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IMII{EDIATII EXTENSIONS OF FILTERED RXNGS

Wanda n4oiariu and Dorin popescu

A sepalated f i l tered r ing has a maximal ly  complete immediate
extension, This is an analogue of Kruli Thcorem from val-uation
r ing theory in  the f rame of  f i l tered r ings.

1. INI 'NODUCTION

In  Nocthcr ion  r ings  sn  in rpor lan t  ro lc  i s  p laycd  by  ad ic  f i l -
trat ions (al l  the r ings are here commutative rvith identi ty).

Unfortunately such f i l t rat ions are not necessari ly separated in
non-Noetherian case. Then we are obl iged to consider other f i l -

trat ions nhich are sepBratcd. This is alreacly the case when we

deal lvi th non-Noetherian v€tluation r ings, incieed then we con-
sider f i l t |at ions indexed by the posit ive parts of some total ly
ordered groups.

It  is the pr.rrpose of our paper to try to extend some eon-

cepts sueh as: inrmediate (or dense) extension, pseudo-con-

vergent, pseuclo l imit,  maximo]ly completeness as well  as fesults

from valuation theory to general (non- Noetlrerian) f i l terecl r ings.

For instance Theorem (3.14) below is an analogue of l{aplanskyts
Theorem (see [2] Theorem 1) and Thcorem (+.g) below sa5rs that

evcry scparatcd f i l telcd r ing has a maxirnal ly eornplcte

immediate extension ( i .e. an analogue of I(rul l  Theorem, see [3]
Propos i t ions  24 ,25  or  [10 ]  ch ,  1 ,  53  Lemma 5 . )  Le t  R c  Rr  be  an

immediate extension of valuation r ings and T a variable. Then
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R[T] c n. ' [T] is a simple example of i lnmediate extension (of

non-valuation r ings) with respect to the f i l t rat ion induced on

RITJ by t lre natural f i l t rat ion of R (see (5'5) t i )) '  But our interest

for ihis stu<ly was given by the fol lowing more sophist icated

exantple,

Let K be a f ield and K[X], X = (Xr,Xr, '  "  xn) the

polynornial I(-algebra in X. Let N*, K*, K[X]x be the

ultrapowers of I{ ,  K and K[X] i l i th respect to a certain

nonprincipal ultraf i l ter on N (see (5.1')) '  Since the Xlodic

f i l t rat ion of I( lXl indrtces a non-separated f i l t rat ion in KIX]* i t

would be nice to f ind a sub- I([  X)- algebra A of K[X]* such that

i)  A has a canonical separated f i l t rat ion inducing a

separc tcd  onc  in  I ( [X ]+  Bnd A c  I ( [x ] *  i s  immedia te ,

i i )  A is constructed in a nice way from I([Xl,

i t  is ir  f i l tered inductive l imit of polynomial

K[X)-algebras (see [5] 5 1 for an analogue question).

Such an algcbra seems to be the monoicl K*-algebra

A:=  X* [X , l ' l * ]  wh ich  is  a  f i l te red  induc t ive  l im i t  o f  po lynomia l

K* [X) -a lgebras  and a  f i l te red  induc t ive  ] im i t  o i  smooth  f in i te

type I{tXl-atgebras (see (5.6) and (5.?)).  The f i l t rat ion{(Xr}* 'o

is separated on A and induces a separa'ted one on I{[X]* '

[ lo reover ,  K IX] *  i s  an  immedia te  ex tens ion  o f  A  and A is  in  fac t

the graded r ing associated to I{[X]* with respect to the above

fi l trat ion (see (5.5) i i  i ))  '

I {hen R is a regular local r ing containing i ts residue f ield

k and x = (xt,  .  . .  xn) is a regrr lar system of parameters in R then

the  map k [X ]  +  R,  X  =  (Xr ,  ' . .  ,Xn)  +  x  shows tha t  R is  an

immediate extension of k[X] (the graded r ing of R)'  Thus' A plays

with respect to I{ ' t ' [X] c I([X]* more or less the same role as k[X]

with resPect to k c R.

for
(or

example

smooth) 1 i
i

: i
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2. PRELIMNARIITS ON VALUAT'ION ItlNcS

(2.1) Let F be a f ield, I  a total iy ordered group and

v : f  \ {O}  +  I  a  su t jcc t i ve  r ru lua t ion .  F= ( f ,v , } ' )  i s  ca l led  t1

lalf i"_g&lg and R ={xe Flv(x) y $ u {o} is i is vatuation r lng.

Clearly R is a f i l tered r ing, the f i l t rat ion being given by the ide-

ats {E }"1e r *,  
wlrere E., := {x e F I v(x) ) r} and I. ,  :=

r={V2 0 l . f  e  f } .  fne  va l .ua t ion  r ing  R 'o f  F t  =  (Fr ,v ' , f  ' )  i s  an
extensiol of R (short ly we rvri te Rc R') i f  Fc ! ' ,  f  c f '  and v is
given by restr ict ion from v',

Let k, l<'  be the residue f ields of the valuation r ings R

resp. R' of I '  resp. . f ' .  The extension R c I l '  is cal led irnrnediate i f
I  =  f tand l<  =  k ' .  The immcdia te  ex tens ion  R c  R '  i s  dense i f  fo r

every  xe  Rt  and everyY e  f+  the fe  ex is ts  an  e lement  ye  R such
tlrat v(x - y) 2 y.

(2 .2 )  A  wc l l  o rdered sequence a  =  (a i ) i<0  o f  e lcnren ts , f rom F is

cal led pseudo- convergenj (short ly rve write a is a p.e.s.) i l  i t

sat isf ies:

i )  a  has  no t  a  las t  e lement ,  i .e .0  i s  a  l im i t  o rd ina l

i i )  v(a, - o,) (  v(a, - or) for ol l  i  < j  < t  <0

(2 .2 . I )  A  p .c .s .  a  =  (a , ) , ,o  o f  e lements  o f  11  is  fundamcnta l
I  l \ v

(shor t l y  we wr i te  a  i s  a  f . s . )  i f  thc  se t  {v (a ,  -  a , ) l  i<  j  <e}  i s

co f ina l  in  f  n ,  i ,e ,  fo r  eve fyy  e  I+  there  ex is ts  a  t  (0  such t l ra t

v ( a ,  -  o , )  > Y  f o r  a I I  i <  j  u ' i t h  i >  t .
J r

(2.2.2) An element ye Rr is cal led a pseudo-l inr i t  (short ly we

wri te a p.1.)  of  a p.c.s.  a -  (a,) ,a6 frorr  R i f  v(y -  a,)  =

= v(a1a1 -  a,)  for al l  i  (  0.  A p.1.  is not unique in general .  Indeed,

i f  y is a p. l .  of  a in Rr and there exists an element b e Rr such

tha t  v (b )  )  v (a .  -  a , )  f o r  a t i  i  (  j ( 0  t heny+b  i sa i ro the r  p . i .  o fa .

(2.2.3) A p.1.  of  a f .s.  is necessary unique and so we cal led i t
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l imit.  I f  the extcnsion R c l l t  is dense then every element from

. R' is a l imit of a f .s. from R.

'  (2.2.4) I f  the extension RS R' is immediate, then every element
. from Rr \11 is B p. i ,  of a p.c,s.. from R having no p. l .  in R (see [2]),

(2.2.5) R is cal led maximally complejr_g i f  every immediate

t 1..  extension of i t  is tr ivial or equivaientl  i i  evcry p,e.s, from R has0 1 9  -  -  - . '

a p.1. in R. l ivery valuation r ing has a maximally complete
immediate extension (see [3],  [10]) which is not necessary unique
i f c h a r R ) 0 .

(2.3) I f  a = (a,),a. is a p.c.s. from R then the fol lon,ing
. statements hold (see [6],  [2J, [9J, or [10] for proofs).

(2 .3 .1 )  v (a ,  -  a , )  =  v (a1+1 -  a ; )  fo r  a l t  i<  j<g

(2 .3 .2 )  e  i th  e r

i)  v(0,) < v(ar) for ol) i  (  j  (  0, or

i i )  v (a , )  =  v (ar )  fo r j>  i  >>0

(2 ,3 .3 )  i f  y  i s  a  p . l .  o f  a  then e i ther

i) v(y) > v(a,) for at l  i  in the case (2.3.2) i) ,  or

i i )  v(y) = v(a,) for i  ))  0 in the case (2.9.2) i l

3. IM}/IEDIATE EXTENSIOT{S OF FILTEIIED RII{GS

(3.1) Let A be a r ing, f  a total ly ordered group and f -  (Er)ref 
_

a str ic-t ly decreasing f i l t rat ion of ideals on A such that

i ) E  = A
o

ii) E^,E", , $^-rv f or ail y,y' e I*,
T  I  I ' T

By a f i l tered couple (A,E) we mean a r ing A, a total ly

ordered group I and a f i l t rat iorr E on A as above. A subset

L  c  f+  i s  ca l1ed convex  i f  ho lds  (x )  o  e  L ,  B l  o ,  B .  l * )B  e  L .

These subset form obviously with the inclusion a complete

f
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total ly ordered latt ice (L(I)r (  ) ,  To every subset S c f+ we ean
associate an element from L(I) namely the convex closure
S := {1 e f* l3 o e S with y < u} of S, unq so the addit ive

' operation of I  induces an.addit ive operation@ on L(f) by

L @ Lr := L-T Li-

An element L s L( f)  is principal i f f  there exists 1 e I+ such that

! = {r n f* lo I  t5. y}. Civen an element x e A then 
,1, 

:  =

:= {y e Ia lx e Er} belongs to L( I) and 1 : A --+ t( f),x -+ 1*
defines a canonical map which is analog to the order map for

. adic f i l t rat ions in Noetherian case, as shows the fol lowing
.elementaryt

(3.2) LER{II'A

The fol iowing statements are eouivalent
( i)  there exists an orger map with respect to E, i ." .  g

function v : n \{0} + I* such that ever.\/ nonzero g& rn ell x e A
be longs  to  E  ,__ . ,V  ,  , ,  where  l  :=  l l  D .- v(x/ Y 'Y -) '

i i )  for every nonzero g]srnglr l  e A !!9 set q, is principai.

(3.3) LEMMA.

Let x,y e A.!!el the fol lowine state rn entshold:

i) n(x) = r(-x)
ii) n(x + y) > r(x) if r(x) ! r(v)

iii) n(x + y) = r(x) if r(x) < r(y)

iv) n(xy)2 r(x)o 4y1
v) n(o) = I*, r(1) = 0

P R O O t r " C l e a r l y x e E

ii) Let .y e r(x). Then

iff  (-x) e E^ v v and so i) holds,

T e  r { y )  a n d  s o  x , y  e E ,  T h u s  x  +  y  e D t '
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i .e .  ye  n(x  +  Y ; .
i i i )  Using i i )  we get n(x + y) ) n(x). Suppose that there exists

'r .e n(x + y)\n(x), Changing.r by a snral ler one i f  necessary we
may supposc al.so t c l(y). Tncn y e E, but x { E. and so we gct

. x + V t E.-,  i ,e..6 { n(x + y). Contradict ionl Thus i i i )  holds.' t '

r l  iv )  I t  is  enough to sec that

n ( x ) 0 r ( y ) c n ( x y )

Lets g t(x), B e n(y). Then x e Eo., ye EU and so xy n E'EB .

c  E_.^o  i .e .  a  +  B  e  n (xy)u , ' p
v) is obvious.

(3.3.1) REll{ARK.

Suppose that an ordef map v : A \{0} * f+ is given v,, i th respect

to E. Then the above Lemma sBys th&t for every nonzero

elemerits x,y e A i t  holds
(i) v(x) = v(-x)
(ii) v(x + y) ) v(x) if v(x) < r(y)
(iii) v(x + v) = v(x) if v(x) < dy)
(iv) v(xY) > u(x) + v(Y)
(v) v(t )  = o

u' lr ich are certainly the usual propert ies of t fre order maps,

(3.4) Let 0 be a l imit ordinal,  a = (a,),a, a l \ 'el l  ordered sequence

of elcments from A and U, := l(a,* ' ,  -  a,).  We ealI a pscurlo-

convefgent (short ly p.c.s.) i f

i )p, = r i(a, - a,) fot '  a) l  i ,  i  < j  < Q
t J

. i i )  Qr,),aU fot 'm a str ict ly increasing sequence of elements

from L( f  ) .

A p,c.s. e = (a,), .o is fundamental (shortty a f .s.) i f  f* = U U;.i r \ ' i < 0 ,

An element y 6 A is a pleudo-l imit (short ly a p. l .)  of a p.c,s.

a = (a,),a, if n(y - a,) = Ui for alt i < 0. Clearly a p.l. is not



:1"

Morariu - Pcpescu

necessary unique, as shows the foilov,ring

(3"5) LElyi!-{A. if y is a g!..qf g.L".s. u = (ri)i<e from A anQ z e A
satisf ie! q(z) ) U-p, then y + z is anothel g! of a. Converselv

i<e .
eve-ry t!,,r o pl, differ !y such an demellt z.

PROOF- i \ 'c have

t(y+, - ar) = n(V ar+ z) = n(y - ar) = Ir i  for each j  (0, because

n(z) > p- (see (g.g) ( i i i )  and so y + z is a p.1. of a.

Conversely, i f  y and yr are two p.1. of a then for b := y - y '  we
have n(b)  = t (y -  y ' )  =  n ( (v  -  a , )  -  (v ' -  a , ) )  )  p .  fo r  each i  (0  (see
(3.3) (i i)) and so n(b) > u u..- i < 0 ,

(3.6) PRoPosff loN. Let a = (a,),au be a p.c.s. frorr A

g &.L of a. Then one and onl:r one of the fol lowing
holds:

i )  n ( a t )  =  n ( a , )  =  n ( ] , )  f o r a n i ) ) 0 a n d . 9 y 9 I I j , i < j < g' l l

i i) n(a,) < n(ar) < rt(y) for all i , j  with i < j ( Q.

PROOF. We have the fol lorving two cases
(1) there exists i(  0 such thet U1 > n(ar) fo| al l  j ,  i  < j  < 0,
(2 )  fo r  a l l  i  (0  there  ex is ts  j ,  i  < j  <0  iuch  tha t  p .  <  n (a . ) .

In the f irst case lre €fet

n(a,) = n(a, - a, + ar) = n(ar)

since r1(at - nj) = t ' i  ) n(ar') (see (3.3) i i i), i) and (3.4) i)). Also it
fol lows

n(Y) = n(Y - ai * 
"l 

= n(a,) since

n(v - a,) = u1 > n(ar) = n(a,) (see above)'

in  case (2)  f ix  an i  (0  and ta l<e j ,  i  <  j<0 such that !1  < n(ar ) .
Then

qr! Ye A

s ta tements
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n(a,) = n(a, - ai + a,) = p, since n(a, - a.) =F, (n(a.)
J  J  I  t  J  

' r  j

Thus (n(a,)),a, is a strictly increasing sequence because (Ur), is so.
A Iso

n(y) = n(y - a. + a.) ) n(a,) si .nce n(V - a,) =Ui =n(a,).

As (n(a,)),a, is strictty increasing we get n(y) ) n(a,) for atl i.
(3.?) A r ing morphism u: A +B is a morphism of f i l tered

couples (A, E) --* (8, F), E= (Ey).r. I  
*,  

F= (F^)^.n*, rrA being

some totally ordered groups, if r1 = I and ,-1(f^.) = E.. for every
y € I+. I f  u is an inject ive morphism (of f i l terel 

"or] lur) 
*u ,"y

that (B,F) is an extension of (A,d. I f  u is inject ive and F is the

fi l trat ion induced by E on B then we say B is an extension of
(A, d. The morphism u is tr ivial i f  A = B and u = 1O (then fol lows

a lso  E= D.  I f  Eare  separa tcd  i .e .  0  E-=0 and u  is  a
ye [ *  f

morphism (of f i l tered coupies) then u is inject ive. Indeed, then

we have

u- l (o ) .u -1 (  t - l  pJ=  0  u - I (p^ . )=  0  r ^ .=o
yel+ t y€r+ t yarn t

(3.8) LEMMA. Let u : (A, EJ --+ (B, fl be

eouples and a = (a,) , ,o a p.e.s,  in
1  l ( v  -

statements hold:

( i)  n,,u = 1^, where nn : A + L(I),  rh, :  B -r g(1) are
given as above with respect to E, F.

( i i )  p; = na(ar - a.) = 6(u(a,) - u(a.)) for at l  i
J  v  r  J  - -

( i i i )  u(a) is a p.c.s. (with respect to F)

iv) i f  x e A is a g! of a (with respect to E)

p.].  of u(a) (with respect to F).

For the proof it is enough to note that if x e A then x e E

u(x) e F^,.
I

a rnorphism

A. Then the

of f i l tered

fol lowing

i < j < 0

then u(x) is a

l I t
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(3.9) LEMnIA" Let u :  (A,I) + (B,F) be a morphism of f i l tered
couples, y an element from B and x = (x,),a. an well  ordered
sequence from A such that the sequence

a
is st l ielv increasing in L(f ) .  Thelt x is s p.c.s, in A and y is g .&1.
of u(x). Mor'bover jf x has a p.l, z in A then

nu(y - u(z)) > l'(y - u(x,)) for all i < 0.

PROOF. We have

no(x,-xr) = nu(u(x,)-u(xr)) = n"(u(x,)-y+y-u(xr)) = nu(v-u(x,))

for al l  i  (  j  (  0 since nU(V - u(x,)) < re(y - u(xr)) UV hypothesis.
In part icular nO(x, - xr) = nO(x, - x '*1) =: U, and (r,),  is str ic0y
increasing. Thus x is a p.e.s. and y is a p. l .  of u(x).
Now suppose that x hBs a p.1, z in A. Since y, u(z) are both p. i ,

of u(x) we must have

nu(y - u(z)) ) p. for al l  i  (  0 (see Lemma 3.5).

But Ui = nU(V - u(x,) for ai l  i  (  0 (see above).

(3.10) LE[.IMA. Let u: (A,E) + (B,I) be a morphism of f i i tered

couples and y an element from B\u(A), ' fhen one (and onl:r one)
of the fol lowing statements holds:

i)  there exists o p.c.s, a = (a,), .6 from A heving no p. l .  in A such

that y is e p.1. of u(a),

i i )  the subset

rt = U np(y - u(x))c r
x€A "

ias  a  max imum ( in  A) ,

PRooF. Let L := {n.(y - u(x)) lx e e} c ;1r1.

First suppose that L has no maximum (in L). Then we choose in L

a well ordered cofinal subset
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l '={nr(y-u(x,) ) i , .6

whcre x = (x,) , ,o is a wel l  ordered sequence of elements from A.
I  l ( 0

.Certainly.we can suppose that L'  is str ict ly increasing and by

Lemma (3.9) we conclude that x is a p.e.s. and y is a p. l ,  of u(x).

Since Lris cofinal in L we.note that x has no p, l .  in A.

Now suppose that L has a maximum nU(V - u(z)) for a certain

z € A but A = n,.(y - u(z)) has no maximum. Since A has no maxi-

mum let (Y,)raU be a well  ordered str ict ly increasing sequence of

elements from A which forms a cofinal set in A. Choose some

elements t = (t ,) ,a6 in A sueh that t .  e Oy,\Ey;*, and put

x. = z+ t, .  Since y - u(z) E Fy. for al i  i ,  we gety. e nU(V - u(x,))

but Y'+1 4 nn(y - u(x,)).  Thus nu(v - u(x,) l ,rp forms a str ict ly

increasing sequence in L(I) and by Lemma (3.9) i t  fol lows that

x = (x,), ,6 is a p.e.s. in A and y is a p. l .  of u(x). Since

{nB(y - u(xi))} i<, forms a cofinal set in A we note that x has no

p,l .  in A.

(3.10.1) RtrIYIARi{. In the notat ions and hypothesis of lemma
(3.10) suppose that i)  holds. Then y 4 u(A) + n F-.

. Y E A '
(3.11) PROPOSITION, Let u :  (A,E) + (B,F) .be a morphism of

f i l tered couples,

E = (Er\e r*, ir = (Fy\er*, 
\ r= 

lrro^, 
,"r '= 

lrru^.
Supposc that u jndtrces an isomorplr ism , ,y ,  E"f / \  - '  Fy/Jy

everyY e I*,  Then for eve|y elenrent y

s p.e.s. a in A such that

(*) y is a p.1' of u(a),

(**) a has no LL in A.

from B\u(A) there

PROOF, Let y be an ele ment from B\u(A).

enough to show that

By  Lemma (3 .10)  i t  i s

for

exists
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.

A= U r6(y-u(x))  c I* ,
' x€A

has no maximum (in A). Suppose that A has a maximum y e A.

Then there exists z eA sueh that y € q(V - u(z)). Thus y -
- u(z) e F- and so there exists x e E^. such that y - u(z) -

T ' {
- u(x) e J, u" being surjective. Then rg(V - u(z')), zt = z I x

contains an element bigger than 1. Contradiction! Consequently
l l  has no maximum.

(3.12) Let u : (A,E) + (B,F) be a morphism of filtered cbuptes

a n d L e I ( I ) . D e n o t e E r =  0 - E v I r , =  Q  _ E y , F L =  n _ F y ,
y c l ' " \ > L ' " y € L '

Jr. = U Fv. I f  L {qo(A) we elaim that EL = I l , .  Indeedr i f  x e E,u .pL I 'A

then r1(x) :'L. since L rf nO(A) we have nO(x) I l, and so there

exists Y € ne(x)\L. It follows .1 ) L and 
I 

. EV. Il,.

If L is principal, let us say L = fu lO I fl r], then EL = Er

and we denote I, by I.. Clearly if f contains Z as an isolated

subgroup then I,, = E.+1.

. Since u is a morphism of filtered couples we have easily

u-l{tr) = IL. Then theu(EL) c Fr u(Ir) c JL, u-l(FL) = EL and

ul r E#l .---+Fr,/J,

induced by u is injective but u" can be not surjective even uy is

so for every y e L.

We define the graded ring of A with respbet to E by

Gr"(A) := o Er / I ,  = O Et / \  .
"  L G L ( I ) " "  L € n A ( A )  " "

Gro(A) is a ring with the following multiplicative structure

obtained by linearity from
(a mod lr)(b mod Ir) = ab mod I*tru where a e EL, b e EL, and

morphism
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L,L' e L( I) .  Similarlv Gr.(B) =r

and u induces a r ing morphism

o Fr /Jr
Le t ( I )  "  "
(given by ur)

Gr(u) :  Grr(A) -r Grp(B).

.A morphism of filtered couples u : (A,E) ---r' (B'P) it gggglo

immediate i f

( i )  Gr(u) is an isomorphism,

(ii) f, I are separated.

Using ( i i )  we note that pseudo im mediate morphisms are

injective (see (3.?)) and so they are in fact extensions. Usually

we say that (B,F; ; .  u pseudo immediate extension of (A,E). I f  F

is the f i l t rat ion induced by E on B, i .e. F = (u(Er)B)1ef*, then we

say that B is an immediate extension of (A'E).

When A,B are Noetherian r ings, E is an adic f i l t rat ion and

B is an immediate extension of (A,E) then B is f let over A by tal

Theorem (22.3). This is not true in general as shows the

r olrow lng.

(3.13) EXAMPIE. Let A be a r ing which is not coerent and X a

variable. Then the formal porver series A-algebra A [[X]l is not

f lat.  Let E be the (X)-adic f i l t rat ion of the polynomial A-algebra

AlXl and u : AlXl --r AItXl l  the canonical inclusion. Then A[[X]l

is an immediate extension of (A[X],8) which is not f lat.

(3.14) THEOREM. Let u :  (A,E) -+ (B,F) be a psbudo immediate

morphism of filtered couples. Then for every elem'ent y from

B\u(A) !trq9 exists e P.c.s. a in A sueh that

(i) y is a g! of u(a)

( i i )a has no g! in A.

The Theorem is a consequence of Proposit ion (3.11).
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(3.15) A morphism of f i l tered couples u : (A,E) + (B,F) is dense

I I

^/El -' B/FY

': for every Y e I+.

(ii) E and F are seParated.

r If F is the filtration Eu induced by E on B we say that B is a

dense immediate extension of (A,E).

Clearly a dense extension is pseudo immediate. Now suppose that

E is separated. Then take O t= .4 A/E., and let v : A --+ A be

^  F I *
the canonical inject ion and Ey the gl65u1e qf v(Et)A in the

. natural topotogy of A. Clearty v defines a dense extension
' 4 , \

(A,E) '* (A,[),  where b = (E.")r" 1 But A is not in gcneral a
I  r - -  +

dense immediate extension of (A,f ' )  because usualiv E., I  v(Et)A.

(3.16) LE[,IMA. Let u: (A,E) --]  (B,F) be a dense extension. Then

everv elentent from B is a l imit of a f .s. from A.

PBOOF. Let y be an element from B\u(A). By Theorem (3.14) y

is a p. l ,  of a p.c.s. a from A having no p. l .  in A. But then a must

be f.s. (see (3.10.1)).

(3.16.1) REI{ARK. The above Lemrna is certainly weli  known but

we included here just to i l lustrate our Theorem (3.14).

4. MA)flMALLY COII{PLNTE IMI,IEDIATE EXTENSIONS OF

FILTDRED RINGS

(4.1) Let (A,E) be a filtered couple and suppose that E is sepai
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rated. Then (A,E) is called maximally complete if every

immediate extension of i t  is tr ivial.  The couple (A,It)  is complete

if  cvery dense extension of i t  is tr ivial.

(4.2) LEMMA. Suppose that E is separated and every p,c.s from A

has a g! in A. Then (A,E) is maximally complete.

PROOF. Let B be an immediate extension of (A,E) and y an

element from B\A. By Theorem (3.14) therc exist a p.c.s. a in A

having no p. l .  in A but for which y is a p. l ,  in B. Since by

hypothesis a must have a p.1. in A we get a contradiction. Thus

A = 8 .

(4.3) LEII4nfA. Suppose that E is separated. Then (A,E) ls  com-

pkte i f f  everv f,s. from A has a l imit in A.

PROOF. The zuff ic. iency goes l ike in (4.2) using Lemma (3.16).

Now, i f  there exists a-f.s. from A which has no l imit in A then

the dense extension (A,E;--* (4,6) (r"" (3.15) for notat ions) is

not tr ivial and so (A,E) is not complete.

(4.3.1) nEMARK. The above Lem ma is certainiy well  known. The

necessity goes here because given a f.s. a from A having no l imit

in A we know to construct a dense extension (a --* A) where a

has a l imit.  Unfortunately given a p,c.s. b in A having no p. l .  in A

.we do not know to construct Bn immediate extension where b has

a p.t.  ( this is not very easy for valuation r ings, see [2] Theorems

2,3). Fir this reason the converse. of Lemma (4.2) is st i l l  open.

(4.4) Let (A,81 5" a separated f i l tered couple, (L,),aU a well

ordered str ict ly increasing sequence from n(A) and fr.  e Eg./I1.,
r t l
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i ( g some elements. The well ordered formal sum f = I f, ean
iie ,i

Thus the abelian group S bf these well ordered formal sums (the
operation is defined canonically) is isomorph with a subgroup of
PE(A) (the operation in Pr(A) is given com ponent wisely).
Let j  < 0. The formal sum g := |  x, is cal led a truncation of f .

i<j  " i
A well  ordered sequence (8.).a, of elements from S is cal led a
sequence of truncations i f  for every r ( r ' (4 Bn is a truncation
of g., .  I f  (gr)r<, ir  a sequenee of truncations, gr= 

,) 4. where- 
i<i- - i

0.)r1, is a strictly increasing sequence

0 = inf{s oldinal ls ) j, for ail r < 0} ,nun , = 
,lU

of ordinals and

z,  ls  ca l led the
l J .

limit of (Sr).a, (shortly we write g = lim gr), Clearly g, is a

truncation of g for every |  < 0! i ,et ord : S -|  L(I) be the . map
given by oro f = inf{Li I tL. # 0}. Then gr is a truncation of f  i f f
o r d ( f - g " ) > U ,  I

'  i< i  " i .- r

(4.5) LEMnlA. card A < card pu(A)

PROOF- Let n, I  El * Et [ t  be the canonical surjeetion, vr, a
section of t" and v : GrU(A) --r A the sum -map given by

(vL)Len(A)'Let D, = 
69n16yur(Elni,) 

and lt ' l , = u-l(nr)'

c Gr"(A)c S. Since D, is in fact a disjoint union and (vl) l ,en{e)
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are injective by construetion it follows that v induces a bijective
map wl , M1 * Dr. Let tt = *i1. Fix a structure of well
ordered set on A\D' iet us say A\D1 = {a, l i  < O, i is not a t imit
ordinaU.
By transfinite induction wil l  construetby rransnnlre lnduction we will construet in S\l\4,l a well ordered
sequence {f,  l i  < e, i  is not a l imit ordinai l  sucn inat for every
j ( 0 t h e s e t s

Dj = D, u {a,li < i}, u, = ru, u {fi l i  < j}
satisfy

] l . t t  
t. t i  !hen all i ts truncations betong to Mj,

ii) the map t. : D, -r M, extendin$ t, by a, ---+ i, is a
biject ion,

i i i )  for every a, are D., a I  ar such that

t , (a )  - t , (a )= i r .+  I  f  i t r ' o to ,
J J " Lt>L 

t

l(a - a' - vrGr)) > L = rt(a - a').

(4.5.1) REMARK. In part icular i i i )  says that

l(a - a') = ord (tr(a) - tr(a')) for every a,a,e D-.
First we note that D, and M, satisfy i i i )  ( i )  and i i )  i re tr ivial ly
fulf i l led in this case). Let a = vr(xr),  a'= v",( i ' r , ,) .  I f  L = Lt then

tr(a) - tr(a') = I, - xiand we have

n(a - a' - v"(f" - x'L)) > L = rl(a - a').

I f  L < L' then tr(a) - tr(a') = x, - x '",  and

r l ( a  -  a ' -  v r ( x r ) )  = r t ( a  -  a ' -  a )  = n ( a , ) = L r ) L = n ( a - a ' )

Now suppose given (D'M,)ra- for a certain ordinal j  (  0 which is
not a l imit one. We wil l  construct a sequence of truncations
(9*).a, B, r= 

,aIJ". 
in Mr_, sueh that

> U- 
s(r

L for r ( trl.
S

(*) n(aj - tllrts.))
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Apply induction on r.  Takc L^ := n(ar), ! ,  ;= lr ,  (a' .)
" o " o J

gf ,= YL s M1. We have'
o

n(a, - ulo6ro)) > Lo = n(ar)

Suppose given g, for s ( r. If r is a limit ordinal then put
gr =tlgr. If r is not a limit ordinal then we have

n(a, - tll-r(s._r)) > U l
s(r-1 s

Like above for al := a, - tllr(S._r) there exist Lr_l e n(A),

L r _ t  r  
9 . L r a n d l l  - . M r s u c h t h a ts(r-l '  "r-1

(* x) n(ai - vr. 6, )) > L._' = n(a!)
,  " r-1 "r-1 J

Take g, ,= gr-1 + Ir._r.. *" have two cases

t) B, e M5_1
2) gr { Mi_1
In case 1) denote bs:= t l lr(er), s ( r and using i i i) for b.

and bs we get

n(br - b. - ul,-Gl,r)) > i,, = n(br - b!) because
s s

8.  -  9 ,  =  YL-  * . . .  .  By (* )  we get  n(a,  -  br )  =
s

=n(a j  - .bs+1 + bs+1 -br )>Ls for  a i l  s  wi th  s+1(r  because

n(ai - br*r) ) L, and n(bs+i - b.) = Lr*r. If r is a limit ortlinai it

follows that g, satisfies (*). lf r is not a limit ordinal this follows

and

from

n(ar-br) = n ((al.vl, 
_, 6i. _, 

)) - (br-br_ 
r 
-ul._, fyl,

(see (* x )).

) ) ) > L-  r - rr -1

r ^  1 . t
iLb'AL u

J

.,(" (Lq
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In case 2) takY;or = r, f, := Fr, M- = l\1r_, u {eJ. tt is ctear
that Drr M, satisfy i), i i). For i i i) i t  ts enough to take a e Dj with

tr-r(a) - 9, = fL *... and to sho\.{ that

(*xx) n(s.- a, - vr(xr)) ) L = Lt := n(a - aj)

We claim that Lt< U, L.. Indeed if Lr > U L" then we shall prove
s<r " s(r "

that gr is a truncation of tr_r(a) and so gl, e Mr_, (see i)). Con-
' tradic t ion!

I{e have

n(a  -  b r *1)  =1(a  -  a -+  a ,  -  b rnr )  )  L ,  fo r  s+  1< r  because
r1(ai - b*1) ) L, by (x). Thus ord (t .(a) - H511) ) Ls (see (4.s.1))

and so  Br* ,  i s  a  t runcat ion  o f  t - (a )  fo r  s+1( r ,  I f  r  i s  a  l i rn i t  r
.  ordinal then g, is also a truncation .of tr(a). I f  r  is not a l imit

ordinal then by construction (see (x *)) we have

.  n (a ,  -  b . - r )  =  L r - ,
Then

n(a - br- l)  = n(a - a, + a, - br_r) = L._,

and so ord (tr(a) - s._r) = L._, by Renrark (4.s.1). Then
t r (a )  =  9 , ' - ,  +  7 r  + . . .  fo r  a  cc r ta in  Z , -  e  E ,  l r ,  and- "r- l  -r- l  "r- l  "r-1
by i i i )  we get

But 
n(a - b.-,  -  ur,r-,( t t  

r- ,))> 
Lr-t

. 
ntu,r- 

r 
tt,.- 

r)-u,r- r(!r.- r))=nt(urr-, 
(zrr- 

r)-a+b.- r) * (a-"j)*

+ (a, - b'- '  - u'r-rt i 'r-r ') l  > Lr-1 (see (**)) '

Thus z, . 
= VL 

" 
and so g, is a truncation of tr(a).-r- 1 -r- 1
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. Consequently L'< U L., let us say Lr( L^ for a certain s ( r .  Wc
have s(r o s

'  
n(a - b") = n(a - ai+ Bi - b-) = L'' s . J J s

because n(ai - b") = L" by (* ,r .)  (s + I is not a i imit ordinal).  Thus
ord(t,-,(a) 1g-)"= l , '  

-  
by Remark (4.5.1) and so4  J - r  ' s

L = ord (t .  ' ,  (a) - g-) = L' since g^ is a truncation of s andj - t  - -  b f  * " '

L I < L .
S

Applying i i j) to a, bs we get

r ( a - b r - v " t x r ) ) > 1 ,

(clearty I, is sti l l  the leading term in tr_r(a) _ Br). Then'

r(a - ar- vr(xr)) = n(a - bs- v"(xr) + br- ar) ) L 
. because

(U" -  a ' )  = 1,-  Sy (xx) and so (*x*)  holds. Final ly note that using
J J 5 -

the above eonstruction we should arive in the case 2) because in
t lrc worse situation we n,i l l  get r(a. - b_) = I,  for r )) 0 (scc (x))- J r f

and so a. = b, because E is separated. Thus i f  g- e M'_., thenJ  ' r -  j - l
h  c ' n  Con t lad ie t i on !" r  -  " j - 1 '  '

I f  j  is  a l imit  ordinal  i t  is  t r iv ia l  to see that D..  M- sat isfy

i )  -  i i i ) .  Whole eonstruct ion gives an in ject ive funct ion

e =  9 .^D i  *  9^Mi .  sc  pE(A)
j<0 ' j<0 '

Thus card A ( card PU(A).
(4.5,2) REMARI(. When A is Noetherian then n(A) contains just

principal elements (see (3.2)) und (E/I i . . f . '  are f ini tely

generated over A/Io and so we can say that card A is bounded by

a. cardinal depending just of card (A/io) and card I* (the last one
being usualy l"o), If A is a valuation ring then again n(A)
contains just principal elements and E"/I .9Allo as A-modules

for every t e I*. Tlrus card A is again bounded by a cardinal
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depending just of card (A/l-) and card I- -  - - ' - ' - - " o '  * " -  " *  ' -  + '

(4.6) COROLLARY. There exists an inject ive funetion t:  A + S
. such that r |  = ofd.t.  The proof is a consequence of Remark (4.5.1)

and of the above construction.

,.  (A.?) COROLLARY. The cardinal of evcrv Dseudo immediate
extension (B,f) of (A,E) is boundcd !y card pU(A).

For the proof note that i f  (B,F) is an immediate extension of
(A,E) then P.(B)=p.(A) and apply Lemma (4.5).

I L

(4.8) TIIEOREM- (A,E) has a maximatly complete immediate
ext ension.

PROOF. By the above Corol lary the isomorphism classes of
. immediate extensions B of (A,E) form a set I(A,E) which is

nonempty because at least (1A,A) € I(A,D). Let U be a total ly
ordered subset of I(A,E) and D := U B.

We have
.  B d /

A n  \D=A n  (  U  EyB)=#u ,o  n  ErB)=#" \  =  
l .

Since the map GrU(A) --+ GrUO(D) is an isomorphism being a

f i l tered inductive l imit of the isomorphisms GrU(A) --r GrUO(B),
B e U , w e g e t D e U .

Thus total ly ordered subsets of I(A,E) have superiors and . by
Zorn's LemmaI(A, f  )  have maximal elements. But these

. nraximal elements must be maximally complete.

5. SOF,IE EXAIUPLES

(5.1) A set D of subsets of N is a filter on i,I if
.  i )CI+ D,
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i i )  i f  S , T  e D  t h e n S  n T  e D ,
i i i )  i f  S  eD and S <  T  <  N,  then T  eD.

The set of cofinite subsets of N form on I,I the Fr6chet filter. D
is an g!!g!l!91 on N if it satisfies one oi the foitowing two
equivalent condit ions

1) D is maxima] in the ordered set of al l  f i l tere.; on N
2) a subset R of N belongs to D i f f  N \R does nor.

IJ is a principal f i l ter i f  there exists a set R e D such
p = {t  In 5' T S N}. D is a nonprincipal ultraf i t ter (on N)
ineludes the Fr6chet f i l ter. In part icular, the elements
nonprincipal ultraf i l ter are inf ini te subsets of N. Let (A,), . 'U
family of r ings, R = TT A, i ts r ing product, D an ultraf i l ter

id{

that

i f f  i t

o f a

b e a

o n N

and Pd the ideat of l l  given uy pn = (a,),* l{ i  la, = 0} e D}. The
qt ro t i cn t  r ing  A*  r=  R/PD is  the  u l t raproduc t  o f  (A , ) ; *  w i th
respect to D (sometimes we denote Ax by Tl--Ai/D). t f  A. = A for

every i  g N then A* is cal lec ttr" utt .opo*Li l f  A with respect to
D. We denote bV [(ar),* l  the element induced in A* by
(at)t* e R. Let u, :  A, ---r8,,  i  e i  be some ring morphisms. Then
the map u* :  A* ---+ B* given bV t(a,),*J -* l(u(a,)),* l  is cal led
the ultraproduct of (u,),* l ' i th respect to D.
(5.2) Let (An,tn)nd{ be a family of

Er = (En,yn)yn 
e{ rn)n, where f = (rn)n"n is

f i l tered couples,

a family of total ly

a nonprincipal ultraf i l ter on N, AE

of (An)n* (resp. I)  with respect to

f i t trat ion given on A" by

ordered groups. Let D be
(resp. I") the ultraproducts
'- , .r* ,*rl,
IJ &no r, = \Xr/.r..,| 'x the

ti= 
X*un,rn/D' 

t= [('vn)n*J e rf ' tn'e catl n* the

f i l t rat ion of (tr,) . .-*,  with respect to D.
I l  I  I  t - t \  -

Let (Bn,Fn)n* be a family of f i l tered couples such that
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B- : A- for every n s N, B* the ultraproduct of (B^)..  * withn n ._ n,rEI{
.  respect to D and,[t  the ultraproduet f i ] trat ion of (Fn),r.N,

. (5.3) LElr4n4A" The fol lowing statements hold
(i)  for ev.erv x = [(xn)nJ e A*, 11o*(x) = 

T.ne 
(xn)/D e L(r o), in

neN "n

; pgl!&!]_s_t nnx(Ax; = TI non(An)/o . 
It*t,r n)/D c r11 *;,

( i i )  Er is separatcd i f f  6 := {n n N I En separatec} g D,

( i i i )  for cveryt = fkn)nl e f  
*,  A* nF; c E; j11

{ n e  N l A .  o  F . -  .  E . _  } e  D
"  " ' r n  " t r n

(iv) for every L* = JJ.Lnl1, Ln e L(r n) j!reN "
holds

E1- = TT E^ t /D, rl* = TT r^ , /D, whcre
L re I,l ","n L reN "'"n

El* ,= f l  *E,],r l* ,= U ".njL .r€Ln r L .r)L* r

(v) for everv L* l ike in ( iv) F+.. c E*..  + J** i f f:-::. -:-:-:-:-; _- :-::: j:j .- ' - 
Ltr 

_-L* - 
LrF 

j::

,p  s=  {n  cN I  Fn .L  .  En .L  *  Jn . l  }  r  D
' n  n  n

(vi) for every L* I ike in ( iv) the canonical map

- { .  , . *  - *  , - *
UT *  :  r , - ' i t / l ,  *  

-+  1 ' -  * / r J_  *
lr L' rr

is an isomorphism if f

{n .  N lu l . -  r  En ,1 ,_ / In ,L ,  *  Fn ,L_ /Jn ,L_
n n n n n

is an isomorphis[ ]  e D.

PRooF. ( i)  we havet = [kn)n] .  n*(*) i f f  xe E*. This holds i f f

:  { n .  N l ' r " e  n 4  ( x " }  = { n 6  N l x , . , e  E , . , -  } .  D  i , e .  i f f
. .  " n  "  "  . , r r n

rtTl-l 6 (xn)/o'
reN 

'-n "
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( l l l  E  l s

O  -  ? r  e

( i i i )  I t  is

separated i f f  11^ x(x) = 1l just for

N lnu  (x " )  =  ( f ^ ) *  jus t  fo r  x^  =  g ]
'  l ln

x = 0. This holds i f f

^ T-r

cnough to note thnt

A + n F * =  T T  ( a n F  ) / D
T nel{ 

n'Tn

(tv) Lct x = [(xn)nl e rl*, tt 'e have nu*(x) : L*. But

nR*(x) = fl no (x")/n anil so the above inclusion says that
" n e N " n "

{ne  N  l x "  eF , . , . r .  } = {ne  N  I n *  ( x " )  >  L " }  eD. . , " n  " n  , ,

i .e .  x  e  TJ F"  r .  /D.  Thus E**  e  J l  E. ,  /D.  S inee
neN "'"n L ne},..t "'"n

TT E,.,  , .  lD c E: for every'r e L* we get also the other
neN " '"n
inclusion.

Clearly I l .  f i  I^ T. /D for every y ) L* and '  so
' '  neN " '"n

I l *  .  TT t^  |  lD . I f  x  e  l l  I -  T  /D  rhen
L neN " '"n neN " '"n

0 := {n e N lxn e In,Ln} u D.

Thus for evcry n e 0 there exists 1n ) Ln such that xn e En." .

T a l < e y =  [ ( 1 n ) n ] ,  y n =  0  f o r  n  { 0 .  r i r e n x  e E f  a n d  y >  L * . '  n

(v )  Us ing  ( i v )  rve  no te  tha t  F**  .  u l *  * . l i *  i f i

TT  F^  r  /D  c  IT  (E- ,  +  J^ ,  ) /D
neN " ' "n  neN " t "D " t "n

t r r h i n h  i c  o n n r  r r r h

(vi) App]y ( i i i )  and (v).

(5.4) COROLLARY. The fol lowing statemonts lrolds:

( i)  d*,F*) is an extension of 14*,8{ ')  i f f  {n e N l(nn,rn) is an

extension of (A 
n, t in)] e D

(i i)  (n*,R*1 is a pseudo j  rnggdjgle extension of (A*,E*; i f
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{n  e  w l  ( r  ,F - )  i s  o  pscudo immcdia to  ex tcns ion  o f  (A  .E  ) }  e  D'  n  r r  - - -

( i i i )  (D { ' ,F * )  i s  a  dense  ex tens ion  o f  (A* ,8 * )  i f

{ n e N l ( e * F n ) i s adense exlension of (A -, f-)} e D
l l  '

r PROOF (i) fottows f lom Lem ma (s.g) ( i i i )  and for ( i i )  appty (s.3)

( i i ) ,  (vi).  For ( i i i )  i t  is enough to note that for al l  t  e f f  tne map

. +* tr l1 *B* /Ft- is the uttraproduct of the mapsT T
A ^ / E "  -  + 8 . / F ^ - ,  D € N  \ \ ' i t h  r e s p e c t  t o  D .

, ,  , . 1  . I l

(5.5) EXAMi,LE i) Let A be a Notherian r ing, a c A a proper

ideal and A the completion of A in the a-adic topology. Then
A c A is dense with respect to the a-adic topology and so the
ultrapower A* .  A* is dense too with respect to the ultrapower
f i l trat ion (see 5.4 i  i i ))

i i )  Let R c R' be.an.immediate extension of valuation r ings which

is not dense and T a variable. Then R[' f  ]  c R'[T] is im mediate but

. not dense with respect to the f i i t rat ion indueed on RITJ by the
natural f i l t rat ion of R, i .e. given by gv ,= {x e n lv(x) ) y},

y e f  +, where v :  n\{O} + I* is thel valuation of R, Certainly

R[T]* * n' [ ' l ]x is st i l l  an imrnediate extensjon but not dense

wi th  rcspec t  to  the  u t t rapower  f i l t ra t ion  (see (S .4)  ( i i ) ,  ( i i i ) ) .

i i i )  Le t  I (  be  a  f ie td  and I { [X1 ,  X  =  (X1, . . .  ,Xn)  the  po ]ynomia l

I(-algebra in X. Let N*,2*, X*, x[x]* be the ultrapowers of N,
Z, K and KtXl with respect to D. Ciearly Z induces

componentwisely a structure of totally ordered group on 7.* and

lrt '  = zi.  Givcn r,  = t(rr,) ,n*l  eN+ we considcr ihe nonstandald
'  f r  r r ''  powcr xtt  = I(xtt t) l  .  ru],  The sub - K*-algebra of K[X]*

generated by

,  { x ; t l t  =  1 , 2 , . . . , n ;  r , e  N u }

is in fact the monoid K*-algebra A:= I(+[X,N*]. Consider on
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K*lX,Nl the f i l t rat ion E'= (Er)rr** where E, is generated by

1 . , ^1  * ' n' ^ 1  "  '  ̂ n  J  r .  + r ^ +  .  .  .  {  r  = r
L Z n

. The filtration EO induced by Ii on

ol  1c (x l -adlc  I  r I t r8  t  lo l r .

Thus E' '  is separated by (5.3) i i )  and in part icular E is too. By

Lemma (3.2) nO(A) contains just principal elements and i t  is

cnough to see that the canonical map ur : F.r/E1+l + Ii.B/E nrB
{in fhis case T = l l  -)  is nn isomorphism for al l t  e N{, This is.-t -.t+1,

true because

induces bases in thc I inear K*-space E-ltr*r,  l lTB/Er+18

which  u  ac ts  ident ica l l v .  Notc  t l )a t  Gr - (A)=  Gr -  (B)  =  A
" " 8

B is an immediate extension of (A,E) (unfortunately A c B

fiat).

iv) Let

B:= I([X]* is exaetly the u]trapo\.ver

I ( , I ( [XJ  bc  l i kc  i n  i i j ) ,  T  a  ne rv  va r iob le ,

.  A :=  U  I ( [X /T " ,T ]  C  I ( [X ,T ,T  ' ]

seN

B := U KIlx/Tsll iTl.
seN

Consider onl =22 the lex icographical ly

(r,s) e I* = 1{o}xI, I)  U U. ({r}tu) Iet Er,s be t lrc
r )1

, 11 .rnrs}tx r  " '  " " " t " f ' . ; ; . .  * .n=,
l-

and 6  =  (Er 's \ r ,s )  e  l . ' ' i n  fac t  E  is  g ivcn

stf ict lJr decreasing sequence of ideals

on

and so

is not

and

orber and for

ideal generbted by

by the following

A  :  ( T ) :  . . .  :  ( T s )  j  . . .  r ( x / ' t t )  :  . . .  : ( X ) :  . . .  :  ( X T s ) :  . . .

) ( X r / T s )  )  . . ,  t r ( X r )  r  . . .  )  ( X r T s ) ,  . . .

are scparated. As in Lcmma (3.2) n(A) containsClearly E and E,
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just principal elements and we must slrow only that the map
' '0 ' ,r)  t  E(.,s)/E(r,r+1) * E(r, 

r)B/E(r, s+ 1)B is an isomorphistr.

Like in i i i )  i t  is enough to note that
r ,  r  n

I t , r  v  D T s l  -  |  . .l 1 ' l  , \ n r  l l ' 1 ' . . ' . , r r ,  i U , . / . , t i = f  J  i n d u c e s  b a s c s  i n  t h e

. .  K-l inear spaces between which u(r,s) acts bi ject ively. Note that
Gr'.(A) = Gr. (B) = A and the extension A c B is f lat because i t

- L I j R

,  tr  a f i l t l red inductive i imit of f lat inclusions
Klx/Ts,Tl c I( [ [x/Ts]l [T],  se bI. clearly A c B is irrmediate.
lve end this Section with a result of dif ferent type (announced

in introduc t ion).

(5 .6 )  pROpOStr iON.  i ( * [x ,N* ] ,  x  =  (Xr , . . .  ,Xn)  i s  o  f i t t c rcd
induc t ive  l im i t  o f  smooth  f in i te  type  I ( [X ] -o lgebras .

PROOF. Since I( c I{1 is a separable extension, K* is a f i l tered
inductive l imit of smooth f ini te type I{-algebras. By base change
it is enough to shoyr the fol lowing.

(5. 7) LERIMA. Let R be a r ing. The monoid R * algebrq R[X,N*],

X  =  (X . , , . ,  .  ,X- )  i s  a  f i l t c red  induc t ive  l im i t  o f  po lvnomia l

RtXl - algebras in a f ini te number of variables,

PROOF.Let Z* be the ultrapower of Z with respect to D. Clearly
t h e  i n j c c t i v e  m a p U  + Z * , p  *  ( p , . . , p , . . . )  i d e n t i f i c s  Z  w i t f .

an isolatecl subgroup of Zo. Express Z* as a f i l tered inductive

union of i ts f ini tely genereted subgroups containingZ, 1et us say
z" = 

9_T..  Then RIX,N*I  :Ln ntx,( f  , )*J (s ince z i  =N*) ano i t
i€I iei

, is enough to apply the following:

(S. S) LE[\4MA. Let f  be a f ini telv fTeneiated total ly orderec
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glqg! containing Z as an isolate€ subgroup, Then R[X,l  +],
X = (Xr, ,  .  .  ,X.) is a f i l tered induci. ive l imil  of polynomial

I  i l

RIXJ - algebras in a f inite number.ql:g!g!&s.

. PFiOOF. \Are need the follon'ing

" 
(5. 9) LEI\.IMA, Let H be a finitety gglglglgg totally ordereat
group.. Thcn R[X,]T*1, X = (X1,.. .  ,Xn) . l !  g l i [gl_gg irrductive

' union of i ts ,  sub - R - algebra! of type
h r  

' h l  * ' l t t  - h t  'B , ^ = n l X , ' , . , , , . , , - , . . . , ^ 1  , . . . , A ^  r  l g l  g  p o s i t i v e  b a s i sn I n I n
h =  ( h 1 , . . ' , h t ) ,  t =  r k H  o f  H  (  i n  p a r t i c u l a r  B  i s  a  " p o i y n o m i a l "
R. - algebra).

Take I l  := |  /d. Then f is in fact the product H xZ

lexic ograph ical ly ordered (see for example t?l (?.S)). Applying

i,"rr,  (S.9) rve cxpress R[X,l ]+l as a f i l tered inductive union of
i t s  s u b  -  R  -  a ) g e b r a s  o f  t y p e  B n ,  w h e r e  h = ( h 1 , .  . , h r ) ,  t  =  r k F I
runs in a set H of posit ive basis of H. Let
Bh, r , ,  =  (s r , . . .  , sn)e  Nn bc  the  sub -  l1  -  a lgebra  o f  BhtX,X- l1

generated by

{x .h j l x t l . . . x -h l  r  (  i  ( -  n ,  r  I  j s  dI I

Sl1r icc  f  *= (o ]  xn* )u  (U {n } . tz )  wc  ge t  eas i l y  tha t

c := U Bh 
"txl 

reH\oj

h€ I.i
9 N n

is isomorphic with RIX,I *J,
Now it  is enough to note that Bn,r[XJ is in fact a polynomial

.  R[X]-aigebra in n t-r,ariables and the union expressing C is

: f i l tered induc t ive.

" '  
(5. 10) PROOF OF LE|l i l I / lA (s. s). Using [?] Lemma (4.6.1) we

exprbss IJ+ as a f i l tered inductive union of i ts submonoids

gencrated (as monoids) by some posit ive basis of I I ,  let us say
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I ' l+ = U [4h,Mir = (h), where h runs in a set I i  of posit ive basis of
I l ,  thcn we havc

Rlx,H+l= U n[x, :uu] = U uu,
heH "  hcH , ,

the  un ion  be i r rg  f i l te red  jnduc t ivc .
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