y and set M = fx(r) .  s ince f  is a
f ln. te morptr isrn,  i , {  is also araple.  Let S = S(t , I )  and. d _ S(V,. i , t )  be tbe grad.ed.
k -a lgeb ras .  assoc ia ted  to  ( f r f , )  ana  (V , ; t )  r espec t i ve l y "

Lenrna 1,. In the above notat ions ass-;r-rne the f oll owi nrq:

i )  D i m ( v ) > and  cha r (k )_ i s  e i t he r  ze ro ,  o r  p r i ne  to  the ,o r r l e r  l 0 l  o f  G"
i i )  G  a c t s o n  V  f r e e L OUIS ide  sone c losed G- ; r

m e n s i o n  ) - - 1 .
1 :

r : : \  r r * / ' . . ' - r rr 1 r , /  L (  v ,  j l i  J _ =  o  f o r  e v e r y  i > , - l  ( i n  c h a r a c t e r i s t i c  z e r o  t h i s  i s  a . l ) f a
fu l f  i l lcd by KoCa. i ra 's  va.n ish i l .q  theoren\ .

iu) ar(v, [ , ,r8r,,r- i  )  -  o f  or every i2, lI  or  every i )  l .  r , ,here fv i s  t h e' . l t

7 .  . '
l ben  t * ( - i )  =  o  fo r  evg ry  i> t .

Proof .  S ince lernma 1 is  not  g i ! ,en in  [19]  in  th is  fo?m, we

for  the conveniencs of  the reader .  Fron i i )  we in fer  th€t t  the

f r  S ing( t ) ,  is .  o f  codimension )z  Jr  a ld that  f  is  6ta le outs id.e

t h i s ,  t h e  n o r m a l - i t y  o f  y  a n d  l t e j ,  f J ,  i t  f o l l o a s  t h a t  f * ( t { i ) G

include

s i ngul ar

sins( y )  .

i ts pr oof

focus of

Us ing

e very



i" ) o. This sho'rs ihat G

the invar ia nt  k-algebra

(z )
n]1-,+, 0,,;

l l .

o

automorphisms of gracted k_algebras and that

r . r i th S. Consider the cartesian diagrarn

acts on "A by

lG c oincide s

spec ( r ) - ( r .  )
+

=  spec (s ) - ( s  
* )  

=  v / c

= v/c

with q and" p the canonlcal project ions of the ffr- |u4d1es W and U respectively
(suu f8 . ) ,  chap.  r r ,  je1 .  r r  F  i s  the  rami f i ca t ion  locus  o f  f ,  then  e- l ( r )  i "
the ramif icat ion locus of  g,  and hence g acts f reely on W outside a closed
c- invaxlant subset of  l r .  rn pal t icular,  the singular 10cus Z of  u i -s of  codimen_
sion 7,3 in U. Then by f f  9 j  ann ieoJ ""  set thar ru = s*( t")c,  where Tu is the
tangent sheaf of  U. Since char(x) = o or char(k) is pr ine to ic l ,  i t  fo l l .o. , rs that
TU is a di . rect  summana of 6n(t")r  and in part icular

_ T,I

Is l
,
V

U

.| '
Y

( < \  , r 1 , ' r ,  -  \  . ^\ o ,  d  I \ U , T U J  i s  a  d i r e c t  s u , r m a n d

0n the other  hand. ,  i t  is  wel l  known
t r -
\  see e. s. Lt4J or l ,2l  )

o ----->- Orr---,-T,,----+ crx(T') ------> o

which y ie lds the exact  sequence

' l r

of ri- (u, g*(rr) ) = H'(r, i ,  Tlr).

thal  15ut" is a canonical  exact s e que nce

ul(w, r*) ---------------- 111w,a*(ro) )

.Q) g1( v.  n a.r . i  i
i i z  ' " ' V - "  

"
give the natura l  gradi r  1 '

tgs on II ('rI, O") and

midcl le  space i i r  (7)  a lso has a natu la l

a l is ing f r  orn the G -act ion on i f ,  and a l ]n
these three gradat ions are cornpat ib le wi th the maps in  (7) .  Tt ierefore,  us lng
h y . o o t h e s e s  i i i )  a n d  i v )  u e  g e t  t h a t  H l ( W r T H ) I r )  =  

"  
f o r  e v e r y  i ( o .  T h e r e  i s

a L s o  a  n a t u T a l  g r a d a b i o n  H ' ( U , T , - )  =  . . p r ; . t r . ,  -  r u . ,

on u, ad t his s.ri.da b io,," """r,rl;r- ;j? ;r ;':i:i 
trl.'_",r"irl,".rtli,ll;.;:' "'

and consequent ly ue get

( B )  H ' ( u , T u ) ( i )  =  o  f o r  e v e r y  i ( o .

Since U has only qu-ot ient s ingula" i t ies in cocl imension Vzj ,  bf ,  LfgJ ""a
{-ZO-i  "n 

infer that al l  the singular i t ies of  U are r ig id,  and in part icula.r , ,

.6 nl1v,r,ri;
vc L,

The vert lcal  isonorphisrns in (J)

on  u l (w ,e * ( ru ) )  reepec t i ve l y .  Bu t  t he

gradation Hr(t+,Tnn) = -re gl i t , , tr,) ( i  )
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d . n + h  / r y l  \ \  2  r t r l . a  n  + h e,uepvttz\LIJj),, J. .r'ne n rre exact seque rlce of local c ohonol ogy sho,,rs that the r:es_

tr ict ion nap Hl(u,Tu) ul(u-2,,t 'u) is an isomo;.phi-s,,n.

I ina l ly ,  s ince U has only  quot ient  (and hence Cohen_I lacaulay)  s i l lgu la. r l . i ies

ana codimu(Z)?u, o" [r9] ar,aflzol *" aet r] >: u]1u-z,nu). Recall ins (B) and, ihe
isornorphisn H-(U-Z,TU) :  I I - (UrTu) we get the conclusion of  lemma 1. e.D.n"

Now we i l lustrate how theorem 1 Can |s appl ied _ via femma 1 _ on some
exarnples" f i rs i  we apply theorern. l  to the singular Ku,amer var let ies of  d" inension

) J. Recal1 that a singuf ar Kr.r.''ner w.riety r 1s a variety of the form v/0, where
V is an abel ian var iety of  dimensi.on d)-  2 and- Cc:Aut(V) is the subgroup of order
2 generated by the involut ion u:  V - j -  V def lned by u(x) = _x for eve::y x{ V
(-x is the inverse of x in the group-law of v). since for char(k) / z there at:e
exact ly 22d points of  order z ony (se" [e] ; ,  y -  v/c has exact ly 22d sirrgura-
r i t ies ( i rhich are al l  quot ient s ingular i t i_es).  Now we have:

'Ihe orern 2.

be an arbi t rar

Y b e a gLet ai Ku.rnnervar iet of dime rrs i on d ): and let  1,

h o l c i s  f o r  ( y ,  L ) .

am c h a r  ( k

Proof .  i {e  f i rs t  show that  lemma 1 impl ies that

w i t h  S  =  S ( Y r i , ) .  I n d e e d ,  t h e  h y p o t h e s e s  i )  a n d  i i )

t i s f l e d ,  w h i l e  i i i )  a n d .  i v )  f o t l o w  u s i n g  t h e  f a c t

abel ian var ie ty  is  t r iv ia l ,  together  wi th the fact

theore in for  arr  abel ian val ie ty  hol is  in  arb i i rary
4j

le l. ine bundle on Y.  f f 2  t h e n  t h e  o r o r t

'l

T;(- i )  -  o  for  every.  t ) r - l ,

of .lernrna I are clearly sa-

that the tang€nt bundle of an

that  the KodaiTar  s  vanish ing

charac ter is t i c  (see  l f6J ,  ,1  fe ) .

I t  rer la ins to  check that  i i r (y , l i )  =  o for  every i€  V_ ( , , rh icn is  ihe f i rs t

hypothesis  of  theoren 1) .  I f  f  :  V - - - - - -> y  is  the cano4i -ca l  morphi -srn,  then by
i

L19i, L'  is a direct sunmand. of f*f"(Lr) because char(k) /  Z = lGl, ancl hence
H l 1 r , r , i ;  i s  a  d i r e c t  s  . r n m : r n d  o f  H ] ( y , f "  f n ( r r ) )  =  u l 1 v , r n l r i ;  1 .  n y  

: i t s l  
, 3 1 5  t h c

la t tcr  space is  zero for  i  /  o  because f* (L)  is  arnple.  0n the ot i rer  hand. ,  i f

i  =  o ,  i l , c c o r d i n g  t o  S c h l e ; s i n 6 e n  i i 9 J ,  p a S e  Z J r  r + e  i n f e r  i h a t  H l ( V , 0 " )  =
- - 1  , _ _  ̂  , G  1 .=  d  ( V , U V J  ,  a r c  G  a c t s  o n  I t  ( y r o v )  b y  t  - - _ - - ; ,  _ t .  T t  f o l l o w s  t h a t  U ' ( V , O . , I )  =

Apply ing theorem I  we get  the concl"us ion.  e.n.D.

Fuxther  exarp les of  s i rgular  nonnal  var- ie t ies sat is fy ing (+)  wi th  : ,espect

to any annle ] ine bundle are tbe syrnroetr ic  prod.ucts  of  cer ta in srnooth pr :o jcct ive

val ie t ies.  l 'e f  7 '  be a smooth pro ject ive va l ie ty  of  c j -mension d"> j r  and,  le t  y  be

the syrnmetr ic  prod.uct  7\n)  = , t /C,  i tbere;  n) ;2 is  a f ixed i ,n teget : ,  V *  Zn ( the

o .



-direct  product of  Z r . r i th:  i tsel f  n t ines),  and 0 is the synrnetr ic g?oup of degree

n  a c t i n g  o n  V  b y  g . ( r r , . . . , 2 n )  =  ( r r ( r ) , . . . , r a ( r ) )  f o r  e v e r y  g € 0  a n d  ( 2 r , . , . . , , u n )

€ V. Then the ranification lqqus of the canonical norphism f : V ________-r" Zlin)

hag  cod inens ion  i r r  V  equa l  t o  d  *  d - i n (V )  > j .

The o l€)rn l_ .  le t  Z be a s i looth pro j , :c t ive var ie t l ,  o f  d . i tnension d such  tha t
g_19r41 = o t or every lir;e b:_ii..d Ie i,l c.rr Z, a.n1. lit ni Z be :,n i rri =g:.1, s)_ch thet

gi!!r"::--g-n"t (*) = 
", "" "t " ine bunCle I or. y = Z(t)

Note.  The s inplest  exalnples of  I 'ar ie t ies a sat ls fy ing

theorem 3 are a1f  s inooth hypersr [ faces in  pd*1 r+ i th  d)3.

? joof  of  theoren J.  The h; rpoihesss inp ly  j "  ?r  par t icu lan - r , ! ,a t  Lr (Zr0r)  = or

a n |  L , h i J  n  t h e  s e - r - s a r {  p r i n c i p l . ,  ( " ' u  l f O l  ,  i - , )  i ; ' m e d i e t c l y  i : r p l i c s  t h a t  f x ( i )  c -
d  ^ * / r  t , ' . -  , i ' . - , ( / Y  \=  . o l ( r , l r t \ , . . * p ^ i j , r r ) r  w i t h  1 , r r . . . , t r €  ? t c ( Z )  a n d .  p . : r y ' - - 2 2  t h e  p l o j e c t i o n

of  v  onto the i - th  f .Lctor .  s ince L is  a,pJ.e on y and f  is  f in i te ,  f i (L)  is  ample

on y,  ar id  hence L.  is  anpls  on Z for  every i  -  ] , . .  ,n .  . r " .s  in  the proof  of1

t h e o r e n  2 ,  i - t  i r i l 1  b e  s u f f i c l e n t  t o  c h e c k  t h e  f o l l c w i . n E :
' I  

. .

n t ( v , r * ( r ' ) )  =  o  f o r  e v e r y  i e  Z ,  a n c ,

1 .  " .  i
H  ( ' / , T y f d  f  

^ ( L - ) )  =  o  f c r  c v r : y  i ( o  ,

in  ,order  to  deduce (v ia lcmra l )  that  the hypotheses of  the orer ; r  r .  ar :e  sa. t is f ied.

tsut  ihesc vanish inds a le easi ly  checked" us ing the K. l lar :e th 's , for ;nulae,  t t ie  fac i
+ 1 , , +  ' n  - -  , . P / T l  \ , ; . .  - , ^ \  l ^  rL r I d c  r . {  =  ? l  \  r ' . ' i i J : ' . , .  q i - t - c n t 1 ' _ ) r  t n u  . t , J i o t h , s , r s  c f  t h =  i h u o r e n  E n  , . 1 ! e  f a c t  t h a t

J , .  i s  a a p l e  f o r  i  =  1 , . . . r n  ( r * h i c h  i n p l i e s  t h a t  I i o ( Z , t l )  =  o , o "  e v i r y  j ( o  a . n d

i  =  1 r . . .  r n ) .  T h e n  t h e  c o n c r u s i o n  o f  t h c  t h e o r e . 0  f o r r o i , r s  f r  o i i r  t h e o r e m  r .  q . . f  . D .

i  3 . .4 few renarks ',,.hsn y is s;nooth

Tn this sect lon r . 'a shalL asst lne that y is

i s  known  tha t  t he  
"p r "o  

t l ( i )  c i ' n  be  compu led

p i rgc  JJ?  a .nd  bhso re -1  l .  ? ) .  F i l s t ,  t , he ro  i s  . an

the hypotheses of

s m o o t h  a n d  c h a r ( k )  =  o ,  T h e n  i t .

ln  the fo l lov ing zay (s t :e  j "e3 i - ,

exaci  seo.uence of  vector  bundl_e l ;

() -_- . n - 'i
> U y  - - >  t i :  . - * - .  > ? y  - - . - o

l ' rh ich  is  the  dua l  o f  the  exac t  sequence

h o l d s  f o r  ( Y

^ 1o - >JLy -__'--> F _+ 0v -_-____-____)_ o



-  1 l  -

corresponding to the irnage of L in ut{r,  o}) via the canonical *up H}1r,d1 t
; pic(r)----,---> rt(t,Oi) ind.uced i:y tne riap oi,---.-->-:Z| ,ro"r, by f r--------rdf/f.

H-  ( y , .@,  l , ' - " t ) )  f o r  eve ry  i €  Z  t

ueaning as at  the beginning of  !  f .

Usine (9) ,  the f i ls t  e lact  sequence and the Kodai l ra 'J  vanish ing theorem, . i t
f o l l - o * s  t h a t  t h v  c o n d i l i  n n  , ,  n f  i / - i  \  -  a  f ^ ^  .' r . o n  "  T e ( - t J  =  o  t o r  e v e r y  i ) l  r ' i s  a  c o n s e q u e n c e  o f  t h e
. ^n . l  . i  +  i  ^ -  , ,  , r f  / . ,  t  - ,  

- i
c o n q r t r r o n  "  t t  \ I r ' t y q r !  

- )  
=  o  f o r  e v e r y  i ) 1  , ' .  I f  y  j _ s  s n o o t h  a n c l  c h a r ( k )  =  o ,

one can get  r id  of  thc unpfeasa:r t  hypothesls  i )  o f  theorem l  because of  the

fo l l  ov ing:

Then i f  is proved in loc.  c i t .  that

(9)  r l t i l  -  Ker( t r1(r , rd@r, t )  o

w h e r e  S  =  S ( Y , I , )  a n d  g f r . . . r e n  h a v e  t h e  e a r l l e

Theoren r l  (s.e f  0J).
I

) . )  - t t t n ^  I  i r L F  E _ / v  : n  / c r \  -

I

le l l  (Y,1,)  be a siroo!h po]ar ized var iety of  dinension
- i- )  

= o for  every i )21 a.nC char(k)  = o.  Then the p: ,oper t

( + )  h o t C s  t o r .  ( y , t  ) .

Theoren ,4 is  proved in  [5 ]  i  i t  is  a lso a qui"ck consequence of  thcoren z i i . ]

fez]. u. ir ,6 theoren 4 anc the oain result ot fzaf ]{e prove the folrorvrng:

The ore.;r  5.  L. . t  (  Y be a ;nooih pol ,a"r izec l  var ie  b l  . ruct i  that  !  char  (k)  = o'1 r

gii l -U2-?., I i*(r, ty@L-') = e ror i  = I  arr, i  i  -
I

zlnd the f  i -neal  systen lL l  con-

! : -S€. ly theo.ero 4 t t  wi l t  be suff ic icn,,  to s iro; , /  that l i l (yrTygl- i )  = o fo"
eve ry  i ) 1 .  Le t  I i €  [ t f  t e  a  smoo th  c l v i so r  o r  J f  l .  S ince  A ln ( f ) )  i ,  O  ,u  . , uo
connected' .  r f  i {e denote br rn the restr ict ion r@0r, and bv ["  the t  ange nt bundle
of H, we have -the canonical exact seouence

o ^--> T,,@f;i
l f i l

.  - i
/ m  - ^ r  * \  / "
\  av \zr ' !  ) /  D

.L

vhich y le lds thc exact  sequence

o ,  _ _ - i .  o ,(toi.) H"(ri,rr i& 
{ ') 

-----+. H"(8, (ry&r,- ')/r) --__ 
"o{","}-i).

For eve 'y  i>-2 t ]ne last  sp: rcc is  zero.  0n the other  hand,  by the main 'esul t

o t  laz l  (which extends a theorern of  Mor i -sunih l ro) ,  the f i rs t  space could be y '  o
1

o n l y  i f  ( H r r l l )  ?  ( ! - ' ' 0 ( 1 ) )  ( a ' d  t h e n  i  =  z ) ,  i n  w h i c h  c a e e  j . t  f o l r o r s s  e a s i l y  t h a t

( y , r , )  g  ( l l , o ( r ; ; ,  a n d "  w h e n c e  ( t , l )  r r a s  t h e  p r o p e r t y  ( + ) .  r n u "  r { e  * a y  a s s u n e  t h a t
o ,  - i  .

i r - ( r i ' TH@r  
- )  -  o  f o r  eve rJ  i )  2 .  Thc r i  l v  ( r0  )  i r e  gc t  Ha(H ,  (Ty@r : - t ) /H )  =  o  fo r

every i )  Z.  , t . ' i rLai ly,  usinia this anr i  the exact Beqln nce

Ll- 
- -----'-+- o.

E '

! ! i  l l *  r  s : rcor ,h Civ i .sor .  Then the p1spgr . l hoLds for



_ 1 2 _

/ . a  \  -  - - - i - l  - i
\rri/ o -*,l,y{yr, '-" -------,-> T, g r,-'---------------> 1r, o r,-t;/n ----------------> o

we

L>/

i n fe r  tha t  the  map u ]1r , t r8 r - i - l ;

2 .  There fore  t i l l r , t re l - i j  =  o  fo r

-------+- H-(YrT-8f 
-)  

is in jeci ive for evcry
I

e v e r y  i ) 1 .  Q " X . D .

l o r o l J . r q X .  L g t  (  I . j , J  0 !  6 .  s ' , 1 o o t n l . l ' izuC var ie i f '  o f  d  i rne ns i  on 2  su :h

here is  a sr i looth d1vlsor  H € I i for  which the exact se Que nce

(1a ) o -_--> TH -,. Tr/E --_--- 1," __> o

Proof .  Accord i t rg  to  the proof  of  tbeorern 5,  the exaci  sequence (11. , )  snows

t h a t  i t  i s  s u f f i c i e n t  t o  p r o v e  t h a t  H o ( u ,  1 f " O l - 1 ; 7 u ;  =  o .

The exact  sequence (10. ,  )  y ie lds the exaci  sequence

/ i . \  - o r -  _  - , - l  ^  - 1  A  1 .  - l  .(1 i )  E-(r r , rH@r,H-)  -*H-(H, ( ry@r ' ) /H) - - - - - -+u"(a,0r)  _:__- u-( i r , r rero ' ) .

ny fZZ],  the f i rst  space could be y '  o only in one of the folLowrng casesr
d - l  l

e i t h e r :  ( ] i , l , H )  i  ( P -  
- , 0 ( t ) ) ,  

o r  ( H , l o )  a  ( r - , 0 ( z ) ) .  r n  t h e  f i r s t  c a s e  ( y , t ) ;

e ' ( f a ,O( f ) ) ,  and  hence  ( f  , i , ;  nas  the  p rope l t y  (+ ) ;  t he  second .  case  i s  ru led  ou t
. 't -r

because  thcn  t r - (H ,T , ,@L, . - )  =  o ,  a r rd  hsncc  (12 )  sp l - i t € .  Tbe re fo re  we  may  assL i re
- H l l

o ,  - 1  .  o .  - 1
I I " ( H , T g @ 1 " - )  =  o  ,  a n d  t h e n  ( 1 3 )  s h o w s  r h a t  [ " ( H ,  ( T r @ L - ' ) / E )  =  o  1 f  a n d .  o n ] y

i f  a ( l )  /  o .  S ince  ? ( r )  i s  rhc  obs t ruc l l on  i n  E ' ( I i ,T *@t f , ' )  suc r ,  t ha t  (12 )  be

sp l i t ,  we  ge t  t he  resu f t .  Q .E .D .

Rerlark.  In a more special  s i tuat i -on, L,vovski i  proved in f l5 l  a better resul t

than theolen !  or i ts corol lary,  t r lore precisely,  assur le t l iat  rcpn i -s a s&ooj,h

non-dc ge n.erate projeci ive subval iety of  Pn of d. inension /2 and,.de3ree >3, such'I 
n+]that  H-(Y,Tv(- f  )  )  =  o and char(k)  = o.  Let  Xcp"-*  be an i red.uc ib le sr rbvar ie ty

of  Pn+l  , juch ihat  . {nPn = Y,  and X is  snooth a long y and t ransvera l  to  pn,  , {hs1B

Pn is  embedded in  Pn+l  as a hyperp lane.  Then X- is  a cone over  y .  In  fa ,c t ,

L t v o v s k i i  h a . s  a n  e v e n  w e a l i e r  a s s r u p t i o n  t h a n  U I ( f  , . 1 " ( - f  )  )  =  o  ( l o c .  c i t . ) .  i { 1 s

p r o o f  u s e s  c o m p l e t e l y  d i f f e r e n t  i d e a s .

Coming back io  the above coro l lary ,  rve roay ask the fo l lowing:

Q u o s t i o n .  L e t  ( T r I )  b e  a  s n o o i h  p o l a r i z e d  v : * i e t y  o f  d i i r e n s i o n  d - > Z  s u c h

that  L i r  genelated by i ts  6 loba1.sect i .ons.  I ' ind suf f ic ien ' r  condi t ions en$ur inq

t h a t  i h c r e  i s  a  s r l o o t i :  r L v r i b d r  h €  { ! 1  J u c h  t h a t  t h '  c o r r o s p o r r d i n 6  c x a c t  s e q u e r r c e

+ )  h o l d s  f o r
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(rz)  rs not spl i t .  0r ,  e nr i .oerert  e the ci i ;uat ions wnen (12) is spl i t  for  H aeneral . .

A necessary condit ion such that th is quest ion has a posl t ive answer i .s
-1 I

t ha t  H ' (H ,T , ,6 )  L ; ' )  +  o  fo r  H€  l L l  gcne ra l .  I g  i t  a .Lso  su f f i c i cn t  ?  In  the  casen  n  r  - l
of  sur. faces, the pai ls ( l r f , )  for which H-(H,THA!; ' )  = o for EG lLl  general ,  can

be easi ly enunerated. Indeed, by dual i ty and Riernann-Roch on the.curve H one

gc te  tha t  t h i s  happens  i f  a r rd  on l y  i f  (H , i " )  = -  ( f ' , 0 ( i ) )  w i th  i  =  t ,  2 ,  o r  l .

nnd by a welr  knowrr c lassi-caL resul t ,  ( rrrJ i*  lsomorphj.c to one of the fol lo-
) 1 t 1 2 t r

wing :  ( l ' r o (1 ) ) ,  ( r ' ; .  P ' , 0 ( l , l ) ) ,  o r  any  smoo th  hype rp lane  sec t i on  o f  p ' x  ? '<=  p?

via the segre erobedding ( t t re lat ter surfaces ale al l  isomorphic to the projec-

t ive plane blown up at a point  ) .

S4. P" ' -bundl -es over  an i " Ia t icnal  curve rpfane sect  ions

Let 3 be a smooth project i -ve curve, and l -et  E be a vecto!  buncl le of  rank.

n+] on B, with n)zf  .  lenote by Y = P(E) the project ive bundle associated 1o g,

and by p:  Y---->- 3 the cano' ica1 project ion. The nain resul t  of  th is sect ion

is the f  o l  i  o;v i  ng:

Theoren 6.  In  the above notat icns,  assLrne thai  the genus of  B is osi t  ive

and char  (k T o +  Y  h , )  r  a i an norma] o.ie ct i-ve var ie t ^  ^ h + .  i  h i  r d  i ' -

=  P ( E  )  a t  a n l e  C a r t i e r  d i v i s o r .  T h e n  X  i s  i s o . 0 o r p h i c  t o  t h e  u r o i e c t i r - e  c o n e

C ( Y " l )  a n d Y is  enbedd.ed in  X as the in f  in i . te sect ion.  r ' rhere L is  the nornal

bundle of  Y in  X.

The  mo t i va t i on  o f  t heo ren  6 l i es  i n  t he  fac t  t ha t ,  conb in ing  i t  ? i t h  sone
^  i - - ' :  ,_^  :

r e s u f t s  f T o n  i ] J ,  1 2 . i ,  a n d  t )  1 ,  " e  
g e t  t h e  f o l l o " r i n g  c o m p l u t e  d e s c r i p t i o n  o f

a l f  norrnal  pro ject ive var ie t i -es whose h;perp lane sect ions are Pn bundles over

Theorem ? .  / . ssu re  tha t  I  i s  a  snoo th  p ro jec t i lw  cu rve  o f  a rb j  t r a r - y  genus ,

anq let  T =.P(E) be a P"-bundl-e over B (">1).  . {s s i t re furthermore char.(k) = o.

Let  X be a normal  pro ject ive v?r ie iy  conta iq ing Y lLs an anple Ca:ct ier  d lv , isgr .

Then one.  bas one of  the foLloHing possib lL j - t iss :

. 1 1 1
a)  X = P ' ,  Y = P-x j - ,  and Y igenbedded_in X as a quad} ic .

b) . f ,  is  iso,norphic  to  a sr ; rooth brperqgadr ic  i -n  P4,-L= P 
t -x  

Pl .  ano Y rs  t le

in tersect ion of  X i r i th  a hyperp lane of  P- .
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on B of the formc)  There is  an exact  sequencj of vector bundles

o ,-_> 0

such that F is an arn le i 'ector bundle i -n the sense of L f  O l r  E'  = I r .1,L,  f  or sone

r,'f 8.&Jat_*{-ajg} a n J  Y  €  P ( E ' )  i s  e r e b o c l d t : d .  i l l , t  v i a r  s u r c t i o n

anq Y is €mbedC.ed !n I! as the i4finitci sec,!.Lon.

Renarks. I )  fn certain cases (but not in al}) theoren 6 was proved. i "  f f ] ,
theoren 6-

2) Tbeoren ? is obtained as the rssul- t  of  a long case-by-case dlscussion

(see i1J,  theorero ) ,  l -?"1 ,  theoreras I ,  2 and. 3,  and [J,  theorer s 3,  4 and , ,
and. theoren 6 above).  fhe rnost di f f icul t  case is i {hen y is a surface, i .e.  E is

a rank t l ro vector bundle.  Note that the pr.cf  of  the resul t  in case y =

= P(Op{(}  Op.t(-1))  end. X is srnooth is coi-opletely 6iven in or lT short  note,  L.

3ad'escu, lhe project lve plane blown up at a point  s.s arr  anpre div isor.  l t t i

Accad. Li6r:re Sci .  Lettere,  38 ( I9B]) ,  3-T (cf .  a lso lenrna 2 tn l - l - l  and i ts

proof,  for the cage x is s ingurar) .  ] .nother proof of  theoren z j .  J.* ,  x i "

smooth, r , ras subsequent ly given by p.  Ionescu in i  fz l ,  a:o an appl icat ion of

the general  adjunct ion uapping, using Nori 's theoly of  extrema] rays and.

Kai{anat a-Sbokur ov contraction theorelr.

Proof of t he orer-.r 6. ,F.ccord.i-n6 to [z] ana 1]: ], tlo Lefschetz theoren ard

the .Albanege ,ra.ppitrg yield the courtutative d. i:u<ri::l

Y r----_-> u ,I x
\ /

\ . /
P  \  / o '

\ . /
\ 1 2

B

where U is  an open neighbourhood of  y  in  X ( l -n  fact ,  we can t  ake U = X""r ) .

? h e n  x  h a s  f i n i t e l y  : n a n y  s i n g u l a r i t i e s ,  a n i  b y  I i i r o n e t a  l r r J ,  t h e r e  i s  a  d e s i n -

gu]ax izat ion f  :x ' r -  - - - - -*> x  wi t l i  the f  o l loz ing proper t iees f  lnduces an 1so]ror . -
- l

phisn f  
- (U)  

= U,  the ra i ional .  nap q ' r  = qof  :X"  - - . - ;  B is  in  fact  a  Bot :phisn,

and the except ional  f ibres of  f  are d iv isors of  nornal  cross j -ngs ( i .e .  r^ , i " . lh

snooth L-codi iaensi"onal"  c  or , . ip  onc nt  s  in tersect l r€  t ransversely)"  Th"r . . the norJ l l iu l .

bunCle of  I  in  Xrr  is  I ,  and s ince i ,  is  a , lp le ,  L  is  in  p. :x t icu- lax,  p_anple.  One

of  the mai 'n  point  in  the proof  of  theo 'era 6 i -s  the for lowing re;eruao rvh ich is



essent ial ly the relat  i r r iz at  i "on of theo"en {.2, c}:ap. f f f  of f9-i .

L,e t lna  2 .  Le t  q t t  '  l t t 3 be a slrr ject ive i lorphisn between tbe nor-

nal  uroiect i -vc var iet ies X" and 3 and ]et  Y be an ef fect ive Cart ier  d iv isc: r

on XI  su-ch that  the re iJ tT ic t icn =---*-+- x of r r  is  sur c t i ve " .6ssu ,ae

that th+ norrEal bund.Le L, of Y n X is  p-amDle.  Then a canonicaf  c  o:n-there is

Bu-t atil"e d.iasran

T r t
-r/r t \

-,t' / N
',/'" / \

J C-------------:----> -r- t

with - [ r  a  norrnaf  pro iect ive var ie t r :Xr- - - - ->-3 a ra hisn v, tr...bir at ional

rc orob.i, srt sueh that. v i"s &n isorsor biso in a ne iairbourhood and  v (Y )  i s  a  .

q r - a i s p l e  e f f e c t i y e  C e r l ! i e r  d i v i s o r  o n  X t .

Ploof of lqmma 2. lf irst we are going to s h o i {  t b a t  f o r  i ) ) o  t h e  f o t l c v i n g

three condit io i ls are sat isf ied:

i )  L- is p-very arnple,

l i )  The canonica] rnap q"{e' i (o^, , ( iY))  "_-*_--> Ox,,( iJ)  is sur ject i .ve,

i i i )  The  canon ica r  map  q ' ; (Ox , , ( i I ) )  *_ ->  n , ( t i )  i "  su - r j ec t i ve "

Indeed, s ince Ir  i -s p-a. tple,  i )  nofOs. Now we pxove i i i ) "  Consid.er the eLact

soquence ( i lz )-)

q' ; (0x, , ( iy ) ) - - ->p*(L i )  'p1o, l (0x, , ( ( i - r ) r ) )  i : -nr r , ; (0" , ,  (  i r  ) ) - - -+  n lp*(  r . i  )

i-nduced- by tbe exact seo,uence o --?-0X,,((i-f )x) ----* o^,, (i.y) -> l1---->o. the

las t  sbe  a f  i s  ze ro  fo r  i )  o  because  L  i s  p -anp ie  ( see  iBJ ,  chap .  I I I ,  ( 2 "2 .1 ) ) .

Eence the map ' r . ,  is  sur ject i \ re for every i l j  (say).  Si"nce q' t  is a plojecLive
..1 t

norph is rn ,  n -q ' (0 " , , ( j f ) )  i s  cohe ren t .on  B ,  and  the re fo ro  p .  beco raes  an  i sono r : -

ph i sm fo r  i  7 )  o ,  i . e "  i i i )  ho lds .

1o prove i . i ) ,  observe that by l8] ,  cnap. I I  ( j .4.?),  i i )  is  equi .valent to

the fact tbat I'ox e \-e):y affine operl su.bset tl - Spec(A) of 3, the sheaf
.  - t

0^,,( iY). /0."  
-( l )  

i . "  generated. by i ts gtobaL sect io s for i>) o" 3ut by l i i )
o ,  o .  - l  ,  - o , -  -  / r , ' \ \  

" ,t he  na tu ra l  r -na :  H" (D , . r ; (0x , , ( iY ) ) )  <  x " (q "  
- ( ! ) , 0x , , ( iY ) )  -_ - ->  E  ( ) ' p * ( r '  J /  =
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^ - 1  ig  H- (p  
- (D ) ,T , - )  

i s  su f j ec t i ve  fo r  i ) )o  because  D  i s  a f f i ne .  U ,s ing

that Li  is p-very arnple,  i t  fo l lows that f i /p- l (D) io generated by

sect ions, and hence (Uy tne abo\re suxject iv i ty) ,  O_,,( i f  ) /q ' , - l ( l )  i "

by  i t s  g loba l  sec t i ons .

Norq f ix  an i ) )  o  such that  i ) ,  i . i )  ar rd i i i )  are fu l f i l red. .  From i i " )  i t  fo t -

lows that there is a unique B-morphisn vr:x -->p := r(e!(O",,( i t))) sucr

tha t  
{ (01 , ( l ) )  

d  o j ( , , ( iY) .  ss t  x t  =  v t (x " )  and r ,  =  o r ( r ) .  s ince  r , i  i s  p -very

ample, ve know that vr/'Ity ---> y, is an isomorphisro and. that iy1 is a }_very
anple caxtier d. ivisoT on xf.  Furthclmole y = 

"rt(rr) 
because a global equation

of  the ca" t ier  d iYisor  iY on xr t  sepala ies points  x ,  x '  such that  x€y and xr6

€X"-Y.  Then consider  tbe Ste in factor izat ion of  \ r . l

x,r ________j__-> x, := gpsg(yr*(0",,))

\ /
\ , /

"1 \ /

the fact

i fs gl  ob a}

ge nerated.

that

Z a r i s k i ' s

in a ne ighb ort'-

Y '  =  w + ( Y -  )  i s  -'  t '

xt

Sitr"" ,.* (0*,, ) I 0", atrd. Xt is normal, .X.' is also normal. Notice

v/ \ :X ' -+f  '  =  v( f  )  is  an isonorphisrn and f  = , r -11f  ' ) ,  so by

n a i n  t h e o r e n  ( " r u  [ A ] ,  c h a p .  I I I ,  ( 4 . 4 . I ) ) ,  v  i s  a n  i s o m o x p h i s m

hood- of  I  in  Xl ' .  S ince w j ,s  a f  i rd . te  rnorphi .s i t  and yI  is  B-arnple,

q ' -a"nple on Xr ,  whete q '  is  the conposi t ion { '  I }Xrc-_-->.p

Lennna 2 is pr oved.

Notc.  The above proof  of  Lemj la 2 is  an adaptat ion of  the proof  of  the orer :n

i n  i  9 j  t o  t h e  l c l a t i v e  c a s e .4 .  2 ,  chap .  I I I

Proof of th* orern cont inued.  l le  apply  lenma 2 to the d.es ingular izat ion

. f , ' r  o f  X such that  9"  = q" f  is  a norphisn ,  and.  get  the nornal  pro ject1ve var ie ty

x '  as in  femrra 2 ( in  par t icu lar ,  T belcomes an ef fect ive ca l t ier  d i_v isor  on ) i '

whlch j -s  q ' -e ,nple)"  I lo t ice that  v  b lows down to points  or . r ly  subva] ' ie t ies of  t r r r

that  are conta insd in  thD 3xccpt iona]  f  ocLrs of  f ,  anc s ince xr  is  norr0al ,  b ; f

l8J r  chan.  I I r  (8 .  lL .1)  we in fer  that  there is  a ur l ique morphism u;Xr- - : , ,X

such that  q. ,u  = q '  and f  -  u .v .  I io t ice a lso that  the construct ion of  u  and Xl

ig canonical and depends only on x and. the xational raap q, anc rrot of the choice

of  the desingular izat ion f  : , t t t -?- . i ( .

l j l th  th j -s  consi luc i lon in  hai rd. ,  we can prcceed {uJtbe} . S j , I r c e T = P ( E ) a n d
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1, is a p-a-nple f ine bundle, there is an J, l  € pic (n)
such that

and  a  pos i t i ve  i n tege r  s )1

(14)  r :  or (  
"  )61p"  ( r , r -1)  ,  ,oh"r "  or (s)  =  orqr ; (u) , ,

Rep lao ing  E  by  E@N,  w i th  t i (  p i c (B )  o f

that r. - or{uaa"; (")cJp"(l-u6:l l- l). rn other
M l ias suf f ic ient ly  h igh dogree.

Accold ing to the Lefschetz theolen,  thexe is  *n f  €p i " (U)  such thet  t r '6 jO-_,s.
:  0y ( r )  (c f .  e .g .  feJ ,  t le  p roo f  o f  theoren 2) .  se t  g , ,  =  r  

1 (u)  
and 6r  l  

" - t iu l .Since U' r  
'J  g  'J  g, ,  'de na)r  consider  the sheaf  F on Ur,  and s inee Xr ,  l_s smoo.bh.

F exter ids (non-uniquely)  to  a l ine bundle on " r " ,  s t i l r^  d.enoted.  by F.  s j .nce the
raap Pic(U) - - - - - - - - - -*  f ic ( f  )  is  in ject ise,  ( I4)  can be j j rans lated in to Fs  ̂ t , , . .= .= (ox,;(J ).& q, 'x(r, ' r ; ;7rt,y. rherefore thele i"s a d
ribres or r, sucb rhat Fs = 0"'(r)ce+,,;,r,*;r,;;;. ' jTt: ';"t_'; 

t:"j;";t ';::t

D-)  o ,  a f te r  rep lac ing  r ,by  FgOx, , (D_)  ( rh ich  s t i l r  bas  the  r .es t r i (  
+

: t i o n  0 r ( t )
to  Y) ,  ae ney ass lu i ie  that  D27o.  ?ur thernore,  s ince . i , i  is  o f  suf f ic ient ly  h igh

;;;::'^:": ; :;i;,;'.::":,,'"1:",,'.;..,i::l]l"j",l'"il i"l;"1":,] :,,1,":*I  
-  

i '

wer ' r '  as  to  a l l  t hc i r  poss ib le  i n te rscc t i ons .  Thus ,  rep laq ing  D  by  t r "  =  n  +  D , r
wi. th  I '  =  pd1,  , *u  *ot

( r r ) no < o^, ,  ( r )€,n ' ,  x  
11, ,  )  ,

r l tere 1t r  . is  a n91'1ga,1 cross ing posi t ive d iv : -so. r  on { , r  sucb tha. t  .D,r  = l )  +  } ,  r
w:" th  Supp( ' )  conta ined in  the cxcept ional  f ibres of  f  ard.  Dr  a su,11 of  d is t inct
f ibreg of  q , ' .  (  a .nd.  hence I { is  reduced) .  Then,  accord ing to Kawanata and Vie} : t reg,
(sue f r3 ] ,  o ' , fer .J) ,  ror  every i { / -1  we put  } . ( i )  =  r i6c , " , , (_Fr , , / " ] ) ,  where i f
A=4" . '4  i "  ,  ( .1  -d iv j .sor  on x , ,  (vr rh  I  r  A r- 

l- J J - '  j . ' : '"_."^ on x" (r+lth L, / A, ir i  /  i ,  ), lA_-] denorcs
the i lrtegrat divj.sor .4,b 

rlA . , ,"he.e fa] aenotes the largest integer g a.
fo t ice that  i f  1= js .3"  ,J  .n ' *o i t r r ry  i l tuger  such that  o . ( r . .< is_1,  then by
(1 ! )  we  ge t :

( 1 6 ) r (1)  ' ;0" , , {  j r ) ,g} l  ( ' ) .

I io l r ,  the seccnd nain poj -nt  j .n  the proof  of  theoren 6 is  tbe fo l l .o t { ing:
h  / r \  l

t"l.ga.l.

gfggf-,gf-kjrgl. This proof f ol1o,,rs j;he nrefl lmoi{n philosophy consj.siing
I 'n using 51oba1 varr ishing t i re orerrs to , {et  local  ores Inf  "  -  l -c l  anno}.^ iv . r  \

suff ic ient ly high clegree, ve get

words, we nay asst-xnc thr i t  1n (14)
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a suff iciently anpJ.e l ine bundle on I such tUat l t ,$nbt!(qf ( i)r-t ,

by  j . t s  gLoba l  sec t ions  an i l  guch tha t  Ea(BrNCOnbo, ,  1qn( i ) ; - t ) )  =  o
or l  and i lz  1 ( i  f i red) .  Consi -d.er  the Leray spect?al  sequence

ua(1, wErnbqi( {r( i ) r-r r, :=>Huob(x,,, q,,*(x) E(r 
( i ) r-r r.

-& ,  b

By the choice of  N,wo have t l to = o for a> o, rehlch impf ies that

t to(1,  n€nb q;(  (F( I  )  
) -1 )  )  ; - '  sb q1,, ,  q, , . i .11i)  g(F( i )  

) - i  ) .

s ince N'3pbq", , r( i ) r -r1 is generated by i ts gr-obal sect ions, i t  16 suff ! -
c ient to show that the lef t_hand side is zero, or by the above isoaorphlsn. that
the r ight-haac-side is zero. ?o thie end, using the fact  that N is suff ic ient ly
anp le ,  by  Be r t i n i  de  can  choose  a  d i v i so r  o r  +  . . .  +  c .€  lN l  ( l r i t h  c .  y '  c ,  i f
i  /  j )  such  tba t  X ' . ' -  n , , -11 " . ;  i s  snoo th ,  a l t  i nc ruaea  in  supp(1 , , ) ,  : * , : " " "_
versa to D. then rsa haye ths eract sequencg

h  / . :  \  1

H"(x",  (F \  1 /  ) - t  ) -  nb 1x, , ,  q, ,  * (H) 
3("(  r  )  r - r ,  _- ,ub (2,{ r (  i  )  r - r  r ,0

0",,( ir)  t"  u"*:: : ;g,, l"  t*" 91oba1 secrions for i))o and rhe eetf_intereectiono
nunber (0",,  (y

or  fz r l ) .  r r .o re fo re ,  reca l r ins  t t r l  . "u " rn" 'de f in i r j .on  
" ,  ] r i - i ,  

" ro "  " r r " " ,  

"ono-rnology spao€ is  zero by the Kawa&at  a_Viehxeg vanish ing theoren ( [ f  l ] ,  [Z l ] ; .  Oln
th i rd cohoaology space io  a lso zero by the sans vanish ing theoren appl ied on
the snooth (but  possib ly  d isconnected)  var ie ty  Z,  and hence the n1661u 

"o."uis  zero.  e"  E.  D.

Corol lary ( to 1e&na l ) .  For every j ,  € Z set a.  = o.*{"( t )) .  Then R
1
oi(c_r) =

= o for  every i )  1 .

f roof of  the corol lary.  t r rcm the def i idt ions ue easi ly 6-et  that 
"(- i )  

- -
.  t i l  - tg  ( F ' - ' )  

- E O * , , ( l r + l a ) ,  
w i t h  D l  a n d  D 2  r e d u e e d  e f f e c t i v e  d i v i s o r s  o n  X r r  s u c h

that Dt< D' and Dr(,Di t l""u Ox,,( lr)  = q. '*( l i )  for some ] i  G Pic.(B), ve get
c - .  =  q . ' x (n )&o* ( ( r ' \ t / ) - '€ :0" , , ( r r ) )  (by  p ro jec t i ,on ,s  fo rmuta) .  Thu" ,  i t  w i t t  be
suJf ic ient  to  shorr  t  hat

(u)  n le ; {o*( { r ( i )1-k  o* , , ( l r ) )  =  o  ror  every i }  1 .

3ui ?e have an exact sequence

o  - )  o i " {F ( l ) ) - 1 ) - , J t " ( i ) ) - k ,  on , , ( r r ) )  __>  R  _ }o
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where the support  of  R is contained in the ieage Bt of  the union of  the excep_

t ional  f ibres of  f  und.er t ) :e morpbisn v.  le t  r ' :3 ' - -=->ts denote the 
"estr ic_

t i on  o f  q r  t o  3 r .  Ue  ge t  t be  exac t  sequence
' r  r / i \  . r  I  1 i \  - t  . l

^ L  ,  /  / / * \ 1 , / \ - r \n -e i ( v * ( ( r ' - ' )  
- ) )  - - _ -+  R -q l ( " x  (  ( r ' * ' )  ^@0x , , (Dz ) )  - ?n ' " * (R ) .

Since B'n ' I  *  /  and- y 1s q, ,arple.  ( le;ana Z),  the f i .bres of  r  are alL f i -n i te.

and hence I  is f i f t i te,  and in part icular,  the third sheaf is zero. By considel ing

thY spectral  seque 0ce

- b , a  - b  .  r - a  , , r " ( i ) 1 - ] i \  : = * " a + b " , ,  1 1 " ( i ) , , - 1  . ,
" 2  

=  t (  Q ' \ f i  v * \ \ !  )  )  ) : : . 7 &  s ; \ \ r  )  )

I  / i \  - r  ' r  / r \  ' l
w e  g e t  t h a t ,  t h a t  R ' q ' ( v  f  / r ' \ r / \ - ' \ ' \ , -  n ' ^ " r n t r r ; - ' r ,  a n d  f r o n  l e m m a  l ,  i t  f o l l o i r s: / - \  ' )p  \  \ -  , /  , ,  , /  \ :  . .  . r_ l . \ -

that  the f i rs t  sbeaf  in  the above eract  sequence is  aLso zero,  whence ( r7)  loras"

?r  ogf  of  iheoren 6 '  cont inued.  Having renna 3 and i ts  coro l la . ry  (Hhich is

tbe second.  nain ingredient  of  thv proof) ,  r re  can f ina] ly  concfu le tbe proof  as

f o l l o w s .  R o c a l l i n g  ( t 4 ) . ,  r e  d i s t i n g u i s h  t K o  c a s e s .

- l
Case s = L. Replacj-ng E by f C?il , rre nay assu.ne that ! =

lernna 3 arrd.  i ts  co lo l lary ,  loq. ' . (O- ,  ( - f  ) )  -  o  for  b = o,1.  t iow,
' *  r t '

and

o r (1 ) .  uen  b r

the exact se que nce

o ---> 0d, ( (i-t )y) 5 0x, (ir ) ---------+ or(j.) _-*-> o

(whero  t€  t t o ( I t , oX , (Y ) )  i s  a  g1<- rba1  eo .u .a t i on  o f  T  on  X , )  y i -e lds  the  exac t  sequence

l l l
n - r ; ( 0 " ,  ( ( i - r ) y ) ) ,  R ^ q l ( o x ,  ( i y ) )  - - - - - , - n - n " ( o r ( i ) )  ( i . - o ) .

Since  by  fC ] ,  " r r "n .  
I I r  ( 2 .1 . t i ) ,  R lp *  (o r ( i ) )  =  o  fop  eve ry  i  77o , .and -

gince rqe know that a^e*l(o*,  (-y)  )  = o,  by ind.uct ion on i  l fe get that R'q;(ox, ( iy))=

= o for every i )  o.  In pa.I t icular,  the above ererct  sequence ylelds for every
! i>,. o tl-Le exaci sequence

( l B  )  e . - - _ _ y ,  q ' ( g  ( ( i - r ) v ) )  * 1 - + o ' ( o  ( i v ' ) )  . ) ^ n  / n  / i \ \. - - i ,  r * r J X r  \  \ - L - r  / r ' l  J  - - - - ' - - -  7  q ; - \ v x ,  \ 1 1 , ,  .  p , ( \ U I . \ l r , 1  - - - > o .

ry  [B j ,  chap"  r r r  (2 .1 .15)  asa in,  6-  p , - (0 . , ( i ) ) ;  s (x) ,  , * i rere s(E)  is  ihe
i=o ;.." I "

s)nnmetr ic o.-algebra of  E. Derrot ing by S = 
"@ "-1.(o_, 

( : .y)) ,  r ron (18. )  we B.ctt t  t = o  < p  L '

S/ i ;S 
' ; 's ( f  

) .  S ince S( f )  is  generated by i ts  honogeneous par t  S ' ( l )  -  E of  cegree

one and s ince deg( t )  = 1r  i t  fo l lows that  the graded.  O3-algebra S is  generatet l

by S/  = S:_0. . ,  (Y) .  In  par t icu lar ,  the natu. ra l  ho:nono.rphis : r  S( f  )  - - -+.$ j .s  sLD"-- r  ' r . \

where F = qlOxr(Y).  0n thc ot i rer har id. ,stnoe q:, . (Ox, (-y))  = o ( l 'enma 3),

p o ( 0 y ( i ) )  <  s ( ; ) '  b i  j . n d u c t i o n  o n  i  i n  ( r B . )  u e  i n f e r  t h a t  s .  i s  a  l o c a l -

0o -moculc of  rank (* l " t )  , f  or  overy i  )  o.  I t  l 'o l l .ows that the su: ' iec-

@
ly  f ree
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t ive roaps S-(f  )  - --=+ S. are af  1

t

bundLes of the s an.e rank. Thus S

,  - /  * / - \  .  . ,Z ) , ' n e  g e X  t n a i  i ! '  -  . v t l J  ] s  t n e

s e Q u e n c e  (  1 8 -  )  b e c o m e s
I '

( r g ) o --;> OB .----+F _----,> E _--->- o.

a) The exact sequence ( f9) aoes not spl i t .  Then a resul- t  of  Cieseker (see

f t J ,  t l *o t " r  2 "2 ,  o t  a rso  f5 ] ,  ( 4 .15 ) )  t oge the r  w i th  the  fac t  t ha i  oy (1 )  i s

unple (rahich i rnpl ies E alple),  show tbat t r . is arnple,  or equivalentfy,  0",  ( f  )  =

=  O- r ' . , ( 1 )  i s  anp le  (and  no t  on ty  q ' -anp ]e ) .  S inc r  X t  -  X ' r  i s  a  des ingu lax i za -
P { F ) '

t ion of  X yhose except ional  ]ocus does not intersect I ,  i t  inu3t be zero-d. imen-

sionaL. In oiber word.s,  f  rX'r  = X' , --)-  X has f i rdbe f ibres, and hence, by

Zariskirs nain theorem, f  is an ioolnorphism. In part icular,  X is non singular,

anC this contradicts the hypotheses of theorern 6.  Therefore case a) is lnpossible.

b) The exact seo.uence (19) is spl i t .  Then.F = I : ,SOI,  and the sur ject ion

EOu -----> O, x ield.s the zero sect j"on B€- 
t  

> V( l)  = gou"lg(f  ) )  c--------*  X'  *

= P(I)r  tbere the second roap is the natr l ral  open i rnmersion ' , {hose conplemeni is

1- ?(E) (see fB],  chap. I r ,  iB).  s:-nce n is ar:  a-nple vector bunr l le on B, by

Graue" t ' s  c : i t e r i on  o f  anp leness  fo r  vec to r  bu r ;C f  es  ( "oe  f iO ] ,  (3 .5 ) ) ,  t ne

ze ro  sec t i -on  i (3 )< :X '  can  be  bLc r rn  do l , / n  t o  ge t  t Le  p t "o jec t i ve  va r ie t y
. : '  ^  i

no j (  ' ' i J - ' ,u " ( r ,S ' (E) )L .T j )  (v ! tn  T  an  indetern ina te  o f  degree 1) .  S t -nce  St ln ;  =

=  o- to r i t l l  fo r  every  i>o ,  the  la t te r .  var ie t i  j . s  no th ing  bu t  the  cone c (y , I ) .

I ' i o r / ,  t be  no rph i s ra  f :X '=  P (F )  X  has  to  con t rac t  t he  cu j cve  i ( l )  t o  a ,

point  (s ince Y is arple on X),  and. he nce one gets a norphism C(t , I )  - -------> L.

Since I  is a: :ple or i  boih C (Y, t . , )  ar.d.  X, as in case a) re infer that 11i"  mor phi . lnr

is in fact  an isorxo"phisrn,  and theorern 6 j ,s proved. in case s = 1.

- ? o -

isonorphisms because si( t )  a.ra S. are vector
].

f  S( l ' ) r  and recal l ing l ihet Y i"5 q,-a, :aple ( lernma

projeci ive bund. le associated to I .  The exa.ct

s

Case s >,.2"

o \< r \< s-]. Si-nce

(zo)

FrrI thernore,

L e t  i € V  b o  a n  a : ' b i t r a r y  i n t c g u r ,
d .v  ( 0 " , ( jY ) )  =  cx , , ( iY ) ,  by  ( 15 )  anc

c i ' ;  o x ,  ( iY )ec r  ,  w i t h  oo  =  o * r .

by (14) ,  (15)  ancl  the def in i t i .or  o f

arld. sst i - js n r, vritl:

the pr  o ject  ion '  s  fornuLa

v t rs u_ t t  nc , l la lvv
L

( z r )  G i6oy :o r ( i )Ee* (u -16u" ) ,

where i ' ior . . . ,  iu l "_f  are l ine bundles on B ( ] , io  *  OU).  Thu,n ly  (ZO) ana (21)  for

every i7  o ue have the ercact  sequence
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o.=-- ^ X - - --5 o f .i \,"-r,, *lr.r*i.+ r,r \-ui_"---*Gi--- .>uy(r)( ,p ( I ,1 -€)! t r )  - -)o .

let n = spec(e-) be an arbi.trary affine open subset of B such tha.t EfD =- o:*1,

vd/r ' :  oD ane, Mr/D ! '0,  fo" c.  vely o -<r\< s-1.  Set x i  = s. , - l (D) and yo -  p- l (D).

Then the abovc exact sequence restr icted- to Xl  becomes

and hence the exact

- 0i-"4 Gi --*o 0y (:.) --.---:- o

S ince  by  fhe  coro l la ry  o f  fenrna  J  we have 
" t f " i , l r - "1  

=  n lq , (G. - " )  b  =  o
for e v e r y  i ( s ,  e x a c t l y  a s  i n  c a s e  s  -  1 w e  g e t

) _ .B (x;, 0 r )  =  o  f o r  eve ry  i ez  .

eeque nce (  i } -  o)

xj, G, ) ---> Uo(rr, or( i ) ) -----. o.(22i) o _.-;.so11;,c._") -*-l-> no1

Denoie again by S the grad"ed A-a lgebra S = .4)  U"(X: ,C.  ) .  Then t€g
O ,  L : r ' )  t  L  S

= H"(xi,0X, (y)) is air bon oge *e ous eleuent of d.egree,s. Since Ho(y'r0r,) = A ant

by  lemrna 3 ,  uo(x ; ,0 " :  j - t ) )  =  qX(0x" ( -y ) )F  =  e ; { { r (o )  ) - t ) /n  *  o ,  i t  ro l }o , , rs

t h a t  s o  -  t .  T h e n  . 9 , , " o { t r , o r { i ) ) ' i - a F o , . . . r t r ] ,  w h e r c  T o , . . . , T n  a r e  n + t

indetern j -natcs (a11 of  d.egree 1) .  By (Z?)  tbere a 'c  n+1 e lernents of  S l  =
o ,

=  H  ( X . i , C t )  s u c h  i b a t  t . / \ l =  T .  f o r  i  -  0 1 1 1 . . . , n .  L , e t  S '  d e n o t e  t h e  g r a d e d

A-subalgebra of  S gencrated.  by tor . . . r t r .  anc l  t .  Thon one has a s i r ject ive nap

o f  g r e d c d  . A - a 1 ; e b r a s  I ' t , T o r . . . , T r * t l  - - - j , -  s  r n a p p i n g  T  i n t o  t  a n d  T .  i r r t o  t . ,

1 =  o r . . . r r ' ! ,  w h e r e  t h e  p o l y n o n r i a l  A - a l g e b r a  A f t r T o r , . . r t r l  i . n  n + 2  v a J . i a b l e s

j - s  g r a d e d  b y  d e g ( T )  =  s  a r r d  a e g ( r r )  =  r -  f o r  i  =  o r , . . r n "  T h a t  i t  i s  e a s y  t o

see tbat  th is  rnap is  in  fact  an isonorphism of  gr  ar led.  A_algebras.

'  :  r r o ; ( s )  ' = ' '  t " o j ( s ( * ) )  =  p r o j ( s , ( " ) )  ;  p ' o j ( s , ) ,

ol elser that xi is is.omorphic to the ( n+2 ) -d ime ns ionar rr'e ighted. pl'oiecti.re

space  PO(1 r . . . r I r s )  ove r  1 i  o f  we igh ts  (  I  ,  .  .  .  ,  t ,  s  )  .  .  Fu r t  he rn  o re  ,  t he  res t r j . c t i on

Or :X l - - - : - I  co j . nc ides  to  the  canon j - ca ]  p lo jec t i on  o f  p r (1 r . . . r f r s )  on to  )  =

0n the othe.  ha 'd,  by con&ider ing t l . Ie  exact  sequences (22." )  ( i> , ,o)  ana

using the fact  that  Ho(x; ,0x,  ( -y) )  -  o ,  an eaJy ind.uct ion on i  i " ropr ies that

g , ( u )  -  s ( " ) ,  , r h o t ,  u " " * o r , r "  t o  l o j ,  c h a p .  r r ,  s ( " )  d r ' o t u =  t h e  g r a d e d .  ! - a l g e b r a
/ , " \

s u c h  t h a t  ( S ' ' ' ) i  =  S . "  f o r  e v e t y  i 2  o .  R e c a l l i n g  a l s o  t h a t  y  i g  a  q r - a . r n p l e

C a T t i e r  d i v i s o r  o n  X r .  w e  i n f c r  t h a t

=  S p e c ( 1 ) .  I n  p a r t , i c u l a r ,  f o r  e v e x y  b ( : B ;  X . r  =  n ' - 1 1 U ;  i s  i s o i a o r p h i c  t o  t h e
-1 .

n e l E b t e d  p l o j e c t i v e  s p a c e  P ( l  1 . . . e l e s )  o v e r  k  a n d  Y r ,  -  p  
- ( b )  

i s  c o n t a i n e d  j - n
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x ;  as  the  i n f i r , i t e  sec t i on  ( i . e .  t he  subva r ie t y  v . ' (T )  o r  t ( r r . . . r 1 , c ) ) .

su:rming up, we showed that there is a c l ,osed subset Br of  x. !  such that q '

de f i nes  a r )  i so rno rph i s :n  o f  B ,  on  B ,  B ,nX ;  =  V+(To , " . . , t r )  =  p ro j  ( . r , | - l - i  ) ,  and

Sr f l  XO i s  p rec i se l y  t hE  ve r te r -  xb  o f  t he  cons  X .  =  ? ( l r . . . r t r s )  ( sVZ) .  j e t

I€T be an arbi t rary point  and let  Ly be tbe generat ing l ine oi  the cone x^r ' ,
jo ining y and r*/-- \ .  Then Xr-B'  j -s the dis jot" . r i t  union of  al l  L - :  .x 

,  
p(y,

,  p (y )  
-  _ !s r r  n  _c .  r$  ! ! c  L r . r .sJO:  

y  p (y )  
( r rnen

JCY); arrd he nce rve get a wel l -d.ef j .ned funct ion ?f  r I r -B'  )  y by putt ing
' i [ (")  = y i f  x€L,, .  The above discussion shows that f f  is in fact  an algebraicv
morphisro d.ef ined in a ne ighbour.hood V of y in X'  (or in X) vhich is a }etrac_

t i on  o f  YCV.  The '  us ing  l e rn rna  3  i "  [ J  ( c f .  a t so  [eJ ,  ( : . 1 ) ) ,  ve  i n fe r  t ha t

x ;  c ( Y l i , )  a l s o  i f  g ) 2 .
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