
INSTITUTUL
I \E

MATEMATICA

: PENTRU CREATIE
STIINTI FIC,A SI TEHNICA

I  S  S  t d  0250  3638

GRATIA!\1'S CO NJECTURE UI.IDER
.  RI I ;J \ IANNI ' IYPOl ' I IESIS

Dy

Crist ian COBLLI, i tar ian Vt;Atf U and Alexanciru ZA I- lAl lESCU

PITEPRIN'1' SJjRIES Irr- 1l Al l  lE)l  ATICS

No.  15 /19B8

l f .

At*'rq$'tUBUCURESTI



GNA} - iN  ] \ ] 'S  CONJI ICTURI  UN] )ER

R}ETlANI{ } ]YPOTI,JESIS

by

Crist ian COtsELI*,  t r la l ian VA.: .A.t f 'U x and Alexandru ZAI.TARESCU',

F ebruary 1988

o) 
D epartment of lathematics, The Nationol Institute for

Scientific and Tectmical Creation, Bd. pacii 220, T9622

Buchorest, Ro;.ncnio.



G It A I'l AIr'1 tS CO I{JECTLI il E U ND gR RIEItt A I{ I'l H Y POTFI ESIS

h\/

Cobeli  Crist ian, vAjA,tu l \ lar ian and Zaharescu Alexandru

I)epartment of I \ lathematics, INC R EST, Bd.Paci i  220, 7 9622 Bucharest '

R  onr  a t  r ia

. II.ITRODUCTION

This paper is concerned with the fol lol t ing question raiseci by Graham [2]:

I t  is tnue that *U* t]2n for every chain of integers 0 ( a1 (. . ,(  an?
1li ' j<n '"1'- i i  -

In t i0l  i t  has been proved that t l r is statement is true for suff icientlv Iarge n'

There is given no effect ive bound no for n especial)y beeause in the proof the

follov,ring resuit of Fl$xley ([4]) is used:

For every L> 0 there oxists n, such thet for every n ) n, tlrere exists s

prime nunrber bctwecn n and n + n7/12+L.l lcre n, is not given effcct ivel lv. 'T'his

dif f iculty can be overcome if  wc assume Riemann l lypothesis to be true. The aim of

this paper is to obtain, under Riemann l lvpothesis, an effect ive value for no' This

rralue is no = 1070.

1. REDUCTION TO SOME INEQUALITIES

l{e shal l  use the notat ion and the proofs from [10]. I t 'e denote: p = p(p) the

greatest prime number less than Zn, f(n) = 2n - p, t( i)  = the number of divisors of i ,
- 0 ' -

n " = max ( i) .  To obtain an effect ive value for n," i t  is suff icient to give a bound
1 < i < m

satisfying t lre inequali t ies from [10], Prop. 2. This six inequali t ies are:

( i )  n - 1 < P t 1 ' { t
(p. 33)

( i l  Therc  ex js ts  co> 0  and n todN*  sueh tha t  fo r  any  m )  n ro  and Bnv [ (  <  m '  the

intefval (K,l< + m) contains at least "o1 pri*u numbers (p. 33)
Iog m
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(P' 3?)

(P' 3?)

- ( - t lq*3L) . ,  co f (n )
rr.  )Tlog-n ( p . 3 8 )

( p . 3e ) .

,^,e may replace the ractor 1/n1l3 in (6)

1  r  r , , a g , \

In (5) the factor 6,  f (n).  n(- i l4+rcl  f rom (p. 36 l I )  resul t ing from the inequal i t ies (a),

(b) ancl  (c)  has to be replaced 5u 6(f(n))-  
,  whiclr  is obtainecl  f rom (a),  (b) and (c) by

n L

neglecting the inequali ty 11n1 1 n?/12+ $ '  Thus we have:

(5') .  cof(n)
:  E log n

, 1-- , lyhere e., =
n r / u

(6)

(  6 ' )

,a ,l

An  
_ lno  

n

o 19,

38)Neglect ing the last  inequal i ty in ((**) ,  p.

by f(n)/n,  obtaining thus:

4 0 , ,
6n " " log n

.  ?f(n). --r-

I f  we apply the resul ts of  the fol lowing sect ion to the above inequal i t ies we obtain an

n of the order of  maanitude of 
"1 

0" '  In order to obtain a better resul t ,  the proof of
o -

(Prop. 2,  [10])  has to be improved, for obtaining n]ore advantageous inequal i t ies
4 e

(special attention must be paid to the factors n n in (5') and (6') rvhieh are large).

!!e shall show briefly how this can be done.

.To improve (5 ')  we treat s imultaneously ( I )  and ( l I )  (p.36) by count ing the

number A of couples of  the form

-& la" l
I

Bd, I
l '

' t

fto -p n, J
\ t
\  f o r  l ,

( '
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whcre  p  var ies  in  I  and fo r  f i xedp,  keep ing  f i xed  d ,  (sueh tha t ,  fo r ,example ,  i t s

"(O - p) - componenttr is maximum), anct varying d2 ( i ,e, varving ? 
= 

#,'  " 1 r  1

Applying (a),  (b) and (c) (p.  36-3?) to x1,x2 and y1,y,  we have:

t A '

'  Y 1 Y 2

|  . ' l
i  l d , l =

r -tl

( 1 ' )  v i = v ' r = r ,  v l r t ,  v i r r .

t  dtp -  xv* = Fi(p -pi)v i
1
t - l
L  x = y -

a  , ^ , , , 2
^  D - Y , ( I ( n l )
o  x 1 x 2  n  '

, -  9 f l h \

d ^ = x . r - x e < : - l l
" n

, Gh))z' n

l v ,  - vo l  <? r (n )
- l n

*o6(f- +L - J^. )$ 1,,," tength of this intervat ueing <qg) .'- ' \q 
"T% vn

The absolute value has been introdueed because i t  is not known that the

t t f j - e o m o o n e n t t '  
o f  d -  i c  m o * i m  r ^ ^  r l ^ i ; n ; n d  + h ^ +  , t  t )

I  - - . . . - . . - . . -  - .  - l  , .  r n a x i m .  t o o .  N o t i e i n g  t h a t  t h e  s y s t e m  ( x 1 , x 2 , V 1 , V 2 , p )  i s

uniquel ly detefmined bv the system (do. 
{,xr, { ,Or) 

(n being f ixed) we have:

t < z+(|{d17 .
t ' { ; '

24i{d\z .lgr(n) .
\ f i /  

- u t o g n

To improve (6 ')  observe f i rst  that the systenr of  statements (1)-(b) of  (b) (p.  39) can be

applied to an arbitrarv quadruple (vi,vi,t i , t i l  (t e i l i i  ) having the property
l i  i - i  - i )  r  ' \

fv i ,v2,Vi ,v2f f t  1 .2 ,3, . . . , f (n) f  =9.  More exact ly ,  ( i ) ,  (2) ,  (3)  and (5)  remain t rue,  the
( J

faet that mo > 2 being used onty in (4).  From (L),  (2),  (3) and (S) two possibi l i t ies

Thus:

(5",

result:

and in that case (4) im pl ies



thus ,8t is uniquei ly determined and henee i  is uniquel ly determined in
c 1
1 ] , . . . , ^1 .

(2 ' )  v i  =v i= t ,  t i  , t .  t i  , t  and th is  impl ies analogously  that  i  is  un iquel ly

de te rm ined  t l  0 , .  . . , * 1 .

Thus, there are at  most two indiees i€ 
{-1,  

,  .  ,n}  sLreh that

C r  i  i  i 1  n  1
,Lvi'v'z'vi 'vi to'1r,t,. . .,r(n)f = 9.

\-

Suppoge (for working a choice) that for *f  2g{2 indices i ,  we have , a Vl a f tnl.

I Ience, for to)-#- indiees. we have the same value 1 ( V1 I f(n) for ytr.
4 n "  n

Then, r,rie can proceed as in (a) (p. 39) and we obtain:

C r  a c t ^ \
1 A t l \  r  . .  i  I ( n )

A , ' - - -=-

24n " log n

2. INEQUALITIES FOR ARITHIIIETIC FUNCTIONS UNDER RIEIi{ANN

. HYPOT}IESIS

The exponent "7/72+t I '  f rom Huxlevrs resul t  ean be repiaced by t '11/20 +

*t"  (" f .  [6])  and using Riemann t lvpothesis i t  can be replaced by " i  +f  "  (cf .  [5])  ( in

fac t  i n  t h i s  case  we  tau "  [ 7C1*1  - r i  x f  =  0 ( * i , og  x )  t ? ] ) .  Bu t  we  need  an  i nequa l i t y

I  val id for at l  x.  and this wi l l  be done in this sect ion.

As usual ly,  we note by (x) the log'ar i thm of the produet of  al l  pr inres (  x

I  and bV (x) the logar i thm of the least common mult ip le of  posi t ive integers (  x.

I'{e sum marize the f esults of tlris section in the following:

PROPOSITION 1. Under Riemann lJypothesis the fol lowing est i rnat ions

oecur :

|  , . ,
( e )  l Y r ( v )  -  x

.  t A(b) ft7 (x) - x

< 1 , 4 9 3 x l l o g 2 x  .  f o r  x ) 1 0 8

.!, a
/  1  F \ f  2 t ^ ^ . 2 , ,  a ^ -  . .  \  t\  r , \ r ^  . L r , 6  A  i , U r  A / . ! '
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l 4 f  I  r
( c )  l / t ( x ) - 1 i x {  < l . 5 x t ( 2  +  } o g x )  f o r x ) 3

(d) f(n) < +,st'i-tog2n

r / ,(B) f tx)cf , (x* r)  -Fr(x)= -  -F
J

sum,

\(e have

fo r  n  )  1025

(e)  For  any  m)109 and any  K<m,  the  in te rva l  (K , I (  +  m)  conta ins  a t  ]eas t

= .8m pr im e  nu  mbers .
vlog m

Proof. (a) 1{re start fronr the basic formula 1151, p. ?3)

where P= i  + i f  'denotes the zeros of the zeta function from the cri t ic band. From
J

/ o \  i +  e ^ r r ^ . . , ^  , - ^ .  ^  . * ^ , 5 -  I(7,  t t  Io l . lows (note rnor f_ --- ;  is convcrgent for a )  1):
y l.rr

Y  r r  n r
I t  is  f<nown thst  2-- i  j l=  

bg 2T.  < 1,8379 anci  the last  sum is ,much smal ler  than the
Eto l

increasing we shal i  make, so that,  our aim is now to give an upper bound for the f i ls t

^ (e) J'Yffil =1,:T"'"{ 'td'
,"  and also

( x  +  t ) P + 1  -  * P * l  J  . e + 1 1 3 / 2 + v 3 / 2

f ( f + i  l '  t 2
(  1 0 )

I4re need now information about the zeros of I  (s), Noting by N(T) the number off 's

for whiclr 0 < Y-< r and defining p111=(rie[[og P't /28) - r /2I - 't /8, thenz

(11)  I t t t l  -  uA l /  <  0 ,13? logT +  0 ,4431og logT +  4 ,350
I f



for  al l  T )  2 (see [1]) ,  From ( l  i )  the

- 6 -

fol lowing two results ean be inferred:

for T ) 108N(T + 1) - N(T) < 1,04iog T(r2)

( 1 3 ) T-^ l / f  <40
o< iJ^<tod

(the computation for (13) was performed using the

and the inequali ty (11) for the intervals [500 . 2k, S00

G2)

for  x )  I  0",  and analogouslv for the lower bound.

.  (O)  fo r  x )108  we  cbn  comb ine  (a )

n !
<V(x) + 1,4262x" ( [9] ,  Theorem 13).

o
For x (  10",  evet lmore the inequal i t ies x

[9]  Theorem 18).

(c,  r l  e nave:

explieit values of tr^ for

9k+  1 i  6  , .  t .  /  1n \
J t v \ ^ \ r l l .

To increase the  f i rs t  sum in  (8 )  we use (9 )  and (13)  fo r  0< f<108,

f 085 f <tx + 21, (10) and (12) for [x + 21 <tr^, obtaining thus:for

pt* l  <  *  +  80,008x!  + 1,04x l logzx + 4,0004xi togx< x  + 1,493x]1og2x

(u) wet

and

1e*l = A(x)/rog x *l {0 {o/l,ogzilat
2

From obtain

1*1ax-+-$dJ9&

analogously for the lower bound.

(d)"rfe have[(2n1 = J(g); thus (c) implies:

2 n
f(n)/ log2n <-! 'atnogt = l i (2n) - t i (p) < e(zn),(z + tog2n)

p

f o r n ) 1 0 2 5 .

l no  Y
* 
fOos2ztros2tlot 

- 
i{ffif&dt 

( lix + 1,5x+(2 + rogx),

A  r ,  t
with thc relat ions U (x) < f (x) <

l / ' . \- 2.,05282x2 <U k) < x are true (cf .

,
< 45--Y-. tL&g:n

rog zn

T < 5 0 0

(9) and
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(e)

.if

1 0 9

the

( 1 4 ) A  ,  3 l o g l o s n  +  l o s ( ?  -  4 , 5 - 9 - 2 4 )
"  n l  z  -

log n

To veri fy (14), i t  is suff icient to prove that 0n < 0,3504i864 for n > 10?0 (this number

being obtained by introdueing the value n = 1070 in the r ight side'of (14)).

suppose there exists n> 1070 such that 0 
" 

< o,sso+ta64 and ret m < n be
h

maxim such tha t  T(nr )  =non.  Th"n  m>t067.  For ,  i f  m<1067,  then there  ex is ts

q < 1 0 0 0  s u c h  t h a t  q f m ,  o n d  t h u s  m q ( n  a n d  T ( m c )  ) E ( r ) = n 0 n  w h i c h  i s

imposs ib le .  There fore  m )  1067 and i (n r )  >  m0,35041868 ( i .e .  f1m;2 ,85383 >  r ) .
01 t 01.

Le t  m  =  2 -  
o  -3  3 .  . . .  be  the  deeompos i t i on  o f  rn  i n to  p r imes .  Then

1{e have:

k+m
(k + m) -  1l  k)> f  (dt l log.t)  _ 3( l< + m)t(z + log(r< + m)) > (m/log- 2m) _- k -

- e rfiitz + rog 2m) ) 8m/9log m for m > 109

3. EFFECTIVE DE'TERMINATION OF no

We now return to the inequal i t ies of  f  t .  f i re choose co = g/9 and mo =

as in Proposi t ion i  (e).  The inequal i ty (5")  is impl ied (using proposi t ion f  (O)) by

inequal i ty:

logn ) 2log(9 . 24 . (4, i l6)+ 26logtog n

whieh is veri f ied to be true for n ) 10?0 ( ir i  faet, 1o. n> 1669,8?8). For such an n i t  is

eBsy to veri fv (1), (3) and (a) (for (1) we use proposit ion 1(e)). The only problenr now

is to veri fy (6") where a faetor,.n- n is st i l l  present. I t  is knorvn (see [8] or [3]) that
A  ^ , . , .
I  

n  
=  o (1 / l og log  n ) '  bu t  i f  wc  app ly  th i s  me thod  and  the  es t ima t ion  to r  [ ( x )  g i ven  i n

Proposi t ion 1 (c) we get an no greater than 16?0 {brt  not so mueh more greater) .  so,

we prefer to ver i fy more direct l l r  that (6, ' )  is t rue for al l  n > 1070. The inequal i ty (6")

is impl ied by:
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(15) Tf (do *  t ) ' ' tu l t t

"c( 
9

and a(f N* 1s1

m
2,85373

q.

For g pr ime

Then:

1 n' * 1y2'8537 3
s(4 .o) = '^ 

"
nX

and G(g) = max g(e(,q)
X

1 ; i 2 ) = g ( 3 , 2 ) < 6 , s 3 1 ? 1

6;13 ;  =  g (2 ,3 )  <2 ,s5466

G(S)  =  g (1 ,5 )  < t ,44574

c(?)  =  g (1  ,? )  < t ,03267

c(q)  =  g (1 , -q )  <7 ,2296?/q(  1  fo rq)Z

[,]  = c(2) .  C(3) .  C(s) ( 24,91178i M - c(q) < 180,0?85/q, thus i f{  > 1 then q ( 1?9.

Moreover  I r , I  .  c ( i1 ) .  c (13) .  c (1?)  -  c ( l9 )  -  G(23)  <  1 ,  thus  there  are  a t  most

four factors q)7 for whicheto> 1 (say q1, Q2, Q3 ancl 94). since the products
I \1  -  g (2 ,11) .  c (13)  .  c (1?)  .  c ( i9 ) ,  M .  g (2 ,11) .  g (2 ,13) ,  N j  .  g (3 ,11)  a re  a l r  tess  than 1 ,

t

i t  fot lows tnat f  a! ( 4, henee.
i = l  Y i  -

a o(.'.
- 1 i  A  l n

l l  c .  ' (  l 7 9 =  <  1 6 r vt  . i_ r l

d e <
I t  f o l l o w s  t h a t  Z  2 . 5 ' 3 .

.  ^ / c 1  . r ' .
6 \  - \ -  

2 ,  { , /  /  r .

d .  4 "
5  " - 7  r >1057 and g(42,2). g(\3, B) .  g(.(5,b) .

But  c(2)  .  c (3)  .  c (s)  .  g(a,  ?)  <  0,9925 < 1

c(2) .  c (s)  .  g(s ,s) '  c (z)  <  0,91636 < 1

c(2) .  s . (8 ,3) .  c (5) .  C(7)  < o,?85? < 1

g(13,  2) .  c (3)  .  c (s)  .  c (?)  < 0,8685 < 1.

Ttrus (rEitz, 4sS7,4s!+, d7 !3 and thjs woutd imptv that 212 - gI - s4 - z3 >

)  10 " ' ,  wh ieh  i s  no t  t he  ease .

We have obtained the fol lowing:

PROPOSITION 2. Under R iemann Flypothesis,Graha mrs Conjecture is t rue
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f o r ' a n y n ) t 0 ? 0 .

REII IAII I { -  of  course our ainr \ . ,&s to prove f l rat  under I r jemann l . rvpof l resjs
crahanr 's statenlent is t ruo for ev€ry n,  br i t  our at ternpt l )as fai led. I \ 'e do not want to

increase the length of  th is note by shon, ing hou, (by simi lar.  methods) nro can be st j l l
decreased'  I t  suf f ices to say that we have made ar the computat ions again with

var ious values for n and v, 'e have made the exponent z0 in proposi t ion 2 ress than t0

(but no less t l rarr  50).
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