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AITFSI['l-Ei?Fit0 S g1p& oRl]ttR Riil,r.f I0$ S

by
.' 

0onstilntin P . l.licuj.e scu crud Dan

Ieciica'bed'bo Proi 'es$or t lo$u].us Cristedeu
60 "* buthday

DrJFlrrtI BY VECI0R l{Oi{ris

tudar Vu:za,

on 'bire ocsasion of l i i_g

fntrori.uetion

fhe purpose of tlds paper is 'bo extend sorue concepi;s frorc 'i:ire

U-structrrre 'b]:.eory clf Banaeh spaces to the scttiitg of Bc:recir $jlcr,ee s

enclor';ed gri'blr vec'bor norms.'rlre rcain featu-re of uris approach is lrhrit

i t  brings togetirer facts frorn appareirt ly d^ietinct theories, sr.rch aa

li - stru.ctuae theory on one side,, ."nd Bi;ne.ch Lattice thcor.Sr on tire

other .

Orl.r paper is ci ivided into 6 sections.

$$ 1*3 hilve .rn introiluctory char:;cter.The probler:i are.l in -Li:.:Ls

pairer can be vie ri,e d. ?.s a pal.'t cf the ge:reral :theory*of., A1f ser.*t!f fro s

type orrler relati.ons d.eveLoped by the first auth.or; f or this r.c:rson,

$ 2 is d.evoted to a brief, survey of sone basic facts in that t i ieo::y.

1!1 $3 we present those facts eoneerning vcc'bor nollts a-.nd theiy.

duality th.at,. i'ril-J-..be rreecled j-n bhe :lo3-1or,ring sec-bions. Since !'rc c i:1l-

not give a satlsf: lctory r.g.r.rce for the duriU.'by of vcctor ncrtr$,

,,d hor^ ih^],,^^^ 'etr the f.eaderr s convenience oaL1 ctc.i;a"i ls .bherc.
t r \

Ihe r:iain concepts i-n ihc paper are introdu_ced" in !i{."Given a Ba-

niich space E and an isonetric vector norrn 
f : ! -*-* X ,where X-is a

Banaeh Lattice n ,r'/e rnay ccirs j.der -bhe fol-l-ovring -b !'ro ord.er rels.t j"ons

of Al-fsen-flffroo type

*  g  L r f  y  i f  a : t d  on l - y  i f  f  
( f )  =  f  ( x )+cF (U -x ) ,

. x <<-. -^ '1 if amd on].y if f (r+x) <!Q)\/f(z+J.) for ever)r
t " r r y  < )

a Q . E .
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r atta. in r
Sor y * l l  l [  o tt" nortr of E ,one firr fru re].ations (.L

and <<M introduced by Alfsen ancl Sffros [.,1 ] oFor y, = | I o.bhe
norlulus of a Br:::ach latt icc Eoone fi irds t i1D..b both. (<L.ro rAA //-' Y "',,'' --M, 

f
coincj-de r,'ri.th 

% na rel-a-tion of ar"fsen-Effros type introciuccrl by
the firet au."hor in [4oJ ?

. various concepts aeeociated. n'ith the above defined. relations
such a.s c c*trar-izers, pro j ec t ions, idcal s and su"r.ms*d. s , ' .re diacussed.
throughout tire soction 4g in particuJ_ar ,the duaLity betr,,een ,r;he

centralizexs of <<, .o (respectively ((",* ) atr. i  ((r,.r,.,, (rcspectj_vely' " t ' t  
" l Y '

(1 Lrq, ) is established. ; here f, clcnotee ttrc duai vccror no', ' , . ,
o f ?

rn $$c- g ire realize the axlnorule e d unif ise.t ioa between sorre re-
sults fror,r l I-struet*re theory a'd. Bu'ach r.*.btice theory,Thusrir. ?e-
sult. of Cunn:lngharornf,fros and Roy [T] aeserts ttrat every ("
eu*mand ln a dual epaee is weakr -cl0sed. A result of r,uxemturg and
?'Eaoe".: LL4l . r[15.] assorte:.that every'bahd.in.thor.,.truar ,of. b Bahach .
latt ice ivi.th. ord.er cont j_nuous. norm is weake- .fos"d, .lcuar';ring biraL ((u - suliiriircts- enct frojec';ion 6i;;il i*c psrtr_c,..,1.r
instairees of our notioil of a:r ((r,l ._ - sumnand r it is thc plrrlose
of $5 to gibe a general theorem ,.i.1"" ,n*r'.rdes both of the above
statecl resul-ts as particular eases.

In the sane nlanner, the purpose of

of another coupJ.e of results: narneLy.,

thrat every Banaeh space vrhich is a:r

rlu-al- is ueal*ly sequen,cialJ.y coraple i;e e
ting that every Baxrach tattice r.rhieh

weal,Jy seo,ueutial_ly coinpletenSee [ 3]

d.e tai.1e .

Sho first nanred author is nuelr.

for providing hirn with a c.op.p : . of

$6 is to give a rurif ied. rrersion

Behrentls'resr-rl.b a.sserting,'

((a - 61ulraejxd. in its seconcl

and, I'ozanovslcii I s reeu.]-t osile r-

is a. band in its second rlu;1l i.s

am.d respectively [, l tr ] for

indebted to Professor go8ehrends

the rnonograpn [&1 t
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$l,.Prelininaries

I'fe begin by 3.istiag some notations to be used ln connection with

a Bnnaeb space E r

3-U r the identity nap on E .

B, r the cLosed. writ baU" in E ,

Er , the dueL Banach space of E

!5. , the canoaicaL inclusion of, E into g,t .

?he tern r wt-topologyn wi1L be enployed to design any of the

y,lealct- topoLogies a- (ErrE), ((f"rut ) araa o-(E/rr ,Eu; ; the context

wilL be clear enough to u:rd.erstand which is the topology the above

tern refers to. Convergenee r"ith respeet to the wt -topoLogy i; i I1
- r t

De oeno!ed Dy

As usuaL , Ur ','d11 be the tra.nspose of a bouncled Linear operator

U betleen tlvo Banach spaces.

Given a vector space I and. a seninozal p on Erlve clenote by (8rp)

the Banach space aasociated to p.This is by definit ion the collple-

tion of the norroed vector space E/p-l(tO!) .fUu canonical na?

t ! s ----r (Eep) is by definition tho coraposition of the naps

E ---) E/ t ' t ]o\) (r, j) .

We note that aLl the resuLts in our paper are true for real- Ba-

nach spaces as weLl ag for conpl-ex Banaeh spaces; hov,revern for tb.e

sake of sinrpJ-icity we consider onJ.y rea1- Banash spaces anti we only

indicaterat the appropriate pJ-aeesrthe modifications needed bJ' sooe

definj,t ions in order to cover the complex case.

G'iVen a vector lattice X, we denote by & the principaL order

ideaL generated, by x € X+ ,i.e.rthe set of those y € X such that

lyl < 
"* 

for sone a e Rt (depending on y).

fhe elenent e € Xn is called a strong order unit provided that

Xo = X .l?henever X is Archinedoa$ and e is a strong order unitrthe



--.\__-_..\-
q

io d"efined byaoltl--ll 
]1, 

associated to

l l  x l l e  -  i n f  { a l a " e  t n *  ,  t x l < c e }

In particuJ-ar, every x € X+ ls a strong order unit i.n tho vector
lattice 

\ ; consequeutry o r,""henever x is archinred ee,,1 we inag c or1-
eider the norrn ll ll* on 

& .

We shalL nake use of the rveLl knoyae fact that every principaL
ord'er idea'l 4" i' a Ba'ach r-ai;ti.ce x is order isomorphi.o alxd iso-
metrio (for the norur * lrx ) to ttre Banach r-attice c(K) of alr.
contiuuous re ar--vaLue d firnctions on a eultable compact space K,

A l-attice homomorphi sm is a linear nap II bet'een ty,,o vector 1r.,6-
t lces Xoy such that U(x, n xr)= U(xr) /r U(x2) for every xlrxa€ lt"

!1na1Ly, recar-L tha.t a ranach rattice is said. to have order con-
tinuous notrn provided that ll x5 ll --* 0 whenever (*51g cX is
a net such that x. ,L O.

o
lYe refer the rea.der to the nono.graphs L6 I arld t{sl for

the e'enents of vector r-attice theory used. throughout the paper.

$2. Alf,sen-Effros type order rerations and. the centralizers
aesoclated wiLff tnen

2 . l D E I . I N I T I 0 N " I e t E b e a B e r n a c h s p a c e . A " r r o r d . e r r e 1 a t i o n < <

o4 E is said to be of Ar.fse4-&'ffros type provided that the for.-
lolving assertions are satisfieal :

i) u ( v iurpliee v-u << v.

i i) u (< v irnplies au << ev f,or evory a.eR, ( every a ec
if E is a complex tsanaeh opaco).

1 i 1 )  0 < a <  b  j . a l R  i n p l l e e a u < < b u  f o r c v e r y u € S .



V l +
,L

v z '

I t  v l l  .

--> 0vl) \e (<

Al-f,sen ancl &ffros [4] have considered the

reLations of the above type wh:i.ch nalce sense

- The relation 94,. ,defired by

o ((u v if{ l l  t l {  -  l l  t r (  +  t t o - r ^ i l  )

11 <<M

s,lso eontains u.

((u , defined by

t i.ff every cLosed. balL contairring 0 and v

0bserwe tha'b the definition of (<M carr be reformrrlated as :

u <<M v iff l l  w+ ull ,< nax{l l  lvi l  ,  l t  rv+vlt}. for every rv 6 E. lf1r. i l .e

the verif icetion of the fact that (u satisfles the condit ions

ln Defjnit ion 2"1- is jsroediaterthe verif ication of condibion iv)

for ((^, is less obvious ; see L't lm

The syotenatie stud.y of order rel_ations of Al-fsen-Effros type

was started in L9B3 by the first author [10] nho mado the obser-

vation that in every Banach Lattice the ord.er relation 1(o
, 6glYerr 'ot

u < t v  i f f

' * 5 -

lv) If .t <( vf s uA (( vz

uA and. uL + uz

v  ( n € h l )  a n O  l t

a.nd v} << o r + v a
, 

then

implles u << rr,

foJ-l"owingtwo ord.er

for any Banach spece

the

I  o l t  a

q r - o l t

relation

also satisfiee the cond.it ions i)- vf)

folJ-owing result shov{s, <<4, recaLls

lf ) Every order interua^L of

i l i )  l r y ; t , t t I  g  t w l V  t w + t v I

l v  |  = l u l  +  [ v - u l

in Deflnit ion 2"1.As

both u - -M

2.4 PR030SLTI0N.(Sge [11] ).Let E be a Banach Lattice .fhen the

follorring assertions are equivaleat for every urv e E :

L r v < < . o . v .

E containjrrg 0 and. v also contains.&r.

f o t e - a ' t r w e E .
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u- < tz- amL u* < nt*

rt is perhaps lvorthwile to nnention that the one dimensional
gomp]-e)i Ba:rach spaee C. ad.mits onl.J' the triviaL Al_fsen -Effros

type orcler reLation nnaneLy

u << v tff u = av for some a e [Ortl .

The rclailon <<, rcdu.ces to lrhe trlvial relation precisely on- ' L

strictly convex spac e s.

In the renaind.er of this seetlon , << rviLl be an ord.er rela'bion

of ALfsen-$ffros type on a Banach spaee E"

2. 8 DIFIiU f101'l " fhe c entrali-z:g as socia'ued. &ith

Z (E) of al- l- l inear operatorsVon 3 for v,,hich there exist arb € R*

(depend"ing on U) such thair U(u) + au (( bu for every u e E.

^  L  a - s + n ' + d ? ^ i t  ^2./s DSI'IIIITI0I{"4 projection P or 3 is said to be a

gham projection (clr osimplyo (( - projection) provided

f o r  e v e r y  u €  8 .

2.S DEPIIiIIIOII.A eulspace of E is eal-led a

ded. that it is the ir:iage of a 14- Currningharn

<< -Cuni:in-

that Pu << u

<< - sur,Li05Jtd,. provi*
r

pro j  ect ion.

The predeeessors of the concepts introduced by }efinit ions 2.3-

2"8 are the concepts corresponding to the situations (( = (u

and

nffros .See t{l for a. complSte s'bory.the study of the above con-

cepts in the abstract sett lng of a$ arbitrar;r.Alfsen-Effros type

order relation 'r.,as init ia'bed by the first author in [tol .

l l te reco{eet hererr,t i thout proofs, sone faets conneeted. vrith cenl:ra-

l izers .See fz l ,  [13]  for  d .e ta i ls ,

necall- that an f*algebra is a vector lattice A errdorved ruith a

structure of, algebra such that. A+. A+ c A+ and. the relatiorx

a A b = 0  i n p L i e s  a e n  b = e a A h = 0  f o r a n y  e ( A o . A n y

Archimedean f-al.gebra is associative and cornnutativo,



the set Z<<(A) is an a1-gebra of bounded. l inear operators.The

eubset za. (EJ* of z<< (E) fomrcd by those U' for uhieh flre con-

stant a in Definitlo 2.2 ie equal t;o 0 istone in 2..(E) such

th"at th.e orcier relation d.efined by it endowe Za. (E) with a

strale ture of Arcb:ined.e au f*algebr:;."The nap LE ir a etrong order

unit for Za. (4) and the nornr associated- to this stroirg order unit

coineides lv i th the operator .nor jn on Z<< (E).Consequent ly 1 Zaa(E)

1s a conrnutative Banach al_gebra.

2.6 PR0p0sI t I0 t { . (See t431 ) .  z  <<(E )  is  an order  conplete f -

a3-gebra prorr:i"d.ed that there exis'ts a linear topology z on E such
'bhat every g1 - d.ecreaslqg net has a greatest Lorver bound. and. z

converges to lt.

In the case vrhen E is a Banach Latti.ce a^trd. (1 = (1.o, , Z<<(E)

coincides I 'r i th i;he usuaL Lattice-theo:'e i; j .c centralizer of D, i.e .,

the set of, those l- inear operators U on E satisfying JU(u)t< a tul

for all u € E r vrith a € [R1 depending onLy on U.

the << - Cururinghan projections are precisely ilre idenrpoten'bs

in Z,<<(E) ; in particularralJ- of thenr comnutc .f ire set P<< (E)

of aLl sueh projections constitutes a BooLean algebra of projec-

tions if n'e put

, Given

o f I  1 o clefined

V Q

n Q
* I
E

eumm.s:ld. F of

as the sot

hore and elsev*rere

t e r v a l  { w l w e  E y

projection 
, then

. { , u [ u e  E ,  f l o r u ] n F = t o ] ]  i
, [orv] denotes as usua3.3-y the

u << w << v)" A useful- remark is

P  +  Q  -  P Q ,

P Q r

^  - g.E

tbo eompl"ementary sul)space F 
l-

(( -order in-

that if P is a

P

P

E,

(It P)L* fts Pr '  Ker F-
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Fsr E a von ltreuue.:r& algebr"e and (( - ((H uthe Cunningflam

projections apo the central projectione on the I 'r?-cLosed tivo

oiclerl eLlgelrraieal. ideaLs .$eo f1l

!'or E a Banaeb Lattiee and. ( * 1(_ u the Cu:zring.ham pro*

jeetione aro the lrand projccti.ons.See [41 ]

$3. llec'hor nor"ms

i J.I DEFINIfI0Iri. let E bo a vec'bor $pace.A v-eetqlAoq on E is

Ei map Y defined on E wi.th values in a vector I.a-btice Xusatie-

fying the fol"lowing requi,.reaonts :

i )  ? ( u )  >  0  f o r e v e r y u e  e i  t ( u . ) = 0 i f f  u = 0 .

f i )  f ( a u ) -  f a l . g ( u )  f o r e v e r y a e l R , u  ( E (  e v e r y a E e

i f  E is a eornpl-e:i vee bor speee )

l i i )  t g (u+u )  S  ? ( t l - ) +  g ( . \ r )  f o r  eve ry  u r v€8 .

3f E is a Bulach spaceex is a Banaeh lelttiee and cp satl.s-

f ies in a(td.it ion

iv) ll g(u) [l '" ll u ll for every u e. E)

. then f is called an lsonetric vector norro,

3.2 DEFINI'IICI{.{L,V.Ka$torovich).4 vector norm gr E .---+ X

is sai.cl 'uo have the Riesz 4eeomnosit ion profrerty prorrided that

f o r e v e r y u E . E  a n d  e v e r y * L  r  * A €  X +  i r i t h  g ( u )  < x ,  n  * 2 ,

,' there are r.u' ru2 € E such that u s ul + u2 and <g(u1) .." xl ,

. ^  1 , "  \
"  Y tu2,  \<  x2

. 
For larlter purposes wo reeord. here the folloi"u'ing lernna :

3.3 tElf',IA,let E lre a vector space ,X an order complete ver-L"e,

^ 
?oLliee, U: E------+ X 

". 
linean rcap and. P:l"u PA : E -----+Jt sub-

Lturear naps such that U(u) -< rr(u) + p2(l) for every u € E.Then

there are S.inear naps 0L , 02 I E -+ X sueh that U '" U, + U,

a n d .  U . ( u )  <  P " ( u )  f o r  a v e ! ' v  u e  E . l " e . {  r - z ! .  g
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?roof .Constder the eu.trLlnear slap P : E x E ----p X glven by

F(u, our) *  Pr(u"1) + 3r(ur) .aet p *{(uuu) lu" e E} . t ' t re raap

1[ :  D--+ X g iven hy V(u"ru)  *  U(" r )  nat is f les  V(u"u)  g  P(uou)

for every {uru) e D,Ccnsequenbly ,the operatorial- varsion of r lhe

I{a.hn *Sariaeh'th,aorea (see tsj ,page 248) aLlovis us to extend V to

a J-inear map ,denoted agall by Vorlef5.necr. ontt&.e::,,,-.. w,ftole Ex E

and satisfyi irg v(ureu2) .< ?(urou2) for every (urour) e E x a .

t lre maps UL ,Ut defined by U1(u) * V(un0) oua(u) * V(0ru) h.ave

aLL th.e rcguired. properties. s

lye indicate now some repre sentative exanpl-e s of vector norirls

hir.viixg the lliesz decornposition property (abbreviatedritlP )

3'4 EXAIIPLE. Thc

al norns.CLearlyn any

3.5 EXAir,tPID. If E

g iven ) r5r  g(u)  = lu l

posit ion property for

has tbs BnP,

R - vaLued vector norms

sueh a" norr,r hag the RDp.

a.re pre c i seLy the usu-

is a veetor latt icepthe roap g: I ---+ E

is a vector norrr "The cl-assica]. Riesz decorn-

veetor latt ices means preci"seLy 'bhat g

X be a:r order con-

X Ls call-ed mglg-

of aLl- naJorir ing

by i{( r, X) . fhe

is a vector norm

Lerma 3,3 appl ied

l'r .f^ i .fJ ___+ rt

given by Pi (u)  *  l (u l l  .x i  ( i  *  J - rZ)  y ie lds tho l inear  maps UroU,

u z  a n i t I I r ( u )  - <  1 u l l . x i  ( i e G , z ] , r a e  f ) . i t

l l(E,X) and. i. ({r) ( *i

X is a Brireach lattiee atrd d"ef,ino the nonn l{ ll^,
l - l

3,6 E:dAl,IPl$.tet I be a Banach space and 1et

plete vector. l-att ice.A l inear oporator U: E ---*>

rizing if U(ts.) ls ord.er bor.urcled. in X,The set

operators  f rom E to  X is tector  spacendenoted.

nrap p, : - ! , i (ErX)  *  K g l ' ren by p(U;= * to  U(nE)
Lv:':,

.having";i!P. To see thisrlet 6(U) -< x1 + x2 .

. to the Linear nap U arrd to the subl-inear rnirp s



oil l5(E6X) by l l  U l lM

becomes a Brnirch space

.3.?EXJri.,IFlE " te'l 1l be

tiee oA Llnea,r cpera'i;or

for cvery x € X.- f

* L 0 -

* ll f (U) ll .lhrclor'ieri. rvith this norrcrlvl(iioX)
I

e.nd p beeones an isonetrie lreotor rioriro

a Beraereh 6paee s,nil le* X be a .'lr:etor l"at-

U: X-->E is called cone slr"nrurble i"f

vro h&ve
1 4 n

e n p i  f ,  l l U ( x ; t l l  I  n > . 4 ,  x L e X +  t  F * t - r ] <  o o  ( { )
i={ L= I

The set of aLL eone sussra:trle operators from X" to g is a vec.bon

spaeendenoted by S+( l ioE)  ,For  every U € S+ (xon) ,  Let  q(U)x

be the suprenuir of the set fux (L) .fhe nap x ------+ a(u)x

(x e X,) canr be extend.etl by l-inearity to a positivo l"inear fornr' + '

ou, Xo tlertoted by g- ( U ) ' tTe ha,ve thus obtained a vector nornl

dt S+(xrE) ---+ l l- rv;here x.- denobes the vector la'ctice of sl l-

order bormded. li-near forms on X,

If E j-s a dlraf- Bgnacb spaeerthen s- has theRlP, tb:is cen be

see'rr as fol l-o., ls l-et I bs a pre d.ual- for E 
r 

L.e"u E = It '  .To every

Tr  e  $+(XrE)  r ' re  assoc iate u e L i (FrX )  by U(v) (x)  *  u(x) (v) .

[]re co*espondenee U -+ T establ-ishee a tri jection betr"reen

So(XrE) aurd Li(FrX-) sueh that /-. (U ) = 0-(U) ; i t  remains to

uso B:la,rnple I" 6 in order' to concl-ude the proof ,

liuutriose novr that X is a Banech lattice and Cefine the norm il (fg

on S+ (X, E) by ltutl5 = lta(tJ)l i  . l lndowed. with thi.s norn, $o (x, e )

beeoxaes a Ba$aeh space and, c- beeoaes ao iso etric yector norn"

- . '
3. E EXALPLE"tret E be a Sanach spece arld let E be a Banach Lat-

t ice ;rve unclerLj-ne that X rieed. not be order complete "Let vto(E'rX)

be the space of aLL Linear operartors U : Er ----+ X satisfying the

f,olLowing requirements :

i )  u 3 ( x f )  c  7 E  ( E ) .

1i.) fhere is oxx x e X $uch th&t U(0Er) is contained.
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in Xrc and le total"J"y bourcterl for ll li* .

I,c ie viell rmo';'n that 'r;he svrprerourr of a totar.Ly bor,tid,ed. set {n
a Bamaeh .: 3.atliiee rnrlt?r strortg order rlnit aLlvayo eriists, Conseque ntJ,y

-T'eq.-every 
Ii € lrx (E', X) j.t roalre ,$ senee to eonFider ure er-eroent

F(U)* suF U(BE/) of X.''iTe lrave thus defined a vector noxrl
p.:Mo (E',X) --+ X. with respect tc the norm {l lt pt gilaen ity

, 
l l  p(u)i l ,  I lx (E',x) becoires a Bena.ch spaee and. F becones an

$retri"e vector norrir "

^ fhe vector norro F has the Rl?.Indeedeas every order ir leal X*

is order isonoz'phic and isometric to'a space C(i() i t  suff iees to

prove our assertion only in the case X = C(K).But in this situa-

tionrfor every U e Mx (Ei C(K)) there is a continuou-s map F: K--' E

such l;ha'b U(u-)(U) = u-(r(t l) for every u € Et gtrrd. t € K,The

hypothes is  p  (U)  s  x l  +  x2 raeans that  l l  F( t ) l l  <  * , ( t )+r . ( * )

for every t e K"Define the eontinuous xraps Fo: 4 *t E by

F i ( t )  * ( x . ( t ) r  x . ( d ) ) - 1 . a ; ( t )F (d ) ,  i {  
" , ( t ) +xe (e )  

>o

! i ( b )  *  0 I 9 f  x . , ( t ) + x . ( { . ) = o .

for i € { l-,2 I "'Itre operatore U; € Mn* (Ei c(K)) given by If i @1{L} *

.  U(Fr( t ) )  (  i  e{rnz}  )  sat iefy a l l  tho requirenents in tbe c ief i -

ni'bion of the RD?,

The lrnportance of the

that it is isouetl ica-Lly

soe t t ]  .
fhe interest in rrector norms srith the RDP ie ju-stified. by the

possibility of durllzing euch norns,Indee<lr.given the Ba,nach space

Irthe Baraeh latt ioe X and the lsornetric veetor norn g: E ---+)(

wj.th the RDPra dual- vector norm ?" E'*' X/ ca.n be def,ined by

g t ( u t ) ( x )  =  ^ , JP  tw ' ca t l
f la)t<x

l l u  l l ^ .  =
. t"t

iso-

I3ana.eh spaee $rk (E/, X) l- ies in the fa.et
'/\

isonorpfi.ic to the I'I-'bensor produet E @#



f o r e v o r y  u !  €  E t  a n c l  x e , X + i  t h e n a p  c g t ( u u ) : X o  - > R a

is positi-veLy honogeneous a-nd additive (beeause of the tnP) artcl bhus

ex'i;encie r"iniquelf to a goeitive Lineer form on X, a3-so Cenoted by

f'(u, ').It !s clear tha'b ?t is a ve$totr nortu i in fae'L, we heve

1.9 PR0P0SII10N, g/ ie atr isometrie ve*tor norn rir i th tne i?J)P.

proof.TiJ.e facrl that f is t$omerie ig straig-htforward cal"cu-

Lat ion" lndeede

l[ f 
'(o')ll- 

,,i:t 
<{{ur)G) = /s,*P ^+ le.r'(tl.tl=

f i  x t t  < ,1  l l l t t { l -  f ( r . i )<z
x 2 .  o  x 2 r Q

- tuuJf lw, (rt)  I  = l t tr '  ,
(L { l t< i .

To see that T' hae . 
'RD? 

, Let y'(,-" ') -. x/+ x{ oEquivalently
, u . ' ( L \ )  S  r i ( 9 ( t ! ) )  t  r / z  ( Y ( u l )  I q € e  .

Fy applying lleniroa 3"3 to the Linea'r forrs u and to the eublinean

forrns r -----* x'r( g (u)) (ieirre ! )rtu" obta.in the l-inear fovms ui

sueh ' i ;hat u;(n) S xt;(!(u))(u-eE, ie{trr}) sn4 !1= {L.. * t14 .Henee q'U;)4x/;

and the proof is conplete" &

Proposii; ion 3. 9 al-lotrs us in particular to consider ?" , f"t

and so on. iire havo the f ollolving canonieal" reLati-on bet'ween 9

snd F'{ "

3'10 Pfr,0?0SIgIOi{. iret cpr E -+ X be an j.sonetric veetor norn

. 
having the Sn}.Shen

:] xr (9141) = .^*-P (,t i- '(ul l
'  

? t ( a t )  < & '

t  
f ,or  every u €.8 and r '€X/a . In  o ther  words,  <g/ '6Yr t re) )=7x ( f ( '+ l ) '

' Sroof n The map u. --+ x' (r(g)) 1s a seminorm on E and the set

of, l isear forms majorated by it is preciselr {uf I ut € Et r

qt(o' I < r'i ithus our asserti.on is a conoequonee of the llahn*Sanach

thcorero. n
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EXil,,iPIES OF DUAIIIY.

fhe duaLs of the R, - valu-ecl vector norme are th.e u.sual dual-

-- She,.etu:,:L of th.e veetor norm u -----+[ul qn a Fanr.rch ]-attice $, -

is the vec-i;or norra ut .----r luo I on E!.

.fhe dual. of li1 ,o (E/)F) e6.n be i"sometrica.J.ly identified nith

R  / e  c f  l$+ (F, ts ' /  .rr ' r treu th"is identi f ieation !s perfori leeluone c &i i l  shoirru
. the  ,. . - \ . - : -by usingi techrtiques in [E] . that the dual" nornr of 'che vector

- norr} f on i{}+ (E') F) is the vector nonn c on S n ( F, ErJ.

$4. The relations - r- r .fl 
- rr,,Y

' t  . i  +--r r  eJ

fhroughoul; bhis seetj.on ,E lvil1 d.enote a Sanach epace,it a Banach

lattice end c1rE -----+ X- an isonetric veetor ncrn,llhenever

ruil_l- be consiCeredrit r.riLl- be unclerstood. that q has the RlP.

4.1 DIFII{ISI0I,I. fhe re]-ation ((...p on E is defineri b;.

* (ar,"p o lf,f f (n:) = g('-r) -h 9(n:- u) ,

fhe relalt ion aa*,., on E is dcfincd by

4 ( (M ,qo  i f , f ,  f  ( t o+L r )<  f (w )v  f  ( ' . ^ i  + ' l ' )

f o r  e v e r y  w € D .

,' 4'2 P['0?0SI3I01{" (try and (<M,f are order relations of

Alf,sen-fiffros type"
- 

Proof,fho verif ieation of, condit lons i)-vi) i-n nefinit ion 2.1

for ((r ,., is quite eleroentary"For instemce rthe verifieation of
" r y

iv) ireeds only the triangle ineguality"Ind.eed ,tve haYe by hypo'Lhesie

? ( - , : ) = g ( c t ; )  + f ( u ; - e ; ) ,  L e l t , Z !



€,nd

ghon

y(\r i  +.r la ) = ? (.n.{) + T ({ra)

\ o ( u , i  +  u L )  *  f  ( %  * r e  - G r - r . r . )  t  g ( t r { + t l r ) S

S f  ( q  - t a , q  )  r  g  e *o )  +  f ( u : - r z )+  c l ( t c . )  =

=  < l  ( r r { } + c f  ( t r o l =  
? ( v r + a r |  ,

l r r l t i  nt r  {  r . rz" f  ioa -F-vr . r - ! ..  r h  + u ^ <<L,g v l  +  v2 eJ}c l  th  < l r?  un*uz .

TiTe fact that (<rq,? satisfies a}L conclit io:re in }efinit ioi:

2.1 except for iv) is aLso etraightfori 'rard"the verif j-eati.on of

lv) is rcclueed. to the ecalar eese arrd- proeeeds as follor.rs.,,fe have

by hypothesis u; <<Mrg t, (Le {,,r2}.) ana rl ((M, <g, vr +tz "Given

w  €  E ,  w e  h a v e  t o  p r o . r e  t h a . t  < g { r ^ r + a r ) S ? ( w t 1 v  q ( w + L r { + e { r )

and  f  (w ru - , ' e r . r 1  ) (  f (w )v f  (w td r *  . , z )  . r r e t  x  = f  (w )+<p tu r )+vgL ) - t

+ f (ur )+?(dz)  
"As f  (u ; ) r?(d i )  and <g( tu)  aLJ.  beJ.ong to  Xr .  (  j "  €{ j_ ,2}  )

and- X )c is orcler isonorphlc 'bo a space C ( K) , ai-l- we

iS :, *trat the reLations

E191 -+ *a ) )  (  r no "x  l f , <96 * l ) ,  t qg1 t ^ l o . " , *

6( f  t rn ln  u , . .+u. ) )  s  " ' r4x t  
S(Vf* l ) ,  5  1rp lw+ u,

hol-d. for arrLv {,alt"*e homonorphisu 3 ' NX

let E ,$u any such Riesz horoorphism anc consider the seninolra p

orl F = 
?-t (X r" ) given by p(u) * 5(ff*f) . ' Ihe hypo-bhesis inipl ies

tha,t T(&,1)<uT(' 'r)(i €llu2 ! ) and rul <<* fv, + rv, in (!rp)o

+ (Frp) denotes tho sanoni-ca3- map. Coirsequently,

t ( * l )  <<pt  Tu.  + T," r -

T ( r r r  )  *  T( ra.  )  <<, {  T( t r )  t  T(uz )

definition of, (< p1 nalce s see of

rvhoLe opace;by taking t(w) aa that

have 'bo prove

r r . t )  )  !

a .,r. )) l

( r ) '

t 3 )

--+ [R ,To this purpose

. " ,a o ' l  en ln arr .s
t t v  e * e v  r r k v e

and

Norv recaLL th:rt the

vuhich runs over the

( r )

(5 )

an eLement

olemontj
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in  (4 , )  and (5)u one,ot r ta i .ns preeieety  ( t )  and ( l ) .  m

Fo:: f (u.) * ll u- {t u the rror.iri cf ii, we have <a.,9= <aa

and O*,.f l  = (<I, l

for $ a Ean,'rclr latbiee ai,id g(u) * lu I ethe raorli.ilu-s of E we

h.avc <<LrV = (a,n,q = ((.v g See Froposit icn 2"L ,

lTe l-eave a$ an operl prcirl.ero t?re s-bu"rly of the rel:i,.Licnc (1 t,g
a$d. (<U,y and of i ;he coneepts assoei€rted .l \r i th then in the

si-t'-:-o.tion r-rhcrr. g is one of the vecior nc):.jns dafined in r:;e*ri:1e s

3 . 6  -  3 " 8 "
The centralizer associated. 'r,:I. th (<urg (resi:cc"bive ly aa Mr.p )

r . r l lL  bc Cenoted by Z i_ , .g  {e)  { rer ;pcct ive}y  ZUr*  (e  t ;  .

4"3 ?R0?0SIEI0l{. let U be a bouno.ed l- inear oper:.bor on E" ' I lr.cn

U € ZLl . ,  (E)  ( respoctLvely  Z Urg (e)  )  fe  ana onl -y  i f  Ut

ZM , " t  (E ' )  ( r ' e spee t i ve l y  Z ,  , ^ ,  ( e ' l  ) .,.rY trY'

Proof "Suppoee first tha,t V 6 ZL,.,(E),ryithout J-oosing €eneri j.t i tye

we nay assune that 0 -< U S lE in ,r,g (t ) " iret wo rur € Er

And  u  €  Ebe  g i ven ,By  hypo thes i s  v re  have  c f ( , 4J= f  (U , * )+ f  ( 4_Uo ) .

gls ipequali.ty

(w'r U1./ )(w) = w t  ( L r -  U a , " )  +  ( w ' +  * '  ) ( U t ' )  - <

. p ' ( w r ; ( g ( t l - U u . ) )  +  f , ( v t , +  L / ) ( ? ( U t l - ) )  s

(  g ' < * ' )  v  g ' ( w / +  ( . r " /  )  )  ( < g C a f  )

shows,by tald:rg suprenn, that

? ' ( w ' t  u 1u .  )  <  g ' { - t  )  \ /  q (  ( tN t+  u , ) )

n' , aB lvt rvas arbi'bra.ry .ller:ie e
M , g '

-\

nhieh meairs i;hat Ut (uu )

u a  Q . 7 ^ , . ^ , ( E / )  .
| ' r t  y

llow euppose that U €

0 < U < 1 _ * . l e ' b  u l € g t

Z * , g  ( E )  ;  a s

and vov.l € E

above,we rnay assume tha.t

be given 
"lYe have



a6
qf  (Urr  t  w-Uw) = g (w t  U( t -w))  s f  G, t )  v  <p(r : )

6y hypothesie .By taki:lg i:he ap$ropria'be su,prena 'r?e okltrlilr

?t(U'u/ )+q'(*,!-U'r!)-.?'1.g),Ae the reverse 5-rrequality ..g o (un ) *<

<g'(U'u/)t ?'@-V'ul) is aL,rays. trueo rve obtain tnet UloJ ,r\r(,n, ,

hence Vt e ZL,L., (E') .

F in"* i .y  e i f  U '  ,  Z^ry(E ' )  ( respect ivot*  Z-L,y ,  (E ) )  t i r *n

U" € zt -r, (E")(rospeetively Z*,n, (E'i) ) by ';rhat have just bcen- r T  , - . . r Y '

proved " 9&id.og into aceou$t pf,oposition 3.10 r.;e concI.ude t]:at

L  €  zL ,?  (E )  ( respec t i veLy  Urv , * (E ) ) .a

4.tr COR0IrIrA3Y.?he map

iitz j.,'.[:ro::rl,otnorphi silr .3

U ----+ Ur is an isoraetricral-gebraic an&lal,-

zr,,,rg, (E' ) (respectivel-y

zur.g (E) ( rcspect ively zur,  G) )  into

7  / ' t r ,  \  \^ L r T t  t "  t )  '

Proof.fhe fact that the rnap under consideration is iveLl d"efined

4. .Tiro l-attice horiosorphisn part foLJ"ov;s

reua:rke.Firct nit r.ias sho'i"n riuring the proof

fol-lol'rs fron Propositi-on

by c oubj&Lng bir.e next tl-;o

of, Prcpoeit ion 4.3 that

( respect lve ly  Zh"  (E )  t

zury La')+ ) .second, in

the reLation aA0 =O is

4"5 ?RoPosrtroN.

squirralent

i )  ?  i s  an  ( (M, f

i i )  {  ( v t  P u )  < Y ( i ' ) w

t i i )  t ( (w )=  f  (P '  )  v

the nap U -----+ Ut takcs Zurg {E )*
/ - t l

)  i n t o  zMrq ,  ( e ' r +  ( r c specb i ve l ; J

ertery Archlmeclea.n f-algebra w'ith uni'b

elrrivalent ta:. a.>.Ort>,A o"nd. a( =O. B

,\
For every proJection P on E the folLoling are

- projectioa

q ( t  t  4 l

<p fa -  Pu. \\ '

for every u1t €S"

f o r  e v e r y  u € B '
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Proof " Clear]-y, 1) <=+ i1) and iti)

ii ) =+ ii1 ) .I,Iotico first that f ( pu )
every u 6.E"0i l  the other s ide,

: >  , i ) "

o q(a -Pir . )-< f(or. ; for

. f  (  P ,  + ( r  -  P ) o )  =  ?  ( u +  P ( ' c - o ) )  S  f < t )  v  y ( @ )

for every urv € S, vejlich implies

f ( t  )  .  y (  P t ^  +  ( f - e ) ? . ^ )  (  ?  ( p , . ) r z  < g  ( u ^ p u )

for every u e E. @

n / ^ 5 . ] ^ ' | ^ ^ f r n + ^ a rr*e o .r lLulUD.l, I IUi{ r znorr, (n')

plete f-algebr-.es,

Proof. let (( be one of the relations 1(L,y, ,otU ,r r,,(, ,
BJ. Proposi*ion 2.6 , i t  suff ices .bo show that ever.., -de cro::si  n€i

let has a elr 'eate$t Lo',rer bounrl and wr- converges to it.fhe latter
faet can t'e obtained vla st:nd.ard. 'rgurnen.bs if v;e prove that every
(( - order i-nt erva1 fut ,vo ] is vrr- er-osed ( ard rrence oivr-conpact) .

By eondi t ion lv )  in  Def ln i t ion 2.1,  furuv. l  =  u ,  +  fgrvo _ u, ]  ;
irr order to conelr.lcie thc proof it rerr'.-,i:rs -Lo remark fi:i;rt i;he ror,,,er

senicont inu i ty  o f  eaeh nap z t  *  
1 t (zr ) (x)  (x  e  j i * )  impl ies

t i ra t  [Orv*  -  u ' ]  is  . ,v ' -  c losed.  E!

l'!re sha].l i"ntrocluee now the notion of :,n id_ea].

4.T }EFINTTSOTI. AN

or E is u. "ro""aT,,u"rl::*-r;ffiT:';:}"- 1,:;r ,iu'u*""
polar f,o of I is a,n (a*,f , - surunand (respeetive.ty aa ((L"y,

surnmand ) in El .

and 4, .^, (8, ) r ire or.der com-. " r y

The terflinoi-ogy is rnotj.vated. by tbe cuse r,,,hen

treated by Alfsen and Effros [4 I  .They noticed. thc.t the

ideaLs of a C* -<i!a%v. are precisel"y the norm closed-

((nr first

((u -

tr.ro si<led

a,l-gebraical ldeaLs"

fhe saee << .i <L Ls .consLdered beLow. 
l t  

" ,1 
,LLt{z I
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cloced

Lent

1r)

v € r .

A O

Pll0lOfiItl0lf 
"let E be a Dtmaeh Lat.tiee and ]-et I be a

substrlace of n , lhen the follorving asscrtj-ons are oqrui.va-

an ((o - idea.L

an. orc.er idea.L , i"e9lf l -. [x I and. x g I iuiply

l i s

J ,  LS

Betu:rlng to the abstract oetting rlos*ribed at the begi.nnrns

6f this seetion, let us establish the eoncrit ions that roust b6

satisfied by an ldeaL in order to beau:nr*ano.

4.,9 ?R030SII101tr. let l  be arj (orr? - ideal (respectivel_y an
(<*,, - ldeat ) in !"Then tlre foLlorving asserti-o1.r.s are eXuival-ent:

i) I ls a.it ("r,., - sulnma.nd. (respectively rin (.M, 
V 

-su;rreand.)

i i) fhe Cunningharn projec.bion assoeiatecl rr i .bh Io j"s ws- con-

tinuou-s

iij")- . ro 
-I- ls  w'  -  

" loseL
iv) For every u e E there is a v I srrch th&t ur(u)= a?r)

for  evcry  u.  €  Io I

lroo$.First, rl .aW rd.enote by Q ttre Cunnlnglraur projection otrto Io

and rernark that Io J e i(sn Q ,

i) =+^ iv) "Denoting b)' ? the Cunningharn projection onto I o rve

h.ave Q * (l-f - P), by ?roposit ion 4.1 . Consequently, for every

u r  €  I " r  and  u€  E  t r e  have

w ' ( u 1  =  t e ' ( P ,  ) + c c l ( t , t  ̂? u ) = s / g o 1

w i t h  v = P u  €  I .

iv) -) lLi)"tet ui e f L 
, u,, - '\ n,

take any u e 8"By hypothesis othere i.s a
I

for every zr €. Lo- .As ut^ and. ilt -QuLr
1 t

follows that

.To prove that  a '€ Io  I
2

v € 1 such th"at e'{u)=z'r,o)
- l

be ] . ons  t o  I - - -  i . t- )



I
l

- l-il a.

r ' ( e J  = L^JtltL t/-; ((") = 
? 

u-t tu) = r/4"1 =

= (Q 
"i 

Xu) + (u,.' - Q u-l )(.u) = (url - Qcrl) tcr")

llence, (g.'", I t"1 = 0 ; as u ,,vas arl:itrary, ur € Io 
I

iii) =+ ii) soJ-lovrs fron 'che r.relL r',r:o':,,n fact tirat a krorur.d.ed
D

projeetion"on Et is .,vr- eontinuous iff fta ? and Ker p are w!-

c( .ase&' i

i t )  =+ i ) Fol1o,'rs from Sroposit ion 4.f,. s

$5. "& sitriation rvhen aLl aa*,n,- sur0rutnd. s are wr*c.l-osed

A result due to Crunninghala, Effros and. Roy [? 1 o.sserts t]ri:*

every ( M - su,rnr.ranrrlin er du:.} B:itl.;Ch space E0 is lrr_ cl-osed; con_

se1.u-e rrtly, eve ry ( U 
- ideal j-n E is air ((,- - surut ,.nr1 .

0n the oi;her side, every ( pro je ction) b:.nr1 in the tlu.i l  of a

Banreh l-att ice wii;h orier eontinuous norro i.g wr* cJ.o;ec; this fact
'r'.ra s first noticeci. b;,r Lu.xembur g and. Zaaaen i.See [{k I .

It is i ;he Fwrpoee of this section to bring toge-Nher lcothe of

the ebovo r.rentioned. results, by deriving thcro as corol'l-aries fro:-l

the l:]ore general. theoren stated beLovl,

thr.oughou'b the srectionrE wiLL be a Banach spaeerx a Banach l.at-
'licc rri'Llr qx'd.g,L conlinuous norrd and ?: E --+ i e.ir. isoiDe-ijric

veeior norn vri-th the IllP.

5.1 Tllll0t[iii.Ii'very aa",n, - slrami:nd j:r St is wt*closed .

Proof ,!et t be asr ((* -r - s,lrrunand. 1n nr and Le b P be the
" r T

Curujndhau proJection onto I.In ordcrbo prove 'bhert ! is wr-cl_osed

lt suffices to shgw that ur < I whonever u1 e i . nt" wr, s.t
J ' O

a 1 l d  s u p l l  u ! l l  .  *  i s e e  t g 1  , B u t & / r - p u r ,  ! - |  u . ' - P u , r u J r - p u ' € i

end ut - Pur ( tset P; hence 1.,,e may assume froin the begirrltlng that

ur € Ker P arrd vre have 'to provc that ur=0 ,

1,,



Donote i:y

e that

- 4 0 -

f, the positive Linear fov*n ?'&L') on X "Iu order

f * 0 it *uffices tc shovr tlta* 1,he carrier Sf, of

d-isjoi'ot corrirlement of j;he eet {." | " 
€ it, f(1x1) = O},-)

-*-Qri s is so beeauso f is ovder continuous i see

L 6 l  .

.  Sou

As the

that

t r 1 .

For

1st x € Sf, n X+ and e > 0 be given"Put li q

norn of X is orcler con-Linrrous r there i.s a.!L ft €

( g - f e ) o ( x )  S E  t i h e n e n x e r  g € X t  a n d .  t l  g l l  ( L : '

sup l lki l l  .
6

X r .  s u c h*

See

every n <. h{ vre ltave

f , ( , r ;  n v r , r ' )  =  f ' ( * ' t  ) ' /  r L  ? ' ( u ! )  =g / ( t * / r ) . - ^ f  ,  ( 6 )

t). " 
.t-

.1/ (o/r )  = f t (dg) A fe + (  g/ t ' t i )  - { .  ) t

1 t , r ! ) v  n f  s  ( { .  +  ( 9 ' r < ! ) - { . ) t  ) v ( " { + 1 9 ' 1 r ^ " ) - f . ) 1 J "

.=  t .  
V n{  +  ( ,1 '< t r . / r ) - { .  ) *  (?)

I t  fo l - lo , . r 's  f roro (A)r ( f  )  and the inequal i 'by  l tg ' (u i ) t l  s  v  that

q ' ( r , r . ' r t  n r r ' / ) ( x )  - ' ( t e  r z r r f  )Cx l  +e  $ )

zt ---+ y' ( z' ) ( >e ) being Lo'*ve:r semieontinuous r vt'e

(8 ) ,

( r t " 7 { c x )  = g / 1 u ' + ^ u ' ) ( x )  s  ( f u  - d ) C * t  + e

N there i.s an fu € florr 1 sueh thal,

{ .  { x - )  *  " " { { x -x , " )  > ,  ( fu  r z  ̂ { ) ( * )  -  e

Conseq uent3.y t
( r + t ' . ) { 6 1 1  (  { u ( x o )  +  

" . { r * - , . , . ) + 2 € .

and f,irraL1y

{<n:  <  { .  (or ' )  -  Yr f , (xh)  te€ (9)

€hl . I'/e shall derive fron (9) the inequality

as € >O lvas arbitrary and :d $€s irr 59 e this w5'11

fhe flrnction

obtein frorn

For every n €

for every

f ( x )  <  2 E

tx

f , i.e->lthe

ls reduced to
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conel-ud,e tlre proof of t?ro fact that f o and heneo ut o are

equaS- to O,

t r rdeed u i f  f .  (qn)  *  n  f (xr r )  <  0  for  sone n o thea f (x)<ae

Le'b us therefore suirpose tirat fa (U) - r:.f(xn) ). 0 for r-i i-} yr"

As [Orx] ls weakly eonpact as beirrg an order interval. i:r a

Banaelr latbj.ce rvi.tir crder contir:uous norm ,( see t6lrltcl, Lrl1 ) 1

. we l4ery ass!ffre r bX passin;5 if neceesar.y to a. subsec,uence u that

Xn. * 16 Lo)x-l weakl-y,From O -. f(\r) < * fJ x) i t folLosvs
-" 

that f(y) = 0 ; as f0ux I c sr e rlhe }atter equallty imp3-ies

that y = 0. I{enco fa(r:r) ---+ 0 and the concLusion foLLowo

froru the rela.t]"on

{{x l  -<  {5  ( * "y  -  ' " { {x , .  )  +  x€ -< {a  (xr r )  r  2e ,  s l

5.2 C0R0.r,LARY,Decry (<u,g icleaL in D ls s:t ((rr* -su.lnnand"

5.3,COROtrLARY.lhe nap U --+ Ur is r-rvr isometrieralgehraic arrd

o rde r  i somorph i sn r  o f  Z ,  . ^ (E )  on to  ZM. , ^ ,  (E ' )  .
u r y  . , , 7

?roof . Le'b A denote the inage of Zrrrp <a) ' . lrdcr the nap

U ---- '+ Ur "As ihe f - aLgebra Zhry, (E') 1s order corrpJ-ete by

,proposi t ion 4.6,  i *  is  the c l "osed l - inear  huLl  o f  the set  o f  i te

i  A a n n a + a r t s  -  i . a  o  "  t h ev v 4 . . " , - . ' - , . . 1 4 , Y , I / . v i / v v

and contains al-L ((M,?, - proJections by Theorerio 5.1 , i t  fol--

L o r v s  t h a t  o  =  t ^ , g ,  ( E , ) .  s

i- the results nentionrd. at the beginotne of this section are res-

_ pectively deriveri ao partierd.ar cas€s of Theorem 5.1 Uy taking g

t to be the norm of a Banach space e respec t5.vely the modulus of a

Banaeh lattice r,,r"ith ord.er continuous norm.
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$6 . (( - sunmar:ds aJrd, weak eecluenti.al eonpleteness

A, eLasr*iea"L reeu].f, due to liozanovsliti [lk ] aseertis t]rert if e

Bana,ch Lattice S hass tirc prope:rty tl:at 7, (r) is a bz1n4 i$ S'q r

th.en E 5.s vrekkJy sequen'bly completen

A rnore recent resuLt clu-e 'bo Behrenrls [31 a$sertc tirat if a

lla^traeh spaeo E hae the property that 7E (E) le a-n ((,_ *oql1*

nalrd. in &tt o then A ls rrueaPJy sequ.ently eomplete,

It is the purpose of 'bhe pr"eeent sectlon to sho1,? 'i:iint our

gerreral 'iheory alloir's to bring together the a.bove coupLe of r.e*

r:ults, Thc proof r.eLiee on. tlvo l-em,na ,1.,,,ho se borrow sone ldeas

from llel:rends [] I . lire note tbat un].i lre in t3I , no appeal to

ths prlneiple of loca1 reflexivity is ma.de.

G l vena topoLog lea1 -spe rce  K ,a fw rc t i on  f  :K  - - - r f r  z r n r l

a Foj.nt t € i( , we tleirote by lrr(t) the intersection of al-l

sets  f (U )  ( i .e .n  the c losure of  t (U)  ) rvhere V nno over

all- nei-ghborhood,s of t in IC.

6.L lni1l'3lt'.1,e t E'be a Banach space anri Let 1] 6 Etf be such

that

ll siu'r +

for every a. e R and

u.rt to the topoLoglcal

T h e n  L r ( u ' )  * f - 1 1  6 t t 1 1

Proof.ClearLy lr(ut

l -e t  a  €  f  -116111, l l  u , , ' l l  I

1u(u)  t l  = la I . l l  r r " t l  +  i l t r l l  ( {o)

u e 3.Jerxote by f the restr.ietion of,

spaee Bo, r endovied with the vrt-topoloei]|"

e tlu" I

,l l- L-

t Ie  { ,

'l 
f or. arror..*,

ll cr-l/ ll, 11 6tr 11 1

and. Let

guch. that

u t € B g c .

V be a neighborhood of ut {n Bpr

€ > 0 be given. lhere are 1 > 0 and, rr, ,. " -) q^ eE

{ r r / l  u , €  B a r

tr<u" + JE(s)

, l  t ' 1u ;1 -  r . t  1u ; )  l  <  l

,l'or tfi.e reverse ineLusion.

s ; s r a l  c V  .  ( { , t )

6 r ^ ) )  =  o - €  + n ' ( , . ) 'Defin9 g : R bY X ($tr" +
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'ffe 
llave

'  ^  t t  "  ( G ) ) [  <  l n - l . l e |  1 t * ' ( t r . ; l  s  l e l , l l  t . t ' l l  + l l  a t | =I t  (6 (^  t  JE

= l l  lwt' + Ja (u) l l

by (1O)o hen*e S has an e:e**r*ion of noym ab nost

agaln deno-leci 'liy g , As JEr ( BE/ ) i.e rv? * cl.ense

there ig a vr € BUr euch .Lhat

l g ( u " )  - d t 1 * r ) l c e

a.nd

I  X ( Y .  ( u i ) ) -  t r ' 1 u ; 1 1 . 7  ) ' l S  L <  n (r rt

l J u t  q ( J -
c -  t s

Aq cr1," . ,  r  I
t J \ v -  /

. f - 1 ^  - ,  r -  : .ejr<), u <1 c

4  l E \
E -  * v  1 4 .

ally c onp] eto "

every a e Ii? and u

6.3 SHX0Rm;.I;et E be a

t f  lE - . -+X anlsome1;y ie

to "t$ ,

lJ- rt

(4 L)

sequencc " There is u't € Err

an <{ Lrf ,, - PrO jection

Pt+tt , J- (ta- I - P1,." e J. (E)

?

" t n

, .  ' \  t .  .lw;))=u'(u;); hence (,t4 ) find (13) inply tha.b

E a 0t1d e > 0 wcs arbitraryo i'b follo,,vs from

f ( r/)  ,As V was arbitrary f  a € l{ .(ur ).  E

6"2 LlJir i iA. let E,-

v e (  V .

( t z )

be a Banach. spaceolet (u, ' ,) , . ,  c E r lrd. l-ct
-  . . .  ,  r N /  . .  t l
J E ( ( n )  " " u ,  a n J  ( t o  )  h . o l d s  f o r

€ E "Then u = 0.

Banach space, X a Beznaqh Lattiee :ind

veetor norm 'rrri th the rTDP, Su-ppose tha,c

ewoiran d. in n , {hen E is vre alcl-y seo,.uenti-

I

urr € E'! f,g su-ch thi:.t

Ps.oof "!et f  be the restr iet i  on cf u'r to t ir .e compaet space

(f,or the ' , ' ;c- topcl o4gy ) BSn .The fact thet Xu (un) * '-  r+,,

implies tha'b f is a functioyr of first Rilire qLasse llenee 'ti::e ce{;

of points u.s € 3go at urhich f is contirruo*s is nonrroi i l .A.b every

6uch po i1 l . t  u r  v re  must  have T , r (u ! )  -  { { {a ' ) !  ; consec luent lyn

l",eraia 5 .1" give s urf = 0, q

trf "

?roof"Let (q)r, c B be a rveak Cauchy

sugh th.at 3u (o",) w', wtt ,Denoting b;r p

onto X" (E) ,lle harre J" (u,, ) ̂ ?u"tt -wL wtt^
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anil LL" - ?,J' ( Keru P , I{enee ,it rnay b6 a6,91tned from *he begin*

n:i.ng that ur? € Ker P ; the proof r:,,riLl" l:e coni:l"utled 'by 
si:ovring

that ur' = 0.

To i;hie p*:trro*au }e'b f, € X+ a!i4 l"ct p be the.seroinors .on d

epve:,l by p(u) ' '  f( g(u))"lenote by F tire Banach cpa.ce (Erp)

and. bp t : ll *-* 1' 'bhe caiconieal rnap or..rhich i_s a bouralec.

operator " Cor-'r-aeque ntly o

" 7  t ' t ' , ,  r  W /  - . r l l  . , t l.rF \ r(l.E ) _,_---__--+ | . w
;'

& straigh'bforir,erd. colirputetion shows that

(1tt)

l f  Tr 'rr ,  1y = gt l  gotr)({ ' ) ('tst

f or every tjrt € Etr " fne relaiion tl,r q Ke r p iuplie s

? ' , ( nn ,  t  7u  ( a ) )  = l , : - I , y , , ( u - r , ) +g , ' (U ;<u l )  W)

for every a € til and u € E.Cor.blning (rs) ,ni.L,!i (tc] ne obtai.n

l l oT ' ,  n "  +  ! ,  ( r . r )  l l  =  l " t  I  , l l T t ' n r r  l l  *  l l  r u [  ( t + )

for every e. e [R as]d. u € r, taki-ng into aecoun.t (4 ) , (47 ) and

Lenuna 6.20 i ' l ;  fo11Oi ' , rs  t l ia t  l t t (u t t )  =  0  ptha 'b  ise g, , (u" ) ( f )  =  0

by (15 ) " As f 'ras Llrbi-trary i.n Xt+ , v.re infer tlr;L.b 1r.'=0 and

tl:e prooi is c,.::rip1-ete" &

?ecelverl  r lda.rch 1511988
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