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SPECTRAL FACTORS AND ANALYTIC COMPLETION

by

Mihai BAKONYI

In thié paper we point out two properties of outer
and s#~-outer spectral factors of an operator valued analytic
contractive function. Spectral factorization has been inves—
tigated extensively for its applications in various areas
including_glectrical ehgineering, We are based on interpoia~
tion ideas originated to Schur {II] and developed further
in a very large number of works, from which we use here
{2}, {5) ana [6].

In §2 we give an approximation of spectral factors

-

extending a well known result on the rational approximation

from the scalar case, see for instance E@} and {9}e

In §% we solve an analytie complétion problem in the
case of functionms which admit meromorphic pseudo-continuae
tion of bounded type. The existence of inmer dilstions for
that class of operator valued analyﬁid contractive functions
- was proved in |87 and [2] , situstion related to Darlington
eynthesgig. For augh a function we solve an analytic contrace
tive completion problem for a 2x2 eperater metrix valued
function which extends the constant case, problem solved
seilisl ozl s

Thanks ere due to Professor T.Constantinescu for

suggesting these problems and for helpful discussions.
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§1. INTRODUCTLON

Ve shall begin by reminding some facte end notaticns

__rren (22, [ \ana (5] .
| Thuas, fe:,r twe Hilbert spaces (\fi and i% we denote by
@(s c&U the sst of all contractions from 73( into ‘;K
and by .Blﬁ?{}- the set of the contractions en M . &s in [12] 2

3 w" % i
for TE By (K, X et Dy {I'mtﬁ‘*""my &

and &9 mﬂ‘%"g%tm defect
eperator, respsctively the defect spsace ﬁf ‘Lo

By the definitiom given im {2, for two Hilbert spa-
ces X and 7&(! y 8 g‘j@‘g/fz choice sequence is a sequence of

7 v LT g ¢ -, - .,‘ = ‘"‘ 5 LN
contractions if‘ nz‘gnﬁl c R 1. & B;@_(X{g ) and \ nt Bl(é@nmz p

Q\*‘: L )‘. :{“ ll o,

j ook 4 Tor a nz2.
\ n~i

¥We preaent now some facts from (”Si\which are used in

the construction of the Naimark dilation of & semigpectral

measurlré.

il :
For a fized { A & ) choice sequence, we defines

A n-_-l,\\_
(L1} X, =Ko &0y
m i v \ I

k=]

end the contraciiongea:

X, 5 iy —= K

20D e, oD 2 D D ny 1)
P T12h T A o e A eeo }f,,
By @ Uy e 5 20 g Pt 2

There exist the unitary eperators (see [51}:

(2.2) -
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Ve also need the unitary eperaters:

R };‘% %
0{ u(:{/tw \:ﬁ:( 3
ne, UevL T,
4 wr.
Ganﬁkﬁ =
wheres
li 33\ {
b e vm%ﬂ%,ag}H
(L.4 J’I& L iy f’x:;*i'. \ fq;(h
s - : ~
“r ﬁ,;«;'iﬂ% 9»@@“‘1_11&‘51;\—@@61}“&_ ‘im
i" i ; n=l
G ¥ BF & “‘?12 5 9"“"9 X Y’}i- ceow L ,\g 0
0 g 0 & f} L '}?‘ ere @ )
. : ’ .
[ & > © - [
Q G . esveone egp D‘;“
b 8 @d} in
e —
and:
- )
5{7{11 "’»‘Eﬁ}v:&, ""“‘"fﬁ' &,{ql/&)
(1.5, pel
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let us define:
(1.9) X,=H®« @&JP
i 31 \\-
~J '\1
and we denote by Pn “'P‘ﬁf the ortogomal projection of ﬁ

17 N . - o NP
ontaﬁkn (:kﬂﬂ regarded as being embedded in Hq)°
InAiﬁ} it is proved that there exist the strong ope-—

ratorial Iimitse

e e
(1.10) k&GRSwlﬁm XnPn s, T ¢
N I [
5*‘- n n L + ]_CE: Y “ kf
: = /{/;h

(1e1%)
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'\-&"« ""(aaa Oi) }Vi 'f‘)(.) (\_) } and &W(°°”@;’D%@{\:§{“? @LQ;,]‘F_

ands :

T e C,
{?f [ ‘v\/ }Pud.u. == “ﬂ' O’\J‘J

Clwl‘é&} & ~o 00
X B F:‘: = Dy

f

Vie, " ““"“‘mbmz.ﬁ«n
B Wirts )
where D, =H . and {,\,A = v\{ }

Iet us define the unitary operator:

s .w"(._)e\‘
(l 15) (‘hbﬂ'a“‘rred T‘) g&eégﬂm,,ﬁa)"‘éﬁ& /—’{;) ﬁ S {f\*@'}b”\_}u?

'T o\ D z\ [
W Lou " 08
cd O 54 ,:z{?’*' -
> =

A k““ 1 Gx

~

o

Let us considers

5 e e
(1016} \:K\..“‘"ooo H"gw ﬂx}) \‘\:{Kﬁ C‘{E\iﬁl‘\\{{k

end the unitarys:

Yﬁ’zﬁf(nl ﬂvlgo wo-? n_;eﬁe} s \}3_"“—‘> \K‘gi

W= L @©W, 5

(1T )

-

where W is written with respect to the decompositions:

The matricisl form of W is:




(1.18) W =

where in fact the column -7

denoted by R is:

(1.19)

& &6

¢ o e

[

& o ey

0

el )

R

R

'S
e

e
—

e S T R TR Ty

9520 0 0

o B [ pyup
: T2

C -33 0 Q
-v“z‘.{ 2
2

L=

o
P 85 ~

h'} (i—) A
éﬁ* g;%' e

iy, <
ek

1

e

P

2

O LR

0 o

D ﬂ D-«:{:T‘I e o o
?% 12 3

"‘Ixﬁpgfjg e

ml_xi—i * o o
23

We will denote by Q.3 the ortogonal projection of
U ‘ . T » :
\j{_!_ onte the subspace: ... 0 @?);@; @' D0

Taking into. consideration the matricial form (1.18)

of W, we define: Q = !

the matrix transpose},

M=vhat remains in w

E the operator obtained from D

column,

1°¢ Nz"(mmo-eg_yD'Plg 0,0,ooo)t {2y meang

P-'-':(o-ore- 0.D D o : D - T e
ERg a3 T\%PQ 9 ﬁ% ‘1321;;?3 9 )

after deleting Q,N and P. Let be

by deleting the first
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We denote by W = ,Y\’” 5 gese ,1“0 13, @w—e]’)
(W defined for the truncated choice gequence} and by Rog

" Mng Pzz and I;} the opera itore obteined from &‘Jn in the same

way as RyM,P and E from W,

x *

For two Hllbert spaces ¢ = andj we denote by
,% ,% (y(z}} en analytic bounded operdtm valued function
on the unit disk D with values in B(Z,5) ana by}:‘i ,EE, @(z)é’j
such & contractive function.

It is known frem lel Ch. V Prop.4.2 that for a given
SLE}M O(Z)ti exists a function denoted byﬁ ;n{ ,7 ,R(\ (Ji
maxinal for the relations Te @{eiﬁ)ﬂ@(@w}ﬁﬂf‘(cm)? ,\( it)
| 8.@s on the umit cn'cleT » uniquely determined by thia cop-
dition modulo an unltary constant lefyt factor. 4s in [10] we
shall call R@ rt.‘ne. right spectral factor of @

Also, there exists a functiona}Lﬁ,'?‘.\? 5 L@ (z)} maximal
BeCa

for the relation: Iw@(eit)@ (eit}?‘: ‘;L@.(ei‘t)l@ (eit)x,

on', umi quely determined by this condition modulo an unitary

constant right factor. We shall call L@ the left gpectral fac—.

~
tor of MM .

on >
Al for{ﬁ ;’g@f (z)}’ with @ (z)= S zm@ n WwWe denote
: n=0 ‘
ags in 121 by}\ F o€ s @(z}? the function defined byﬁ"'
O(a) 2{43 lgm an easy computation shows that for every
n““) :
{(_,g féa}}'l we have thats
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Fer an analytic scalar function £ f{ﬁ " with 1 fH;J
there are well known raﬁllt@ on retional &pp“@ﬁlmatlﬁﬂ of
ite spactrai,factﬁrw also related te the Schur algorithmg
see for instance {4} and '\_9\_ - In thie section we extend
the result concerning the approximation.of the apectral
factors for the operater walued snalytic contractive case,
We prove that the spectral facters cen be approximstéd
(strong eperstorial) on coefficients by scme operater va-

Ined functions given by the Schur algorithm and which admit

inner dilaticue

§ 0 JPRTS R Raal

B oo
) o 0
anﬁ%;kyjky f(zlyl be given. Define the R-cascade transfore—

mation of £ as.. being:
(2.1} Cp(£) (2)=Ryq (2)4R, 5 (2)2(2) (ToRpp (2)2(2)) "Ry (2)

where the inwverse is assumed to exiaﬁ@‘ﬁhim is an anslytic
contractive function with valwea~in)ﬂﬁﬁgﬁg}¢
Latn‘fg\g f’Ich)}1 be given and [ =f; ()€ By . We
con&lﬁer%‘g\v».iw’ jﬁ“iﬁ% l(z{% be given bys
i
(2.2) 4 Jq(z)=
L

Dy 2
-y

<4

¥
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which is inner from both sidea (for definition see mféw

Chw"n" @ : ] : .

It is known frnm-hél that the equation: f1#33 {fg}

1l

has a unique soTutJm$% {JQf{%)é fzfﬂ}é
3

¥e define by inducticn for n\E Tﬂ n=E, (0} £B, (C\T 5
A J\ t",\wg

| e P
(2e2) g_tz) “ ;"t ‘r
5 " D‘ﬁ =2 ﬂ\\. |£

= HA 3 E;

e o .

and %_ pﬁUJYM (7)3 the unique solution of the equa- ;

tiong fﬁ?CJn(fn+l}¢

We shall call§x1nkn¥1 the choice sequence of the funce

tion fl p because it coincides with a singlar objeet in {2}¢

Using the se-called Redheffer product #, defined for

twe bleck-matrices:

. ht \36’1 \kl and
: Rﬂ* - : - (\h §
ct asl \1\} )
a5 ?ﬁz s f
= B - K2 Ko =
Bz R - st by
(o5 d \g&-. jﬁ:;
I 2 bl
x_ %
R* # R = < g Wwhere:
= w

o
x=e +bta (F=dta) "ot
y=b? (T-ad®) "1y
zme(T-dfa) Tot

W T T Y mlﬁ &y o T
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we have that® C o (G, (£) =0 £}, We note that %
: ¢ R R "Rten
gasoclative,

We obtain in our case:

| an(z} bn(sz :Ki ‘ »3€

(2 & 3} (Jlﬁi"(}';f&?, © awm} (_ﬁ ):‘1 cn (5 ) dyu ( E'}

Lo

'cn dnk

Because if R and R' are inner (f-inner) it results

- = [a b
that R°%R is inner (#~inner), we deduce that ‘ Il i 4a

i
I

! i

' |

Sh 9n |

-

inner from both eides..

We have thate

5 - i 3 |
£ (zy=a (z)=C Ka’n—-i bn—-l’} (£,) (z]»&rn_l bn_i\(\ ,) (z) =

®h-1 9n-1 ®p1 In-1

=bp_y (2) (£,(2) (T4, _3 (=), 2" [ @ea__ ) 07Dy - 2).

3 L3 . n g
From the definition of b it follows that b (z)=xz V'n(z:)
i8] n ; i

where v, (z) is enalytic and %-~ocuter, From this, and from

i
§

fﬁﬁ@):ﬁzlmevobtain_that:

2. (z)a_(z)8z & (z)
-lﬁ»an?ﬂﬁaha

. A . .
with 2 (z) analytie. So, f; end a, Mave the first n Fourier |
g

coefficients identicy and both being contractive, &, converges



coefficientwise to £..
e : : ) iy ') by o
Becausge 8n depends only en\ o k=142 00,01 we conclu-

B .'1‘/“ £ _".._ “.,.*"_' ST X e
de that LIV ig wm quely determined by its choice 8E8QUENCe .,

In‘tﬁlﬁ Corollary 4.4 it is proved that the Tight spece

. AU
tral factor of fl with the notations from §1 isgs

:?(j

=
RV = < *- 2 o d
fl(z} =Q_ ('£ zm""“} P I{"‘Oz Q oy kp

Taking into account the matricial form (1.18) of W

and the definition of M, we deduce thats

£
(2'94‘) Rff\;‘ (zlzDﬁ + %;. kR 1?1”"“113%

With the notations of the previous sections we have

the following result:

PROPOSITION 2.1. For a giwven analytic contractive ope=-
rator valued fanetlon{a(; gi, fl(z)} ¢ With right and left
. N d N ;"\

fl‘anﬂ Lfi v cn?n an vn?h

converge (strong operatorial) on coefficients to R anﬂ Lf

spectral factors denoted by R

respectivelye

, it it % ‘ e
Proof. Because Iw&n{a ‘}_anﬁe ) = bn(@lﬁ}bn(elt}x 2@ o
on'{ and bn(3}=ﬁnvhﬁzj with v (2) #=cuter, we have that

o
o3 4 s 4 ‘. 3 -"N %
Lfi vn‘&n& with (lozﬁk.hfl.m Tie

From this and from (1.7), we obtain applying (2.4}

for fm thate

G e
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5}0
‘ : e e T i1,
(2.5) (¥, g%rc ity +ﬂ TE e

A

where we used the notatione from §1 and En.i$ the compreasion

n=1 ~
of E, to the space & ol o

k=1 1o
As in\fsj, Lemmg 1.3 and Proposition 1.4 there exist

the strong operatorial limites

’

(2.6} s-lin P} = P, e-lin EXPt = 5% ,

n. n
. ol
where P§ is the ortogonal projection cf!gﬁ= o ﬁ ont o
=1 ¥
B
- S,

}
Fram ‘J Prop Tebs \li “1 nﬂﬁ

Iet be ¢e;kj D « S0 k,=D_ k_ with k’Gan o For
=1 %5 Bo S

n<p< s> we have that:

20 =4 =

( sz k, Dphnm and

(2.8) Xk ‘=X k =
p 5, nG n0

Theng

w
RE = - D{X.Oxxk = th%;;in .

BT e P D
=% Dy ky oDt o =D X k.
Ces) Ksﬂ:— nf} Dxa’::» v n'0 * ot g

We used here.€2ﬁ7£ﬁgﬁ.(lu13} and (1,14},

For P2XE, s we have that:

|
'
|
{

e S L i D e e




oy x5 _,—,,.r?‘;}{ﬁ,' = o w¥ b =
RP’ 1"“4’ ‘ %p%y* o k‘%‘ P D X_ﬁkl’}.@ e pnx";; F%&G
' 1/ SRS
==l Xk LY
P Py Lp, «:,.ﬂ }%

We used here (2,.7) p? (lwﬁ)pg (laﬁ}p and (2.8),,

Because S-lim H;fg-ﬁ D, 5 the last two relations show thate

(2.9) 8~ liw BF ="
iy 3 n

Using now (2.6}, (2.9), (2.5) and (2.4) we obtain

o~ :
that vhf; converges (strong operatorial)coefficientwise to

N
Lfﬁ!
15

Because I-a (e Tk, (elt)zcn(elt)kqn(elt), BeLe

A

and ¢, is outer, using (1.,20) and the unitary operator W de-

- k3 [
fined as W for the sequencetﬁ nﬂhvl we obtain that ¢ \n C Ol

verges sirong operat.orial coefficientwise to Rf the right
i il

spectral factor of‘fl, which completes the pPOOf of the

proposition,

Remark 2.2. About d. given by the algorithm we cannot

say that it converges er not. It has elways the following cheoie

ce Seqwﬂ‘nb@c{ T‘na 11'"‘? goaagm\-—‘? 9 Oggxweoo- ?Io

Every limit peint D of &ﬁ makes the operater valued
f"

Re D

=R (el ; .
=Ro (et E (@ } 8.@. on g, (I-£% {9 calleq in this case

e

metrix function \

:ﬁaet@rabloij mist be 0, so & converges weak to 0,

h}t@ be contractive. If I-f(elt)kp( ity

e i e S o e



§39ANF LYTIC COMPIETTON

In {3),{7) and {15) it is solved the problem of
contractive completion of a 2x2 matrix. So, it is proved

that for a contraction A¢B, (X ,X) and (i €8y (\? ) % ) and

o I
A ﬂAk[” :
{1 aéLBI{SDﬁg“““}W the matrix| ia a contraction
WD, X
e
ier X=e [A% 1D, FD with Pe Bl@f\l "@W’i’ Ve
Vs l 2

We will consider here in place of A an operator va-
Iued analytic contractive function which admit meromprphic
pseudo-continuation of bounded type and we want in this case
to solve the contractive analytic completion of a 2x2 matrix,
The notionm of inner diletion was considered in [8) ana (1]

and in these works it is also demonstrated the existence of

the inner dilatiom forr the above mentioned class of contractive

analytic functions. If it exists, the inner dilation replace

the elementaxy reotation generated by a contraction A, namely

A BA#

= which is unitery operator.
0 =)
A !

| i ;

For a given function{gi Bﬁ. i (z}%l uging Prop.4,1

Ch.V from &;é]s we obtain ag in 2\ that en anelytic fune-
tlem\;? H\ with values in B(HPIK) is contractive iff the -
re exiata%3%$§g$&@1(z5§1Aauch that H=IL,G,, L, being the left

. 8peciral factor of f.

£
Also an analytic funcﬁiom.% H}wmth values in B(é RO

',is contractive iff there exie tw{ﬁb ﬂi_r G (ﬁ)z such
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that Jﬁﬁéﬁf-g Rf,being-the right spectral factor of £,

. f_,;:

' !
We put the following problem: describe all{j&a,gis

4 X(z?ll such that the function:

{

for given f»GI,GE is contractive with values in B(Eﬁﬁﬁj@

Raflhy,
In general does not exist such a function., First we

give a necessary ans gufficient condition for the existence,

let be@b 3{i
I ~ ={»L1‘

} its left. spectral factor.

LEs |

Because I- (e ") H ™%y 1 4 Ih1, (10
vl :

Onmﬁ’r we have by considering the (1.1) component of the

e -
mﬂ%%s%ﬁﬁﬂj Lak

CoRe

8ol

above inequality written in matricial form, thats

alt)Lf(&lt}E2>Llfelt)Ll(elt)K s 8.6,

L (

; Sl f
- Because %f is &~outer, there ex1sﬁs%ﬁ@,g “% > V{zf% 1

such that:
(302} L v P 1'1

To be contractive, [, mist have the forms



i
b=10 . 1¢¢]

with some%j{‘, %’, G(z))zjl s from where:

_&), - £ LlG
; TR
G5 LG
Soz:
(3.3) LfG'l = LlGan

Lf is z-outer it results:

(305) VG = Gl L

‘Because V and G, are determined by @, the existence of

a.{‘ji} %,G(z)}l with (3.5) is a necessary condition for the

existence of X.

The condition is also sufficient because if exists

such a G we can take X = LEG"

We shall give a solution for the completion problem in &

3pec:_£ai case in which £ has imner dilation, which as in L&]

means that there exists an analytic function

b 4 B :
= U=l D

which is inner from both sides,

i

3
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In 18] an@ff\ it is proved the exigtence of immer
dilation for functions which have meromorphic pseudo=-conti-

nuation of bounded type to the exterior of unit disk,

From §2, the functions héﬁng finite suported choice

seq;zence{? 19 FZ’“ w.,ﬂng'.o,.()“,“} corespond to the functiens

: 8.

&, conftructed there, and because % _n is inner from
- % %

both sides, we conclude that this funetions admit inner gie

lation also.

If £ admits & meromorphie pseudo-continumation of boun- |

ded typs wo consider (as in (10]) the foliowing frner aila~
tions
A wai

(3.‘6) =
- L s

with values in B(‘,ﬁ@o%ﬁ ,53'«’3@21 . [G‘,_ B] being the right
gpeciral factor of ]:f.‘ Lf‘\..
As in D.O] y §2, all other inner diletionsof £ have

the formg

vhere ?—\ is inner angd K ie pseudomeromorphic funetion satige
fying X (e“t)X(@i?’}?" =1 a.e@. onFe :

Consider for a“given f with meromorphic pseudo=-centinua-

tion of bounded type the following problem:find all analytic



L 18. e
contractive completions
= r r Le
| L 5%% =
af £, wh@m{ﬁ 0 .6 (z)} anti{"::’ fL G Czl} a 1 |
¥ 4 i 1 1 — g % 1 re aiso0 g‘l’i?@n, i

The problem hag always solu‘&wna because we can eongider
X =G,0G, o '

The main point is the fellowing result:

Proposit'inn Jele The left spectral factor of

0 ' i
@ = 13’*1~H i where{:ﬁﬁ ,j&' s L }is- the left spectral |
€0 L gt o0 o
2. 2. -GZ
factor ofiG, ‘ : =

Proof. It is clear that k}) is :‘&-outer. Using the fact that

Af(& %) is unitary a.e. we have thats

oit ityx ity it
. y D (]

Y it)%c Ry = n-.) & . L 2-:: ﬁ(e J
R Gy (e Jn(e’- )3Eg, (o 0 Ly (&%)

= 2

- Lf(elt)%ceit)x .‘fl f(eltm(eitlxc; (eltzi: ""

-G. ce“‘mce“)f(e“)*- L, ce”‘)L (e“) +6 (el’“m(e“)n(e“%ec iy

o

I-f(&it) Iaf(e:ﬁ:):Jt -—f(&m)c(em)k‘f}’ (lt)"t : ' . o
n{ig(elt}(}(elt}i‘(e:“tlx I-G, (elﬁ)cca”‘)c(e*t)*a fe “)* =
=1 -0 06 e oy, ' .

" : s ¢ . |
Let consider nowé@, ‘&@3&‘ °(z)} @ [O]
such that:
3.7) k\’(e”ﬁW(a"’*}* Q (elt}@( lt)i i @(eit)@( i-t)sa
8eey on § o

Teking into account the (1.1) component of the inequality

IN

(3.7} written in matrieial form, it results that
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(] lceit>631ceit)*‘= ;f(eit}lffeitixy a.es 80 exists
%V%gs$z&g£1(zﬁ%’l such that:

(5.8) @al = L.()

From. (5.7) it follows that there existse

%@*/ﬁ@ (@ E‘v«lC«)g W2C£)]} such that:
o
e

80
(3.10) I.f = (1) 1%

From (3.8) and (3.10) it follows that L IT" Lwy

and because Lo is % - outer it results that Jl w w,=I , 80

{Lo)w 1 (0)=I, and@ so wy (0) is en i sometry. Taking into mccount .

the decomposition theorem from \,12] CheV, we obtain that:

W.lﬁz}mwl_({)) for all zeDse

Denoting by*g’\_(wl) the range of Wl

&eringf‘g “"’?\(Vi' ) @@.(W },'L and @ LO 119@ lz\l O

= "*’1(0) and congie
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E‘rom the (2,2} component of (3.7) it results:
(3.12) ®2€eit}@z(em}d‘iéﬁgC@it)D(e“)I}(eit)ﬁGg(&it)g“&*
+Iu62{eit}€§2€eit§;$, 8.e0 on ¥ ,
From (3.11) end (3.12), it followss
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with (3.7) ¥ is the left spectral factor of @ s i

To be contractive é migt have the form:
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where{\\\;;‘g &G 9"52 G]_E\‘ is the right spectral factor of Gyy and
(o }.. 0

! is anelytic contractive with values in. B@GZ ,Sigz)g

With Prop.%.l, it results:
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We established that:

Theorem 3.2, I1f £ has a meromorphic pseudo-contimug-

tion of bounded type)with the above notations, the fo?mula

X =066, + L. 'R,
2e0Y - e

egtablishes an one-to-cne correspondence between all
¥ [
%ji ;3£',X(z)% 1 such thats
= LGy

ggﬁ Xi

*b =

P
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