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0. f  h*TRODUCTION

Throughout this paper we use standard terminology of  di f feren_

G o f

t i - - . -  r t -  4 'v

some c l r r (? l ) .

-group

L e t r s  m

mean a

fo l  lowing :

F, l ' "
ake the

t ial  alsebra from Kotchin's books 
[^; i i^r] .  So ire denore byk a ur,. i_

versa l  A- t ie fa  o f  charac ter is t i c  zero  w i th  f ie ld  o f  cons tan ts  f f
and consider a A-subfield I  of l fr  @ver which ft  1s universal) with
r fe .Ld  o_ t  cons tan ts  i , .

A-  f  -c losed subgroup

DEFTNTTrON. A t j-near d_ fr_group Ge GLnl?/" ) is cat led spl ir  1f
i t  is of the form G=G*A cl,n (1( ) where G* is a ( _cIosed, subgroup of
GL. (w )  (G*  co inc ides  then w i th  the  (  -c roswre  o f  G in  cLney ' , )  )  .  G
is  ca l fed  sp l i tab le  over  an  ex tens ion  F ,  o t  f  i f  i t  i s  d  _  f r . '_ l "o_
morph lc  to  a  sp l i t  l - inear  A  -  ,F -Sro . rp ;  i t  w i l l  be  ca l led  sp l i tab le
i f  i t  i s  sp t i tab le  over  some ex tens ion  o f  3 - .

Sp l i tab le  g roups  na tura l l y  appeared in  Cass idy ,s  wor l  r - ' r r  . ' ' -  \'  l "rJl  cz J[c:J
on  semls imp le  and  un ipo ten t  { -a lgeb ra i c  g roup .  To  s imp t i f y  ou r  expo_

s i t i on  assu lne  th rough t  t he  paper  tha t  f  i s  a lgeb ra i ca l l y  c losed .  More_

ove r  we  w i l l  concen t ra te  ou rse fves  on  i r reduc ib le  l i nea r  A  _  f  _g roups .

C lea r l y /  i f  suc l - r  a  g roup  c  i s  sp l i t ab le  then  t r . deg .  F ( "  ) , 2  F<* -

The converse fai fs as shown by i_he example of  the A _subgroup of

G L 1  l U  )  d e f  i n e c l  b y  t h e  e q u a t i o n  y ' , y - ( y ' ) 2 = 0  ( c f  .  ( 2 . 2 )  b e l o w ) .  O u r

a im in  th i s  paper  i s  t o  exh ib i t  a  l - a rge  c lass  o f  G ,s  fo r  wh ich  the

conve rse  ho lds .

Recar-r that for: a r-inear ; l  - $"-group, cscl,n (?1 ) trre set of alr-
A-closed normar i r reducible solvabfe sugroups of G has a unique ma-

x ima l  e lemen t  wh ich  obv ious l y  i s  A  - , f - c tosed  and  w i r ]  be  ca r fed  the

rad i ca l  o f  c .  Moreove r  a  l i nea r  h  -  y_Sroup  c€  GLneJ  )  i s  ca f ]ed  un i_
l- '1

potent (cf .  [C1l ) i f  j_t con.sists of unipotent matrices. Now we can

sra te  our



MAIN THEOREM. Let G be an i r reducible l inear f ,  _ * f_group with

t r . deg .  F&2  / g<@.  r f  t he  r ad i ca l  o f

able over some picard-Vessiot  extension

The "extreme" case when G is

G is unipotent then c is spl i t-

o x  t .

.  semisim-

due  to  P .  Cass idy  [ " r ] ,  . . ;  however  we  won , t  use

here her resul ts and devefop instead a qui te di f ferent method based

on the interplay between di f ferent ia l  a]gebra and the Hopf-algebra

^ 
machinery in [H].  o"r  method has an interest 1n i tserf  s ince i t  re-

lates spl i tabi l i ty wi th representat ion theory of  Lie aLsebras and

with representat ive funct ions. consequent ly we wirr_ borrow our telr-

minology of aff ine algebraic aroups from [r i ] .  (rather rhan from fnrl f  .

so  / te l  ,  /&)  denote  the  L ie  a lgebra  asso i ia ted  to  an  asso-

cj.at ive algebra A and to an aff ine algebraic gro,_,p I respectively.

Q t4 l  * t f i  denote  the  a f f ine  Hopf  a rgebra  assoc ia te  a  to  g .  Moreover

I (n) 
" lrr  

d.enote the aff ine argebraic group associated to an aff ine

Hopf algebra Hr the r-etter { win never be used to denote a I -r iela

( l i ke  in  
[c l ] ,  f r< rJ f .  ro  avo id  confus ion  w i rh  our  un iversa t  1$- r ie ta

l { ,  we denote by U(L) (rather than ?{(L) as in 
f i i ]  )  the universal en-

veloping algebra of the Lie algebra L.. Final l-y note that by a { _f, ie

.f l -algebra we understand a l ,-algebra over f  which is a Lie aLqebra;

urre ,-. ,rrus1.,u tn In.,J and is dif  ferent from that of d _ fr_r, ie

1. FINITE GENERATION

The f i rst  step in our approach is the fol lowing

( ' l  . 1 )  THEOREM.  Le t  G  be  an  i r reduc ibLe  } i nea r  [ -  S -g roup  w i th

a l seb ra  i "  f c J [ x ^ ] ..  
L  l J L  Z )
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t r .deg.  71c) t  F. -* .  rhen the [ -coord inate arse l ra  Ffc ]  is  f in i -

t e l y  genera ted  as  a  (non -d i f f e ren t i a l )  A  -a lgeb ra .

The above theorem al lows us to consider the af f ine algebraic
^ t
fr-group 7t Ylcl ), where F/e I i" viewed wlth the natural Hopf

S,-algebra structure induced from that 
"r frfcl '  ( l ,  l l  

" i" 
the given

enbedding ccGLn(?{) ;  s imi lar i ly  we get  an af f ine a lgebra ic  l , l .  -group

S ti/ ' lc\1. Note that G can be naLurarly seen as a subgroup 
"t 4 t?.t icl l

v ia  the  i dcn t i  f i ca t i ons  :

"="o*A-urn 
tt '4lc l ,?1, I

! t U I clt=no*.rs (lt ! c l, ?l )

For  the  p roo f  o f  (1 .1 )  we  need  the  fo l l ow ing  l emma ( i n  wh ich  Q(R)

means  the  quo t i en t  f i eLd  o f  t he  i n teg ra l  doma in  R) :

(1 .2 )  LEMMA,  L . t  #1 .6  be  a  [  - f in i te ly  genera ted  ex tens ion  o f

[ - g - a t g e b r a s .  A s s u m e  S t .  . n  i n t e g r a ] -  d o m a i n  a n d  t r . d e g .  O ( S ) / O ( v t l  )

40a Then there  ex is ts  a  non-zero  e lement  s4$ such tha t  $ [ f  U" ]

i c  f i n i # a l r r  a o n a r r + 6 r  - - - ^ - -  d  - -  -  , - ^ -
, * . - - - * - -d  ove r  f l  as  a  (  non -d i  f f e ren t i a l  )  a fgeb ra .

Proof.  Proceeding by induct ion on the number of  f i -generators

of  Gorr . r6{  
" .  

* ry  assume that  E=r4{o1 Let@ denote as usuat  the

f ree corunutat ive monoid bu i l t  on A rc  A = t ; t . . .  J l *  
" "u

^ ( l -  ^0\ - t  U m

1 . =  
d t  . . ' d *  w e  v r r a t e 0 < 1  i r  a n d  o n l y  i f  ( Z o ( r , d 1  , . . . , d . )  {

.  ,zP,  ,Pt , . .  .
ei ther  0  <7ot

m )

1 '
0t

, ( l

e=
i n  f h e  I  = y i  r : o o r a n h i  c  o r d e r .  W e  w r i t e

Final ly  we wr i re  057 i t  dr6[3,  tor

0s7  i r

For any 0e @ p"t
r ? i

= .4  LqA ; !<01and  cons t r uc t  i nduc t i ve l y  (w i t h

respec t  to  (  )  subsets  20  " t@ 
in  t r r .  fo f low ing  way:  fo=B and i f



t ' " the  succeso r  o f  I

zt=l f,'r,,'r'^

put

- r0
n2b is  a lgebra ic  over  M

i f  
1f 

is trans cend entd over

eut  |  =VZ ' ,  A=@rEand le rA* i - r ,  b "  rhe  se t  o r

I  w i u h  r e s p e c t  t o  t h e  o r d e r  " € " .  C l e a r l y  A * i '  i s  a  f i n i t e  s e t

10 . , , . . .  ,  , r l .De f  i ne  *=v4 [g  a , l eZ l ;  i t  i s  a  po tynomia t  a l seb r :a  ove r

uA t l" f ini tely many variables) ,  which is not a 2! -subalgebra of @ "

Now fo r  any  i€1 f  , . , . , t1  le t  F .  be  a  non-zero  po lynomia l -  o f  m in imr - 'Lm
^ 0 , , .  t

degree i "  S" l f t ]  sucrL  tha t  F .  (  9 r r l=0 .  s ince  ecu{ )  dF i , /d r l0  and so
A

s i = ( d F . / d r )  ( g i b ) € .  S "  f g r o ]  ,  s r l 0  h e n c e  s = s . ,  . . . = r € S  i s  a  n c n - z e r o

etemenr.  Now i r  is  easy ro check thar 0O 66e6erbT1,/sr l  for  at1

13i(M and 0re 0

r h i s  immed ia te l y  imp l i es  t na t  $ f r 7 " J=n  f d1b , .  - . , 0 *b ,1  / s j , .  - , 1 / sM f

and we are done.

( 1 . 3 )  P r o o f  o f  T h e o r e m  ( 1 . 1 ) .  W e  m a y  a s s r . x n e  g f  i s  u n c o u n t a b l e .

By the above Lemma, the scheme x=spec$, ( f i ,= Flcl) contains an open

set Xo of f inite type over fr. No" x is a group scheme over fr. rct

l , l . ,€  x \Xo and look  fo r  a  ne ighbourhood X1 o f  M1 o f  f in i te  type  over

F  .  
" .  

may assume Mj  i s  a  max imal  idea f .  s ince  f r i s  a lgebra ica l l y

closed, uncountable and f i , /*,  t"P.ountably generated f -vector soace,

a well  known argument shows that 6,/141 3rts, h.rr." Mr =ker 9,|  for some

f f -po in t  o f  x t  9 ,6  x  ( f  )  .  Now take any So€ x  (F )

6 Xo and conclude by l -et t ing X.,  be the inage of

f rom the r isht  wi th  s f ;1  e  x  (F )  .

60

minimal-  elements of

^ . . ^ L  r L ^ r  1 ,  - l - ^ -  ^such tnat Mo=Ke-r go €

V  \ / i r  + r ^ h c l ^ f  i . \ n



\afe
(1 .4 )  Note  tha t  i f  

"evg iven 
a  {  - f - i somorph isn t  G_bG,  be tween

l inear  S  - f -g roups  w i th  t r .deg.  K1C)  t f<*  we ge t  an  induced b i ra_

t ionaf  map f rom 4tFdc l l  t "  9$!" ,E)  which asrees wi rh  mufr ip l ica-
l - ion maps whenever operat ions

l' -r
m o r p h i s m  ( c f  .  I L J  p .  5 ] .  T h i s

hold apriori  for 4:. f-ntorro=

2.  SPLITTTNG

In this sect ion we prove our Main Theorem.

A  a  -  J  - vec to r  space  V  i s  sa id  to  sp l i t  ove r  an  ex tens ion
. ' e T ; r r r , o . t } e '\ J !  J  _L r  v  12 t  J -  1  POSSeSSeS an Fr-Oasis (ed ) with f,"* =O for at1

_  a ' treca r r rng  t rom LBJ  p .  79  a  bas i c  f ac t  on  sp l i t t i ng

spaces fcf .  [ r ]  for  a general- isat ion to Hopf algebra

general  than der ivat ions) .

(2.1) LE:,MA - Any f ini te dimensionar a - f f-vector space spfi ts

over  some P icard-Vess io t  ex tens ion  o :  f r .

For the sake of completness we give the argument. I f  V is a

A - f r - v . c t o r  s p a c e  w i t h  b a s i s  
" 1  , . . . r e r r  w r i t e  { " r = U . 1 r " r .

L e t  a k = ( . I . . )  r u  v i e w e d  a s  a n  e L e m c - ,  0  , r r - '__ 
_ 

_ , * i j ,  "= v_Lcwe(r  d.5 dI r  e l .emenr-  ot  
3 , { ,  N 

( t  )  .  commutat iv i ty
t ^  , ' r  v  ?  ^  F L  ^ ao f  t he  d * ' s  imp l i es  tha r  bnao-  JO.P* [hK , "OJ=O fo r  a ] .1  p  and  k .

By  Ko lch in rs  su r jec t i v i t y  o f  t he  l oga r i t hm ic  de r i va t i ve  ( c f  .  i t s
F q

f o r m  i n  L " r J  p .  5 l ,  c o r o r l a r y  { 2 . 9 ) )  t h e r e  i s  a  p i c a r d - v e s s i o !  e x t e n -

s i o n  T , / 7  
" " a  

a m a t r i x s = ( g i j ) € c L N ( f r ,  )  s u c h t r r a e  
{ O = u k S r o ,

make  sense .  Such  a  map  mus t  be  an  i so_

is a remarkable property which does not

o f  " i n f i n i t e  t ranscendence  deg ree , , .

r- 1

fe A . st.tt

[- fr-vector

act ions more

a 1 f  k .  N o \ d  t h e  e l e m e n t s  f 1 , . . .  r f *  o f  V O  F t  d e f i n e d  b y  e i =  Z S i i F i
- .7*

c rea r l y  t o rm an  f , 1  -bas i s

n
) o f . = O  f o r  a t l -  k  a n d  j .

r r J

o f .  t he  l a t t e r  space  and  we  eas iLv  check



The nex t  lemma t rans la tes  sp l i tab i l l t y  in  te rms o f  loca l l y

f in i tness ;  reca l l  tha t  a  4  - . f r - r r " " to r  space V is  ca tLed loca l l y

f in i te  i f  i t  a  un ion  o f  d  -  f r -vec tor  spaces  o f  f in i te  d imens j_on.

i

(2 .2 )  LE I \ , IMA.  Le t  c  be  a  connec ted

t r -deg.  T&)  1g: r* .  Then rhe fo t towing

U  G  r S  S p . t a t . a . b l e .

I inear A - f l -group wj-th

are equivafent:

2 )  G is  sp l i tab le  over  some p icard-Vess io t  ex tens lon  o f  f .

3 )  The [ -coord ina te  a fge t ra  f f / c ]  i s  loca l l y  f in i te  as  a

! ,  -  f -vec tor  space.

P r o o f .  2 )  s > 1 )  i s  t r i v i a l .

1 ) :>3)  Assume c  i s  a  -  f f r - i somorph ic  (  . f i  a lgebra icar ry  c rosed)

with a spl i t  S-f i-g.o'rp r16GL6 (?1 ).  tn order ro prove that f i /e !  ts

loca11y f in i te  as  a  A-  f f -vec tor  space i t  i s  su f f i c ien t  to  check  tha t

f , ,  { " }  i s  l -oca t ly  f in i te  as  a  A-  f .  - . r " . .o ,  space.  By  ( t .4 )  we have

f r {c lo  X . ,  lu l  so  i t  i s  su f f i c lenr  ro  check  t r ra t  f iu }  i s  loca l fy

f in i te  as  a  A  -  f r -vec tor  space.  Wr i te  H=Hx7,1  c I ,m(X) ,  hence $Uk =

=Tlv \  tLSv,ga)  =  T tv | t  (sn  )  where  y=(y i j )  and s*  e f tvJ ;  now conc lude

.by noting that the f - l i t r". ,  subspaces ot g{y|/  (9O, ) generated by

monomiafs in y of bounded degree are d - fr-rre"tor subspaces.

31 421 There exists a f ini te dimensionar $ - fr-vector subspace

v  o f  f r l c I  genera t inS F lc \  as  an  f , -a tgebra .  By  Lenma (2 .1 )  v  sp t i t s

over some Picard-Vessiot extension T. 
"t  

7. I t  fo]Iows that the

wirore or  FfcI  spl i ts  ot . r  F. ,  .  so upon lerr ing f r=f , fc !  we r , " l r "

@ RU", F1 *nuro the uppe-r A means , ' taking constants". cl-eart-y
- 9

&,o t" a f ,-suuargebra or f t .  sir ,"" t f i ,ey.4, f  = RAa*&,A, .n"
comutt ipt icar ion map R*& *Fr@ takes G.a into @& *g &O "o 6,4
becomes a f in i te ly generated Hopf (-algebra- Take any embedding



4 t f l L l c . c rn (4 )  and  re r  H*  be  the  { - c tosu re  o r  €@vAl  i n  cL . (& )

show that the

not sp ] i  t  abl-e .

$.o f or..'a_l l..D? 0.

and H=H*z.r cl ,n (tr) .  Then i t  is tr ivial to check that G is d * f .  - iso-

morph ic  w i th  H .  Th j - s  c losed  the  p roo f  o f  t he  femma.

Le t ' s  app ly  the  imp l i ca t i on  1 )  s )3 )  above  to

[ - s u b g r o u p  c  o f  c L 1  ( & d )  A e r i n e d  b y  y " y - { y ' ) 2 = 0  i s

rndeed F{ "1= T fv ,1  /v ,v ' ]  eu t  t=v ' /v t  rhen f , ' .= -0
l - r 1 \

y \ r r r  '  '=  
f "V '  wh ich  shows t i ra t  f je  !  i s  no t  loca t l_y  f in i te  as  a

A - . I-vector space.

( 2 . 3 )  L e t  V ,  W  b e  [  
-  

f , - v e c t o r  s p a c e s .  R e c a ] - l  t h a t  V @ W  a n d
F

Hom*  (V rW)  have  na tu ra l  s t ruc tu res  o f  A  -  f i - vec to r  spaces  11 j r ran  h '*  , r a l  s t ruc tu res  o f  A  -  f f - vec to r  spaces  g - . - - .  * t

e.  .  ( '  C n r t  n
J ( x  a  y )  = 1 d  x )  c l  y + x 6 '  ( d y )  a n d  ( )  r )  ( x ) =  d ' ( r ( " 1 ) - f  ( J ' x )  f o r

x4.V,  y€ W, f  €  Horn o (V,W) ,  te  A t  in  par t icu lar  the f lnear  dual

, r o - . t ^ -  / r r  a , \  . : ^  -  ;  *v  =no r r?  t v ,d  ,  r s  a  A  - t  - vec to r  space .  No te  tha t  i f  V  and  W a re

1 ^ ^ 5 1 I U  f i h i r - ^  ^ ^  i ^--  , -  V @ I{ ;  but Hom,._ (Vrt^t)  and Vo need not be
F f , -

l oca l l y  f i n i t e .

Now start with a f ini te dimensionaf $,-f , le fr-al_gebra t.  Then

the universal enveloping algebra U(L) inherlts from the tensor al-

gebra  @ (L)  a  s t ruc tu re  o f  A  -  f l -a lgebra .  So the  dua l  U(L)o

h a . r r m a c  ^  A  - T - , , ^ ^ +l u v v r ( s r  q  1 ^ r  . , 7  v e u u o r  s p a c e  w h i c h  i s  e a s i l y  s e e n  t o  U e  a  A - . f . -

-a lgeb ra  w i th  respec t  t o  convo lu t i on .  I ns lde  U(1 , )o  l i es  the  con t i -

n u o u s  d u a l  U ( L )  '  f c f .  [ H ]  p . 2 2 8 \ ;  r e c a l t  r h a t  U ( L )  ' i s  d e f i n e d  a s

the  space  o f  f unc t i ona fs  whose  ke rne f  con ta ins  some two-s ided  i dea f

o f  f i n i t e  cod imens ion  and  tha t  U (L )  '  i s  a  suba lgeb ra  o f  U (1 , )o .  One

c h e c k s  t h a t  U ( L )  '  i s  p r e s e r v e d  b y  A ,  L f  f  €  U ( L ) ' v a n i s h e s  o n  a n
, C )

idea l  J  t hen  d  f  mus t  van i sh  on  J " .  Bu t  even  U(L ) '  need  no t  be

loca l l y  f i n i t e  (e .9 .  t ake  L  to  be  abe l i an  o f  d imens ion  2 t  21  .
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Next asslme the radical Lr of L is nl lpotent and denote i t  by

R.  Then in  U(L) '  l i es  the  a lgebra  &t " l  " f  
R-n i lpo ten t  representa t ive

functionsrwhich by definit ion is the space of al l"  functionals in

U ( L ) '  v a n i s h i n g  o n  s o n e  p o w e r  o f  R ' U ( R )  t c f  .  f u l  p - 2 5 8 ) .  W e  c l a i n

trrat $(L) is preserved by A '  rndeed this fol lows from:

t 1  , r  LEMt r lA .  I f  L  i s  a  { -1 ie  f  - a lgeb ra  (o f  f i n i t e  d imens ion )  ,'  \ 2 . + t

i t s  rad i ca l  R  i s  a  A - idea l '

P roo f .  By  (2 .1  )  L  sp l i t s  ove r  some P ica rd -Vess io t  ex tens ron

f., "o 
L €l ts fLo @(11 where Lo= (L 6O f, ' ' l  Let Ro be the

rad ica l -  o f  Lo i  Then b ;hh  ^o*Vf r1  ana * * f4  co inc ide  w i th  the

radicar of L @* F1 . uot n= (n @t F1 )n i '= (no @€ f ' ,  )n L, and the

Iat ter space clear ly is preserved by A '

(2 .5 )  PRoPosrTIoN-  r f  L  i s  a  A  - r ' ie  f  -a lgebra  (o f  f in i te

d imens ion )  wbose  rad i ca l  i s  n i l po ten t ,  S (L )  i s  l oca l l y  f i n l t e  as

a A-  f i -vector  space.

Proof.  First  we claim that one can assume L spl i ts over f  '

"  
Tndeed  by  (2 .1 )  L  sp l i t s  ove r  some F . ;  suppose  we  know tha t

/r  ' - ' !  '  v.  where the v-,  's  are f  in i te dimensional-
C O ( L  @  t  1 ) = t t  € {  - .

'  
A  -  F , - v e c t o r  s u b s p a c e s  o f  u ( L ' @ F , , ) o '  r h t t t  E t U = r * ' ( V o ( ^ B l l l t ;

bu t  one  checks  tha t  d im-  ( v ,  nE  (L )  )g  d im* ' " v t  and  ou r  c la im  i s

7  c ( ' -  -  r - 1

proved .  
A

so assume L=L^ 6D T ,  Ln=La :  Let Lo=Ronso where Ro is the
e 6 4t -aIgebta;

radical  of  Lo and So is a complernentary semisimpl-e Lie t
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then R=Ro &, T is the radical of L and S--S^ @,F is a complemen-" \ t

f  A  r \ r nLyis  ! t \ -  ; i  -a lgebra,  both R and S beingi  d  -  f *vector :  sub-  
.

spaces  o f  L .  Reca l l -  by  fu ]  nn .  256-259 tha t  Lhe muJ- t ip l i ca t ion  rnap
D ( ]

t u :  ( u ( L )  ' ) " @ " ( u ( L ) ' ) * ) u { L )  '  i - s  a n  i s o m o r p h i s m  o f  f  - a l g e b r a s  w h e r e

(U(L ) ' )R  i "  t h .  R -ann ih i l - a ted  suba lgeb ra  o f  U (L )  ,  w i th  respec t  t o

t h e  l - e f t  L - m o d u l e  s t r u c t u r e  o f  U ( L ) '  d e f i n e d  b y  ( x . f )  ( u ) = f  ( u x )
, c

( x € L ,  f € U ( L ) , ,  u € U ( L ) )  a n d  ' ( U ( L )  ' )  i s  t h e  S - a n n i h i l a t e d  s u b a ] q e :

b ra  o f  U (L ) r  w i th  respec t  t o  t he  r i gh t  L -modu le  s t ruc tu re  o f  U (L ) '

d e f i n e d  b y  ( f  ' x )  ( u ) = f  ( x u )  ( x 6  L ,  f  6  u ( L )  ' i  u € u ( L )  ) .  u o r e o v e r  t h e

fol lowing propert ies hold:

1)  The isomorph ism p  induces  an  f  -a lgebra  isomorph ism
P C ^

r j :  (u  (1 , )  '  )  ̂  
@ 

' (  
S (L)  ) . . ' r  G ( r , )  ,

2 ' ,  (U (L ) ' )K  co inc ides  w i th  the  image  o f  t he  na tu ra l -  i n i ec t i on

o d  : U ( S )  r - > U ( L ) r  a n d

3 )  T h e  r e s t r i c t i o n  m a p  U ( L )  ' - >  U ( R ) '  j - n d u c e s  a n  i s o m o r p h i s m

p  , s  tB (L ) ) - '  6 (a )  ,  r t . r .  63 (n )  i "  r he  a l geb ra  o f  R -n i t po ren r  r e -

presen ta t i ve  func t . i ons  on  U(R)  "

S i n c e  S  i s  a  A - s u b a l g e b r a  o f  L  i t  f o l - f o w s  t h a t  r ( U ( L ) ' )  i s

a  [  - f r - vec to r  subspace  o f  U (L ) '  so  one  sees  tha t  t he  map  p  i s  a

A -*.p,  .hence so is [ .  s ince o{ and B above are obviously [  -maps

i t  fo l- Iows that the induced isomorphism of f f -algebras @ {r ,)  f

9  U ( S ) ' G ) E ( R )  i s  a  { - r n a p .  S o  i t  i s  s u f f i c i e n t  t o  c h e c k  t h a t  e a c h

o f  U  (S  )  '  and  (U i (R)  a re  l oca I l y  f  i n i t e  as  [  - f  - vec to r  spaces .  Now

€(n )= . rVn  where  Vn  i s  t he  subspace  o f  a l l -  f unc t i ona ls  on  U(R)

v a n i s h i n g  o n  ( R . U ( n )  ) n ;  c L e a r l y  V -  a r e  f i n i t e  d i m e n s i o n a l  4  -  f -

- v e c t o r  s u b s p a c e s  o f  B ( R ) .  T o  c h e c k  t h e  a s s e r t i o n  f o r  U ( S ) ' w e

prove the fo l  lowing (apr ior i )  more general . :
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(2 .6 )  LEMMAi  Le t  S  be  [ - r , i e

Assume that for any S-modufe V of

T h e n  U ( S ) '  i s  l o c a l - I y  f i n i t e  a s  a

F  -a lge l : ra  (o f  f i n i t e  d imens ion )  .

f i n i t e  d imens  i -on  we  
1

h a v e  E x t s  ( v r \ ' ) = 0 .
, t\.

A - J  - v e c t o r  s p a c e .

Proof.  We have U(S) '=r, , ,y"  where J runs through the set E of

al- l  two-sided ideals of  f in i te codimens:.  
(  ' r

L o n  a n d  V t = [ f g U ( S ) , ;  f ( J ) = 0  ] .
we shal f  be done i f  we show that the v",s are pres-erved by .a-;  nor . . . - - , -  

_
th i s  i t  . i s  su f f i c i en t  t o  check  tha t  any  i dea l  J€  Z  i .  .  [  - i aea t .

Le t  JCZ  ,  pu t  N=d im"  U(S) / J ,  l e t  V=  f rN  v iewed  w i th  i r s  na_

tural  structure of  [  -  s-vector space and f ix an f f - ] - inear isomor-

ph i sm vg  u (s ) / J .  Moreove r  cons ide r  t he  a r .geb ra  map  v  :u  (g ) - - , p  End(v )

wh ich  takes  any  u (U(S)  i n to  the  endomorph ism o f  V  co r respond ing  to

the  mu l t i p l l ca t i on  f rom the  l e f t  by  u  i n  U (S \ / J i  c tea r t y  ke r  f  = ; r "

Now Y  res t r i c ted  to  S  y ie lds  a  rep resen ta t i on  
;  

zS  -_ t2 ! ,  ( v ) .  S ince

Homg(s ,  
{ t v l )  

i s  a  A  - , f  - vec to r  space  \ ^ /e  may  cons ide r  f o r  any

fe  A  t f r "  l i near  * "n  . f ;e  HomE (s  ,  g !  t v l  ) .  ru  ts  easy  ro  check  rha t

Jg  are  in  fac t  cocyc les  fo r  $  in  
2 ! {v )  

*nur "  
{  t v l  i .  v iewed as

an S-moduLe via the representation s -f- t  ad

.t 1 ,  
representatlon S *?f(V )--_:) 

Ag 
( 

tS 
(v)).  Since

E x t r ( V , V ) = H ' ( S , , { t V l l  i s  a s s u m e d  t o  v a n i s h ,  f 1 "  m u s t  b e  c o b o u n d a r i e s

s o  t h e r e  e x i s t  h . ' , . . . , h m  e  
{  

t v l  s u c h  t h a t .  f o r  a n y  x 6  S :

f  t y , " ,  t -  f  
( t  , * t =  f J  1 x ) , h i J

For ecah index i  consider the

ad e f i n e d  b y  D . ,  ( u )  =  a i  (  Y  ( u )  ) -  f

One checks that both D1 and D2

the  fo rmu la :

D ( u v  ) = P ( u )  Y  ( v ) +  
Y  ( u ) D ( v  ) ,

3 -  r  i  - ^ . .  m r h c  n  nJ -

(  d  
i u )  a n d  D ,  ( u )  =  f  ( u )  h i - h i y  ( u )  .

a re  ?  -de r i va t i ons  i . e .  sa t i s f y

u , v  6  U ( S )
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w h e r e  D = D l  r D . ,  S i n c e  f l  : n . t  n  r d r ^ a  ^ h  c  I , h 6 \ r  - 1 r  o f  u ( s )  .
| 2 " 1 * . " - 9 ! 1 u ] g Y l v v

o
b u t  t h i s  s h o \ r s  t h a t -  i f  Y ( u ) = 0  f o r  s o m e  u € U ( S )  t h e n  f  ( d r u ) = 9 ,  S i n c e

th i s  ho l ,ds  fo r  a I ]  i nd i ces  i ,  ke r {  i s  a  7 [  - i dea l  and  we  a re  done .

( 2 . 7 )  N e x t  w e  r e l - a t e  g r o u p s  a n d  L i e  a l g e b r a s .  S t a r t  w i h h  a n

' i  r r a r r r r r - i  h r  a  I  i . ^ ^ .  n  4 '  4  = & r t  T ) c l tL - l  - J  - g . r o u p  G  a n o  . L e t  J  -  : l  \  i i l b J r ,  s o

^ ptg l  = ,FJ e] .  Let 's  put  a  s t ructure of  A -L ie  f r  -a lsebra 
" "  

o(  t€ l

as fo ] lows.  F i rs t  cons ider  t f r .  A  - f f - r r " " to t  space s t ruc tu re  on
- \ " a ^ l t

8 t 9 1 " ,  n e x h  c h e c k  t h a t  w i t h  r e s p e c t  t o  c o n v o L u t i o n  f r ( 9 ) o  b e . o m . =

a  $  -  f f - a l g e b r a ,  h e n c e  
" ( t F t 6 ) o )  

b " . o * e s  -  A - L i .  f  - a l g e b r a .

F lna l - l y  check  tha t  f  t6 l  (wh ich  is  de f ined as  a  L ie  suba] -qebra  o f

/ t F  t  $ l o )  " t .  [ n ]  p . 3 6 )  i s  p r e s e r v e d  r v  A .  F r o m  t h i s  c o n s t r u c -

t ion  we see tha t  the  na tura l ty  induccd enbedd ing  u-  r  F (9  )  - , * * ,  I  '
I

- , , r f r 4 r l F " 1  -  2 3 0  i s  a  $ - a l g e b r a  m a p ._ , v \ o ( v \ J / / | I ] J Y . L J w q I Y L g r g I I ' u } / .

(2. B) LE:, lJ, lA. Let 4 ,  Ou bhe radical of $ and. cr be the

rad ica l  o f  G.  Then 3

1 l  T h o  d c f  i n i n o  i d c a l  o f  4  ; n  ( ?  t  € t  i o  , a  ' r 1  - i d e ^ l  -
n ' r  - ^ '  I ! ' ,  \  J  /  + v  g  

G \

2 t  4 W l c , \ t =  4 t w l c \ t , .
3)  G ,  i s  un ipo ten t  i f  anc l  on l y  i f  9 r  t "  un ipo ten t .

Proof .  1 )  Consider the embeddings ea and eo- .  ( tg, l  - ,
a Y _

->  u ( t ( 4 r l l ' a s  i nc l - us i ons .  Then  t he  de f i n i ng  i d l a l  o f  $ ,  i n

G t g l  i s  p r e c i s e l y  t h e  i n t e r s e c t i o n  ( t a k e n  i n  u ( / t 4 l l ' l  o t  f  t $ l

wi th  the  ke rne l  o f  t he  map

, i l r '  : u ( /  { (  ) )  '  - > ' u ( 4  &  - ) )  ' = u  ( *  ( q  )  ) '

B u r  s i n c e  b y  ( 2 . 4 ,  / .  l q  ) ,  i s  a  f i - i a e a t  i n  l ( 4 l , l y  i s  a  1 $  - m a p

and  we  a re  done .
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2) We have group inclusions

cr"  q  (a  ic r i  )

c  e ,  € r a { c l r

From the  fac t  rhar  G,  ( respec t ive ly  G)  i s  Zar isk i -dense in  4  t? t$c , l l

( respec t ive ly  : "n  Qt?e lc  l  )  ) ,  i t  fo l lows immedia te fy  tha t  $  (? t i c . l )

i s  an  i r reduc ib le  no rma l  so l vab le  s , r l - ro rqpp  
" t  <  l k { c l t  

- h ; t
ce  i t  i s

a r
conta j -ned i "  3  Cra" lc ] ) r .  on the orher  hand,  by asser t ion 1)  the

A - p - g r o u p  
" ' = ( g ( V i  

c f l r . l c  i s  i r r e d u c i b f e  a n d  d e n s e  i n  g A l c l l r .

CIear . I y  Gr  i s  no rma l  i n  G  and  so l vab ]e  so  G 'c  c  .  Tak ing  Za r i sk i  i

closure we set  4 ru l  c \ l  , .  Qt2A.!"r !  I  ' r 'a  we are done.

3) I f  cr is unipoten t,  ' lAle! is tocatty unipotent as a cr-mo-
r-_1d u r e  
f r r J  

p .  O s  s o  i t  w i l l  a l s o  b e  s o  a s  a  6  r u l c ! 1 . - m o d u t e  b y

a s s e r t i o n  2 ) .  s o  3  | | 1 l " !  ) ,  t u n a  h e n c e  a t s o  4 , l  , ,  u l i p o t u n t .  r t .

converse  is  obv ious .

(2 .9 )  We a re  i n  a  pos i t i on  to  conc fude  the  p r :oo f  o f  t he  t {a in
r1

Theorcm.  Indeed i f  G,  i s  un ipo ten t ,  by  Lemma (2 .8 )  above $  has  a

u n i p o t e n L  r a d i c a t - .  u y  f H l  p . 2 6 0  h h e  i m a g e  o f  f t { t  " i "  
r h e  m a p

^ ,
. ,  G  t 9  ) - ' r  u t l  ( {  ) )  '  i =  con ta i ned  i n  S  t {  ( €  ) )  .  s t , l " e  by  p ropos i -

^  d  t a
t i o n  ( 2 . 5 ) ,  $ ( A ( Y )  )  i s  f o c a l l y  f i n i t e  a s  a  [  - f r - v e c t o r  s p d c e  s o

a \ , o  ,
w j - l l  b e  ( Y ( ! )  a n d  w e  m a y  c o n c f u d e  b y  L e m m a  ( 2 . 2 ) .

3. FTNAL RE}IARK

. ,  f n  p rov ing  ou r  Lemma (1 .2 )  we  i n  fac t  p roved

the  fo l l ow ing  use fu l  "dJv i sage"  p rope r t y :  f e t  { c  @ f .  . r ,  cx t -ens ion

o f  i n teg ra l  [  - q -a tgeb ras  such  tha t  B  t "  A  -genera ted  o t . r  g {  by  one

e lemen t ;  i - hen  the re  ex i s t s  a  non -ze ro  e femenb .  seS  and  a  (non -d i f -

A
fe renL ia l - )  sub  r$ -a lgebra  R o f  E f  tZ" l  such tha t  R - i s  a  po lynomia l



rA  -a rge l ra  ( in  poss ib ly  in f in i te ly  many var iab les)  and f f i l t  / " ]  i s

f i n i t e l y  genera ted  as  a  (non -d i f f e ren t i a f )  R -a lgeb ra "  Here  i s  an

,('t /a r-. 'l

app l i ca t j  o r l  .  Le t  t e  t J  ,  t lO ;  s incc  t : 5 l t  / s t  j  j - s  f i n i t e l v  qenera led

a s a n R - a l g e b r a , L h e l e i s a n o n - z e r o e l e m e n t F 6 R s u c h t h a t a n y p r l n e

in R nor conraining F is the trace ol . r  R of some pr ime in 65[1 Za1

V iew ing  F  as  a  po l ynomia l  w i th  coe f f i c i en ts  i n  f {  and  p i ck ing  any
A

non-zero coetf ic ient f  of  i t  we get that any pr ime P in y ' {  not cou-

  /-l

t a in ins  f  i s  hhe  L race  on  tA  o f  some p r ime  Q in  $J  no t  con ta in ing  t  l

i . e .  t he  r i ng  e f1  l t l  @da ( , 4 /P )  i s  non -ze ro '  Bu t  i f  P  i s  a  [ - i aea l

t h e l a L t e r r i n q i s a A - o _ a l g e b r a h e n c e p o s s e s s e s a t l e a s t o n e

prime { - idea}.  Consequent ly Q above can be chdsen to be a A - ideal  '

Using an obvious induct ion we get a qui te elementary and short  proof

o f  Se idenberg ' s  t heo rem on  "ex tend ing  d i f f e ren t i a l  spec ia l i sa t i ons "

( c f  .  F . ' l  n .  1 4 0  f o r  a n  a r b i t r a r y  c h a r a c L e r i s  E i c  a e n e r a L i s a L i o n )

- -  say ing  l r  rAcS  i s  a  A  - t i n i t u t y  genera ted  ex tens ion  o f  i n teq i ra l

A  -Q-a tgeb ras  . t hen  fo r  any  non -ze ro  t€@ the re  ex i s t s  a  non -ze ro

.  f . e$  =o" f t  t ha t  any  p r ime  [  
- i dea l  i n  6 {  no t  con ta in ing  f  i s  t he

trace in g{ of  some pr ime [  
- ideal  in Q not containing t '  Now exact]y

as in ["r l  
th is impl ies a "di f ferent la l  Chevalby cons truct ib i l  i ty

theo rem" .
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TIIE 1iU?O III O;iP IJISiI CROUP OF A IiOI,l-LINtrhi? ziLGEERAIC GROUP

A.  RUIU I \ l
Department of  Xlathetnat ics,  I i , iCl iEST, Bd. pic i i  ZZ0, ?9622 Bucharest,  Rorr)ania

'  The aim of th is papel is to prove'  the fol lowing:

Theorem. Let G be an algebraie group (non necessary l inear) over a f ie ld k of
character ist ic zelo.  Then:

1) Aut C is a local ly algebraic group,

2 )  Au to  G  i s  I i nea r ,

3) I f  L is the largcst connected l inear subgroup

l<ernel  of  thc hont o l ) tof  pi t ism Aut G -- f  Aut Lx Aut A is an

Note that asse' t io '  1) above answefs a quest ion of  Rorel  end Serre in [BS] p.

152'  iuoreover 3) shons in part icular that i f  Aut L and Aut 1r are a).gebraic groups, so is
A u t  G .

]n [BS] t ] re above theorem is proved undcr the assunipt ion that G is i inear.  our
terminology and background are ' {"hose of IBS];  in part icular al l  local ]y algebraic

schemes are assumed to be geornetr ical ly reduced Bnd the asscrt ion t 'Aut G is a ( Iocal ly)

algebt 'a ic group" nretrns that the corresponci ing functor cef incci  on the categorv of

iocal ly aJgcbraic schenres is represcntable by a ( local iy)  algebraic group. As explained in

[BS] i t  is  not reasonable to lool< for r  eplesen tabi l i  ty in the category of  non-reduced

sclremes. I ior  should one exDect that for non- l inear G, Aut G is an ext.ension of  an

ar i thnret ic group by an al3;cbraic gr.oup.

The main ingL'edient i r1 the pfoof of  the above theorem wi l l  be our construct ion

in [Bu] p.95 of  an equival iant cornplet ion G of G; t i re idea js to sho!v that,  upon choosing

d careful)y,  any autonorphism of G. lvhich can be ' tconnectecjr t  wi th the ident i tv I i f ts to

an automo|phisnr of  G-.

1 'hc  p r ' oo f  o f  t hc  t l r co l ' cm w j i l  be  dc l : c  i t r  seve ra l  s t cps .

f  1.  Assuntc f i is t  that.  k is algcbraical ly c losed i lnd Iet  Y be any local ly algebraic

scheme act ing or)  G in t i re sense of [BS],  Then Y nr i l l  a lso act on L an<J since by [BS]

of G and A = C/L then the

aJgebraic group.
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Aut L is a loccl l ) r  a).gcbrar ic group the rc is an inducc<l nrorplr isr l  y :  Y ---r  A ut  L.  Assume

that Y(Y)c A.rr to L.  I lnccr tJr is hypcthesis ol)e can pr i t  a y-act ion on cheval leyrs
eonstruct ion of  or l>i t  spaces &s fol lor ' , 's ,  Sl tul t  r rv i t l r  a f in i tc dimcni i ion ai  i<-subspace E of

' ld l l  such l .hat ( t  n M)tr l l l  = pt  (rvhe|e I \ ' t  is  ie ic ical .  in i<[L]  oI  t i re uni t  of  L) and j i  is
bcth L- invar jrrnt  (wi t i l  rc: ;pect to the act ion of  l ,  on k IL]  v ia le i t  t ranr; lat icns) and
Aut '  L -  invaL, jant (r . r , i th respect to the n.r tural  Auto L -  act ion on htI . i ) .  By f l re vuay al l
group act ions rve are going to consider in this pape| are ief t  act ions. ' lhut sucn an E
exists can be vir : ived by consicier ing the scmidircct  pioduct 1,x^Auto l ,  ( rvhere 0 is the
nn tu ra l  ac t j on  o f  Au ro  L  o r r  L )  ec t i ng  n . r t r r r . , l l y  on  L ;  t hcn -  r c  scn id i r cc t  p rodu ( : t  ebove

o d
acts rat ions] ly on kl l l ,  Novr i f  d = dinr {E nt \1),  P = p(, / fA),  po = p(A(E n jU)) €p and

\u: LxP---o I ,  is the inducecl  act ion ntap then y natural ly acts on p ancl  L (v ia Auto L)
f ix ing pn. One checks that t l t  is  Y-equivar iant.  Ne)i t  u,e put a y-act ion on our
conb- t ruc t i o j t  i n  [Bu ]  p .  f ) 6 .  Reca l l  t ha t  \ , ' l e  de f i ne r j  ac t i ons  r :  Lx (Gxp) -+Gxp ,
t ( x , ( g , p ) ) = ( g x - l , r j , ( x , p ) ) a n d 0 = G x ( C x P ) - - + 6 x P , O ( j r , ( g , p ) ) = ( h g , p ) a n d u s i n g . [ t \ I u J p .

r27 we constuctcd a project ive mo|phism vt:z-- '+ A such that, the f i rst  project ion

G x P --r  G is the pul l  back of  w via thc natural  projcct ion v :  G - ,"  A and such that the

resul t ing pfoject ion u:  GxP---r  Z is a pr incipal  buncDe for (L, t ) ,  L loreover 0 is seen to

dcscend to an act ion 0 t  Cx.Z--> Z and upon let t ing zo = u(1,po) n 'e harre that the map

0 :  G-* Z, f ik)  =E(g,zo) is sn inrmersion and that u '"Q = v (see tBu) p.96 for detai ls) .
Now r and 0 are clear ly Y*equivar iant th is ploi , ic i ing a Y-&ct ion on Z making u andE
Y-equivar iant maps. In part icular zo is f ixed by y so Q is y- inval iant so we have an
induced Y-act ion on the closur.e G of 0(G) in Z as rvel ]  as on the t tboundarvl

D = d rotcl.

6 Z. let  us pfove assert ion 1) in the thcorent (wi th k atgebraical ly c losed).  Since

rve tvant to apply the cr i ter ion in tBSl p.  140 we f i rst  construci  a certain connected

a lgeb ra i c  g roup  l l o  as  fo l l o rvs ,  Le t  1 ' c  GxGxG be  the  g raph  o f  t he  mu l t i p l i ca t i on  r rap

o f  G  and  f  t hc  c losu le  o f  f  i n  Gxdx  C .  ey  t fCa l  t he  func to f

S  F "  { a  e  A u t a ( G  x  S )  l o ( D * S )  =  D * S ,  ( o x c x  o : X i ' x S )  =  i ' * S }

is representable on the category of  local ly algebraic schemes by a local l5r algebraic

group I l ;  lve let  l lo be i ts connectecl  componeni.  There is & natur&l act ion

n :  I JoxG - r  G  t rh i ch  i s  f a i t h fu l l  and  hence  e f fec t i ve  i n  t he  sense  o l  tDS l  p .  139 .  l e t
now Y be an5r ao, ln"" tnd algebraic scheme act ing on G and yo a Y be such that the

corresponding eutomorphisrn of  G is givcn by sonte oo e I{o;  in orde| for Aut G to be

local ly algebraic ( lv i th Auto G = Ho) i t  is  suff ie ient bv [BS] p.140 to prove that for any

y e Y the corresponding Butomorphisnr of  G is given by sonre point  of  I i " .  Now both I l

, i

' j

l i

{ l
l t

l r
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and Y Bct on G l ionce on L so by r epr:escnta bi l i ty of Aut L we get morphi: jrns
B:  I l * r  hu t  L ,  y  :  Y- r  Aut  L .  S incc  y (yo)  _ -  Bkrc )  e  Auto  L  1 , ,e  gc t  tha t  y (y )  c  Aut "  L  so
ou| discussion in , i1 app], ies. In paft icular y acts on G ]ctt irg D anci I  g)obalry f i>red so
thefe is a nroi 'phisnt 6: Y*+ I-1. Since 6(yu) =cro e I lo vic get thal- 6(\a) c IJo and we
arc clorrc,

$ 3. to prouu asicrt ion t) in the theorcrn foi gencr' i  I< i t  is su{I icient by LBSJ p.
140 to prove the fol lo'vi i rg: al;sume in,!z tnat c descc*<js to r subficid ko of k such that
k is the elgeb.aic crosure of J<o; then botr) I io arrd i ts act ion on ci dcscen.r to r(o. To
prove this rve have to be nrore carcfui about our choosing r in $r. To f ind a good E note
ft:st t l rat L Cescends to l(o: L = Lo,$1.^k.Then choose a f ini te dimensiono-I subspace Eo
of ko[LuJ such that Eook contaif is a system of ge'erators of M and put

our

)s(DoG'k) cl<l l , l  ryl)ere the sunr is taken fo. a se Lx^AutoL. I t  is easy to see that
E fo'  al l  elenrerts o ol the calois group g(k/k^). coiscqucntty g(k/k^) acts on a1l

sclrcr:rcs i , ,P,po,Z,d,D,F sucl) ihat t tre rnaps V,o., g, O, q, q or 'u ei, ,Ur. j-uou,u* rnt.
rve are done bv i \ tei l  descent.

6 O, fo prove assert ion 2) in the theorenr we may assunte !(
closed, l f  e ntust shor,, , t i tat Ho is l inear. l ,et 6--,-r dbe a Flo_equivariant
then t l te rnap f, ,  d-+ A is nothing but the Albanese nap of d and is
(with fespect to the tr ivial act ion of I- l  o an A). So IJo c l<et.(Autod

neither [Li ]  nol  equivar iant resolut ion is

is aigebraical ly

lcsoiut ion of  Q

II  o -  equival iant

+ Aur.(Alb(d))) ,

i

which js l iniar by ILi]  and vre are clone.
A dif fer.eirt  argurnent for 2) using

)mpl lc r te t ) ,  con la incd  i r r  ]5  bc lou ' ,

j  5. Nott t{e prove assert ion 3) in the theorem, Let l(r  bc re l<ernel of
Aut G ---+ , ' rut L x Aut A. l \re \vi i l  construct a l incar aigt 'braie grorrp I( act irrg on G such
that the inrage of the co|responcl ing homomorphisrr I{  ---r Aut G is [ i r .

sta' t  bv considering thc normatization 6 of 6 a'cr denote by rf  :  d- '-+ a tne
m o r p l r i s m i n d u c e d f r o m r v : , * t , t h e m o l p l t i s m 6 , C - - - t d i n c t u c e d b 5 r g : G - - - - + Z r v i l l

be an open immelsion anc rt  " S= y.

ivloreorrcr tct 6 be the effcct ive reduceci I \ ic i l  diviscr on 6 l ,hcse support isn 4(;  io(c) ano let c0(nD) be rhe coherent ref lect ive sheaf oh 6 corresponcl ing to n$, n ) 0.
Notc  tha t  -F  ,=  0 .  ( l f  , r r l t  ;  . n  r  . . i n^^  ! ,  i . .  ̂ r i - ^  

" .  
. . . , r ,  -,  _  " . *_  _  

n .  , s  B  su l r s l ) t a l  o t  v *UO.  and  s incc  v  j s  a f f i ne  Fn \ ^ , i i l  gene l .& tc
rn  / ^v* L7c as cn L7A-algebra Ior n )  i r*  (Na sui tablc integcr) .  ' l ' l rcr)  the symmctr ic algcbra s

of F^ is ecluiped wit l r  a natural  sur ject ion s-+ V* (9o inclucing a closed enrbedding
G----+ X:= Specs of A-schemes. iuorcovef consicJer thc naturar open enrbedding



(

X -* X* r= Proj S[T], ]et 
'G* 

be the closure of G in X*, L* the closure of L in X,o and ,
1'  * the closLtre o1 1( = graph of thc nt r" i l t ipl icat iorr nrap) in X* x ) ix x X*. Note that the
$ 'oup Aut  ( I r ^ , )  o f  au tonro ip l r i s ins  o f  l " l re  cohc lcn t  {_moc i r r l c  

p^  has  a  na turo l
structure orl  l i : rcar alg,ebraic g! 'oup &nd i t  acts (nlgebraical lv) on x anc x*. r, lcf ine the
Iineat '  algcbraic group

1 1  = { o e  . A u t  ( I ^ )  l o : U *  =  G * ,  o l , . *  = i d , , x ,  ( g x o , x o ) t *  =  f  n }
D J J

cieerly r{ acts on G and the inrage of K--f Aut G is contained in I{r.  To prove
' that i t  actual iy cojncides r, ; i th l( '  i t  is suff icieri t  to note that sny autornorphism of G

conthinecl in I( '  intruces uy {t  an autoroorphisrn of d and trc,rcc of d which 1. jxes 6.
- 

- 
Henbe any such automofphisin induces an automorphisin of Ir* and of X* thus coming
from some elernent of I( .  Our reorem is nroved.
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