
, _.^. I -'

INSTITUTUL
DE

MATEMATICA

INSTITUTUL NATIONAL
PENTRU CREATIE

STI INTI FICA SI.TEHNICA

rs s l l l  0250 3638

MUI,TI-ANALYTIC OPERATORS AND SON4E

FA CTORiZATiON T}IEORE[1S

. b v

GEIU POPESCU

PREPR]NT SERIES IN i \ , IATF]EN4ATICS

N o . 2 1 l 1 9 8 8

BUCURESTI Adt 
L1q1?'



MULTI-ANALYTIC OPERATORS AND SOME

FACTORIZATION THEOREI\{S

hrr

Gelu POPESCUT 
'

March 1988

*) Department of Mathematics, The

'Scientific and Techntcal Creotion'

Buchorest, Romonia.

Ndtional

Bd. Pocit

Institute for

?zo, 79622

t .



MULTI-ANALYTfC OPER.ATORS AND SOME FACTORTZATION

THEORE}4S

Gel-u POPESCU

V- t  ^  I  ho  a  seo r ' rence  o f  noncommut ing  ope ra to rs. u c L  
"  

- 1 , 1 r " 2 t . . .  D s Y u E r r v E  u r I Y  v y ! ! r

o n  a  H i l b e r t  s p a c e l d  s u c h  t h a t  t h e  m a t r i x  t ,  1 , r 2 , . . .  ]  i s  a  c o n -

t rac t i on .  An  ex tens ion  o f  t he  Sz . -Nag l ' -Fo ias  commutan t  l i f t i ng

theo rem 110 ,4 ,6 ,7 ]  shows  tha t  t he re  i s  a  c lose  connec t i on  be t$ reen

t h e  c o m m u t a n t  o f  f  a n d  t h e  c o m m u t a n t  o f  a  s e q u e n c e  Y = { s . ,  , s 2 , . ' . 1

of orthogonal shi f ts on a Hi lbert  space X>lf ,such that the oper:ator

m a t r i x  I S n , S " , . . . 1  i =  n o n u n i t a ] : y  ( s e e  S e c t i o n  2 )  .  T h e  o p e r a t o r s
r .  I z J

belonging to the commutanL of Y wi l l  be cal led mult i -analyt ic

(o r  Y -ana ly t i c )  ope ra to rs  .

The main airn of  th is paper is to provide some factor izat ion

theorems and to apply them to the study of  f -analyt ic operators

and  o f  t he  l a t t i ce  o f  t he  i nva r ian t  subspaces  o t  Y  ,  i . e -

La tY= l /ac t l :  snJ&< ' l | f o r  any  n=1  ,2 , . ' . J .

Fj-rst ,  we preserrt  a universal  model for sequences fof

noncommuting operators in terms of orthogonal shi f ts Y (see also

f 9 , 3 , 4 , 5 , 6 , 7 )  )  a n d ,  i n  c o n n e c t i o n  w i t h  t h i s ,  w e  p o i n t  o u t  t h e

role of  the lat t ice Laty in the study of  t -Lr e invar iant subspaces

^ + T

Sect ion 3 is devoted to an exi-ension of  the abstr :act

Beur f i ng  fac to r i za t i on  p rob lem [g '  p .8 ]  and  t -o  the  app l i ca t i on



^ f  +h i  .  f  . ^+  €^ r  h - . \ l r i  i  / . \ n  ^ f  +ha  Ra r r r l  i  n r r -T . : v  l - h /5 . \ I en

L11 ,7 ,8 )  f o r  J  I l " r  o the r  words ,  we  sha l l  show when  an  ope ra to r

TeB( I0  admi t s  a  fac to r i za t i on  o f  t ype  T=AA{ -  f o r  some f -ana ly t i c

ope ra to r  AeB (J0  and  we  sha l l  g i ve ,  as  a  consequence ,  a  cha racLc r i -

za t i on  o f  t he  e femen ts  o f  La t  f

The fast  sect ion deal-s with the fol lowinq extension of  the

abs t rac t  Szego  fac to r i za t i on  p rob lem:  when  an  ope ra to r  f eB( )C)  has

a facborizat. ion of  type T=A*A for some Y-analyUic operat.or Ae B 0{.}  .

Fo r  t h i s ,  i t  i s  easy  to  see  tha t  a  necessa ry  cond i t i on  i s  t ha t

(r)
S*TS =T

n n

S * T S  = 0
n m

r ^ *  ^ - . , . - - 1  a

€ ^ -  - - . .  * - l *  -  *  * -  I  1
! \ r r  < 1 r r ) l  r r r r r ,  r r r l l - t r . t . . .

Such  an  ope ra to r  t eB( . J€ )  sa t i s f y ing  ( J )  w i f r  be  ca l l ed

f - toep l i t z  ope r :a to r .  We  ex tend  the  absb rac t  Szego  fac to r j . za t j on

? ^  - ^ 1  -  \ p

LB,  p .  50_ l  fo r  ob ta in ing  a  s imi la r  resu l t  fo r  nonnegat ive  J  -Toe-

n l  i  f  z  . \ n a r . 2 f  . \ y c  n \ ,  ^ n y " \ ' l  \ r i  n . r  { - h i  e  f  h a , ' - \ r ^ ,  
\ '

- . . * -  - . . - - - e m ,  w e  o b t a l n  a n  J  * r n n e r -

-ou te r  f ac to r i za t i on  o f  Y -ana ly t i c  ope ra to rs  and  a  fac to r i za t i on

fo r  t he  nonnega t i ve  i nve r t i b le  Y - roep l i t z  ope ra to r  [ e ,  p .  S : l  .

f n  Sec t i on  2  we  es tab l i sh  sone  resu l t s  conce rn ing  the  s t ruc -

tu re  o f  t hc  Y - roep l i t z  ope raLors  and ,  i n  pa r t i cu la r ,  o f  f  - u t t . -

1 \ , f  i  r '  , . \ n^ ra f  . \ r c  a "  i n  t he  c lass i ca l  case ,  we  sha f  f  assoc iai n  t h e  c l a s s i c a l  c a s e ,  w e  s h a f f  a s s o c i a t e  t o

. \ r -
each  J  -Toep l i t z  ope ra to r  a  "  symbo l "  wh ich  i s  an  ope l :a to r  i n  ou r

Let us remark that at  th is stage of our research the con-

nec t i ons  be tween  the  Y  -Toep l i t z  ope ra to rs  and  the i r  "  symbo ls "

is far f rom being wel- l -  understood.

Concern ing  J  -ana ly t i c  ope ra to rs ,  i n  a  subsequen t  paper

we  sha l1  q i ve  a  pa ramet r i za t i on  o f  t he  se t  o f  a l l  con t rac t i ve
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f -anaty t i c  opera tors  on  a  H i lber t  space,  in  te rms o f  the  chorce

. - . " ' - - ^ ^ .  f  ? ' r

I  t ake  th i s  oppor tun i t y  t o  thank  P ro fesso r  Gr .  A rsene  fo r

the  use fu l  d i scuss ions  on  the  sub jec t  o f  t h i s  paper .

1. UNTVERSAI }4ODE],

T h r o u g h o u t  t h i s  p a p e r ^  s t a n d s  f o r  t h e  s e t  { 1  , 2 , . . .  , k J

(ke  N)  o r  the  se t  6=  {1  ,2 ,  .  .  .  . }  .  For  every  n€N le t  F  (n ,n )  be  the

s e t  o f  a l l  f u n c t i o n s  f r o m  t h e  s e t  { l  , 2 , . . . , t t }  t o A  a n d

@

5 =  U  r ( n , A )  ,  w h e r e  F ( 0 , z 1 )  = { 0 ]
n = 0

- ry'  t^ |
A  S e q u e n c e  J  = { S -  ( -  o f  r r n i l a f e r a l  s h i f f s  o n  a  H i  I k a e r f  e n a r - c  } / ,

! - r  J A € - A  
!  J v s v e  v v

with orthogonal-  f  j -nal  spaces is caf led a A -orthogonal shi f t  i f

{ - h 6  . \ h 6 r i f  ^ r  m a { - r i -  [ s n  r s " r . . . 1  i s  n o n u n i t a r y ,  i . e .
z J

t r =  t r L  O  ( @  S r l t )  l t 0 ] .  T h i s  d e f i n i t i o n  i s  e s s e n r i a t l y  t h e  s a m e  a s
. A € . / \ ^

' . - | , .t ha t  f ro rn  [6J .  The  d imens ion  o f  4  i s  ca l l ed  the  mu l t i p ] i c i t y  o f

the 7\  -orthogonal shi f t .  One can show that a . . \  -orthogonal shi f t

i q  d e f  r . r m i  n a d  r r n  f  ^  r r n i + , ^ r \ r  a . r r r i  r r r l  a n . ' a  h \ r  i f  e  m r r ' l { - i v \ ' l  i . . i  + \ /
P J  L  V J

E ^ r  ^ r l r  , . ? 6  h - 6 n  5 h  ^ , a ^ f 5 + c r  v e r s . i o n  o f  t h e  I r l o l d

r - ,  ^ 'decompos i t i on  111 ,81  fo r  sequences  o f  i somet r i es  w i th  o r thogona l

f i n a l  s p a c e s  [ a , e ] .

THEORET'{ 1 .  1 .  Let f={u^l^.r.  be a sequence of isometries on

a  H i l -be r t  space  / { ,  w i th  o r thogona l  f i na l  spaces .  Then :

( i )  P ^ : = r - -  I  v r  v r *  i s  t h e  p r o j e c t i o n  o f  K o n f  . = K O  (  O  V 1 ( )  ,\., J\, iirr " " lez\ "
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( i i )  : ,  V rV f+P  (s t rong ly )  as  n -+oo ,  where  p  i s  a  p ro jec -
f  eF (n,r t )  -  -

t i o n ;

( i v )  :  :
n=0  f  eF  (n  rA )

VgPoVt -+Q: =I*-P (strongl1')  as k-)  oo i

(v) eX={keff; rim
( n+oo fe

t,, ll vfk ll '=o J ,
F  ( n , n )

(v j - l  pX and Q.I l  reduce each Vr ()€A) t

( v i i )  ( r , . -  t  v ,  v r * ) l o ;0 ;
*  ) e A  

^  
"  l ' '

,  , , , .  t - - .  )( v i i i )  
l v t  lOXJ r . r r  

i s  a  ̂ - o r t hosona l  sh i f  t ;

( i x )  r -=p+ a  VrP^v I ,  K=pK @ (  @ V.PJ)  ,  where  fo r  any
J \ , - e r ( J \ - ! ( J

T e r  I 6 t

i f

tim I,
n+oo feF (nr l \ )

( i j " i ) P J C = ( - . | (  @  v F J O i
n = 0  f e F  ( n , a )  "

K

f e F ( n , A ) ,  V -  s t a n d s  f o r  f h e  n r o . l r ] . r f  V -  \ /  \ /' ' t -  ' f ( 1 ) ' t ( 2 1  "  ' " f  ( n )

This version can be proved direct ly or can be deduced from
F . l

[6, Theorem 1 . 3l .  ' i {e omit the proof .

. Y r r
U U K U ; L A 1 ( y .  r . z .  A  s e q u e n g e  y = { V -  l -  o f  i  s r l m a f r i c q  o n  X.  I ' A  J T € . { \

w i t h  o r t h o g o n a l  f i n a L  s p a c e s  i s  a  A  - o r t h o g o n a ]  s h i f t  i f  a n d  o n L y

l l  v l k  l l 2=o  ro r  a l l  keY

Special iz ing the l^Iold decomposit ion to the case of a A -or-

thogona l  sh i f t ,  we  ob ta in :

CoRoLLARY 1.3.- I f  Y={S^}^.^ is a A-orthogonat shif t  on &



and X =] f€) ( @
^61\

each k eJ? has a uniques.X) , thenX= @ s.)C and
n  f e Y '

Arrr, , rret. Moreoveri l k  r l 2 =esen ta t i on  k=

1 r=Pos f k  ( f e here Po: =Ir-

Now one can easi ly prove the

subspaces &ot K which reduce

|, l l  r. l l 
2 ana

f e T

I  n .  t l  i s  the  pro jec t ion  o f  k  on  - t
) e h  ^  ^

fol lowing characteri z ation of the

each S, ( )e7ti , that is J"tre(LaLf )n (Laty*)

COROLLARY 1 .4 ,  A  subspace  J4o f  K  reduces  each  S t r  (16A)  l f

and only i f

Jf= @ s,JJ1_ ,
tej

where Jlo i s  a  s u b s p a c e  o f  { = K Q  |  @ n s ^ K l

L e t  u s  n o t e  t h a t  t h e A - o r t h o g o n a l  s h i f t s  Y = { S - } . -  ^  c a n  b e
L  ^ J A C I L

+ r - , ^ , , ^ L +  - ^  t 1 h  i - , ^ r ^ - r  m o 6 e l s  f o r  s e o r r c " " e s  J " =  [ r -  1  o f  n o n c o m m u t -L l l \ , u v J l L l v r J u Y u L l l v . . a l e e n

i ng  ope ra to rs .

Th i s  fac t  has  been  p roved  l n  [e ,Z ] .  However  we  nex t  q i ve

ano the r  p roo f  genera l i z i ng  the  resu l t s  f rom fO , : ] .

-  t  ( -  \  .TI IEOREM 1.5 .  Le t  J  = iT f  
J , ta r ,  

be  a  sequence o f  opera tors  on  JL

s r r c h  t h a t  S '  t * t  z  t  
s r  "  r F  h  l l  2 = n  o . ' -  " ^ r ,  h .  J l  .. z - '  . ^ '  1 : - , a  a n d  L I m  ^  L J  l l  r ' t n  l l  = U  l o r  a n y  n €

l € l a  "  "  " t  n + .  f  e F  ( n , A )

*  . !  r^  \  .
L e t  J ' =  

{ t ^ } ^ . r ,  
b e  a A - o r t h o g o n a l  s h i f t  o n  a  H i l b c : : t  s p a c e  J d  s u c h

that

dim(ffo , .P. ' t^*,)7dim(( l i -  X r i rr  )x)-

Then there exists an invar iant subspace

such I i s  un i ta r i l y  equ iva len t  to  {s1  1  . } --  
t  ^  l J toJ)en

a uni tary operator U such that

Jbof each Sl (16../r)
A

' i  a  + h a r a  a w i  c +  c



ur l= (sf lJ6)  u for  each Ae. l {

Pr..o6f .  Denote t=XO (  @ s ' ( )  and
AGl\ ^

o . r r  - L r L / l | | J L r y  v Y

D= (r. , -  f  r i r .  )q 
Aer t  n  n

r r \ . , l ' L  , d l  L U 4 ,

.  S lnce

an ope-

1 / 2

anddim D?5

rator U

\:r !

Uh= 2J SrwDrrh |  (helf)
I € . l

w h e r e  3 -  s t a n d s  f o r  t h e  p r o d u c t  S - ,  . S ^ ,  - , . . . 5 - , ^r  -  r ( n ,  r t n - r )  r ( l

f e F ( n , A )  .  B y  C o r o 1 l a r y  1 . 3 ,  f o r  a n y  h e # w e  g e t

t < - ' r r t
I  uh l l  

r= L,  l l  oror t  l l  
r=r im 

Z
f65 n_roo k=0 fe

z
F l u,rrl 

ti ( -n-^|pt^ )r+,h >=

=l im (  l l  h  l t  
2 -

n -roo feF

an unitary operator

have

I S-* S.WDT"h=UT. h
- . v  A  i
1 6 t

l l r + h l ' l = \ n l l  
'

1 ' A )

from )e onto -lf : =u X. r'or any h eJ€

, 
when

( / .
s i  ( ie^J  and /  i s  un i ta r i l y

complete. ,

. INUS U  IS

and 1€.4 we

S * U h =

It  fo l  ]ows

a a r r  i  t r r ' l  a n J -

nat "Uc is invar iant for each

Eo { s.* '  . .  ] ,  .  The proof is
1 apioJAeA.

and

lo]

COROLLARY 1 .6 .  y  has  a  non -L r i v i a l  i nva r ian t  subspace  i f

on l v  i f  ' g *=J5 ' t I  has  an  i nva r ian t  subspace  lPsuch  tha tJ \ -)  ) lezr '

Q. /y' q ,46,

REMARK 1 .7 .  r r  I = { r ^ } ^ . n

rhe theorem, then {% t^}^.,r,

sca l -ars .  c ,  r  0(  lc l l  <  1 .  (A€A)

o f

any

A ^ 6 c  n ^ t  c a + i  c f \ r  + h F  h \ r n . \ + h a q a <

. r  ̂ r . ,  ! L ^  . . . - o t h e s e s  f o rw - L I r  s c l L J r r y  L r r c  r r J P

such that

e  can  de f i ne

f r o n X ( t o K  b y



t'--

i,

Z  l ' ^ t2+* , r  , . t- l  ^ I \ - - l t
ien

fn  th is  case i t  i s  necessary  to  choose a [ -o rLhogona] -  sh i f t

mult ipl ici ty is dim l€ and as in the above theorem we f ind

U T,  =  (c . ,  'S I t  
, ,  )U  fo r  any  l  e .^A   A lJ*

whos e

2. f ,-roner,rrz opERAToRS

The commutant  o f  a  sequence 7=f r -1AJ A€A
the se t

c 1y) ={x€B(]{)

of operators o n X i s

a l l  a e A )

,6 r7 ]  charac ter izes  C(T)  wf ren  f  i s

mode l  o f  Sec t ion  1 .  Le t  us  reoa l l  i t .

be  aA-o r thogona l  sh i f t  on  a

c r r r - , c n : a a  r n r  a - a r - ,  
" t  

( i e 4 )  a n d

rnha I  i  f  + i  n . r

represented as in

then there

( i )

( i i  )

( i i i )

. Yq1 =qr Y f,.\r'  . ' -)  *1 . '  -"-

theorem f1  0 ,4

the universal

T H E O R E M  2 . 1 .  L  
' 2  t -  )ec J  = 

t " , lJ ren
Hilbert space JC, JZ be an invariant.

le t

r ,  =sl  I  - "  (Aezr )
^  ^  l d (

I f  X€B  ( { . )  sa t l s  f i es

XTl =Tl X for al l  |64 ,

ex i s t s  Y€  B  ( J4 )  w i th  p rope r t i es :

YXC l l  and  X=Yt , .  t
t dL

Ysi=s iY for  a l i -16nt

l l  Yll = l l  xl l



B -

As  we  see ,  i L  i s  i npo r tan t  t o  s tudy  the  commutan t  o f  a

A - o r t h o g o n a l  s h i f t Y  = { S . } , - .  o n  a  H i  l b o r t  s n a r ' : e  } e  a n d  e v e n  aL* A t Ae.l,

l a rge r  c lass  o f  ope ra to rs ,  t ha t  o f  t he  Y -Toep l i t z  ope ra to rs ,  v rh i cJ r

-  
rppear j -n connect ion with an extension of  the abstract Szego fac-

to r - i za t i on  p rob lem (see  the  i n t roduc t i on )  .  Fo r  t h i s ,  we  need  the

.  f o l - l ow ing  de f i n i t i ons .

.An ope.rator TeB ( l€) is cal led

( i  )  Y- r :oep l i t z  i f  S iTSI  = ' I  fo r  any  )€ l \  and S i rsp=O fo r

7 f p . i  A , v € A i

( i i )  y  -ana ly t i c  t f  t% =srT  fo r  any leA,

( i i i )  f - inner  i f  T  i s  Y-ana ly t i c  and par t ia l - l -y  i somet r ic ,

( iv) Y-outer i f  T is /-analyt ic and iTZ reduces each S-, (^eA) ,

(v )  f -cons tan t  i f  T  and T*  a re  f , -ana ly t i c .

T -  ^ ^ - - ^ r  ^ " ^ m n l  r . s  o f  Y - T o e n l I f z  o D e r a t o r s  a t - c  e a s i I v. L r r  Y g r r r  d , I  ,  g i ! c t - . . r - . - -  -  -  -

cons t ruc ted  f  rom Y-ana ly t i c  ope ra to rs .  I f  I 1  tT2eB (J ( )  a re  Y - . r , u -

I  \ ' { -  i  r '  +han  +ho  ^na ra to rs  T1  ,  T {  ,  T4T .  a re  f ,  -Toep t i t z  .- - -  - ' t  ,  - 2 ,  - 2 - 1  -

Nowr we give a theorem on f , - inner operators.  We omit  the

n r n n f  u r h i  n h  i e  a n  a . c \ r  6 v r 6 n e i ^ -  ^ f  f ay t v v !  w r r r e r  c a r J  € , a L E r r b - L \ J r r  ( J r  L r ,  S 1  . 7 ,  T h e o r e m s  A r B , C  - ]  .

THEOREM 2.2"  LeL r€B( le )  be  Y- inner  and /  = l tO t  @ s .K)  .
7,e/ '  ^

Then

/ . r \  m L ^  ^ ^ ^ h  s -  ( l e / L l  ,\ f  ,  r r r e  r y d u e  u r  
A

I i i l  r r h a  f i n = l  e n : n s  o f  T  r e d u c e s  e a c h  S ^  ( l e ^ )  i f  a n d  o r i l y
A

i f  T  i s  / - cons tan t  ,

, . . . ,  _  . p( i i i )  T  i s  J -cons tan t  i f  and  on l y  i f  has  the  fo rm

<1
f h =  Z  S r T ^ 1 €  ( h =  Z  S € l F  ,  1 c € J )

I 6 . f  r €  J

f o r  some pa r t i a l  i somet ry  ToeB( l )  .



o p e r a t o r s  i n  B ( l )  : r ^ , [ A ,  
, g ) t , g e T  

,  w h e r c

g=Pos t rsg r ,o IW 
( t ,< l  eT )

the orthol tonal-  proj  ect ion

For any

r i t=  I  Sr l ;  ,
f e 9 " -

hell, h= L s
q6g

. , t ^ - ^ ' t t - YYv  r r s !  e  r { -  ua r
q € J

Iq q

A

' r ' - [ ^ f  
, g l  f  , geT  

rb

.1.
r o r  a - L _ L  t , g e t "

In  what  fo l lows,  to  each Te B (&)  we assoc ia te  a  mat r ix  o f

o f J { , o n f , = } € o t o
A E / '

( s e e  C o r o l l a r y  1 . 3 )  w e  h a v e

l n  I n d e e d ,  b y  C o r o l l a r y  1 . 3  i t  f o l -

w)

P r o o f .  B v  T h e o r e m  1 . 1  w e - b o r  a n y  r , g  e t

need the fol lowing notat ion. I ' lhen

t h a t  n 2 m  a n d  9 = f  |  1 l  , 2 , .  .  .  , * J  "  t

func t ion  b .  {1  t2 , .  '  .  ,n -nJ- l  .A  g iven

lows that  1 i=rosf rh=rost r  t .  so lq= L*or , . l Iq  ( feT)  *here the sums
"  ' q e }  Y  Y  q e $  - ' '

are strongly convergent.

I t  is easy to see that the correspondence

l i n e a r  a n d  t h a t  t * - [ " f , q l f , g € ]  w h e t e  u r , n = o 6 , ,

PRoPoSr r roN  2 .3 .  r f  r t  -  [A r , g l  r , g . ]  and  T r ' r ' [B r , g ]  r , g . 3

rhen T. ,  Tr ru [cr ,g ' j  r ,ge]  where c f  ,n=Fror ,qBq,g 
( r ,seT)  wi th  con-

ve rqence  o f  t he  sums  in  the  s t rong  ope ra to r  t oPo logy '

s. ̂  ^ ^-
nave _1, ,  = z-  >^v^>^

. L r r i ? . \ 1 v y

cr, s=posf rr tzrn"olw =posfr.,  t  r :snros;t rzsspo 
lx 

=#, 
,  qBq, s

with convergence in the strong operator topoloqy'

fn  the  seque l  we sha l l

f  €F  (n ,A)  ,  geF ( :n ,A)  ,  f rg  means

th is  case f1g  s tands  fo r  the

by
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t

h ( 1  )  = f  ( m + 1  )  , '  h ( 2 )  = f  ( m + 2 )  , .  .  .  t h ( n - m ) = f  ( n ) l  i f  n > m

and

h=0  i f  n=m.

a,

THEOREM 2.4. An operator TGB (Je) is Y-toeplLtz i f  and only

"  i f  iLs  mat rax  is  o f  the  fo rm fA"  I  .  . .  - ' r .  where  fo r  t ,g  eT

( 2 , 1 \  A €  ^ = A € .  ̂ ;  i f  f : g
L  r V  r  \ V

= d  - ;  i f  q ) f
g \ r

=0 ,  o therw i  se

w h e r e  A - e B ( { )  1 q e }  )  ,  f i - e e ( X )  ( q €  F \ { 0 1  ) .q - q

fn  th is  case

(2 .2 )  An=por i tno lx  (qer )  ana f i s=not tnno l r  toe  Tr [o i t .

P r o o f .  I f  T  i s  Y - T o e p l i t z  w i t h  m a t r i x  [ o t , n J f , g € g  t h t t

At,s=PoslrsgPoly=Posf .srPolx Lr  r2g

=PoTS

= 0 otherwi s e

g. . rPoly  i f  g2f

Thus  the  ma t r i x  o f  T  i s  g i ven  by  (2 '1 )  where  the  en t r i es

Aq'  (q€y) ;  f in  toe} \ lo ]  )  are def  ined bv Q'2)  '

conve rse l - y f  i f  t he  ma t r i x  o f  T€B  (K )  has  the  fo rm l2 '1 )  '

for  some Aq€B($ lqeT) ,  f inee( / )  (qeFr to ] )  then T '  s i tTs^ ( ' revr )

.  have the same matr ix  and for  7 ,pe/ \ ,  l lp '  S iTSp=0'  Hence T is

f , - roepl i tz
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L f

COROLLARY 2 .5 .  An

i t s  ma t r i x  i s  o f  t he

x , 9  r \ g

operator T€B(J0 is Y-analyt ic i f  and only

'  r '  1  ' -Lere  fo r  t  ,g  e  Tto t *  L  f  ,g . l  f  ,g  eT * "

i f  f :g
(AqGB(X) , qeT)

o therwi s e

uny  qeF,  an= los{TPo lx .  Moreover ,  T  i s

i f  A^=0 fo r  a l - I  qe  3r  [oJ  i .  e .  the  mat r ix
q

i : r  l )
( 2 . 3 \

f n  t h i s  case  fo r

. / - cons tan t  i f  and  on lY

of T has the form

t ions :

( 2 . 4 )

a i a s  { a o , e o , . . .  J

In what fol lows we need Lhe

,'r' + a^ | (A
LT/ 6. \:/ \ \i,'

1 . * *
I

r  ̂ +  )
lo r  J le .a

and  t 2 (F , { )  w i t h  L2 - (T , t t  @ r | $ ,X \

u^e$(r2 (3 ' ,X)  )  bv set t ing

, for r-cr2-(f ,X\ i

for  r  *eL2*(F, { )  ,

)  is theA-orthogonal shi f t  act ing
where

. 2o n r (F,{)  o X {r ."p.  r2- tF,f l  r  .

ObviouslY Un

, *  - .  = g l  a n d
( C r d . l  A

i s a

u 1 r . , 2

coup l i ng  o f

= a
(F , { )  @X 

-1 '

fo l lowing .  notat ions

and s]. (see [1] ) ,  that

also remark t l-rat i f  A

and  de f i n i -

i s

has

r2 tF,$= t  @ s, t r )  6 l  X@ ( O sr$ ,  where $*=Tr[oJ i
fe7* ' feT*

L? \F ,X t  =  (

1!  (F , { l  =o

{s^ J^*  t  r "sn.

we ident i f y  7€ .  w i th  t2* {T , f )

For each lelt  Iet us define

u f  ( 1 - )  =  ( s r  )  * 1 -

+
U l  ( l + )  = S ^  l *  r

O s r n @ o O o t

u .  1 " 2^  I  r +



a s i  ncr ' l  e  e l  ement  then we f ind

Now,  to  each Y-Toep l i t z
a ^

ra to r  0  t  X+ t ' (  F , { )  de f ined

by the operator matrix

: o a i r r  t h c  h i  I a t e r a l .  s h i f t  o n

operator T€B (Je) we associate

wiLh respect to decompos i t ion

1 2

F r i ' r  1
I L^ql sa?'* I

_ t l- t _ - l
I  lAo lour  I
t _ _ l

A a re  de f i nq

*  " * * - *  -  - 0

w l tg r  c  !1^  ,
Y

b y T a n d w

THEOREM 2.  6.  The

^  , . 2  , n  ,( i )  r ^ e e ( 1 ;  ( ' , I )
u T

( i i  )  The re  ex i s t s

^ r ^ h a r l _ i a q .

( 2 . 5 \

'  '  ^o l *

? A T I

A^U'
V A

In  th is  case

e d  b y  ( 2 . 2 ) .  r h u s  0

. Note that for leJ

' i  q  r r n  i  o r r e  l  v  d e f  e r m i  n e d

. 2  , *  - ,  = U -  A ^  1 . 2  t t  - p t  i
I + t $ r & ,  i  9 l f + ( t r d r l

t?g. , * t  o t=u iAol r3 tT, f , l  o*  ror  anv  ̂ e , t

3.  Tr=P*An 
l f l  t f ,Xt  ,  where P*  is  the or thoqonal

pro ject ion ot  r2  (T, { )  on r2*  t$ , f  )  .

gr=_L.ufXrr + Z_urarr
f e } * - -  f e T -

fol lowing statements are equivalent:

)  i s  f , -Toep l i t z ,

) ,
A ^ e B ( 1 " ( 3 , d ) )  u n i q u e l y  d e t e r m i n e d  w i t h  t h e

U

. - I ,!rla!:r:ji--

f  ( ' z & ) .

an ope-

( 2 . 4 )

(2 .6 t  au r  2 ' *u i r i n ) .u r r r )= r$_u ;n . ' -n )u re r ,  (1 ' r , r re
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and

proo f  .  ( i ) - . )  ( i i )  An  ope ra to r  A^eB  ( t '  ( .F ,X )  )  wh ich  sa t i s f  i es
. 9

(2.51 is uniquely .determined by oO 
l{ 

= 0. rfr is fol- lows becauso

+ ^ -  ^ . , ^ v t ,  F , . ( *  r  '  f  w e  h a v eI \ J r  e v  e t ) '  ! E  s  r  r c

(2.8 ' )  A*urI=ur0I  ,  a*uf l=uf01

.)
r ' ( F , { )  = ( @  u f $  @  (  o u . $

f eTn 
' f.eT

Tak ing  i n to  accoun t  t he  ma t r i x  f o rm o f  T0  ( see  Thm,  2 .4 )  and  the

. t ^ + . i h i + -  i ^ h d  ^ {  I I  l \ . ^ \  - - A  A  ; +  i -  ^ . c r '  + ^  c 6 a  + h r { .  € . \ r  td e t l n l t a o n s  o I  U l  ( ^ e A l  a n o  o  '  a t  a s  e a D J  u r r a u  r w r  a n f

-  . r .  ^  ^ ,  , 9
f  r 9 € . f  '  - L ' I ' G A  \ , r ' e  n a v e

( p *Aeus r , u f l ' ) = ( t ' u s r ,  u f f  ' )  .

s ince I?(FX)=-@*ur f  i t  fo l lows that
re t

n*oe I r] G,xt =re

. ! ^ - r r ^ - ^ ^ r \ r  i s  i  . - ' - 2 ' t  a o \  \  i -  ^ - .L o i r v e r s e - L y ,  r r  A r e B ( I ' ( F ' N , )  )  i s  s u c h  t h a t  ( 2 . 5 )  h o l d s  a n d

g = A ^ l +  ,  t h e n  t h e  o n a r e t r r r  T - = p  A . l - ? . . -  o  -

utor 
peraEo l .$ =on^e 

I  r ' *  t rJ l  
as J - ' loeP-Lrcz '

r ndeed . ,  f o r  any  A  , t t €A ,  h , k  1?  (T ,X )  we  have

(sire s^ h, k) = (anir, uluut<) = (ena*rr, x) ; i f l =r.r

= 0  ;  i f  l l p

The last statement of the theorem is immcdiately. The prcof

is complete.

and
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In general i f  Q is a bounded operator from f to t2 (F,{)

( i . e . 0 e  s ( { ,  1 2  ( } , { )  ) ) ,  t h e n  A n  d e f  i n e d  b y  ( 2 . 8 )  i s  a n  u n b o u n d e d

. \ r ) a r ^ f ^ r  t { . r f  a  + h a t  T ^ € B ( 1 2  ( S , f , , )  )  i s  f  - a n a l v t i c  i f  a n d  ^ n ' t v  i F" . - - - _ & - _ , - - r , U t r - L } - ! r

A c r . t f  - t 2  t Y - ! l  l  -  I n  t h i s  c a s e  w e  h a v ev E , \ d . r r +  r J  r * . /  / .  r r r  e r r r D

(2 .s1  ra  (  l _s f l f )=  Z  s r6 r ,  ( l f € r )
v  f e F , . -  f e y ,  ,

THEOREI I  2  .7  .  LeL T^e  n  ( f l  (9 , / )  )  fe  an  Y-ana ly t i c  opera tor .
. v

Tn  o rde r  t ha t  T^  be :
tt

( i )  Y  -  inner  ,

( i i  )  f  -ou ter  ,

( i i i )  f -cons tan t ,

i t  i s  necessa ry  and  su f f i c i en t  t ha t  t he  fo f l ov r i ng  cond i t i ons  ho fd ,

re spect ive }y

( i )  0  i s  a  pa r t i a l -  i somet ry  w i th  9 * ,  an  wander ing  subspace

f o r Y ,  i . e .  s r 0 Y r s o 6 {  f o r  a n y  f  , g € ? ,  f l g .

( i i ) V sfe{=rl tT, df for some subspace f,.ct
r e i

A  - n  t , ? \
I r r r ,  I  c D  t d , - r .

We omi t  t he  p roo f  o f  t h i s  t heo rem wh ich  i s  eas i l y  t o  deduce

f r o m  t h c  r c s r r ] | s  n n  t o  n o w .

' l ' h e  f n l  l ^ r . r i n . r  + h a . \ r a m  c r i r z e q  a w n l  i C i t  f o f m s  f O r  t h e  C O m m U -

-  - -  t p
f  r h { - c  ^ f  r  t  t  t  - : h r  t r r } i ^  ^ h 6 r r + ^ r c

) -
T H E O R E M  2 . 8 .  A n  o p e r a t o r  X € B ( 1 1  ( 7 , * )  )  c o m * u t e s  w i t h  a l - I

\ P -
I - a n a l y t i c  o p e r a t o r s  i f  a n d  o n l y  i f  i t s  m a l - r i x  h a s  t h e  f o r m  ( 2 . 3 ) ,

L r h a r a  a ^ . ' h  a h + r \ r  i e  r  c n r ' l r r  m r r ' l + i n l a  . \ f  + h , -  i d a n + i + . ,  n . ,  Yu r r L ! J  a r
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Proof .  I f  XeB (I? (f ,{) )  commutes with at-t- Y-analyt ic opera-

f o r s  o n  1 Z  ( V  - f \  f h e n  X  i c  V - a n : l r r t - i n  T + q  m , a { - r ^ ' i  w  i c  a i r r a n  1* +  , J  ' * ! '  - "  ' l y  ( 2 . 3 )

a n d  m u s t  c o m m u t e  i n  p a r t i c u l a r  l v i t h  d i a g ( Y , Y , . - . )  f o r  e v e r y  y 6 B  ( { )  .

Therefore the entr ies of  (2.3 )  commute with al- l -  operators in B ( ,{)  .

I t  f o l l ows  tha t  each  en t r y  o f  (2 .3 )  i s  a  sca la r  mu lb . i p le  o f  t he

i d e n t i t v  o n  /  C o n r z e r s e ' l  r r  i q  q l - r a i  o h t f 6 1 t a l 4 a f l .r J  J  u !  u f  Y r r u r

At the end of th is Sect ion we give a concrete real lzat j -on of

a n -orthogonal shi f t  f ,  and we provide expl ic i t  forms for the

/ -ana ly t i c  ope ra to rs .  po r  sake  o f  s inp l i c i t y  we  on l y  cons ide r

r -  ^ t  - Q  t -c n e  c a s e  w n e n . { \ = \ t , z )  a n o  J  = l s 1 , s 2 ! .

-  c f  , r r ,  ,Le t  1 (J t )  be  the  Fock  space  de f i ned  by

r t . t a .  ?  2  n
$(K)  = @ H- (D^ ' ,  le  )  ,

where  H ' (D" ,10  i s  t he  Hardy  space  o f  a l l  ana l - y t i c  f unc t i ons  i n  t he

un i t  po l yd i sc  Dn  w i th  va lues  i n  a  H i l -be r t  space  11 , .  f o  be  more

)  ^ n  - " ,p rec i se  fn  ( ^1  ,  42 , .  .  . ,A r . , )  be longs  to  H-  (D ' ^ , l t )  i f  f n  has  a  power

^ -  ^ '  t he  fo rne..t}ierrs r\rrr \.,, !

and

f , ' ( } 1 , ^ 2 , . . . , t r ' ) = . x . ^ f , , ( i 1 , . . ' , i n ) ^ ; . ^ : , . . . } " "
r . 1  t .  . .  t r n ) r u

i l  r"  l lXl  (Dn,x) i1, . l r , rrro l l r , , r i ' ' , "  ' , t r , ) l l i (

F o r  a n y  f e T ( J { )  ,  f = f  1 ( r 1  )  O  f  2 ( A 1  , 1 2 )  @  f 3 ( t r l  , 1 2 , \ )  @  . . .  w e

de  f  i ne



s r f = l r f 1  ( 1 1 )  @  ) . 1  f 2 ( I 1  , 1 2 )  O ) r i r r ( ) 1  , 1 2 , 1 3 )  @  . . .

s r f = o  @  f . 1 a 2 l  @  t 2 (  2 ' ) . 3 )  o  f 3 ( ) 2 ' ) 1 ' 1 ; )  o  . . .

T +  i  q  a a q \ r  f  . 1  q a ' .  + h ^ f  q  q  : r , -  n r + h n r J o n a l  S h i f t s  O n  E ( K )  a n d" ' ^ *  "  "  1

[S1 ,S2 l  i s  nonun j - ta ry .  Moreover? t=  (T-s1s t -S2s l )  F (JO ana the  mufL i -

p l i c i t y  o f  Y = { s " , s , \  i s  e q u a l  t o  d i m l ( .
|  |  / l

l ,e t  us  cons ider  the  sca la r  case when X=C.  I f  TeB(g(C)  )  as

an -9 -ana lv t i c  ooera tor  then one can eas i l v  show tha t

( 2 . 1 0 \  r f = r . , " . , f =  [ Y ] f  f o r  a n y  r e T ( c )
r r t

where  y  =?1  t r . ,  )  @ (2  ( 11  , ^2 )  @ f3  ( ) 1  , 12 ,13 )  @ . . .

s tands  fo r  T (1 )  and  [Y ]  s tanas  fo r  t he  mab . r i x  o f  f unc t i ons

I  { r  }  n  n  n\ 1  t ^ 1  '

l h  t a  . r ,  / 1  r

Y " ( 1 . , , 1 " )  - . V ( 4 " )  0  0
L l t t t L

\ O  t 1  1 r \ ( r , 1  1 \ ( r / 1  \
I .  ( A n  r  r \ "  r  A " l  I ^  t z \ .  1 4 " ,  I .  ( n . ,  u  . . .

J I ' J Z Z J I J

- il"6

T +  i  c  a . c r r  + ^  e a / 5  + h i +  i  f  r F  T  rr u  r o  e q o J  u r r d E  I r  t  
f  r p . l  

,  t f  r h l  a r e
r  \ J  L  L J

then

tf 
rJ 

*tt"tl =ttgl * rur'l

t11'g; =Irt*1 (l€ a)

J -anal.y! . Ic operaEors

" -  
T r  ̂ r  ^ ^ s  .

r L r r  
" . r r ]  

! e J \ v - i  - r r -  t h e

tfri tttl =ttvr 
trl

4 , .
N o w  i f  V e J ( C )  s u c h thar [g]reFlc l



onera f  o r  T  de f  i  ned  by  (2 .  1  0 )  i s  bounded  then  T  - , - "  i s  un  Y -o r lu -^ 
tYl  

*--  - ' - -  
L r  r

I y t i c  opera tor  on  F(c )  .

E x a m p f e  2 . 9 .  L e t Y = Y l  
" Y r t . . .  

@ Y m O  0 @ . . .  w h e r e  m e { N ,

, . , - o , - k .
f O e u * 1 p ^ ,  f o r  a n y  k = 1  t 2 , . . . , m .  T h e n  T r r l  t =  a n  f  - a n a l y t i c  o p e r a -

to r  on  F(c )  .

r f  d imK=n,  we can cons ider  ? t=cn .  The f .o rm o f  the  Y -u^ . -

l y t i c  opera tors  on  T tc" t= f rc l  6  cn  can be  eas i l y  deduce f rom the

sca la r  case us ing  the  tensor  p roduc t .

3. BEURLING-.'"NU UO"'ORIZATIONS AND LAT Y

r F h r n r r r r h n r r l -  e c . t i o n  f  =  { S - \ .  -  ^  i s  a  n  - o r t h o g o n a l  s h i f t  o n  a
I  , 1 t A k l !

r j i  l  l - \ ^ r +  . ^ ^ ^ ^ W  r n ^  r . r a  L a 6 n  + h a  d e F i n i + i r \ n q  f r . r m  f h o  h o c i n n i n . t  . ) Fu  J y q v e

Sect ion 2.  For T€B (10 we denote

D=r- Zs..rst and f =Xto ( o s.,]e)
len 

^ ^ l€n. ^

The  fo l l ow lng  theo rem i s  a  ve rs ion  o t  [ 0 ,  Theorem 1 .S ]  i n

n r r  r  c a + #  i  n a

THEOREI  3 .1 .  I f  TEB(JO,  then the  fo l low ing  are  equ iva len t :

( i)  :r=aa* for some Y-analyt ic operator AeB (?{) ,

( i i )  D=W*I,I  for some operator W from X to * ;

( i i i )  D>0 and dim D-R,gdirnX,

Proof  .  ( i ) :> ( i i )  .  I f  ( i )  ho lds ,  then D=AP.A*=W*Wr where

P.,=L - 
_l t . ,  t i  and W=PoA* . is an operator from K to X. .

" & ie.r\ n n

fC 
z'ttz2



I f  ( i i )  h o l d s ,

o f  i { .  The re fo re

1 B

( i i ) - x r i r ) .

polar decompos i t ion

then D=W*W)O-  Le t

Q= (v l *w)  1 /2  und v

W=VQ the

' i ^  ^  - . ^ - ! . . ' ^ 1r -  d  P c [ r  L  r a r

n

sfrs+= I
,L\  

-  '  k=0

1 / )
D ' ' f t  < d i m ; (  .  T h e r e -

.  v  - -  - - -1  /2
L ( J  q , .  D e L L - - L . r r V  W - V f . '

An easy computat ion

,^, 
stttsf hz )

S f W * W S f  f o r  a n y  n = 0 , 1  , 2 ,
f € F ( n + 1 f  eF  ( k , .A )

Hence we obtain that

( 3 . 1 )  ( r h "  , h ) --  t -  z '  
f € F

x
I  n +

<  s fTs fh l  , h ,  )  =
1 ,Al

n . . _ '=<.L - Z;. .. srwsihr
k = 0  f e F ( k , n )  - :,

F ( k

n
, :

k=0  fe

f o r  a n y  h 1  , h 2 e  T (  a n d  n = 0 , 1  , 2  , .  .  .

I t

we

n
De f ine  Ae  B ( l t )  by  se t t i ng  e *= l im  X  ' ,  S€WSf ;  ( s t rong ly )  .

nJoo  k=0  fe r ' ( k ,n )  -  -

i s  e a s y  t o  s e e  t h a t  A S .  = S . A  f o r  a n y , l e A a n d  l e t t i n g  n - r  o o  i n  ( 3 . 1 )

obt ain

4 r h 1 ,  h 2 )  =  ( A * h t ,  a * h 2 ) for any h1 ,h2€-4( .

There fo re  T=AA*  where  a  i "  Y -o r - ru1y t i c .  The  p roo f  i s  comp le te -

In  the  sequet r ,  by  the  suppor t  o f  an  Y-ana ly t i c  opera tor

T68(K)  roe  und.ers tan< l  the  sna l les t  reduc ing  subspace supp(T)C K

for each s. ( l€r!) containing F?rt. .  Taking into account corol lary
A

4' - \ i  c ^ m 6 f  1 . v  f  r . \ m  x  { - . \  Y -  r ^ l i  { -  h  i n i . l - . i a t  a r . \ - ^ ^  n V  T l -  . i -  ^ ^ ^ , ,- J  4 ,  w l - C n  r n l - C l - 4 1  S p a c e  9 & .  - L c  l - S  e a S V  t ! ,  D c e

that 'D}cce?. sincc v acts isometrical ly on i laC it  fol ]ows that

Olm U&4o ).moL .

( i i i ) - >  ( i ) .  I f  ( i i i )  h o ] d s ,  t h e n  d i m

t li-
+ ^ r ^  + L ^ F ^  ^ v i d + -  - -  i  q n m a * r r r  \ 7  f r . \ m  f ) ' /  

_ t o
o . r r  f u v r R e  u !  - I  u  0 \

that ls r- X s^ ts* =wnl^1.

T_

we f ind that Vi* l^I=D,

shows that
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1 .3  one can eas i l y  show tha t

supp  (T )=  € )  SFP^T*J€  ,
6 - t ! v

where.Po is the orthogonal project ion of J( on X,

T H E O R E M  3 . 2 .  I f  T 1 , T 2 e B ( K )  a r e  Y - a n a f y t i c ,  t h e n

( 3 . 2 \  r l r t = r 2 r 5

j - f  and  on l y  i f  T2=T1C.  where  C  i s  an  Y -cons tan t  i nne r  ope ra to r

w i th  i n i t i a l  space  supp  (T r )  and  f i naL  space  supp  (T1  ) '

Moreove r ,  i n  t h i s  case  C  i s  un ique  and  T ' '  =T2C* '

P roo f q 6 r { - i  n . r  D  = r  -  T  s  s * .  b v  ( 3 . 2 }  w e  q e t.  - - - - - - - ,  -o  -?C 
ie r r t ^ t i ,  

bv  (3 '2 )  we  se

p  T*h t l  =  l l  p  T th l l  f o r  any  h  e? f ,  wh ich  imp l i es  thaL  the re  ex i s t s
t l ' O -  1 "  r r  n  - O - 2 - - r l

a  un ique  pa r t i a l  i somet ry  CoeB( f )  w i th  i n i t i a l  space  P ; l |A t

--=-- an Y -constant innerand f inal  space PoTt t r t .  we extend Co to

opera to r  C  on \ t  ( see  Theoren  2 .2J  w i th  i n i t i a l  space  supp  (T2 )

and  f i na l  space  supp  (T r ) .  Now i t  i s  easy  to  see  tha t  T r=T ' t  C '

Moreover C is unique s j -nce C* is unique determined on f f  }0 '

The  fac t  t ha t  11  =Trc *  i s  immed ia te ry '

I , Ie appl !  the resul ts up to now for proving a version of  , , '

t he  Beur l - i ng -Lax  theo rem [ t  t  ,  7 ,  8 ]  f o r  a  A  -o r thogona l  sh i f t

r ?  t ^ ' t  ^ -  \ ?'  = 
t " r  Jrarr  

urr  su '

THEOREM 3.3. A subspace vl ' { '  otL is invar iant for each

S- (A€Ai i f  and onlY i f
A

I
l

I
I

, i

i

I
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JLytzt

for some 9-irrtl"t operator M€B (?0 .

i s  essent ia l lY  un lque.

+ h i  c  1 ^ A n r a e a n l -  a +  i  . ' l nMoreover,

;

i
I

I
I
,l

I

l
I

Proo f .  An  imp l i ca t i on  i s  obv ious l y .

Conversely,  IeLJ'L i l l .be an invar iant subspa ce for each

SA (A€d  and  l e t  P , ,  be  the  p ro jec t i on  o f  K  on  " { ' 6  '  t hen ,

p:=p. . -  l .s -  p , ,s :  is  the pro ject ion of  ?( .  on JLO t  A s^U")  -
.I'b 

il A,Juo A ^el\  

Let us show that dim P205dim f  ,  where as usual

{ = f g O  t  O  s . 1 0 .  T h e  c a s e  w h e n  X  i s  i n f i n i t e  d i m e n s i o n a l  i s
lerr ^

c lea r l y .  I f  d imX i s  f i n i t e  and  
[ " i l  i a r  

i s  an  o r thonorma l  bas i s

f o r f  ,  t hen  l s re , :  
i e r ,  r eTJ  i s  an  o r t hono rmar  bas i s  f o r  ] t

and  we  have :

dim PK=.1 I 'Jntrer, srer)=
i 6 I  f e T

. n
=r im I  f

n+oo ieI  k=0 fe

=ri* Z
nroo i€ I

( r im !
n+oo j.€ I

Z
F ( k

( tn, . -E s^r^s i )sre i ,  sre)
J/, . r t r l I I

,A) len

(P , ,  s rg r  ,  s re . ,  )  (
^ \ ' r { &  r  -  t

/ \ l

l l  s r q  l l  2 I  f r  e ,  l l 2 = d i m X
,,/\) ie I

By Theorem 3.1 i t  fol lows that err=M1"I* for some I-analyt ic

opera tor  M€B(K)  .  Moreover ,  u  i s  Y- inner  s ince  Pr*  i s  a  p ro jec-

t ion. Thus &=p,,K=t' Iy-.  The uniqueness fol lows by Theorem 3 '  2 '
,A'

4. SZEGO-TYPE FACTORfZATIONS AND Y-INNER_OUTER

FAcroRrzATroNS FoR V-ai,{alvtrc oPERAToRS

)

2-
re .b  (n

U S  C O n S a O e r  J  =  { b .  \ " -  "! /\ J,1e.1\
Let a A-orthogonal shi f t o n  d [ '



* f f o  r o

2 1

Sr?t) and 1et TaB(?$ fe a nonnegative Y-roepti tz

opera to r .  Fo r  each  I  € -A  we  de f i ne  the  Lowdens lage r , s  i somet ry- - 1 - / ' )  
1 / )  1 / . )S T , l  o r  ? f r :  = T  "  

' - J e  
b y  s e t t i n g  t r , l  ( t  t  / . h l = T ,  r  t " ^ n ,  ( h e ? g  .  r t

i s  easy  to  see  tha t  Y - :=  {S -  I  i =  ^  ,t t -  
L " t , l l i n ^  

t u  a  sequence  o f  i somet r i es

wi i -h orthogonal f inal  spaces.

After these prel iminar ies we can state the fol lowing theo_

rem wh ich  i s  a  ve rs ion  o t  fB ,  Theorem 3 .a ]  i n  ou r  se t t i ng .

THEOREM 4 .1 .  I f  T€B  (aL l  i s  a  nonnega t i ve  Y_Toep l i t z  ope ra_

tor then the fol lowing are equivalent:

( i )  1=g*a  fo r  some Y-ana ly t i c  ope ra to r  AeB(+0 ,

t i i l  V  i c  r A -\ r4  JT  _rs  a . r r -o r thogona l  sh i f t  on  f f r ;

( i i i )  There  is  a  dense subset  y )  o t&  such tha t  fo r  any

1  t  -  ' ? l_  s o | -

l 1L ( " "o { - -5  . , 1 ( r r ' ,  s rh )12 ;  he r ,  1111 /2n l l  = r } l =o  .
n + o o  ( f  e r  ( n , a )  "  )

In this case there is an f-outer operator A€B (J() such that

T=A*A and Oo.=OoOnol *>r0 ,  where  po  is  the  pro jec t ion  o f  K  on  Je

Proo f  .  ( i ) : ) ( i i i )  .  r f  ( i )  ho lds  and  l e f , ,  h  eK  w i th

AeA

l<sfAI,AI. ' )12 <
a  l a

11r r / z r r l l  - 1  rhen  : ,  l ( r r , s r t r ; ,  12=  X
f € F  { n / ^ ' )  

-  
f  € F  ( n r ^ )

. . )
l l  S f A f  l l  

'  f o t  a n y  n = 0 ,  1  , 2  ,  .  . .  .  S i n c e  Y  j - s  a A - o r  r o -
f  eF  (n ,A )

gonaf  sh i f t ,  by  Coro l la ry  1 .2 ,  l - im f ,
n+oo f6F (n r,t\)

( i i i )  h o l d s .

l l  s fA l  l l  2=0 and hence



q *  * 1  / 2 . , 1 1  2 =
" m  + _  *  f l'  t L

1  1 t 1  .  l

l ( r 1 ' , s o h ) l z ; h e f f i  l l t ' " n l l  = t  l ,
,.,") 

' )

( i i i ) : ) ( i i ) .  r f  ( i i i )  h o l d s  t h e n  f o r  e v e r y  I ' e ; ( '  a n d

n = 0  , 1  , 2  r . . .

( 4 . 1 ) Z r t
f e  r  ( n , n )

=sup{  x
L  f  e  F  ( n

w h e r e  S - .  s t n d s  f o r  t h e  p r o d u c t  S m  + r . r r S m  c r r r . . . S -  r / - \  .
. | r L  r r ! \  r ,  t t L \ a l  r r ! \ r ! ,

\'1 )
r n< leed ,  we  have  ,  2 .  \ ( r r '  , s f  h> l ' =

f  €F  (n , / \ )

=  E  . . l ( s i  , r r t / ' r ' , r t / ' n ) l t  a n d  s i n c e  t h e  s e t  \ r 1 / 2 n , l l t 1 / 2 r r 1 1 . r ]
f e F  ( n , r \ )  "  r ' r

\-
,4-r

n-+oo f  eF (n,A)

i s  d e n s e  i n  t h e  u n i t  s p h e r e  o f  X -  ,  ( 4 . 1 )  f o l l o w s .  T h e r e f o r e  ( i i i )

imp l i es

( 4 . 2 \  l i m  ! ,  l [ t +  o t ' / 2 t '  l l 2 = o  ( 1 ' e : ( ' )
n+oo f€F (n, .z\)

On the other hand for I  'e ; {  and geF (m 'A) ,  n=1 ,2,  .  .  '  ,  we

have

\ - '  1 / ' >  r  K -  1 / 1  . .  1 ( 4 ' 2 )
. r  i r r r  L  t  s *  . r ' / t s ^ r ' l l  

' = t i m  2 - ,  l l  s f i  ̂ r ' / z r '  l l '  =  0 .
n + o o  f e F ( n , u \ ) '  

' t L  
n - > o o  q € F ( n - m ' A )  

r ' Y

.!r o.I,pt v^r,L,q u --n argument shows that

l l  s6, fk l l  
2=0 for  any o*?s .

Now ( i i )  f o l l ows  f rom co ro l l a t y  1 .2 .

( i i ) :X i )  Assume tha t  ( i i )  ho l -ds .  By  the  de f i n i t i on  o t  t r , ^

(A€A) we infer that for each  €/ \



(4.3)  , t  / ' " f r  
s , i ,=s i r1/2r ' ,

- 2 3

for  any nn l ( r .

(kref,r)

t f  ref, ,  then A,.,r=P,.,  u' t1 /2t=*n* t1l21=v7><*1=Q1, where Pr is
(J r.,, d.T ^T

the pro ject ion of  JC,  on $ '

Therefore Ao=Q70 and the proof is complcte.

Hence,  the  opera to t  x= t1  /21  -p  maps f , ; .=k  O (  O s -  r )4 " )  in to  X .
_ t*r 

- -L 'll - 'rezr '1'rl 'l'

as  in  [8 ,  Thm.  3 .41  the  po la r  decompos i t ion  o f  X*  g ives  ;q , .  =1n7*9 ,

i  where  Q= (xx* )  t /  zes(X\  and w mapp ing{ -  in to  X  is  an  isomet ry .  We

extend W to an isometry V from J(* to Je such that

( 4 . 4 \  u t r , l  = tAu  ( t €n  )

as fo l fows.  S ince Y,  i "  A-or thogonal  sh i f t  on Xr ,  bv Coro l lary

1  -  l l  -  e a r - : h  k e  f {  h a s  a  r r n  i  . r 1 r a  r p n r c q F n f  a l . i o n

R =  2 J  5 q ,  + R €  ,
TCJ-

We nold s et

v rl- ,-.J J + 
YY r!.F

Le t  AeB(10 )  be  de f i ned  by

1 / )
A h = V T ' / ' h ,  ( h e K )

Tak ing  i n to  accoun t  (4 .3 )  '  ( 4 .4 )  i t  i s  easy  to  ve r i f y  t ha t  T=A*A

and  AS^=S^A fo r  each  l 4z \  '  i . e .  ( i i )  ho lds .

Final ly '  let  us show that A is Y-outer and A ' .=PoAPolX 
)  O -

Sett ing J '6<tf ,  we f ind aE= O sr, /b and by corol- lary 1.4 i t
feT

fo l l ows  tha t  i l ?  reduces  each  S^  ( )ed  1 -e -  A  i s  Y -ou te r .
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We are  now ready  to  usc

f - inner -ou ter  fac to r iza t io l l s

lhe above lheorem for obtaining

_ \ o
fo r  J  -ana ly t r c  ope l :a to rs  "

THEOREI I  4 .2 .  LeE  ree (K)  be  an  9 -ana ly t i c  ope ra to r '  T ] ren

T = B A

where AeB (K) is J-outer

::-_'j_'

s p a c e  A  t L .

Moreover,  there

the diagonal entry Ao

th i s  case  the  fac to rs

Proo f .  App ly ing

an f  -ou ter  oPera tor

and B€B (JO is Y- i t t t tet  wi th i  n i t iaf

i s  a  fac to r i za t i on  o f  t h i s  t ype  so  tha t

i n  t h e  m a t r i x  o f  A  s a t i s f i e s  A ^ > 0 .  I n

A and B are unrque.

Thoerem 4 .1  Lo  the  ope ra to r  X=T*T  we  ge t - '

A€B (K) such that

( 4 . 5 )  T * T = A * A

a n d  A ^ = P ^ A P  ^ l * ) t 0 .
" 1 4

B Y  ( 4 . 5  )  t h e r e  i s

ini t ia l -  space X1?- sucht

a  un ique  pa r t i a l

that T=BA. Let us

isometry B€B (K) with

show that for each

^e/\,  StrB=BSX -

Obviously S^B and BSn coincide on Ale on the other hand'

s ince  A  i s  Y -ou te r ,  f f i  i s  a  reduc ing  subspace  fo r  each  Sa

h€. / ! )  ,  wh ich  together  w i th  
" l tCAot=0 

lmPl ies  tha t  S IB and BSO

are zero on I  aH.* .  Therefore e i "  Y - inner '

Fo r  un iqueness  l e t  T=81A=BZC be  w i th  the  requ i red  p rope r -

t i es  o f  t heo rem.  Then ,  A*A= [ *C  where  A ,  C  a re  f -ou te r  and  Ao)0 '

Co70. Sini la l j  arguments as above show that there is u ' - '  Y-"o""-

tant inner operator B ld. i th in i t ia l -  space d* '  and f inal  space

E? such that A=BC- By Proposi t ion 2 '  3 we infer that Ao=BoCo
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dR- recluces

Now bY

whence ok"3. rnterchanging Lhe rol-es of A and c we obtain

1 )
t ' - n '  a n A  h 6 l r . . / .  A  = arro- \ -o crrru

q ih .a  A  =R e  B  co inc ides  w i th  the  i den t i t y  ope ra to r-o -o  '  - o  - -

. . ' , "  F17 on rhe orher hand c?=p -Eg=p ̂ e- le and since C is Y-outer,
v r r  v o 6 !  o -  o  o

each str (re^) .

Corol lary 1 .4 one easi lY show that

.-1t- rA c la .f)
ud\ -  \1 , , t  | f6 \v^cL ,

l a E

Thus, each ned-]( has the form

-Theorem 2.2 we have

Bh=|.  s-B^r"= I  t . t ,=n ,
f e } ' " ' t e } ' -

CX)(he

r . -  )  c  1
L L -  a a r  e  + L +

T e t
By

Since  A=BC i t  f o l l ows  tha t  A=C '

'The  fac t  t ha t  B .=B .  i s  immed ia te l y '
l z

Fina l l y ,  we adapt  [4 ,  r f reorem : .7 ]

'THEOREM 4.3 .  I f  TeB(10 is  a  nonnegat ive

operator such that T2rI* for some r>0, then

f-analyt ic operator A€B (;0 .

where  1  -€c ,X.  .
I ( J

The proof is complete.

to  ou r  se t t i ng ,

Y- toep l i t z

T=A*A for some

* proof.  Since T is invert ib le,  X*= K and for each I  € '1L

st, t r=r /2snr-1 /2

Thus

r im _ X f l r i ,en
n+oo feF (n,r!) '

for any h eJe, .

l l 2 = I i *
n+oo feF  (n rA )

11r-1/2sgr1 / 'n  l l ' - -o



z o

on x.

B y  C o r o l l a r Y  1 . 2 ,

Applying Theorem 4

Y = Js-  I  i=  a  A-or thogonal  sh i f t
"T L T, lJAe"{ t

1  the  resu lb  fo l l ows .
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( 1 9 6 8 ) ,  2 0 1 - 2 1 2 -
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