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APPROXI:'IATE

NU;.TBERS

.Summary. In this Paper we

prines 5 x,  bY I  (x)  t t - te logar i tm

and bY {(x) tne }ogar i t rn of  the

in tege rs {  x .  i { e  a l so  deno te  bY  x

nurnber and bY P a Prime number'

Under Riemann hYPothesis

t ype :

\  9 t * t  - * {< r ,5 *1  /  2Los2*

j i t * l  - r i  x f  z t . s x 1  / 2 1 2 + t o q  x \

"  l . 5 1 o g  x'  -  loq  1og x -c" f  (
P  

-  ' l  x
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,  l 1  I  t ^  . t

O t " l - " f = U ( x ' t " r o g " x \
I  a Y  .  t .

i - ( " 1  - r i  
" l =  

U  t " ' /  " L o s  x 1

5-

denote nv Xt")  the number of

o f  t he  P roduc t  o f  a l l  P r imes<x r

Ieast common mult iPte of  Posi t ive

a real  number,  bY n a natural

are knorvn resul ts of  the fol lowing

for x)r3

- " "  " t -

for xlr2

( 1 )

( 2 )

I f  t h i s  hypo thes i s  i s  no t  assuned '  poo re r  asymto t i c  resu l t s  can

'  r :7 hoa gives f  orrnuias r ' rh ich
be  ob ta ined ,  bu t  Rosse r  and  Schoer teLd  L  )

are true both for smal l  and for qreat vafues of  x '  The aim of th is

paper is to give expl ic i t  formulas for the funcl ions [ tx)  at ta 9t")

under Riemann hypothesis '  that is t  to determine the vafues of

the  cons tan ts  f rom (1 )  and  (2 ) '  " ' t e  a l so  de te rm ine  app rox ima te

forrnulas for some funct ions related to pr ime numbers'

The most inPortant resul ts are:

( 3 )

( 4 )

( s )



lT q- - ros x - "rl<, ,vrsslz

i ^ r h e r e  c 1 = 0 . 2 6 1  4 9  7 2 1 2 8  4 7 6 4 3  a n d  c ,

approximate values of  the constants

For  sma l l  va lues  o f  x  we  need
a ]

r n r l  c n h n a r f a l  z l  I ? I
" r *  t ' J '

Rl .F' 'F r . .Tr\rr-Tr^nt.  (2r;1 al ' ]n 9(*)

From novr on the Riemann hvpothesis is assumed to be true.

g =; + i ' t r  $/ i11 denote as usuaf the zeros of  the Riemann zeta funct ion

f rom the  c r i t i c  bo rd .  The  i nequa l i t y  (3 )  f o r  6 ( * )  . . t r  be  i n fe red

f rom a  s im i l a r  one  fo r  P (x )  .  Su . f r  an  i nequa l i t y  can  be  ob ta ined  f rom

the  bas i c  f o rmu la :

L , l
t x ) = J Y ( u ) d u = j -  *

2

=  1  .  3 3 2 5 8  2 2 1  5 7  3 3 2 2 1
t - 1

" d  a n o  E  r r o m  / J l  .
a )

the  computa t ions  s  o f

( 6  )

^ - ^  ! l ^ ^

Ros ser

wh ich  can  be
\ * 1

t Q t '
)

t 7 )

much smal ler .

to give

found in

^ ^ h \ ' ^ F d A h  I

--- . . -  l - ,  J- " 4 " " "  
L ' )

r r r . r  7  ?  Kh, .w i  n . t  f  he  f  aCt  tha tv q : r .  ,

f rom (7 )  fo l lows that:

f  ( f + 1 ) rf  r " r - ( ( x+1) - f {  t * l= " -  [
v

1 - 2 r  .  , 1 - 2 rx  -  t x +  t ,

t '
( 8 )r

Y !  . :  ^  I - h ^ r , h  + l ^ ^ +

than the increas j -ng

an upper bound for

2 r  ( 2 r -  1  )

.  ^  r l=  I Q q  Z I r < l  , 6 5 t Y

. , ^  l  t  1  - ^ j  ^ d  + ^  ^ ^w s  f , r  y v r r r Y

the  f i rs t  sum.

end the l -ast  sum is

b ( J  L t l c t L  r  ( J t l r  c t r r L r  - L >

e , .  e . ^
( x + 1 ) ) - r - 3 ) - l

t  ( o )



t ' 1
^ ^ - . \ T A  i  n . r  |  ' . r  T n . r h ^ n  I  2 l  p a q .  B 3  w e  h a v e :A v v v l v l l l Y L . ) ' " ' . ' - ' - . . - - .

='f{HrrF I i' E*<*#T ( e )

. , , f  + t  . . 9 + t  I  t - . , 1 \ 3 / 2 - ; / 2l  r x + t  ) )  
* ' - * ' * l l  

,  ( x n ' 1  \ r / z + L r t '

f 
---TF-l'---r--

we need now in fo rmat ion  about  the  zeros  o f  a  (s ) -  Le t  N(T)
.)

t he  numbe r  o f  l ' s  f o r  wh i ch  O (k r  and  l ' ( r ) =# * " * -  f ,)

is  known that

\ n  r r t  - F t r t l  1  0 . 1 3 7 r o g  r + 0 . 4 4 3 1 o g l o g  r + 4 .  3 5 0
t " ' - '  '  \ - ' , \  -

fo r  a l l  rT rz (=u"  Back lund f f f  .  r t " *  (11)  we can in fe r  the

two lemmas:

L E } , I 4 A  ' l  .  N ( T + 1 ) - N ( T ) < 1  , 0 4 1 o g  t  f o r  t ) r 1  O B

P r o o f .  N ( T + 1  ) - N ( T ) < F '  ( T ) + 0 ' 1 3 7  ( 1 o 9 ( T + 1  ) + 1 o g  T ) +

and also

r e l - a t i o n  ( 1 1 ) ,  a n d

of the sum in this

( 1 0 )

denot e

7  _ ,
o

( 1 1 )

f ol lowin g

( 1 2 )

+o  , 443 (1o9 log  (T+ ' 1  )  +1og l - og  r )  +8  , l < l t o / J f t +o ,2?51ogT+0 ,91og log  r+

+ 8 , 7 < 1 , 0 4 1 o g  T .

LErduA 2. r--- 
,! < ?o

0<f510"  (
( 1 3 )

Proof. .  The computat ion was performed using the expl ic i t  values

ot f ,  for T<500 and than adding the products

r o o t s  i n  t h e  i n t e r v a r =  [ s o o ' 2 k ,  5 0 0 ' r o * ' 1  ,

between the number of

0( k-<1 7 , given bY the

=-+*which is larger than the greatest component
J U U Z ' -

i n te rva l .

f n r  w  \ 1  O -THEORE:,I 1 .
t ,  1 / )  )

V,/ (x) -x /  1-  1  ,sx  
' '  - Iog-x

I t
( 1 4 )



f o l l ow ing  way :

P roo f .  We increase the f i rst  sum in the formula (8 )  i n  t h r . :

F rom (B ) ,  t he  l as t  t h ree  re la t i ons  and  Lemma 2  fo l l ows  tha t :

y ( x ) < x + 8 0 . 0 0 8 1 x 1  / 2 * i  , . 0 4 * 1  / 2 L o g z * * 4 , 0 0 0 4 x 1  / ' r o ,  *  I

(  x + 1  , 5 * 1  / 2 1 o g 2 *  f o r  * r ) o ' ,

a n d  ( x + i  l 3 / 2  I  , o 0 O 1 x 3 / 2

de te rm ine  the  va lues  o f

r 085 [<

1  )  \ * * 2
, 0 4 ' ; 1 o g - t  I-  

l r o 8 - r

8*4
x + 2
(
)

R
1.0  " -  1

i<

\ l

f o q - t  - .  ----'-------flf=|

t  - -

n

AO
(
I  l ^ d  +

,04  /  ,#d t
x + l  t -

2n

b e c a u s e  ( x + ' 1  )

Lemna

sums:

1 , 0 4

t  
" a ,  , o o o t x 1  / 2

1 enable us to

+2 ,ooo2x1  / ,  T *  ! *+ ,ooo+*3 /2
1o%'f<x+2,j  I

, r ' r r - , 1
2 , 0 0 0 2 x ' t '  / - - - ^  ! -

o<l'<1 00 tr

) 1
J ---<

a-- I
e -1 \ /a u

L x+ 21-.< 0

a
f  o r  x ) r1  O"  .

the last two

fx+zJz Y

)
/  

' 1  
, 0 4 l o q  n

e ^
1 0 !  [  <  { - x + 2 J

,T,,br,h,
r '  l d( r,oal- -P?rJ-.,



us to conclude the

An analogous Proof for

proof of  the theorem'

and

the lower boun<1 enable

THBORE}'{ 2

uur"rroxs It*) , )
L--plx

Theorem 2 can be used to

t ions related to Pr irne numbers '

tegral  for the funct ion f  which

f  f  ( t )  
" 0 r r - rf  ( o )  =  l  i = ; - q v t L ,

/ L\''/ Y "

2.

I  g t " t - " 1< ' , t "1 /2 rog2* f . o r  , 3

loq P
p

d c t e r m i n c  e s t i m a t r o n s

Using thc i  Proocr  r -  ts-

later become Precise

by Parts '

(14 )  comb ined

- 0  ( x )  f o r

2 ls a Poorer

in Theorem

for other func-

o f  S t i e l j es  i n -

we have:

( 1 5 )

( 1 6 )

( 1 7

Proof' For xl08 Th"ore'n 2 ls a consequence of

wi th  re la l ions 6(x)4\ (x)  for  u t 'u lY *  and 0 '98x1 /L{ t " l

x)r1 21 which is rrleor:em" t,n^"o^ L' l  
t:: x61 0B ltheorem

result than x-2 ' 05282x1 /2tQG)<* 161 Qax61 08 cornp"ted

iB , r3J .

i

I

t
I
I
I
t

c.  r r ,  TIF

4 )
- l1lu z-_
I' Pl' x

.\

z*
D Z X

\
/
P<x

f (P)=Et*l+ /-siq)/
t log  t i rt  f+(r)

2

d1:

which fol lows

Taking

!ntegra1: Ion

1 6 )  gives :

a f  t e r

f  ( t )  = 1

an

t l

I
0 (*) ,=Tog,x

( t ) : . .---7."-
t l o q  c

+

2 and  (1? )  we  can  ob ta ine  i nequa l i t i es  fo r

Now from Theorem

( x )  I
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3

x
. (, )

2

I=er+\/
\_Log c/

l o q  2  . .
,  * "

.  - . 1 / 2 -  2 .
t r  I  f  5 c  l _ o g  t ^ r

2 .
t l o g  t

1 / t
I i  x  +  1 , 5 x " -  ( 2 + ] o q i  x ) " "  "  t / '

and analogously for the loruer bound.

I t  is useful l  to remark for reference

iq  more  n rec i  se  fo r  sma l l e r  va lues  o f  x ;  and

the assumption of  Riemann hypothesis

for 1 14x(-1 08

,or 2-.;11 08

Ofen i t  is hard Lo work with approximat ions in terms of

l i  x ,  so  we '11  t rans fo rm"  (16 )  t o  ob ta in  es t ima t ion  fo r  t he  o the r

funct ions in the fol lowing waY:

( x )  ( 9 ( x )  - x )

1 / )  *
l i  x  -  l i  x ' ' ' 4 l E l

I t(*)<ri  "

- ,  ,  Lr  ( p ,  = -
l og  x

, - 1
Theorem 16,13)  wh ich

was computed without

,  2 t  ( 2 \
I f -i--=-

LOg z

whi ch

t
1*
p<x

c a n

\-

/

be  wr i t e  a l so

r  r - t  t  B t . , t  - - . t
L t E t  

l o g  x

r ^
+  J  ( 9 ( t ) - t )

X

v

(ffi)'u'.,) ffit*c, ( 1 8 )

2 f  ( 2 1
wnere U f=T;;-5

" t v z -

( 0 ( t ) - r )
x

_ (

2

t - 1
In  l3J  was

4/x=b2 
as  we

1
For  f  ( x )  = ;

' d t  i s  cons tan t .

computed the approximate values for Cr 
r*=C,

announced in the f i rst  part  of  the paper.
' I  

a ^  v

and  f  ( x )  = - " , " .  ^  (1  8 )  g i ves :
x

a o g
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a4
r

)  1= r . , . , r ^ ^ * * " *9g ) - f _  l r 6 tq= t_ t_ t t gg_ t t  , . i q ,
p < x '  "  x  r r o g t r

r n d  r a c n a n t i r z a l r z

( 2 0 )

From these last  two relat ions and Theorem 2 fol lows that

l r -  |I  /  1  1 , , 9 + 4 , 5  L o q  x
I/ ; 

- toslosx-crJ <=--2i=-=---
I  p<x ' ,  ' l  v  x
t - -

for x//3 (21 |

[rf 
- ,"n *-"r1. **Httt-"- ror x),3 (22t

which can be combined wi.th Theorems 20 and zl tron [ lJ:

t -
/_- r"n o=ros xnc"*9-E):>< - J 

ott l- tu.
p<x 1:

s-

loglog x+c"1 / - \"<toqtog x * c..-r*-- for 2( x.<1 08
'  p ( "  7 '  x ' ' ' L o g  x

' l os x+Cr1r^| 'f-t (los x . 
"r'uffi 

ror 2-.(x5108

I  t o  conc lude  the  p roo f  o f  (5 )  and  (6 ) .
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t - 1
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f u n k t i o n ,  A c t a  l { a t h .  4 1  |  3 4 5 - 3 7 5  ( 1 9 1 8 } .
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