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by

Mihai BAI(Oln:f

In this paper we point out tvro propertleE: of outer:

&nd *E-out,er spectral factc,rs of an operator vatuecl enulytic.

contractive f lrncti on 
" 

spectraL factorization has been inves*

t. igated eztensiiroly for i.bs applications in various are&s

ineluding electrical engineerin6;" vle are based on interpol-a*

tio* idees or-i-ginated to Schur 
[.ff] anA developed furthei:

in a ve rj; Large nunber of works n. fyom which we use bere

[a], l.:J ana f6l-
In $2 vre, give an appr,oximation of spoctral factors

extending a well lsou,n result on the ra,cional approxj_mation

frorn the scalar case, see for inetence [a1 anA [S.]"

fn $5 v,re so].ve an analytie conpletion probl,oa in t,hs

case of funetione vrhich admit neroraorphic pseudo*eontinua-

tion of boundod type., lhs existence of innor dilatLone for

that. clase of, operstor va}rod analsrti-c contr:active fUncti.ons

was proved in [el ane I f.] o sitraatian rel"ated to Derl.ington

e;rntheeie. For sueh a function wo solve an anelytle eontrac-

tlve eornpletion ptobleia for a ?x* oper.ator natrix valued

funetion wtrieh extend.s the constant csrre' problsm solvoil

tn [rl,L?], L:4"
llhsnks ere due to profeesor t.Conetqntinoscll fos

ou{Jgesting theee problems and fon hel.p:fuL rlieeueefonso
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$1" rmw"gg

t&re shall begin blr r*minding sorue faets' qnd uo?atione

** Fl , 1.*] ana \'F1 *
I

rhus' f6r tws Hllbervo spacss?" *teYt'wa denoto bF

erfrrX(li the sst, ef alr eortraotiisns flroffi J( irrtu fil

an€ by nrfr{* trre soe a,f tlre, conuraetions on ( ' ae in [t4,

ree t€Bt(T(:J(i rer D*s(1-sstl4 urra,E*JilB*nu der€er.

operator", nespectlvelgr the defeet epeee of [..

Iiy the d'efinitlon given in [,a]1, for two llilbort spe-

"** 
X *rrd trC , " eYL-V.' ) choiee sequ€nee is a sequence of,

eontraction* lf l 
' ' lr*---'-- -- --""'- 

} nJn*r

J,.-.,r ) for a}1. n>P.'" \ n*}-

,tr€ Br(J( T{l unu il ,re nr{O**, ,

We preeent now aoms fac€s:fbors [5]*rierr are ueed in

the construe|ion. of the Nainark rlilation of e seroiepectral

meagurgo 
r

For a fixsd CXX('I ehotee sequ€nce, wa define:

n-l^.
-'.\tO @,$\r.

hsl

(r"l)
D

Y f
tt

" t ' D

"'*D p*-f "'

and the esntreetiona.s

r" 'r trx" -. * oK
\*eqdu 

S, ** *rrr
L&r*o'r" u't il"'oaf on1 f l ,""tui.f

Bhore exlet tho unltaqr cperateae (eear [fl]t
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O '  D a \
* ltU*.----: @)zlFl-..(a % n*r""t,{g(1"5)n

whqr.o:

(1"4)r&

&nd3

(1,5)ra

where!

e B-b

tu,. * {\D" * -t*--J.g1)frn
lL*J" I nn

oB 
" 

-mF*o-*{rfnU,ul.5 n;""-F"Snpf "::ot-,* _tro'a ' 
r'r * rt * r' 

' 
n*:[

; i:," 'Sq-=WLciry = ry.
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l 'n"
D-, o

fril ..t'n z .
D F *

u a

Wo aleo need the unltary operstorai

I  o  . "  o

O r  ' .  
0 1 . . . . . . . "  O l o



. _. \p*'FW4*-'Tr,lcr"r*), .{ '* lp*#u = op* nT,*_, .", o.r,t

end;
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, \'l' . L

fl l o
T

ftn

u,

D r
t

t

det

l ' $$

?\3{S
^fv

fl

t"
l l '

!t,
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Dp, *,"  Ff l  o. .s11 on )Vn- 1'r. *-_ "- {1"

" "Dl o. '0- DiL:'*uf i
{  r L  l ' {

oa, lv2=u,i
1 1 e p  ) * ' l

t r  Dn o . "  D" - .
l a r l '  n * l  1 1

.-\
\2'\

-* {Jllo , \ c

l ' o ^(1"e) u" = ff:e),ss,.,,.
t\) _yi, - .i.,,and we denote oo F" = 

" il)Jn. 
orr.ogonal projection or i[*

.  \ i ; ,  ' \<4onto\ (lL regarded es being enbedded irr$l"

fn [fl !t is pr:oved thar" Lhere exist the strong ope-

n.atorial: l irnitcl

(1"10)

(1 .11!

X,,-sS*lin
n

nS-lin
IL

^.' l)rItJr(,,n
k = ! . ' k

1v

. 'h 'n

N E

n s r
TI

€{)

?, .*i

A ({.)

(1"t?) n

asd the wri

( c x t
(1.151J

I
t / \ . )

L r,^

tary opsreterss

o(J ,-"":.
,,:1 \/ \

ffitt'\-?,

.o<)

\r l) \ lr,
t.t\*' &(

= *-Y uo r'fi-*-+ff
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_fb;) "
tary operator;

,Io, .. ", S{ o i;'l'@if., h)n,
T\

Aff '\
, \  0  r t

u \  I

o<rf)

F &{'ilp

\-r a \+/1
)r JL--) H

* t *

the natrielal form of S {sr

is writ^ten with neopect to the decoupooitions:

a. \  d - r  \an(P*rO'rru* €)ir+) ana $3 (" " "{$XSXO d"t'rf"- nsl. 
'r 
.""\-

t l t o l e

) K="., G$",sE

he urdtary:

, l**'q,la"'".i l,
lW= r @W*"*

enda

(r,14

whsre

1 1  r t r

(.r o ro

and t

( 1  1 n

r*hsne W

I  o(*' .

unl

fi c-/.C\ q\
\ fX :o{i'.* *+ cUlf

4 '"u 
*Po

t c( D.f* = D-
\ qre

v ?  , . , \ T
?* = u and OCli =t

Let us define the un

; ^ r r t ' t

\ '  W',. , ,r=W-.a ( 1' ,4r1 1 r. .
\  

- - -  

"  

L

o{

I  l r  o \ / D . , *
I rrr * | ll l5i5u

I 'nred- I o rw ll .x,\* \ er ll -rLw r\ (}.2

Let us. coneiderl

)



(1"18) ts *

* ( i

a a a a o a

. e o r . n

T nr . c  . r . .  v  v

r..," o x 0

where in fact t.he

o F f

o -41

o -z
Ê

Q -Zz

column

denoted by R

(t'r9)

We will denote by e_A the ontogonal projection of

{* onte the s'bspac' i  . . ,  ;€0.OElO o .. .
Iaking into. c.ousideretion the satrieial forn (1"18)

of W" we def ine:  Q =i11,  y=(. , , ,oPfr"u oror . . . , ) t  ( ' t *  Eeang

the natrix transposeln

p  = ( . - . r o rD* "Dn* l - z  ,  DnS  Dn* f c  , . . . )r l  -  I  r  , Z

trFwhat- ::emains in. Vi after deleting QrN and p" Let

E" the operator: obtained fy,orn D by doloting the first

co1umn,

. . .  O

' " :  0

* . .  O

- * . '  O

1 9 !

FI D^*fr D1* Dp* fl
r l a  ' 1  ' 2  5o'l -rf q -ff n* [',

o Drz -dttr-

0

-2f,
-zf
tl
. l. J

{ " $.;€Ft
L* = -o#*

be
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We denote bs' W**1t;d(r \"1 n-  n '1-1[  t  lL , . * ' l ' r , , roooo "" ]
defined for. the

Ph and E* the
. : -

ae RuMrF and &

tffunoatsd, choiee rr*guence! and by \o
ope?e,tors obtaiined from ff, in tire eaaa

f)ron tI,

*.

Fo,r two llilbert s.paces f anA $ we denote by
t ,. .* ,'\ ^l

tLrt r lij (z)J an ana\rbie bounded operator vafued funetion

on the unit disk D wirh values, in n(€,S) and Wlg'F, $)frt!
such a contractive functiqrxn

Lt. is kaoryn from [ra], cir"jprop*4,2 that for a given
( ,rt -- ,:) ?

td'J r19(z)'f1 e:cists a funetion denoted-byttt ,q ,Rfd (5!)t

naxinsl f o:r the relerionr r- tQ(ett)* @C*itt ,,n,;1{*it}*ti,"{*ir; ,,{r/ 0,
ereo or! the rqnit cincle{ , uniquel.y deter.nined by thie con_
dition nodulo an unitarv constant. Ieft: factor,- As in [fOl u,e
ehalL call R6 the right *peetral factor of @

Also,, there exiets a functionforT r, r,6 (z)! uaximat
fo:r  the rerar ionr r*@(eit)@ C*i* i*>r,6{ei t)r€} (" i t )u,  ,"u.
on$, unicrr:eLy dete.rreined by this condi.blon rcodulo an unitarxr
constant right f,actor". v{e shqll caLl tr

tor of @ " 

'0 the lef'L spectrall' fec-i

I

rr forLcr*"0 trl] vritrr @ frl= f ,t 0 o we den'te I
- r \ , " ( V l t r = O

X, 
t" \.#J oq'{ 

"6, fo) f"l( tr,e runcrion de:cipen 6y 
j,

l t ) r - ' -S."n ru\H
- 

\, ..r*rffOo rl!?ru an easy computation showe thet for everTr
[ . - \ -  r ' \  t
+Lr-J,$ (a)!' '  wa have thatr

L  - -
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(1,?0) nX= iX
($

$2. Wru. SASS$H&ASSQS

Fffr qn snalJrtic sosSsr funetion r t frqd/J with il fikd,
- there sr@ ssll. &reorelr re$r1Lts oa rstionsn. epproxination of

f,.ts epsctral faetoee also rolsted to the Sehur el"go:rf.thm,
l ' '

see for inetanec LAf ane Lgl " xn thle eeetion rrc ertsnd

the result coneeraing tlro approxination. of the Bp€etral

factors; f,or the operater saluetl anelytie contractivo, ca{rsc

tfe prove thst. the epectrel fecteas can be apprwiuatdd

(etrpn8 oporatoriell en eoeffieionte W ssoe eperete,r va-

Lued functlone ginen by the $ehur alg:orlthn and which adnrit

inner dil-atian

r"t$toT, xdu"'o R(u)h , - =[tl 
Lr1

f l , . ' ' l

""d-ILTL' 
r(a)iu bo given, Dsfino the R-eaecade transfoF-

Betion of f, aer.. beingl

(2.1) Co(r) (z)\16u )*err(alf (z) (I-rira{z)f (a)}-kur(z}

whene the irr.eerse le aeoumqcl to exieto" Shie ie an ane\rtfe

eontractive functLon. with valrees. fn n6'*r'C).

r.etXi.,W,rr("{,u to siven en6 l.'rr{o}€fuffQ" we

tXCI'Er' ur(,i} ba s{.ven bv:

\tr "o pfl=1 
on -" lt"" I

l- 'J

coneider:$
\

(2"2) r
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which t.s innor froin botlr sidos (for definition *u" [-fgl
il_ _l

Ch"V) 
"

It is known rrouc [_el that th*

hao a unique eolution{.rtjfl^o Dpr, 
",. , }

llle define by inductlon fon n2l

(2 .2 ,  
a

I f 1

\ ! n
-r Cz ),=l" n  t *

I rJn
t- t,r^

""d tDf ,biy., r,,n.(rllr
tionl: f',=C'o(fn+I) 

"

€ *r.r 1.6 \- ' r * L +  \ L ^ ,
o  t l  I

the rmi que soLution of the equa-

equation.l
(l

(a)fe "
11 -o l'^

r I ti-.r' n \w )  c  n 1 ( S n* rtrr,4
V"\ \u.X.+*l

rti

z$n+ \,/* I
6 r t  I- z  t r t . J

t ion

fune*

{. u]."

f a'13

{ r-, 1
llle shall call{l '.,,(rrr, 

the choice sequence of the

f1 r boeause it coiictdes r,rith a slmilan object ir.r

Using the Fo-ealled Redheffer product rg defiued

l-a' b;i
t t

n = t "  l .
I  c r  d ? l  .
t - )

bl
I
l ." l

dJ

"=[; il'

two bLosk-eatriee.s:

l e= l

L"
n 0 *

\44
d\a

Vi,
'f,r

{+l ---*> i+ )
\r*' \t>'
d\2 d"

\dr rln

"t tz d(z

*rO**,Oot5 '.{5

end

Wr

wherel

xFai+b rs 1y-6ary-l*.r
y=6r 11*"6a;-\
s'aq.(J-dts;- Ic e

1y=g fa;.1 t o; 
-I* 

o no*
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we have that:  cR, (%(f))=9Oo*

assoc iativeo

We obtain in our'easer

(2.5) (-r'iftrc". "*I,J r-,= [ ":::r L "

ane fr-c 
fan 

o"l

l-"" drrJ

Because if

that, B$iE is inner

(f)" we note that * is'

(fn+l,

I l,rCatl :( W,
)  d*(a)n! Si ' - 'o., '  J  Si -^St*o

inner (*-inner) it results

deduce that fan 
o{ 

,u

i-"" U

R and R.? are

(*-irmer) o w*

inner fram both eirlee.

We havo thst!

fr(z}-arr(z)=t 
[ "r,-u 

orr-il 
"*""*iurr-, 

urr-il (i-,r) t') =

f"rr-r do-rj 
Ltr.-t 

d"-rj

=ba*r(,a I (r" (z ) (r-dn-x(u ) fn 1" 1 x 
-r-f 

,n fr-a.r-, (z ) 1-rr) 
*I 

) 
"rr_, 

(r ) "

from the definition of bo it fol,Lorrrs t1:at brr(a)s**v (r)

rvhere vrr(a) ls enalytic and *-outer" tr'roo this, and from

r*(0)- [tr, *u obtain thatl

fn(r)-ao(z)*r\Crl

vdth An(e) analytic. so, fI and ao have tho firet

coefficient.e ide:ntieo, and both being eontractive, u& convergesi

I
I

n Fourier
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cooffic,ientlri.se to f1c

Beceuge a; depencl,r only on[n, kaluloca"en yirs conclu*

de Lhet fO {s uniqrrelty de'Lerruirred by it,s choice a€queneeo
E l

In l-6Jo co:rs||srv 4'"4 it is proved that the right, epec*
tral faetar of f, with t,he notations fi:ou $1 iel

eA

n; (zi =Q*, (r -zu$t -1ps;4"*,s-r#\f
* E E

Taking in b.o

and the definition

eccourrt the uatriciel forn (1",18) of W

of M' we. deduee that:

.:,Q

f oq*"***rnx
k=t

Q . 4 T Rrr
* 1

(z)*Du +

Viith the notations of the provious sections we hsve

the f oll-ow"ing result r

PROPOSIIION 2.1,. For a given anal3rtic contraetive ope-

rator valued zunetionSV-'t/ - r-(n\1"'n{Xo K'  r1(z) f ,  '  $dth

spectral faetors deno.ted OO &ft arrO 
\ 

, *rr?r,

right and lefT;

ana ?'P'
n\ il

J\,

coianerge(stnong opor.atorC,a3) on eeeJticien.ts to R; snd L** L  t n

roepe ctively"

Proofn Because r-*o{*[t1. ro{*lt1*= bn(@it}bn(eit1* a,o.

cnl$' enC brr(z)=anwo(al wittr vrr(u) **outer, ire have that

kr=tr enil \rith (1.?o) ,%. * t4 
.

Fron this and fbon (l_"?)n w obtsln qpplying (?"e1.)

for f* thats



- r e . -
c9

\ ,  . -  t / ^  {  *  . ^ " '  -(2.r, (%b")(e)=Hfc 
" -?-xh}STE--h*

* 
l* k=1" 

LL L" r,,

where $e usecl the nota'b.ionc fron $L **e $o ls the conpreesion
n*l rr

of Jlo to the space _0_ djr--r.
k = L  t k

a -  ; *  f r * i  T .as LrL i]_lr r,enna lo} and Proposition 1"4 there exi.st.

the strong operatorial l"initsc

C2,6, r-tin r]:= P*r, e-rin?fr; = s* ,
n n

where pfi is the ortogonal projeetion 
"f 

U-'= 6',t)p,^ or,*o
k=l F*

-,rl 9$-ot
$"*= oSaF&

r.o* ff], pnoe.r.+s J*

Let be r*e U-u$ . so

n,5!r('o we' have thatl

t

('<,{

u o^ll'^"
n=l 

r '  t '

v/]
k+:Dn kn Fith kn( dno" For

QlT, p

(2"8)
p

k* = Doh

X k  ' = X  k
sno oo oo

then:

R*k = J&x tr tr = -ix r.b r*- a
+ J{) + o(j *.rO

/v .v=-xx;k 4,**'x4$*Foo =-D.o["kro -

Ite used here (,?"?)* p (1,L3) and (1.14).

1,6r F)oc , w have that:



-  ] q  *

rr a\. .&R$ k* = -t{o\o,.il ko = -Hoxonx*q =

* - ,Y; *lu, * - -r;; -t 
'"

Y tJ r4o- * rrp 
b3o

-rt D*fX
P ^ p

v/e used hore (?"?)oo {1-".?)or (r"5}p and (a*B}o",
i rc\

Beeeuee S*lin llv d =
rt

(2 
".9 )

+ r *
s  -  L ig t  R"  oR-

r l t i

D* ,, the lest tsro relations $hovr th&tt i

Using now (A"6)n (1. .9) ,  (2,r ,  anA (a,"+)  we obtain
a v _

that 
%h con\rer8es. (strong operatorial)coefficlentrvise to

I

,ita *hn, we obtain ti,at ",,fi co,,*fined as l'1 fon the 
i'\--r +'") t^'/

sequenceJ,frj"'f we obtain that crrf;

vorges strong operaL.orlal coeffiel.entvrlse to R 
, 

the ri&ht

epectral factor of f1r which conpletes the proof of the

proposit ion* f f i '

Renark:2.2. About d' Eiven by the atgori.thrn ws cannot

eqy bflet it converges: er not" It hag al.waye tire fql}owin€: ehsri-
C  - oce eeqweneee{ - l t f f  

r  -  l  f i_, pocoe-\rf  ,  0r0r".* ?,.
L  

'  r ' * - r '  '  '  I  I '  
J

, Erer;,r Lindt point D otr % uakos the openator* volued

j
I

I
!
t

u e t r i x n r n c t t o n \ f  o - l

* LU, i lto 
ue eontraetive" rf r-f(eltlfr(*ia)*

*ntfeitlt ntteit) &c@o Grrq'', $-f& {_s calted in th1e ca.go

f.actorabi"elX $ nu,st be 0, oo do conver6JeE wesk to 0o
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$ 5.ANAIJ,f I C q,0l,fP!ETl0lrl_

rn ig l - f f l  err , l  [ rz-1 11 ie solved tho* ' -  L "J problen of

i"t is proveclcontractive conrpl et i  on

thai; for a eontraction

of

A€B

atr is a c ontract i  on

,.t),-,.n ) "' 2

(Yn,t)ux ) ena

2x2 natrix" So,

;I ':{.1 ane ilr ';e,

l n  
P a * r i l

t l
{r/o x I..(
with {,'f 6 BrMi.r

t r /

r1'xi t  2c B1(r{)nrdu')  o,  the

iff x*- {'aat al*or} no O,
i Ie wj. l l  consider here in place of A an operator ra-

lued anal;rtic e ontrac,tive flrnction whi ch aduri.t meromorphie

pseud o-coatinrati on of boundeil .fype and sre want in this ease

to solvo the contreetive ana\rtic comp$etion of a 2x? mstrix"

The notion of irxrer dit-ation was eoceidered in fe] enO [f]

and in theee, vrorks it is also de.non$tretad tho exietenee of

t'tre inner dilation fo:r tle above nenti oned clsss of contractivqr

ena[rt ie funclions. ff i t .  existso the innor dilation replacer

t"he elenentarry ratati.on genorated by a contraction A, neuegr
t s
|  *  D ^ * l
| 

'J 
I whieh ie unitary operat.or'.

l D ^  - a ^  I
L ' , "  j- 

I*or a g:iven functio$(oX" frf"t'f1 using .trop.4,I

Ch"V froru ffa], ,re obtein ae in [.al that an anal;rtic func-
tion ffrif] voith valuee in BffiJf[,lU ie. ccmtractive iff t}re-

re existeJ,l{_g$*oerf"l]., euch t"har, H=Lf,G}s L* beins iue rur,t

Bpectral fsctor of f*

rfl
also en enalytic func.r,iolr 

{o l*-" 
vetuos ln Bf(r,;(Cil

. '.,i.s eontrac:tive. iff there r"l.*,-{.0"[,, cr.(z)]. 
, ouch
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+!r ^+ T-ttthat, J='GiRf- n R1, bein6 t.he right speetral factor of f"

We put the f,ollowj-ng pr"obl-em:: descr{be uf:-i\trf[10,
.:

. x(zil .r such that the functi.on:
,  J J .

fo:r gfiven. f ,G1rGa is contractive wi.bh values in B(X?@Jq

(1.1) * =b" rtl
I

r,et ue@ -[;J ""*{g,Xe$, ,ot
r L l

tr.f = I _t l its left. spectral factor"\'/ t_%i
Because r-0(oit) @ futt lS l6 {ert)r,O (eit)* u.e"

onJ r wo have by considering the (t.l) cornponent of .bhe

above inequality vritten in natricial forrn, th.at:

k(.t"lk (*it)*>, r,r{uit)r,rt"it)*, a,e o

Because L, ie:.e,.outer' there exist-.lqrE* , v(z)\ 1
sueh that:, 

L iE *\

To lre contractive, 
l , uust have the form:

R€.\lLf r.
In general does not exist. such a functlon. First .we

give a neeessarrr ans dufficient condition for the existence;
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-1

"onJ

fr rrc I= 
f.-." b- J

*?  l r n
b:  L \v  '

witrr somefL Q, nc"l\ 1 r rroru wherer

z

c7.5, t4,G.1 = LrG,

So:

tr;-ron (1,2) and (?.T) ve have that 
byG 

= LfGl, Because

Lr, i.e *-out.en i.t reeuLte:

(t.5, w = Gt

Becauee T and G, ane deternrined by @1 tfru existenee of

"UL%ref"&l 
dtr (7"51 ls a n€cesasxrr condition for the

exietence of X.

the conciition Ls also sufficient because if ed.sts

such a G vre can tako X = f,rG,

_We *haII" give a eolutlon for.* tho cmpletion pnobLen:

epee.i-ai eaee in whieh f hae. irlaer dilatlon, whish ae i:n fel
leoane that t.hene esists. an analytle frrnction

r' '-l' { ;  ; t
L J

wlrieh {s inner. fbou both sideso,
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.' 
''l 

/ bl

Inlal enafr_l it io pnoved the exiEtenae of inner
dllatlon for functlone whieh have nerromorphie peeaido-conti-

ruration of bounded type to ths exter{or of unit disk.

lborn 93.r, the functl.onn having flnl,ta euporteil choice
r-

eeureneef t1o 
l '2n .".r1orOuO'".! corespbnd to ths firnctlone

1*a,- b Ian c or.rstru cte d there,, and becatrse 
I ^t _o | ," inner flrcm

1"" q,l
both eideor, we cqirc.rudo that th[e. fbnetions, edDrit fnner di-
lation aleo.

If f aamito: e, me:romorphis paeudo_continustion of boun-
iled Wp+ ws eorrsider {ae, dn [ro]l ta". folrowiqg {riner: dila-
.tionr

(t-6) af =l: fl
vLth values rn s(XeD* KOA ) , tc' ri] uei.ns tho risht
opectnal- faetoF or tt. C"

As. in LtO] " 
$2:f all ottrer irmer dllatiors of f have

the fornl

{ '

\

\ o
; ) ^ " ( ' .  

; )

vrnorc 
$ ie inner end C( ie pseudoneronorphf.c functlon eatis-

flrine,X (uit);l(eIt)* = I a..eo onT.
Ocnsieler for aigiven f, srith ner:ooorpiric

tion of bounrded type the following problem..find

pseudo-cont{nua-

aLI analvtic
{
I

P'i..d zuF't
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eontractlve coep.leti ons

a =1 , ̂ " * '{-;l
L c ? s  r l

t  '  ^  ^ _ Jo,f, f, whorelT["XJ* ,c1(z)], ,"ofj, [*"o.(a]]1
fho probleu hae alvrqys eolutione because

X €GeDS! 
"

The nain point f.s the f,ol1onrin€: resultr

_ Fropos{tion 3"1.o fhe left spectrsl factor of
F e  I  l - '  n  

' ' l  - svsvr  ( ' r

fi i\ =l r | ,rv =1"* ol (rn - 1o -l 
*rtl 

-" t -l 
*,o t^ | 

**to{.}- *, n 3f' n r'* t re *'u lert spectral
l - ' J  l *  - a J  .  ' -  1 )

f  actor of  I  c^ .  
rd

Froof' rt is erean trrut s is *-outer". Irsing the fact that

Af("tt) ie unitary &cer wo have thatt

taking into

$"Tt rEsitten in.

accsunf the (l. l)

natricLa1 forme

eomponent of tho

it results that

ere elso given 
"

we o&& eoneider

Q {eit1g1"r*r* =["r*l*' o 
l[+c.rtri 

n(uit)f,or(utt)'I \o / r\., , =lcrc"it)nGit),r*= 
,*11 ; 

'f,c2(eit)*

f 
nrcnitrrr(uit)r r -r(eit)cr*i;tfu.i.i*1*

[*r 
r**,*,*it)r ("it ) *, rn ceit ) r.,0. ru;. l1., r"ii, o,*rr,o {nit)*c,

; !.r"tt, rrr*itr* -r(uit)c(uirt**rr*r.1* 
I

fearuittcreit l36uitl* 
r-c?(eit)cceit)c1uit;*c, c*it lol 

=

L t -td (uit) fu) (eit;* a.€ o orr po

Loi constder 
""*{V, XG;U, fi, (z)}, ti, - fol I

such that: L@t)

(?..r) q (eit) V (oit) % @r,*it, 6 t*it ) *.r r*0 (otr ) (f g*it, *"
a " e "  o n $  o

inequality
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@ oe*itlGrc"it)* = r*,rutttaf.(*lt)*" ao€o Bo exrers

{_%',-'0-,J)c"l}' r 
sueh thetr

(5,9)

(5-10) Le = Q)r*r

0, = 
"rs-

Fron (?'",7) it fotl.bws. that, there existe,

to-"m.,'V' L"i
rq = L

zlt

t
,2

(a

Itl,

{u
0
0

, r2(rilh seeh that:

1' l f ' - -  \

J L *r' FzJ(1.9 !

eo

From (9.8) and (5.10) it foLlowe that Lr=qrf,p,

and becauee f," ie: * - outer it r.esults ttrat J- 
\:I ,. eo

0(Olwa(O)=I, and so q(0) is an isometrlp" Taklng into accoutxt

the clecourposition theoreo t"o* tfal Ch,V, we obtaln thqts

q(z)=w1(o) f,op a1l" ze$*

.. Denoting o"&("J the range of wt - w'(o) ancl eonsl-

, der:.ns3=3l*r)€R,cor* *nd (Er=f0r.,0)r;] ,0* =
r ' . \ A - r n n

*Utr i  [q/ { ^,-^ -- ^tq; - r{vJ=lYrrrV 
t t l  the form or(9, udV z with rospect to t^hi .s

n

deconposition, from (5.g) we have thatl$: ,rwr=L' and

0 2fv1=c2o", "o, $ ar'cp{'.
' !hue;
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f) *+ .ri\ r
c?. 1,r.) ftJ* euit I {i/, (rtt}*=sn (uit ) p (*tt) I (*it ) *cn, {*ir ) * .n

" $r{urrl CIrutur*}*

Erom the (2r?) conponent of (5,?) {t neeul"tsE

(7.w,, (du cur* i 0 * {ui bl 
! o, teit) o (*it } n ("1t) *e, {nit ) **

+r-ea{eit}ar(nit}* 
","" on-F .

I 'roe (,"u-) and (7,12)' it fo1loss!

r,n_ {eit)lr* cuitl% 022{urtl CI22{"itt* <-z uz : ' \

4 t-cr{'elt)az(€tt)r aoen o11T

*, Oaa(*iul 6) r*t"i.l 
o=kat*tt)*6. ("tt) 

*',

ql c* i t l*  &roor so

cton of ($, ffi

the foriEi

f.t

fr

B\r(

g

' t  
)

fa

l(a-

eL

ha

l
J

q
r l

x
, \

,e ctr

tmxetl.

- t t

I*orl

t

R

tt

'+

@

nw

7,

' (e*

.eft

IrC

L r l

t

I

,[0
h o l

a,ct:

U t

,$' )

th

t{t

(e- -

i s t

ontr

* l*f,I

I t  reeulto;  
Q'

with (ir"?) V

t o b e e

7.

*rr""u{[uRo, iR q?t ie tho right opeetral faetor of G1r anc!'' -lJ

I io analytic eontracrivs with values . 
"&, "f,gr],

t{ith Prop"}.l, it re,suLts.i



Wa established thatr

llheorem.T.?. If f hae e meronorphlc p$eudo-sontlnua*

tio'n of bounded typerwlth the above notstionsr the forurla

f .  k*r I
6 = 

l:r* 
caDcr.\n ncrJ

I * = *f*. * onJu,*.

eetabLiehes an one-to-onei correspondeocs betwsen all
-  . - " 1  . \
\'N .:tl "xf.z.)tr, eueh thsti

IE aontrsctive and urr{,?*, lk** ,p trl}, W

3

f'
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