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IMMEDIATE EXTENSIONS OF FILTERED RINGS
Wanda Morariu and Dorin Popescu

A separated filtered ring has a maximally complete immediate
extension. This is an analogue of Krull Theorem from valuation
ring theory in the frame of filtered rings.

1. INTRODUCTION

In Noetherian rings an important role is played by adic fil-
trations (all the rings are here commutative with identity).
Unfortunately such filtrations are not necessarily separated in
non-Noetherian case. Then we are obliged to consider other fil-
trations which are separated. This is already the case when we
deal with non-Noetherian valuation rings, indeed then we con-
sider filtrations indexed by the positive parts of some totally
ordered groups.

It is the purpose of our paper to try to extend some con-
cepts such as:  immediate (or dense) extension, pseudo-con-
vergfent, pseudo limit, maximally completeness as well as results
from valuation theory to general (non-Noetherian) filtered rings.
For instance Theorem (3.14) below is an analogue of Kaplansky's
Theorem (see [2] Theorem 1) and Theorem (4.8) below says that
every scparated filtered ring has a maximally complete
immediate extension (i.e. an analogue of Krull Theorem, see [3]
Propositio'ns 24, 25 or [10] ch. 1, §3 Lemma 5.) Let R € R' be an

immediate extension of valuation rings and T a variable. Then
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R[Tlc RIT] is a simple example of immediate extension (of
non-valuation rings) with respeet to the filtration induced on
RIT] by the natural filtration of R (see (5.5) ji)). But our interest
for this study was given by the following more sophisticated
example. _ ‘ :
Let K be a field and K[X], X= (Xl’XZ"” Xn) the
polynomial K-algebra in X. Let N*, K*, KIX]® be the
ultrapowers of N, K and K[X] with respect to a certain
nonprineipal ultrafilter on N (see (5.1)). Since the X-adie
filtration of K[X] induces a non-separated filtration in Elrens
would be nice to find a sub-K[X]-algebra A of KIX]™ such that

i) A has a canonical separated filtration inducing a
separated one in K[X]* and A ¢ KIX]* is immediate,

ii) A is constructed in a nice way from K[X], for example
it is & filtered inductive limit of polynomial (or “smooth)
K[ X]-algebras (see [5] § 1 for an analogue question). ~

Such an algebra seems to be the monoid K*-algebra
A = K¥[X,%] which is a filtered inductive limit of poiynomiél
K*[X)-algebras and a filtered inductive limit of smooth finite
type K[X]-algebras (see (5.6) and (5.7)). The fittration { (X"} N
is separated on A and induces a separated one on KX
Moreover, K[X)* is an immediate extension of A and A is in fact
the graded ring associated to KI%1* with respect to the above
" filtration (see (5.5) iii)).

When R is a regular local ring containing its residue field
k and x = (Xl’ ST xn) is a regular system of parameters in R then
the map k[X] = R, X = (Xl, i

immediate extension of k[X] (the graded ring of R). Thus, A plays

Xn) + x shows that R is an

with respect to K*[X]c K[X]* more or less the same role as k[X]

with respect to k< R.
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2. PRELIMINARIES ON VALUATION RINGS

(2.1) Let F be a field, T a totally ordered group and
v:F\{o} =T a surjective valuation. F = (F,v,I') is called a

valued field and R = {x e F [ v(x) 2 G} U {0} is its wvaluation ring.

Clearly R is a filtered ring, the filtration being given by the ide-

als{E,} o » Where E ={xe F|v(x) ZY} and T :=
=

= {y > ghf e T'}. The \Lluation rins e RIEoE I = (FLgU RN e San
extension of R (shortly we write Re R)if Fc F', T c I'" and v is
given by restriction from v'.

Let k, k' be the residue fields of the valuation rings R
resp. R' of F resp. I, The extension R ¢ R' is called immediate if
I' =T"and k = k'. The immediate extension R € R' is dense if for
every x € R' and everyy € I‘+ there exists an element ye R such

that vise=yl >y

(2.2) A well ordered sequence a = (ai)i<{) of elements from F is

called pscudo-convergent (shortly we write a is a p.c.s.) if it

satisfies:
i) a has not a last element, i.e.8 is a limit ordinal
ii) v(aj = ai) < v(at - aj) for alli<j<t<8

(Zi2 1 Ap.cisia— (ai)KB

(shortly we write a is a f.s.) if the set {v(ai - aj)l i<j<e) is

of elements of R is fundamental

cofinal in I‘+, i.e. for everyye I' _ there exists a t <8 such that
v(&j - a) >y for all i< j withi> t.

(2.2.2) An element ye R' is called a pscudo-limit (shortly we
write a p.l.) of a p.c.s. a = (ai)i<e fromi e i vlvs ei) =

=v(a,, , - ai) for all 1 < 6. A p.l. is not unique in general. Indeed,

i1
if y is a p.l. of a in R' and there exists an element be R’ such
that v(b) > v(aj - ai) for all i < j<6 then y + b is another p.l. of a.

(2.2.3) A p.l. of a f.s. is necesszﬁry unique and so we called it
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limit. If the extension R € R' is dense then every element from

- R'is alimit of a f.s. from R.

(2.2.4) If the extension RS R' is immediate, then every element

from R'\R is & p.l. of a p.c.s. from R having no p.l. in R (see [2]).

(2.2.5) R is called maximally complete if every immediate

extension of it is trivial or equivalent{lif every p.c.s. from R has
a p.. in R. Every valuation ring has a maximally complete
immediate extension (see [3], [10]) which is not necessary unique
if char R > 0.

(2.3} Ifa:(ai)Ke is a p.e.s. from R then the following

statements hold (see [6], [2], [9], or [10] for proofs).
(2.3.1) v(aj -a)=vlag,, -a)foralli<j<e

(2.3.2) either

i) v(ai) & v(ajj for all i< j<®, or

ii) v(ai) = v(aj) for j>1i>>0 .
(2.3.3) if y is a p.l. of a then either

i) viy) > v(ai) for all i in the ecase (2.3.2) i), or

ii) v(y) = v(a;) for i >> 0 in the case (2.3.2} i)

3. IMMEDIATE EXTENSIONS OF FILTERED RINGS

(3.1) Let A be aring, I' a totally ordered group and E = {EY)YEF
4
a strictly decreasing filtration of ideals on A such that
JE =A :
0

i) EYEY ; CEY**Y’ for all v,y'e T,

By a filtered couple (A,E) we mean a ring A, a totally
ordered group I' and a filtration E on A as above. A subset
L c T, is called convex if holds(+) ae L, B< o, Be I', >>B e L.

These subset form obviously with the inelusion a complete

e

e S
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totally ordered lattice (L(r), < ). To every subset § ¢ T, we can
associate an element from L() namely the convex closure
Sa= {y el ] JaeS with v < 0;} of =5, c'ind so the additive
- operation of T induces an additive operation® on L{T) by

<5 B O TR O
An element L ¢ 1L{T) is principal iff there exists ve I, such that
L={teT,|0< 1<} Given an element x ¢ A then Ny i =
={yel, |xe E‘Y} belongs to L{I') and n: A — L(T),x —» Ny
‘defines a canonical map which is analog to the order map for

adie filtrations in Noetherian case, as shows the following

elementary:

(3.2) LEMMA

The following statements are equivalent

(i) there exists an order map with respeet to E, i.e. a

function v: A\{0} — T', such that everv nonzero element x e A
rcal ol % 45 .

- rs § ) \I Anere = E
belongs to Tv{x) o) X here IY }\L>JY A
i) for every nonzero element x € A the set n, is prineipal.

(3.3) LEMMA.

Let x,y € A. Then the following statements hold:
i) ) = n(-x)

i) n(x + ) > ofx) if %) < nfy)

i) n(x + y) = nfx) if rfx) < ofy)

iv) nixy) > (%) @ n(y)

vIn0)= T, ff1)=0

PROOF. Clearly x ¢ E'Y iff (-%)ie E'Y and so i) holds.

ii) Let y € nfx). Then y e rly) and so x,y € ET., Thusx +y ¢ Ef
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jeecyemic £ y).

iii) Using ii) we get n(x + y) > n{x). Suppose that there exists
T r;:rh{:{ + y)\n(x). Changing T by a smaller one if necessary we
‘may suppose also T e nfy). Theny e E_but x ¢ E_ and so we get
. x*yeE e 1¢nlx+y) Contradiction! Thus iii) holds.

T
iv) It is enough to see that
n(x) @ nly) c nixy)

andsoxye E E. e

Letg e }'}(X), Be n(},").. Then % ¢ EO',’ vekE 0B

B
= ]30:4_6, i.e. o+ B e nlxy)

v) is obvious.
(3.3.1) REMARK.
Suppose that an order map v : A\[0} — I, is given with respect
to E. Then the above Lemma says that for every nonzero
clements X,y € A it holds

(i) v(x) = v(-x)

(i) vix + y) > v(x) if v(x) < wy)

(iif) vix + y) = v(x) if v(x) < Wy)

(iv) vixy) > v(x) + wy)

(v) v(1) =0

which are certainly the usual properties of the order maps. ' : ;

(3.4) Let 8 be a limit ordinal, a = (a ) ico @ well ordered sequence ;
of elements from A and b = nla 8541 al) We call a pseudo-
convergent (shortly p.c.s.) if

i) s n(aj - ai) forallj,i<j<e

i) (pi)i<e form a strictly inereasing sequence of elements

from L(T).

A p.c.s. 2 =(a ) is fundamental (shortly a f.s.) if Ly U u

i<6
Anelementy ¢ A is a pseudo-limit (shortly a p.L.) of a p.C.S.
a=(a, }1<G if nly - ai) =y foralli<e Clearly a pl. is not
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necessary unique, as shows the foilowing

(3.5) LEMMA. If yis a p.J. of a p.c.s. a = (ai)i<6 from A andze A

satisfies n(z) > (J W; then y+z js another pl. of a. Conversely
<6
every two p.l. differ by such an element z.

PROGF. We have .

nly + z - aj) = nly - 8 +2z)=nly - aj) = for each j <9, because
niz) > s (see (8.3) (iii) and so y + z is a p.l. of a.
Conversely, if y and y' are two p.l. of a then for b:=y - y' we
have n(b) = nly - y) = n((y - ai) - (y' - ai)) 2 1 for eachi<§ (see
(3.3) (ii)) and so n(b) ZU s

1<0

(3.6) PROPOSITION. Let a = (a); . be 2 p.c.s. from A and y & A

a p.l. of a. Then one and only one of the following statements

holds:
i) n(ai) = n(aj). = nly) for ani>> 0 and everv j, 1 < j<®

i1) TI(B,') < n(aj) <nly) for all i,j with i< j<o.

PROOF. We have the following two cases
(1) there exists i € 8 such that 1y > n(aj) forall j, i< j<e,
(2) for all i <6 there exists j, i < j <8 such that I < n(aj}.

In the first case we get

n(e;) = n(ai -at aj) = n(aj)

since n(ai ~ aj} = e n(aj) (see (3.3) iii), i) and (3.4) i)). Also it
follows

n(y) = nly - a + ai) = n(ai) since
nly - ai) = > n(aj) = n(ai) (see above).

In case (2) fix an i < § and take j, i < j < © such that i < n(aj).

Then
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n(ai) = n(ai - 8 + aj) =, since n(ai - aj) = < n(a}.)

Thus (n(a,)), 4 is a strictly increasing sequence because () is so.
Also '

nly) = nly - a; + ai) > n(ai) since n(y - ai) =y, = n(ai).

As (n(a,); q Is strietly increasing we get n(y) > n(a,) for ell i.
(3.7) A ring morphismu: A +B is a morphism of filtered

F=(F,) 3
AAeA+

Y

couples (A,E) — (B, F), E= (EY)Y T,A being

ER,"
some totally ordered groups, if A = T and u~ FY) = E'Y for every
ye I',. If uis an injective morphism (of filtered couples) we say
that (B, F) is an extension of (A, F). If u is injective and F is the
filtration induced by E on B then we say B is an extension of
(A, E). The morphism u is trivial if A=Bandu= 1, (then follows

also E= F). If Eare separatedie. [ E_ =0 and u is a
Yel, Y
morphism (of filtered couples) then u is injective. Indeed, then

we have
v ioecul N F.) = N u‘l(pY)z n E, =0
el yel, yel'y
(3.8) LEMMA. Let u: (A,E) — (B,F) be a morphism of filtered
COUEIGSE]_’I_Q&Z(HI-)KG 2 p.e.s - in- A, - Then: the fo]lo.wing

statements hold:

(i)nBuznA, wherenA:A +L(r),nB:B T R) are
given as above with respect to E, F.

(i) p; = ny(a; - a)) = ng(ula;) - ulay) for all i < j <8

(iii) u(a) is a p.c.s. (with respect to F)

iv) if x € A is a p.l. of a (with respect to E) then u(x) is a

p.l. of u(a) (with .resgect to F.
For the proof it is enough to note that if x € A thenx ¢ EY iff

u(x) FY.
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(3.9) LEMMA. Let u: (A,E) ~ (B,F) be a morphism of filtered

couples, y an element from B and x = (Xi)i<9 an well ordered

sequence from A such that the sequence

{HB(y - U(Xi))}KB

is stricjy inereasing in L(I'). Then x is a p.c.s. in A and y is a p.l.

of u(x). Moreover if x has a p.l. z in A then

Ny - u(z)) > nply - ulx,)) for all i <6.

PROOF. We have

nA(xi—Xj) = nB(u(xi)—u(xj)) = nB(u(xi%y’ry-U(xj)) = Np(y-u(x;))
for all i < j <6 since nB(y = u(xi)) < nB(y - u(xj)) by hypothesis.
In particular nA(Xi - xj) = T]A(Xi - Xi+1) =i ). and (ui)i is strictly
increasing. Thus x is a p.c.s. and y is a p.l. of u(x).

Now suppose that x has a p.l. z in A. Since y, u(z) are both p.l.
of u(x) we must have

np(y - u(z)) > b, for all i <6 (see Lemma 3.5).

But b= nB(y - u(xi) for all i < 0 (see above).

(3.10) LEMMA. Let u: (A,B) + (B,F) be a morphism of filtered

couples and y an element from B\u(A). Then one (and only one)

of the following statements holds:

i) there exists a p.c.s. & = (ai)i<8 from A having no p.l. in A such

-that y is a p.1. of u(a),

ii) the subset
A=Ungly-ux)eT
XEA
has a maximum (in A).

PROOF. Let L == {ng(y - u(x))|xe A} L(T),

First suppose that L has no maximum (in L). Then we choose in L

a well ordered cofinal subset
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L' =1{n (y = u(x.))}.'

where x = (x ) i<0 is a well ordered sequence of elements flOIT] A
Certainly _we can suppose that L' is strictly increasing and by
Lemma (3.9) we conclude that x is a p.c.s. and y is a p.l. of u(x).
Since L' is cofinal in L, we.note that x has no p.l. in A,

Now suppose that L has a maximum nB(y -u(z)) for a certain
z€ A but A = N5y - u(z)) has no maximum. Since A has no maxi-
mum let (Yi)i<e be a well ordered strictly increasing sequence of
elements from A which forms a cofinal set in A.  Choose some

elements t = (t ) @ inA such that t,eE \F and put

X, =2+t Since y - u(z) € F_, for all i, we get Y, € np(y - U(Xi))

f
but Vit ¢ ﬂB(y - u(xi)). Thus Ny (y - u(x, )}} <@ forms a strictly
increasing sequence in L(I') and by Lemma (3.9) it follows that
><=(3-:i g s & p.c.s. in A and y is a pl. of u(x). Since
{UB(y u(x, ))} icp forms a cofinal set in A we note that x has no

p.l. in A.

(3.10.1) REMARK. In the notations and hypothesis of lemma

(3.10) suppose that i) holds. Then y ¢ u(A)+ 1 F
| T

(3.11) PROPOSITIOR. Let u: (A,E) + (B,F) be a morphism of
filtered couples :
=(E.) F=(F Eyyduc= ) By
YET ’ YYET ]Y )\>T Aty A>Y A
Suppose that u induces an isomorphism i EY/L', + I*Y/JY for

everyy € F+. Then for every element y from B\u(A) there exists

8 p.c.s. a in A such that
(%) y is a p.L. of u(a),
(#%) a has no p.l. in A.

PROOFT. Let y be an element from B\u(A). By Lemma (3.10) it is
enough to show that
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A= U np(y -ux) € T,

XEA §

" has no maximum (in A). Suppose that A has a maximum Y€ A,
Then there exists z €A such that ye nB(y - u(z)). Thus y -
- u(z) € FY and so there exists x € E such  that y-u(z)-
- u(x) € JY’ u being surjective. Then ng(y - u(z"), Z'=z+x
contains an element bigger than y. Contradietion! Consequently

A has no maximum.

(3.12) Let u: (A,E) -+ (B,F) be a morphism of filtered cbuples-

and L € L(T). Denote E; = N E sl By sl
YELY’L S e
Jp = U FY' IfLéqA(A we claim that E; =1, . Indeed, if x € B

L
then n, (x) > L. Since L ¢ ny(A) we have n, (x) # L and so there

exists y € ny (x)\L, It follows y> L and x € EY cI.
If L is principal, let us say L = {Ylﬂ s 1}, then EL = E_r
and we denote I, by L. Clearly if I' contains Z as an isolated

subgroup then I =E 1

: Since u is a morpmsm of filtered couples we have easily
-1
u(E;) € Fy,up) < d;, u (FL)= 1, &nd u (JL)= I; . Then the
morphism :

u ELI'IL — FL/ L

induced by u is injective but u; can be not surjective even u,r is

J

so for every Yy € L.

We define the graded ring of A with respect to E by

Gf (A) :=

LeL(I') LenA(A)

GPE(A) is a ring with the following multiplicative structure

L/IL'

obtained by linearity from
(a mod I )(b mod IL,) =abmodl -, wherea €E,,beE;, and

L L’
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L,L' e L(T). Similarly Grp(B)= ® F /J
LeL(T)

and u induces a ring morbhism (given by uL)

L

Gr(u) : Gr(A) —» Grp(B).
-A morphism of filtered couples u : (A,E) — (B,F) is  pseudo
immediate if
(i) Gr(u) is an isomorphism,
(ii) E, F are separated. :
Using (ii) we note that pseudo immediate morphisms are

injective (see (3.7)) and so they are in fact extensions. Usually

we say that (B,F) is a pseudo immediate extension of (A,E). If F

is the filtration induced by E on B, i.e. F = (u(E_)B) , then we
Yeayel o

say that B is an immediate extension of (A,E).

When A,B are Noetherian rings, E is an adie filtration and
B is an immediate extension of (A,E) then B is flat over A by [4]
Theorem (22.3). This is not true in general as shows the
following.

(3.13) EXAMPLE. Let A be a ring which is not coerent and X a
variable. Then the formal power series A-algebra A [[X]] is not
flat. Let E be the (X)-adic filtration of the polynomial A-algebra
AlX] and u : A[X) — A[[X]] the canonical inclusion. Then A[[X]]
is an immediate extension of (A[X],E) which is not flat.

(3.14) THEOREM. Let u: (A,E) —(B,F) be a pseudo immediate

morphism of filtered couples. Then for every element y from

B\u(A) there exists a p.c.s. a in A such that

(i) y is a p.l. of u(a)
(ii)a has no p.l. in A.

The Theorem is a consequence of Proposition (3.11).
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(3.15) A morphism of filtered couples u : (A,E)  + (B,F) is dense
if _ ; 2
(i) £ induces an isomorphism

; B/F.
A./EY"*“ /Y

for every Y € L.

(ii) E and F are separated.
If F is the filtration EB induced by E on B we say that B is a
dense immediate extension of (A,E).
Clearly a dense extension is pseudo immediate. Now suppose that
E is separated. Then take A= lim A/E'Y andletviA = A be

= 'YeI'+ .

the canonical injection and EY the closure of v(EY)A in the
natural topology of A. Clearly v defines a dense extension

oA A A A
(A,E) — (A,E), where E= (EY)Y€T+'

~

But A is not in general a

: 5 A Fal
dense immediate extension of (A, E) because usually EY 7 v(EY)A.

(3.16) LEMMA. Let u: (A,E) = (B,F) be a dense extension. Then

PROOF. Let y be an element from B\u(A). By Theorem (3.14) y
isa p.J. of a p.c.s. a from A having no p.l..in A. But then a must
be f.s. (see (3.10.1)). ;

(3.16.1) REMARK. The above Lemma is certainly well known but

we included here just to illustrate our Theorem (3.14).

4. MAXIMALLY COMPLETE IMMEDIATE EXTENSIONS OF
" FILTERED RINGS

(4.1) Let (A, E) be a filtered couple and suppose that E is separ
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rated. Then (A,E) is called maximally complete if every

immediate extension of it is trivial. The couple (A,E) is complete

if every dense extension of it is trivial.

(4.2) LEMMA. Suppose that E is separated and every p.c.s from A

has a p.l. in A. Then (A,E)E maximally complete.

PROOF. Let B be an immediate extension of (A,E) and y an
element from B\A. By Theorem (3.14) there exist a p.c.s. a in A

having no p.l. in A but for which y is a p.. in B. Since by.

hypothesis & must have a p.l. in A we get a contradiction. Thus
A =B.

(4.3) LEMMA. Suppose that E is separated. Then (A,E) is com-

plete iff every f.s. from A has a limit in A.

PROOF. The sufficiency goes like in (4.2) using Lemma (3.16).
Now, if there exists a f.s. from A which has no limit in A then
the dense extension (A,E) — (K,E‘) (see (3.15) for notations) is

not trivial and so (A,E) is not complete.

(4.3.1) REMARK. The above Lemma is certainly well known. The
necessity goes here because given a f.s. a from A having no limit
in A we know to construct a dense extension (A — f&) where a
has .a limit. Unfortunately given a p.c.s. b in A having no p.l. in A
we do not know to construet an immediate extension where b has
a p.l. (this is not very easy for valuation rings, see [2] Theorems
2,3). Fir this reason the converse of Lemma (4.2) is still open.

(4.4) Let (A,E) be a separated filtered couple, (Li)i<{3 a well

ordered strictly increasing sequence from n(A) and ;EL e B N
; i jsy

.
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i< @ some clements. The well ordered formal sum f = YT\EL can
i<e i '

be identified with an elgment GL)Lgn(A) from PE(A) =

= EL/IL, where
Len(A) : -

E.L if L = L, for certain i < @

- i

) : v ;

0 ifL#LiforallKe.

Thus the abelian group S of these well ordered formal sums (the

operation is defined canonically) is isomorph with a subgroup of

PE(A) (the operation in PE(A) is given componentwisely).

Let j <6. The formal sum g := J %, s called a truncation of f.
|
A well ordered sequence (gr)r<w of elements from S is called g

sequence of truncations if for every r < r' <y g, Is a truncation

of g . If (gr)r<w is & sequence of truncations, g = )i EL where
- i 1
r

G) is a strietly inereasing sequence of ordinals and
Wlrcw g ;

6 = inf{sordinal | s > j, for all r < ol theng= J z is called the

e ico Ui
limit of (gr)Kw (shortly we write g = 1P1<mwgr_). Clearly g . is a
truncation of g for every r <w. Let ord: S + L(I') be the . map

given by ord f = inf{Li[-ﬁL # 0}. Then g, Is a truncation of f iff
i
ord(t-g)> U |
: 1<) =1

r
(4.5) LEKIMA. card A < card PE(A)
PROOF. Let Ty, EL — EL/IL be the canonical surjection, vy, @
section of My and v GrE(A) —~ A the sum -map given by

» : ] :
(VL)Le:n(A)' Let D1 = LELg](A)VL(EL/IL) and Ml =y (Dl)c

c GrE(A)c S.- Since D1 is in fact a disjoint union and (VL)Len(A)
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are injective by construetion it follows that v induces a bijective
map wy :M; +D.. Let t = wIl. Fix a structure of well
ordered set on A\D s let us say A\D1 = {ai |i<8, iis not a limit
ordmal}
By transfinite induction we will construet fn S\M1 a well ordered
sequence {f i< 6, i is not a limit ordinall such that for every
j<®o the sets
D;=D, ufa]i<, M; = M) uft.li<

satisfy

iffe M]. then all its truncations belong to Mj’

ii) the map tj : Dj — Mj extending t; by &, —f. is a
bijection,

iii) for every a, a' € Dj' a # a' such that

tj(a) - tj(a‘ = ;L + L’>FL X, it holds
N(a-a'- VLGL)) >L=n(a - a".

(4.5.1) REMARK. In particular iii) says that

n(a - a') = ord(tj(a) ~ tj(a')) for every a,a'€ D..
First we note that D, and M1 satisfy iii) (i) and ii) are trivially
fulfilled in this case). Let a = vL(QL), a' = vy (x' ). If L= L' then

E o e sy el
11(-8) 11(a) X xLand we have

L
nfa - a' - VL&L - ;lL)) >L=n(a-a"

1 o NS ST
If L <L'then tl(a) tl(a) X;, - X'y, and

na-a-v (§L)):n(a—a'-a)zn(a'):L'>L=n(a-a‘)

L
Now suppose given (D M. ) i< for a certain ordinal j < & which is

not a limit one. We w111 construct a sequence of truncations

(g )r<w’ g, sgryL in MJ 1 Such that

()n(a—t (g))>ULfort<w
s<r

e s




J{’?-' : : !
e : SE >

Morariu - Popescu

. o) Y = T o '
Apply induction on r. Take LO : ﬁ(aj), yLO : TTLO(aj) and

gy = §Loe M,. We have

n(aj ~vp GL N>L, =n(aj)
)

Suppose given g for s<r. If r is a limit ordinal then put

B, =lim gq If r is not & limit ordinal then we have
s<r ’

e =t (g0 <ij =

Like above for a} = aj -t ]] 1( ) there exist L 8 n(A),

Lr—l Sl L and yL € Ml such that
sér=1 = r=]

(s4) nial=ive iy s SN =il
e e i R

Take Entt Bt yL.r-l. We have two cases
)g € MJ 1
gt M,
el oD o
In case 1) denote b, := t j—l(gs)’ s <t and using iii) for b,
and bS we get

. =b. = VLS(_yLS)) > L =n(b, - bl) because

gr“gS:yLS“‘----By(*) we getn(aj-br):
:Ti(aj 7 bsrg F bgpq ~b) 2L, for all s with s+1<r because

n(aj - bs+1)2 L and n(bs+1 - br) =L ¢ If v is a'limit ordinal it

follows that g satisfies (x). If r is not a limit ordinal this follows

from

n(aj—bp) = Tl((a}*vL GL o (bb _,-vp (S;L M>L

I (e o L=l el

(see (%)),

fiw_i Lk
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: S
In case 2) takew = r, fj g MJ j U {p‘r_} It is clear
that Dj’ Mj satisfy i), ii). For iii) Jt is enough to take a g Dj with
tj—l(a) - g, =Xy *+...and to show that
(5 %) n(a - aj - vL(xL)) > Los L= pla = aj)
We claim that L' < U L Indeed if L'>U LS then we shall prove
: s<r s<r
that g, is a truncation of t (a) and 50.g € I\’IJ 1 (see i)). Con-
tradlction! ;
We have
nla - by, ) =nla - A tiag = bey1) > Ly for s+1<r because

nla. - byqy)> L, by («). Thus ord (tj(a) e B L (see (4.5.1))

J
and so Bet1 is a truncation of tj(a) for s+ 1<r. If p is a limit
ordinal then g, is also a truncation of t.(a). If r is not a limit

ordinal then by construction (see (+#)) we have

. nfag=b =L
Then
nfa-b _,)=nla- a5+ a; - b =L s
and so ord (tj(a) -g.1)=L._; by Remark (4.5.1). Then
tlelee e e e
-1 ... lor a certain z e E /1 and
; Loy Lt i B

by iii) we get

na-b_y-vy, @ WL,

But r-1 r-1

ntv, @ v, G D=nllv, @ -atb )+ (a-a )
Sl Ce et hleel bk .

N> 1 (see (%)),
r=1 . ==l b=l

Thus z; =y and so g is a tru_ncatnon of tj(a).
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Consequently L' < U LS, let us say L' < LS for a certain s<r. We
s<r

2L : = & =7
nla bs) T](a aj + aj bs) L |
because nfa. - bS) :LS by (%) (s+ 1 is not a limit ordinal). Thus
ord(tj_l(a) =g =Ll by i Remnarle .~ {(£.5.1) and SO
L = ord (tj_l(a) . gr) =1L' since g, is a truncation of g, and
] L] PR :
s
Applying iii) to a, b, we get
n(a - be = vL(XL)) b

(clearly §L-is still the leading term in tjml(a)—gs). Then

nla - aj - VL(XL)} = nla - bS -~ vL(xL) + bS - aj) s L | because

n(bs‘- aj) = LS by (s #) and so (x%x) holds. Finally note that using
the above construction we should arive in the case 2) because in
the worse situation we will get n(aj - bp) =1, dor r>> 0.(see (x))
and so aj = br because E is separated. Thus if g, € Mj—l then
br € Dj—]_' Contradiction!

If j is a limit ordinal it is trivial to see that Dj' Mj satisfy
i) - iii). Whole construction gives an injective function

A=U D, —+Um.ecsep (a)
<o 3 <o =

Thus card A < card PE(A).
(4.5.2) REMARK. When A is Noetherian then n(A) contains just
principal elements (see (3.2)) and (ETa/I‘r)T&:I‘+ are finitely

generated over A/I0 and so we can say that card A is bounded by

a cardinal depending just of card (A/IO) and card T, (the last one

being usually }a{‘o). If A is a valuation ring then again n(A)
contains just principal elements and ET/IT‘éA/IO as A-modules
for every T€ I’+. Thus card A is again bounded by a cardinal

St M e o¥od e ST
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depending just of card (A/IO) and card I"+.

(4.6) COROLLARY. There exists an injective functiont: A + S

such that N = ord-t. The proof is a consequence of Remark (4.5.1)

and of the above construction.

(4.7) COROLLARY. The cardinal of every pseudo immediate
extension (B,F) of (A,E) is bounded by card PE(A).
For the proof note that if (B,F) is an immediate extension of

(A,E) then PF(B)EPE(A) and apply Lemma (4.5).

- (4.8) THEOREM. (A,E) has a maximally complete immediate

extension.

PROOF. By the above Corollary the isomorphism classes of
immediate extensions B of (A,E) form a set I(A,E) which is
_nonempty because at least (lA,A) € I(A,E). Let U be a totally
ordered subset of I(A,E) and D := ) B.

. BdJ
We have :
AnED=An (Ul ER-U tAnEBR=U F 5,
b Beu'Y BeU Y BEUY i

Sinee the map GrE(A) — Gry, (D) is an isomorphism being a
: D
filtered inductive limit of the isomorphisms Gr

Be U, weget De UJ.
Thus totally ordered subsets of I(A,E) have superiors and - by

()it Crp, (B),

E B

Zorn's Lemma I(A, E) have maximal elements. But these

maximal elements must be maximally complete.

5. SOME EXAMPLES

(5.1) A set D of subsets of N is & filter on N if
i) ¢¢ D,

MR AR
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i) if S, T ¢D thenS nT eD,

iii)ifSeDandSiTEN,thenTeD. s
The set of cofinite subsets of N form on N the Fréchet fil‘ter'. D
is an ultrafilter on N if it satisfies one of the following two
équivalent conditions '

1) D is maximal in the ordered set of all fil.ter-_s._: on N

2) a subset R of N belongs to D iff N \R does not.
Disa principal filter if there exists aset R €D such . that
D=k |R5T§N}. D is a nonprinecipal ultrafilter (on N) iff it

includes the Fréchet filter. In particular, the elements of a

nonprincipal ultrafilter are infinite subsets of N. Let (A, ) W De &
family of rings, R = 1T A its ring product, D an ultlaf]lter on N

ieN
and P ; the ideal of R given by PPy = {a ) en i [a =0} e D). The
quotient ring A™ := R/PD is the t lltlaEroduc t of (A. )IEN with
respect to D (somellmes we denote A* by TT A, /D) IE A; = A for

ieN
every i ¢ N then A™ is called the ultrapower of A with respect to

D. We denote by [(aj)iesz the element induced in A¥ by
(ai)iéN ER Let u; : A ~+ B, T i ¢l be some ring morphisms. Then
EN] — [(u(a,)), ] is called
the ultraproduct of (Ui)ieN with respect to D. '

(5.2) Let (An’En)nd‘é be a family of f;ltered couples,

the map u® : A* u—+B g:ven by [(a. )

E.= (Bn:“i’n)Y T, where T = (Pn)nd‘i{ is a family of totally

ordered groups. Let D be a nonprincipal ultrafilter on N, A*
(resp. I'¥) the ultraproducts of (A ) (re3p. I') with respect to

D and E* = (&%)

. LS
'r'reI‘ the flltratlon given on A by

=il ®._ - /D v=l(x) e I'}. We call E¥ the ultraproduct

: n nndJ
T nadd "’'n

filtration of (En)ndwF with respect to D.

Let (Bn’Fn)nG.N be a family of filtered couples such that :
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+ :
Bn = An for every neg N, B® the ultrapr oduct of (Bn eN with

respect to D and F* the ultraproduct filtration of (Fn)nﬁl’\?

(5.3) LEMMA. The following statements hold

(i) for every x =[(x ) Je A" ,nAr(x) T, x )/DcL(P ), In

reN “'n
particular nAﬁc(A )“ lTn ( /DC T L /DCL(F*),
neN nelN

(ii) E¥ is separated ij § :={ne N|E_scparated e D
(iii) for everyt = [{r ) }c P A* ﬂF = E iff

{ne N|An n Fn,Tnc E }e D

Th
(iv) fox every L = L, /D L€ LT )11 holds
ngN
=TT & e 0L /D, where
L eN "n LT pen"
EE et o]
L 're:I* v L oL =
(v) for every e like in (iv) FE* & E;}_ + J;:* iff

® ::{neNI Fn,L S En,L + Jn,L Je D
n n n

(vi) for every e like in (iv) the canonical map

UnwaE gt acop* gk
L e B S s
is an isomorphism jff
| {ne N|ug 2
n n
is an isomorphism } € D.
PROOI‘ (i) We haver = [ ) Jen *(x) iff x ¢ 1" This holds iff
{ne N]Tne nAn(xn)} :{nlg N| X € Eﬂ,'rn} gD i.e. iff

te|ln A {x.)/D
el " n
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(ii) £ is separated iff nA=.».(x) = I‘i just for x = 0. This holds iff
§={neN [nAn(xn) = ) Justiforx.. = 0}eD

(iii) It is enough to note that

A% aF*= T (anE WD
_ neld N
(iv) Let x = [(x ) ] € ?E’éc «+ We have nB*(X) ot But

NG * x)= 11 nB (x )/D and so the above inclusion says that,
nelN :

{neN‘x anL} {n gN]nB )DLn}ED

i.e.x € TT B /D. Thus EL$ = E : Since
’
n

nelN ni:N s Jn

1 En I /D c E: for every te L¥  we get also the other
5 =
n :

inclusion.
Clearly I5,c TT 1
’Y neN nLy
=S

hil Dol xe T In I,
nel L n neN 7*'n

0:= {n8N|Xn€In,I el

J

/D for every y> L* and®  so

/D then

Thus for every n ¢ 0 there exists Yy » L, such thatx eE
3 ey
Take y=[(y )], v, =0 for n ¢ 0. Thenx ¢ E:{ andy L.

] (v)'Usihg (iv) we note that I"‘=L o E;* + J;% iff

TR e Tl B b
neN n’Ln n(:N nyL n n’Ln

which is enough.

(vi) Apply (iii) and (v).

(5.4) COROLLARY. The following statements holds:

(1} B* ,F*) is an extension of (A*,E*) iff e N ](Bn,Fn) - is . @n
extension of (An,En)} eD

(i) B*,F%) is a pseudo immediate extension of (Ai:,E*) if
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fnen| (Iin, Fn) is & pseudo immediate extension of (An,En)} e D

(iii) (B, F¥) is a dense extension of (A™,E¥) it

= NUBLF )isio denss exbens T
fnel| (B F) is & dense extension of (An,f"n)} eD

PROOF (i) follows from Lemma (5.3) (iii) and for (ii) apply (5.3)
(if), (vi). For (iii) it is enough to note that for all T € I‘f the map
A*/E:; + B*/Fj is the ultraproduct of the maps

An/En,Tn > Bn/Fn,Tn’ n e N with respect to D.

(5. 5 EXAMPLE i) Let A be a Notherianring, a€ A a proper
ideal and ?\ the completion of A in the a-adic topology. Then
A € A is dense with respect to the a-adic topology and so the
ultrapower Atcat is dense too with respect to the ultrapower
filtration (see 5.4 iii))

ii) Let R € R' be.an immediate extension of valuation rings which
is not dense and T a variable. Then R[T] ¢ R'[T] is immediate but
not dense with respect to the filtration induced on R[T] by the
natural filtration of R, i.e. given by 8,15 {xe R|v(x) >}

ye I , wherev: R\{O} — T, is the valuation of R. Certainly
RIT)® + RIT)* is still an immediate extension but not dense
with respect to the u1tfapower filtration (see (5.4) (ii), (iii)).

iii) Let K be a field and R[X], X = (Xl’ i ,Xn) the polynomial
K-algebra in X. Let N*Z*, K*, K[X]* be the ultrapowers of N,
Z, K and KI[X] with respect to D. Clearly Z induces
componentwisely a structure of totally ordered group on 7" and

N¥ ~Z:' Given b [(rti)iEN] eN* we consider the nonstandard
P 3

L I'ti
power X, —[(Xt )
generated by

iEN]' The sub — K*-algebra of KIX]*

l't ;
Xt 2 e NFY

t
is in fact the monoid i{*-—algebl‘a A = K¥*[X,N¥). Consider on
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<X, the filtration E = (B ) en® Where E is generated by .
{le s X;n}iﬁr2+ 4'rn -, The filtration Ep induced by E on
B := K[X]™ is exactly the ultrapower of the (X)-adic filtration.
Thus By is separated by (5.3) ii) and in particular E is too. By
Lemma (3.2) nA(A) contains just principal elements and it is
enough to see that the canonical map U ]“T/FT+l + E B/E,H_1
(in this case I’c = ET+1) is an isomorphism forallTe N¥, This is

true becguse

LT n
{Xl...anr:(rl,...,r‘ncN yrw’r
. . . 4 ﬂ:_ % - ~ =
induces bases in the linear K™ -space ET/ET_I_I, ] B/TTH on
which U acts identically. Note that GrF(A) = CrF (B) = A and so
3 =t ‘JB
B is an immediate extension of (A,E) (unfortunately A€ B is not
flat). ; : _ &
iv) Let K,K[X] be like in iii), T & new variable,
hl] and

= Kix/T Tl RIXT.T
N .

= U KHX/T *NITI.
seN
Consider on T 222 the lexicographically order and for

(rys) € I, = o}y U U (r}xz) 1et Er & be the ideal generated by
- r>l 2

ri r
7 n
{kl""XnTSLh..ﬂ' =r ol
11].20-

and E = (E ,S)O 9el, .Infact E is given by the following

str 1ci1y decreasing sequence of ideals

A ()2 o (TS (YT 5 o S SURED) D

S o ) L o (XT

Clearly E and EB are separated. As in Lemma (3.2) n(A) contains
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just principal elements and we must show only that the map

U oyt E(r‘,s)/h(r,s-ki) e .E(;-,S)B/E(r',s+].)8‘ Is an isomorphism.
Like in iii) it is enough to note that

r r n
{X 1.. e nTSI s R e D X r.=r] induces bases in the
1 n 1 n=" gl

K-linear spaces between which Ug acts bijectively. Note that

r,s)
GPE(A) = Grp, (B) = A and the extension A € B is flat because it
B ,
is a filtered induective limit of flat inclusions
KIX/T% Tl e KIX/TIT), s¢ N, Clearly A ¢ B is immediate.
We end this Section with a result of different type (announced

in introduction).

(5.6) PROPOSITION. K*[X,N"], X = (X,

inductive limit of smooth finite type K[X]}-algebras.

,Xn) is a filtered

PROOF. Since K< K¥ is a separable extension, K* is a filtered
inductive limit of smooth finite type K-algebras. By base change

it is enough to show the following .

(5. 7) LEMMA. Let R be a ring. The monoid R - algebra R[X,N™],

X=(X1,...,Xn) is a filtered inductive limit of polyvnomial

R[X] - algebras in & finite number of variables.

PROOF.Let Z* be the ultrapower of Z with respect to D. Clearly
the injective mapZ = Z*, P Upe v Dyesis )i identifies: & with
an isolated subgroup of Z*. Express 7" as a filtered inductive
union of its finitely generated subgroups containing Z, let us say

Z" = UT,. Then RIX,N*]=lim RIX,(T)),] (since Z} = N*) and it
i€l ; i€l :
is enough to apply the following:

(5. 8) LEMMA. Let T be a finitely generated totally ordered
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group containing Z as an isolated subgroup. Then REX,I‘.;_],

e

{ = (Xl”"’Xn) is a filtered inductive limit of polynomial

R[X] - algebras in a finite number of variables.

PROOF. We need the following

(5. 9) LEMMA. Let H be a finitely generated totally ordered

group. Then R[X,H ], X = (Xl, — ’Xn) is a filtered inductive

union of its - sub-R - algebras of type
: i ht t oo A A
Bh = R[X1 S g ’Xn AR e C 1 o ’Xn ] for a positive 'basis

h=(hg,... ’ht)’ t=rkH of H ( in particular B is a "polynomial"
R - algcbra).

Take H :=T /Z. ThenT is in fact the product HXZ
lexicographically ordered (see for example [7] (7.5)). Applying
Lemma (5.9) we cxpress R[X,H ] as a filtered inductive union of
e ’ht)’ t = rkH
runs in a set H of positive basis of H. Let
By o8= (55 .. 8 )€ N" be the sub - R - algebra of Bh[X,X_ll

h,s
generated by

its sub - R - algebras of type B,, where h = (h

by, 81 Sn : :
{3 e S i g ke

Since' F =0} xN)u (U {n x2 we get easily that
| he H\{ 0}
c:=U B, [X] .
e H :
=N
is isomorphie with R[X,T 1.

Now it is enough to note that B S[X] is in fact a polynomial

h,
R[X]-algebra in n t-variables and the union expressing C is

filtered inductive.

(5. 10) PROOF OF LEMMA (5. 9). Using [7] Lemma (4.6.1) we
express H_as a filtered inductive union of its submonoids

generated (as monoids) by some positive_ basis of ‘H, let us say



H, =U Mh’Mh = <h>, where h runs in a set H of positive basis of
H. then we have ' '
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RIX,H,1= U RIX,M,] = U s

5
heH hel !

the union being filtered inductive.
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