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ON SUPERANALYTIC ALGEBRAS. I

Dy

paul FLONDOR and Eusen pASCU

During the last years the interest in superalgebra and supergeometry is

growing' In this paper we eonsider a notion of superanarytie aigebra and study some

of i ts f i rst propert ies. By means of some naturai functors, we have been able to

reduce ourseives to the more or less crassicar case of analytic argebras. 51 is mainly

devoted to the fixing of notation and terminoiogy.

5t. ZZ graded structures

For the general notion of a group (resp. ring,

a commutative monoid A and for some fundamental

struetures see e.g. [3J.

module) graded with respect to

properties of graded algebraic

In this section, rve shall consider some definitions and results for the case
A = Zr l= { 0,t} - the (additive) group Z/22.

. 
We shall use the additive notation for abelian groups,

being denoted by 0.

DEFINTTI'N r- Let c be an abelian group. A zr-grading on G is a family
(Cl,)X. 

z, of subgroups of G such that G = Go@G1. A supergroup is an abelian group

G together with a Zr-Srading on G. I f  G = Go@G, and H = I-Io@Hl are supergroups,

a morphism between these supergroups is a group morphism u: G + II  sueh that

u(Go)CHo,  u (Gr )c  Hr .

the neutrai elem ent

Supergroups and their morphisms form in a natural way a eategory.



DEFINITION Z. If G = co@Gl is a supergroup, x e G is called homogeneous

if x 'e Go or x€Gl. The elements of Go are cal led even and the elements of G, are

calied odd (0 e G is the onry element both even and odd). Each x e G may be uniquely

written x = xo + xl, with xo € Go, xl € G1i xorxl are caiied the homogeneous

components of x.

For each homogeneous element x € G, x I  0 we define p(x) e Zbv:

l' o if * i, 
"uunp(x) = 

I
l- 1 if x is odd.

In the sequel, when the notation

homogeneous.

REMARK 1. When no confusion is possible,

G = GoO G, only by G.

p(x) is used, we are taci y assumming that x I 0 is

shall denote a supergroupwe

REMARK 2. Let G be an abei ian group. By sett ing Go = G, Gl = {6},  one

obtains a zz-grading on G. This is caled the trivial glading on G. If G, H are

supergroups with respect to the trivial grading, every group morphism u ; G + H. is a

supefgroup morphisms' Thus, the category of abelian groups becomes (in a canonical

way) a full subeategory of the category of supergroups.

In the foliowing, rings are supposed to be unitary, the neutral element with

respect to multiplication is denoted by 1, ring morphisms preseve I and a subring has

the same unit as the ring itself. Modules are left modules.

DEFINIfION 3. Let A be a ring. A Er-grading of the additive group A is

compatible with the r ing strueture i f  AlApcAtr+U for each l .rp e Z' A r ing

together with a zz-$ading compatible with the ring structure wi]l be called a

superring. I f  A = Ao@Af , B = BoOBI are superrings, a morphism between them is a

ring morphism f :  A + B sueh that f(Ao)c Bo, f(Af )c 81.



Superrings and their morphisms form in a natural way a category.

REIVIARK 3- If A is a ring, the trivial grading Ao = A, A1 = {0} is compatible
with the ring structure' If A and B are rings with the triviai grading, each ring
morphism f: A + B is a superring morphism. Thus, the category of r ings becomes ( in
a natural way) a full subeategory of the category of superrings.

REMARK 4. As in the case of supergroups, if no confusion is possible, we
shall  denote a superring A = Ao@A, only by A.

REMARK S. I f  A = Ao@ A1 is a superring, then Ao is a subring of A ( in
part icular 1 e Ao); hence A and A, aie in a natural way Ao_modules.

DEFINITION 4. A superring A is catled eommutative if xy = 1-1;p(x)O(V)u*
for eaeh x and y.

I f  A = Ao@ A, is a commutative supening, then Aoc Z(A) (:= the center of
the  r ing  A)  and i f  x  €  A l ,  then *2  * *2= 0 .  Moreover ,  i f  1+  l  i s  inver t ib ie ,  thenxz= 0
f o r e a c h x e A r .

REMARK 6. If A is a superring with respect to the trivial grading, then A is
a commutative superring i f f  i t  is a commutat. ive r ing. I f  A = Ao@A, is a
commutative superring, then A is in a natural way an Ao_algebra,

DEFINITION S. Let A = Ao@A, be a superring, and jet M be an A_module.
A zr-Brading of the addit ive group M = I\4o@ M, is compatible with the A-modure
structure i f  AtrMuc n{tr*u fo, eoch tr,  u e zr. An A-module, together with a -t  

z_
-grading compatibie with the A-module structure w r be cared an A-supermodule. If
M = Mo@Mrr N = N.ON, are A-supermodules, a morphism between them is an
A_modu le  morph ism u ;  M +  N such tha t  u (Mo)c  No,  u (M1)cNt .  r
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A-supermodules and their morphisms form in a natural way a category.

REMARK 7.1. I f  A = AoOAI is a superring and M = Mo@ Mt is an A_super_
rnodule, then Mo, l\{, are Ao_modules.

2 . If A is a superring with respect to the trivial grading, then M = I\4 o @ M, is
an A-supermodule,. i f f  Mor M, ale A_submodules of M.

3.If  A is a superring, then A is an A-supermodule in a canonical way,
4.If  A is a superring with respect to the tr ivial grading, and M is an A_mo_

- dule, then the trivial grading of r!1 is compatible with the A-module strueture of 14. If
M' N are A-modules with the tr ivial grading, every A-modure morphism is an
A-supermodule morphism. Thus, the category of A_modules becomes (in a canonical
way) a full subcategory of the eategory of A_supermodules.

5. Supergroups may be regarded as Z-supermodules (here Z is with the
trivial grading).

DEFINITION 6. Let A = A.OAI be a supering and let M = Mo@M, be an
A-supermodure' An A-submodure N of M is caited a graded submoduie of M if
N = (NnMo)o(pnM1)'In this case, N becomes in a natural way an A-supermodule.

PROPOSITION t. Under the notations in Definition 6, the foilowing
statem en ts are equivalent

i) N is a graded submodute of !1.

i i )  Homogeneous components of elements of N belong to N.
j i i )  N is generated (as an A_module) by hornogeneous elements ( in M).

For the proof see [3].

DEFINITION ?. i f  A is a superring, a superideal in A is a graded submodule
of the A-supermodule A (see also remark ?.3).
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pRoposITION 2. Let a be a superideal in a commutative superring A. Then
a is a two-sided ideal in A.

proo f .  Le t  x=  xo+ x l  and t=  to+  t1 r  xea ,  t€  A ,  As  xo  and x l  be long to  A . .
(by proposition l), we have:

x t=  xo ton  *o t1  *  * l to*  *1 t l  =  to*o*  t l *o*  to* l  -  t l * r .
-  Henee xt € a.

Let now A be a superring, Iet M = l \4o@M1 be an A supermodule and let N
be a graded submodule of M. By means of naturar identifications, we obtain
it'{/N = Mo/Noo llil/Nl (No = MoA N,N, = Mln N). one obtains thus a z2-grading on
M/N' which is compatible with the A-module structurei M/N wilt be considered an
A-supermodule in this manner and this grading w' l  be cal led the quotient grading,

If M and N are as above, the natural projection tu 4"*rralN is an A-super-
module morphism.

If A is a superring and acA is a two sided superideal, then A/a with the
quotient grading is a supering. Moreover, i f  A is commutative, so is A/a.

Let now x be a commutative f ield, char K l  2 (f ixed for the rest of the
section)' r{e sharl consider K as a superring by means of the triviar grading.

DEFINITION g- A x-superalgebra is a supe*ing A, together with a superring
morphism iO : K + A; iA is cal led the structure nrorphism of A.

REMARK g. If A is a com mutative ring, trivially graded, then A is a
-K-supefaigebra iff it is a l(-algebra (in the sense of I4l).

DEFITIITION 9. If iA I K + Ar and iU : I( + B are I( super8tgebras, a
morphism bet 'een them is a superring morphism f: A + B such that the diagram
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K

/ \

i R  
/  \ i s

l r \

is  com mutat ive.

I( -superalgebras and their morphisms form in a natural way a category.

DEFINITION 10. A K-superalgebra iO I K + A is called commutative iff A is

B com m utative superring.

The eategory of commutative K-superalgebras contains as a full

subcategory the category of eommutative K-algebras (which are considered as K-

superalgebras by means of the triviBi grading).

PROPOSITION 3. Let iO: K + A = Ao@A, be a commutat ive X superalge-

bra. For ScA denote by (S) tne ideal  generated by S in A. Then

i)  There exists an isomorphisrr  of  commutat ive r ings

u: A/(Ar) *  A0/6?)

i i )  Denote  byn :  A  -n  A / (A1)  the  canon ica l  p ro jec t ion .  Le t  s=ao+ a l  €A.

Then the fol lowing statements are equivalent

1 a is invert ible in A.

. 2. ao is invert ible in Ao.

3. n (a) is invert ible in A/(Ar),

REMARK 3- I f  iA:  K + A is a K-superalgebra and acA is a two sided
'  rn  1T

superideal in A, then the composit ion K+ A--| A/a furnishes a canonical l{*

-superalgebra structure on A/a and the canonical projection T becomes a K-superalge-

bra morphism.



L e t i O : K

L e t i : K  * A @ K B

Let

+A =  Ao@A,  and i r :  K  +B =  Bo@81 be two I { -supera lgebras .

be given by i = i4 @ io. 
..t.. _ _ -

(A  I  KB)o  
=  (Ao@ 

r {Bo)o(A1 @ xBl )

(A  e  KB) l  
=  (Ao o  *Br )@(A1 @ KBo)

We obtain a Zr-Erading on A @ KB.

By defining a muit ipl icat ion on A 6 ,,8 by:

(x s y) '  (z a t) = (-1)P(Y)P(z)xz o yt

for homogeneous elem€nts x,zE A, y,t  eB and extending by K-l inearity to A &KB,

A6nB becomes a  super r ing ;  by  means o f  i l  I (  +AEKB,  in  fac t ,  we have de f ined a

K-superalgebra structure. Moreover i f  A and B are commutative, so is 4 @ XB.

DEFIN$ ION 11 -  The  K -supera lgeb ra  i rK  +AgKB

product of the K-superalgebras iO : K + A and iU : l( + B.

REMARK 10. If no confusion is possible, we shall denote a K-superalgebra

i O : K  +  A  o n l y  b v  A .

DEFINITION 12. A commutative superring A is called loeal if the set of all

non inveftible elements is a superideal. in A, In this case this superideal is the only

maximal ideal of A and wil l  be denoted by mA.

PROPOS ION 4. If A is a local superring and 1 + 1 I 0, then the quotient

grading on A/mA is the trivial one.

Proof" If x € A, and x were invertible, by denoting its inverse by y, it

f o l l o w s  y e A ,  a n d  x y = 1 = y x = - 1  a n d  h e n c e  1 + 1 = 0  w h i c h  c o n t r a d i c t s  o u r

hypotheses, It follows then Alc mA.

is cailed the t€nsor
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DEFINITI.N 1s. A superring morphism f: A + B between the locar super-

r ings A and B is local i f  f(mO)c mr.

DEFINITION 14. A I( superalgebra iO : K + A is local iff A is alocal suncr_

ring.

DEFINITION fS. If iA : K + A is a locai I(_superalgebra, then A/rnO is a
I commutative field R (see proposition 4 and remark g). By means of the maD

_ 
iR: K + R given byiR:= Tr o i4,  R becomesa K-superalgebra.

iO :  K + R iscal led the residue f ie id of  io :  K + A.

REMARK 11. if iA : K + A is a loeal K_superalgebrar then iO is injective,
and i t  fol lows that r.+r is invert ible in A. For each local. K superargeora

i4 : K -r A we can consider the K-aigebra I( + Ao, naturaliy determined by iO.

PROPOSITION S.  Le t  iA :K  - rA=Ao@A,  be  a  K supera lgebra .  The

fol lowing statements are equivalent:

i) A is a loeal K-superaigebra;

ii) Ao is a local I(-algebra;

iii) A/(A1) is a locai I(-atgebra.

Proof- i)  =i i i )  Obvious.

ii):+ iii) Obvious (see a-lso proposition 3).

i i i l=) i)  Denote by m the maximat ideal in A/(Ar) and by n : A + A/(A1) the

canonisal projection. Then, by proposition 3, n-1(m,) is the set of noninvertibre

elements of A. n-l(m) is a two sided ideal in A. On the other hand, iet X = Xo + X1r

x e n- '(m). As x, is ni lpotent, j t  fol lows *r.  n-I irn). lVe infer *o = * - 
",  

,  n-11*),

arid hence n-1(m) i ,  a supe|ideal.

Let us consider the I( Iocai superaigebras A = Ao@At and B = Bo@8, and
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lct  f  :  A + B be a K-superargebra morphism. Then there exists the fol iowrng

com mutative diagrarn:

( * )

f
A/  (A ,  ) - - - - -= - *  B /  (B  

1)

when jO, i, are canonical inclusions, f.., := f lu r T6 r 1rg are canonical projections and

T is induceo by f.  
" ^o rr

PROPOSITION 6. The foliowing statements are equivalent:

U I  lS  IOCaI ;

ii) f is local:o '

lt l,l t ls local.

DEFINffION 16. A I{-superalgebra i^ ! K +A is of residue fierd i(-iso-- A

morphic to K iff the residue field i- : K +R is isomorpiic to the K-superalgebra
lo

K -*' K.

Then, we have:

. PROPOSITION ?. The folowing statements are equivarent for the Iocal

K-superalgebra i^ :  X +A3
-at

i) A is of residue field K-isomorphie to K;

i i )  Ao is of residue f ield I(- isomorphic to I{;

n A 1 T -
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i i i )  A/(A1) is of residue f ield K-isomorphic to K.

PRoPosITioN B. Every morphism between two rocal K-superalgebras of

residue field I(-isomorphic to K is local.

Proof- The conerusion foliows by the corresponding resuft for analyticalgebras .

REMARK 12. Loeal lt-superaigebras of residue fietd K-isomorphic to K and

their morphisms form in a natural way a fuII subcategory of the category of

com mutative K-superalgebras.

5 z. suprnalcalyrlc ALGEBRAs

L e t  K  b e  a  c o m m u t a t i v e  f i e l d ,  c h a r  K  f  Z ,  l e t n e N , n ) 1 .

We shail  denote by AK(81r.. . , tn), the Grassman algebra over K with canonic

generators 11,,.  , , . ' t ,n (see [3]).

F o r  I = ( i r , . . . , i , , )  w i t h  i < i t ( . . . ( i u ( n ,  w e  s e t  l r l  , =  r <  a n d  E r =
- 6 i ,  . . 8 . , . t f  r = O , w e  s e t  l l . l  = 0 a n d t r = r .-1  ' k

Eaeh element of An(Er,. . . ,{n) may be uniquely writ ten as I o.Ttr with or € X
I ' ^

(the sum has at most 2n terms), In the following, for a sum as above o, rr.,ill be

denoted by 0o. IVe set

lK(61 ' .  . . ,6n)o  e= {J  o iEr  I  l l  =  2n , .0  e  N,  2 ! ,  <  n }
I  ^ '

and

Ai ( (g l , . . . ,En ) , ,=1J  o ,E , I  l t l  =  zn+  1 , . c  e l l ,  z t  +  r<n l
I "

thus obtaining a zr-Brading <,rn An(Er' . . . , tn). tn this way Arr(t1r.. .r{n) becomes a

commutative superring, i\*(6., ) ,is the K-aLg.ebra of dual nr.mbers.

DEFINITION t?. For an element o = 
,I 

orE, of tr 
r<(6r'. . .'En) we define the

I ' ^
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order of 0 by

REMARK 13. I f  n is even, then An({r, . . . ,6n)o coincides with the center of
the  r ing  AN(Er , . . . ,6n) ,  and i f  n  i s  odd,  then the  center  o f  the  r ing  AK(61, . . . ,8n)  i s  the
direct sum between AK(61,,. . ,6n)o and the subgroup of the elements of order )n.
(Note that elements of order n are homogeneous).

Invert ible elements in An({1,,, , ,6n) are characterized by co 10. The ideal
generated by Er' , . . ,{n in An (5r,. . . ,6,. ,)  is a superideal m, I t  is the unique maximal
ideal, because i ts complementary consists of invert ible elements. The canonical

embedd ing  I (  +  AK(61, . , , ,6n)  and the  fac t  tha t  AX( t1 , . . . , {n ) /m =  K tu rns
(natural ly) n n(9p. .  . ,{n) inlo a loeur r(-superargebro of residlrc f ierd x-isomorphic to
K.

Let B := AxGt... . ,En) and let A be a commutative K_ algebra. Denote
' AA(ql, .  .  ' ,6n) t= A @ xB (see also definit ion 11).

ol . A.,

TIre elements of Ao(61,.. . ,6n) may be uniquely writ ten as o = J o:16, with

A6(61,. . . ,6n) is a eommutat ive K-superalgebra; i ts grading is given by!

AA(Ei , . . . ,6n)o r=\ lo,Ur l  l r l  =2e",  I  er{ ,2.{ .  (n}  and

An( t r , . . . , 6n ) ,  r=1Ja ,E1  I  l r l  =ze ,  +  1 ,  I  eN ,24  +  t (n ]

o is invert ible in AO([r, . .  , ,6n) i f f  cyo is invert ible in A (see also proposit ion 3),

PItoPo$irIoN 9" I f  A is a locar K-algebra, then Aa(6r,. . . ' tn) is a iocar r(-
- superalgebra.

f *  i f  n i = o  f o r a - 1 1  I
o l d ( o ) : =  {

I m i n { l r l } o , + o }
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Let us now consider the embedding jO :  A + AA(81' , .  . . ,8n) given by:

a .r 
/of"p
I

where0^  =  8 ,  0 r  =  0  fo r I  l  @.( ) l

With respeet to this embedding AO(E1,.. . , tn) becomes an A-supermodule of

finite type.

We have

PROPOSITION r0. I f  A is a noetherian r ing, then A4(t1'. . . ,En) is a ( ieft)

noetherian rins.

PROPOSITION 11. Let

ideal  in A ,  (E.. .  ,  . .E.-) .  Then the
l f ' L  ' ' t l

(left) noetherian ring.

PROPOSITION 12. Let A be a commutative K-aigebra, B = Bo@8, a eom-

mutative X-superaigebrar f  I  A -r B a I(-superaigebra morf ism and let 81,,_.. ,8n e Br.

Then there exists a unique K-superalgebra morphism, f:  AO(6r,. . .rEn) .r B such that.

t o  j A = f  a n d  F ( E , )  = 8 .  i = 1 , . . . r f l .

Proof

set r( J o16,) := J f(or)B,

( w h e r e  i f  I  =  i  <  i r  < . . .  <  i k  <  n  t h e n  0 t  r =  F i r . . . . .  B i k ,  a n d B r : =  1 )

Let us suppose now that K = R or K = C .

Consider A above to be in turn:

t ,  e  ;=  I { l lX t , . . . ,Xml l .  We denote  then Ao( { r . , , . .8n)  bV Fr ,n .

2. A := K{ Xl, ,  .  . ,Xr}. We denote then AA({1,. .  .r{n) bV A,n, .

A be a local noetherian K-aigebra. Let a be a super-

K-superalgebra C := AO(1r, . . . ,6n)/a is local  and is a
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3, A ,= En.,,o r= the I( algebra of germs of C 
' 

l(r vatued functions

around the origin in Rm. I\ 'e denote then A 
a(6 t, .  .  . ,6r,) by Er,n.

The fol lowing propert ies of Un.,,n, Ar,n 
"r,d 

Er,n 
""n 

be infereci in a

cononieal way.

Ur,n tr a local I{*superaigebra of residur: fieid K-isornorphic to K. Its

max imal  idea l  mr_  
-  

i s  gcnera , ied  by  X1. , . , . ,Xn , ,  61r . . . r8n .  Fr ,n  i s  a  ( le f t )
h r l

noetherian ring. The Xrull topoiogy is Hausciorff and complete. The canonical embe-

da ing  K{Xr , . . . rxn , ' , }  *  X t tX1, . , , ,XrJJ  fu rn ishes  an  ernbedd ing  i  ,  O* ,n  *  , r ,n .

Or,n ir  a loeal K-superalgebra of lesidue f ield I(- isomorphic to K and i  is a

Iocal moprhism mU = mF A Ar.n. A_.n i" a left  noetherian r ing. The. Xrul l' ^ D t t r  ' m r n  r r r t r r

toPolog5, is II ausdot'ff.

U,n,n i r  B local  K-superalgebra of  residue f ie ld i ( - isornorphic to K. I ts

max ima l  i dea l  i s  genera ted  by  the  ge rms  o f  X1 , . . .  ,X *  and  byE1 , . , . , { n .

The canonical  ernbedding X{Xr, . . . ,Xn-,}  -nE 
,o 

furnishes a morphism

i,  A*,n * Ur,n,  which is locat.  The Tayior expansion morphism Ur,o *

+ K[[X1,. . . ,Xm]l  (which is sur ject ive by th I lorel  theorem) induces a sur ject ive local .

I {  superal .gebra morphism p, Er,n + Fn., ,n n, i th p.  i  = i .

THEOREII 1. (A 
m,n)o is a K-analytic algebre,.

Prooi. A 
I{(q1,. ,.,Ell)o is a loca} i{-r,Jp;ebra of resiclue field li-isomorphic tc I{

and, as it is a finite dimensional l(-vector spaee, it is an artinian analytie algebra (sec

e.c ' .  tBl) .  Ar (Arn,n)o is isomorphic to x{xr, .  .  ,  ,xr}  @6 A 
n(61. .  ,  , {n)o,  rhe

conciusion follorvs,

DEFINITION 18. A superanalytic aigebra is the K-superalgebra A

where a is a superideal tn Oo,,, , ,  r  l  A*,, . , .

:= A /n.
I i l , I l

REMARK 14. I(- superanalytic algebras ond thcir (Iocal K-superalgr-:bra)

morphisms form in a natural ivay a full subcategor"y of the catcgory of ioeai i(-

-superalgebras of residue field I{-isonorphic to K.
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THEOREM 2. Let A be a commutative K-superalgebra. Then the fol lowing

statem ents are equivalent:

i)  A is a superanalyt ic algebra.

i)  Ao is a K-enalyt ic aigebra and A, is an Ao-module of f ini te type.

Proof. i)=)ii) If ive suppose that A = Or,n/r then Ao is the quotient of

. ,  
(Am,n)6 bV uo. Ar (Ar,n)o is a K-analyt ic algebra (by theorem 1), i t  fol lows that Ao

is a K-anaiyt ic algebra (Note that r l  Ar,n implies ao I (Am-)o). The other
I statement fol lows from the fact that (Arn,n), is an (Ar,n)o-module of f ini te type.

i i )=) i)  There exists m eN and a K-algebra morphism f :  X{X1,.. . ,Xr} + Ao

which is onto. Take ol, . . . ,on to be generators for the Ao-module A1, Then by

proposit ion tZ ttrere exists a K-superalgebra morphism O, O,n,n + A such that

F  l x i X r , . . . , " r ]  =  f  a n d  F ( E ; )  =  o i  i  =  1 , . . . , D  .

F is onto and, as kernels of K-superalgebra morphism are superideals, the statement

follows.

DEFINTTION 19. Let A and B be two local l{-superalgebras of residue field

I(- isomorphie to I { ,  and let  f  :  A +B be a morphism, By meansof f ,B becomes on A-

-supermodule in a natural  way.

f  is cal led quasi f in i te i f f  d imnB/mOB < -

f  is cal ied f in i te i f f  B is an A-supermodule of  f in i te type.

TI{EOREM 3. Let A and B be superanalytic algebras. Consider the diagram

: (x) in 91. Then the foi lorving statements are equivaient;

( i )  f  is  f in i te.

( i  i )  f  is  quasi f in i te.

( i i i )  i  i s  f i n i t e .

( iv)  i  is  quasi f in i te.



(v) fo is f ini te.

(vi) fo is quasifinite.

Proof, We s(etch the proof of some implicatious. Let us denote (Ar) bV IOr

(Bt) by IU, A/IO by AolB/Ig by Bo. The diagram (x) becomes:

Ao

^ l' L

i
A

I
I
{

A .o

i A

B
l o
I

l ,  
j  u

J
B
I i

I tts
t

Bo

are a.lso

theorem

(ii)-) (iv) 1IB induces a surjective I(-vectof space morphism

t o :  B / m o B  + B ^ / m a  B ^

(iv)")( i i i )  By theorem 2, Ao and Bo are K-analyt ic algebras. Then Ao and Bo

K-analytic algebras (see also g 1). The result fol.lows then by the classical

for analytic algebras (see [ 4]).

( i i i )+(i)  There exists r e N such ttrat t f i+1 = 0. Consider then

L  r -  '  r

Bk := I ; / i ; - ]  for  k = 1, . . . , r  and

c r B : =  S B x
t - u

By means of f, GIB becomes an Ao module.

Bn are Bo modules of finite type. By the

Ao module of  f in i te type. I t  fo i iows that (v ia TrO),

hypotheses it follows that GrB is an

GrB is an A-moduie cf f ini te type.



t o

A standard decreasing induction reasoning shows then that B is an A-module of finite

type.

DEFINITION 20. Let A and B be two local l{-superalgebras and f: A + B a

K-superalgebra morphism. f has the lveierstrass property iff for eaeh B-supermodule

M of finite type the following statements are equivalent:

(i) M is an A-supermodule (via f) of finite type.

( i i ) d i m , , l v l / m ^ M < o
. j . t f l

Remark (i) =+ (ii) is always true.

TIIEORE${ 4. Let A and B be two superanalytic atgebras and f: A + B a

morphism between them. ?hen f  has the Weierstrass property.

Proof

The proof is similar to the proof

r
considering GrM = $ I'1,. where

M- := M/t- i l l .  nr, = t lntrt fn1ul.
O D K ] 5 ] '

REMARK 15.

L. An aiternative proof of

of ( i i i )=i( i)  in theorem 3 above by

theorem 3 may be given along the foiiowing lines:

Due to proposit ion 12, morphisms from A = Or,n/" to B := Ap,q/b rt l i f t ' r  to

morplrisms fror Or,n ,o Ap,O. A standard reasoning allows then us to need to prove

the equivalence of the finiteness to the quasifiniteness only for the case of

f ,  A,n,n o AO,O; here the arguments from (i i i ) :=a ( i)  may be immediateiy transposed.

2. One can consider a superdifferentiable algebra to be the K-superalgebra

.E = Er,n/a where. a is a superideal of f ini te type in Ern,nr 
" 

I  E,n,n, Eo is then a
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differentiable algebra in the sense of I\italgrange [6]. Morphisms have to be defined as

having the "lifting" propelty mentioned above. Then, an anaiogous of the proof

sl<etched in 1, above furnishes a proof to the equivalence of f ini teness and quasi-

finiteness of I(-supcrdifferentiabte atgebras,

In the foi lowing, unress otherwise specif ied, by a mor.phism between two K-

superanalytie algebras, ri'e shali understend a I(-superanalytic algebra morphism.

The following version of the normalization lem ma holds;

PROPOSITION 13. Let A be a X-superanalyt ic algebra, alc.. .car be a

chain of proper superideals in A. Then, there exist an unique d e N, a f ini te inject ive
.  _ ,  r - ,morphism uO :  KtXr, . . . ,X,1J * A, and for each i  e {1, . . . , . } ,  thcre cxists l ) ( i )  € N sucj . )

- 1
tha t  uO^(a , )  =  (X  

r , , , . ,X , ,1 , , ) ,

Proof. The idea is to show that d is the reast among the naturar numbers nr

fo r  eac l r  thc rc  cx is ts  a  f in i te  n rorpr r i sm ur :  I { {Xr , , . . ,Xn . , }  *  o .For  the  second par t ,

one need only consider the case A = K{xl, . . . ,xd} and then the conclusion fol lows by

t l J '  c h .  I I f  p r e l i m i n a r i e s .

PROPOSITIOI{ 14. Let A be a K-superanalytie atgebra, a, b, be two proper

pr ime superideals in A. Then, al l  maximal chains of  pr ime superideals

" 
= poc p1 . . ,cpr = b have the same length r .

Proof" Pr ime superideals contain A1 * al ,  I f  p is a proper pr ime superideal

in A, then pAAo is a propef pr ime ideal  in Ao. Moreover,  i f  i  is  a proper pr ime ideal

in Ao,9 a proper pr ime superideai  in A with qn4o;! ,  then the proper pr ime

supendeal p := F ' r -  A, sat isf ies:  pc q,  Also i f  p and q are di f ferent pr ime superideals

in A, then p(1t,o+ qAAo. The conclusion fol lowri  then as in [1]  for the I t . -analyt ic

- algebra Ao.

By the I(rul l  d imension of a comnrutat ive superr ing A'(denoted by dinr A) we

mean the supremum lcngth of  str ict ly increasing clrains of  proper pr inre

"  r (
.  ' r \ \ ^  ' '

N-{'.N ' '
,
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superideals of  A.

REMARK 16- 1.  I f  A is a conrmutat ive r ing, considere<r as a superr ing by

means of the tr iv ia l  grading, dim A coincides with the usual Krul l  d imension.

2 .  d im  Am 
"  

=  d jn t  E_  ^  =  d i rn  F_  , ,  =  p ,
t t t r t t  f l t r  t t t r l l

PROPOSITI0N 1b. Let A be a K-superanarytic argebra. Then dim A =

cl inr Ao = din A/IO = d (where d is given by the normal izat ion lemma),

proof. The first equality holds by (the proof of) proposition 14. There exists

a bi ject ive correspondence between ideals in AIO and ideals in Ao whieh contain el .

As pr ime ideais contain al ,  tne second equal i ty holds. The tast  equal i ty fo l lows hy

the norm al izat ion lemma.

REIITARK 1?. 1' For I( -superanaiyti c algebras, proposition 12 may be fes-

tated as fol lows: I f  m,n e N, A is a I i  _su peranal yt ic algebra, (oi) i= l , . . . , ,  are even

elements inm, and ($.) . -r  .  a le odd elements in A, there exists a unique morphismA  J  l = I , " ' ' n
, tA r ,n  +Asuch  tha t  u (X1)  =  o i , i  =  1 , . . . ,m  and  u (€ r )  =  B r , j  =  1 , . . . , n .

2.  Fini te f ibered sums exist  in the eategory of  K-superanalyt ic algebras.

THEOREIII  5.  Let A be a K-superanalyt ic algebra. The fol lowing statements

al'e equi valent:

i )  There exist  m,n e N such that A :  Am,n

i i )  For each l (-superanalyt ic algebras B and C, for each sur ject ive morphism

u:C -f  B and for each morphisn f  :  A -rB, there exists a nrorphism v I  A +C such

that f  = u o v ( i .e.  A is a project ive I{-superanalyt ic algebra).

Proof.  Due to proposi t ion 12 and remarl< 1?. 1,  we need onlv to prove i i )$ i) .

First ,  we claim that there exists m e $,  such that A/ lA '  X {Xr, . . . ,Xr} .  lndeeci ,  }et

us consider tvro K-analyt ic algebras B and C, a sur ject ive morphisnr u:  C +Band a

morph ls ln  f  :  A / lA  +  B .  Le t  f  I  A  +  B  be  g i ven  by f  :=  f  oTA .  The re  ex i s t sv :  A  +  C
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suclr that f  = u_o v, As Ia = 0, f l terc exists i  :  A/tO *C such that ? o
f ol lo' ,r ,s i  = u o-v. ] teneel A/IU is a project ive X-anatyt ic algebra and (e.g.

T ^  = v '  I t

bY [8])  our
claint  fo l lows. In the fol lowing we shal l  ident i fy AAO to X{Xr, . . . ,Xr} .

Next,  by remark 1?, 1,  f l ]ere exists sA :  A/IO -r  A such that TA o"A =

'  
A / I  n .

Nonr,  let  81,. . , ,8n be a mininral  system of elerrents in A'  which generate AJ.

as an Ao-module,  By means of sO, A becomes an A/IO_module, i t  is  a standard

argunrent then, that A is generated as an AlO_module by (81),  (where, as usual,

0 r = 1  a n d  f o r  l = 1 ( i l < " ' < i l ( s n ,  B t ' = B i r  . ' " '  u , o )  c o n s i d e r  t l r e  c a n o n i c a l

embedding j , r ,n t  K{Xr, , . . ,Xn.,}  *  Ar,n.  By propJsi t ion 12, there exists a morphism

r ,  '  A  -  l  I' tAn , ,n  =  AATio(E1"" ,6n)  *A  such tha t :  uo  jn , ,n  = .A ,  u (Er )  =  81
for i  = 1,.. . ,n. u is obviouslv onto. lVe shal l  show nolv that u is inject ive,

By  i i )  there  ex is ts  a  morph isn  u ,A  *  An] ,n  such tha t  u  o  v  =  1A.  We show

now tha t  91  . . . . .  Bn  10 .  I f  th is  were  no t  the  case,  then:

F o r I e

\-=---
v(8,) = Ei - L., - -- yiE1, wlrere rl e x{xr,...,xr} aner

l I  l =2k+1<n  
'  -

,( I-l 116,r = o.
l I l = l k + 1 q n ' '

{ t ,2, . . . ,nJ,  i f  we dcnore y i , t  ov y i  ,  wc sct :

n

- ; \ - . . - : \ - - -
v ( B i ) = E , ( r + \ ' ) + L  . y 1 6 , +  l  y i E , .'  j = l ; i l i  ' J  S < j t l = 2 1 + 1 < n  r  I

s ta t c  ' r a t  f o r  each iand l  f ron r  { ) , 2 , , . . . , n } ,  y i  .  * i . { *  *  1 .  l ndced ,  by  app ly i r rg_  _ _ ! - - 1 ' ' . ' r r r n r  
,(1) rve get

( 1 )

l^re

u i n

UVI  y ' r , ,1 "  
. . . . .X  ] ,  t l ren  i t  i s  invcr t ib lc ;  t rence u(y l )  i s  invc ' t ib te .  One ob ta ins  B,  ssr  , ! r r r 1 r . ' . , u \ m J  ' L '  - " '  . ' " ' * . . . "  "  l  

-  -
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a combination (r,vi th coeff icients in Ao) of the other elements Bu, and this contradicts

the minimali ty of the chosen system 6r,. . . ,8n and hence our statement fgl lows.

If  81 . . . .  .  Bn were equal to zero then, v(Br) " , . .  .  v(gn) = 0 and l ten we

would obtain:

6 1 ' . . . ' 6 ; 6 = 6

where d is a sum between i l  tt * oi, t
i lr 

t '  - Yi) and products of factors of type (1 + yi) anc vi

wllere at least one factor of type yJO appears.

It  fot iows that 6 is inveft ible in I{{X1,.. . . ,Xnr} and then 61 . . . .  "  6n = 0 which

c a n n o t  h o l d .  I J e n c e  B r . , . . .  B n  1 0 .

Next ,  r , v  e  show tha t  i f  qe  A/ lA  anc t  sO(a)  "  81  . . . . "8n=0 i t  fo l lows o  =  0 .

i t e  h a v e :  ( v .  s A ) ( o ) .  v ( B r ) . . . . .  v ( B n )  =  0 ,  v ( 8 , ) .  , . . .  v ( B n )  1  0  a n d  ( v  "  s O ) ( o )  _

\-----  Jnl  ' , (o) = Y:= Y^ + I  ,  - -*  y lE1 where u(y) = 0.""" " 'Sl' l=zt<Sn 
' r

it foilows j,.,.,,n(o) + yo = 0. As 1nO . u)(y - yo) = 0, then:

. o = (rA o u " v .  sOXo) = (nO . u)( j  
,(o) 

* ya) * (nA . uXy - yo) = 0.

Final ly, we show that u is inject ive. Suppose u( fc,E,) = 0. I t  fol lorvs:

Jso(o,)3, = o

By mult iplying (2) by B, .  , . ,  .  Bn, we obtain sO(oo). 81 - . . .  "  8,. ,  = 0. Hence oo = 0.

Inducr ive ly  (w i th  respcc t  to  l t l ) ,  by  mul r ip ly ing  (d  bv  B,  (wr rere

1y1 ={1,.. . ,n}, I / lL =O) we obt"ain as in t}re case I =0 above that oI = 0 for each I
t  

"nd 
hence u is inject ive. q.e.d.

An alternative point of view on superrings is as foljows:

A comnrutat ive superring is a pair (Ao,A1), where Ao is a commutative

Q}

L

t

I

I
I
i

l
unitary r ing (whose mult ipl icat ion is denotecl by t,O )A, is a unitary. A,r-module

o ^



A1 *

2 1

(Ao-scalar mult ipi icat ion is denoted bv uo.o.) and there exists an Ao-module

morphism un, ,  A2A, + Ao, and ,,  *" ou""r! '051 u r "+, x A, * A24, the canonical

map and bV FO. , A, x A, . '  Ao the Ao-module morphisnr givcn by F4 := p4 o u," 1  -  ' r " 1  ' r ! 1

then the following diagrams are com m utative.

u ^  x  1 ^.  t 1 1  d l

x A, *---:-----.:--.+ Ao

to,. 
" uo,'

* 4 1

I
f 
uoo'o'

I

{

A 1

A,.1

I
I
I
I

A
" 1

A 1  *  A 1

t -
J 

*o.
Ao

v A"  - - o

PAo,A,

PA.,A, * 1A,
A o x A A. , 1

1  v  r r- A ^  "  r A  ̂ , A .
u u l

pA
o

A superring morphism between (Ao,A1) and

is  a  r ing  morph ism and f r :  A l  *  B1 is

morphism and t l)e fol lowing diagrams

f ^ x f '
A t 4

PAo,A,

pair  fo, f1r where fo :  Ao + Bo

"over fo!' (i.e. f is a group

1 ^ '

I
I
I

n A' '  " - o

(Bo,Br) is a

a morphism

Bo

l
- 1

- -o  "

I
I
I
I
A

n'",

I
I uu,

l
tso

L o

I
I
I
I

^o

"  
B 1

l'Bo,B,

A _______lr- - l

f- o
-.._.-.-..-.-_|

P a
" 1
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are com m utat ive).
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