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Pseudoconvex domaing on complex spaces with gingularitieg

§1° Introduction

This short note deals with pseudoconvex domains (and nore

generally locally hyperconvex domains) on complex Spaces with
singularities,especia 11y om Stein spaces or ramified covering

|L..I-

n - 4 , S 4 :
of £7.Por strongly pseudoconvex domains the resulis are well

(@

-Also for Stein manifolds stronger results (S ior

locally Stein open subsetls) have been proved by Docquier and

Grs umrt [ﬂ] Their proof is in fact a reduction of the problem
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to Oka's theorem [15] by imbedding the given manifold ¥ in ¢
: bt

and then showing that there is a neighbourihood U of ¥ and a

v r 3

holomorphic retraction r:U—X,%hen I is singular such & re-

traction does not exist |6| .Another difficuliy in -
: A

of singular Stein spaces is the lack of a “"good distance"

(wiith certain convexity properties) 1o the houndary of a
Stein open subset DcX [17]‘

8144

ve state now our results

Theorem 1. Tet X be a complex space,DCCE a relatively compac
open subset which is locally hyperconvex snd assume that ther

exigts a continuous sirongly plurisubharmonic Funciion in 2}

——
ta

neighbourhood of D,Then D is Stein,
Ags a direct consequence we obtain

Corollary 1. Let X be a K-complete ape
compact open subsget which is 1oca?ly hyperconvex.Then D is

Stein.In particular any pseudoconvex domsin DCCY  is Stein,



Corollary 2. DLet X be a Stein space and DCX an open subset

ot

which is locally hyperconvex.Then D is Stein.In particular
any pseudoconvez domain DCX ig Stein.

3 i) < .

When X 13 a Stein spa

L
i

A

e the above corollary can be strengthened
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Theorem 2. Let X be a Stein space and DEX a locally Stein
open subset.Assume that D is locally hyperconvex at aDPNSing(X).

Then D is a Stein space.

Renmark 1.

[ i 5

a) The problem whether pseudoconvex domaing on Stein spaces
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aragsinhan l}gl,
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are themsgelves Stein was raised by :
b) Corollary 1 for pseudoconvex donains was proved in ([ﬁ],Thaorem 2)
under the additionzl assumption that D has a zlobally defined
boundary.

¢) A stronger version of theoxrem 1 is proved in [ﬁ] for complex
nenifolds.In this case the condition "D is locally hyperconvex"

nay be replaced by the weaker agsumption "D ig locally Stein®.

d) A weaker result than theorem 2 is proved in ([1],Cor011ary 2).

Hemely it is assumed that D is strongly pseudoconvex at DS inz(E).

§2¢Pre1iminaries

411 complex spaces considered are supposed reduced and
countable at infinity.
A Stein space X is called hyperconvex [lé} if thexre exists
hE

a continuous plurisubharmonic exhaustion Tunction ?:X“*(ww,o)

" ( the empty set is considered hyperconvex ).



Examples of hypefconvex spaces;

Let.Dcmn be a Stein open -get.Each of the following conditions
are sufficient for the hyperconveﬁity of D :
a) D is bounded and convex [}é}
b) D is bounded and has a? boundary{é] orC1 boundaryEtﬂ
¢) D is a bounded Reinhardt domain containing the origin(5]
d) D is a tube whose base Re(D)cRn ig bounded and convex[ﬁ]
: Othef examples can be found in ([ﬁ],[}B]).In fact,for bounded
domains of @n,the hyperconvexity is a local proﬁerty {}i].
To get examples of hyperconvex Sspaces in the singular case
one may take subspaces or finife morphisms into the nonsingular
ones given above.In particular any relatively compact analytic
polyhedron in a Stein space is hyperconvex and any Stein space

can be exhausted with hyperconvex open sets.

Definition 1. Let X be a complex spvace,DCY an open subset and
Ac3D any subset.We say that D is locally hyperconvex at A if
for any xoeA there exists an open neighbourhood U ot X, such

that UND is hyperconvex.When A=3D D is called locally hyperconvex,

Definition 2 ([1], 2], 23] ) Let X be a complex space and DX
an open subset.D is called péeudoconvex if for any XOEBD there
exists an open neighbourhood U éf %y and a continuous plurisub-
harmonic function ¢:U—-R such that UﬂD:{er\@(x)éo}.

Tt is clear from the above definitions that any pseudocohvex
domain is 1oca11y hyperconvex.

The proof of theorem 1 relies on a patching technique developed
by H.Peternell in {}GI(SQe also [li]) which allows usg to produce
a continuous strongly plurisubharmonic exhaustion function ?:D~+ﬂ.

Mo obtain the Steiness of D we invoke the following result of
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Narasimhan [}j] s

Mheorem 3. Let D be & complex sgpace and assume that there
. exists a continuous strongly plurisubharmonic exhaustion
function(ngMR,Then D igs a Stein space.

Tor the proof of theorem 2 we ahall need the following
two results
Theorem 4 ({I],Theorem A el Lobe o Stein space and DX
a locally Stein open subgsect.Agsume that there is an open
neighbourhood U of 2D0Sing(X) such that DAU is & Stein spacké.
Then D itself is a Stein space.
Theoremn 5 ([?@],Theorem 2 ) Let X be & Stein gpace,sCi a
closed analytic subset and V an open neighbourhood ef A
fhen there existsa continuous plurisubharmonic function

p: >R such that AC{p<03cV,

Tet us recall also the Tollowing ¢

e
-y
H:
o)
H

Definition 3. & conplex space 18 cslled K-complete

any xOGK there is a holomorphic nap f:Xﬂ%@p,p:p(xo) such
- : : : -1 :

hat x, is an Solated point of £F xo)).

It is known [Q] that a complex shace of pure dimension n

jg K-complete iff X can ve realised as a renificd domaln
iR :
over ©  ,but ve shall not need this result.
In ([i],Lemma 5 ) it was proved ¢

™

Theoren 6. Lvery relatively compact. open subsel of a
= - - - GO ; e S
{~complete space 4 carries a ¢ strongly plurisubharmonic

function.
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§3° Prool of the main results

In the proof of theorem 1 the existence of some special

convex incressing functions on (~02,0) will play an important

role.So we state :

Temma 1. Let (an nell be o strictly increasing sequence
of negative real numbérs such that dn—ao.Then there exists
g function T:(=ez,0)—R with the following properties :
9Ly Tal continuous,increasing and convex
2) =10

300 e () =teo
*K—> 0

4y Tla ])~t(an)<1 for every nell

n-+
Proof
We gdefine @ to be linear on each interval [an,an+1 and

on is ag

l,__'.

to vanish identically near —oo ,The precise definit

follows :

’dl a-h X .
A S S T e T a_<x
(H(s)l=

0 if }tsa1L

Properties 1),2) and 4) Tollow easily from the definition

of T so it remains to verify 3).Since T is increasing it

gul T +o ghow that T 00, low  Tle == {6 =
suffices to show that (an) ow (an+p) \an)
an” %y QUrepzh o Gnrp, SR BOIR,. o e S
Lonth ok hence for a given
an T + '&-n-i-{:-‘]_ Cd a‘l"\. s (1€ giedc e E L,J.V(‘ n

T(an+p)"T(an

It follows that t(an)wad*which proves the lermma.

)3t if p is sufficiently large (depending on n).
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Tiemme 2 Let fl,...,fn:(mw,o)—?(mw,o) be increasing
functions such that for any ie{l,.u,,n} 71m F ( ) =0,
Then there exigts a continuoa§?%§§;easing function
Ti(~e,0)=R sguch that :

a) lim T(x)=ec
X0

b) tcfiﬂtbfj- ig bouﬁ ted for any i,je{l,,aa,n}

Proof
Prom the assumption " 1@8 1( )=0 for any ie{l,...,n} "
it follows that there exists an increasing sequen&e{?v}ﬁdj

of negative real nunbers,dy—>o such that :
A me (B DR e e {£, (o SO j
(”‘) O {fl( v),‘ vsjn( ))) < min ¢1("1}‘i*l)’ °°"]1(O{“)7+1)
for any Ve [,

IT we set aﬁzmin{fj(dp),...sJ (ot )3 for odd ¥ and

v (ol o eiey Londion } Tor even Y then S A S
a. { JL( S ,Jn( ) hen a4< 83<8y 1< &0
and a,—o0.
By lemma 1 there 1s a continuous convex increesing funetion

e
T:(~0,0)R ,tzo,%i?{t(x):m and T(av,l)—T(ap}él for any Yeli,
- LB

€
LS

=0

To prove lemma 2 it remains to verify that TOTimTij
bounded.Since T is bounded below (T>o0) it suffices to
chiccks thet c( . ( e Uit 3( z)) is bounded for x<o sufficiently

closc todo. . 0L Ny Z{& oy » then prmléﬂin{f (x .(A)}
x) )~

—’3
/“\
\

max{fi(') ( j<a?v .o shence t( G, (x))/ 3 asieh

proves 1enma 2
Lemma 3. ILet ¥ be a complex space which carries a continuous
strongly plurisubharmonic function and let DccY be a
relatively compact open subset.Assunme that there exist
: ke
gpenl.subsets 0f ¥ ASEB.€EC, 16{1,9.,,k}$DCxV)A, and
it L 1 =1 L

continuous plurisubharmonic exhaustion functions yi:cinn~em



~such that ¢, is bounded for any

B.AB.AD “‘P\ ABLAD
xann a)lﬂﬂ
,JC{J,Ogog H T™en D ig a Stein space.
Proof
The proof is obtained by a slig zat modif “ication of the
arguments given by li.Peternell in (L}G},Lemma o ision
the sake of completenecss we shall indicate the nodifications
to be done.
.'f 1 f =
Take 6“ (Y) with p.>0,8upp p.< B, and p. =1.%e
: P = i oL TRtEAT
L
define the functions p.€C (”) in the following way : for
each 1 the functions ¢j~¢a je{l,.ocgk} are bounded on
QB.ﬂAiﬂD so we can chcose a sufficiently large constant
- t
>0 wit D, on B e g =N D el
}l> e 1P5 >qﬁ g aB.NA, ﬂD e set Py ﬂlpl yince

P4=0 on SBj we have :

(%) (HQdP+Py  on 8B;NAND

Let now ¢ be a continuous strongly pIULloubhﬂTﬂonLC function
on ¥ and let Ad>o be a sufficiently large constant such that
Ay+pl is strongly pluris ubharnonlc for any 16{_,00,,k},

Ve set If{l,.ecgl} and for xeD we define I(x)CI by

T(x) ~{l€I\xqu§ If xeD we get u(*)—wi {D (0)+4 ? (“)},ue show

that Y=A¢+u is a continuous strongly plurisubharmonic

exhaustion function on DIt is clear that ¢ is an exhaustion

function because ¢, are exhaustion functions on CihDyhenoe aih

remaing to verify that Y is a continuous strongly pluri-

gubharmonic function on D.let XOGD and sct I‘(xo)m{ieI]xocaB

Choose a neilghbourhood DTC:D oif Zs such that DTF1Bi:g§

)
(o o Sk - . = A
£ del(x '(x and let =T(x vithix e Mo uce
{f igm(AO)UI (yo) and let 10C£( 5 with }O@Klo.i01 each
jel'(x tab vgs from (%) that p. +9. >p.+¢. ] i
J ( ) it follows from (%) that ploi$ié>p' 93 on JKO if

ch:Ai is chosen small enough.We get u " wnﬁ"{p 4? i} hence
Zo ko TEJ%)
O




YA, ;maxfiw+3,+ .4 which shows that ¢ is a continuous
D}T Feli) L I 2k Al
0

strongly plurisubharmonic functio: D ig Stein

o2

n.By theorem

and the proof of lemma 3 is complete.

Theorem 1. Let X be a complex space and DccX & relatively
compacl open subset which is locally hyperconvex and assume
that there exists a continuous strongly plurisubharmonic

g Stein.

=

function in & neighbourhood of.ﬁﬂThén D
Proof
Tet Y be a neighbourhood of D and ¢ a continuous. strongly
_plurisubharuonio function on Y.Choose open subsets A, LCS @0 el
ie{lf.,‘,i such that
1) Dc.gi,.-ai K
2) for any ie{},a,.,kE there exists a continuous pluri-

subharmonic exhaustion function e 20 ﬂU — (~0,0) .

For every i,je{l,,..,kﬁ such that B,OB,HD¢SZ we define the

o () = mn - s s B 5 m

function “ij‘( 2, 0 )~>( @,o) by uij «lJL{V (z l quWAJﬂD v, (a)
T.. are increasing functions and lim B, .(x)=o0 because g

iy s ; X0 13( )

are exhaustion functions.let h: (~e2,0)~>(-00,0) be the
jdentity map.low we use lemma 2 For the finite set of
functions {Eijsh% and we get a continuous increasing

function i (-w,0)—>1R such that :

1L) EWL t(f)

2) T:mtinj ig bounded for any ’,ge{.,,,,, }Hluﬂ

B.NB.ND+E
L]
Setting Qi:tovi we get continuous plurisubharmonic exhaustion

functions on C.ND.Moreover,if zijﬂBjnD Tﬁj(v (2= (2),

therefore ?i(z)m@j(z)é(tmtwﬂ )(vi(z))uFrom lemma 3 D is

.

i
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Stein and the proof of theorem 1 is complete.,

We give now gome immediate consequences of‘theorem 1
By theorem 6 we know that any relatively compact open subset
of a K-complete gspace carries a C™ strongly plurisubharionic
function.Therefore we obtain :
Corollary 1, Let X be a K-complete space and DtcX a
relatively conpactd open gubset? which is locally hyperconvezo
Then D is Stein,Iﬁ particular any pseudoconvex domain DcCX
ig Stein.,

5

\then X is a Stein space by en exhaustion argument we get :

Corollary 2. ©Let X be a Stein space and DcX an open subset
which is locally hyperconvex.Then D is Stein.In particular
any pseudoconvex domain DCX jig Stein.

Corollary 2 is a particuler case of the following open
problen ( sce [1] ,LQ},(lT]) :
Levi Problem TLet X be a Stein space and DcX a locally

Stein open subset.Ils D itself a Stein space ?

Ve show that this ig the case at least when D is locally

N

hyperconvex at 2DASing(X),namely we prove :

Theorem 2. Let X be a Stein space and DX a locally Stein
open subset.Assume that D is locally hypercoanvex at oDNSing(X).
Then D is a Stein space.

Proof

For each weSingz(X) we choose a hyperconvex neighbourhood
ik : 5 <

V. ecd of x guch that V_ND is hyperconvex,Then V=\ _JV_ is an
4 24 : i X 65‘”3{}0.}5-
open neighbourhood of Sing(X) and by theorem 5 there is.a

3.

continuous plurisubharmonic function p on X such that B:{p<o}

o S B Sl e S e
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contains Sing(X) and BeV.We show that BND is locally
themcouvc“,Indoeo,aor 8any x cPﬂUu eV there exists zeSing(X)
FBLARRL LV .On the other hand V ﬂTUD (VrnP)ﬂ( HU) which is
hyperconvex as an intersection of 4two hyperconvex open
gsubsets. Therefore BOD is locally hyperconvex and by corollary
BAD ig Stein.In view of theorem 4 D itself is a ©tein space

end the proof is complete,
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